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Introduction

Chapter 1

Control and Identification for Future
Precision Systems

1.1

The Societal Impact of Precision

The advancement of science and technology in the last two centuries has led
to immense productivity growth and a sharp increase in the welfare of most
of humanity (Mokyr, 2002). Technological progress remains a strong determining factor for economic growth (Groenewegen, 2016) and is an essential aspect
in addressing current worldwide problems such as climate change and ageing
populations (Mokyr, 2014; United Nations, 2015). A fundamental mechanism
to advance science and technology is to increase the precision with which it is
possible to observe and interact with the physical world. This increase in precision is important both in the evolution of existing technologies and in enabling
revolutionary new technologies. Examples of this include:
• increased precision in semiconductor manufacturing enabling the continued
exponential growth in available computing power, greatly impacting all
aspects of science and technology as well as everyday life (Moore, 1998;
Peeters et al., 2014);
• increased precision in printing and additive manufacturing systems enabling the on-demand manufacturing of customizable products for, e.g.,
medical and automotive applications (Gibson et al., 2015; Rengier et al.,
2010);
• increased precision in medical imaging and radiation technology enabling
new cancer treatments (Galvin et al., 2004; Mandemaker, 2018); and
• increased precision in laser interferometry and vibration isolation enabling
the detection of gravitational waves (Abbott et al., 2016; Harry and the
LIGO Scientific Collaboration, 2010; Matichard et al., 2015).
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To design and produce this precision equipment requires a combination of
several engineering disciplines, among which the main ones are mechanical engineering, electrical engineering, computer science, data science, and control engineering. The mechatronic systems design approach combines these engineering
disciplines into a synergistic design approach for high performance systems.

1.2

Developments in Mechatronic Systems Design

Mechatronic systems design has become ubiquitous in industry over the last few
decades and can be broadly defined as an approach “aiming at the synergistic integration of mechanics, electronics, control theory, and computer science
within product design and manufacturing, in order to improve and/or optimize
its functionality” (Norme Française, 2008). The mechatronic design approach
is characterized by the concurrent inclusion of these disciplines in all stages of
the design process (Bolton, 2015). Conversely, traditional design is characterized either by mono-disciplinary solutions, such as the mechanical governors for
steam engines (Bennett, 1979), or by sequential design approaches with only
limited interaction or overlap between the mono-disciplinary design steps. The
mechatronic design approach is indispensable for the design of high-precision
equipment as an exceptional degree of synergy and integration between the involved engineering disciplines is required to satisfy the extreme performance
requirements (Munnig Schmidt et al., 2011).
The performance limitations of precision systems are determined by the extent of unpredictable and uncertain behavior that the operational system exhibits in interaction with its surroundings. Therefore, the design goal for precision
systems is to achieve a functional dynamic behavior that is highly deterministic,
predictable and reproducible and where the performance is sufficiently insensitive to remaining disturbances and perturbations (Munnig Schmidt et al., 2011).
In current state-of-the-art precision motion systems this is achieved by isolating
the performance-critical components from external disturbances and by using
statically determinate mechanical structures that are sufficiently stiff such that
internal structural deformations as a result of dynamic loads and remaining disturbance forces are within permissible limits.
This current design is illustrated using the example of a wafer stage in Figure 1.1a. In this example, the wafer-stage is assumed to behave as a rigid
body and each of the six rigid-body motion degrees-of-freedom of this structure is actively controlled. The design of high-performance controllers is then
typically achieved through rigid-body decoupling and subsequent single-input
single-output (SISO) control design for each of the decoupled rigid-body motion
degrees-of-freedom. In this approach, the hardware design is especially critical
due to the reliance on the passive hardware minimization of several physical
phenomena, such as the structural dynamics and thermo-mechanical behavior
of the system, as opposed to active control solutions.

1.2 Developments in Mechatronic Systems Design

(a) Current design
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(b) Future design

Figure 1.1: Current and future mechatronic systems design paradigms illustrated on
a wafer stage example (Oomen, 2018).

In mechatronic systems, traditional passive hardware solutions are often replaced by actively controlled software solutions (Bolton, 2015). This transfer of
functionality from the hardware to the software is a key mechanism by which
mechatronic systems improve price-performance ratios. Furthermore, the flexibility of such active hardware and software platforms often enables the use of
radically different design concepts to enhance the system performance or to expand the functionality. Examples include electric power steering which enables
the incorporation of certain Advanced Driver Assistance Systems such as automated parking (Gietelink et al., 2006); or fly-by-wire systems which enable the
use of aerodynamically unstable aircraft designs for fighter planes to significantly
enhance maneuverability or improve stealth characteristics (Frawley, 2002).
It is envisaged that for future precision equipment, the passive minimization of physical phenomena such as the structural dynamics and the thermomechanical behavior of the system is no longer feasible; for instance due to the
absence or prohibitive cost of materials with more favorable mechanical and
thermal properties than those currently used. In future designs, these physical
phenomena therefore need to be actively controlled as an integral part of the
overall control strategy to be able to cost-effectively reach the desired performance levels. This approach is illustrated in Figure 1.1b for a flexible wafer-stage
example, where the spatio-temporal behavior of the system is actively controlled
using a centralized controller and a large number of actuators and sensors.
By no longer relying on the passive hardware minimization of the additional
physical phenomena, such as the structural dynamics and thermo-mechanical
behavior of the system, radically different choices can be made in the mechatronic
systems design. For instance, by utilizing lightweight moving structures with
highly deterministic and predictable flexible dynamical behavior that can be
accurately controlled using an increased number of strategically-placed actuators
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and sensors. This additional design freedom will enable more favorable design
trade-offs and better price-performance ratios for a wide range of applications.
The envisaged future design approach relies on advanced motion control approaches to manage the complex system behavior. To enable the wide-scale
adoption of these advanced motion control approaches in industry, a number of
key challenges need to be addressed. In the following section, these key challenges, as well as recent developments proposed to overcome them, are introduced.

1.3

Advanced Motion Control for Future Precision
Systems: Challenges and Developments

The envisaged motion control approaches aim to explicitly model, measure, and
control the behavior of precision systems at a more detailed level than current
approaches. While taking this more detailed system behavior into account enables a significant increase in achievable performance, it also necessitates the use
of advanced modeling and control approaches to deal with the increased system complexity. In Oomen (2018), a recent overview is given of the challenges
involved in the advanced control of precision systems, including several recent
and ongoing developments to overcome these challenges. In this section, the
challenges of this advanced control approach are outlined, where the main focus is on the challenges associated with the control of flexible motion systems.
Additional challenges include those associated with the control of multiphysics
systems and the control of interacting systems-of-systems. In Section 1.3.3, the
standard plant framework is introduced, which is the general framework used to
systematically address the considered control challenges.

1.3.1

Control Challenges for Flexible Motion Systems

It is envisaged that rigid-body approaches are no longer sufficiently accurate
to model and control future precision systems, which must therefore be explicitly considered as flexible systems. This means that the equations governing
their behavior can no longer be described by lumped-mass models with finitedimensional ordinary-differential-equations (ODEs) but instead involve continuous variations in both space and time and are therefore governed by partialdifferential-equations (PDEs). The control of such flexible motion systems involves a number of fundamental challenges. First, the combination of the more
complex spatial behavior and the movement inherent in the function of motion
systems often leads to position-dependent system behavior. Second, as a result
of the spatial behavior, it is no longer trivial to infer the position of the points
where performance is required from a limited number of non-collocated sensor
measurements. Third, the control of complex spatio-temporal behavior is likely
to involve the use of additional actuators and sensors, apart from those required
for stable operation, i.e., over-actuation and over-sensing.

1.3 Advanced motion control for future precision systems
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Point of interest
Measured output

Fixed world

Flexible stage

Figure 1.2: Schematic depiction of a flexible wafer stage that moves with respect to the
stationary sensors and illuminator, resulting in a position-dependent relation between
the inputs, the outputs, and the point of interest (De Rozario et al., 2017b).

Position dependence: Position-dependent behavior in motion systems often results from the combination of spatio-temporal deformations and the movements inherent in the function of the motion system. As an example, consider
the schematic flexible wafer-stage system in Figure 1.2. Here, the flexible waferstage moves in relation to the sensors, which are connected to the fixed world.
As a result of this relative motion, the sensors measure the position of different
points on the flexible structure, and therefore the spatial behavior of this flexible
system is observed differently by the sensors depending on the position of the
wafer stage. Due to this position dependent behavior, the system dynamics can
no longer be described by linear-time-invariant (LTI) models, which are often
used in the context of high-precision motion systems. Other examples of such
position-dependent system behavior include systems where the mass distribution, and therefore the spatio-temporal behavior, of flexible structures changes
during a motion task, such as the H-bridge system in Steinbuch et al. (2003)
and the C-arc system in Van der Maas et al. (2017).
Controlling these position-dependent motion systems is inherently a nonlinear control problem. The available real-time information on the position variables involved in the position-dependent behavior can be exploited in control
approaches that remain relatively close to LTI control theory, i.e., using gain
scheduling (Leith and Leithead, 2000; Rugh and Shamma, 2000) and linearparameter-varying (LPV) control approaches (Groot Wassink et al., 2005; Hoffmann and Werner, 2015; Scherer, 2001). This challenge is considered in further
detail in Chapter 6; see also De Rozario et al. (2017b) and Van Zundert et al.
(2016) for related research.
Inferential performance: In many motion systems, the positioning of the
point where performance is required is often not measured directly. When
structures behave as rigid-bodies, static geometrical relations can be used to
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relate the position of such points to non-collocated sensor measurements. When
spatio-temporal deformations are considered, this relation becomes dynamic and
dependent on the spatial distribution of disturbances and input forces. As an
example, consider again the wafer-stage system in Figure 1.2. Here performance
is required at the point of interest, i.e., the point of exposure, while the sensors
are typically located at the edge of the wafer-stage. A key challenge lies in inferring the position at such unmeasured performance locations from the available
sensor measurements by using detailed knowledge of the system.
In Oomen et al. (2015) it is shown that traditional, single degree-of-freedom,
controller structures do not suffice for such inferential control problems and the
use of general two degree-of-freedom structures is required. These controller
structures are considered further in Chapter 5 of this thesis, see also Voorhoeve
et al. (2016b). Furthermore, in Chapter 6 of this thesis, inferential control for
systems with position-dependent dynamics is considered, see also Moheimani
et al. (2003); De Rozario et al. (2017b).
Over-actuation and over-sensing: Additional inputs and outputs can be
effectively used to control the spatio-temporal system behavior. Indeed, the
flexible system dynamics and spatially distributed disturbance forces often lead
to complex deformations. A high quality estimation of the dynamical behavior
is then enabled by a large number of spatially distributed sensors. Subsequently,
many spatially distributed actuators are able to produce an effective control force
to counteract the deformations by virtually providing the necessary stiffness and
damping to control the structural dynamics, see, e.g., Van Herpen et al. (2014a).
A key challenge in dealing with this over-actuated and over-sensed situation
involves the increased complexity of dealing with such a large number of measured and actuated variables. Another challenge involves the distribution of
the sensors and actuators in order to obtain the desired performance, see, e.g.,
Van de Wal and de Jager (2001).

1.3.2

Additional Control Challenges for Future Precision Systems

Apart from the challenges involved with the control of flexible motion systems,
which are the main focus of this thesis, two additional types of challenges are
considered here which are associated with the control of future precision systems.
First, the challenges involved with the simultaneous control of multiple physical phenomena is considered, i.e., different physical behavior that is observed
and controlled in addition to the structural dynamics. Second, the challenges
involved with the control of interacting subsystems are considered.
Control for multiphysics systems: The inclusion and active control of more
detailed physical behavior also concerns the inclusion of different physical be-
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havior than the structural dynamics, such as fluid mechanics, electrodynamics
and thermal system behavior. These different physical phenomena often involve
different time-scales and spatial behavior than in traditional motion control and
therefore require different control approaches to adequately enhance the system
performance. Most notably, the active control of thermal system behavior is
considered to be an important additional aspect for future precision systems,
as the coupled thermo-mechanical behavior is increasingly leading to significant
structural deformations thereby degrading the positioning performance.
As thermal dynamics and thermally induced deformations are expected to
become substantially more important for future motion systems, their active
control is of growing importance. The distributed and relatively slow-diffusive
nature of thermal dynamics require the use of different control approaches than
current high-gain feedback approaches used in motion control, see, e.g., Evers
et al. (2018). Some key challenges include the mapping of thermal disturbances
to mechanical deformations and the design of a combined thermo-mechanical
control approach to minimize the effects on the positioning performance.
Control of interacting systems-of-systems: Mechatronic systems typically contain multiple active components which collectively operate to perform
a joint function. In current control approaches such subsystems are often controlled independently. In such a case, a systems-of-systems approach for motion
control design can significantly enhance the performance of the overall system.
In future mechatronic designs, a continued increase in the number active components is envisaged, making such a systems-of-systems approach increasingly
relevant.
To take full advantage of a systems-of-systems control approach, the bidirectional coupling between interacting subsystems must be considered, see
Evers et al. (2017). This means the control problem becomes a multivariable,
or multi-input multi-output (MIMO), control problem with a potentially very
large input-output dimension. This MIMO control problem can often not be
decoupled as in traditional rigid-body control, see Section 1.2, for instance due
to disturbances or uncertainties that do not decouple in the same manner as
the inputs and outputs, see, e.g., Boeren et al. (2015); Hoogendijk et al. (2014).
Therefore the full MIMO control problem must be considered to achieve the best
performance.

1.3.3

The Standard Plant Framework

The standard plant framework, as depicted in Figure 1.3, allows for a systematic
way to address the discussed challenges in advanced motion control. In this framework there is a distinction between performance variables, z, and the system
outputs available for control, y, thereby addressing the inferential control challenge of specifying and controlling the performance of unmeasured variables.
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w
u

z

P

y

K
Figure 1.3: Standard plant framework for advanced motion control, with generalized
plant P and controller K, which in general are nonlinear and time-varying but are often
modeled as linear-time-invariant (LTI) or linear-parameter-varying (LPV) systems.

The control inputs u, which can contain the many spatially distributed actuators envisaged for over-actuated flexible systems, are also separate from the
exogenous inputs w, typically including both reference signals and disturbances.
Position-dependent system behavior can also be incorporated in the standard
plant-description by considering an LPV standard-plant description.
The standard plant framework is typically used in model-based control approaches. To systematically address the control challenges outlined in Section 1.3.1
and Section 1.3.2 a model-based approach is essential due to the increased system complexity and the ineffectiveness of current rigid-body decoupling and
decentralized control approaches for the envisaged future systems. In particular, the inferential performance aspect explicitly requires the use of a system
model to specify, estimate and control the unmeasured performance variable.
The effective utilization of model-based control design approaches is heavily reliant on the availability of accurate models for the system dynamics. To
obtain, tune and verify such accurate models for control, system identification
is a key step as the required accuracy cannot be achieved using only first principles modeling approaches. In this thesis, system identification approaches are
investigated that are suitable for the considered class of complex motion systems. Furthermore, several applications and control approaches are investigated
which are enabled by the availability of accurately identified models, thereby addressing some of the discussed challenges for advanced motion control of future
precision systems.

1.4

Identification for Complex Systems: Challenges,
Developments and Limitations

In this section the key challenges are explored that are involved in the identification of complex systems. A number of recent developments in the field of
system identification are considered including the key limitations in the current
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approaches for the identification of complex systems, leading to the formulation
of the main research challenges investigated in this thesis.

1.4.1

Challenges for the Identification of Complex Mechatronic
Systems

The precision systems considered in this thesis are typically well described by
(locally) linear systems with high quality sensors, i.e., a relatively good signal-tonoise ratio (SNR). While the identification of linear systems is a well-developed
area, the identification problem considered here is highly challenging as a result of the complexity of the considered class of systems. This extreme system
complexity is a direct consequence of the developments in mechatronic systems
design as discussed in Section 1.2 and the resulting need for highly accurate
models for the control of these complex systems as outlined in Section 1.3.
The complexity of the identification problem is mainly a result of the following system-related aspects. First, the considered systems have a large number
of actuators and sensors for control, especially in the case of future flexible motion systems. Second, for high-performance control, a minimal delay is essential
and therefore high sampling rates are used. Third, mechanical systems typically
involve many lightly damped resonances, which are challenging to accurately
model but where a high accuracy is essential for the control of flexible motion
systems. Fourth, the achievable control performance is directly linked to the
model quality, especially in the case of inferential control, which means that a
high model accuracy is required in a large frequency range.
In summary, the challenges involved in the considered identification problem
are:
1. A large number of inputs and outputs.
2. A high sampling rate.
3. High order system behavior with many lightly damped resonances.
4. A high required accuracy in a large frequency range.
As a result of these challenges, the identification problem involves extremely
large data-sets as well as a high model order to accurately model the system behavior in the entire frequency range of interest. To achieve a high model accuracy
in a limited experimentation time, efficiency in terms of the usage of identification data is always a key concern. Furthermore, this complex identification
problem is computationally very challenging, both in terms of computational
efficiency as well as the numerical reliability. These computational aspects are
often overlooked but are critical for the successful identification for such computationally constrained complex problems.
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Developments and Limitations of Current Identification
Approaches

Frequency domain identification approaches are typically preferred in a control context. One of the main reasons for this is that control engineers often
use frequency domain Bode and Nyquist diagrams for control design and validation which can be evaluated using both parametric system models and nonparametric frequency response function (FRF) models of the system. In addition
to the parametric systems required for model-based controller synthesis, as outlined in Section 1.3.3, the availability and identification of such non-parametric
FRF models is therefore also highly relevant as it provides a much preferred
controller validation step for industrial control engineering. In this section, recent developments in both non-parametric FRF identification and parametric
identification are outlined and several limitations of these current approaches
are highlighted which are essential in enabling the efficient and reliable identification of complex motion systems. Based on these limitations the main research
challenges of this thesis are formulated.
1.4.2.1

Non-Parametric Identification

Traditionally, non-parametric identification of mechatronic systems is performed
using random wide-band excitation and spectral analysis, see, e.g., (Bendat and
Piersol, 2011). More recently, in, e.g., Pintelon and Schoukens (2001, 2012), the
advantages of periodic excitation signals have been made clear and in the last
few years this approach has also started to be used in industrial practice. In
recent years, more advanced non-parametric identification methods have been
proposed to further improve the non-parametric FRF estimates. These approaches typically leverage the increased availability of computational power in
combination with modest model assumptions, such as smoothness or stability,
to obtain approaches with an enhanced data-efficiency. Examples include the
local polynomial method proposed in, e.g., Schoukens et al. (2009), which utilizes an assumption of local smoothness of the system model and the transient
contribution for an improved transient suppression and better data-efficiency.
In McKelvey and Guérin (2012), a similar approach is proposed that uses local rational models instead of polynomials, i.e., the local rational method. In
Hägg et al. (2016), another related approach is proposed which uses a global
parametrization for the transient contribution and is therefore no longer a local approach. Lastly, in Lataire and Chen (2016), a global parametrization is
used to obtain a non-parametric model while using regularization techniques to
obtain a smooth FRF estimate.
For the enhanced non-parametric identification of complex motion systems,
the proposed local approaches are promising since they provide a significantly
enhanced data-efficiency and, as a result of their local nature, the computational complexity is only modestly increased with respect to classical approaches.

1.4 Identification for Complex Systems
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Due to the rational parameterizations, the local rational method yields significantly more accurate results around lightly damped resonances than the local
polynomial method, making it better suited for the identification of motion systems. However, the local rational method as proposed in McKelvey and Guérin
(2012) is not applicable for system with multiple-inputs and multiple-outputs,
i.e., MIMO or multivariable systems, and the parametrization issues involved
in a MIMO extension are not well understood. Therefore, there is currently no
non-parametric identification approach with enhanced efficiency which is suitable for the identification of complex multivariable motion system. This leads to
the formulation of the following research challenge.
Research Challenge 1: Develop an efficient non-parametric identification approach for the identification of complex motion systems by investigating suitable
multivariable parametrizations for a local rational modeling approach.
1.4.2.2

Parametric Identification

In parametric system identification, the central computational step typically
involves solving a linear least squares problem (Levy, 1959; Sanathanan and
Koerner, 1963) that is often severely ill-conditioned (Van Herpen et al., 2014b;
Ninness and Hjalmarsson, 2001). This is evidenced by the numerous partial
solutions to this conditioning problem that have been proposed, including the
use of frequency scaling (Pintelon and Kollár, 2005), the use of orthonormal
bases such as Chebyshev polynomials, or Laguerre or Kautz filters (Ninness and
Hjalmarsson, 2001; Wahlberg and Mäkilä, 1996), and the use of certain rational
basis functions (Gustavsen and Semlyen, 1999; Welsh and Goodwin, 2003). A
recent development is the use of data-dependent polynomial basis functions,
which are orthonormal with respect to a data-dependent inner product (Bultheel
et al., 2005; Van Herpen et al., 2014b; Rolain et al., 1995). These data-dependent
orthonormal polynomials achieve optimal numerical conditioning, i.e., condition
number κ = 1 (Van Herpen et al., 2014b), and can therefore be effectively used
for the numerically reliable identification of complex systems.
The data-dependent orthonormal bases, while enabling the numerically reliable identification of complex systems, also require the use of generic model
parameterizations. This potentially prohibits the use of more specific parameterizations, i.e., grey-box parameterizations, that incorporate prior system knowledge and constrain the model set used in the identification problem. Furthermore, an overview and comparison of different algorithms, parameterizations and
basis functions for numerical reliable identification of complex motion systems
is currently lacking. Therefore, the following research challenge is formulated.
Research Challenge 2: Evaluate the suitability of various parametric identification approaches for the numerically reliable identification of complex motion
systems and develop compatible parameterizations that are specifically tailored
for the identification of mechanical systems.
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Furthermore, despite the use of the data-dependent orthonormal polynomials, identification in the discrete-time Z-domain still suffers from inherent numerical problems related to coefficient round-off errors and other finite wordlength
effects. These issues are especially pronounced when high sampling rates are
used, as is often the case in identification for control. Representing and identifying the discrete time models in the discrete δ-domain is a promising solution.
However, this δ-domain approach is currently incompatible with the proposed
efficient approaches for numerically reliable identification using data-dependent
orthogonal polynomials, as these have only been formulated for the continuoustime Laplace domain and the discrete-time Z-domain. Therefore, the following
research challenge is formulated.
Research Challenge 3: Develop an efficient numerically reliable identification
approach for complex discrete-time systems with high sampling rates.

1.5

Applications and Control

The accurate identification of models of complex motion systems enables a large
number of further applications and control approaches. Two applications are
considered in this thesis, which are both crucial for the advanced motion control
of future precision systems as discussed in Section 1.3.
First, the problem of unmeasured performance variables in flexible motion
systems is considered, i.e., the inferential performance aspect considered in
Section 1.3.1. For inferential feedback control, two degree-of-freedom controller structures are required to obtain a suitable controller (Oomen et al., 2015).
This can significantly complicate the control design as several of the standard
design rules used in classical feedback control are often invalid in the inferential
case. Here, it is investigated how the identified system models can be effectively utilized in an observer-based approach to improve the estimation of the
inferential performance variables and to gain insight in the design of inferential
feedback controllers.
Research Challenge 4: Develop a systematic observer-based approach for the
estimation and control of unmeasured performance variables in inferential control.
Second, the position-dependent behavior is considered that results from the
spatio-temporal behavior in combination with the inherent movements of flexible motion systems. This challenge, as described in Section 1.3.1, is a critical aspect for the identification and control of future motion systems as the
position-dependence can lead to such a significant increase in the complexity
of the modeling and control problems that they become practically unmanageable. Indeed, black-box LPV identification approaches often suffer from a
rapid increase in model complexity (Felici et al., 2007; Goos and Pintelon, 2016;
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Tóth, 2010; Van Wingerden and Verhaegen, 2009), limiting their usability for
the identification of mechanical systems with a large number of resonant modes (Groot Wassink et al., 2005; Steinbuch et al., 2003). This rapid increase in
complexity is recognized as a manifestation of the curse of dimensionality (Cox,
2018; Van Wingerden and Verhaegen, 2009).
Here, the identification of a position-dependent mechanical system is considered, which remains tractable by utilizing prior system knowledge to reduce
the model complexity and by taking advantage of the enhanced capabilities for
LTI identification of complex motion systems as developed in this thesis. This
is described in the following research challenge.
Research Challenge 5: Develop an effective approach for the identification
for control of complex position-dependent motion systems with a large number
of resonant modes.

1.6

Research Contributions and Outline

The research challenges outlined in Section 1.4 and Section 1.5 are investigated
in the separate chapters of this thesis, whose main contribution have also been
published as research articles and can therefore be read separately. The main
research contributions of these chapters are summarized in this section as follows.
Research Challenge 1, concerning the non-parametric identification of complex multivariable systems, is investigated in Chapter 2 of this thesis where the
following research contribution is realized.
Research Contribution 1: An efficient local rational modeling approach for
the non-parametric identification of lightly damped systems with many inputs
and outputs.
Additionally, Chapter 2 introduces an extensive dataset that is available as
a benchmark example for the identification of complex motion systems. The
details of this benchmark example are presented in Appendix A, which leads to
the following additional contribution.
Research Contribution 1.A: A benchmark example for parametric and nonparametric system identification of lightly damped systems with many inputs and
outputs.
Research Challenge 2 is considered in Chapter 3 of this thesis, which provides
a comparison and evaluation of several parametric identification approaches for
their suitability in the identification of complex motion systems. Furthermore,
the incorporation of prior system knowledge for the identification of mechanical
systems is considered by including constraints in the parametrization without
violating their compatibility with the approaches for numerically reliable identification. This yields the following research contribution.
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Research Contribution 2: A flexible framework of algorithms, parametrization and numerically reliable solution methods specifically tailored for the identification of complex motion systems.
Research Challenge 3, concerning the numerically reliable identification of
fast-sampled discrete-time systems, is considered in Chapter 4 of this thesis.
Here, the numerically reliable identification framework using data-dependent
orthonormal polynomials is extended to include the case of δ-domain orthonormal polynomials, thereby unifying the earlier approaches and yielding the
following contribution.
Research Contribution 3: A unified approach for the construction of datadependent orthonormal polynomials for the numerically reliable identification
of complex systems, enabling a δ-domain approach for the numerically reliable
identification of fast-sampled systems.
In Chapter 5, the application of identified models for observer-based inferential control is investigated, as described in Research Challenge 4, leading to the
following contribution.
Research Contribution 4: An approach for observer-based inferential control
for flexible motion systems that is specifically suited for the compensation of
disturbance-induced compliant deformations.
Finally, the position-dependent modeling problem, as formulated in Research
Challenge 5, is considered in Chapter 6, leading to the following contribution.
Research Contribution 5: A practical two-step approach for the identification
of position-dependent precision mechanical systems by utilizing a modal description of the system mechanics.

1.7

Contributions Not Included in This Thesis

In addition to the research contributions presented in this thesis, a number of
additional results have been obtained during the course of this PhD project.
These include the following additional contributions.
• First, in Van der Maas et al. (2017)1 and Van der Maas et al. (2016a)2
extensions of the local parametric approaches, as investigated in Chapter 2
of this thesis, are proposed for the accurate non-parametric identification
1 van der Maas, R., van der Maas, A., Voorhoeve, R., and Oomen, T. (2017). Accurate FRF
identification of LPV systems: nD-LPM with application to a medical x-ray system. IEEE
Transactions on Control Systems Technology, 25(5), 1724–1735.
2 van der Maas, A., van der Maas, R., Voorhoeve, R., and Oomen, T. (2016). Frequency
response function identification of LPV systems: A 2D-LRM approach with application to a
medical x-ray system. In Proceedings of the 2016 American Control Conference, 4598–4603.
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of LPV systems. In the proposed approaches, the local smoothness of the
system in the scheduling domain is utilized for enhanced data-efficiency
and accuracy of the estimate, in addition to the local smoothness in the
frequency domain that is utilized in the classical local parametric identification approaches.
• Second, in Beijen et al. (2018)3 , the non-parametric identification of transmissibility matrices for industrial multivariable vibration isolation systems
is considered. The main contribution of this research involves the utilization of multiple active and environmental excitation sources and the
careful evaluation of the input spectrum to make sure the the system is
sufficiently excited for accurate non-parametric identification in a wide
frequency range of interest.
• Third, Guo (2014)4 , shows the results of a preliminary study on thermomechanical control in future motion systems. This study showcases the
importance of accurately characterizing the spatial behavior of the thermomechanical system as well as the spatial distribution of the dominant disturbance sources.
• Fourth, a new experimental setup, a prototype light-weight flexible reticlestage, shown in Figure 1.4, has been made operational, involving the design
and implementation of a new data acquisition and control system. The
initial research performed using this new setup shows its value for ongoing
research on identification and control of future flexible motion systems, see,
e.g., Van Bommel (2017)5 and Mayda (2016)6 . In particular, Van Bommel
(2017) shows the suitability of the setup for ongoing research on control of
systems with over-actuation and over-sensing.

3 Beijen,

M.A., Voorhoeve, R., Heertjes, M.F., and Oomen, T. (2018). Experimental estimation of transmissibility matrices for industrial multi-axis vibration isolation systems. Mechanical Systems and Signal Processing, 107, 469–483.
4 Guo, J. (2014). Positioning Performance Enhancement via Identification and Control of
Thermal Dynamics: A MIMO Wafer Table Case Study. Master’s thesis, Eindhoven University
of Technology. CST 2014.070.
5 van Bommel, T. (2017). Exploiting additional actuators and sensors for control of a
nano-positioning system: a loop-shaping approach. Master’s thesis, Eindhoven University of
Technology. CST 2017.066.
6 Mayda, C. (2016). Identification and MIMO Feedback Control of Nano-Positioning Flexible Motion Systems. Master’s thesis, Eindhoven University of Technology. CST 2016.085.
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Figure 1.4: Overview picture of new experimental light-weight reticle-stage setup in
the TU/e motion lab.

Part II

Identification for Complex
Systems

Chapter 2

Non-Parametric Identification for
Complex Systems: A Multivariable
Local Rational Modeling Approach

Frequency response function (FRF) identification is often used as a basis for
control systems design and as a starting point for subsequent parametric system
identification. The aim of this chapter is to develop a multiple-input multipleoutput (MIMO) local parametric modeling approach for FRF identification of
lightly damped mechanical systems with improved speed and accuracy. The proposed method is based on local rational models, which can efficiently handle the
lightly-damped resonant dynamics. A key aspect herein is the freedom in the
multivariable rational model parameterizations. Several choices for such multivariable rational model parameterizations are proposed and investigated. For
systems with many inputs and outputs the required number of model parameters
can rapidly increase, adversely affecting the performance of the local modeling
approach. Therefore, low-order model structures are investigated. The structure of these low-order parameterizations leads to an undesired directionality in
the identification problem. To address this, an iterative local rational modeling
algorithm is proposed. As a special case recently developed SISO algorithms
are recovered. The proposed approach is successfully demonstrated on simulations and on an active vibration isolation system benchmark2 , confirming good
performance of the method using significantly less parameters compared with
alternative approaches.
This chapter is based on Voorhoeve et al. (2018) 1 .
R., van der Maas, A., and Oomen, T. (2018). Non-parametric identification
of multivariable systems: A local rational modeling approach with application to a vibration
isolation benchmark. Mechanical Systems and Signal Processing, 105, 129–152.
2 For details on the proposed vibration isolation benchmark, see Appendix A.
1 Voorhoeve,
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Introduction

Accurate and fast identification of multivariable frequency response functions
(FRFs) is essential in many applications, including the analysis of mechanical
structures, see, e.g., Hermans and van der Auweraer (1999); Noël and Schoukens
(2017); Verboven et al. (2005b). Furthermore, the FRF is often used for controller design and validation (Steinbuch and Norg, 1998a), and as an intermediate
step towards the identification of a parametric system model (Geerardyn et al.,
2015; Pintelon and Schoukens, 2012). Recent developments in the design and
control of mechanical precision systems have led to an increased relevance of
the lightly damped resonant dynamics of such systems (Oomen et al., 2014), as
well as an increase in the number of sensors and actuators used to control them
(Van Herpen et al., 2014a). Efficient FRF identification is a crucial step in enabling the use of such advanced design and control methods. In this chapter, this
problem of efficient FRF identification for lightly damped multivariable systems
is considered.
The quality of an FRF estimate depends on the identification method used
to obtain it. Key aspects include the applied excitation signal, noise mitigation
through averaging, and the suppression of transient contributions. In early literature on time series- and spectral analysis, the methods have been developed
for transfer function estimation based on measurements using random time series excitations, see, e.g., Bendat and Piersol (2011); Box and Jenkins (1976);
Jenkins and Watts (1968). These methodologies have been further developed
in, e.g., Ljung (1985). Subsequently, the advantages of periodic excitations have
been advocated, see, e.g., Pintelon and Schoukens (2001, 2012), including the
analysis of nonlinear distortions (Schoukens et al., 2005). In recent years, more
advanced non-parametric identification methods have been proposed to further
improve the transfer function estimate, e.g., Hägg et al. (2016); Lataire and
Chen (2016); Schoukens et al. (2009). One of these methods is the local polynomial method (LPM) (Pintelon et al., 2010, 2011; Schoukens et al., 2009), which
uses least squares estimation in a small local frequency band to obtain improved estimates. A key mechanism through which this improvement is achieved is
the explicit estimation and suppression of transient contributions. In McKelvey
and Guérin (2012), this method is further extended towards the use of rational
models, known as the local rational method (LRM). In McKelvey and Guérin
(2012), the LRM is formulated for single-input single-output (SISO) systems and
uses a linear cost criterion, in the sense of Levy (1959), to estimate the local
rational models. The use of these local rational models instead of polynomials
has been shown to lead to significant improvements in the estimation quality
for systems containing lightly damped resonances (Geerardyn, 2016; Geerardyn
et al., 2014; Van der Maas et al., 2016b). For a recent overview of FRF identification methods applied to a lightly-damped mechanical positioning system, see,
e.g., Van der Maas et al. (2016b).
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Although FRF identification has been significantly developed, the application of these advanced methods to multivariable systems, especially those with
a large number of inputs and outputs, leads to several aspects that are presently
unclear and which are essential for efficient FRF identification. In particular,
the LPM can suffer from large interpolation errors around the lightly damped
resonances (Geerardyn, 2016; Geerardyn et al., 2014). The LRM, on the other
hand, has been successfully applied for lightly damped SISO systems (Geerardyn, 2016; McKelvey and Guérin, 2012), but, as will be shown in the present
chapter, the multivariable extension allows substantial design freedom in the
model parametrization.
The main contribution of this chapter is a framework for local rational
modeling of multivariable systems with high input-output dimensionality and
lightly-damped complex dynamics. The focus herein lies on the extension of the
existing LRM to a multi-input multi-output (MIMO) approach and the involved
parametrization issues. One of the main parametrization issues for such a MIMO
LRM approach is the number of parameters that are used. It is important to use
a low number of parameters since this leads to a smaller minimal windows size,
which in general leads to a smaller interpolation bias (Pintelon and Schoukens,
2012, Section 7.2.2.3). Therefore, parsimonious parameterizations are investigated. Of particular interest herein are the directionality aspects associated with
such multivariable system parameterizations. Iterative algorithms are proposed to mitigate the possible negative effects of this directionality. Finally, the
advantages of the considered methods are demonstrated on relevant simulation
examples as well as experimental data from a recently proposed benchmark system.
The outline of this chapter is as follows. In Section 2.2, the local parametric
modeling approach is introduced and the advantages of this approach for the
identification of mechanical systems are explained. In Section 2.3, the problem
of finding a suitable parametrization for the MIMO LRM is considered and a
number of parameterizations are proposed and analyzed. In Section 2.4, iterative methods for solving the output error LRM problem are considered. In
Section 2.5, the results of the simulation study are shown. In Section 2.6, the
results based on experimental data from a recent system identification benchmark system are presented. In Section 2.7, the conclusions of this chapter are
presented as well as an outlook on ongoing research.

2.2

Problem Formulation

In this section, the considered problem of local rational modeling for multivariable systems is formulated. First, the core idea of local parametric modeling
for FRF identification is introduced. Second, a practically relevant example is
presented showcasing the superior transient suppression properties of the local
parametric modeling approach. Third, an example is presented which shows

24

Chapter 2. Non-Parametric Identification for Complex Systems
v(n)
u(n)

G0

y0 (n)
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y(n)

Figure 2.1: LTI discrete time system in an output error setup.

the advantage of rational parameterizations for the identification of lightly damped systems. Fourth, the bias and variance aspects of the LRM estimator are
discussed. Last, the challenges concerning multivariable local rational parameterizations are explained, which are addressed in the remaining sections of this
chapter.

2.2.1

Local Parametric Modeling for FRF Identification

Consider the discrete time signal u(n), n = 0, . . . , N − 1. The discrete Fourier
transform of u(n) is defined as
N −1
1 X
u(n)e−j2πnk/N .
U (k) = √
N n=0

(2.1)

When the signal u(n) is applied as input to a linear time invariant system G0
with additive output noise v(n), as in Figure 2.1, the resulting output in the
frequency domain equals
Y (k) = G0 (Ωk )U (k) + T (Ωk ) + V (k) ,

(2.2)

where T (Ωk ) represents the transient contribution and V (k) represents the noise
contribution. The argument Ωk denotes the generalized frequency variable evaluated at DFT-bin k, which, when formulated in, e.g., the Laplace domain becomes
Ωk = jωk and in the Z-domain Ωk = ejωk Ts .
The main idea of the local modeling approach, e.g., as in Schoukens et al.
(2009), is to identify a model, with validity over only a small frequency range,
which can be used to provide a non-parametric estimate of the FRF and the
transient at the central point k. To achieve this, a small frequency window
around DFT-bin k is considered, denoted by the variable r ∈ Z, which can range
from −nW to nW , i.e.,
Y (k + r) = G(Ωk+r )U (k + r) + T (Ωk+r ) + V (k + r) .

(2.3)

Next, both the plant, G(Ωk+r ), and the transient contribution, T (Ωk+r ), which
are assumed to be smooth functions of the frequency, are parameterized. For
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instance, using the polynomial parametrization
G(Ωk+r ) = G(Ωk ) +

R
X

gs (k)rs ,

(2.4)

ts (k)rs .

(2.5)

s=1

T (Ωk+r ) = T (Ωk ) +

R
X
s=1

Using this parametrization (2.3) is rewritten as
Y (k + r) = Θ(k)K(k + r) + V (k + r),

(2.6)

with


Θ(k) = ΘG (k) ΘT (k) ,


ΘG (k) = G(Ωk ) g1 (k) g2 (k) . . . gR (k) ,


ΘT (k) = T (Ωk ) t1 (k) t2 (k) . . . tR (k) ,



T
K1 (r) ⊗ U (k + r)
K(k + r) =
,
K1 (r) = 1 r · · · rR .
K1 (r)

(2.7)
(2.8)

Finally, the parameters of the local model are determined by solving the linear
least squares problem
Θ̂(k) = arg min
Θ(k)

nW
X

2

kY (k + r) − Θ(k)K(k + r)k2 = Yn (k)Kn (k)+ ,

(2.9)

r=−nW



with Xn (k) = X(k − nW ) X(k − nW + 1) · · · X(k + nW ) , and with A+ =
AH (AAH )−1 the right Moore-Penrose pseudoinverse. Performing this least squares estimation for each DFT-bin, k, and evaluating the local models at the center
frequency r = 0, yields a non-parametric estimate, G(Ωk ), for the FRF. For the
parametrization described here this evaluation is trivial, since for r = 0 only the
zeroth order polynomial term remains, which is why G(Ωk ) directly appears in
this parametrization, see (2.4). It should be noted that this least squares estimation can be subject to certain weighting factors, as in, e.g., Voorhoeve et al.
(2016a), which is true for any estimation problem considered in this chapter.
However, for clarity, such weighting factors have been omitted in the present
chapter.
It has been shown, e.g, in Geerardyn (2016); Van der Maas et al. (2016b);
Schoukens et al. (2009), that the local polynomial method leads to an improved
FRF estimate, especially in cases where there is a significant transient contribution. This is most relevant when the available measurement time is limited
or when there are lightly damped resonances. Another case where the transient contribution can significantly affect the quality of the FRF estimates is
in closed-loop identification, as will be shown in an example in the following
section.
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Figure 2.2: Simulation example showing the improved transient mitigation of the
local parametric modeling approach. Both figures show the simulated system (orange
solid) and the transient contribution (cyan solid). The left figure shows: First, the
spectral analysis (SA) estimate with a rectangular window (red dash-dotted), which
provides no transient mitigation and a poor estimate. Second, the SA estimate with a
Hanning window (green dashed), which provides better transient mitigation but is still
visibly perturbed by the transient at the first few frequency points. Last, the LPM
estimate (dark-blue dotted), which provides an accurate estimate through enhanced
transient mitigation. These observations are confirmed in the right figure, which shows
the estimation errors of the same FRF estimates, where the estimation errors for the
LPM are several orders of magnitude smaller than those of the two SA approaches.

2.2.2

Motivation for Local Parametric Modeling in a ClosedLoop Identification Example

For many systems, including precision motion systems, identification experiments need to be performed in closed-loop, since feedback is required to ensure
stable and safe operation. Closed-loop FRF identification is commonly performed using the indirect approach, as explained in, e.g., Pintelon and Schoukens
(2012, Section 2.6.4). An essential part of this indirect approach is the accurate
identification of the closed-loop sensitivity function. This sensitivity function
often has low gain at low frequencies (Doyle and Stein, 1981). This often causes
problems in accurately identifying the sensitivity at low frequencies, as can be
seen in, e.g., Oomen et al. (2007, Fig. 7 and 8). In the following example, it
is shown that this poor low-frequency estimation performance is caused by a
transient contribution, and it is shown how local parametric modeling mitigates
this.
Figure 2.2 shows the results of a simulated identification experiment for a
typical sensitivity function. For details on the simulation example considered
here, see Section 2.8. In Figure 2.2, a comparison is shown between the FRF
estimate obtained using the LPM, i.e., through (2.4)-(2.7) with R = 2 and
nW = 4, and the estimates obtained using standard spectral analysis methods.
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Two spectral analysis estimates are shown, one where a rectangular window is
applied and one where a Hanning window is utilized to mitigate the transient
contribution. The window size for the spectral analysis methods is 10 s, or 2500
samples and an overlap of 50% is used when the Hanning window is applied.
This means a total of 4 windows are used in the estimate with the rectangular
window and 7 half-overlapping windows in the Hanning window estimate. In
this simulation example, there are no noise sources perturbing the identification
signals. Therefore, the observed estimation errors can be solely attributed to
transient contributions, windowing effects, and interpolation bias. The spectrum
of the transient contribution as estimated by the LPM, i.e., by (2.5), is also shown
in Figure 2.2. This spectrum is scaled with the inverse input power to enable
a direct comparison between the magnitudes of the transient and the estimated
FRFs.
In Figure 2.2, it can be seen that in the low-frequency region the transient
contribution is significantly larger than the contribution of the linear system.
Consequently, the spectral analysis method with the rectangular window has a
large error in this region, as the transient contribution is not mitigated. The
spectral analysis method which uses a Hanning window provides more effective
transient mitigation and therefore remains relatively accurate for a larger frequency range. The LPM estimate clearly outperforms both of the spectral analysis estimates and remains effective even at the lowest frequencies due to the
effective mitigation of the transient contribution.
This example clearly shows that the local parametric modeling approach
provides effective transient mitigation, thereby significantly enhancing the estimation accuracy in cases where this transient contribution is significant. In the
next example, the advantages of rational parameterizations are highlighted for
cases where lightly damped resonances are present in the FRF.

2.2.3

Motivating Example for Local Rational Parameterizations

In this subsection, a comparison is made between the polynomial parametrization, given by equations (2.4)–(2.7), and a rational parametrization. This comparison between the LPM and the LRM is based on a noise-free simulation
example, similar to the example in Section 2.2.2, containing lightly damped resonant dynamics. For further details on this simulation example, see Section 2.8.
In the SISO formulation of the LRM, the system and transient are parameterized as
G(Ωk+r ) =

n(Ωk+r )
,
d(Ωk+r )

n(Ωk+r ) = G(Ωk ) +

R
X
s=1

T (Ωk+r ) =
ns (k)rs ,

m(Ωk+r )
,
d(Ωk+r )

(2.10)
(2.11)
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m(Ωk+r ) = T (Ωk ) +

R
X

ms (k)rs ,

(2.12)

s=1

d(Ωk+r ) = 1 +

R
X

ds (k)rs .

(2.13)

s=1

Substituting these expressions in (2.3) leads to a formulation that is nonlinear in
the parameters Θ(k), i.e., it cannot be written in the same form as (2.6). To be
able to solve this problem in a linear least squares sense, the resulting equation
is multiplied with the denominator polynomial. This leads to
d(Ωk+r )Y (k + r) = n(Ωk+r )U (k + r) + m(Ωk+r ) + Ṽ (k + r) ,

(2.14)

which is linear in the parameters, and where Ṽ (k + r) = d(Ωk+r )V (k + r) is
treated as an unknown noise term. The parameters of the local rational model
are determined by solving the linear least squares problem,
Θ̂(k) = arg min
Θ

nW
X

2

|d(Ωk+r )Y (k + r) − n(Ωk+r )U (k + r) − m(Ωk+r )| .

r=−nW

(2.15)
Performing this least squares estimation for each frequency point and evaluating
the local model at r = 0, again yields a non-parametric estimate of the FRF
G0 (Ωk ). This approach is known as the local rational method (LRM).
In Figure 2.3, an example is shown of a response containing lightly damped
resonances. In this figure, it can clearly be seen that the LPM estimate, with
R = 2 and nW = 4, depicted in green, provides a poor estimate of the FRF
around the resonance peaks. In this example, the frequency resolution around
the resonances is clearly insufficient for an accurate polynomial interpolation in
the LPM. It is asserted in Schoukens et al. (2013) that the minimum required
measurement time for the LPM should be such that there are at least seven
frequency points in the 3 dB bandwidth of the resonance. The 3 dB bandwidth
for the first resonance of this example is B3dB = 0.08 Hz and the frequency
resolution is 0.4 Hz, meaning the resolution, and therefore the measurement
time, should be increased by at least a factor 30 before the interpolation errors
of the LPM are sufficiently bounded.
The LRM, with R = 2 and nW = 5, depicted in blue in Figure 2.3, does
accurately model the local plant and transient behavior around the resonances
in this example, leading to a smaller interpolation error and therefore an improved FRF estimate. This is clearly observed in Figure 2.3, where the LRM
significantly outperforms the LPM, especially around the resonances. Since lightly damped resonances are common in mechanical systems, see, e.g., Pintelon
and Rolain (2015), the LRM is typically much better suited than the LPM to
provide fast and accurate FRF identification for this class of systems.
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Figure 2.3: Simulation example showing the reduced interpolation errors of the local
rational model parametrization for systems with lightly-damped resonant dynamics.
Both figures show the simulated system (orange solid). The left figure shows the
LPM estimate (green dotted), for which large errors are visible around the resonance
peaks, and the LRM estimate (dark-blue dashed), which remains accurate around the
resonances. These observations are confirmed in the right figure, which shows the
estimation errors of the LPM (green dotted) and LRM (dark-blue dashed) estimates,
here the estimation errors for the LRM are several orders of magnitude smaller than
those of the LPM, especially around the resonance peaks.

2.2.4

Bias and Variance Aspects of the LRM Estimator

The accuracy of the LRM estimator is influenced by several aspects. First,
the output noise v leads to a variance error on the estimate, which should be
quantified and mitigated if possible. Second, there are various aspects that can
lead to a bias in the LRM estimator. In this section, several of these bias and
variance aspects are explored.
• Two sources of bias for both the local parametric estimates are the interpolation error Oint G , and the residual system leakage errors Oleak G , which
both decrease as the local window size decreases (Pintelon et al., 2010,
Sections 3.3). This is one of the main reasons to try and keep the window
size as small as possible and to use low-order parsimonious parameterizations when possible.
• In general, the variance on the local parametric estimates decreases with
increasing window size, as this increases the amount of noisy data points
used to estimate a fixed number of parameters, decreasing the variance on
those parameters. This essentially provides a way to trade-off bias and
variance errors by increasing the window size when the variance errors are
dominant and decreasing it when the bias errors dominate (Pintelon and
Schoukens, 2012, Section 7.2.6).
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• The variance on the LPM estimate can be estimated from the least squares
residuals as is detailed in Pintelon et al. (2010, Sections 3.1 & 5.1). For the
LRM this same method is not directly applicable due to the noisy output
data that is present in the regression matrix K, which apart from complicating the variance estimation also leads to a bias in the LRM estimate
(Geerardyn, 2016).
– In Geerardyn (2016, Section 3.3), it is shown that this bias term is
inherently linked to the SNR of the output signal in the frequency
domain.
– The analysis in Geerardyn (2016, Section 3.4), based on extensive
Monte-Carlo simulations with different SNRs, suggests that for systems with a good SNR (> 20 dB) this bias term is small compared
to, e.g, the variance errors and the interpolation and leakage errors
for the LPM and ETFE.
– It is a topic of ongoing research to further assess and quantify the
bias errors for the LRM and to provide an accurate estimation of the
variance on the LRM estimate (Verbeke and Schoukens, 2017).

In this chapter, the focus is on the extension of the existing LRM to a MIMO
approach and the involved parametrization issues. Therefore, to focus on the influence of the parametrization on the quality of the LRM estimate, systems with
a good SNR (> 20 dB) are considered and the bias and variance aspects related
to the SNR are not further examined in detail here. This assumption of good
SNR is also often satisfied for the class of mechanical systems. To provide an
estimate for the covariance of the LRM estimate, the biasing effect of the noise
in the regression matrix K is neglected in which case the derivation and expressions for the estimated covariance becomes similar to the expressions for the LPM
case as presented in, e.g., Pintelon et al. (2010, Sections 3.1 & 5.1). Under the
assumption of a high SNR (> 20 dB) this is a reasonable estimate. For further
details on this covariance estimate for the specific parameterizations proposed in
this chapter see Section 2.10. To assess the overall quality of the LRM estimates
in this chapter, including all bias and variance aspects, estimation errors with
respect to reference models are used where possible.

2.2.5

Challenges for the parametrization of Multivariable Systems with Large Input/Output Dimensions

In Section 2.2.3, the advantages of rational parameterizations for local parametric modeling are established. Since lightly damped resonances are often
encountered in mechanical systems, there is a strong preference for the LRM
over the LPM for these systems. However, these systems often have multiple inputs and outputs, and the LRM has so far only been formulated for single-input
single-output systems.
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The LPM straightforwardly extends to multivariable systems, in fact, the
formulation (2.2)–(2.7) is directly applicable for multivariable systems where
Y (k) ∈ Cny ×1 and U (k) ∈ Cnu ×1 . In this MIMO LPM formulation, the polynomial coefficients in ΘG and ΘT are coefficient matrices of size ny × nu and
ny × 1 respectively. This bring the total amount of parameters in the LPM
parametrization to:
nθ, LPM = ny (nu + 1)(R + 1),
(2.16)
which for systems with many inputs and outputs becomes very large, especially
when the polynomial order, R, required to model the local behavior becomes
large. Such a large amount of parameters can be problematic as it increases
the required size of the local modeling window. In turn, this can lead to larger
interpolations errors (Pintelon and Schoukens, 2012, Section 7.2.2.3).
Because of the increased flexibility offered by a rational parametrization, a
multivariable LRM can potentially be used to accurately model the local system
and transient behavior with a reduced number of parameters. The parametrization challenge herein is to obtain a multivariable rational parametrization that
is suitable for local parametric modeling and uses a limited number of parameters. In the following section, several multivariable parameterizations for the
local rational approach are proposed and compared.

2.3

Multivariable LRM Parameterizations

In this section, parameterizations for multivariable local rational modeling are
investigated. The specific requirements for parameterizations for local modeling
are first analyzed. Next, several parameterizations are proposed and subsequently compared.

2.3.1

Parameterizations for Local Modeling

The general form for multivariable rational parameterizations used in this chapter is the left matrix fraction description (LMFD):
G(Ωk+r ) = D(Ωk+r )−1 N (Ωk+r ) ,
−1

T (Ωk+r ) = D(Ωk+r )

M (Ωk+r ) .

(2.17)
(2.18)

Assuming this general LMFD formulation, the remaining question is how to
parameterize D(Ωk+r ), N (Ωk+r ), and M (Ωk+r ).
Although substantial literature exists on MFD parameterizations for system
identification, e.g., Corrêa and Glover (1984); Gevers and Wertz (1984); Glover
and Willems (1974); Guidorzi (1981); Kailath (1980); De Mathelin and Bodson
(1991); Van Overbeek and Ljung (1982); Vayssettes et al. (2014), the global
identification problem considered in these references is significantly different from
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the local identification problem considered here. This distinction can be seen in
multiple aspects, which are investigated in detail, next.
In the global identification problem, one of the main challenges concerning
the parametrization, is its ability to describe all systems of a given complexity or order. This is important because, in parametric identification, it is often
required that the true system is contained in the model set. In the local parametric modeling approaches, this is not a requirement, as the model only needs to
approximate the local system behavior. Therefore, a single generic parametrization is sufficient to parameterize the model for local identification, since such a
generic parametrization can be used to approximate any system of a given order,
as is explained in, e.g., Glover and Willems (1974).
In system identification, model complexity in dynamic models is often related
to the McMillan degree. For MFDs, this McMillan degree is equal to the order of
the determinant of the denominator matrix D. For local parametric modeling,
however, this McMillan degree of the parameterized model is of secondary importance. It is more important that a parametrization uses the smallest number
of parameters to accurately describe the local system behavior. Since a small
number of parameters directly translates into a smaller minimal window size, generally reducing the interpolation bias (Pintelon and Schoukens, 2012, Section
7.2.2.3).
Lastly, to obtain an identifiable parametrization, constraints need to be added to satisfy the uniqueness condition required for identifiability, see Glover
and Willems (1974); Moor et al. (1994). In global identification it is common
to constrain the highest polynomial order of the D matrix, see, e.g., Cauberghe
(2004); Van Herpen et al. (2014b); Vayssettes et al. (2014), as this effectively
constrains the McMillan degree and enforces (strict-)properness of the parameterized models. For local rational modeling, however, it is preferred to constrain
the zeroth degree of the D matrix. This has the following advantages. First, the
plant estimate for the LRM is given by D(Ωk+0 )−1 N (Ωk+0 ) = D0−1 N0 ; constraining the D0 matrix guarantees its invertibility. Second, having no constraints on
the highest degree matrices puts no constraint on the order of the local model.
This can be beneficial when some local frequency windows contain no significant
dynamics and can therefore be best approximated with a low order model, while
in other windows the additional freedom provided by the higher order terms in
the parametrization is required to describe the local behavior.
In the remainder of this section, several parameterizations are proposed. For
ease of presentation and to avoid over-complicating the comparisons, only biproper parameterizations are considered, i.e., parameterizations which have the
same order for the numerator as the denominator. After defining them, the
parameterizations are evaluated and compared, taking into account the described distinctive characteristics of the local identification problem. Here, one of
the main properties to consider is the number of parameters in the respective
parameterizations.
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Common Denominator

The first parametrization considered in this chapter for the multivariable local
rational method is the common denominator parametrization. One advantage of
using a common denominator for all elements in the transfer function is that it
significantly limits the number of parameters introduced to model the denominator D(Ωk+r ). In the terms of the general LMFD formulation of (2.17)–(2.18),
this parametrization is defined as follows.
Parametrization 2.1 (Common Denominator (CD)). In the common denominator parametrization, the polynomial matrices D(Ωk+r ), N (Ωk+r ), M (Ωk+r )
are defined as
D(Ωk+r ) = dc (Ωk+r ) Inu ,
dc (Ωk+r ) = 1 +

R
X

dc,s (k)rs ,

(2.19)
dc,s (k) ∈ C1×1 ,

(2.20)

Ns (k)rs ,

G(Ωk ), Ns (k) ∈ Cny ×nu ,

(2.21)

Ms (k)rs ,

T (Ωk ), Ms (k) ∈ Cny ×1 .

(2.22)

s=1

N (Ωk+r ) = G(Ωk ) +

R
X
s=1

M (Ωk+r ) = T (Ωk ) +

R
X
s=1

4
Note that the 4-symbol is used here to clearly denote the end of a parametrization. The choice for a common denominator for all outputs introduces a
coupling between the local models for all inputs and outputs, making this an
inherently multivariable parametrization. The different transfer function elements for a multivariable system indeed often contain common pole dynamics,
justifying the common denominator formulation.

2.3.3

MISO Parametrization

In this next parametrization, the denominator matrix D(Ωk+r ) has the same
diagonal structure as in the common denominator parametrization. However,
here each diagonal element is modeled as a separate polynomial. This yields the
following parametrization for D(Ωk+r ).
Parametrization 2.2 (MISO). In the MISO parametrization, the polynomial
matrix D(Ωk+r ) is defined as,

D(Ωk+r ) = diag d1 (Ωk+r ), . . . , dny (Ωk+r ) ,
(2.23)
di (Ωk+r ) = 1 +

R
X
s=1

di,s (k)rs ,

di,s (k) ∈ C1×1 .

(2.24)
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The matrices, N (Ωk+r ) and M (Ωk+r ) are defined as in the common denominator
parametrization, i.e., by (2.21) and (2.22).
4
Using this parametrization it is possible to separately consider the local parametric fit for each individual output, making this a MISO parametrization.
Note that the local polynomial method can also be separated as such and is
therefore also a MISO parametrization.

2.3.4

Full MFD Parametrization

In the following parametrization, D(Ωk+r ) is modeled as a full polynomial matrix, i.e., each element of the D(Ωk+r ) is modeled with separate polynomials.
This yields the following parametrization for D(Ωk+r ).
Parametrization 2.3 (MFD full). In the full MFD parametrization, the polynomial matrix D(Ωk+r ) is defined as,
D(Ωk+r ) = Iny +

R
X

Ds (k)rs ,

Ds (k) ∈ Cny ×ny .

(2.25)

s=1

The matrices, N (Ωk+r ) and M (Ωk+r ) are again defined by (2.21) and (2.22).
4
This choice of parametrization is clearly richer than the previous two parameterizations. However, it also uses significantly more parameters to model
D(Ωk+r ). This parametrization introduces a coupling between the different outputs through the off-diagonal elements, making it an inherently MIMO parametrization. This parametrization is known in system identification literature as
the full polynomial form, see, e.g., Söderström and Stoica (1989, Chapter 6).

2.3.5

Parsimonious MFD Parametrization

The complexity of the parameterizations proposed in the previous sections is
fully determined by the degree of the polynomial matrices, R. The McMillan
degree for all these parameterizations, which is the degree of the determinant
of D(Ωk+r ), is equal to ny · R for the MISO and full MFD parameterizations
and equal to min(ny , nu ) · R for the common denominator parametrization. The
minimal increment with which the degree of these parameterizations can be
increased is therefore ny or min(ny , nu ), which can be large for systems with
many outputs and outputs. Such large increments in model order can often
lead to situations of under-modeling or over-modeling. This is undesirable for
local parametric modeling, therefore a parametrization is desired for which the
complexity increases in smaller increments.
In, e.g., Glover and Willems (1974); Kailath (1980); De Mathelin and Bodson
(1991); Vayssettes et al. (2014), MFD parameterizations have been proposed for
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which the McMillan degree can be equal to any given integer. These parameterizations are characterized by a certain degree structure for the matrices D and
N , which is defined using a set of indices, η1 , . . . , ηny . Here, ηi corresponds to
the degree of the i-th row of the D-matrix. To parameterize a system of a certain
order, a number of different degree structures are possible, therefore a choice for
this degree structure is necessary to obtain a single suitable parametrization. In
this chapter it is proposed to use a quasi-constant degree structure, meaning the
degrees should not differ by more than one, with the highest degrees on the first
rows. This degree structure is given by
 
nx


i = 1, . . . , l
 n
y
ηi =  
,
(2.26)
nx



− 1 i = l + 1, . . . , ny
ny
with l = ny − (ny dnx /ny e − nx ), and where dxe denotes the ceiling function,
i.e., rounding up to the nearest integer. The corresponding degree structure for
D(Ωk+r ) and N (Ωk+r ) is




δ ll
δ ll
,
degN (Ωk+r ) =
,
degD(Ωk+r ) =
δ − 1 l (ny − l)
δ − 1 l (ny − l)
(2.27)
with δ = dnx /ny e. This corresponds to the fully-parameterized left matrix
fraction descriptions (F-LMFD) as described in Vayssettes et al. (2016), which
is an over-parameterized description. Constraints need to be added to address
this over-parametrization.
In global identification, the coefficient matrix corresponding to the highest
polynomial degree is often constrained, which corresponds to constraining the
denominator polynomial to be monic in the SISO case. This constraint on the
highest polynomial degree takes the following form,


Il
0
D̃ch = Iny , and D̃rh =
,
(2.28)
D̃δ−1,21 I(ny −l)
where D̃ch is the matrix containing the polynomial coefficients with the highest
column degree and D̃rh is the matrix containing the polynomial coefficients with
the highest row degree. The resulting parametrization is often used in global
identification and is also called the generic observable canonical LMFD parametrization which is described in, e.g., Glover and Willems (1974); De Mathelin
and Bodson (1991); Vayssettes et al. (2014). This parametrization is generic
in the sense that it can be used to approximate all proper LTI systems of the
given order up to arbitrary precision, see Glover and Willems (1974). Here this
parametrization is defined as follows.
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Parametrization 2.4 (MFD high-degree constraint). Using the quasi-constant
degree structure of (2.26) and the high-degree constraint of (2.28), the D(Ωk+r ),
N (Ωk+r ) and M (Ωk+r ) matrices are defined as




δ−2
X
D̃δ−1,11 (k)
0
Il 0 δ
s
δ−1
D̃(Ωk+r ) =
D̃s (k)r +
r
+
r ,
(2.29)
0 0
D̃δ−1,21 (k) I(ny −l)
s=0

δ−1
X



Ñδ,1 (k) δ
r ,
Ñs (k)r +
Ñ (Ωk+r ) =
0
s=0


δ−1
X
Mδ,1 (k) δ
Ms (k)rs +
M (Ωk+r ) =
r ,
0
s

(2.30)

(2.31)

s=0

with
D̃δ−1,11 (k) ∈ Cl×l ,

D̃δ−1,21 (k) ∈ C(ny −l)×l ,

D̃s (k) ∈ Cny ×ny ,

Ñs (k) ∈ Cny ×nu , Ñδ,1 (k) ∈ Cl×nu ,
δ = dnx /ny e , l = ny − (ny δ − nx ) .
4
For the LRM, it is preferred to constrain the zeroth polynomial degree matrix instead of the highest degree, as is described in Section 2.3.1. The MFD
parametrization proposed in this chapter therefore has a slightly different structure than the one used in literature (Glover and Willems, 1974; De Mathelin
and Bodson, 1991; Vayssettes et al., 2014) and defined by (2.29)–(2.31). The
constraint on the zeroth degree matrix for this parametrization takes the form


Il
0
D0 =
.
(2.32)
D0,21 I(ny −l)
With this alternative constraint, the definition of the proposed MFD parametrization is as follows.
Parametrization 2.5 (MFD low-order constraint). In the proposed MFD parametrization for local rational modeling, the polynomial matrices D(Ωk+r ),
N (Ωk+r ) and M (Ωk+r ) are defined as,

 X


δ−1
Il
0
Dδ,11 (k) 0 δ
D(Ωk+r ) =
+
Ds (k)rs +
r ,
(2.33)
D0,21 (k) I(ny −l)
0
0
s=1

N (Ωk+r ) =

δ−1
X
s=0

M (Ωk+r ) =

δ−1
X
s=0



Nδ,1 (k) δ
s
Ns (k)r +
r ,
0

(2.34)



Mδ,1 (k) δ
Ms (k)r +
r ,
0

(2.35)

s
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with
D0,21 (k) ∈ C(ny −l)×l ,

Ds (k) ∈ Cny ×ny ,

Dδ,11 (k) ∈ Cl×l ,

Ns (k) ∈ Cny ×nu , Nδ,1 (k) ∈ Cl×nu , Ms (k) ∈ Cny ×1 ,
δ = dnx /ny e , l = ny − (ny δ − nx ) .

Mδ,1 (k) ∈ Cl×1 ,

4
Note that in this parametrization N0 (k) and M0 (k) are not equal to G(Ωk )
and T (Ωk ), since for this parametrization D0 (k) is not, in general, equal to the
identity matrix, so here G(Ωk ) = D0 (k)−1 N0 (k) and T (Ωk ) = D0 (k)−1 M0 (k).
The equivalence between parametrization 2.4 and 2.5 is established by the following theorem.
Theorem 2.1. A bijection exists almost everywhere, i.e., generically, between
parameterizations 2.4 and 2.5. Specifically, let G̃(Ωk+r ) = D̃(Ωk+r )−1 Ñ (Ωk+r )
be parameterized with parametrization 2.4 of order nx , then as long as D̃0,22 (k)
and its Schur complement, D̃0,11 (k) − D̃0,12 (k)D̃0,22 (k)−1 D̃0,21 (k), are invertible, there is a G(Ωk+r ) = D(Ωk+r )−1 N (Ωk+r ) parameterized with parametrization 2.5 of the same order nx , such that G(Ωk+r ) = G̃(Ωk+r ). Conversely, let
G(Ωk+r ) be parameterized with parametrization 2.5 of order nx , then as long as
Dδ,11 (k) and Dδ−1,22 (k) are invertible, there is a G̃(Ωk+r ) parameterized with
parametrization 2.4 of the same order nx , such that G(Ωk+r ) = G̃(Ωk+r ).
See Section 2.9, for a proof of Theorem 2.1.
Since parametrization 2.4 is known to be generic in the sense that it can be
used to approximate any system of order nx up to arbitrary precision, Theorem
1 shows that this property also holds for parametrization 2.5. The invertibility
conditions on D̃0,22 (k) and D̃0 (k)/D̃0,22 (k) are also satisfied generically, i.e., any
system for which these conditions are not satisfied can be approached arbitrarily closely by a system for which they are satisfied, see Glover and Willems
(1974). To show this, consider D̃0 (k) for which the invertibility conditions are
not satisfied, and D̆0 (k) for which they are satisfied, then for any ε > 0
D̃0,n (k) = D̃0 (k) + εD̆0 (k) ,

(2.36)

does satisfy the invertibility conditions. In other words, an arbitrarily small
perturbation of D̃0 (k) suffices to negate any problematic singularities.
As described in Section 2.3.1, there are significant advantages to constraining
the low-order polynomials instead of the high-order polynomials in the context
of the LRM. In particular, consider again that the FRF estimate computed by
the LRM is given by
G(Ωk ) = D(Ωk+0 )−1 N (Ωk+0 ) ,

(2.37)
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Table 2.1: Number of parameters for the proposed parameterizations.
Number of parameters, nθ
(nu + 1)ny + (nu ny + ny )R
(nu + 1)ny + (nu ny + ny + 1)R
(nu + 1)ny + (nu ny + ny + ny )R
(nu + 1)ny + (nu ny + ny + n2y )R
(nu + 1)ny + (nu + 1 + ny )nx

LPM
CD
MISO
MFD full
MFD

Example: nu = 4, ny = 8,
nx = R = {1, 2, 3}
nθ = {80, 120, 160}
nθ = {81, 122, 163}
nθ = {88, 136, 184}
nθ = {144, 248, 352}
nθ = {53, 66, 79}

where D(Ωk+0 ) is equal to an arbitrary matrix of estimated parameters when
using parametrization 2.4, and equal to (2.32), when using parametrization 2.5,
which is easy to invert. Not having to invert an arbitrary matrix of uncertain
parameters to obtain the FRF estimate, is a large advantage in the context of the
LRM, both computationally and in terms of bias and variance on the estimate.
Therefore, in the remainder of this chapter, only the MFD parametrization with
the low-order constraint, i.e., parametrization 2.5, is considered and it is simply
referred to as the MFD parametrization.

2.3.6

Evaluation and Comparison of Parameterizations

As is argued in Section 2.3.1, the most relevant measure for model complexity in the context of LRM is the number of parameters in the parametrization.
This is important because the number of parameters directly translates into a
smaller minimal window size, thereby improving the potential for a favorable
bias/variance trade-off (Pintelon and Schoukens, 2012, Section 7.2.2.3). In Table 2.1, the number of parameters for the parameterizations proposed in the
previous sections are shown, including an example for a system with 4 inputs
and 8 outputs. This table clearly shows that the proposed MFD parametrization
enables the formulation of a MIMO LRM problem using significantly fewer parameters compared with the alternatives. This is especially true when a system
with a large number of inputs and outputs is considered.
An important aspect of the MFD parametrization is its structured nature.
The effects of this structure on the solution mechanisms of the LRM need to
be addressed. The multivariable LRM can be realized by solving the following
linear least squares problem for all k,
θ̂ lin (k) = arg min
θ

n
W
P

2

kD(Ωk+r , θ)Y (k+r) − N (Ωk+r , θ)U (k+r) − M (Ωk+r , θ)k2 .

r=−nW

(2.38)

2.4 Iterative Solution Methods
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The MFD parametrization enables the use of a lower order system model and
fewer parameters by introducing structure in the denominator and numerator
polynomial matrices. Due to this structure, the problem can no longer be expressed as in (2.6) and the standard solution, as in (2.9), as well as the covariance
estimation as presented in, e.g., Pintelon et al. (2010, Sections 3.1 & 5.1), are
no longer applicable and need to be modified as is detailed in Section 2.10.
The structure in (2.38) for parametrization 2.5 also leads to a certain directionality or asymmetry in the linearized identification problem (2.38). More
specifically a distinction between high-order and low-order outputs is made due
to the degree structure of the D matrix in this parametrization given by (2.33).
As shown in Section 2.3.5, in its rational MFD form, i.e., D(Ωk+r )−1 N (Ωk+r ),
parametrization 2.5 can be used to describe any system of a given order, which
means that there is no inherent directionality in this description. However, when
considering the linearized terms D(Ωk+r )Y (k + r) and N (Ωk+r )U (k + r), it becomes clear that the column structure of D creates a distinction between the
manner in which the first, high-order, outputs are treated in contrast to the
remaining, low-order, outputs. This is undesirable since there is typically no
preference from a system identification perspective. In the next section, this
issue is addressed through iterative algorithms. In particular, these iterative
algorithms aim to minimize the original nonlinear least squares problem
θ̂ nl (k) = arg min
θ

nW
X

2

kY (k + r) − G(Ωk+r , θ)U (k + r) − T (Ωk+r , θ)k2 ,

r=−nW

(2.39)
with G(Ωk+r ) and T (Ωk+r ) given by (2.17) and (2.18).

2.4

Iterative Solution Methods

The linearization used in the standard non-iterative LRM solution, (2.38), is
known in system identification as the Levy Method (Levy, 1959). In global system identification this method often leads to biased results due to the additional
weighting of the output error, i.e., V (k) in (2.2), with D(Ωk ), which due to its
polynomial character typically over-emphasizes high-frequency noise contributions. This is especially relevant when a large frequency range is considered and
when a high polynomial order for D(Ωk ) is used. This problem is presumably
less severe for the LRM due to the limited frequency window and relatively low
polynomial orders that are considered. Because of this, the gain that can be
achieved by utilizing iterative solution methods aimed at solving the original
output error problem, (2.39), is expected to be limited for the SISO LRM. This
is confirmed in Geerardyn (2016, Section 3.4), where an iterative version for
the SISO LRM is investigated and it is concluded that the iterative algorithms
overall lead to larger errors.
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For a multivariable LRM approach, however, the size of the frequency window
and the polynomial order can increase significantly. Furthermore, depending on
the multivariable parametrization, the multiplication with D(Ωk ) not only constitutes a frequency dependent weighting, but can also weight different directions
differently from others, as is explained in Section 2.3.6. For the proposed MFD
parametrization this effect is the most obvious because of the structure of D(Ωk )
in this parametrization. Therefore, in the context of the multivariable LRM, it
is prudent to reconsider the iterative methods aimed at solving the output error
problem (2.39).

2.4.1

Iterative Algorithms

Iterative algorithms that can be used to achieve this are well-known in the field of
global system identification. One of these algorithms is the Sanathanan-Koerner
(SK) algorithm (Sanathanan and Koerner, 1963). In this algorithm, the additional weighting of the cost function with D(Ωk ) is compensated by iteratively
re-weighting the cost function with an estimate of its inverse, D̂(Ωk )−1 . This
estimate is obtained from the solution of the previous iteration. This algorithm
is defined as follows.
Algorithm 2.1 (Sanathanan-Koerner (SK)). The algorithm is initialized by an
initial parameter vector
h0i
θ̂ SK (k) = θ SK, init ,
(2.40)
subsequently for a number of iterations, or until convergence is reached, the
parameters are updated by
hi+1i

θ̂ SK (k) = arg min
θ

nW
X
r =−nW

hii

D(Ωk+r , θ̂ SK (k))−1 (Ωk+r , θ)

2

,

(2.41)

2

(Ωk+r , θ) = D(Ωk+r , θ)Y (k + r) − N (Ωk+r , θ)U (k + r) − M (Ωk+r , θ). (2.42)
This algorithm has been shown to provide good results in parametric identification and fits well within the existing non-iterative LRM framework since the
first SK iteration with D(Ωk+r , θ SK, init ) = I, is the same as the standard LRM.
However, this algorithm does not necessarily converge, and when convergence is
reached it does not converge to a local minimum of (2.39), see Whitfield (1987).
Another possible approach is a gradient-based approach, such as the GaussNewton or Levenberg-Marquart algorithms. This can be used either as an alternative or complementary to the SK algorithm. These gradient-based algorithms enable monotonic convergence to a local minimum of the non-linear cost
function, yielding favorable results when an initial estimate of sufficient quality
is available. Such an initial estimate can, for example, be obtained from the
non-iterative, linearized LRM or from several iterations of the SK algorithm.
The Gauss-Newton algorithm is defined as follows.
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Figure 2.4: Simulation example illustrating the need for iterative solution methods.
The simulated system (blue), the model identified using the non-iterative LRM (red)
and the model identified using the iterative LRM (green) are shown for the cases where,
(a) the identification is performed using the bad SNR output as the high-order output,
and (b) the identification is performed using the good SNR output as the high-order
output.

Algorithm 2.2 (Gauss-Newton (GN)). The algorithm is initialized by an initial
parameter vector
h0i

θ̂ GN (k) = θ GN, init ,

(2.43)

subsequently for a number of iterations, or until convergence is reached, the
parameters are updated by
hi+1i

hii

hii

θ̂ GN (k) = θ̂ GN (k) + ∆θ (k, θ̂ GN (k)) ,
nW
X
∆θ (k, θ̂) = arg min
e(k + r, θ̂) + Jr (k + r, θ̂)∆

(2.44)
2

,

(2.45)

e(k + r, θ̂) = Y (k + r) − G(Ωk+r , θ̂)U (k + r) − T (Ωk+r , θ̂) ,

(2.46)

∆

Jr (k + r, θ̂) =

r =−nW

∂e(k + r, θ)
∂θ

.

2

(2.47)

θ=θ̂

The Levenberg-Marquardt algorithm can be interpreted as a damped version of the Gauss-Newton algorithm where the absolute size of ∆ in (2.45) is
also considered in the cost function, weighted by a damping factor, λ. How
to determine an appropriate value for this damping factor is explained in, e.g.,
Knockaert et al. (2009).
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Numerical Example

The following example aims to illustrate the asymmetry in the proposed MFD
parametrization, as described in Section 2.3.6, and to show the potential of the
proposed iterative approaches to mitigate this problem and thereby significantly
improve the LRM results. In this example, a second-order, 2 × 2 system is
considered, of the form

Pex (s) =

 
 
1
a
cd ,
2
2
b s + 2ζωn s + ωn

(2.48)

with [a, b, c, d, ωn , ζ] = [0.15, 0.2, 1, 1, 2π, 2.0 · 10−3 ]. This system is simulated
for Tsim = 40 s with a sampling frequency of fs = 100 Hz, and it is excited with
zero-mean unit-variance Gaussian white noise. The first output of this system
is contaminated with significant white measurement noise yielding a poor signal
to noise ratio (SNR) of −2 dB, while the second output is almost noiseless with
an SNR of 55 dB.
Using the MFD parametrization, as described in Section 2.3.5, with nx = 1,
this first, low-SNR, output is used as the high-order output. This means the
high-order parameters in Nδ,1 (k), Mδ,1 (k) and Dδ,11 (k) are all determined based
on this low-SNR output yielding poor estimates. This results in a poor LRM
estimate as can be seen from the red line in Figure 2.4a. Applying iterations in
this case leads to significantly improved results, as can be seen from the green
line in Figure 2.4a, because as a result of the iterations the estimation of the
high-order parameters also uses the information from the good-SNR output.
In Figure 2.4b, the MFD parametrization is modified such that the good-SNR
output is used as the high-order output. In this case, the non-iterative LRM
estimate is already accurate. Applying iterations therefore yields no further
improvement, and hence the iterative LRM estimate (green line) overlaps with
the non-iterative estimate (red line).
The iterative solutions (green lines) in Figures 2.4a and 2.4b do not correspond to one another. Ideally, the iterative methods should have converged to
the same solution, since the same data is used and the respective parameterizations can be used to describe the same set of systems. A likely reason for this
is that the iterative LRM algorithm tends to converge to a local minimum of
the cost function, which is not equal to the global minimum. In this example,
the noisy nature of the first output makes it likely that such local minima exist.
Also, due to the low-SNR of the first output, there is little information in the
data which can be used to identify the corresponding FRF elements. In light of
this, the large apparent errors in the estimation of these FRF elements are not
as remarkable.

2.5 Simulation Results
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Figure 2.5: Bode magnitude diagram of the 4 × 4 simulated system.

2.5

Simulation Results

In this section, the different parameterizations proposed in Section 2.3 are analyzed on a simulation example. This simulation example enables a clear comparison between the parameterizations due to the precise control over the simulation
environment and the fact that the true model is known.

2.5.1

System Description

In this simulation example, a 4 × 4 MIMO system is considered which is based
on the wafer stage setup considered in Voorhoeve et al. (2016a). The system
is a model of a moving square plate with actuators and sensors on the four
corners. Only the direction perpendicular to the plate is considered. This means
the considered system has three rigid-body modes, one translational mode and
two rotational modes. In addition to these rigid body dynamics, a number of
lightly damped non rigid-body resonances are present in the system. A Bode
magnitude diagram of the system is shown in Figure 2.5. For further details on
this simulation example, see Section 2.11.

2.5.2

Methods

A feedback controller is designed to stabilize the rigid body dynamics of the
system. This controller is designed through rigid-body decoupling and decentralized loop-shaping design. The closed-loop bandwidth for the individual control
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Figure 2.6: Closed-loop identification scheme.

loops, defined as the crossover frequency of the open-loop gain, is designed to
be 20 Hz.
The system is simulated in a closed-loop setup for 2 seconds with a sampling
frequency of fs = 4000 Hz. The simulation setup is shown in Figure 2.6. The
system is excited by four independently generated Gaussian white noise signals
with zero mean and a variance of 1. These excitation signals, rex , are applied
at the system input, additive to the control signals. To simulate process noise,
additional Gaussian white noise signals, d, are added to the system at the input
with a magnitude of 2% of the excitation signal, i.e., an SNR of 34 dB. To
simulate measurement noise, additional white noise signals, vu and vy , are added
to the simulated system outputs, with an SNR of 60 dB.
From the excitation signals, rex , and the total simulated inputs, u, and outputs, y, the FRF of the system, G0 , can be determined through the indirect
method. In this indirect method the FRF estimate of G0 is obtained as the
quotient of the FRFs of the transfer functions from rex → u and rex → y, see
Pintelon and Schoukens (2012, Section 7.2.7), i.e.,
Ĝyu (Ωk ) = Ĝyrex (Ωk )Ĝurex (Ωk )

−1

.

(2.49)

Note that both Ĝyrex (Ωk ) and Ĝurex (Ωk ) are essentially measured in a traditional, open-loop, setting with a noise-less input rex and a noisy output y or u,
so these FRFs can be estimated using any method that works in this traditional
setting, such as the LPM and LRM.
The non-parametric identification is performed using all of the considered
methods, i.e., spectral analysis (SA), the LPM and the proposed MIMO LRM
methods. Each of these methods is set up to obtain a similar level of noise
mitigation. For the local modeling approaches, the level of noise mitigation
is determined by the degrees of freedom of the residual in the least squares
estimation step (Pintelon and Schoukens, 2012, Section 7.2.2.2). This number
of degrees of freedom is equal to,
dof LPRM =

neq − nθ
,
ny

(2.50)
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where neq is the number of equations in the estimation problem and nθ is the
number of parameters.
For the simulation results presented in this section, the minimum number of
degrees of freedom for all local modeling approaches is set to be equal to the
number of outputs of the simulated closed loop system, i.e.,
dof min = nz = nu + ny = 8.

(2.51)

The number of neighboring frequencies, nW , to consider in the local models is
then selected to be equal to the lowest number for which this constraint is met.
For the spectral analysis methods, a comparable level of noise mitigation is
obtained by ensuring the number of considered measurement windows is such
that the residual for the spectral analysis method also has dof min = nz degrees
of freedom. The degrees of freedom for the spectral analysis residual is equal to,
dof SA = nwin − nu ,

(2.52)

i.e., the number of measurement windows nwin , minus the number of inputs
(Pintelon and Schoukens, 2012, Section 7.2.3). So here, nwin = 4 + 8 = 12.
The spectral analysis (SA) method considered here uses Hanning windows with
50% overlap to estimate the cross-spectral densities of the signals rex and u, i.e.,
ŜUW Rex,W , and of rex and y, i.e., ŜYW Rex,W . From these cross-spectral densities,
the FRF of the plant G is estimated by
−1

Ĝyu,SA (Ωk ) = ŜYW Rex,W (k)ŜUW Rex,W (k)

.

(2.53)

For details on the spectral analysis approach see, e.g., Pintelon and Schoukens
(2012, Section 7.2.3).
The methods described here have all been implemented in MATLAB R . This
includes an iterative LRM version which uses the proposed MFD parametrization
and where a user-specified number of SK-iterations are used to initialize the LMalgorithm which then runs until convergence or until a user-specified maximum
number of iterations is reached.
The criterion used to compare the performance of the different methods is
the square root of a sample maximum likelihood cost function, given by
1/2

V =

X
1
−1
eH
(Ωk ) Cvec(G
(Ωk ) evec(Ĝ) (Ωk )
vec(Ĝ)
0)
n(Kest )

,

(2.54)

k∈Kest

here Kest is the set of frequency bins k for which the estimated FRF Ĝ(Ωk )
exists and n(Kest ) is the cardinality of this set. Additionally, in (2.54)
evec(Ĝ) (Ωk ) = vec(Ĝ(Ωk ) − G0 (Ωk )),

(2.55)
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Table 2.2: Cost function values for different methods applied to the simulated system.

Cost
Npar
nW

SA
19
-

LPM-1
30
80
9

CD-1
2.7
81
9

MISO-1
4.7
88
9

MFD-3
2.2
79
9

MFD full-1 (= MFD-8)
0.59
144
13

and G0 (Ωk ) is the true simulated system evaluated at Ωk , and Ĝ(Ωk ) is the estimated FRF. The covariance matrix Cvec(G0 ) (Ωk ) is calculated using the known
noise characteristics and transfer functions of the simulated system, details on
the calculation of this covariance matrix are provided in Section 2.12.

2.5.3

Results

The resulting cost function values for the applied methods are shown in Table 2.2. For the MFD parametrization the third and eighth order versions are
shown, for all other parametrization the R = 1 case is shown. Note that fullMFD parametrization with R = 1 coincides with the MFD with nx = 8. The
cost function values in Table 2.2 clearly show that for such resonant systems
with short data records, the LPM and spectral analysis methods perform worse
than the proposed MIMO-LRM methods. Of the LRM methods, the full-MFD
parametrization obtains the lowest cost function value. However, it also uses
the highest number of parameters and also the largest window size in which to
perform the local fits.
To further analyze the proposed LRM parameterizations, the data has been
processed using varying orders for all parameterizations. The resulting cost
function values are shown in Figure 2.7, where they are plotted against the
number of parameters in the parameterizations.
From Figure 2.7, it is concluded that all of the proposed parameterizations
lead to viable approaches for the multivariable LRM, as the differences between
them are small compared with the difference between these LRM methods and
alternatives such as the LPM and the spectral analysis method. Also, in this figure one can clearly observe the smaller increments between subsequent orders of
the MFD parametrization compared with the other parameterizations, showing
the increased flexibility of the proposed MFD parametrization. Furthermore,
it can be observed that for the considered data-set, the MISO parametrization
performs the worst and the non-iterative MFD parametrization performs the
best for a similar number of parameters. Figure 2.7 also shows that, for this
example, the iterative method leads to an increase of the overall cost function,
except for the lowest order used. A possible reason for this is that in the considered example the directionality issues, as described in Section 2.4, are not
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Figure 2.7: Comparison of different parameterizations. The maximum likelihood cost,
as described in Section 2.6.2, is shown as a function of the number of parameters. The
LRM results for the non-iterative MFD (orange), iterative MFD (green), MISO (blue)
and Common Denominator (red) parameterizations are shown. The yellow circles
denote the MFD orders which coincide with the full MFD parametrization. The considered orders range from nx = 2–18 for the MFD parametrization, R = 1–5 for MISO
and R = 1–6 for the CD parametrization.

as relevant. Also, it is likely that the iterative methods still suffer from similar
convergence and over-fitting issues as are observed in Geerardyn (2016).

2.6

Benchmark Results

In this section experimental data from an active vibration isolation system
(AVIS), shown in Figure 2.8, is used to showcase the advantages of the proposed methods on a real industrial system.

2.6.1

Benchmark Description

The considered experimental setup was recently proposed as an identification
benchmark in Voorhoeve et al. (2015), and an extensive set of measurement
data for this system is freely available, see Voorhoeve and van der Maas (2016).
This system is well-suited as an identification benchmark because of its industrial
relevance, with a relatively large number of inputs, nu = 8, and outputs, ny = 6,
and the high-order resonant dynamics that can be observed in a large frequency
range.
This benchmark poses a challenge for both parametric and non-parametric
system identification. The challenge of this benchmark for parametric identification lies mainly in the numerical aspects and the ability of the identification
scheme to reliably cope with the large system orders and the large amount of
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Figure 2.8: Benchmark active vibration isolation system (AVIS).

data. The challenge for non-parametric identification mainly lies in the efficiency
of the identification methods. Even though a very large data set is available for
this system, it is the challenge to use as few data as possible and still obtain an
accurate non-parametric estimate of the plant dynamics.

2.6.2

Methods

The data used in this chapter is from an open-loop experiment with random nonperiodic excitation signals (noise experiment 1 from Voorhoeve and van der Maas
(2016)). In total this measurement is 300 seconds long. Here it is investigated
how well the proposed approaches perform with much shorter data records.
The cost function that is used to compare the performance of the different
methods is again a sample maximum likelihood cost function, as given by (2.54).
In this case, the reference model, G0 (Ωk ), and co-variance matrix, Cvec(G0 ) (Ωk ),
are taken as the spectral analysis estimate obtained from a validation data set
using the full 300 seconds of available measurement data. The validation data
comes from an experiment performed using a different realization of the excitation signal on the same experimental setup and under the same experimental
conditions (noise experiment 2 from Voorhoeve and van der Maas (2016)). Linear interpolation to the sparsest frequency grid is used for all methods to be
able to compare them on equal footing. The methods compared here are a noniterative LRM approach, using the full MFD parametrization of order 1, i.e., the
MFD of 6th order, and the spectral analysis approach, using Hanning windows,
with 50% overlap.

2.6.3

Results

The main result of this investigation is shown in Figure 2.9, in this figure the
cost for the spectral analysis and the full MFD LRM method are shown versus
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Figure 2.9: Overall performance of the spectral analysis method versus the LRM for
the AVIS data. The maximum likelihood cost, as described in Section 2.6.2, is shown
as a function of the measurement time used to obtain the FRF estimates.

the used measurement time in seconds. This figure clearly shows that the LRM
is much more efficient for short data records than the spectral analysis method.
Using the LRM it is possible to obtain a very accurate non-parametric estimate
of the FRF using just 4 seconds of measurement time whereas with the spectral
analysis method more than 10 seconds of data is needed to obtain an estimate of
comparable quality. Also note that with the spectral analysis method, averaging
steps are needed to reduce the variance on the estimate. These averaging steps
also reduce the frequency resolution of the estimated FRF. For the LRM the
frequency resolution is not reduced, so the LRM provides an estimate on a
much denser frequency grid than the spectral analysis method using the same
amount of measurement time. To expand on these results, some examples are
shown which highlight the differences between the spectral analysis and LRM
estimates.
Figure 2.10 shows the full 6 × 8 bode magnitude plot of the reference model
and the LRM result using just 1.5 seconds of measurement time, including the
standard deviations of both these estimates. On a whole these two FRF estimates are in good agreement. In the low-frequency range, below 6 Hz, the estimates
do differ but here both estimates are unreliable due to the fact that the geophone
sensors of the system do not perform as well in this frequency range leading to
a poor signal to noise ratio, this is reflected by the high standard deviations
for both estimates in this frequency region. Additionally, both estimates have
relatively few estimated points in this range as the resolution for the LRM using
1.5s of data is 2/3 Hz and the resolution for the SA estimate is 0.2 Hz. The good
agreement of both estimate in mid-higher frequency range shows that for such a
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Figure 2.10: Full 6 × 8 Bode magnitude plot of the AVIS system. The reference model (blue solid) and the LRM estimate (red
dashed) and their respective estimated standard deviations (same colors, thin-dotted) using only 1.5 seconds of measurement
data, are shown. This figure shows that the multivariable LRM approach enables the efficient identification of the full 6 × 8 FRF
from a short data record of just 1.5 seconds with good accuracy.
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Figure 2.11: Bode magnitude plot of the G(1,1) element of the multivariable model
G, showing the reference model (blue solid), the spectral analysis estimate (green dashed) and the LRM estimate (red dash-dotted) and their respective estimated standard
deviations (same colors, thin-dotted) using 1.5 seconds of measurement data. For this
short data record, the SA method provides a poor estimate, especially around the resonances, where clearly a higher frequency resolution and longer experiment time are
required to obtain an adequate FRF estimate. The proposed multivariable LRM estimate already provides an accurate estimate for this short data record of 1.5 seconds,
showing the efficiency and the potential of the proposed methods.

large scale industrial system the LRM is indeed capable of efficiently estimating
the FRF.
Figure 2.11a shows a the Bode magnitude plot for the G(1,1) element of the
full identified model G, estimated using the shortest data record of 1.5 seconds.
This figure shows the reference model as well as the estimates obtained using
the LRM and the spectral analysis methods as well as the standard deviations
of all these estimates. For this short data record, there is a clear difference in
the quality of the LRM and spectral analysis estimates, with the LRM being superior to the spectral analysis method. This difference is especially pronounced
around the resonances, as can be seen in the zoomed-in plot in Figure 2.11b. It
is clear from this figures that around the resonance peaks the spectral analysis
method provides a poor estimate of the FRF whereas the LRM method already
yields relatively accurate results. For many applications, such as control and
modal analysis, it is especially important to obtain an accurate non-parametric
estimate around the resonances so this is a significant result. Around 100 Hz
there are still significant discrepancies between the LRM estimate and the reference model, this can be explained from the limited frequency resolution of
the LRM estimate when using only 1.5 s of measurement data as well as the
large amount of relatively small resonances around this frequency range. When

52

Chapter 2. Non-Parametric Identification for Complex Systems
40
50

Magnitude [dB]

Magnitude [dB]

20
0

-50

0

-20

-100
10 -1

10 0

10 1

10 2

10 3

-40
290

Frequency [Hz]

(a) Full view

300

310

320

330

340

Frequency [Hz]

(b) Zoomed-in view

Figure 2.12: Bode magnitude plot of the G(1,1) element of the multivariable model G,
showing the reference model (blue solid), the spectral analysis result (green dashed) and
the LRM result (red dash-dotted) and their respective estimated standard deviations
(same colors, thin-dotted) for 19.5 seconds of measurement data. In the full view
(a), no clear difference in the quality of the SA and LRM estimates is observed. In
the zoomed-in view, a difference in estimation quality can be observed around the
resonance peaks due to the superior frequency resolution of the LRM estimate.

more measurement time is used the resolution of the LRM estimate increases
and these discrepancies mostly disappear.
In Figure 2.12a the Bode magnitude plot is shown for the results with the
data record of 19.5 seconds. In this figure no clear overall difference in the
quality of the SA and LRM estimates of the FRF is observed. However, when
zooming in on the resonance peaks as is done in Figure 2.12b, a difference in
estimation quality can still be seen. In fact, at the resonance frequencies the
LRM estimate using 19.5 seconds of measurement data is of a similar quality
as the reference model that is obtained using 300 seconds of measurement data.
A possible reason why this superior estimation quality of the LRM around the
resonances is not reflected in the cost function values, as shown in Figure 2.9, is
that in the calculation of the cost function the resolution of the LRM estimate
is down-sampled to the resolution of the SA estimate. When considering the full
resolution that is obtained using the LRM, this difference in estimation quality
is much clearer.

2.7

Conclusions and Outlook

The goal of the present chapter is to develop methods for accurate and fast frequency response function identification for multivariable systems with lightlydamped complex dynamics. The local rational modeling approach that is explo-
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red and extended in this chapter is a powerful method to achieve this goal.
In this chapter, first, the potential of the local parametric modeling approach for FRF identification of mechanical systems is illustrated through a closedloop identification example which shows the importance of improved transient
suppression for such applications. Also, the advantages of using a rational parametrization are illustrated for cases where the system contains lightly damped
resonant dynamics.
As the key contribution, this chapter points out the freedom in the parametrization of the multivariable LRM and investigates a number of possible parameterizations. These parameterizations can all be represented as left matrix
fraction descriptions (LMFDs) with varying structures of the denominator matrix. From simulations of a representative motion system, it can be concluded
that all the proposed parameterizations are viable, yielding improved results
when compared with classical methods. Furthermore, from an analysis based
on experimental data from a recent system identification benchmark, it can be
concluded that the proposed multivariable LRM methods are significantly more
efficient than classical spectral analysis methods.
The most parsimonious and flexible of the proposed parameterizations, is also
the most structured. As a consequence of its structure, this parametrization introduces a certain directionality when an equation error criterion in the sense of
Levy (Levy, 1959) is considered, as is often done in the local modeling approach.
More specifically, a distinction can be seen between the way certain high-order
outputs are handled as opposed to the remaining low-order outputs. This directionality is generally undesirable. It can be mitigated by applying iterative
approaches aimed at solving the output-error LRM problem. Such iterative methods have been implemented and investigated, showing some promising results
but ultimately still yielding larger overall estimation errors than the equivalent
non-iterative versions of the LRM. These increased errors can most likely be
attributed to over-fitting and convergence issues of the iterative approaches, as
has also been observed in Geerardyn (2016). Additional research is required to
investigate when and how iterative methods can be applied to benefit the overall
accuracy of the LRM.
A potential avenue to improve the performance of iterative methods could
be to incorporate an appropriate method for order selection to alleviate the
problems with over-fitting. Also, for the investigated iterative methods, the
definition of the cost function is an essential step. Therefore, another potential
avenue for improvement of the proposed iterative LRM methods, is to further
explore the freedom in the definition of this cost function, e.g., by applying
appropriate weighting specifically aimed at obtaining a better non-parametric
estimate of the FRF. Further ongoing research on the local rational method
involves a detailed investigation of the bias and variance on the obtained FRF
estimates for the proposed parameterizations.
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Appendix A: Details of the Simulation Examples
from Section 2.2

The simulation examples of Section 2.2 are based on a 2-mass-spring-damper
system with a single unconstrained rigid-body degree of freedom, as depicted in
Figure 2.13. In these examples the input, which is the actuation force on the
first mass, i.e., F1 , and the output, which is the position of the first mass, are
collocated yielding the following equation for the system,
Pcol = c

m2 s2 + ds + k
,
m1 m2 s4 + (m1 + m2 )ds3 + (m1 + m2 )ks2

(2.56)

with parameters [c, k, d, m1 , m2 ] = [5.6 · 103 , 5.4 · 104 , 2.0, 1.1, 0.9]. In both
examples, the system is controlled in feedback as shown in Figure 2.14.
In the example of Section 2.2.2, the controller is tuned such that the bandwidth of the controlled system is equal to 25 Hz. Here, the bandwidth is taken
as the point where the loop gain L = P C, first crosses the 0 dB threshold from
above, i.e., when the loop gain enters the unit circle. Furthermore, in this example, the controller is tuned such that the peak of the sensitivity function,
S = (1 + L)−1 , is below 8 dB. To achieve this, the controller is designed using a
lead filter, with a zero frequency of 10 Hz and a pole frequency of 40 Hz, and a
gain of 5.
In the example of Section 2.2.3, a different controller is designed. For this
example the goal is to show the difference between the LPM and LRM in estimation quality around lightly damped resonances. Therefore, the controller is
tuned such that the sensitivity function had a large, lightly damped, resonance
peak. To achieve this, the controller in this example is simply a gain of 10.
In both examples the sample frequency is fs = 250 Hz and the simulation
time is Tsim,2.2 = 40 s for the example of Section 2.2.2 and Tsim,2.3 = 2.5 s for
the example of Section 2.2.3. As excitation signals, d, one period of full-grid
random phase multisines are used, i.e., a signal with a constant amplitude for
all frequencies in the DFT grid and with a random phase. All discretizations
are performed using the Tustin method without prewarping.
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The bijection between parameterizations 4 and 5 can be shown by the existence
of a unimodular transformation which transforms either formulation into the
other, i.e.,
D̃ = QD,

Ñ = QN,

G = D̃−1 Ñ = D−1 Q−1 QN = D−1 N ,

(2.57)

with det(Q) = c ∈ C \ {0}.
Since the transformation involves a pre-multiplication with Q, the columndegree structure of all polynomial matrices is maintained. To maintain the
row-degree structure of the N (Ωk+r ) and M (Ωk+r ) matrices in both parameterizations, the unimodular matrix, Q, must have the following upper diagonal
block structure,


Q11 Q12
Q=
.
(2.58)
0 Q22
This guarantees that the structure of the highest degree matrix of N (Ωk+r ) is
maintained, i.e.,


 

Q11 Q12 Nδ,1
Ñδ,1
QNδ =
=
= Ñδ .
(2.59)
0 Q22
0
0
First, consider the case of transforming a system parameterized with parametrization 2.4 to the equivalent system parameterized with parametrization 2.5.
From the coefficient matrix for the zeroth polynomial degree of D̃(Ωk+r ) one
can obtain a formulation for the unimodular transformation by taking,

 



−1
I
0
I D̃0,12 D̃0,22
D̃0,11 D̃0,12
D̃0 /D̃0,22 0
D̃0 =
=
−1
D̃0,21 I
D̃0,21 D̃0,22
0
D̃0,22 D̃0,22
0
I


D̃0 /D̃0,22 D̃0,12
=
D0 = QD0 ,
(2.60)
0
D̃0,22
where D̃0 /D̃0,22 is the Schur complement of D̃0,22 in D̃0 , i.e.,
−1
D̃0 /D̃0,22 = D̃0,11 − D̃0,12 D̃0,22
D̃0,21 ,

In this case,
−1

Q


−1 
−1 
(D̃0 /D̃0,22 )−1 −(D̃0 /D̃0,22 )−1 D̃0,12 D̃0,22
D̃0 /D̃0,22 D̃0,12
=
=
,
−1
0
D̃0,22
0
D̃0,22
(2.61)

can be used to transform parametrization 2.4 to 2.5, under the condition that
D̃0,22 and D̃0 /D̃0,22 are invertible.
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Next, consider the case of transforming a system parameterized with parametrization 2.5 to the equivalent system parameterized with parametrization 2.4.
Here, the matrices of highest column degree are considered, yielding


Dδ,11 Dδ−1,12
Dch =
= Q−1 D̃ch = Q−1 I = Q−1 .
(2.62)
0 Dδ−1,22
In this case,

−1  −1

−1
−1
Dδ,11 −Dδ,11
Dδ−1,12 Dδ−1,22
Dδ,11 Dδ−1,12
Q=
=
,
−1
0 Dδ−1,22
0
Dδ−1,22

(2.63)

can be used to transform parametrization 2.5 to 2.4, under the condition that
Dδ,11 and Dδ−1,22 are invertible.
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Appendix C: LRM Solution and Covariance Estimation for Parametrization 2.5

Due to the structure in parametrization 2.5, rewriting the LRM problem as in
(2.6) yields
Y (r) = ΘK(r) + Ṽ (r) ,
(2.64)




K1 (r) ⊗ U (r)


1
r


K
(r)


1



r

,
Y1:l (r)
K2 (r) =  ...  ,
K1 (r) =  .  ,
K(r) = 


 .. 
K2 (r) ⊗ Y (r)
rδ−1
rδ
Y1:l (r)rδ








ΘNδ,1
ΘTδ,1
Θ = ΘN ΘT ΘD , ΘN = ΘN0:δ−1
, ΘT = ΘT0:δ−1
,
0
0




0
ΘDδ,11
ΘD =
ΘD1:δ−1
,
(2.65)
ΘD0,21
0
where the frequency argument k has been omitted for notational clarity and
where Ṽ (r) = D(r)V (r) is treated as an unknown noise source. This problem
cannot be solved as in (2.9) due to the elements of Θ that are equal to zero.
In vectorized form these parameter constraints can be included by eliminating
the columns of the regression matrix K corresponding to the parameters θ that
are equal to zero. Therefore the LRM problem for this parametrization can be
written as
Y (r) = K(r)θ + Ṽ (r),
(2.66)
where K(r) = K(r)T ⊗Iny and θ = vec(Θ) where the trivial rows (zero-elements)
of θ and the corresponding columns of K(r) have been removed. The least
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squares solution to (2.66), as defined in (2.38), is given by,
θ̂ = Kn+ Yn ,

(2.67)


T
,
Kn = K(−nW )T K(−nW + 1)T · · · K(nW )T


T
T T
Yn = Y (−nW ) · · · Y (nW )
,

(2.68)

where

(2.69)

and with A+ = (AH A)−1 AH the left Moore-Penrose pseudoinverse.
To estimate the covariance of the LRM estimate with parametrization 2.5,
consider the LRM estimate as given by (2.37) with D0 as in (2.32), i.e.,



Il
0
N̂0,1
−1
Ĝ = D̂0 N̂0 =
.
(2.70)
−D̂0,21 Iny −l N̂0,2
Defining ∆X̂ = (X̂ −X) and assuming E(Ĝ) = G, the covariance of the estimate
is given by
Cov(vec(Ĝ)) = E(vec(∆Ĝ)vec(∆Ĝ)H ) ,
(2.71)
with

∆Ĝ =






Il
0
0
∆N̂0 − l×ny −l ∆D̂0,21 N0,1 + ∆N̂0,1 .
−D0,21 Iny −l
Iny −l

(2.72)

Using a first order approximation this yields,






Il
0
0l×ny −l
vec(∆Ĝ) ≈ vec
∆N̂0 −vec
∆D̂0,21 N0,1 . (2.73)
−D0,21 Iny −l
Iny −l

Using vec(AXB) = B T ⊗ A vec(X), the two terms on the right-hand side of
(2.73) can be rewritten as


 



Il
0
Il
0
vec
∆N̂0 =
Inu ⊗
0q×p1 ∆θ̂ (2.74)
−D0,21 Iny −l
−D0,21 Iny −l


 




0l×ny −l
0
T
vec
⊗ l×ny −l
∆D̂0,21 N0,1 = 0q×p2 N0,1
0q×p3 ∆θ̂ ,
Iny −l
Iny −l
(2.75)
where the size of the zero matrices is given by q = ny nu , p1 = nθ − ny nu ,
p2 = nθ,N,T , and p3 = nθ,D − l(ny − l), and where nθ,N,T is the total number of
parameters, θ, used to describe the numerator, N̂ , and transient term, T̂ , and
nθ,D is the number of parameters used to describe the denominator, D̂. Next,
it follows from (2.66) and (2.67) that,
θ̂ = Kn+ Yn = θ + Kn+ Ṽn ,

(2.76)
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T
with Ṽn = Ṽ (−nW )T · · · Ṽ (nW )T , and, hence,
∆θ̂ = Kn+ Ṽn .

(2.77)

The effect of noise in the regression matrix, Kn , only leads to second-order noise
effects in ∆θ̂ due to the multiplication with Ṽn in (2.77), and can therefore
be neglected in the first-order approximation made here, which holds for the
considered high-SNR cases.
This leads to the following expression for ∆Ĝ,





 
Il
0
0
T
vec(∆Ĝ) ≈
Inu ⊗
0 − N0,1 ⊗
0 Kn+ Ṽn .
−D0,21 Iny −l
Iny −l
(2.78)
The covariance on the LRM estimate is then given by
Cov(vec(Ĝ)) ≈ S Cov(Ṽn ) S H ,

(2.79)

where





 
Il
0
0
T
S=
Inu ⊗
0 − N0,1 ⊗
0 Kn+ .
−D0,21 Iny −l
Iny −l

(2.80)

Assuming the noise is uncorrelated over the frequencies and the true noise covariance matrix is equal in the considered frequency window, as is also done in,
e.g., Pintelon and Schoukens (2012, Section 7.2.2.2), it holds that
Cov(Ṽn ) = I2nW +1 ⊗ CṼ .

(2.81)

An estimate of the noise covariance matrix can be obtained from the least squares
residual as shown in, e.g., Pintelon and Schoukens (2012, Section 7.2.2.2), i.e.,
ĈṼ =

nW
1 X
V̂ (r)V̂ (r)H ,
q r=−n

(2.82)

W

where
V̂ (r) = Ŷ (r) − K(r)θ̂ ,

(2.83)

and where q is equal to the appropriate degrees of freedom of the residual V̂ ,
e.g., q = dofLPRM as defined in (2.50). The estimated covariance matrix of the
LRM is then given by,
Cov(vec(Ĝ)) ≈ Ŝ (I2nW +1 ⊗ ĈV ) Ŝ H ,

(2.84)

with Ŝ given by (2.80) but where D0,21 and N0,1 have been replaced with their
respective estimates.
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Appendix D: Details of the Simulation Example
from Section 2.5

In this simulation example, the plant is defined as:
G = GRB + GnRB,1 + GnRB,2 .
with


−1
1
GnRB,1 = 
1
−1

with β1 = 0.005

(2.85)




1
1 1 1 1

−1 1 
1 1 −1 −1 ,
1  s2
1 −1 1 −1
−1


! −1 1 1 −1
1 1 1 1
1


2
 1 1 −1 −1 ,
s2 + 2β1,i ω1,i s + ω1,i
1 −1 1 −1


and ω1 = 2π 100 200 350 400 , and
!
 
 
1
R ,
= L diag
2
2
s + 2β2,i ω2,i s + ω2,i


1 1
1 1
GRB = 
1 −1
1 −1

1 1 1
1 1 −1
 diag
1 −1 1 
1 −1 −1

0.02 0.01 0.015

GnRB,2

with 4 additional modes, and where the elements of L and R as well as β2,i
and ω2,i are determined randomly as lij ∼ N (0, 1), rij ∼ N (0, 1), and β2,i ∼
U(0, 0.03), ω2,i ∼ U(1000π, 2000π) (MATLAB R 2014a, random number generator: Mersenne Twister, seed 197; order of generations β2,i , ω2,i , L, and R).
Discretization is performed using the Tustin method without prewarping.

2.12

Appendix E: Covariance Calculation for Simulation Results

The covariance matrix, Cvec(G0 ) , which is used in Section 2.5 to define the maximum likelihood cost function, (2.54), is derived from the known covariance
matrices of the applied input signals as follows. First consider the input and
output signals as defined in Figure 2.6, then take
 
 
y
v
z=
= Grz (rex + d ) + y .
(2.86)
u
vu
The covariance matrix of the measurement of z then becomes,
Cz = Cv + Grz Cd GH
rz ,

(2.87)

with
Cv = 10−6 diag(rms(z0 )2 ) ,

Cd = 4 · 10−4 Inu ,

(2.88)
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where the factors 10−6 and 4 · 10−4 reflect the signal to noise ratios of 60 dB
and 34 dB. Next, using Pintelon and Schoukens (2012, equation (7-42)), the
following is obtained
−1
Cvec(Grz ) = SRR
⊗ Cz ,
(2.89)
note that in this expression the use of any windowing and averaging is disregarded, i.e., this is the covariance matrix that would be obtained without any
windowing and averaging. In this derivation, the auto-power spectrum of the
excitation signal is approximated by its expected value, i.e.,
SRR ≈ E(SRR ) = Inu .

(2.90)

Finally, the covariance matrix, Cvec(G0 ) , can be derived using Pintelon and
Schoukens (2012, equation (7-50)),
−T
H
Cvec(G0 ) = (G−T
ru ⊗ [Iny − G0 ])Cvec(Grz ) (Gru ⊗ [Iny − G0 ]) .

(2.91)

Chapter 3

Parametric Identification for Complex
Motion Systems: Parameterizations,
Algorithms, and Numerical
Considerations

The identification of accurate parametric system models is essential for the application of model-based control approaches. The aim of this chapter is develop
parametric identification methods that are specifically suited for the identification of complex motion systems. The proposed method involves two aspects:
1) the incorporation of prior system knowledge, as this is often a key aspect to
obtain accurate and useful models, e.g., it is often known beforehand that the
system exhibits rigid-body behavior, and 2) numerical reliability, as the identification of these complex systems is numerically challenging. In this chapter,
a flexible set of parameterizations and algorithms are proposed that are particularly suited for the identification of complex, lightly-damped motion systems
with rigid body behavior, a high model order, and many inputs and outputs.
The benefits of the proposed approach are demonstrated on simulation results
and experimental results from a prototype wafer stage system.
This chapter is based on Voorhoeve et al. (2014) 1 and Voorhoeve et al. (2016a) 2 .
R., Oomen, T., van Herpen, R., and Steinbuch, M. (2014). On numerically reliable frequency-domain system identification: New connections and a comparison of methods.
IFAC Proceedings Volumes, 47(3), 10018–10023. 19th IFAC World Congress. Cape Town,
South Africa.
2 Voorhoeve, R., de Rozario, R., and Oomen, T. (2016a). Identification for motion control:
Incorporating constraints and numerical considerations. In Proceedings of the 2016 American
Control Conference, 6209–6214. Boston, Massachusetts, United States.
1 Voorhoeve,
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Introduction

Increasingly stringent requirements on the speed and accuracy of motion systems are envisaged to lead to a significant increase in system complexity. On
the one hand, increasing performance requirements necessitate a higher control
bandwidth. On the other hand, lightweight construction is required to meet
acceleration and speed requirements. An immediate consequence is that the
resonance phenomena occur at lower frequencies. Combining these two developments implies that resonance phenomena appear in the cross-over region (Balas
and Doyle, 1994). It is envisaged that active control of these flexible dynamics
is required, including the use of additional actuators and sensors (Van Herpen
et al., 2014a), and inferential control (Oomen et al., 2014). This leads to a significant increase in system complexity and consequently to increased requirements
for the identification of these complex systems.
Identification of these complex motion systems with high-order lightly damped dynamics is challenging, as is evidenced by the recent dedicated benchmarks
(Pintelon and Rolain, 2015; Voorhoeve et al., 2015). A key challenge herein is
the numerical conditioning of the equations that are solved during the iterations
of various identification algorithms. Many partial solutions have been developed to mitigate this ill-conditioning, including i) frequency scaling (Pintelon and
Kollár, 2005); ii) amplitude scaling (Hakvoort and Van den Hof, 1994); and iii)
the use of certain orthonormal polynomial bases (Heuberger et al., 2005; Ninness and Hjalmarsson, 2001). Also, the use of several rational bases in frequency
domain identification has been investigated (Gustavsen and Semlyen, 1999; Ninness et al., 2000), where a recent development is the use of frequency localizing
basis functions (Welsh and Goodwin, 2003).
Promising approaches have been developed that aim at optimal conditioning
of frequency domain identification algorithms through the use of polynomials
that are orthonormal with respect to a data-dependent discrete inner product,
see, e.g., Bultheel et al. (2005); Reichel et al. (1991). Essentially, the explicit
formulation of the normal equations is avoided using this approach. Instead, the
polynomial basis is tailored with respect to the problem data at hand, providing
a direct solution to the identification problem in terms of the obtained polynomial basis. When interpreted as normal equations, these methods essentially
achieve optimal conditioning, i.e., κ = 1. Recently, these data-dependent polynomials have been extended to include the use of bi-orthonormal polynomials
(Van Herpen et al., 2016, 2014b), which enable solving instrumental variable
identification problems, as in Blom and Van den Hof (2010), with κ = 1.
Besides the development of identification algorithms and their numerical implementation, an important aspect in motion systems is that prior knowledge is
often available. For instance, the use of a modal model structure, as in, e.g., Allemang and Brown (1998); Verboven et al. (2005a), or incorporating constraints
on the phase of transfer function elements of collocated actuator sensor pairs
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as in McKelvey and Moheimani (2005), or constraints on the relative degree
or rigid-body degrees-of-freedom of the system. Arguments for including such
prior information include i) it facilitates rigid-body decoupling, as used in, e.g.,
Van Herpen et al. (2014a); ii) it facilitates the design of feedforward controllers
(Boeren et al., 2014), especially in the inferential situation (Ronde et al., 2014);
iii) it results in a reduction of variance (Pintelon and Schoukens, 2012); and
iv) it increases the confidence in the validity of the identified models.
Although important developments have been made in identification for advanced motion control, at present the inclusion of prior system knowledge, including the presence of rigid-body modes, in frequency domain system identification
is not yet straightforward. In particular, the proposed data-dependent orthonormal bases, while enabling the numerically reliable identification of complex
motion systems, also require the use of generic model parameterizations. This
potentially complicates the incorporation of certain prior information. In this
chapter, the flexibility of this generic parametrization is explored including the
ability to add system specific constraints that are relevant for motion systems,
such as the inclusion of rigid-body modes.
The main contribution of the present chapter is the obtained flexible set
of parameterizations that is specifically suited for the identification of complex
motion systems. This set of parametrizations is obtained using generic MFD parameterizations with a number of additional system specific constraints, which
are compatible with the algorithms and data-dependent orthonormal block polynomial bases used in numerically reliable identification. The identification
performance using the proposed parametrization is evaluated on a prototype
motion system. Additionally, this experimental example as well as an extensive
set of simulation examples are used to evaluate and compare the performance
of various identification algorithms and several proposed approaches aimed at
improving the numerical conditioning of these algorithms.
The outline of this chapter is as follows. In Section 3.2, the identification
problem and algorithms are formulated. In Section 3.3, the proposed set of parametrizations is explained, including the method of incorporating rigid body
constraints. In Section 3.4, several sets of basis functions are proposed which lead
to enhanced numerical reliability of the identification algorithms. In Sections 3.5
and 3.6 the proposed identification methods are applied to a set of simulations
exampled and an experimental example of a prototype wafer stage, demonstrating the advantages of the proposed approach. In Section 3.7, the conclusions of
this chapter are presented as well as an outlook on ongoing research.

3.2

Frequency-Domain Parametric Identification

In this chapter, the parametric identification of linear time invariant models
with p outputs and q inputs in the frequency domain is considered. The class of
models Ĝ that is considered is the class of real rational transfer function matrices,
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i.e., Ĝ(ξ, θ) ∈ Rp×q (ξ), where θ is the vector of parameters used to parameterize
the model and ξ is an indeterminate frequency variable which depends on the
identification domain (e.g. for continuous time ξ = s = jω).

3.2.1

Identification Criterion

As starting point for the parametric identification, a non-parametric estimate of
the frequency response function (FRF) of the system, G̃(ξk ), is used, where k
is used to denote the discrete frequency bins at which the FRF is defined. The
identification criterion that is considered is a weighted squared Frobenius norm
of the error between the non-parametric FRF and the parametric model, i.e.,
θ̂ = arg min V (θ) = arg min
θ

θ

m
X

ε(ξk , θ)H ε(ξk , θ) ,

(3.1)

k=1

where
ε(ξk , θ) = W (k) vec(G̃(ξk ) − Ĝ(ξk , θ)) .

(3.2)

with weighting matrix W (k) ∈ Cpq×pq . This criterion V (θ) includes other regularly used identification criteria such as the sample maximum likelihood criterion
in Pintelon and Schoukens (2012),
VSML (θ) =

m
X

−1
vec(G̃(ξk ) − Ĝ(ξk , θ))H Cvec(
G̃(ξ

k ))

vec(G̃(ξk ) − Ĝ(ξk , θ)) , (3.3)

k=1

or the criterion used in De Callafon et al. (1996),
VCRH (θ) =

m
X

2

WSchur (k) ◦ Wout (k) (G̃(ξk ) − Ĝ(ξk , θ)) Win (k)

k=1

.

(3.4)

F

Using Kronecker algebra, the matrix W (k) can be derived from the weighting
matrices in (3.3) and (3.4) by
−1/2

T
W (k) = Cvec(G̃) (k) ΛWSchur (k) (Win
(k) ⊗ Wout (k)) ,

(3.5)

where ΛWSchur (k) = diag(vec(WSchur (k))).

3.2.2

Matrix Fraction Description Parametrization

To parameterize the real rational transfer function models, Ĝ(ξ, θ), polynomial
matrix fraction descriptions are used. To simplify notation, only right matrix
fraction descriptions (RMFD) are considered here, i.e.,
Ĝ(ξ, θ) = N (ξ, θ) D(ξ, θ)−1 ,

(3.6)
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where N (ξ, θ) ∈ Rp×q [ξ] and D(ξ, θ) ∈ Rq×q [ξ] are real polynomial matrices.
Furthermore, these polynomial matrices are affinely parameterized with respect
nθ
to the parameters θ using a set of basis functions {ϕj (ξ)}j=1
, such that

vec

D(ξ, θ)
N (ξ, θ)


=

nθ
X

ϕj (ξ)θj + ϕc (ξ) = Φ(ξ)θ + ϕc (ξ) ,

(3.7)

j=1

where ϕc (ξ) is a polynomial containing the constraints used to obtain an identifiable parametrization, e.g., constraining the denominator polynomial to be monic.
The structure of the vector-polynomial basis functions, ϕj (ξ) ∈ Rq(p+q)×1 [ξ], is
not specified further such that these remain free to be constructed to be orthogonal with respect to a data-dependent inner product for numerically reliable
identification as in, e.g., Bultheel et al. (2005); Van Herpen et al. (2014b).

3.2.3

Identification Algorithms

In general Ĝ(ξ, θ) is not a linear function of θ so no closed form solution of (3.1)
exists for this problem, therefore it is often solved using iterative algorithms.
Using (3.6), ε(ξk , θ) can be reformulated as
ε(ξk , θ) = W (k) vec(G̃(ξk ) − N (ξk , θ) D(ξk , θ)−1 ) ,





 D(ξk , θ)
= W (k) vec G̃(ξk ) −Ip
D(ξ, θ)−1 ,
N (ξk , θ)




D(ξk , θ)
= W (k) D(ξk , θ)−T ⊗ G̃(ξk ) −Ip vec
,
N (ξk , θ)

(3.8)
(3.9)
(3.10)

in this last equality, vec(ABC) = (C T ⊗ A)vec(B) is used.
From (3.7) and (3.10) it is clear that D(ξk , θ)−T is the only term making
(3.10) nonlinear in θ. One approach to deal with this nonlinear term is to
simply ignore it, leading to the following linearized least squares solution, also
known as the Levy approach (Levy, 1959),
θLS = arg min
θ

m
X
k=1



W (k) Iq ⊗ G̃(ξk ) −Ip vec




D(ξk , θ)
N (ξk , θ)

2

.

(3.11)

2

In the Sanathanan-Koerner (SK) algorithm, the non-linearity in (3.10) is eliminated by iteratively substituting the term D(ξk , θ)−T by D(ξk , θhi−1i ), which
is an estimate of this nonlinear term based on the previous iteration. This algorithm is defined as follows (Sanathanan and Koerner, 1963).
Algorithm 3.1 (Sanathanan-Koerner (SK)). Given an initial estimate for the
parameter vector θh0i . The new estimate is obtained in iterations i = 0, 1, . . . ,
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by solving the linear least squares problem
θ

hi+1i

= arg min
θ

with

m
X

WSK (k, θ

hii

k=1


)vec


D(ξk , θ)
N (ξk , θ)

2

,

(3.12)

2




WSK (k, θhii ) = W (k) D(ξk , θhii )−T ⊗ G̃(ξk ) −Ip .

(3.13)

Note that when D(ξk , θh0i ) = Iq , the solution for the first iteration of the SK
algorithm is exactly the same as the least squares, or Levy, approach given by
(3.11).
The second algorithm that is considered is the Gauss-Newton algorithm or a
variation of this algorithm known as the Levenberg-Marquardt algorithm. Here,
the Gauss-Newton algorithm is defined as follows (Bayard, 1994).
Algorithm 3.2 (Gauss-Newton (GN)). Given an initial estimate θh0i , compute
a new estimate for i = 0, 1, . . . , by solving
θhi+1i = θhii + arg min
∆θ

m
X

2

J(ξk , θhii )∆θ + ε(ξk , θhii )

,

(3.14)

2

k=1

where
J(ξk , θhii ) =

∂ε(ξk , θ)
∂θT

= −W (k)
θ hii

∂ vec(Ĝ(ξk , θ))
∂θT

.

(3.15)

θ hii

For the RMFD parametrization (3.6)-(3.7), the Jacobian is given by
J(ξk , θhii ) = WGN (k, θhii ) Φ(ξk ) ,

(3.16)

with



WGN (k, θhii ) = W (k) D(ξk , θhii )−T ⊗ Ĝ(ξk , θhii ) −Ip .

(3.17)

The third algorithm that is considered in this chapter is the InstrumentalVariable (IV) algorithm as proposed in, e.g., Blom and Van den Hof (2010), and
is defined here as follows.
Algorithm 3.3 (Instrumental-Variables (IV)). Given an initial estimate θh0i ,
compute a new estimate in iterations i = 0, 1, . . . , by solving the following linear
system of equations for θhi+1i ,


m
X
D(ξk , θhi+1i )
J(ξk , θhii )H WSK (k, θhii )vec
= 0.
(3.18)
N (ξk , θhi+1i )
k=1
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These three considered algorithms all iteratively reformulate the nonlinear
optimization problem as a linear problem and are all closely related. It is shown
in, e.g., Vayssettes et al. (2014), that the closed form solution for the parameter
updates of the SK, GN or IV iterations can be written as

−1
hi+1i
H
H
∆θ,SK = − ΦH WSK
(θhii ) WSK (θhii ) Φ
ΦH WSK
(θhii ) ε(θhii ) ,
(3.19)

−1
hi+1i
H
H
∆θ,GN = − ΦH WGN
(θhii ) WGN (θhii ) Φ
ΦH WGN
(θhii ) ε(θhii ) , (3.20)

−1
hi+1i
H
H
∆θ,IV = − ΦH WGN
(θhii ) WSK (θhii ) Φ
ΦH WGN
(θhii ) ε(θhii ) ,
(3.21)
where Φ and ε(θ) are obtained by vertical concatenation of Φ(ξk ) and ε(ξk , θ)
for all k and W• (θ) through a block-diagonal concatenation of W• (k, θ).
The systems of equations (3.19) and (3.20) can be interpreted as orthogonal
projections and can be solved by obtaining the pseudo-inverse through a QRfactorization or SVD of the problem matrices
A = WSK (θ) Φ
C = WGN (θ) Φ

(3.22)
(3.23)

The relevant condition number for these iterations therefore is κ(A) or κ(C).
For the IV algorithm (Alg. 3.3), the set of equations that is solved each
iteration, (3.21), is
∆θ = (C H A)−1 C H ε ,
(3.24)
which is an oblique projection. This shows that this algorithm can indeed be
recognized as an instrumental variable method as such an oblique projection
is a defining characteristic of instrumental variable methods. The numerical
conditioning problems for this set of equations is typically worse than for the
orthogonal projection in the SK and GN algorithms as the relevant conditioning
number for solving (3.24) is κ(C H A).
The GN algorithm, and related algorithms such as the Levenberg-Marquardt
(LM) algorithm, generally provide fast monotonic convergence to a minimum
of the cost function V (θ). However, these algorithms often converge to localminima that are far from optimal, and therefore their performance depends
strongly on the quality of the initial estimate θh0i . The SK algorithm on the
other hand generally does not converge monotonically, and, if convergent, its stationary points are generally not optima of the cost function (Whitfield, 1987).
However, the SK algorithm often yields adequate, albeit sub-optimal, results
irrespective of the quality of the initial estimate. Therefore, the SK algorithm
is often used to provide initial estimates that are subsequently refined using
a gradient based optimization algorithm such as the GN algorithm, see, e.g.,
Voorhoeve et al. (2016a). The IV algorithm can be interpreted as a combination of the SK and GN algorithms as evidenced by the equations (3.19)-(3.21).
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The convergence properties of this algorithm also combine some advantageous
properties of both these algorithms. While the convergence is typically not monotonic, the stationary points for the IV algorithm do coincide with optima of
the cost function (Blom and Van den Hof, 2010). The IV algorithm is also generally not as dependent on the quality of the initial estimates as the GN and
LM algorithms.

3.3

Parameterizations for Complex Motion Systems

This section explores the remaining freedom in the general RMFD parametrization (3.6)–(3.7) that can be exploited to obtain a more flexible set of parameterizations which are especially suited for the identification of complex motion
systems. As described in Section 3.2.2, the numerator and denominator polynomial matrices of the RMFD are affinely related to the parameters θ using a set
of vector-polynomial basis functions ϕj (ξ). To enable the use of recent numerically reliable implementations of the considered identification algorithms , as in
Bultheel et al. (2005); Van Herpen et al. (2014b), the choice of the exact parametrization and structure of these vector-polynomial basis functions should remain
free and generic. However, as is shown in, e.g., Bultheel and Van Barel (1995);
Van Barel and Bultheel (1995), it is possible to impose a degree-structure on
this parametrization without limiting the ability to use the numerically reliable
identification approach in, e.g., Bultheel et al. (2005). This freedom is utilized in
this section to obtain a flexible set of parameterizations that is especially suited
for the identification of complex motion systems.
In the remainder of this chapter, only the continuous time domain, i.e., ξ =
s = jω, is considered to simplify the presentation. The obtained results can
directly be extended to other domains, including the discrete time or z-domain.
Also, for the sake of notation, dependencies on the parameter vector θ have been
omitted in this section.

3.3.1

Arbitrary Degree MFD Parametrization

When the general RMFD parametrization (3.6)–(3.7) is used without imposing
a degree structure, i.e., when all elements of N (s) and D(s) have the same
maximal polynomial degree, then only systems with McMillan degrees that are
multiples of the number of inputs q can be parameterized. When the number
of inputs becomes increasingly large, as is envisioned for the control of future
complex motion systems, this becomes highly impractical. Therefore, a more
flexible parametrization is required which can be used to parameterize models of
arbitrary McMillan degree, thereby facilitating model order selection and leading
to more parsimonious parameterizations.
In, e.g., Glover and Willems (1974); Kailath (1980); Vayssettes et al. (2014),
MFD parameterizations have been proposed for which the McMillan degree can
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be equal to any given integer. These parameterizations are characterized by
a degree structure for the matrices D and N which is defined using a set of
structural indices, η1 , . . . , ηq . Here, ηi corresponds to the degree of the i-th
column of the D-matrix. To parameterize a system of a certain order, a number
of different degree structures are possible, meaning a choice for these structural
indices is necessary to obtain a single suitable parametrization. In this chapter, it
is proposed to use a quasi-constant degree structure, meaning the degrees should
not differ by more than one, with the highest degrees on the first columns. This
degree structure is given by

δ
i = 1, . . . , l
ηi =
,
(3.25)
δ − 1 i = l + 1, . . . , q
with δ = dnx /qe and l = q − (qδ − nx ), and where dxe denotes the ceiling
function, i.e., rounding up to the nearest integer, such that the McMillan degree
of the system is equal to
deg det D(s) =

q
X

ηi = nx .

(3.26)

i=1

The corresponding degree structure for D(s) and N (s) is given by
l
q−l
 ←−−−−−−−−−−→ ←−−−−−−−−−−→
δ
δ−1


.
.
δ−1


.


deg D(s) =  δ − 1

δ
,



δ
−
1
δ
−
2




.
..
δ−2


δ−2
δ−1


deg N (s) = δ δ − 1 .

(3.27)

(3.28)

The degree structure of N (s) in (3.28) yields a parametrization for proper systems. For a strictly proper parametrization the degree of N (s) should be decreased by one, i.e.,


deg N (s) = δ − 1 δ − 2 .
(3.29)
When the diagonal elements of D(s) are constrained to be monic, i.e., where
the coefficient of highest degree is equal to 1, the resulting parametrization is
called the Popov canonical form or the polynomial Echelon form, see, e.g., Glover
and Willems (1974); Kailath (1980). This parametrization is generic in the sense
that it can be used to approximate all proper LTI systems of the given order up
to arbitrary precision, see Glover and Willems (1974). Therefore, it is a suitable
parametrization for use in parametric system identification.
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Incorporating Constraints for Motion Systems

In this section, the incorporation of additional constraints is considered for the
RMFD parametrization (3.6)–(3.7) that are particularly relevant for the identification of motion systems.
One such property that can be enforced in the parametrization is the relative degree of the system. For motion systems, the sensors typically measure the
position of certain points of a moving mechanical structure. Due to Newton’s
second law, the relative degree of such a system with position sensors must be
equal to or greater than two. This can be enforced by setting the degree of all
columns of the numerator polynomial matrix to be two lower than the maximum column degree of the denominator polynomial matrix, i.e., by changing
the degree structure in (3.28) to


(3.30)
deg N (s) = δ − 2 δ − 3 .
Additionally, when considering a purely mechanical motion system with position
measurements as outputs and forces as inputs, the McMillan degree of the system
must be even, which can also be readily enforced when using the parametrization
proposed in section 3.3.1.
Another important property for many precision motion systems, is the presence of zero-stiffness rigid body modes (Munnig Schmidt et al., 2011, Section
9.3). In this section, an approach is presented that factorizes this rigid body
behavior in such a way that it enables the use of generic parameterizations, i.e.,
(3.7), while at the same time enforcing the desired amount of zero-stiffness rigid
body modes in the system model.
3.3.2.1

Factorizing Rigid Body Dynamics

First, the concept of rigid body modes as is used in this chapter is defined. Rigid
body modes arise when a linear mechanical system admits movements which do
not store potential energy, resulting in a rank deficient stiffness matrix. This
rank deficiency is inherited by the A-matrix of its state-space description, and,
if the rigid body modes are undamped, this results in 2 × 2 Jordan blocks in the
A-matrix (in Jordan canonical form) with zeros on the main diagonal. In this
chapter only undamped rigid body modes are considered.
By only considering undamped rigid body modes, a rigid body mode is defined in this chapter as a 2 × 2 Jordan block with zeros on the main diagonal in
the A matrix of the state space model (when transformed to Jordan canonical
form). This corresponds to a Jordan chain of two pure integrators in the model
per rigid body mode.
Before proceeding to the general MIMO case, a simplified example is considered. This simplification is twofold, first the single-input single-output case is
considered and second this example is parameterized using the standard monomial basis. In this simplified case, a rigid body mode can be enforced by making
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sure the denominator polynomial of the model,
Pnn
ai si
n(s)
Ĝ(s) =
,
= Pi=0
nd
i
d(s)
i=0 bi s
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(3.31)

has the parameters b0 and b1 set equal to zero. Equivalently, the same constraint
can be enforced by taking
Pnn
Pnn
i
i
n(s)
i=0 ai s
i=0 ai s
Ĝ RB (s) =
=
,
(3.32)
= 2
P
P
n
n
−2
d̃
d
2
i
˜
i
s
s
b̃
s
d(s)
s2
b
s
i+2
i=0 i
i=0
i.e., by factorizing the rigid body part out of the model description. Here it
is tacitly assumed that n(s) and s2 are coprime, i.e., no pole-zero cancellations
occur between the factorized rigid body part and the remaining model. Using
˜ are parameterized
this factorization, it is no longer required that n(s) and d(s)
using the monomial basis, any parametrization can be used, since as long as n(s)
and s2 are coprime, the model will always contain the rigid body mode.
This idea of factorizing the rigid body dynamics out of the parametrization
can readily be extended to the MIMO case. For a MIMO polynomial matrix
fraction description it holds that if the denominator of the MFD can be factorized
as:
D(s) = D̃(s)I(s)

∨

D(s) = I(s)D̃(s) ,

(3.33)

with D̃(s) ∈ Rp×q [ξ] and
I(s) = diag(s2 , . . . , s2 , 1, . . . , 1),
| {z }

(3.34)

nRB

then the model will have nRB rigid body modes as long as I −1 is coprime with
respect to N (s). This can be seen from the fact that the diagonal elements
of I −1 indeed correspond to Jordan chains of two pure integrators; and if the
coprimeness holds, these Jordan chains cannot be reduced and thus will always
remain in the model.
Using this factorization of D, two cases can be recognized, the case where
the rigid body dynamics are inside the MFD,
Ĝ(s) = N (s)I(s)−1 D̃(s)−1 ,

(3.35)

and the case where the rigid body dynamics are outside the parametrization, i.e.
Ĝ(s) = N (s)D̃(s)−1 I(s)−1 .

(3.36)

This last expression corresponds to the case where the rigid body modes are only
actuated by nRB distinct inputs, and not by the remaining q − nRB inputs, or in
other words the rigid body behavior is decoupled from these additional inputs.
In the remainder of this chapter, the decoupled case is considered.
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Decoupled Parametrization

Using (3.36) it is possible to rewrite the identification criterion as follows:

ε(sk ) = W (k) vec G̃(sk ) − N (sk )D̃(sk )−1 I(sk )−1

= W (k) vec (G̃(sk )I(sk ) − N (sk )D̃(sk )−1 )I(sk )−1

= WI (k) vec G̃(sk )I(sk ) − N (sk )D̃(sk )−1 ,
(3.37)
in this last equality, vec(ABC) = (C T ⊗ A)vec(B) is used with
WI (k) = W (k) (I(sk )−T ⊗ Iq ).

(3.38)

In the case that there are additional inputs, i.e., q > nRB , but the rigid
body modes are not decoupled from additional inputs, the factorization (3.36)
cannot be used directly. However, a decoupling step can be performed prior
to identification. In motion control one can often find rigid-body decoupling
matrices Tu and Ty from first principle or based on the non-parametric plant
estimate (Steinbuch et al., 2010). Using such decoupling matrices one can rewrite
the identification problems as follows:
ε(sk ) = W (k) vec(G̃(sk ) − N (sk )D(sk )−1 )
= W (k) vec(Ty−1 Ty G̃(sk )Tu Tu−1 − N (sk )D(sk )−1 )
= Wdec (k) vec(Po,dec (sk ) − Ty N (sk )D(sk )−1 Tu )
−1

= WI,dec (k) vec(Po,dec (sk )I(sk ) − Ñ (sk )D̃(sk )

(3.39)
),

where
Ñ (sk ) = Ty N (sk ) ,
WI,dec (k) =

Tu I(sk )D̃(sk ) = D(sk ) ,

W (k) (Tu−T I(sk )−T

⊗

and

Ty−1 ) .

(3.40)

Both in (3.37) and (3.39), no constraints are imposed on the parametrization of
Ñ (sk ) and D̃(sk ). This means the generic parametrization as given by (3.7) can
indeed still be used.

3.4

Basis Functions and Numerical Conditioning

In this section, the choice of basis functions is considered, which are used to
parameterize the polynomial matrices of the RMFD defined in Section 3.2.2.
This choice of basis functions in large part determines the numerical conditioning
of the problem matrices of the iterative algorithms considered in Section 3.2.3,
which is an important aspect for the reliable identifications of complex motion
systems. Therefore, basis functions are considered here that are known to have
certain advantageous numerical properties for identification.
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Monomial Basis Functions and Scaling

The most commonly applied set of basis functions is the monomial basis, where
each element of the polynomial matrices D and N are parameterized separately
using the monomial polynomials 1, s, s2 , . . .. When no additional degree structure is imposed and all elements have the same maximal degree this basis can
be written in the form of (3.7) as,
 X
nd
D(s, θ)
=
Iq(q+p) si ϑi ,
N (s, θ)


vec

(3.41)

i=0

with ϑi ∈ Rq(q+p)×1 and θ = [ϑT0 , ϑT1 , . . . , ϑTnd ]T . A strictly proper identifiable
parametrization is obtained by adding constraints to enforce monic polynomials
on the diagonal of D(s) with a degree that is one higher than that on the offdiagonals and in N (s), i.e., degree structure (3.27) and (3.29) with nx = qδ.
This yields,

vec

D(s, θ)
N (s, θ)


=

δ−1
X

Iq(q+p) si ϑi + vec

i=0



Iq

0p×q



sδ .

(3.42)

When using such a monomial basis, the problem matrices A = WSK Φ and
C = WGN Φ are often ill-conditioned, i.e., the conditioning numbers κ(A) or
κ(C) are high. This is a well-known problem in identification as is evidenced
by the multitude of approaches proposed to mitigate this conditioning problem,
see, e.g., Bultheel et al. (2005); Hakvoort and Van den Hof (1994); Heuberger
et al. (2005); Ninness and Hjalmarsson (2001); Pintelon and Kollár (2005).
The conditioning can be improved, e.g., by scaling the frequency vector with
the median frequency as suggested in Pintelon and Kollár (2005). Another way
to improve conditioning is to use a diagonal preconditioner to scale and thereby
normalize the columns of the problem matrix in each iteration. Interestingly,
this preconditioning approach can also be interpreted as a transformation of
the basis functions to become data-dependent to some extent. Such a datadependent basis function approach is utilized in, e.g., Bultheel et al. (2005) to
achieve optimal numerical conditioning of the problem matrices, as is shown
in Section 3.4.2. Other approaches to improve numerical conditioning, such
as Heuberger et al. (2005); Ninness and Hjalmarsson (2001), also use different
basis functions with more advantageous numerical properties to achieve better
numerical conditioning. This is explored further in the following section.

3.4.2

Data-dependent Basis Functions

In Section 3.2.3 it is shown that, when using the considered iterative algorithms,
the remaining problem comes down to iteratively solving a linearized problem
until a stopping condition is reached. Depending on the choice of basis functions
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Φ, these linear problems can however become severely ill-conditioned. Finding
a generic set of basis functions Φ for which it is guaranteed that the condition
numbers of the problem matrices remain low and bounded seems to be impossible, as this is highly dependent on the data of the identification problem as
contained in e.g. WSK (k) (see (3.12)).
This leads to the concept of data-dependent basis functions. These datadependent bases can be constructed such that optimal conditioning (κ = 1) of
the iterations is achieved. In Bultheel and Van Barel (1995) it is shown that
optimal conditioning is achieved when the basis functions for the SK iterations
are chosen as vector-polynomials, i.e., as in (3.7), that are orthonormal with
respect to the following data-dependent inner product, i.e., when
hϕi (s), ϕj (s)i =

m
X

H
ϕH
j (sk )WSK (k, θ)WSK (k, θ)ϕi (sk ) = δij ,

(3.43)

k=1

with δij the Kronecker delta function.
This result does not hold for IV iteration however, since the IV iterations
involve a non-symmetric oblique projection C H Aθ = C H b, instead of the orthonormal projection AH Aθ = AH b as in the SK algorithm. To achieve optimal
conditioning of the IV iterations, a second set of block-polynomials is constructed
(Van Herpen et al., 2014b). These two sets of block polynomials are constructed
to be bi-orthonormal with respect to the following data-dependent bi-linear form,
i.e.,
[ψi (s), ϕj (s)] =

m
X

H
ψjH (sk )WGN
(k, θ)WSK (k, θ)ϕi (sk ) = δij .

(3.44)

k=1

Numerically reliable algorithms have been developed and implemented to
construct these (bi-)orthonormal basis functions. The major computational step
in these algorithms involves solving a structured inverse eigenvalue problem, see,
e.g. Mach et al. (2014). Especially the construction of the block polynomial basis
functions that are orthonormal with respect to (3.43) is known to be numerically
stable since it involves much used unitary zeroing operations.

3.4.3

Rational Basis Functions

In this section, identification using rational basis functions is considered. Although the basis function ϕj (s) are usually chosen to be polynomials, this is not
strictly necessary to parametrize the real rational transfer function Ĝ(s) using
(3.6)–(3.7). In this section rational basis functions are considered, as is proposed in, e.g., Gustavsen and Semlyen (1999); Ninness et al. (2000); Welsh and
Goodwin (2003). In the literature, such rational basis functions often lead to a
better conditioning of the considered identification algorithms than common polynomial bases. In this section, the use of rational basis functions is considered
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only for the identification of single input single output (SISO) systems. Extensions to MIMO systems can be readily obtained when a common denominator
parametrization is used. Extending these approaches for general MIMO parameterizations using matrix fraction descriptions is a topic of ongoing research.
When using rational basis functions, N (s, θ) ∈ R(s) and D(s, θ) ∈ R(s) are
real-rational functions instead of polynomials. Here, the same set of strictly
nφ
proper rational basis functions, {φp (s)}p=1
, are used to parameterize both these
functions which yields,
N (s, θ) =

nφ
X

θnum,p φp (s) =

p=1

D(s, θ) = 1 +

nφ
X

B(s, θ)
E(s)

θden,p φp (s) = 1 +

p=1

(3.45)
A? (s, θ)
A(s, θ)
=
,
E(s)
E(s)

(3.46)

with A? (s, θ) ∈ R[s], B(s, θ) ∈ R[s], E(s, θ) ∈ R[s], and A(s, θ) = A? (s, θ)+E(s)
are all real polynomials. The addition of 1 in the denominator function D(s, θ)
is equivalent to constraining the denominator to be monic when polynomials
are considered. By using the same basis functions to parameterize N (s, θ) and
D(s, θ), these two rational functions also have the same common denominator
E(s, θ) and therefore the resulting parameterized system is given by
G(s, θ) =

N (s, θ)
B(s, θ)
=
.
D(s, θ)
A(s, θ)

(3.47)

Two choices of rational basis functions φp (s) are considered in this section,
partial fraction basis functions and frequency localizing basis functions (Welsh
and Goodwin, 2003). Using these basis functions and by utilizing the pole relocation technique as used in the vector fitting approach (Gustavsen and Semlyen,
1999), two new identification methods are formulated. First, an implementation
of the SK algorithm with frequency localizing basis functions is realized using
pole relocation. Second, it is proposed to utilize the pole relocation approach
in an implementation of the IV algorithm with a partial fraction basis, hence
obtaining an IV vector fitting approach.
3.4.3.1

Partial Fractions and Frequency Localizing Basis Functions

The two considered types of rational basis functions φp , are the partial fractions
basis function (PF) as used in vector fitting, see e.g., Gustavsen and Semlyen
(1999), and the frequency localizing basis functions (FL) as proposed in Welsh
and Goodwin (2003),
φPF,p

1
=
,
s + ap

φFL,p


p−1 
|ap | Y
s
=
.
s + ap
s + al
l=1

(3.48)
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Both these sets of basis functions are completely determined by the choice of a
set of poles ap and the common denominator polynomial E(s) is given by
E(s) =

n
Y

(s + ap ).

(3.49)

p=1

One advantage of using a rational basis is that, with an appropriate choice
for the poles of the basis functions, the effect of the a priori unknown weighting
introduced in the linearized least squares solution (3.11) is significantly reduced.
This is due to the fact that this weighting is given by D(s, θ), which for the
rational case is a bi-proper rational function instead of a (high order) polynomial.
This significantly reduces the overemphasis on high frequency errors that (3.11)
typically suffers from. In Welsh and Goodwin (2003) the use of such a linearized
least squares solution using frequency localizing basis functions is proposed for
wide band frequency domain system identification. This method is referred to
as LS FLBF in this chapter.
To further reduce the effects of the a priori unknown weighting introduced in
this method, it is proposed in Gilson et al. (2013) to use an iterative IV algorithm.
However, the IV algorithm proposed in Gilson et al. (2013) is applied to the
linearized problem, i.e., (3.11), which is weighted with D(sk , θ). The point of
convergence of this algorithm is therefore different from the point of convergence
of the IV method proposed in Blom and Van den Hof (2010). As a result, this
routine does not converge to a minimum of the original cost function (3.1), as
will be seen in the simulation results. The IV algorithm proposed in Gilson et al.
(2013) is referred to as IV FLBF in the remainder of this chapter.
A possible reason for solving this weighted problem is that dividing the problem with D(sk , θhi−1i ), as is done in the iterative algorithms of Section 3.2.3,
leads to

 2
A(sk , θhii ) B(sk , θhii )
W (sk ) E(sk )
min
P0 (sk )
−
,
(3.50)
E(sk )
E(sk )
A(sk , θhi−1i )
θ hii
2
which is an optimization problem where the common denominator polynomial
E(sk ), is eliminated from the equation. Because of this, the advantageous numerical properties of the rational basis functions are lost. To address this problem,
the pole relocation technique, as used in vector fitting (Gustavsen and Semlyen,
1999), can be used. This technique is introduced next, after which it is shown
how this technique can be used with the frequency localizing basis functions.
3.4.3.2

Pole Relocation

As shown in the previous section, the explicit weighting of the identification
problem with D(sk , θhi−1i )−1 , results in a loss of the advantageous properties of
the rational basis functions. Pole relocation is a technique that implicitly applies
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this weighting, thus retaining the structure and properties of the rational basis
functions. The equivalence between pole relocation and the SK algorithm has
been shown in Hendrickx and Dhaene (2006).
The implicit weighting is achieved by iteratively relocating the poles of the
rational basis functions. The updated poles are taken equal to the zeros of the
denominator function of the previous iteration, i.e.,
n
o
z̃phi−1i = zeros D(s, θhi−1i ) ,
(3.51)
which means E(s) becomes
E(s)hii =

n
Y

(s − z̃phi−1i ).

(3.52)

p=1

Because the polynomial A(s, θhi−1i ) is equal to E(s)hii , (3.50) can be rewritten as
 2

A(sk , θhii ) B(sk , θhii )
−
.
(3.53)
min W (sk ) P0 (sk )
E(sk )hii
E(sk )hii
θ hii
2
hii

Since the poles of the rational basis functions are also updated such that ap =
hii

hi−1i

hii

)
)
, the terms A(s,θ
z̃p
and B(s,θ
are equal to D(s, θhii ) and N (s, θhii )
E(s)hii
E(s)hii
respectively.
hi−1i
, a state space representation of the denominator
To compute the zeros z̃p
D(s, θ) is constructed after which the zeros are found by solving the eigenvalue
problem
z̃p = eig(A − BD−1 C).
(3.54)

The iterative pole relocation procedure, which is equivalent to the SK algorithm
Alg. 3.1, consists of the following steps. First, construct basis functions from a
hii
given set of poles ap , then solve

 2
min W (sk ) P0 (sk )D(sk , θhii ) − N (sk , θhii )
.
(3.55)
θ hii

2

Next, construct the state space system of the rational denominator function
D(s, θhii ) and compute the zeros of this system by solving (3.54). Finally, take
hi+1i
hii
ap
= z̃p and iterate until convergence is reached.
In the following sections, this iterative pole relocation procedure is used to
implement a new adaptation of the SK algorithm (Alg. 3.1) utilizing the frequency localizing basis functions, as well as an IV vector fitting approach.
3.4.3.3

FLBF with Pole Relocation

Pole relocation can be used to formulate the SK algorithm with frequency localizing basis functions, without losing the advantageous numerical properties of
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these basis functions. To be able to use the pole relocation procedure with the
frequency localizing basis functions, as proposed in Welsh and Goodwin (2003),
two extensions of the existing method need to be made.
First, the basis functions must be able to incorporate complex conjugate
pole pairs while maintaining the guarantee of a real-rational transfer function
and a real parameter vector θ. Second, a state space representation must be
constructed from the basis functions and the parameter vector θ. This state
space representation is used to compute the zeros of the rational denominator
function. For complex conjugate poles a∗p = ap+1 , the following basis functions
are constructed to make sure the transfer function and the parameter vector θ
are real-valued:
!
p−1
Y s
|ap |(s − |ap |)
ψp (s) =
s + al (s + ap )(s + ap+1 )
l=1
!
p−1
Y s
|ap |(s + |ap |)
ψp+1 (s) =
(3.56)
s + al (s + ap )(s + ap+1 )
l=1

A minimal, real valued, state space realization of D(s, θ) can be constructed
by considering the full state space system as the compound system of the individual basis functions. This method is related to the one used in Deschrijver
et al. (2007) to construct the state space representation for orthonormal vector
fitting. Using this state space description, the zeros of D(s) can be computed
using (3.54), and an SK-FLBF algorithm using pole relocation is obtained.
3.4.3.4

Vector Fitting with Instrumental Variables

Recently, it was shown that Vector Fitting is equivalent to the SK algorithm
(Hendrickx and Dhaene, 2006) using a partial fraction basis, however the SK
algorithm is known not to converge to a local minimum of the cost function
(3.1), as is shown in Whitfield (1987). This shortcoming of the current vector
fitting algorithms has been acknowledged in various VF related publications
(Deschrijver et al., 2007; Hendrickx and Dhaene, 2006), but has not yet been
resolved. The solution proposed in this chapter is a new vector fitting procedure
that makes use of the IV algorithm (Alg. 3.3).
To achieve this, the pole relocation technique that is used in vector fitting
has to be incorporated into the IV algorithm. This is possible because, in the
so-called Instrument of the IV algorithm, i.e., the C H part of the oblique projection in (3.24), the basis functions are weighted with D(sk , θhii )−1 in the same
manner as in the problem matrix, see (3.13) and (3.17). Therefore, relocating
the poles implicitly applies the appropriate weighting to both the Instrument,
C = WGN Φ, and the problem matrix, A = WSK Φ, of the IV algorithm. The
new identification method resulting from the implementation of the oblique IV
projection in the vector fitting procedure, will be referred to as IV-VF.
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SISO Simulation Example

In this section, the convergence properties of the IV and SK algorithms are
compared as well as the numerical performance when using different sets of
basis functions using a dataset from simulated single input single output (SISO)
systems.
The dataset is obtained by first generating 100 systems of the form:
G(s) =

8
X
l=1

s2

bl ωl2
,
+ 2ζl ωl s + ωl2

(3.57)

where ωl spans approximately 9 decades and the parameters bl , ωl and ζl are
generated randomly from a predetermined range. The systems are all evaluated
at 1500 logarithmically spaced points that span the entire frequency range of the
system. To this sampled data, random white noise is added in a multiplicative
manner, i.e., G̃ = G(sk )(1 + ε(sk )), where ε(sk ) is zero mean Gaussian white
noise, such that the signal to noise ratio is 20dB at the resonances as well as
at the anti-resonances. An example of one of the simulated frequency responses
can be seen in Figure 3.1.
The considered identification methods are the proposed two new identification methods, i.e.,
• the IV VF method as proposed in Section 3.4.3.4;
• the SK FLBF method with pole relocation as proposed in Section 3.4.3.3;
as well as,
• the SK algorithm with a monomial polynomial basis, referred to as SK
Mon;
• the IV algorithm with a monomial polynomial basis, referred to as IV Mon.
• the SK algorithm with a data-dependent orthonormal polynomial basis, as
described in Section 3.4.2 (Bultheel and Van Barel, 1995) and implemented
as described in Van Herpen et al. (2014b), referred to as SK OP;
• the IV algorithm with a data-dependent bi-orthonormal polynomial basis,
as described in Section 3.4.2 (Van Herpen et al., 2014b), referred to as IV
OP;
• the Vector Fitting method as developed in Gustavsen and Semlyen (1999),
referred to as SK VF; and
• the IV FLBF method as proposed in Gilson et al. (2013).
The considered SK implementations only differ in their numerical implementation using different basis functions and therefore should yield the same results
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Table 3.1: Averaged converged cost function value of the different methods for the
simulation data.
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Figure 3.1: Example of a simulated frequency response measurement, showing an IV
OP fit which fits all the resonances and an SK VF fit which fails to fit one of the
resonances. This is most likely the result of (near) local minima in the cost function.

unless limited by numerical issues. The same holds for the IV implementation,
with the exception of the IV FLBF implementation as proposed in Gilson et al.
(2013) which minimizes a slightly different cost function. For the implementation of the Vector fitting methods, a modified version of the freely available
vecfit3.m routine (http://www.sintef.no/vectfit) is used. For each of the
100 generated frequency response measurements, 25 iterations of all of the considered methods are computed. All of the methods are initialized using the LS
FLBF estimator as described in Section 3.4.3.1 and as proposed in Welsh and
Goodwin (2003).
In Table 3.1 the average converged cost function values for the considered
methods are depicted. First, the IV based methods converge to a lower value
of the cost function than the SK based methods. Second, the IV FLBF method
as proposed in Gilson et al. (2013), on average, converges to a higher value of
the cost function than the other IV based methods. This can be explained from
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Figure 3.2: Average numerical condition numbers over the iterations for seven of the
considered methods on the simulation data. Results are shown for SK Mon ( ), orange
circles; IV VF ( ), green pluses; SK VF ( ), green circles; IV FLBF ( ), red pluses;
SK FLBF ( ), red circles; IV OP ( ), blue pluses; SK OP ( ), blue circles.

the earlier observation that the IV FLBF method solves a weighted version of
the optimal IV criterion (3.18) , meaning that, the IV FLBF method does not
converge to a local minimum of the cost function (3.1).
After further inspection of the data, the discrepancy between the converged
values of the cost function for the SK and IV methods, is dominated by a small
fraction of the analyzed systems. For this fraction, the SK algorithms fail to fit
one of the eight resonance peaks that are present in the system, leading to a much
higher value of the cost function. An example of this is shown in Figure 3.1.
The fact that for some of these systems the IV algorithm does fit all the
resonance peaks and the SK algorithm does not, can be attributed to the known
property of SK algorithm that the fixed point of the iterations does not coincide
with a local minimum of the cost function (Whitfield, 1987). Because of this
property, the SK algorithm might be more likely to get “stuck” at stationary
points of the algorithm that are near a sub-optimal local minimum or saddlepoint. However, a more rigorous analysis needs to be performed to be able to
assert this with certainty.
In Figure 3.2 the average numerical condition numbers over the iterations
are depicted for seven of the considered methods on the simulation data. The
average conditioning for the IV monomial (IV Mon) method are in the order
of 1090 -10100 which is outside the displayed range of the figure. The results
depicted in Figure 3.2 show a couple of clear results. First, the conditioning
when using Monomial basis functions (SK Mon) is prohibitively high for the
identification of the considered class of systems. Second, the conditioning for
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Figure 3.3: The experimental setup, a prototype lightweight wafer stage.

IV based methods is indeed significantly worse than for SK based methods, as
expected from the analysis in Section 3.2.3. Third, the use of rational basis
functions does significantly improve conditioning over the use of a monomial polynomial basis. Fourth, the frequency localizing basis functions lead to a much
better conditioned problem than the partial fractions basis, which is traditionally used in Vector Fitting. Lastly, the (bi-)orthonormal data-dependent bases
indeed lead to an optimally conditioned identification problem. This underlines the theoretical results of Bultheel and Van Barel (1995); Van Herpen et al.
(2014b). It also shows that the recently developed methods for the construction
of data-dependent (bi-)orthonormal bases are practically viable for the optimally
conditioned identification of complex systems.

3.6

MIMO Experimental Example

In this section, the identification of a lightweight prototype wafer stage is considered which contains zero-stiffness rigid body dynamics which are enforced using
the approach proposed in Section 3.3.2. For this MIMO example no rational basis function approaches are considered as extending these approaches for general
MIMO parameterizations using matrix fraction descriptions is still a topic of
ongoing research. Also, there is currently no generic MIMO implementation for
the IV OP approach and implementations of the IV approach using monomials
are too numerically unreliable. Therefore no IV approaches are considered.
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Figure 3.4: Input-output configuration and bottom view of the setup.

3.6.1

The Experimental Setup

In Figure 3.3 the wafer stage setup is shown. It is controlled in six motion degrees
of freedom and is equipped with additional actuators and sensors to enable the
control of flexible dynamics. In this example, only the out-of-plane motions
are considered. This means that there are three relevant rigid body degrees of
freedom (the translation in z-direction and the rotations around the x and y
axes). One additional actuator and sensor are used, meaning the considered
system has a total of four inputs and four outputs. The configuration of these
inputs and outputs can be seen in Figure 3.4, which also shows a bottom view
of the considered wafer table where some of the available actuators and sensors
can be seen.
The fourth sensor is a piezoelectric sensor which is attached to the wafer
table and which measures internal deformations. This sensor is therefore fully
decoupled from the rigid body dynamics of the system. Therefore, a decoupled
parametrization as described in Section 3.3.2.2 can be used without the need for
a preliminary decoupling step. In this example however, the rigid body modes
are decoupled from the fourth output and not from any of the inputs meaning
the RMFD based parametrization (3.36) cannot be used directly. This problem
is easily fixed by either considering an LMFD implementation or by transposing
the problem data, switching the roles of the inputs and outputs (as far as the
identification problem is concerned).

3.6.2

Identification Procedure

The parametric identification procedure for this setup starts from the nonparametric FRF estimate with 5 · 103 frequency points that is obtained from
a closed-loop multisine identification experiment, see Pintelon and Schoukens
(2012) for details. Modeling for this example will be done in continuous time,
therefore the data is first compensated for delay, as delay cannot be accurately
modeled by a rational function in s-domain. Subsequently, the non-parametric

84

Chapter 3. Parametric Identification for Complex Motion Systems

Out:1

-100

-200

Out:2

-200

-100

Out:3

Magnitude [dB]

-100

-200

Out:4

-100

-200
100

101

102

103

100

101

102

103

100

101

102

103

100

101

102

103

Frequency [Hz]

Figure 3.5: Identified frequency response matrix G̃ (blue crosses) and 82nd order fitted
model Ĝ (red line) for the experimental setup.

FRF is transposed so the rigid body behavior becomes decoupled from the
new, virtual fourth input. Next, the FRF is right-multiplied by Iex (sk ) =
diag(s2k , s2k , s2k , 1).
Some additional weighting (by a factor 10) is applied in the middle frequency
range (from 15 to 160 Hz). Also, the weight placed on the high frequency range
(above 2 kHz) is reduced by a factor 100 and frequency points above 4 kHz are
omitted. This additional weighting reflects the region in which the most accurate
model is desired for subsequent use in model based control or observer design.
Finally, models of McMillan degree 82 are identified using 85 iterations of
the SK algorithm, described in Section 3.2.3, superseded by 150 iterations of
the Levenberg-Marquardt algorithm. This is done using the numerically reliable
implementation with data-dependent orthonormal basis functions, as described
in Section 3.4.2, as well as two standard implementations, one using a monomial
basis and one using a monomial basis scaled such that columns of the problem
matrix are normalized.
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Figure 3.6: FRF (blue crosses) and fitted model (red line) for the experimental setup,
input-decoupled based on the identified rigid body dynamics.

3.6.3

Results

In Figure 3.5 the fit results of the described identification procedure, using the
data-dependent orthonormal basis functions, are shown. It can be seen in this
figure that the identification procedure indeed achieves a good quality fit. Convergence of the cost function value has been achieved and the fitted model accurately describes the rigid-body dynamics as well as the most relevant flexible
dynamics of the system. The rigid body dynamics are clearly present in the first
three outputs and are entirely absent in the fourth output, corresponding to the
piezoelectric deformation sensor. Up to a frequency of about 2 kHz the models
overlap well with the measured frequency response matrix, at even higher frequencies the model mismatches become more apparent. This is to be expected
since the number of flexible modes that are present at these high frequencies
becomes very high and also the quality of the data decreases significantly in this
region. The choice to accept a poorer model fit in this high frequency region is
also reflected by the additional weighting that is used, as described Section 3.6.2.
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Figure 3.7: Conditioning numbers and cost function values during SK iterations for
the implementations using monomial basis functions (orange, dash dotted, only shows
conditioning numbers), scaled monomials (blue, dashed) and data-based orthonormal
polynomials (red, solid).

A benefit of the proposed method of constraining the rigid-body dynamics, is
that the identified rigid body dynamics can be used to find rigid body decoupling
matrices for the considered system. More specifically, in state-space form a
particular part of the input and/or output matrices are associated with the rigid
body dynamics of the system. By using standard techniques such as the pseudo
inverse a rigid body decoupling matrix can be readily obtained. In Figure 3.6 the
resulting decoupled responses for the considered experimental setup are shown,
indicating quite a good decoupling performance. Due to the way the rigid body
modes are enforced for this system, the identified rigid body modes are already
decoupled as seen from the outputs of the system. Therefore only an input
decoupling matrix is used to obtain this rigid-body decoupling.
As can be seen in Figure 3.7, the condition number during iterations for
the implementation with data-based orthonormal polynomials is indeed equal to
one. The maximum conditioning number during iterations for this implementation was in fact κmax ≈ 1.0008. This shows that this orthonormal basis can
indeed be constructed in a numerically reliable fashion for MIMO system identification with a relatively high order and with a large number of data points. For
the implementation with unscaled monomial basis functions, the conditioning
number is high leading to a significantly reduced performance of the algorithm
in terms of achieved minimum cost function value and convergence. For the
implementation using the scaled monomial basis, the condition number during
iterations can be seen to increase from O(105 ) to O(1010 ). During the first
iterations, where this implementation is still relatively well conditioned, the performance of the SK algorithm is identical to the optimally conditioned case.
This should be the case since a change of basis functions does not change the
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algorithm. After the 20th iteration however, the cost function values for these
two implementations diverge, showing that the conditioning indeed impacts the
performance of the algorithm.

3.7

Conclusions and Outlook

In this chapter, a flexible set of parameterizations, specifically suited for the
identification of mechanical systems, is obtained by utilizing generic MFD parameterizations with a number of additional system specific constraints, which
are compatible with the algorithms and the data-dependent orthonormal block
polynomial bases used in numerically reliable identification. Furthermore, it is
shown on both simulation and experimental data that a combination of the SK,
IV, GN, and LM algorithms can successfully be employed for the identification
of complex motion systems. It is clear that care must be taken with the choice
of basis functions to ensure that the numerical conditioning remains appropriately bounded. The experimental data also shows that for the identification
of highly complex systems the dedicated numerically reliable approach using
data-dependent basis functions becomes a necessity.
In this research, the identification of motion systems containing rigid body
degrees of freedom is considered. As shown in Section 3.3.2 it is often possible
to factorize the rigid body behavior out of the model description. This is an
effective way to enforce the presence of rigid body modes in the model while still
being free to generically parameterize the model.
In Section 3.4.3, two new identification methods are developed by utilizing
the pole relocation technique, which is shown to be a versatile and effective
technique to formulate the SK and IV algorithms using rational basis functions.
The application of this technique for the identification of systems with multiple inputs and multiple outputs (MIMO) parameterized using general matrix
fraction descriptions (MFD’s) is an interesting topic of ongoing research.

Chapter 4

Numerically Reliable Identification
Using Data-Dependent Orthogonal
Polynomials: A Unified Approach
Applied to δ-Domain Identification

The performance of algorithms, including those in system identification and
control, depends on the reliability of their implementation in finite precision
arithmetic. The aim of this chapter is to develop a unified approach for numerically reliable system identification using data-dependent orthogonal polynomials.
In this chapter, a construction algorithm is developed for polynomials that are
orthogonal with respect to discrete measures supported on generalized circles in
the complex plane, thereby unifying earlier results for measures supported on the
real-line or the unit-circle. This unified framework encompasses the traditional
approaches for system identification in the Laplace domain and the Z-domain
and it enables the formulation of a numerically reliable identification approach in
the discrete δ-domain, which has significant numerical advantages especially for
fast-sampled systems. An example is presented which shows the superiority of
the proposed δ-domain approach for the identification of fast-sampled systems.

4.1

Introduction

Numerically robust and accurate implementation of algorithms used in system
identification and control is essential for their successful application, see, e.g.,
This chapter is based on: Voorhoeve, R. and Oomen, T. Data-dependent orthogonal polynomials on generalized circles: A unified approach applied to δ-domain identification. To be
submitted.
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Datta (2004); Higham et al. (2004); Van Dooren (2004); Varga (2004). This numerical aspect becomes more relevant and challenging as the system complexity
increases (Benner, 2004; Oomen et al., 2014). Several approaches that address
the encountered numerical issues have been proposed. In particular, the use of
the discrete δ-domain as opposed to the classical Z-domain addresses several
numerical issues in digital control implementations with fast sampling (Goodwin et al., 1992). In the present chapter, numerically reliable identification is
investigated and a unified framework is presented that, as a special case, enables
the numerically reliable identification of system models expressed in the discrete
δ-domain.
In parametric system identification, the central computational step typically involves solving a linear least squares problem, which is often severely
ill-conditioned (Levy, 1959; Ninness and Hjalmarsson, 2001; Sanathanan and
Koerner, 1963; Voorhoeve et al., 2015). Several partial solutions to this conditioning problem have been proposed, including the use of frequency scaling (Pintelon and Kollár, 2005), the use of orthonormal bases such as Chebyshev polynomials, or Laguerre or Kautz filters (Ninness and Hjalmarsson, 2001; Wahlberg
and Mäkilä, 1996), and the use of certain rational basis functions (Gustavsen
and Semlyen, 1999; Welsh and Goodwin, 2003). Another recent development
is use of data-dependent polynomial basis functions, which are orthogonal with
respect to a data-dependent inner product (Bultheel et al., 2005; Van Herpen
et al., 2014b; Rolain et al., 1995). These data-dependent orthonormal polynomials achieve optimal numerical conditioning (Van Herpen et al., 2014b; Voorhoeve et al., 2016a), i.e., condition number κ = 1. Computationally efficient
algorithms, which are linear in the data and the polynomial degree, i.e., O(mn),
exist for the construction of these data-dependent orthogonal polynomials for
continuous time systems, i.e., for s = jω, with nodes on the imaginary axis
(Gragg and Harrod, 1984); and for discrete time systems, i.e., for z = ejωTs ,
with nodes on the unit circle (Ammar et al., 1991).
Besides the re-parametrization of models, another development to improve
numerical properties of algorithms in system identification and control involves
replacing the traditional forward-shift operator, q, with the forward-difference
δ operator, see Goodwin et al. (1986); Middleton and Goodwin (1986). The δ
operator transparently connects models in the discrete time domain and the continuous time domain, where the continuous time model parameters are recovered
in the limit case for reducing sample times (Goodwin et al., 1986). Furthermore,
using the δ operator instead of the shift operator often leads to improved numerical performance when considering finite-word-length effects (Middleton and
Goodwin, 1986). These advantages have been shown to be especially relevant
for systems with fast sampling (Goodwin et al., 1992; Li and Gevers, 1993), i.e.,
where the sampling frequency is significantly higher than the dominant system
dynamics, which is often the case in identification for control (Gevers and Li,
1993). Also, in controller synthesis, the δ-domain re-parametrization has shown
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to yield substantial improvements for the numerical conditioning (Collins Jr.
and Song, 1999; Goodwin et al., 2000; Suchomski, 2001; Yang et al., 2012).
Although data-dependent orthonormal polynomials have been shown to provide significant numerical advantages in system identification, at present their
advantages are limited due to a numerical loss of accuracy in other essential
computation steps. The aim of this chapter is to exploit the numerical advantages of discrete δ-domain parameterizations and data-dependent orthonormal
polynomials to obtain a numerically reliable discrete-time system identification
approach.
The main contributions of this chapter are the following.
1. A theoretical framework and construction algorithm are provided for polynomials that are orthogonal with respect to discrete measures supported
on generalized circles in the complex plane, unifying and extending earlier
results for measures supported on the real-line, the imaginary axis, and
the unit circle, to include measures supported on shifted and scaled circles
as encountered in the δ-domain.
2. A unified framework for numerically reliable system identification, including identification in the δ-domain.
3. An example revealing the superior numerical performance of the δ-domain
approach over the Z-domain approaches for fast-sampled systems.
The algorithms proposed in literature for the efficient construction of datadependent orthogonal polynomials are limited either to the case of measures
supported on the real or imaginary line (Gragg and Harrod, 1984), or on the
unit circle (Ammar et al., 1991). In contrast, for the relevant case of the δ =
(q − 1)/Ts operator, the nodes lie on a circle in the complex plane for which the
existing efficient solutions, including Ammar et al. (1991); Gragg and Harrod
(1984), do not apply. In this chapter, the construction of orthogonal polynomials
from spectral data on generalized circles in the complex plane is considered. This
leads to a unified framework where identification in Laplace domain, Z-domain,
and δ-domain can be considered as special cases and can be solved with a single
algorithm.
The outline of this chapter is as follows. In Section 4.2, the problem of numerically reliable identification of fast sampled systems is formulated. Section 4.3
provides a concise overview of the theory of data-dependent orthogonal polynomials. In Section 4.4, the theory and construction algorithm for data-dependent
orthogonal polynomials on generalized circles in the complex plane are considered, constituting contribution 1 of this chapter. In Section 4.5, this algorithm
is used to obtain a unified framework for numerically reliable system identification, constituting contribution 2 of this chapter. In Section 4.6, the results for
a simulation example are presented, showing the superior performance of the
δ-domain approach compared to the Z-domain approaches for systems with fast
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Figure 4.1: Typical digital measurement setup where the signals u and v are available
for system identification.

sampling, constituting contribution 3 of this chapter. In Section 4.7, conclusions
and an outlook on ongoing work are given.

4.2

Problem formulation

The problem considered in this chapter is that of numerically reliable frequencydomain identification of linear systems with fast sampling. First, the problem of
frequency domain system identification is defined. Second, numerically reliable
identification is considered. Last, the numerical challenges for fast-sampled systems are highlighted and the advantages of the proposed δ-domain approach are
illustrated, leading to the formulation of the considered problem of numerically
reliable identification in the δ-domain.

4.2.1

Frequency Domain System Identification

In system identification, a physical process is considered which is observed using
a digital measurement environment, see Figure 4.1. The goal in system identification is to estimate an appropriate system model, Ĝ(ξ), describing the relevant
behavior of this physical process. In frequency domain identification this is
done using frequency domain input-output data of the system. To facilitate the
presentation, identification of single-input single-output (SISO) systems is considered, the extension to multiple-input multiple-output (MIMO) systems follows
along similar lines as in, e.g., Pintelon et al. (2004); Voorhoeve et al. (2016a).
In this chapter, linear time invariant (LTI) systems are considered, represented by real-rational transfer functions, i.e., Ĝ(ξ) ∈ R. Here, ξ, is an indeterminate frequency variable which depends on the identification domain. Traditionally for the continuous-time Laplace domain ξ = s = jω, and for the
discrete-time Z-domain ξ = z = ejωTs , where ω is the frequency variable and Ts
is the sampling interval of the digital measurement environment, as in Figure
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4.1. The model Ĝ(ξ) is parameterized as
Ĝ(ξ, θ) =

N̂ (ξ, θ)
D̂(ξ, θ)

,

(4.1)

where N̂ (ξ, θ), D̂(ξ, θ) ∈ R[ξ], which are linearly parameterized with respect to
a set of polynomial basis functions {φj (ξ)}nj=0 , i.e.,




D̂(ξ, θ)
= φ0 (ξ) φ1 (ξ) · · · φn (ξ) θ ,
(4.2)
N̂ (ξ, θ)
with θ ∈ Rnθ ×1 and φj (ξ) ∈ R2×1 [ξ].
The optimal model within this parametrization is then selected by minimizing
a suitable error criterion, e.g., Ĝopt (ξ) = Ĝ(ξ, θopt ), where
θopt = arg min
θ

m
X



wi G̃(ξi ) − Ĝ(ξi , θ)

2

,

(4.3)

i=1

and where G̃(ξi ) is the identified FRF of the system. This weighted least squares
criterion encompasses many relevant criteria in identification, including sample
maximum likelihood identification (Pintelon and Schoukens, 2012, Section 12.3)
and control-relevant identification (Oomen et al., 2014). Solving (4.3) generally
involves solving a nonlinear optimization problem due to the rational parametrization of Ĝ(ξ). Indeed, rewriting (4.3) yields


m
X
 D̂(ξi , θ) 2
wi 
.
(4.4)
θopt = arg min
G̃(ξi ) −1
N̂ (ξi , θ)
θ
i=1 D̂(ξi , θ)
The form (4.4) facilitates the derivation of solution algorithms. First, the solution to (4.4) can be approximated by solving the following linear least squares
problem.
Algorithm 4.1. (Linear least squares) (Levy, 1959), (Pintelon and Schoukens, 2012, Section 9.8.2). Given wi,lin , compute


m
X

 D̂(ξi , θ) 2
θlin = arg min
wi,lin G̃(ξi ) −1
.
(4.5)
N̂ (ξi , θ)
θ
i=1
In (4.5), wi,lin replaces the nonlinear term

wi
,
D̂(ξi ,θ)

which is present in the

original problem (4.4), rendering (4.5) linear in the parameters θ. If wi,lin =
wi , the standard linear least squares solution of Levy (1959) is obtained. If
an appropriate estimate for the denominator polynomial D̂(ξi ) is available, its
inverse can be used to weight the linearized problem, aiming to address the
original problem, (4.4). Such an estimate for the denominator can be obtained
by iteratively solving a sequence of linear least squares problems. This approach
is known as the Sanathanan-Koerner (SK) algorithm.
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Algorithm 4.2 (Sanathanan-Koerner). (Sanathanan and Koerner, 1963), (Pintelon and Schoukens, 2012, Section 9.8.3). Given θh0i , compute for l = 1, 2, . . .


m
X

 D̂(ξi , θ) 2
wi
hli
θSK = arg min
θ

D̂(ξi , θhl−1i )

i=1

G̃(ξi ) −1

.

N̂ (ξi , θ)

(4.6)

Alternatively, gradient-based optimization methods can be used such as the
Gauss-Newton algorithm or the closely related Levenberg-Marquardt algorithm.
These gradient-based algorithms enable monotonic convergence to a local minimum of the non-linear cost function, yielding favorable results when an initial
estimate of sufficient quality is available. Using a similar notation as in (4.6),
the Gauss-Newton algorithm for the optimization of (4.3) is as follows.
Algorithm 4.3 (Gauss-Newton). (Bayard, 1994). Given θh0i , compute for l =
1, 2, . . .
hli
θGN

=θ

hl−1i

+ arg min
∆θ

m
X

2

J(ξi , θhl−1i )∆θ+ ε(ξi , θhl−1i ) .

(4.7)

i=1

with
J(ξi , θ

hli






 D̂(ξi , ∆θ)
wi
) ∆θ =
,
Ĝ(ξi , θhli ) −1
hli
N̂ (ξi , ∆θ)
D̂(ξi , θ )

ε(ξi , θhli ) = wi G̃(ξi ) − Ĝ(ξi , θhli ) .



(4.8)
(4.9)

In (4.5), (4.6), (4.7), the problem being solved is a weighted polynomial least
squares problem of the form,
2

min kw f (ξ, θ)k2 ,

(4.10)

T T
w = [w1T , w2T , . . . , wm
]

(4.11)

θ

with

T

ξ = [ξ1 , ξ2 , . . . , ξm ] ,
and where
2

kw f (ξ, θ)k2 :=

m
X

f (ξi , θ)H wiH wi f (ξi , θ) ,

(4.12)

(4.13)

i=1

with
f (ξi , θ) = p(ξi , θ) − yi ,

(4.14)

where yi is determined by the problem data and the parameter constraints.
Therefore, the problem that is considered in this chapter is of this form, where
for clarity only the scalar polynomial case is considered, i.e., p(ξ, θ) ∈ R[ξ].
Extensions to the vector polynomial case, i.e., p(ξ, θ) ∈ Rn [ξ] are discussed in
Section 4.7.
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Solving the polynomial least-squares problem, (4.10), is equivalent to determining the least-squares solution to
W Φn θ = W y ,

(4.15)

W = diag(w1 , w2 , . . . , wm ) ,


φ0 (ξ1 ) φ1 (ξ1 ) · · · φn (ξ1 )
 φ0 (ξ2 ) φ1 (ξ2 ) · · · φn (ξ2 ) 


Φn =  .
..
..  ,
.
 .
.
. 
φ0 (ξm ) φ1 (ξm ) · · · φn (ξm )

(4.16)

with

y = [y1 , y2 , . . . , ym ]T ,

(4.17)

(4.18)

which depends on the weights in W and the basis functions in Φn . The key
observation is that the matrix W Φn in (4.15) can be severely ill-conditioned
depending on the choice of basis functions. Indeed, it is well-known that if a
monomial basis, φj (ξ) = ξ j , is used, then Φn is a Vandermonde matrix, i.e.,


1 ξ1 ξ12 · · · ξ1n
1 ξ2 ξ22 · · · ξ2n 


(4.19)
Φmon
= . . .
..  ,
n
.
.
.
. . .
. 
n
2
· · · ξm
1 ξm ξm
which is often ill-conditioned, deteriorating the performance of the identification
algorithms (Van Herpen et al., 2014b).
Several approaches have been proposed in literature to mitigate this conditioning problem, e.g., Gustavsen and Semlyen (1999); Ninness and Hjalmarsson
(2001); Pintelon and Kollár (2005); Wahlberg and Mäkilä (1996); Welsh and
Goodwin (2003), confirming that this is an important aspect in frequency domain system identification. The approaches in Gustavsen and Semlyen (1999);
Ninness and Hjalmarsson (2001); Wahlberg and Mäkilä (1996); Welsh and Goodwin (2003) focus on a change of basis functions to obtain a Φ-matrix which has
better numerical properties than the Vandermonde matrix in (4.19). However, this does not guarantee an improvement in the conditioning of W Φ, which
is the relevant problem matrix for solving (4.15). To guarantee that W Φ is
well-conditioned, the problem data, as contained in W , needs to be taken into
account in the choice of basis functions, i.e., the basis functions should be datadependent. A key result in, e.g., Bultheel and Van Barel (1995); Bultheel et al.
(2005), shows that optimal conditioning of W Φ can indeed be achieved using a
set of polynomials which are orthonormal with respect to a certain data-based
inner product.
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Figure 4.2: Streamlines for the vector field dz/dfs ∝ −z ln(z) showing the attraction
of point z = 1 as the sampling frequency increases.

Being able to achieve optimal conditioning of the problem matrix W Φ is an
important step towards obtaining a numerically reliable identification approach.
Additionally, other computational steps involved in the identification algorithm
should also be performed numerically accurately. For systems with fast sampling
inherent numerical challenges exists which need to be addressed.

4.2.3

Numerical Challenges for Fast-Sampled Systems: Motivation for a δ-Domain Formulation

In the identification problem as stated in Section 4.2.1, ξ in (4.1) still remains
to be specified. Typically, the Laplace domain, ξ = s, is used when the system
is in continuous time, whereas the Z-domain, ξ = z, is used when the system is
in discrete time. For both these cases, efficient algorithms exist to construct the
data-dependent orthogonal polynomials used in numerically reliable identification, as described in Section 4.2.2. However, when the sampling frequency of the
digital measurement environment, as shown in Figure 4.1, is fast relative to the
dominant dynamics of the underlying physical process, the discrete Z-domain
description is known to suffer from numerical issues.
To analyze the numerical issues that arise for fast-sampled systems in the
Z-domain, the derivative of the complex variable z = e s/fs with respect to the
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sampling frequency fs = 1/Ts is considered,
dz
z ln(z)
d(e s/fs )
e s/fs s
=−
=
=−
∝ −z ln(z) ,
2
dfs
dfs
fs
fs

(4.20)

where s = fs ln(z) is used in the third step and where ∝ denotes proportionality.
Streamlines for the vector field −z ln(z) are plotted in the complex plane in
Figure 4.2. This figure clearly shows that all streamlines converge to the point
z = 1. For fast-sampled systems this essentially means that the poles describing
the system dynamics will become concentrated near the point z = 1.
This concentration around z = 1 leads to a numerical loss of significance in
finite precision arithmetic since a large part of the available finite wordlength is
used to store this “unity part” of the relevant parameters, which does not contain
any system information. Also cancellation errors occur when parameters with
values that are only marginally different from 1 are subtracted from one another.
As an alternative to the Z-domain description, the discrete-time system can
be represented in the δ-domain where the δ-operator is used instead of the shift
operator q, where
q−1
,
(4.21)
δ=
Ts
and the corresponding frequency-domain complex transform variable,
ξδ =

z−1
.
Ts

(4.22)

The main numerical advantage of this δ-domain description is that it shifts the
point z = 1 to the origin, solving the associated loss of significance problems.
Additionally, the δ operator intuitively connects the discrete and continuous time
domains as for a differentiable function x(t)
dx
x(t + Ts ) − x(t)
=
.
Ts →0
Ts
dt

lim δx(t) = lim

Ts →0

(4.23)

meaning that as the sampling frequency increases the δ-domain parameters converge to the continuous time parameters. This provides insight and gives a certain confidence that even for sampling time approaching zero the discrete-time
description in the δ-domain remains well behaved.
The δ-domain representation often improves numerical aspects. However,
direct and fast construction of data-dependent orthonormal polynomials as used
in, e.g., Bultheel and Van Barel (1995); Bultheel et al. (2005), has not yet been
investigated for δ-domain identification. The problem considered in this chapter
is therefore to develop an algorithm for the fast and numerically accurate construction of data-dependent orthonormal polynomials for δ-domain identification
such that the normal equations are optimally conditioned, i.e., κ(W Φ) = 1.
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Data-Dependent Orthonormal Polynomials

In this section, orthogonal polynomials with respect to a data-dependent discrete inner product are defined. The study of orthogonal polynomials is a welldeveloped and active field, see, e.g., Gautschi (2004); Simon (2005); Szegö (1939).
In the present chapter, the focus is on discrete inner products in contrast to the
commonly considered continuous inner products involving integrals. In addition, an arbitrary weighting is used in the inner product, see also Vandebril
et al. (2008b, Chapter 12) for details on such forms, and Van Herpen et al.
(2016) for related indefinite and asymmetric forms.
In Section 4.3.1, discrete orthogonal polynomials are defined. Next, a Hessenberg recurrence relation for this set of polynomials is considered in Section
4.3.2, and the inverse eigenvalue problem linking the Hessenberg-recurrence matrix to the problem data is established in Section 4.3.3. Next, an algorithm for
solving this inverse eigenvalue problem is considered in Section 4.3.4, as well as
the special cases when all the nodes lie on the real-line, the imaginary-axis or
the unit circle in Section 4.3.5. In this section and in Section 4.4, the general
case of polynomials with complex coefficients is considered. In Section 4.5, the
real-polynomial case, which is relevant for identification, is considered.

4.3.1

Discrete Orthogonal Polynomials

Consider the set of polynomials {φj (ξ)}kj=0 where φj (ξ) ∈ C[ξ], and deg φj (ξ) =
j, which is orthogonal with respect to a discrete inner-product defined by the
nodes ξ1 , ξ2 , . . . , ξm ∈ C and weights w1 , w2 , . . . , wm ∈ C, i.e.,
hφp , φq i =

m
X

∗

(wi φp (ξi )) wi φq (ξi ) = cp δpq ,

(4.24)

i=1

where x∗ denotes the complex conjugate of x, and where δpq is the Kronecker
delta function. In matrix form (4.24) is given by
H
ΦH
k W W Φk = D,

(4.25)

with W as defined in (4.16), Φk as defined in (4.17) but with k columns instead
of n, and where D = diag(c0 , c1 , . . . , ck ). Furthermore, the polynomials φj are
normalized such that cj = 1 ∀ cj 6= 0, j = 0, . . . , k.
Without loss of generality, it is assumed that wi 6= 0 ∀ i. Indeed, if wi = 0,
the corresponding node-weight pair can be removed from (4.24) without altering
the inner product. Therefore, rank(W ) = m and consequently rank(D) ≤ m,
due to (4.25). This means there are at most m polynomials for which cj 6= 0.
In fact, under the assumption that there are no duplicate nodes, the first m
polynomials are the ones for which cj 6= 0. This follows from the fact that the
square matrix Φm−1 , containing these first m polynomials, is bijectively related
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to the square Vandermonde matrix defined by the nodes ξi , which has a nonzero
determinant as long as all the nodes are distinct (Gautschi, 1983). Therefore,
cj = 1 for j = 0, . . . , m − 1, i.e.,
H
ΦH
m−1 W W Φm−1 = Im×m ,

(4.26)

meaning the matrix W Φm−1 is unitary, and thus κ(W Φm−1 ) = 1, which is
precisely the goal in numerically reliable identification as is described in Section
4.2.2. Furthermore, it follows from (4.25)–(4.26) that, for k > m − 1, the last
k − (m − 1) columns of Φk are all equal to zero, i.e., the polynomials φj (ξ)
for j > m − 1 have roots that coincide with all the nodes ξ1 , ξ2 , . . . , ξm . This
property is used in the following section to relate the set of polynomials to an
upper-Hessenberg matrix containing recurrence coefficients.

4.3.2

Hessenberg Recurrence Matrix

Due to the strict degree constraint deg φj (ξ) = j, the polynomials {φj (ξ)}kj=0
are all linearly independent. As a consequence, {φj (ξ)}kj=0 form a basis for the
space of all polynomials of degree less than or equal to k. In turn, this implies
that the polynomial ξφk−1 (ξ) can be written as a linear combination of these
polynomials, i.e.,
ξφk−1 (ξ) =

k
X

φj (ξ)hj,k−1 ,

k = 1, 2, 3, . . .

(4.27)

j=0

where hk,k−1 6= 0 since ξφk−1 (ξ) is of strict degree k. Given the recurrence
coefficients, hj,k , and φ0 , this relation can be used to recursively compute the
full set of polynomials by rearranging (4.27) as
hk,k−1 φk (ξ) = ξφk−1 (ξ) −

k−1
X

φj (ξ)hj,k−1 ,

(4.28)

j=0

hence (4.27) and (4.28) are recurrence relations. Equation (4.27) can be rewritten in matrix notation as

 

ξ φ0 (ξ) · · · φk−1 (ξ) = φ0 (ξ) · · · φk (ξ) H(k+1)×k ,
(4.29)
which, when evaluated at the nodes ξ1 , ξ2 , . . . , ξm that define the inner product
(4.24), yields
XΦk−1 = Φk H(k+1)×k ,
(4.30)
with X = diag(ξ1 , ξ2 , . . . , ξm ). For k = m, the last column of Φm is equal to
zero, as shown in Section 4.3.1, meaning (4.30) can be rewritten as,
XΦm−1 = Φm−1 Hm×m .

(4.31)

Here, Hm×m is an upper-Hessenberg matrix containing the recurrence coefficients which, in conjunction with φ0 , can be used to compute {φj (ξ)}m−1
j=1 .
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Inverse Eigenvalue Problem

To relate nodes and weights defining the inner product (4.24) to the Hessenberg
recurrence matrix, (4.31) is premultiplied by W ,
W (XΦ) = W (ΦH) ,

(4.32)

where Φ = Φm−1 and H = Hm×m are used to simplify notation. Note that W
and X commute due to their diagonal structure, hence (4.32) equals
X(W Φ) = (W Φ)H .

(4.33)

Since it follows from (4.26) that Q = W Φ is unitary, it follows from (4.33) that
QH XQ = H ,

(4.34)

revealing that H is unitarily similar to X. Also, Qe1 , the first column of Q =
W Φ is equal to
w
Q e1 = W φ0 = α
,
(4.35)
kwk2
with e1 = [1 0 · · · 0]T , |α| = 1, and, w as defined in (4.11).
This problem (4.34)-(4.35) is an inverse eigenvalue problem, where the desired Hessenberg recurrence matrix H has the nodes ξi as eigenvalues and the
normalized weight vector w as the first eigenvector. This problem can be solved
in a finite number of computational steps similar to a standard Hessenberg reduction, e.g., using Householder transformations, see, e.g., Golub and van Loan
(2013, Section 7.4.3).
The inverse eigenvalue problem as given by (4.34)-(4.35) is not uniquely defined since each column of Q can be multiplied by a complex number of length
one, such as α in (4.35), without violating orthonormality. As an additional
constraint, the sub-diagonal elements of H, as well as α, are confined to be positive real, thereby uniquely defining Q and H (Vandebril et al., 2008b, Chapter
12). To summarize, the inverse eigenvalue problem considered here is defined as
follows.
Problem 4.1 (Inverse eigenvalue problem). Given the points ξi and the weights
wi , i = 1, 2, . . . , m, compute an upper Hessenberg matrix H, with subdiagonal
elements hk+1, k ∈ R>0 , such that
• it is unitarily similar to the diagonal matrix X = diag(ξ1 , ξ2 , . . . , ξm ), i.e.,
QH XQ = H ,
• the first column of Q equals

w
, with w as in (4.11).
kwk2
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When Problem 4.1 has been solved, the recurrence relation (4.28) can subsequently be used to compute the orthonormal polynomial basis {φj (ξ)}nj=0 . The
polynomial linear least-squares problem (4.10) is then solved by
θ̂ = QH W b,

(4.36)

p̂(ξi , θ̂) = Φθ̂ ,

(4.37)

with Q = W Φ, and W, Φ, and b as given by (4.16)-(4.18).

4.3.4

Update Algorithm: Chasing Down the Diagonal

To solve the inverse eigenvalue problem of Problem 4.1, a unitary matrix Q has
to be determined such that


 1



H
w X
= kwk2 e1 H ,
(4.38)
Q
Q
with hk+1, k ∈ R>0 .
A frequently used method is to consider the update step, i.e., the problem
of introducing a new node-weight pair to the problem which has been solved for
the previously introduced node-weight pairs. This update step can be solved
using Givens rotations, which in this chapter are defined by

   
c s a
r
[c, s, r] = G(a, b) s.t.
=
,
(4.39)
−s∗ c∗ b
0
where |c|2 + |s|2 = 1, a, b, c, s ∈ C and r ∈ R+ (Bindel et al., 2002). Here,
the phase of r is constrained such that it is positive real, whereas conventionally
Givens rotations are defined such that c ∈ R+ . This choice reflects the choice to
constrain the sub-diagonal elements of the Hessenberg recurrence matrix H to
be positive real, as will be seen in the remainder of this section. To simplify the
notation in the remainder of this section, a Givens rotation applied to two rows
and/or columns is denoted as
  
   
c s
a
r
 a =
=
.
(4.40)
b
−s∗ c∗
b
0





When working with similarity transformations, as is the case in this chapter,
these transformations are always applied to two sides of the matrix. Here, the
notation
is used to denote the columns to which the Givens rotation is
applied.
To perform the update step, a new node-weight pair (ξi , wi ) is first added to
the top of the augmented matrix [ρi−1 e1 | Ho,i−1 ], which has been brought to
the desired form of (4.38) under unitary similarity. The new matrix [wn,i | Hn,i ]
is given by


wi
ξi
[wn,i | Hn,i ] =
,
(4.41)
ρi−1 e1
Ho,i−1
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where
[wn,1 | Hn,1 ] = [w1 | ξ1 ] .

(4.42)



The matrix (4.41) is transformed to the form of (4.38) under unitary similarity,
using Givens rotations. This is done by chasing the bulge element, i.e., the nonzero element which violates the desired matrix structure, down the diagonal.
For example for i = 5, the first step is to zero the second element in the weight
vector to transform it to the desired form of ρi e1 , this zeroing operations yields







w5 ξ5
ρ5 × × × × ×
××××
 ρ4
 0 ×××××


××××
? ××××

 ⇒
.
×××
×××
××
××


(4.43)



which has a non-zero element, denoted by ?, as the (3, 1) element of H, violating
the Hessenberg structure. This element is subsequently zeroed by performing
another Givens rotation




ρ5 × × × × ×
ρ5 × × × × ×
×××××
×××××



 ⇒
?
×
×
×
×
0 ××××



,
×××
? ×××
××
××


(4.44)



this continues until the bulge has been chased all the way down the diagonal
where a final zeroing operation no longer introduces a new bulge element, i.e.,




ρ5 × × × × ×
ρ5 × × × × ×
×
×
×
×
×
×××××





××××
××××

 ⇒
.
×××
×××

? ××
0 ××


(4.45)

This matrix is of the desired form [ρi e1 | Ho,i ]. Furthermore, it is clear that this
sequence of Givens rotations, as defined in (4.39) with r ∈ R+ , directly leads to
ρi ∈ R+ and hk+1, k ∈ R+ .
This update step needs to be performed for i = 1, 2, · · · , m, to add each
node-weight pair and, in each update step, i−1 rotations are performed operating
on both columns and rows with at most i nonzero elements. This means the
total computational cost of this algorithm is O(m3 ). In the case of polynomial
least-squares problems where the orthonormal polynomial basis only needs to
be built up to a limited polynomial degree n, the computational cost becomes
O(mn2 ), since only the first n rows and columns of the Hessenberg recurrence
matrix need to be computed (Vandebril et al., 2008b, Section 12.5).
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Special Cases: Matrix Structure Leading to O(n) Simplifications

In the special case that all points ξi lie on the real line, the imaginary axis or the
unit circle, the inverse eigenvalue problem, Problem 4.1, simplifies such that an
update can be computed in O(n) operations instead of O(n2 ). This is a result
of additional structural properties of the Hessenberg recurrence matrix H which
enable the Givens chasing operations described in Section 4.3.4 to be computed
efficiently and also lead to a simplification of the recurrence relation (4.27).
4.3.5.1

Nodes on the Real-Line and Imaginary Axis

For the classical situation where ξi ∈ R, the recurrence matrix H is Hermitian,
since the diagonal node matrix satisfies X H = X and therefore
H H = QH X H Q = H .
This Hermitian Hessenberg matrix is
O(n) parameters, i.e.,

a0

 b1
HR = 



(4.46)

tridiagonal and is fully described using
b∗1




.

a1 . .
.

.. ..
∗
. bn 
.
bn an

(4.47)

Furthermore, applying a Givens rotation to a tridiagonal matrix is an operation
with a computational complexity of O(1), where it is O(n) for a full Hessenberg
matrix, leading to the reduction of the computational complexity of the update
algorithm described in Section 4.3.4 from O(n2 ) to O(n). Also, it is immediate
from (4.47) that the n-term recurrence relation (4.27) reduces to a three term
recurrence relation,
ξφk (ξ) = bk φk−1 (ξ) + ak φk (ξ) + bk+1 φk+1 (ξ) .

(4.48)

For the case where all ξi lie on the imaginary axis a similar situation occurs
where the Hessenberg matrix is skew-Hermitian instead of Hermitian.
4.3.5.2

Nodes on the Unit Circle

In the case that all nodes ξi lie on the unit circle, the complex conjugate of each
ξ∗
node is equal to its inverse since ξi−1 = |ξii|2 , and |ξi | = 1 for nodes on the unit
circle. This means that for the diagonal node matrix
X H = X ∗ = X −1 ,

(4.49)
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which leads to
H H = QH X H Q = H −1 ,

(4.50)

meaning the Hessenberg recurrence matrix is unitary. This unitary Hessenberg
matrix is again fully described using O(n) parameters, however this description
is not sparse as in the tridiagonal case, here

 ∗
−ρ0 ρ1 −ρ∗0 µ1 ρ2 −ρ∗0 µ1 µ2 ρ3 · · · −ρ∗0 µ(1:n−1) ρn
 µ1
−ρ∗1 ρ2 −ρ∗1 µ2 ρ3 · · · −ρ∗1 µ(2:n−1) ρn 


 0
µ2
−ρ∗2 ρ3
· · · −ρ∗2 µ(3:n−1) ρn 
(4.51)
HT = 
,

 ..
..
..
..
..

 .
.
.
.
.
···

0
where µ(x:y) =

y
Q

0

µn−1

−ρ∗n−1 ρn

µi .

i=x

The key property of unitary Hessenberg matrices that leads to a reduction
of the computational complexity is that unitary Hessenberg matrices can be
written as a product of elementary unitary factors
HT = G00 G1 G2 . . . Gn−1 G0n ,

(4.52)

G00 = ρ∗0 ⊕ In−1 ,
G0n = In−1 ⊕ −ρn ,


−ρk µk
Gk = Ik−1 ⊕
⊕ In−k−1 ,
µk ρ∗k

(4.53)

with

(4.54)

where ⊕ denotes the direct sum, i.e.,


A 0
A⊕B =
.
0 B

(4.55)

The representation (4.52) of unitary Hessenberg matrices is known as the Schur
parametrization. As a result of this parametrization, the application of a single
Givens rotation again has a computational complexity of O(1), due to the fact
that only factors Gk−1 , Gk and Gk+1 are affected by an elementary similarity
transformation operating on rows/columns k and k + 1.
The unitary Hessenberg structure also leads to simplified recurrence relations.
Indeed, these can be written as a two-term recurrence relation with a set of
auxiliary polynomials {φ̃(ξ)},




1 −ρ∗0
φ̃0 (ξ)
=
,
(4.56)
φ0 (ξ)
µ0 1





1
1 −ρ∗k
φ̃k (ξ)
φ̃k−1 (x)
,
(4.57)
=
φk (ξ)
ξφk−1 (x)
µk −ρk 1
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which is known as the Szegö recurrence relation. When ρk 6= 0 ∀ k, these relations can be rewritten as a three-term recurrence relation
φ−1 (ξ) = 0

φ0 (ξ) =

φk−1 (ξ)
φk (ξ) =
µk



1
µ0

ρk
ξ+
ρk−1

(4.58)

−

ρk µk−1
ξφk−2 (ξ) ,
ρk−1 µk

(4.59)

further highlighting the similarity between the cases with nodes on the unit circle
and with nodes on the real-line or imaginary axis as described in Section 4.3.5.1.

4.3.6

Review and Motivation for the Unified Approach

In Sections 4.3.1–4.3.4, the theoretical framework of data-dependent orthonormal polynomials is established. It is shown that by solving an inverse eigenvalue
problem, a Hessenberg recurrence matrix can be constructed which uniquely
determines the polynomial basis that is orthonormal with respect to the datadependent inner product.
In Section 4.3.5, it is shown that there are additional structural properties for
the Hessenberg recurrence matrix when the nodes that define the data-dependent
inner product all lie on either the real-line, the imaginary axis or the unit circle. These structural properties lead to efficient construction algorithms for the
discrete orthogonal polynomials, enabling the formulation of efficient and numerically reliable system identification approaches in both the continuous time
Laplace domain, with nodes on the imaginary axis, and the discrete time Zdomain, with nodes on the unit circle.
From a systems theory perspective, it indeed makes sense that a similar simplification exists for both the continuous time Laplace domain and discrete time
Z-domain, since these are closely related. Indeed, through the use of invertible
bilinear transformations several discrete time problems can be tackled with tools
from continuous time system theory and vice versa, see, e.g., Iglesias and Glover
(1991).
The general form of these bilinear transformations, known as Möbius transformations, is given by
αξ + β
ξ˜ =
,
(4.60)
γξ+η
with α, β, γ, η ∈ C satisfying αη − βγ 6= 0. The full class of geometries that
is related to the real-line and unit circle through Möbius transformations is the
class of generalized circles, i.e., circles and lines, in the complex plane.
In the following sections, the Möbius transformation is used as the principal instrument to extend the results from the real-line and unit circle to all
generalized circles in the complex plane. This enables the fast construction of
data-dependent orthonormal polynomials in the δ-domain without first transforming the problem to an equivalent Z-domain or s-domain formulation.
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Orthogonal Polynomials on Generalized Circles

In this section, the framework is presented for the efficient construction of discrete orthogonal polynomials with nodes on generalized circles in the complex
plane. To extend the results of the real-line and unit circle cases, as described
in Section 4.3.5, to generalized circles, their geometrical properties are investigated first. Second, a generalization is proposed of the structural properties of
the Hessenberg recurrence matrix as encountered in the real-line and unit circle
cases, and it is shown that these structural properties extend to the generalized
circle case. Finally, it is shown that this generalized matrix structure leads to an
O(n) reduction in computational complexity thereby enabling the efficient construction of discrete orthogonal polynomials with nodes on generalized circles in
the complex plane.

4.4.1

Geometrical Properties of Generalized Circles and Auxiliary Results

The geometric properties of generalized circles are first defined and investigated,
with a particular emphasis on their relation to the known real-line and unit circle
cases. First, generalized circles are defined here as follows.
Definition 4.1 (Generalized circles). A generalized circle is a set of points ξ in
the complex plane that satisfies the following equation
a ξξ ∗ + b ξ + c ξ ∗ + d = 0 ,

(4.61)

for any a, d ∈ R and c, b ∈ C, such that c = b∗ , and ad < bc, (Schwerdtfeger,
1979, Section 1.1).
The general relation between two generalized circles is the Möbius transformation, (4.60), as defined in Section 4.3.6. In this chapter, a simplified version of
the Möbius transformation is considered where no inversion is used, i.e., where
γ = 0, and η = 1. This simplified Möbius transformation can then be considered as a composition of the following simple transformations, a translation, a
homothety, and a rotation (Schwerdtfeger, 1979). Since the real-line and unit
circle cases can both be used as reference cases for which the structural properties of the Hessenberg recurrence matrix and their related polynomial systems
are known, this simplified Möbius transformation is sufficient to generalize the
relevant structural properties to all generalized circles. In the following lemma
it is shown that all generalized circles can be transformed to the real-line or unit
circle using a Möbius transformation with γ = 0, and η = 1.
Lemma 4.1. A set of nodes {ξ˜i }m
i=1 lies on a generalized circle in the unit plane
if and only if ∃ c1 ∈ C \ {0}, and c2 ∈ C, such that,
ξ˜i = c1 ξi + c2 ,

(4.62)
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with ξi ∈ R ∀ i, or |ξi | = 1 ∀ i.
Proof. Applying transformation (4.62) to (4.61) yields,
a(c1 ξ + c2 )(c1 ξ + c2 )∗ + b(c1 ξ + c2 ) + c(c1 ξ + c2 )∗ + d = 0.
q
When a 6= 0, taking c2 = − ab and c1 = abc2 − ad yields





bc
bc
− d ξξ ∗ −
− d = 0,
a
a

(4.63)

(4.64)

which corresponds to ξξ ∗ = 1, i.e., the unit circle. When a = 0, taking c2 = − d2
and c1 = jc yields
jbc ξ − jbc ξ ∗ = 0

(4.65)

which corresponds to ξ = ξ ∗ , i.e., the real-line. The converse also holds since
the transformation ξ 7→ ξ˜ defined by (4.62) is invertible.
For a diagonal node matrices, X = diag(ξ1 , ξ2 , . . . , ξm ), the transformation
(4.62) can be written in matrix form as
X̃ = c1 X + c2 I .

(4.66)

An important property of this transformation is that it commutes with similarity
transformations as is shown in the following lemma.
Lemma 4.2. Let A ∈ Cp×p , c1 , c2 ∈ C and B = c1 A + c2 I, then
T −1 BT = c1 T −1 AT + c2 I .

(4.67)

Proof. Scalar-matrix multiplication is commutative over the field of complex
numbers and T −1 IT = I.
The transformation (4.66) is used in the remainder of this section to prove
that several key properties that hold for the real-line and unit-circle cases can
be generalized for all generalized circles.

4.4.2

Structural Properties of the Hessenberg Recurrence Matrix

To generalize the structural properties of the Hessenberg recurrence matrix, a
class of structured matrices is investigated which contains both the tridiagonal matrix encountered in the real-line and imaginary axis cases as well as the
unitary Hessenberg matrix encountered in the case with nodes on the unit circle. This class of matrices is called quasiseparable matrices (Bella et al., 2008),
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which is a type of rank-structured matrix. More specifically, the class of matrices
investigated here is the class of Hessenberg-quasiseparable matrices with a separability rank of one, i.e., (H, 1)-quasiseparable matrices. Using the notation
A(i1 : i2 , j1 : j2 ) to denote the sub-matrix of A containing rows i1 to i2 and
columns j1 to j2 , these (H, 1)-quasiseparable matrices are defined as follows.
Definition 4.2 ((H, 1)-quasiseparable matrices). An upper Hessenberg matrix
H is (H, 1)-quasiseparable if,
max

1 ≤ i ≤ n−1

rank ( H(1 : i, i + 1 : n) ) ≤ 1 .

(4.68)

Remark 4.1. The value of the rank constraint in (4.68), for all the blocks
above the main diagonal, is known as the upper (quasi-) separability rank. A
lower (quasi-) separability rank can be defined similarly for the rank structure
below the main diagonal, which in the case of (H, 1)-quasiseparable matrices is
also equal to one due to the Hessenberg structure.
From this rank definition one can see that the tridiagonal matrices encountered in the real-line case, i.e., (4.47), are indeed (H, 1)-quasiseparable since in
this case the upper diagonal blocks are given by,


0
0i−1×n−i
HR (1 : i, i + 1 : n) = i−1×1
,
(4.69)
b∗i
01×n−i
which has only one nonzero element and consequently its maximal rank is equal
to one, as required in Definition 4.2.
For the unitary Hessenberg matrices encountered in the unit-circle case, i.e.,
(4.51), the upper diagonal blocks can be written as,
HT (1 : i, i + 1 : n) = −aT b ,

(4.70)



a = ρ∗0 µ(1:i−1) ρ∗1 µ(2:i−1) · · · ρ∗i−2 µi−1 ρ∗i−1


b = µi ρi+1 µi µi+1 ρi+2 · · · µ(i:n−1) ρn ,

(4.71)

where,

with µ(x:y) =

y
Q

µi . This shows that these upper diagonal blocks also have

i=x

a maximal rank of one, showing that a unitary Hessenberg matrix is (H, 1)quasiseparable.
In the following lemma it is shown that the transformation (4.66) does not
influence the off-diagonal matrix structure such as the (H, 1)-quasiseparable
structure.
Lemma 4.3. Let A ∈ Cp×p , c1 ∈ C \ {0}, c2 ∈ C, i1 , i2 , j1 , j2 ∈ N with i1 > j2
or j1 > i2 , and B = c1 A + c2 I then rank(B(i1 : i2 , j1 : j2 )) = rank(A(i1 : i2 , j1 :
j2 )).
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Proof. As the considered sub-matrices do not contain the main diagonal, it holds
that
rank(B(i1 : i2 , j1 : j2 )) = rank(c1 A(i1 : i2 , j1 : j2 ))
which for c1 6= 0 is equal to rank(A(i1 : i2 , j1 : j2 )).
This lemma is used in the following theorem to show that the Hessenberg
recurrence matrices for all orthogonal polynomial systems with nodes on generalized circles in the complex plane in fact belong to the class of (H, 1)quasiseparable matrices.
Theorem 4.1. A Hessenberg matrix H̃ that is unitarily similar to a diagonal
matrix X̃ = diag(ξ˜1 , ξ˜2 , . . . , ξ˜m ), with nodes {ξ˜i }m
i=1 that lie on a generalized
circle in the complex plane, is (H, 1)-quasiseparable.
Proof. Using Lemma 4.1, X̃ can be written as
X̃ = c1 X + c2 I ,

(4.72)

where X = diag(ξ1 , ξ2 , . . . , ξm ) with ξi ∈ R ∀ i, or |ξi | = 1 ∀ i. Next, given a
unitary matrix Q such that
QH X̃Q = H̃ ,
(4.73)
with H̃ a Hessenberg matrix, it follows from Lemma 4.2 that
H̃ = c1 H + c2 I ,

(4.74)

where H = QH X Q is Hessenberg and either Hermitian or unitary, which follows
from (4.46) or (4.50), respectively. Since both Hermitian and unitary Hessenberg
matrices are (H, 1)-quasiseparable, it follows from Lemma 4.3 that H̃ is (H, 1)quasiseparable.
This shows that the (H, 1)-quasiseparable matrix structure includes the Hessenberg recurrence matrix structures of the real-line and unit circle cases and
extends to include the case where the nodes ξi lie on any generalized circle in
the complex plane. In the following sections it is shown that this general matrix
structure also leads to a O(n) simplification of the construction algorithm for
the orthonormal sets of polynomials. For such an O(n) simplification to exist
the following requirements must be met.
R.1 The Hessenberg recurrence matrix H ∈ Cn×n can be parameterized using
O(n) parameters.
R.2 There exist simplified recurrence relations that enable the computation of
the orthonormal polynomial basis in O(mn) operations.
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R.3 The inverse eigenvalue problem of Definition 4.1 can be solved in O(mn)
operations, i.e., one step of the update algorithm of Section 4.3.4 can be
computed with a computational cost of O(n).
Next, it is shown that the first two requirements are met as a result of the
(H, 1)-quasiseparable matrix structure. Finally in Section 4.4.4, it is shown
that the third requirement is also met for the case where the nodes ξi lie on any
generalized circle in the complex plane.

4.4.3

Existence of an O(n) Representation and Simplified Recurrence Relations

An (H, 1)-quasiseparable matrix can be represented using O(n) generators, as
is shown in the following result.
Theorem 4.2 ((H, 1)-quasiseparable generators). An upper Hessenberg matrix
is a (H, 1)-quasiseparable matrix if and only if it can be described as


d1 g1 h2 g1 b2 h3 · · · · · · g1 b(2:n−1) hn
 q1 d2 g2 h3 · · · · · · g2 b(3:n−1) hn 


 0 q2
d3
· · · · · · g3 b(4:n−1) hn 


,
..
.
..
..
..
(4.75)
H=

 .. . . .
.
.
.
.



. .
..
..
 ..
. qn−2 dn−1
gn−1 hn 
0 ···
···
0 qn−1
dn
where b(x:y) =

y
Q

bi .

i=x

See Eidelman and Gohberg (1999, Theorem 3.5) for a proof. This description
fulfills the first requirement, R.1 from Section 4.4.
Furthermore, as shown in Bella et al. (2011a,b), this generator description
leads to the following two-term block recurrence relations for the related polynomial systems.

  
F0 (ξ)
0
=
(4.76)
φ0 (ξ)
α0

 


Fk (ξ)
β
γk
Fk−1 (ξ)
= k
,
(4.77)
φk (ξ)
δk αk ξ + εk φk−1 (ξ)
where the conversion from the quasiseparable generators to these recurrence
relation coefficients is given in Table 4.1. If hk 6= 0 ∀ k, this two-term block
recurrence relation, (4.76)-(4.77), can be rewritten as a three-term recurrence
relation given by,
φ0 (ξ) = α0 , φ1 (ξ) = (α1 ξ + ζ1 ) · φ0 (ξ),
φk (ξ) = (αk ξ + ζk ) · φk−1 (ξ) + (ηk ξ + θk ) · φk−2 (ξ) ,

(4.78)
(4.79)
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Table 4.1: Conversion formulas from quasiseparable generators to recurrence relation
coefficients.

Two-term block recurrence coefficients
αk

βk

γk

δk

εk

1
qk

bk

−gk

hk
qk

− dqkk

Three-term recurrence coefficients
αk

ζk

ηk

θk

1
qk

hk qk−1 bk−1 −dk hk−1
qk hk−1

− qhkkhbk−1
k−1

hk (dk−1 bk−1 −hk−1 gk−1 )
qk hk−1

where the conversion from the quasiseparable generators to recurrence relation
coefficients is again given in Table 4.1, see, e.g., Bella et al. (2011b) for further
details. Note that in Bella et al. (2011b), the three term-recurrence parameters
are given as a function of the quasiseparable generators for the case where hk =
1 ∀ k, which can be assumed without loss of generality when hk 6= 0 ∀ k. The
recurrence relations (4.76)-(4.79) fulfill requirement R.2 from Section 4.4.

4.4.4

Update Algorithm: Chasing Down the Diagonal for (H, 1)Quasiseparable Matrices

In this section, it is shown that the update algorithm of Section 4.3.4 can
be performed efficiently, i.e., using O(n) operations, for the class of (H, 1)quasiseparable matrices which are unitarily similar to a diagonal node matrix
X̃ = diag(ξ˜1 , ξ˜2 , . . . , ξ˜m ), with nodes {ξ˜i }m
i=1 that lie on a generalized circle in
the complex plane. Thereby fulfilling requirement R.3 of Section 4.4.
Since H̃ = QH X̃Q is (H, 1)-quasiseparable, all blocks taken out of the matrix
above the main diagonal have a rank of one. This is represented as





H̃ = 





..

.

..

.

..

.

..
.

..
.

×  
× × 
× ×
×

..
.

..
.

..
.




×
×





×







..

.

..

.

.
..
···
···
···
···
···
..
.






,





(4.80)

where  is used to denote the rank structured part of the matrix, i.e., any block
out of this part of the matrix has a rank of one. During chasing operations, as
described in Section 4.3.4, Givens rotations are applied to a matrix H̃ 0 which
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has the same structure as H̃ apart from the bulge element that is being chased,
i.e.,




H 0
G H̃ G = 






..

.

..

.

..

.

..
.

..
.

×  
× × 
× ×
? ×

..
.

..
.

..
.




×
×





×







..

.

..

.
..
···
···
···
···

···
.
. ..





.






(4.81)

In (4.81), two rank-one blocks to which the Givens rotations are being applied
are highlighted, the block in the right of the matrix with a blue dash-dotted
line, which will be referred to as R, and the block in the top part of the matrix
with a red-dashed line, which will be referred to as T . Due to their rank-one
structure, the Givens rotations can performed on these blocks with a computational complexity of O(1) instead of O(n), leading to the same reduction in
computational complexity as in the Hermitian and unitary Hessenberg cases of
sections 4.3.5.1 and 4.3.5.2 respectively. To show this reduction in complexity
consider the block, R, in the right part of (4.81), for which the following holds


g bh
g bb h
···
GH R = GH i−1 i i+1 i−1 i i+1 i+2
gi hi+1
gi bi+1 hi+2 · · ·




g b
= GH i−1 i hi+1 bi+1 hi+2 · · · ,
(4.82)
gi
where the generator representation of (4.75) is used to represent the elements
of R. As a result of (4.82) the Givens rotation is only applied to the left 2 × 1
part of the factorization, constituting the desired reduction in complexity.
Similarly, for T in the top part of (4.81),


..
..
.
.


T G = gi−3 bi−2 hi−1 gi−3 bi−2 bi−1 hi  G
gi−2 hi−1
gi−2 bi−1 hi

..
.



= gi−3 bi−2  hi−1 bi−1 hi G ,
gi−2


(4.83)

where again the Givens rotation is only applied to the right 1 × 2 part of the
factorization, completing the O(1) complexity chasing operation.
Next, it needs to be shown that the quasiseparable structure of Hδ0 , as in
(4.81), is maintained during the chasing operations. Therefore, consider the
following theorem.
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Theorem 4.3 (Rank symmetry). Let U be a unitary or Hermitian n×n matrix.
Then if U is lower quasi-separable with separability rank k it is also upper quasiseparable with separability rank k.
For a proof see Gemignani and Robol (2017, Theorem 5).
Since all the operations that are performed during chasing are unitary similarity transformations it always holds that
H̃ 0 = QH X̃Q ,

(4.84)

with Q a unitary matrix and X̃ as in (4.72). From Lemma 4.2, it follows that
H̃ 0 = c1 H 0 + c2 I ,

(4.85)

with H 0 = QH XQ a Hermitian or unitary matrix, as the Hermitian and unitary
properties are preserved under unitary similarity, see (4.46) and (4.50). From
Theorem 4.3 and Lemma 4.3 it then follows that H̃ 0 also has the rank symmetry
property. Finally, it follows from the fact that a single bulge element on the
second subdiagonal cannot increase the rank of the subdiagonal partitions of
the matrix H̃ 0 , that the upper diagonal blocks also remain rank one during
operations as a result of rank symmetry. This shows that the quasiseparable
structure of H̃ 0 , as shown in (4.81), is maintained while performing the chasing
operations.
This proves that the final requirement R.3 from Section 4.4 is met and therefore that utilizing the (H, 1)-quasiseparable matrix structure, an efficient O(mn)
construction algorithm can be formulated for all sets of polynomials which are
orthonormal with respect a discrete inner product with nodes on a generalized
circle in the complex plane. This is used in the following section to obtain a
unified framework for numerically reliable identification in the Laplace domain,
the Z-domain and the δ-domain.

4.5

A Unified Framework for Numerically Reliable
Identification

In this section the results from Section 4.4 are applied to obtain a unified framework for numerically reliable system identification.

4.5.1

Identification Approach

The unified identification approach as proposed in this chapter is summarized
in Figure 4.3. In particular, it is shown how, starting with FRF data of a given
system, a system model is identified using a class of well-known identification
algorithms in combination with numerically optimal polynomial basis functions
expressed in either the Laplace domain, the Z-domain or δ-domain.
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Obtain FRF data
⇒ G̃(ωi )

ωi

Choose parametrization
⇒ ξ(ω) = δ/z/s

G̃i

ξi

ID algorithm, e.g., SK/GN, Alg. 1 & 2, Section 4.2.1
⇒ identified plant Ĝ(ξ) (after iterations converge)

Ĝ(ξ)

Reformulate ID problem as pol. ls. problem, (4.10)
⇒ nodes & weights, ξi , wi and rhs vector yi

ξi , wi

wi , yi

Update algorithm: chasing down the
diagonal, sections 4.3.4 and 4.4.4
⇒ (H, 1)-qs generators, see (4.74)

ξi , di , qi , gi , hi , bi
Recurrence relations, Section 4.4.3
(4.75)-(4.78) and Table 4.1
⇒ orthonormal polynomial basis Φ

Φ
Compute solution, Section 4.3.3 (4.35)-(4.36) p(ξi , θ)
⇒ solution polynomial p̂(ξi , θ̂)

Figure 4.3: Unified numerically reliable identification approach.

Remark 4.2. When the computed matrix Q = W Φ is not sufficiently unitary,
as determined by some user-defined metric, e.g., if κ(Q) > 1 + εtol for some
tolerance εtol , then an additional re-orthogonalization step can be performed by
explicitly solving the over-determined system of equations (4.15) using a standard
solver, e.g., a QR-solver, instead of using (4.36)-(4.37).
A requirement for the viability of the proposed approach for system identification, is that the obtained solution polynomials are real-valued. How to make
sure real-valued polynomials are obtained, is considered next.

4.5.2

Real-Valued Polynomials

An effective approach to obtain real-valued orthonormal polynomial basis functions, is the chasing two-down the diagonal approach, as is proposed in, e.g.,
Van Herpen et al. (2016, 2014b). In this approach all the complex conjugate
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data-triples are added in pairs, i.e.,


∗ T
wc = w1 w1∗ · · · wm wm
,


∗
∗
Xc = diag ξ1 ξ1 · · · ξm ξm ,

(4.86)
(4.87)

and then the following transformation is performed


1
1 j
T0 = √ Im ⊗
,
1 −j
2
wr = T0H wc
√ 
T
= 2 Re(w1 ) Im(w1 ) · · · Re(wm ) Im(wm ) ,
Xr =

(4.88)

(4.89)

T0H Xc T0





Re(ξ1 ) −Im(ξ1 )
Re(ξm ) −Im(ξm )
=
⊕ ··· ⊕
,
Im(ξ1 ) Re(ξ1 )
Im(ξm ) Re(ξm )

(4.90)

after which all calculations can be performed on real coefficients, effectively leading to a factor two reduction in computational complexity. However, in this
chasing two-down approach, a block of two node-weight pairs, each other’s complex conjugates, has to be added and chased down the diagonal in conjunction.
This leads to a larger non-trivial block on which to perform the calculations
since simultaneously adding two bulge elements below the first sub-diagonal of
the Hessenberg matrix does increase the rank of the corresponding lower diagonal blocks, which due to rank symmetry will also cause the upper diagonal
blocks to become rank 2.
In this chapter, this problem is handled by making sure all the complex conjugates of the nodes and weights are added in pairs, as in (4.86)-(4.87), but
still performing the chasing operations in complex arithmetic on single bulge
elements. After every second update step, i.e., when a complex conjugate pair
has been added, the (H, 1)-quasiseparable generators are all real apart from
possible numerical errors, therefore after every second update step all imaginary
parts of the generators are set to zero. This approach does not fully utilize the
conjugate symmetry inherent in the problem to maximally reduce the computational complexity, however it is effective and numerically reliable. Implementing
the chasing two-down approach for the quasiseparable Hessenberg matrix case
is considered as future work.

4.6

Example

In this section the numerical advantages of the proposed approach are shown
using a simulation example.
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isolated payload
θx z

θz

payload

x y θ
y
IM3

IM2

d
dx,i z,i

IM4
IM1

kz,i dy,i
ky,i

kx,i

B
base frame

base frame
isolator module (IM, close-up)

Figure 4.4: Schematic representation of the AVIS showing the base frame, isolated
payload and four isolator modules.

4.6.1

System Description

The simulation example used here is based on a model of an Active Vibration
Isolation System (AVIS) as detailed in Beijen et al. (2018). In this model a rigid
isolated payload is connected to a rigid base frame with four isolator modules, as
shown in Figure 4.4. The isolated payload has six rigid-body degrees of freedom
which leads to a McMillan degree of 12. Each isolator module is modeled as
three linear springs and dampers, as shown on the right of Figure 4.4.
In this chapter, the SISO transfer function is considered that represents the
off-diagonal coupling between a moment Mx , applied to the payload in the θx
direction and the resulting rotation in the θy direction. The Bode diagram of
this transfer function is shown in Figure 4.5. This is a relevant case study in
the context of the present chapter, since the relevant dynamics for this system
are mainly present in the low frequency range, while the sampling frequency is
typically rather large, potentially leading to numerical issues in the case where
a Z-domain parametrization is used.

4.6.2

Methods

The true system G0 (ξ) is given by
G0 (ξ) =

n0 (ξ)
.
d0 (ξ)

(4.91)

In this simulation example, the denominator polynomial d0 (ξ) is estimated from
simulated FRF data of the system, G̃(ξi ), and it is assumed that the true numerator polynomial n0 (ξ) is known. This is done to reduce the identification
problem to a scalar polynomial least-squares problem as is considered in this
chapter. The vector polynomial case is not considered further here, but follows
along the same lines as is explained in Section 4.7.
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Figure 4.5: Bode-diagram of the simulation model, based on a rigid-body AVIS model
from moment Mx to rotation θy .

The simulated FRF data G̃(ωi ) is given as,
G̃(ωi ) = G0 (ξi ) + Ni

(4.92)

where Ni is randomly generated, circularly complex normally distributed noise
with zero mean and a variance which is constant for all i with a value of 0.1 times
the median absolute value of G0 (ξi ). In this example 103 frequency points, ωi ,
are considered which are logarithmically spaced between 0.5 and 10 Hz.
To identify the denominator polynomial from this data, ten iterations of the
SK-algorithm, Algorithm 4.2, are used where N̂ (ξi , θ) is replaced with n0 (ξi ) and
where D̂(ξi , θh0i ) = 1. This identification procedure is performed using three
different approaches. First, in the Z-domain using the Schur parametrization of
Section 4.3.5.2 to represent the Hessenberg recurrence matrix and to perform the
chasing operations with a computation complexity of O(1), which is implemented
as a rotation-chasing algorithm as used in, e.g., Vandebril (2011). Second, in the
Z-domain using the proposed approach of Section 4.5 where the computations
are performed on the quasiseparable generators that represent the Hessenberg
recurrence matrix. Third, in the δ-domain, also using the proposed approach of
Section 4.5.
These three identification approaches are all implemented and performed for
increasing sampling frequencies and in both double precision and single precision
floating-point arithmetic. To compare the performance of the approaches, two
metrics are used, first is the conditioning of the matrix Q = W Φ, which should
be equal to 1 when the orthogonalization procedure is successful. To quantify
the orthogonalization performance, the geometric mean of κ(Q) − 1 over all
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10 10
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Figure 4.6: Geometric mean of κ(Q) − 1 for different sampling frequencies, single precision without re-orthogonalization. Shows the results for the Z-domain approach with
Schur parametrization (red dash-dotted), the Z-domain approach with quasiseparable
parametrization (yellow dotted) and the δ-domain approach proposed in this chapter
(blue solid).

iterations is considered, i.e.,
µg {κ(Q) − 1} =

10 
Y

1/10
κ(Qhli ) − 1
.

(4.93)

l=1

As a second metric the converged cost function is considered which is determined
here as the arithmetic mean of cost function values of the last three iterations,
i.e.,
10
1 X hli
Vconv =
V ,
(4.94)
3
l=8

where,
V

hli

=

m
X
i=1

wi

G̃(ξi ) −

n0 (ξi )
ˆ i , θhli )
d(ξ

!

2

.

(4.95)

Whenever an invalid number, i.e., ±∞ or NaN, is encountered it is replaced
by the maximum conditioning number for determining µg {κ(Q) − 1} and for
determining Vconv the last three valid values for V hli are used.

4.6.3

Results

In this section, the results are presented for the AVIS example. First, the results
related to the conditioning of the matrix Q = W Φ are presented. Next, the
results related to the converged cost function values are presented.
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Conditioning Results

In Figure 4.6, the conditioning results, i.e., µg {κ(Q) − 1}, are shown for different
sampling frequencies. The results in this figure can be interpreted as a measure
for the numerical loss of significance encountered in the orthogonaliztion procedure. From this figure it is clear that the numerical performance of the δ-domain
approach is superior to that of both Z-domain approaches. Furthermore it is
clear that for the δ-domain approach, this loss of significance does not scale
with the sampling frequency, whereas for both Z-domain approaches it does. In
fact, closer inspection reveals that for the Z-domain approach with the Schur
parametrization the numerical loss of accuracy initially scales quadratically with
the sampling frequency and for the Z-domain approach with the quasiseparable
parametrization it scales linearly with the sampling frequency. After the initial
linear and quadratic scaling, a sharp increase in the numerical loss of accuracy
can be observed once κ(Q) − 1 > 1, which can be viewed as a sort of threshold
after which a loss of orthogonality occurs. After this sharp increase a plateau is
reached for κ(Q), but since this plateau is in the order of 1/ where  is equal
to the machine precision, this is simply indicative of a total loss of numerical
significance and this plateau is likely a consequence of the numerical limitations
of the algorithm used to estimate the conditioning number.
The difference in the numerical performance of the considered approaches
can be explained from the fact that, when a limited frequency range is considered as is done here, the node matrix X for the Z-domain converges to the
identity matrix for increasing sampling frequencies. As a consequence the Hessenberg recurrence matrix H = QH XQ also converges to the identity matrix for
increasing sampling frequencies, leading to the numerical issues as is investigated in Section 4.2.3. Furthermore, while the main diagonal in the quasiseparable
parametrization is parameterized simply as di , the main diagonal in the Schur
parametrization is parameterized quadratically as ρ∗i−1 ρi leading to the quadratically worse numerical loss of significance.
4.6.3.2

Converged Cost Results

The converged cost function values are depicted in figures 4.7 and 4.8, which
respectively show the results using no re-orthogonalization, as described in Remark 4.2, and the results where re-orthogonalization is used. In these figures it
can be seen that for the lowest sampling frequencies all the considered approaches in Z-domain and δ-domain lead to the same cost function values. This
should be the case since, apart from the numerical properties, all the considered approaches are equivalent and should yield the exact same results. For the
case without re-orthogonalization, as depicted in Figure 4.7, the cost function
values start to diverge at relatively low values of the sampling frequency. It
is observed that the performance of the Z-domain approach using the Schur
parametrization starts to deteriorate first around a sampling frequency of 300
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Figure 4.7: Converged cost for different sampling frequencies, single precision without re-orthogonalization. Shows the results for the Z-domain approach with Schur
parametrization (red dash-dotted), the Z-domain approach with quasiseparable parametrization (yellow dotted) and the δ-domain approach proposed in this chapter (blue
solid).

Hz. The Z-domain approach using the quasiseparable parametrization starts
to show performance degradation from a sampling frequency of 1 kHz. The δdomain approach proposed in this chapter shows no degradation in performance
as the sampling frequency increases.
From Figure 4.8, it is observed that re-orthogonalization can help to increase
the range of sampling frequencies for which the performance of both Z-domain
approaches does not deteriorate. However, this does not solve the underlying
numerical issues, but merely mitigates their effects. For the purpose of obtaining a numerically reliable identification approach, this re-orthogonalization step
therefore does not add much. It is clear from these results that the proposed
δ-domain approach does solve the underlying numerical challenges that exists
for the identification of fast sampled systems in discrete time.

4.7

Conclusions and Outlook

In this chapter, a unified numerically reliable system identification approach is
developed using data-dependent orthogonal polynomials. This approach enables
numerically reliable identification in the discrete-time δ-domain which has significant numerical benefits especially for fast-sampled systems. In Section 4.4, it
is shown how earlier results on discrete orthogonal polynomials on the real-line
and unit-circle, as described in Section 4.3.5, can be extended to obtain a unified framework for the fast construction of discrete orthogonal polynomials on
generalized circles using quasiseparable Hessenberg matrices. This unified datadependent orthogonal polynomial framework is subsequently use in Section 4.5

4.7 Conclusions and Outlook
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Figure 4.8: Converged cost for different sampling frequencies, single precision with
re-orthogonalization. Shows the results for the Z-domain approach with Schur parametrization (red dash-dotted), the Z-domain approach with quasiseparable parametrization (yellow dotted) and the δ-domain approach proposed in this chapter (blue
solid).

to obtain a unified approach for numerically reliable system identification where
problems expressed in Laplace-domain, Z-domain and δ-domain can all be solved
with the same algorithms.
In Section 4.6, a simulation example based on an Active Vibration Isolation System is presented. From the results of this simulation example it can be
concluded that the proposed δ-domain approach is numerically superior to the
alternative Z-domain approaches. Furthermore, the Z-domain approach which
utilized the proposed unified framework with the quasiseparable parametrization outperforms the Z-domain approach using the Schur parametrization as
proposed in earlier works.
Throughout this chapter, scalar polynomial least-squares problems have been
considered. To identify rational system models and to be able to handle systems
with multiple inputs and outputs, the problems that need to be solved involve
vector polynomials, as is shown in, e.g., Bultheel and Van Barel (1995). To
extend the results shown in this chapter to the vector polynomial case involves
extending the scalar quasiseparable generator description to a block-generator
description as in, e.g., Vandebril et al. (2008a, Chapter 12). Furthermore the
chasing operations have to be adjusted accordingly to accommodate this blockquasiseparable structure. The main theoretical arguments such as the shifting
and scaling operations of Lemma 4.1 that allows the straightforward extension
of the results from the real-line and unit-circle cases to all generalized circles
as well as the notion of rank symmetry, all remain valid when considering the
vector-polynomial case.

Part III

Applications and Control

Chapter 5

Inferential Disturbance-Observer Based
Control: With Application to a Flexible
Wafer Stage

Increasingly stringent performance requirements for next-generation motion systems necessitate that structural deformations, induced by actuation and disturbance forces, are explicitly taken into account. This leads to an inferential
control problem where the performance variables, which need to be controlled,
are not measured directly. The aim of this chapter is to develop a framework for
estimating the unmeasured performance variables and unknown disturbance forces in flexible motion systems. The proposed method is to estimate the internal
deformations using a disturbance observer. The required models are obtained
by means of an observer-relevant system identification approach. Experimental results confirm that this disturbance-observer based approach significantly
improves the estimation of the unmeasured performance variables.

5.1

Introduction

In precision manufacturing equipment, the quality of the final product is determined by the positioning accuracy of certain critical components, e.g., the
printhead in printing systems, or the point-of-exposure on a wafer in photolithography (Bolder and Oomen, 2016; Oomen et al., 2015). The positions of
these components are often not measured directly in real-time, either due to
practical limitations or cost considerations (Bolder and Oomen, 2016). To control these unmeasured performance variables, these need to be inferred from
This chapter is based on: Voorhoeve, R., Dirkx, N., Mooren, N., and Oomen, T. Inferential
disturbance-observer based control – with application to a flexible wafer stage. Submitted for
journal publication. Preliminary results appeared as Voorhoeve et al. (2016b).
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measured variables from sensors, which are non-collocated with the performance
variables. This inference requires the use of an appropriate model of the system
dynamics and is known as inferential control. In this chapter, an observer-based
approach is presented to accurately infer these unmeasured performance variables for use in inferential control.
In a departure from traditional motion control, increasingly stringent performance requirements lead to a situation where internal deformations can no
longer be neglected. Indeed, in many traditional motion control applications,
neglecting the internal deformations is justified because of the lower accuracy
and acceleration requirements. When such a rigid-body approximation is used,
a static, linear mapping between the sensor variables and the performance variables can be derived. This significantly simplifies the control problem. When
taking internal deformations into account, as is required for next-generation motion systems, a situation arises where such a static mapping from the sensor
outputs to performance variables can no longer be formulated (Oomen et al.,
2015). Furthermore, the relation that exists between the system inputs, the sensor variables and the performance variables is often both dynamic and position
dependent (De Rozario et al., 2017b). This causes the control of next-generation
motion systems to be a challenging inferential control problem.
Apart from the known system inputs, unknown disturbance forces affect the
performance of motion systems. Examples of common exogenous disturbances
include friction forces, disturbances caused by linked bodies such as the cable
schlepp (Hoogerkamp et al., 2014), and load-side disturbances for environmentinteractive systems (Oh and Kong, 2017). These disturbance forces are often
low-frequency disturbances for which the point of application is not collocated
with the actuators. This means that these disturbances cannot be considered
as equivalent input disturbances of the system when the flexible dynamics of
the system are taken into account, i.e., these must be considered as mismatched
disturbances (Chen et al., 2016). This further complicates the inferential control
problem and leads to a situation where the modeling and estimation of these
disturbances is a key aspect in improving the inferential performance.
Recently, in Oomen et al. (2015), an H∞ -optimal inferential motion control
framework has been proposed. The performance of this H∞ -optimal approach
relies heavily on the modeling effort, as it requires an accurately identified nominal model over a large frequency range with a well-defined corresponding model
uncertainty. Furthermore, the handling of mismatched force disturbances in this
approach is a topic of further research as well as the weighting filter design for the
9-block control problem (Oomen et al., 2015), which is generally quite involved.
Also, the synthesized controllers are difficult to interpret and fine-tune in order
to achieve the desired performance. Overall this leads to a method which can
be effective if properly applied, but which is relatively complicated and requires
further research and development, e.g., on guidelines for weighting filter design.
It is aimed in this chapter to develop a more intuitive and transparent two-step,
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observer-based approach.
To explicitly model, estimate and counteract the disturbances and their influence, an extended-state observer or disturbance-observer based approach can
be utilized, as in, e.g., Han (2009); Johnson (1971); Ohishi et al. (1988); Profeta et al. (1990); Schrijver and van Dijk (2002). For a recent overview on
disturbance-observer based control, see, e.g., Chen et al. (2016); Li et al. (2014).
The disturbance-observer control approach shows promising results for the suppression of several types of disturbances in multiple applications, such as torque
disturbances in target tracking systems (Profeta et al., 1990), load dynamics in
series elastic actuators, (Oh and Kong, 2017; Sariyildiz et al., 2017), and cable
schlepp disturbances in wafer stages (Hoogerkamp et al., 2014). Most of the
theory and applications of disturbance-observer based control consider the case
of matched disturbances where the disturbances can be considered as additive
disturbances on the system input, see, e.g., Sun et al. (2017). In this chapter the
more challenging mismatched disturbance case is considered, as in, e.g., Chen
et al. (2016); Sariyildiz et al. (2017). Furthermore, traditional control problems
where performance is specified for directly measured variables are mostly considered in the disturbance observer literature, as opposed to the inferential control
problem considered here.
Although significant progress has been made on the inferential control problem in mechatronic systems, currently proposed approaches can be relatively
opaque and complex. The aim of this chapter is to develop a two-step, observerbased approach. Using a disturbance-observer to explicitly model and estimate
the influence of the disturbances, an accurate estimate of the performance variables is obtained for subsequent feedback control, transparently connecting the
inferential estimation problem with standard feedback control approaches. In
this chapter, it is specifically shown how these observers are utilized in an inferential control setting with mismatched disturbances, i.e., where the measured
variables do not correspond to the performance variables and the disturbances
cannot be regarded as equivalent actuator-signals.
Integral to successful observer design is the availability of an accurate model
of the relevant system dynamics. To obtain such a model, a frequency domain
system identification approach is proposed. This approach is specifically tailored
to emphasize the relevant dynamics such that they are accurately identified and
included in the model. This method of specifically tailoring the identification
routine to suit the goal of the model is also used in identification for feedback
control, see, e.g., Gevers (1993); Oomen and Bosgra (2012); Schrama (1992).
The main contribution of this chapter is the development of a disturbanceobserver framework for inferential control. The following sub-contributions are
identified:
1. An analysis of the inferential control problem revealing that traditional
controller structures are insufficient to obtain simultaneous disturbance
rejection and reference tracking, and establishing an observer-based struc-
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ture that does satisfy these requirements.

2. The development, implementation and validation of the disturbance observer approach for a prototype wafer stage setup, including
(a) an observer design approach specifically tailored to deal with lowfrequency disturbances,
(b) an identification approach to obtain low order models, containing the
observer-relevant dynamics,
(c) an experimental validation of the designed observers on the wafer
stage setup.
Preliminary results of this research are presented in Voorhoeve et al. (2016b),
which this chapter extends primarily by contributions 1 and 2b.
This chapter is organized as follows. In Section 5.2, the prototype waferstage setup is introduced and the inferential control problem is formulated. In
Section 5.3, the inferential control problem is investigated and several inferential
control approaches including the proposed observer-based approach are analyzed, constituting Contribution 1 of this chapter. In Section 5.4, the proposed
observer structure and general design approach are presented, which constitutes
Contribution 2a. In Section 5.5, the observer design approach is analyzed in a
simulation study. In Section 5.6, the identification problem is considered and an
observer relevant system identification procedure is proposed, which constitutes
Contribution 2b. In Section 5.7, the validation experiments, for observers designed using the proposed approach, are presented, this constitutes Contribution
2c. In Section 7, the conclusions of this chapter and an outlook on ongoing
research are presented.

5.2

Experimental Setup and Problem Formulation

This section introduces the prototype wafer stage, which is used for experimental
validation of the observer-based method that is proposed in this chapter. Also,
the expected dynamic behavior for the wafer stage system is analyzed and the
specific observer design problem for this setup is formulated.

5.2.1

Experimental Wafer Stage Setup

The considered experimental setup is a prototype wafer stage. This system has
been designed to reflect the envisaged lightweight system designs of future wafer
stages, exhibiting clear flexible dynamical behavior. Also, the stage is designed
to have an adjustable input/output configuration, enabling the addition of extra
sensors and actuators at various points in the setup. The system dimensions are
600×600×60 mm, theoretically enabling the use of 450 mm wafers. Hence, it is a
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Figure 5.1: Schematic top view and picture of the experimental setup, showing the
actuator and sensor configuration.

relevant industrial prototype when compared to, e.g., the prototype lightweight
system used in Oomen et al. (2015).
A schematic top view and picture of the setup are shown in Figure 5.1, which
shows the actuator and sensor locations for the system as used in the experimental part of this chapter. A distinction is made between the sensors and actuators
in the in-plane and the out-of-plane directions. In this chapter, only the outof-plane direction is considered, since these exhibit the largest deformations in
view of the control objective.

5.2.2

Wafer Stage Positioning

In a wafer scanner, a pattern is sequentially projected onto hundreds of separate
dies on a wafer. In the positioning control of a wafer stage, the performance
variables are the position and orientation of the die, or section, on the wafer
that is currently being illuminated. It is not possible to directly measure the
position of points on the wafer, so the sensors are typically located at the edges
of the wafer table. The control goal of minimizing the positioning error at the
performance location is defined as follows.
Definition 5.1 (Control goal). Given a desired reference trajectory, rz (t), for
the performance variable, z(t), minimize the error,
ez (t) = rz (t) − z(t).

(5.1)

In the specification and analysis of the wafer positioning performance, a
distinction is made between low frequency and high frequency errors, which
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determine the overlay accuracy and the feature blur respectively. These distinct
errors are typically quantified by the moving average (MA) and the moving
standard deviation (MSD), respectively:
1
MAz (t) =
T
s
MSDz (t) =

Z

t+T /2

ez (τ ) dτ ,

(5.2)

t−T /2

1
T

Z

t+T /2

(ez (τ ) − MAz (τ ))2 dτ .

(5.3)

t−T /2

The overlay performance, which is an important specification for the market position, directly improves with a decreasing moving average error. This in turn, due
to the low-pass characteristic of the MA, emphasizes the low-frequency tracking
error ez in (5.1). The MSD performance, which has a high-pass characteristic, is
related to feature blur for which the performance requirements are generally less
stringent. Therefore, in this chapter the focus is on improving the low-frequency
performance.
The mechatronic system described in Section 5.2.1 is designed to exhibit
highly reproducible and linear dynamic behavior. The models used in this chapter are therefore all linear and time invariant (LTI). Due to the emphasis on low
frequency (MA) performance and considering the dominant disturbance sources
to be low-frequency, the model is aimed to be especially accurate at low frequencies. Therefore, the rigid-body behavior of the systems needs to be modeled
accurately. The high-frequency resonant behavior of the system is not expected
to contribute significantly to the considered performance and thus accurate modeling of this high-frequency behavior is not necessary. Nonetheless, the flexible
modes of the system also contribute to the low-frequency behavior of the system,
through their so-called compliant contribution (Boerlage, 2006). The distinction
between the compliant and resonant contributions of a flexible mode is shown
in Figure 5.2.
An infinite number of flexible modes are necessary to completely describe the
dynamical behavior of mechanical structures such as a wafer stage (Gawronski,
1998), i.e.,
∞
X
(cmqi + jωcmvi ) bmi
G
(ω) =
,
(5.4)
ωi2 − ω 2 + 2jζi ωi ω
i=1
with cmqi , cmvi ∈ Rny ×1 and bmi ∈ R1×nu . Note that for proportionally damped
systems cmvi = 0, this is also known as modal damping. All of these flexible
modes have a compliant contribution in the low-frequency region. To accurately
approximate this behavior using low-order models, the sum of the compliant
contributions of all flexible modes that are not included in the model is lumped
together. This lumped compliance can be included in the model as a constant
term, or, if a strictly proper model is preferred, appropriate low pass filters can
be used.
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Figure 5.2: Compliant and resonant behavior of a flexible mode.

5.2.3

Exogenous Disturbances

In this chapter, the immersion hood disturbance, one of the dominant disturbances in present wafer scanners, is used as an example to show the potential
of the proposed approach. In immersion lithography, the air gap between the
final lens and the wafer is replaced by purified water, thereby enhancing the
achievable resolution of the lithography tool. The immersion hood contains the
water between the lens and the wafer and thereby exerts an unknown force on
the wafer causing it to deform. The force exerted on the wafer stage by the
immersion hood is considered here as a stochastic disturbance with a non-zero
mean and predominantly low-frequency fluctuations due to the movement over
the wafer.
The location at which the immersion hood disturbance acts on the wafer stage
is considered to be fixed in this chapter. In operational practice, however, the
immersion hood moves over the wafer making the immersion hood disturbance
position dependent. The position at which this disturbance force acts is known a
priori and therefore the proposed observer based approach can still be effectively
utilized, albeit using position dependent models for the system dynamics instead
of LTI models. Obtaining such position dependent models and extending the
proposed approach to take the position dependency into account is a topic of
ongoing research, see Chapter 6 for results in this direction.

5.2.4

Inferential Control Problem

In many motion control applications, moderate performance requirements justify
assuming the structures are rigid, i.e., the structural deformations are negligible. Using this rigid-body approximation, the position of all points on the rigid
structure can be determined from kinematics using a limited set of the sensor
measurement y(t). Accordingly, the performance variables z(t), i.e., the position
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d
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ẑRB
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u2

z

Figure 5.3: Schematic 2-D deformed structure, showing non-collocated performance
location z (green), sensors yi (cyan), disturbance d (orange), actuators ui (red) and
rigid body estimation ẑRB (dark blue).

of the point where performance is required, can be directly estimated from the
measured outputs through a static linear transformation, i.e.,
ẑ RB (t) = T y(t),

(5.5)

nz ×ny

where T ∈ R
relates the output signals y(t) to the rigid body estimate of
the performance variables ẑRB (t).
In this chapter, the situation is considered where the structural deformations
are significant, this situation is schematically shown in Figure 5.3. In this figure,
the performance location z is depicted in green while the rigid-body estimation
of this location ẑRB is depicted in dark blue. The discrepancy between these
points clearly shows that when the structural deformation is significant (5.5)
cannot be used to accurately estimate the performance variables z. This is the
inferential performance aspect that is considered in this chapter and is denoted
in the rest of this chapter as z * y.
In addition to this inferential aspect, the disturbances d acting on the system are also distinct from the system inputs u. It is not possible to transform
these disturbances to equivalent disturbances in the input channels through some
change of coordinates. This is the mismatched disturbances case and is denoted as d * u. The inferential control problem of achieving the control goal of
Definition 5.1 under the influence of mismatched disturbances d is defined as
follows.
Definition 5.2 (Inferential control problem). For a given reference trajectory
rz (t) and using the available sensors signal y(t), design a linear control law
u(t) = K(rz (t), y(t)) ,

(5.6)

such that the error ez (t) given in (5.1) is minimized. This means that i) the
unmeasured performance output of the system z(t) * y(t) accurately tracks the
reference rz (t), and ii) the influence of the mismatched disturbances d(t) * u(t)
on the tracking performance is minimal.
The considered situation where z * y and d * u, fits into the standard
plant framework of Skogestad and Postlethwaite (2005). Therefore, this is the
framework used throughout this chapter.

5.3 Inferential Control Structure

r

e
−

Kfb
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Figure 5.4: Conventional feedback control scheme.

5.3

Inferential Control Structure

In this section, the inferential control problem is investigated. It is shown that
the conventional single degree-of-freedom control structure is incapable of providing satisfactory performance in the considered inferential control setting. Furthermore, it is shown that the inferential control problem can be solved using the
proposed observer based control structure. For notational simplicity the time
and frequency arguments, i.e., t, ω, s, of signals and systems are omitted in this
section.

5.3.1

Conventional Single Degree-Of-Freedom Control

The conventional feedback control scheme as depicted in Figure 5.4 is commonly
used for control problems where y = z, or similarly where a static transformation
such as in (5.5) can be used to transform the sensor outputs y to an appropriate
estimate of the performance variables z. In this case,
e = r − y = So r − So Gyd d ,

(5.7)

where So = (I +Gyu Kfb )−1 . When the sensitivity function So is minimized, both
the reference tracking and the disturbance rejection are improved simultaneously.
Minimizing So is achieved by having a large loop-gain Gyu Kfb  I since then
So = (I + Gyu Kfb )−1 ≈ (Gyu Kfb )−1 . Maximizing the loop-gain can be achieved
by using a high-gain feedback controller Kfb . This simple principle of high-gain
control is one of the main reasons for the success of feedback control, as it requires
only very approximate model knowledge to implement. Indeed, to design highgain controllers essentially involves knowing the limit of the control gain that
can be achieved without potentially destabilizing the closed-loop system.
If the feedback control scheme as shown in Figure 5.4 is used for an inferential
control problem where z * y and d * u, the error between the reference in the
performance variable rz and z is given by,
ez = rz − z = Sz rz − Tzd d

(5.8)

Sz = I − Gzu Kfb So ,
Tzd = Gzd − Gzu Kfb So Gyd .

(5.9)
(5.10)

where
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Figure 5.5: Two degree-of-freedom controller structures.
In this case, it is generally not possible to simultaneously satisfy Sz = 0 and
Tzd = 0, as they both require different controllers, since
Kfb So = G−1
zu
Kfb So =

−1
G−1
zu Gzd Gyd

⇒

Sz = 0 ,

(5.11)

⇒

Tzd = 0 .

(5.12)

Furthermore, neither Sz = 0 nor Tzd = 0 is achieved using a high-gain controller,
since for Gyu Kfb  I,
Sz ≈ I − Gzu G−1
yu ,
Tzd ≈ Gzd − Gzu G−1
yu Gyd ,

(5.13)
(5.14)

which are both generally unequal to zero.
Note that here, and throughout this section, it is assumed that systems are
square when considering their inverse. The arguments presented here can be
extended to non-square system by clearly distinguishing the left inverse and
right inverse of systems but this is not done here to simplify the exposition.
This analysis shows that for inferential control additional freedom is required in the controller structure to provide simultaneous disturbance rejection and
reference tracking. To provide the additional freedom in the controller structure, several two degree-of-freedom controller structures are investigated in the
following section.

5.3.2

Inferential Two Degree-Of-Freedom Control

As is shown in the previous section, the conventional single degree-of-freedom
controller structure combined with a high-gain controller no longer satisfies the
control goal of simultaneous disturbance rejection and reference tracking when an
inferential control problem is considered. To satisfy this control goal, additional
freedom in the controller structure is required. This additional freedom can be
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provided by considering two degree-of-freedom controller structures, of which
several are depicted in Figure 5.5.
The most general two degree-of-freedom controller is the unstructured case,
shown in Figure 5.5 as (CS-1), where
 
r
u = K2DOF z ,
(5.15)
y
imposing no additional constraints on the structure of K 2DOF . This configuration is used in, e.g., Oomen et al. (2015), to solve the two degree-of-freedom inferential control problem using an H∞ -optimal approach. Such a model-based controller design approach can be effective but its successful application is strongly
dependent on the quality of the underlying system model. Furthermore, the
synthesized inferential controllers are often of a high order and can be hard to
understand due to the lack of a general design principle, such as the principle of
high-gain control in the conventional feedback problem. This also makes these
controllers difficult to re-tune or fine-tune to achieve the desired performance.
In this chapter, structured two degree-of-freedom controllers are considered
that facilitate a more transparent design procedure. This additional structure is
added to be able to separate the inferential control design problem into:
1. the specification of a suitable error signal to be minimized, e.g., e = rz − ẑ,
2. the conventional feedback control problem aimed at minimizing the obtained error signal, e.
This error signal should have the property that minimization of this error results
in the desired inferential positioning performance, i.e., e → 0 implies z → rz and
vice versa. In the following analysis, it is shown that, of the controller structures
shown in Figure 5.5, only the observer-based structure (CS-4) is capable of
achieving this goal in the case that z * y and d * u.
For the reference-shaping control structure (CS-2), the error signal which is
fed to the feedback controller is given by
e = F rz − y,

(5.16)

if the controller performs as desired, then rz ≈ z, and consequently,
e ≈ Fz − y
≈ F (Gzd d + Gzu u) − Gyd d + Gyu u
≈ (F Gzd − Gyd )d + (F Gzu − Gyu )u ,

(5.17)
(5.18)
(5.19)

which should be approximately equal to zero, regardless of the inputs u or disturbances d. Therefore both F Gzd − Gyd and F Gzu − Gyu should be approximately
equal to zero. This is not possible in general for an inferential problem, i.e.,
where y * z with mismatched disturbances, i.e., where u * d.

136

Chapter 5. Inferential Disturbance-Observer Cased Control
d
u

z

G

y
ẑ
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Figure 5.6: Standard plant with observer.

Similarly, for the output-filter control structure (CS-3), the error signal is
given by
e = rz − Ey ≈ z − Ey
≈ Gzd d + Gzu u − E(Gyd d + Gyu u)
≈ (Gzd − EGyd )d + (Gzu − EGyu )u.

(5.20)
(5.21)
(5.22)

Which has the same problem where the transfer functions from u → e and from
d → e cannot generally be simultaneously equal to zero when y * z and u * d.
For the observer-based structure (CS-4), where ẑ = O1 y + O2 u, the control
error is given by
e = rz − ẑ ≈ z − ẑ
≈ Gzd d + Gzu u − O1 (Gyd d + Gyu u) − O2 u
≈ (Gzd − O1 Gyd )d + (Gzu − O1 Gyu − O2 )u

(5.23)
(5.24)
(5.25)

which for
O1 = Gzd G−1
yd ,

and O2 = Gzu − O1 Gyu

(5.26)

leads to e ≈ 0. This observer structure can also be rewritten as
ẑ = Gzd G−1
yd (y − Gyu u) + Gzu u,

(5.27)

resembling more closely a typical observer structure where the difference between
the observed output y and a simulated output ŷ = Ĝyu u, using a system model
Ĝyu , is used to estimate the influence of unknown disturbances.
This analysis shows that, for the structures considered in Figure 5.5, it is
generally only possible to formulate an adequate control error by using the observer structure (CS-4). The observer in this structure is designed to solve the
earlier listed control goal of obtaining a suitable error signal to be minimized.
Subsequently, a feedback controller Kfb can be designed similar to a controller
in a non-inferential setting as the control goal is again to minimize the error
signal e which is the input of the controller. In the remainder of this chapter,
the observer design problem is considered as this is the essential step in solving
the inferential control problem.

5.4 Observer Design Approach
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Observer Design Problem

In Figure 5.6, the considered situation of a standard plant P with disturbance
observer O is depicted. The observer design problem involves constructing a
dynamic system that accurately reconstructs the performance variables, z, from
the actuation signals, u, and the sensor outputs, y. The observer design problem
is defined as follows.
Definition 5.3 (observer design problem). Using the measured outputs y and
known inputs u of the system P , which is perturbed by mismatched disturbances
d * u, design an observer
 
u
ẑ = O
(5.28)
y
such that the estimation error of the unmeasured performance output z * y, i.e.,
eẑ = z − ẑ ,

(5.29)

is minimized.
A secondary objective for the observer is to provide an estimate of the disturbances d(t) such that this estimate can be used for disturbance-observer based
control, see, e.g., Chen et al. (2016); Li et al. (2014).

5.4

Observer Design Approach

In this section, the proposed observer structure is introduced, including the
general approach for the design of these observers.

5.4.1

Observer Structure

In Section 5.3.2 it is shown that for the estimation error, eẑ in (5.29), to be zero
the observer estimate should be equal to (5.27). To achieve this, a model for
the full standard plant Ĝ can be used to directly build an observer using series
interconnections such that
ẑ = Ĝzd Ĝ−1
yd (y − Ĝyu u) + Ĝzu u .

(5.30)

However, this approach has several potential issues as it requires the explicit
causal inversion of Ĝyd , which is nontrivial (Goodwin et al., 2000, Section 2.6).
Furthermore, the series interconnections do nothing to stabilize the rigid-body
dynamics of the system Ĝ, leading to internal stability problems for such an
observer.
Alternatively, a high-gain feedback interconnection, similar to the conventional feedback control problem considered in Section 5.3.1, can be used to
implicitly obtain this inverse in a causal, stable and implementable way, see,
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Figure 5.7: Illustration of observer as a feedback loop.

e.g., Goodwin et al. (2000, Section 2.6). Consider the interconnection shown in
Figure 5.7, the estimate of the performance variable is then equal to
ẑ = Ĝzd LSO (y − Ĝyu u) + Ĝzu u ,

(5.31)

SO = (I + Ĝyd L)−1 .

(5.32)

with

For a high loopgain, i.e., when Ĝyd L  I, (5.31) yields
ẑ ≈ Ĝzd Ĝ−1
yd (y − Ĝyu u) + Ĝzu u ,

(5.33)

which is equal to (5.27) when Ĝyd L → ∞ and when there are no modeling errors,
i.e., when Ĝ = P . This analysis illustrates the principle of high-gain observers,
where inversion through high-gain feedback is utilized similar to the conventional
feedback control case, see Goodwin et al. (2000, Section 2.6).
The observer design using this feedback principle involves i) obtaining an
accurate system model, which will be discussed in Section 5.6, and ii) designing
the observer gain L. The design of this observer gain is similar to the design
of a high gain feedback controller, the main difference is that the system over
which the feedback loop is closed is known exactly, which is Ĝyd . This makes
guaranteeing the stability of the closed-loop system much simpler. The main
trade-off that has to be considered in this observer gain design problem is the
trade-off between the amplification of measurement noise and the suppression of
disturbances.
In this chapter, this trade-off is made by using the well-known Kalman-Bucy
filtering approach (Kalman and Bucy, 1961). The observer structure for this
approach is the Luenberger observer structure (Luenberger, 1966) as shown in
Figure 5.8. The system matrices in Figure 5.8 are obtained from a state-space
realization of the plant model Ĝ,

 x̂˙ = Âx̂ + B̂u u + B̂d dˆ
Ĝ : ŷ = Ĉy x̂
.

ẑ = Ĉz x̂

(5.34)
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Figure 5.8: Luenberger observer structure for the estimation of unmeasured performance variables.

The closed-loop state-space system equations for this observer structure are given
by

O:

x̂˙ = (Â − LĈy )x̂ + B̂u u + Ly
.
ẑ = Ĉz x̂

(5.35)

The Luenberger observer structure differs from the structure in Figure 5.7 by
considering direct state disturbances dˆx as the output of the observer gain L
ˆ This state disturbance case is a generalization
instead of the disturbance signal d.
which encompasses the case considered in Figure 5.7, as all dˆ can be written as
a direct state disturbance by multiplication with B̂d .
In the Kalman-Bucy filtering approach a constant observer gain matrix, L, is
synthesized aimed at minimizing the steady-state error covariance matrix of the
state-estimate x̂. This optimality is achieved when the observer model is exact,
i.e., Ĝ = P , and when the state disturbances and the measurement noise are
both white zero-mean Gaussian noise with known covariance matrices. However,
the disturbances considered in this chapter have a non-zero constant component
and cannot be considered as white noise sources. The observer should therefore
be designed such that it is possible to mitigate such a constant disturbance. This
is only possible when there is integrating action in the observer gain matrix L,
which is obviously not the case when using the Kalman filtering approach. In
the following section, it is shown how this problem is rectified through the design
of an augmented observer. Here, the plant model used in the observer design is
augmented with a disturbance model containing the desired integrating action.

5.4.2

Augmented Observer Design

To incorporate the behavior of the dominant disturbance sources in the observer
design, a dynamical model that describes the disturbance characteristics is added
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to the system description. This disturbance model is given by

x̂˙ = Aˆd x̂d + B̂d? d?
D : ˆd
,
d = Ĉd x̂d + D̂d? d?

(5.36)

here d∗ is the zero-mean white noise driving disturbance of the disturbance
model. The augmented system model used for the observer design is then given
by the interconnection of (5.34) and (5.36), i.e.,
˙
x̂ = Âx̂ + B̂d Ĉd x̂d + B̂u u + B̂d D̂d? d?


˙
x̂d = Aˆd x̂d + B̂d? d?
Ĝa :
.
 ŷ = Ĉy x̂


ẑ = Ĉz x̂

(5.37)

Using this augmented observer model, the disturbances d? can now be considered
as zero-mean Gaussian white noise sources and therefore the Kalman-Bucy filter
method can be used to obtain a suitable observer gain matrix L.
Using the Kalman-Bucy approach, the observer gain can be obtained by
solving the following Riccati equation for X,
T
0 = X ÂTa + Âa X − X Ĉy,a
R−1 Ĉy,a X + B̂d? ,a Qd? B̂dT? ,a ,

(5.38)

the observer gain is then given by,
T
L = XCy,a
R−1 .

In (5.38), the augmented system matrices of (5.37) are used, i.e.,






Â B̂d Ĉd
B̂d D̂d?
Âa =
, Ĉy,a = Ĉy 0 , B̂d? ,a =
,
0 Âd
B̂d? ,a

(5.39)

(5.40)

furthermore Qd? and R are the co-variance matrices of the disturbances d? and
the measurement noise respectively. To achieve the optimal observer performance, these co-variance matrices should be accurately identified from dedicated
experiments.
The main goal of the experimental case-study presented in this chapter is to
show the potential of the proposed approach to accurately estimate the unmeasured performance variable in the presence of mismatched disturbance forces.
Therefore no such dedicated experiments are performed to identify Qd? and R in
order to achieve the best possible trade-off between the responses to disturbances and measurement noise. In this chapter it is assumed that the measurement
noises on the different sensors are all uncorrelated and of equal intensity, i.e.,
R = rI. The scaling factor r is then used as a design variable to tune the observer gain, i.e., a low value for r leads to a high observer gain and high value
for r leads to a lower observer gain.

5.5 Observer Design: Simulation Study
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Figure 5.9: Comparison of a high-gain and a low-gain observer. Shows the response
from disturbance d to eẑ = z − ẑ for the rigid body estimation (green, dotted), low
gain observer (red, dash dotted) and high gain observer (blue, solid).

5.5

Observer Design: Simulation Study

To investigate the effect of the design choices in the observer design for the wafer
stage application, a simulation study is performed using a first principles finiteelement model of the prototype wafer stage system. This model is representative
of the general behavior of the system, but is not accurate enough to be used as
the system model for observer design.
In Figure 5.9, a comparison is shown between a high-gain and a low-gain observer, showing the response from disturbance d to estimation error eẑ = z − ẑ.
This figure clearly shows that the high-gain observer leads to much better lowfrequency disturbance rejection than both the rigid body estimation and the
low-gain observer. The frequency range in which disturbances are rejected is
also improved for the high-gain observer. For the considered case, the modeled
force disturbances are expected to be the most important cause of errors at the
performance location, and due to the use of high quality sensors, the measurement noise is relatively small, so a high gain observer is preferred.
To investigate the influence of using low-order system models in an observer,
low-order approximations are derived from the full-order finite element model.
Also, a model is considered where the compliance parameters of the model are
intentionally perturbed with respect to their true values, in order to investigate
the influence this has on the observer performance. The results of this simulation
study are shown in Figure 5.10.
In Figure 5.10, it can be seen that all models lead to an improved disturbance
rejection in the low-frequency region. The lowest order model (red, dash-dotted
line), which does not include the first resonance, no longer leads to improved
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Figure 5.10: Comparison of observers with different models. Shows the response from
disturbance d to eẑ = z − ẑ for the rigid body estimation (green, dotted) and the observer with models containing, RB+compliance (red, dash dotted), RB+compliance+1st resonance (blue, solid), RB+compliance+1st -resonance with perturbed parameters
(orange, dashed).

performance in the vicinity of the first resonance. The other two models show
similar performance except that the model with perturbed parameters shows
poorer performance in the lowest frequency region due to the discrepancy in the
compliance.

5.6

Experimental Case-Study: System Identification

To identify the low-order system models as described in Section 5.2.2, a frequency
domain system identification procedure is used. Both the non-parametric identification of the frequency response function (FRF) and the parametric modeling
procedures are specifically tailored to enhance the modeling accuracy in the
low-frequency region.

5.6.1

Non-Parametric Identification

As a first step, the non-parametric FRF of the system is estimated. Measurements are performed using multiple realizations of random phase multisines in
a closed loop setup. In these measurements, one direction (one actuator) is perturbed with the identification signal in each separate experiment, simplifying the
full MIMO identification procedure to multiple SIMO measurements. The excitation signals in all these measurements are designed such that only frequencies
in the low- to mid-frequency region (1-150 Hz) are excited. Additional empha-
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sis is placed on accurately identifying the FRF in the low-frequency region by
scaling the multi-sine excitation amplitudes in an affine manner with respect to
their frequency, i.e.,
U (Ωk ) = (Uc − αk)ejθk ,
(5.41)
where Uc is a constant amplitude level, α determines the slope with which the
amplitudes reduce with increasing frequencies and θk is a randomly generated
phase-angle, sampled from a uniform distribution between −π and π radian for
each excited frequency line k.
The non-parametric estimate of the plant FRF, as well as an estimate of
the covariance of this estimate, is obtained using standard averaging techniques
as described in Pintelon and Schoukens (2012, section 4.3). In the subsequent
parametric identification step this FRF is used to obtain a system model that
best describes the FRF.

5.6.2

Parametric Identification

In the parametric identification procedure, low-order system models, as described in Section 5.2.2, are parameterized and fitted to the estimated FRF.
Two models are fitted to the data. This is done both to investigate the effect
of modeling errors on the observer performance and to assess the viability of
the observer approach in a situation where there is clear under-modeling. These
two models are parameterized such that they are able to accurately model the
following aspects of the low-frequency plant dynamics:
Ĝ1 : Rigid-body dynamics + compliance,
Ĝ2 : Rigid-body dynamics + first resonance + compliance.
The first model that is considered is described by,
Ĝ1 (s) =

1
Minv + D ,
s2

(5.42)

with D, Minv ∈ Rny ×nu . The second model also includes the first resonant mode
of the system, i.e.
Ĝ2 (s) =

1
c1 b1
Minv + D + 2
,
2
s
s + 2ζωn + ωn2

(5.43)

with c1 ∈ Rny ×1 and b1 ∈ R1×nu The fitting procedure, involves minimizing a
least squares cost criterion of the form:
X
V (θ) =
ε(ωk , θ)H W (k)H W (k)ε(ωk , θ),
(5.44)
k

with



ε(ωk , θ) = vec Ĝ(jωk , θ) − G̃(ωk )

and where W (k) is a weighting matrix and G̃(ωk ) is the identified FRF.

(5.45)
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Figure 5.11: Identification results, showing the full 5 × 5 identified FRF (blue, solid)
along with the 99% confidence bound of the FRF (light blue, area), and the two
identified system models, model 1 without the resonance (green, dashed) and model 2
with the resonance (red, dash dotted).

5.6.2.1

Identification of Model 1

The unknown matrices Minv and D in (5.42) are fully parameterized, i.e., the
parameters θ are the elements of these matrices, i.e., θ = vec([Minv D]). This parametrization is linear in the parameters which means the optimization of (5.44)
is a linear least squares problem which has a closed form solution. This solution
however generally yields a full rank matrix Minv . This means the amount of modeled rigid body modes in the system would become equal to min(nu , ny ). To
enforce a fixed amount of rigid body modes equal to the amount that is expected
from physical insight (for the out-of-plane model this is equal to three) a truncation approach based on the singular value decomposition is used to reduce the
rank of Minv . For the considered identification data and problem the truncated
singular values are relatively of such a low magnitude compared to the retained
singular values, that further re-optimization is considered unnecessary.
The weighting matrix W in (5.44) is designed manually for this model. It
is designed to emphasize the frequency region where the model is expected to
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accurately match the FRF data. This means that for the lowest frequencies,
where the measurement quality of the FRF is poor, and for the high frequencies
where due to under-modeling the model is expected to be inaccurate, the weight
is low. For the mid-frequency range the weight is high.
5.6.2.2

Identification of Model 2

A linear parametrization for (5.43) is not possible due to the unknown pole locations of the resonant dynamics. Also the matrices Minv and the residue matrix
of the mode R are subject to a rank constraint. Therefore a MFD parametrization is used where the model set is constrained to include the desired number
of rigid-body modes, as proposed in Voorhoeve et al. (2016a), and a non-linear
optimization problem needs to be solved. This is done using a combination
of the Sanathanan-Koerner algorithm, to obtain good initial estimates and the
Levenberg-Marquardt algorithm, to refine the estimates, see, e.g., Voorhoeve
et al. (2016a), for further details.
For this model, the weighting matrix W in (5.44) is constructed using the
available covariance data from the FRF measurement. Using this covariance
estimate, the maximum likelihood estimator for the system parameters can be
approximated by as explained in Pintelon and Schoukens (2012, section 8.3).
This sampled maximum likelihood estimator is used here in combination with
additional low-frequency output weighting to reflect the goal of reducing the
moving average error.
Both of the fitted models, as well as the identified FRFs, for the full 5 × 5
standard plant are depicted in Figure 5.11. In Figure 5.12, a 2 × 2 part of
this model is shown where also a second identified FRF of the high-frequency
behavior of the system is shown to show the system complexity when a full
system model would be used. These figures show that both models accurately
describe the low-frequency behavior of the system, and the second model also
accurately describes the first resonance, which is visible between 100–140 Hz.
The first model is clearly unable to accurately describe this behavior due to the
reduced model order.

5.7

Experimental Case-Study: Observer Results

In this section, the results are shown for a number of validation experiments
that are performed on the prototype lightweight wafer stage system described
in Section 5.2.1.
In Figure 5.13, the overall frequency domain performance of the proposed
observers is shown. In the frequency range below 30 Hz, both the observers
show an improvement over the rigid body estimation. In the frequency region
from 40 Hz onward, the observer based on Model 1 that does not include the first
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Figure 5.12: Identification results, showing a 2 × 2 subset of the identified lowfrequency FRF (blue, solid) with 99% confidence bounds (light blue, area) and a separate high-frequency FRF (blue dotted). Also shows the two identified system models,
model 1 without the resonance (green, dashed) and model 2 with the resonance (red,
dash dotted).

resonance shows a deteriorated performance with respect to the rigid body estimation. The observer based on Model 2, which does include this first resonance,
still shows a clear improvement in this region.
In Figure 5.14 the results for three time domain experiments are shown. The
experimental results show that both statically and dynamically, the estimation
accuracy for the performance variables can be significantly improved using the
proposed approach. Comparing the obtained estimation errors for the constant
disturbance case and the 10 Hz disturbance, it can be seen that both observers
lead to an improved estimation performance compared to the rigid body estimate. Also, it can be seen that the observer based on Model 2 has a noisier
response than the observer based on Model 1. Closer inspection reveals that
a significant part of this noisy response has a frequency close to the modeled
resonance frequency of approximately 140 Hz. For the 140 Hz disturbance case,
the observer based on Model 1, which does not model this resonance, is no longer useful to improve the estimation performance, while the observer that does
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Figure 5.13: Observed frequency response from d to eẑ = z − ẑ and 95% confidence
bounds for the rigid body estimation (red) and the proposed observers (blue) using
the identified models, Model 1 without resonances (top) and Model 2 with the first
resonance (bottom).

include this resonant dynamics is still applicable. This shows that it is essential
to accurately determine the frequency content of the expected disturbances to
decide which dynamics should be included in the observer model.
In the three figures on the bottom of Figure 5.14, it can be observed that
an estimate of the applied disturbance force is recovered by both observers for
the static case and the 10 Hz disturbance, here again the influence of noise is
more pronounced for the observer based on Model 2. No useful estimate of the
disturbance force is obtained for 140 Hz disturbance. For the observer based on
Model 2, however, the estimation error eẑ is still significantly reduced despite
the poor disturbance estimation.
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Conclusions and Outlook

In this chapter, an observer-based control approach is proposed for inferential
control with mismatched disturbances. It is shown that for the considered inferential control problem, the observer-based structure is essential when seeking
to separately handle the estimation and feedback control problems in a twostep approach. A flexible observer design approach is proposed, which utilizes
well-known synthesis techniques to significantly improve the estimation of unmeasured performance variables. Furthermore, a frequency domain system identification procedure is proposed to obtain low-order observer relevant system
models. The proposed approaches are applied to a prototype wafer stage setup
and shown to be effective in practice.
Ongoing research focuses on showing the potential of the proposed approach
for performance improvements by utilizing the estimated performance variables z
in a feedback control scheme. Another important extension is incorporating the
position dependency in the wafer stage dynamics. This requires the development
of techniques for the accurate identification of position-dependent models for
mechanical structures, which is an important topic of ongoing research and is
considered in Chapter 6 of this thesis.

Chapter 6

Identifying Position-Dependent
Mechanical Systems: A Modal LPV
Approach with Applications to Wafer
Stage Control

Increasingly stringent performance requirements for motion control necessitate
the use of increasingly detailed models of the system behavior. Motion systems inherently move, therefore, spatio-temporal models of the flexible dynamics are essential. In this paper, a two-step approach for the identification of
the spatio-temporal behavior of mechanical systems is developed and applied to
a prototype industrial wafer stage with a lightweight design for fast and highly
accurate positioning. The proposed approach exploits a modal modeling framework and combines recently developed powerful LTI identification tools with a
spline-based mode-shape interpolation approach to estimate the spatial system
behavior. The experimental results for the wafer stage application confirm the
suitability of the proposed approach for the identification of complex positiondependent mechanical systems, and show the pivotal role of the obtained models
for improved motion control performance.

6.1

Introduction

Increasingly stringent performance requirements for precision motion systems
lead to a situation where the flexible dynamics of moving machine components
need to be actively modeled and controlled. Typical examples include the wafer
This chapter is based on: Voorhoeve, R., de Rozario, R., Aangenent, W., and Oomen, T.
Identifying position-dependent mechanical systems: A modal LPV approach with applications
to wafer stage control. Submitted for journal publication.
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Figure 6.1: Schematic flexible wafer-stage system.

stages in lithographic wafer scanners (Oomen et al., 2014; Van de Wal et al.,
2002). Traditionally, these stages can be accurately approximated as a rigid body
in the frequency range relevant for control, thereby enabling static decoupling of
the rigid-body dynamics and subsequent decentralized control design (Fleming
and Leang, 2014; Munnig Schmidt et al., 2011; Oomen, 2018). Furthermore,
when this rigid-body approximation is used, the spatial system behavior follows directly from the stage geometry. Due to increasing accuracy and speed
requirements, the flexible dynamics in future systems can no longer be neglected
and need to be explicitly addressed. Approaches to address the resulting complex spatio-temporal system behavior include over-actuation and over-sensing
(Van Herpen et al., 2014a), spatial vibration control (Moheimani et al., 2003),
multivariable robust control (Van de Wal et al., 2002), and inferential control
of unmeasured performance variables (Oomen et al., 2015). Invariably, these
approaches are characterized by an increased reliance on model-based control
design procedures, necessitating the development of control-relevant, efficient,
and numerically reliable identification algorithms capable of dealing with the
complex spatio-temporal system behavior (Van Herpen et al., 2014b; Oomen
et al., 2014; Voorhoeve et al., 2016a).
The flexible dynamics in future motion systems in conjunction with the fact
that motion systems move lead to position-dependent system behavior (Da Silva
et al., 2008; Oomen, 2018). As an example, consider the schematic flexible waferstage system in Figure 6.1. Here, the flexible wafer-stage moves in relation to
the sensors, which are connected to the fixed world. As a result of this relative motion, the sensors measure the position at different points on the flexible
structure, and therefore the spatial behavior of this flexible system is observed
differently by the sensors. As a result of this position dependency, the system
dynamics can no longer be described by Linear-Time-Invariant (LTI) models
which are predominantly used in the context of high-precision motion systems.
Even though controlling these position-dependent mechanical systems is in-
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herently a nonlinear control problem, the availability of real-time information
on the configuration of the system can be exploited in control approaches that
remain relatively close to LTI control theory. In the gain-scheduling control approach, nonlinear systems are controlled by exploiting scheduling variables to
switch between LTI controllers (Leith and Leithead, 2000; Rugh and Shamma,
2000; Shamma and Athans, 1992). For position-dependent mechanical systems,
the relative positioning between individual components can be effectively used
as scheduling variables in this approach (Groot Wassink et al., 2005; De Rozario
and Oomen, 2018; Steinbuch et al., 2003; Van Zundert et al., 2016). The Linear Parameter-Varying (LPV) control framework formalizes the gain-scheduling
method by ensuring stability and performance through a rigorous mathematical
approach that strongly relies on accurate system models, see, e.g., Apkarian and
Gahinet (1995); Hoffmann and Werner (2015); Packard (1994); Scherer (2001).
A key challenge for systematic LPV control of position-dependent systems
is the availability of accurate LPV models. The need for accurate LPV models spurred the development of LPV system identification with a strong focus
on black-box parametric models (Bamieh and Giarré, 2002; Lovera and Mercère,
2007; Tóth, 2010; Van Wingerden and Verhaegen, 2009). This resulted in a welldeveloped theoretical framework that categorizes the identification techniques in
local (De Caigny et al., 2011; Vizer et al., 2013), and global approaches, e.g.,
Felici et al. (2007); Goos and Pintelon (2016). Depending on the application,
both approaches have been reported to effectively support the identification of
practically relevant systems (Turk et al., 2018), albeit that the identification of
systems with high dynamic order remains challenging. This is recognized as a
manifestation of the curse of dimensionality, since the incorporation of scheduling
dependence significantly increases the model complexity (Cox, 2018; Van Wingerden and Verhaegen, 2009). Especially for the identification of mechanical
systems with a large number of resonant modes, the success of black-box LPV
approaches is limited (Groot Wassink et al., 2005; Steinbuch et al., 2003).
Although many important developments have progressed LPV identification
for control, the continuously increasing complexity of motion systems necessitates a practical identification approach of reduced complexity that is systematic,
accurate, and user-friendly. The key idea in this chapter is to exploit prior system knowledge to derive a parsimonious model-set, thereby avoiding the curse
of dimensionality and reducing the modeling complexity associated with a full
LPV approach. Furthermore, recently developed efficient and reliable LTI identification tools are employed to obtain accurate and coherent local models which
are particularly suited to a subsequent interpolation step to obtain the desired
LPV model. The aim of this chapter is to develop an effective and practical
approach for the identification of position-dependent mechanical systems.
The main contributions of this chapter are the following.
1. A two-step modal LPV approach for the identification of position dependent mechanical systems, including
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(a) a framework of parameterizations and LTI identification algorithms
aimed at obtaining accurate modal models of complex mechanical
systems,
(b) an approach for the interpolation of identified mode-shapes to obtain
fully position-dependent models for control of flexible mechanical systems.

2. Application of the developed approach to a state-of-the-art industrial wafer
stage setup.
To obtain a parsimonious model-set for tractable LPV modeling, physical
system knowledge for the considered class of mechanical systems is exploited.
Indeed, the mechanical behavior of motion systems is well-understood and can
be accurately modeled from a structural dynamics perspective (Gawronski, 2004;
Preumont, 2018), as is confirmed by recent results in, e.g., Van Herpen et al.
(2014a); Ronde et al. (2014). Even though the system behavior is well understood, the modal resonance frequencies and damping ratios can often not be
accurately determined through physical modeling alone and should be identified
from measurement data. In this chapter, it is shown that the spatial system
behavior, i.e., the mode-shapes, can also be accurately reconstructed from a
limited set of spatially distributed measurements. Using this modal modeling
framework, parsimonious model-sets are formulated which enable a clear physical interpretation and efficient interpolation of the spatial system behavior.
As a result of this modal modeling approach, the identification methods used
in this chapter have parallels with the field of experimental modal analysis. Research in this field has seen significant developments in the past decade, see,
e.g., Cauberghe (2004); Guillaume et al. (2003); Vayssettes et al. (2014). This
in part due to recent consolidation efforts of the approaches used in modal analysis and system identification (Fleming and Moheimani, 2003; Pintelon et al.,
2007; Reynders, 2012). Contrary to modal analysis, the modeling goal in this
chapter is to obtain position-dependent models for control. This is reflected by
the emphasis on accurate mode interpolation and the possibility to incorporate
control-relevant identification criteria as in, e.g., Oomen et al. (2014).
The outline of this chapter is as follows. In Section 6.2, the experimental
setup is introduced and the control challenges as well as the position dependent
modeling problem for this setup are formulated. In Section 6.3, the proposed
two-step position-dependent identification approach is explained. In Section 6.4,
the LTI identification approach and the obtained results for the prototype wafer
stage system are presented. In Section 6.5, the approach and results for the mode
shape interpolation are presented. In Section 6.6, a discussion is presented on the
applicability of the proposed approach for control. In Section 6.7 the conclusions
of this chapter are formulated as well as an outlook on ongoing research.

6.2 Experimental Setup and Problem Formulation

155

Figure 6.2: The experimental wafer-stage setup.

6.2

Experimental Setup and Problem Formulation

In this section the experimental wafer-stage setup and related control challenges are outlined. In Section 6.2.3, the position-dependent modeling problem is
formulated, as is considered in this chapter.

6.2.1

Experimental Setup

The experimental setup considered in this chapter is the Over-Actuated-Testrig
(OAT), as is shown in Figure 6.2. It is controlled in six motion degrees of freedom
and is equipped with additional actuators and sensors to enable the identification
and active control of flexible dynamics. In this chapter, only the out-of-plane
motions are considered, i.e., the motions perpendicular to the surface of the
wafer-stage, for visualization purposes and due to the availability of multiple
spatially distributed sensors in this direction.
The out-of-plane sensors and actuators used for the experiments in this chapter are shown in Figure 6.3. Seven actuators, depicted by crosses in Figure 6.3,
are used of which four, shown in red, are used for closed-loop control and the
remaining three, shown in blue, are used to apply additional spatially distributed excitation for identification. Sixteen sensors are available for identification,
as shown in Figure 6.3 by circles. Similarly, a distinction is made between the
sensors used for closed-loop control, as shown in red, and those used for spatially
distributed identification, as shown in green. The identification of this system
with a large number of actuators and sensors is facilitated by the use of recently
developed approaches for efficient and reliable identification of complex systems,
see, e.g., Voorhoeve et al. (2016a, 2018).
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Figure 6.3: Actuator and sensor configuration of the considered experimental setup.
The locations of actuators used for control and identification are marked with red
crosses ( ) actuators used only for identification as blue crosses ( ), sensors used for
identification and control as red circles ( ), and sensors used only for identification as
green circles ( ).

6.2.2

Control Challenges

Consider the schematic wafer-stage setup shown in Figure 6.1. For this setup,
two key control challenges are recognized which are related to the positiondependent system behavior. First, as previously outlined, the relative motion of
the wafer stage with respect to the sensors leads to position-dependent inputoutput behavior, necessitating an LPV modeling and control perspective. Second, the point of interest, i.e., the point on the wafer that is being exposed in the
photo-lithographic process, also changes as the wafer stage moves. This involves
the control of an unmeasured performance variable since the point of interest
is not directly measured. This results in a position-dependent inferential control problem. See, for example, Oomen et al. (2015); De Rozario et al. (2017b);
Voorhoeve et al. (2016b), for control design approaches for such problems.
The LPV standard plant framework, as depicted in Figure 6.4, can be used to
describe both these control problems. Here, uc and yc are the output and input
signals available for control, wp is the generalized disturbance signal and zp is the
generalized performance signal, which in this case involves the positioning error
of the point of interest. This control problem, with the LPV standard plant
P (ρ) and LPV controller K(ρ) in a generalized feedback interconnection, has
been studied extensively in, e.g., Apkarian and Gahinet (1995); Packard (1994);
Scherer (2001). For appropriately bounded sets of scheduling variable trajectories, i.e., ρ(t) ∈ D, efficient algorithms exist for various robust and optimal
control problems defined in this framework.
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Figure 6.4: The LPV standard plant framework.

The main difficulty for the practical application of these methods concerns
the availability of an accurate LPV system-model G(ρ), which is part of the
standard plant P (ρ). That this is a difficult problem is evidenced by the fact
that accurate modeling of LTI precision systems is already considered to be a
challenging problem, see, e.g., Van Herpen et al. (2014b); Voorhoeve et al. (2015,
2016a). Accurate modeling for LPV systems is significantly more challenging,
since the incorporation of a scheduling parameter dependency typically leads
to a highly increased model complexity (Van Wingerden and Verhaegen, 2009).
The problem of obtaining accurate position-dependent models for mechanical
systems, such as the wafer stage considered here, is addressed in this chapter.

6.2.3

Position-Dependent Modeling Problem

The general LPV modeling problem considered in this chapter is defined as
follows. From measured input-output data, identify an LPV system-model G(ρ)
that describes the behavior from the input signals u(t), to the measured output
signals y(t) and the physical performance variables z(t), for any ρ(t) ∈ D. In
state-space the general LPV system-model is described as,

(6.1)

 ẋ(t) = A(ρ(t))x(t) + B(ρ(t))u(t)
G(ρ) :
y(t) = Cy (ρ(t))x(t) + Dy (ρ(t))u(t)
(6.2)


z(t) = Cz (ρ(t))x(t) + Dz (ρ(t))u(t).
(6.3)
In the considered wafer-stage example, the scheduling variables ρ relate to
the position of the wafer stage. For this example, and many other mechanical
systems, the pole dynamics of the system do not change when the system moves,
meaning that the A matrix of the state-space description does not depend on ρ,
see, e.g., Gawronski (1998); Preumont (2018). Furthermore, for the considered
system the positions of the actuators are fixed relative to the wafer-table and
therefore the input matrix B is also not position dependent. Therefore, the
scheduling variables have no influence on the systems states and as a result there
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is no memory in the system pertaining to the past-trajectory of the scheduling
variables. The system is therefore only dependent on the current, instantaneous,
value of the scheduling parameters.
In the wafer-stage example, both the system outputs y(t) and the performance variables z(t), i.e., the point of interest position, can be considered as
specific local instances of the out-of-plane deflection of the surface of the wafer
stage. In this interpretation, the relevant output for this system is this outof-plane deflection, which is denoted here as z(%, t), where % is the in-plane
coordinate of the point for which the deflection is considered. The modeling
problem is then to identify from experimental data of the system, a model for
the system behavior of the form

ẋ(t) = Ax(t) + Bu(t)
(6.4)
G(%) :
z(%, t) = C(%)x(t) + D(%)u(t) .
(6.5)
The LPV model in the form (6.1)–(6.3) is recovered from this description by
including the static geometric relations between the position of the wafer stage
ρ and the coordinates % at which the sensors view the wafer-stage as well as
the coordinate of the point of interest. The modeling problem considered in the
remainder of this chapter is therefore to model the system of the form (6.4)–(6.5).

6.3

Position-Dependent Modeling Approach

In this section the proposed position-dependent modeling approach is described.
First, the modal modeling framework for mechanical systems is outlined. Next,
the proposed two-step identification approach is developed.

6.3.1

Modal Models of Mechanical Systems

The quantity of interest is the out-of-plane deflection, z(%, t) : D × T 7→ R, of the
surface of a flexible body, which is modeled here as a continuum. The domain
D ∈ R2 of the coordinate % is the surface of the considered structure, e.g., the
(x, y) surface of the wafer-stage. To model the spatio-temporal evolution of
z(%, t), a basis-function expansion is used for time–space separation, see, e.g., Li
and Qi (2010), i.e.,
nq
X
z(%, t) =
wi (%)qi (t) .
(6.6)
i=1

For nq → ∞ this expansion converges as long as {wi (%)}∞
i=1 is a convergent set
of functions for the class of continuous functions on the spatial domain D (Li
and Qi, 2010). A widely used method that is applicable for any geometrically
complex domain D is the Finite Element Method (FEM). This approach uses
many localized basis functions to accurately approximate the spatial system
behavior (Li and Qi, 2010).
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The temporal system behavior for this basis function approach is determined
by the dynamics of the generalized coordinates, q(t) = [q1 (t) . . . qnq (t)]T . Under
the assumption of small rotations and strains, and assuming that the material
is linear elastic obeying Hooke’s Law, the equations of motion that govern the
temporal behavior of mechanical systems are given by the set of coupled second
order ordinary differential equations (Gawronski, 1998, Section 2.2)
Mq̈(t) + Dq̇(t) + Kq(t) = Qu(t) + Fd (t) ,

(6.7)

where M ∈ Rnq ×nq is the mass matrix, D ∈ Rnq ×nq the damping matrix,
K ∈ Rnq ×nq the stiffness matrix, Q ∈ Rnq ×nu the input distribution matrix,
and where Fd (t) is an additional force vector containing all disturbances, which
is omitted in the remainder of this chapter as the behavior of interest is the
input-output system behavior.
The set of coupled equations of motion (6.7) can be decoupled for the undamped case by transforming to a modal description, which is obtained by solving
the generalized eigenvalue problem


K − ωi2 M φi = 0 ,
i = 1, . . . , nq .
(6.8)
The eigenvalues, ωi2 , are the squared undamped resonance-frequencies of the modes, and the eigenvectors, φi , are the associated mode shapes as parameterized
in the basis W (%) = [w1 (%) . . . wnq (%)]. By applying the substitution q = Φη,
where Φ = [φ1 . . . φnq ], and multiplying (6.7) with Φ−1 M−1 yields

Gm (%) :

I η̈(t) + Dm η̇(t) + Ω2 η(t) = Ru(t) ,
z(%, t) = L(%)η(t) ,

(6.9)
(6.10)

where Dm = Φ−1 M−1 DΦ, Ω2 = diag([ω12 . . . ωn2 q ]), L(%) = W (%)Φ, and R =
Φ−1 M−1 Q.
In the context of identification for control, low-order models are desired that
are accurate in a limited frequency band of interest (Oomen et al., 2014). This
means that only a limited number of modes, nm < nq , are required to model
the relevant temporal system behavior (Gawronski, 1998). Modeling the spatial
system behavior, using a generic set of basis functions L(%) = W (%)Φ, typically
requires a large number of basis functions leading to a high modeling complexity.
In this chapter, a two-step identification approach is proposed to directly identify
the mode-shapes, i.e., the columns of L(%) from measured data.

6.3.2

Two-Step Identification Approach

To identify the spatio-temporal system behavior, measurement data is first obtained in experiments with fixed sensor locations %i . As a result of the fixed sensor
locations the input-output system behavior is linear time invariant, similar to the

160

Chapter 6. Identifying Position-Dependent Mechanical Systems

local approach in LPV identification. One or more of these local experiments
are performed with spatially varying sensor locations covering the domain D.
An LTI system model is then identified from the obtained experimental data
where the model is parameterized in modal form, i.e., (6.9)–(6.10), with nm
modes. Instead of the position-dependent output equation (6.10) the measured,
spatially sampled, outputs zs (t) are modeled as




L(%1 )
z(%1 , t)
 . 


..
(6.11)
zs (t) = 
 = Ls η(t), Ls ≈  .. 
.
z(%n% , t)

L(%n% )

where the parameters in Ls ∈ Rn% ×nm are considered as spatially sampled estimates of the mode shapes L(%).
This first step requires the LTI identification of a complex mechanical system
with a high model order and many inputs and outputs. The identification of
such complex mechanical systems requires the use of efficient and numerically
reliable identification approaches, as have been developed and investigated in,
e.g., Van Herpen et al. (2014b); Voorhoeve et al. (2016a).
In the second step, the spatial mode shapes L(%) are estimated from the
identified parameters in Ls . In this step, interpolation techniques are used to
reconstruct continuous mode shapes based on these spatially sampled estimates.
Since this step involves the interpolation of spatial functions in % and not of systems that dynamically depended on a scheduling variable ρ, the interpolation
pitfalls as shown in Tóth et al. (2007) are avoided. In Section 6.5, a promising robust and physically motivated interpolation approach is proposed, but
several other interpolation techniques, which might be more suitable for other
applications, can be used in this second step of the proposed two-step approach.
In summary, the proposed two-step approach aims to:
1. Identify the modal mechanical LTI model given by (6.9) and (6.11), i.e.,
estimate the parameters in Ls , Ω2 , Dm , R.
2. Estimate the mode-shapes L(%) based on the spatially sampled modeshapes Ls

6.4

LTI Identification of Spatially Sampled Systems

In this section, the first step of the proposed identification approach is outlined,
which is the LTI identification of the spatially sampled system Gs .

6.4.1

Methods

The LTI identification approach considered here involves a number of key aspects. First, a non-parametric identification approach is considered, aimed at
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Figure 6.5: Closed-loop identification scheme.

obtaining accurate FRF estimates of the spatially sampled system Gs . Second,
the modal parametrization as used in this chapter is defined. Third, a black-box
Matrix Fraction Description (MFD) parametrization is employed, which is parameterized such that it closely matches the modal parametrization. Fourth, the
identification algorithms used to estimate the system models from the measured
data are explained.
6.4.1.1

Non-Parametric Identification

The non-parametric frequency response function for the wafer-stage system is
estimated using the robust multisine approach as explained in, e.g., Pintelon
and Schoukens (2012, Section 3.7), Voorhoeve et al. (2015). The rigid-body
motions of the system need to be controlled for stable operation, therefore all
experiments are performed in a closed-loop configuration. The closed-loop identification scheme is shown in Figure 6.5. A distinction is made between inputs
which are used in the control loop uc (t) and those that are not used in the control
loop unc (t). The control inputs uc (t) also include the in-plane actuator signals
that are used to stabilize the in-plane rigid-body modes. The excitation signals
used for system identification are the non-control inputs unc (t) and the additive perturbation signals ruc (t) as shown in Figure 6.5. The applied excitation
signals are all random-phase multisines with a flat amplitude spectrum.
With a total of 16 out-of-plane sensors, 8 control inputs, including 4 in the
in-plane direction, and 3 non-control inputs, the identification problem involves
first identifying a 24 × 11 closed-loop FRF given by


P̃
P̃
P̃CL = zs ←ruc zs ←unc ,
(6.12)
P̃uc ←ruc P̃uc ←unc
where the notation P̃y←x is used to denote the identified empirical transfer
function estimate (ETFE) from the input signal x to output signal y. To obtain
the FRF of the open-loop system G from this closed-loop FRF the following
relation is used,



 P̃uc ←ru P̃uc ←unc −1
c
G̃ = P̃zs ←ruc P̃zs ←unc
,
P̃unc ←ruc P̃unc ←unc

(6.13)
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where P̃unc ←ruc = 0 and P̃unc ←unc = I see, e.g., Oomen et al. (2014, Appendix
A) for additional detail on this closed-loop identification approach. By removing
the in-plane input directions, the 16 × 7 FRF of the system Gs , as given by (6.9)
and (6.11), is obtained.
In this chapter, the delays from the hold circuit in the digital measurement
environment are compensated in the FRF measurements such that the obtained
delay-compensated FRF is given by G̃s (sk ), with sk = jωk , and the remaining
identification procedure can be performed in the continuous time s-domain. For
additional details on such a pseudo continuous time modeling approach, see, e.g.,
Houpis and Lamont (1992); Oomen et al. (2005).
6.4.1.2

Modal Parametrization

As outlined in Section 6.3, the modal model for the spatially sampled system
Gs is given by (6.9) and (6.11), with parameters contained in the matrices
Ls , Ω2 , Dm , and R. The matrices Ls and R are fully parameterized while
Ω2 = diag(ω̄ 2 ) with parameters ω̄ 2 = [ω12 . . . ωn2 m ]T . The damping matrix Dm is
either fully parameterized, which constitutes a general viscous damping model,
or, when using the modal damping model, this is equal to Dm,mod = diag(ζ̄)
with ζ̄ = [ζ1 . . . ζnm ]T .
Using the modal damping model, the set of differential equations (6.9) describing the systems temporal behavior becomes fully decoupled, meaning the
system can be considered as a superposition of independently evolving modes
(Gawronski, 1998). This representation is extensively used in modal analysis and
design as it simplifies the physical interpretation of the modal parameters and
the incurred modeling errors by assuming modal damping is generally small for
lightly damped systems, see Gawronski (1998, Section 2.4). For the wafer-stage
example the modal damping assumption is used to facilitate a parsimonious parametrization. Note that the modeling framework used in this chapter enables
general linear damping models.
The complexity of this parametrization is determined by the number of modes that are modeled, nm . While a limited number of modes usually dominate
the behavior in a given frequency range of interest, for some applications the
combined low-frequency compliance effect of unmodeled higher order modes also
needs to be taken into account. In such a case it is relevant to model an additional compliance term, e.g., as direct feed-through such as D(%) in (6.5), to
describe the quasi-static deformation resulting from each input signal u(t), see,
e.g., Mooren et al. (2018); Voorhoeve et al. (2016b). In this chapter such a feedthrough term is not modeled; this can be straightforwardly incorporated in the
proposed modeling framework when required for a given application.
The modal parametrization used in this chapter is defined by (6.9) and (6.11)
with the modal parameters given by,


θm = vec LTs R ω̄ 2 ζ̄ .
(6.14)
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MFD Parametrization

For certain identification algorithms, it is necessary that the model parametrization can be written as a polynomial matrix fraction description. In this chapter,
a Left Matrix Fraction Description (LMFD) parametrization is used, given by
Ĝ(s, θ) = D̂(s, θ)−1 N̂ (s, θ) ,
p×q

(6.15)

p×p

where N̂ (s, θ) ∈ R [s] and D̂(s, θ) ∈ R [s] are real polynomial matrices
in the Laplace variable s. Furthermore, these polynomial matrices are linearly
parameterized with respect to the parameter vector θ ∈ Rnθ using a set of basis
functions such that,
vec

nθ

 X
ψj (s)θj = Ψ(s)θ .
D̂(s, θ) N̂ (s, θ) =

(6.16)

j=1

This general linear parametrization allows the use of data-dependent orthogonal
vector polynomials as basis functions, ψj ∈ Rp(q+p)×1 [s], see, e.g., Van Herpen
et al. (2014b), which is a key aspect for the identification of increasingly complex
systems where the numerical conditioning becomes an important limiting factor
for the performance of the identification algorithms.
Furthermore, this general parametrization enables the use of more structured
LMFD parameterizations, which enable the parametrization of system with arbitrary McMillan degree nx instead of only being able to parameterize systems
where the degree nx is a multiple of the number of outputs p, as is the case
when using the fully parameterized unstructured LMFD as in, e.g., Cauberghe
(2004); Guillaume et al. (2003). Here, a generic (pseudo)-observable-canonical
LMFD parametrization with a quasi-constant degree structure is used, see, e.g.,
Glover and Willems (1974); De Mathelin and Bodson (1991); Vayssettes et al.
(2014). This parametrization is both identifiable, in the sense that it is not
over-parameterized, and generic, meaning that it can approximate all proper
LTI systems of the given order up to arbitrary precision, see Glover and Willems (1974).
This LMFD parametrization is often used for black-box identification of LTI
systems, whereas in this chapter the goal is to identify spatio-temporal mechanical systems by utilizing the modal form, i.e., (6.9) and (6.11). Therefore, in this
chapter a number of additional constraints are incorporated in the LMFD parametrization such that it more closely resembles the mechanical system model.
Here, the following properties are enforced,
1. an even McMillan degree, by taking nx = 2 nm ,
2. a relative degree r ≥ 2, by appropriately constraining the degree of the
numerator polynomial matrix N (s, θ),
3. a prescribed number of rigid-body modes nrb such that n0 = 2 nrb poles
are located at s = 0, see Voorhoeve et al. (2016a) for details.
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6.4.1.4

Identification Algorithms

The identification problem considered here is to find the parameter vector θ
that minimizes the identification cost, which is in this chapter is a weighted
least-squares cost function, i.e.,
m
X

ε(sk , θ)H ε(sk , θ) ,

(6.17)



ε(sk , θ) = W (k) vec G̃(sk ) − Ĝ(sk , θ) ,

(6.18)

θ̂ = arg min V (θ) =
θ

k=1

where

with weighting matrix W (k) ∈ Cpq×pq . This general cost function V (θ) includes
other commonly used identification criteria (Voorhoeve et al., 2016a), such as the
sample maximum likelihood criterion (Pintelon and Schoukens, 2012), control
relevant identification criteria (Oomen et al., 2014), and the input-output and
element-wise weighted criterion used in (De Callafon et al., 1996).
Minimization of the cost function (6.17) is a nonlinear least-squares optimization problem. Suitable algorithms to solve this problem are the SanathananKoerner algorithm and the Gauss-Newton algorithm, or closely related methods
such as the Levenberg-Marquardt algorithm. These algorithms are defined as
follows, where the Sanathanan-Koerner algorithm is only defined for MFD parameterizations, i.e., using (6.15)–(6.16).
Algorithm 6.1 (Sanathanan-Koerner (Sanathanan and Koerner, 1963)). Let
θh0i be given. In iteration i = 0, 1, . . . , solve the linear least squares problem
θhi+1i = arg min
θ

m
X

WSK (sk , θhii ) vec




D̂(sk , θ) N̂ (sk , θ)

k=1

2

,

(6.19)

2

with
Wsk (k, θhii ) = W (k)




G̃T (sk ) −Iq ⊗ D̂(sk , θhii )−1 .

(6.20)

Algorithm 6.2 (Gauss-Newton (Bayard, 1994)). Given an initial estimate θh0i ,
compute for i = 0, 1, . . .
θ

hi+1i

=θ

hii

+ arg min
∆θ

m
X

J(sk , θhii )∆θ + ε(sk , θhii )

k=1

2

,

(6.21)

.

(6.22)

2

with
J(sk , θhii ) =

∂ε(sk , θ)
∂θT

= −W (k)
θ hii

∂ vec(Ĝ(sk , θ))
∂θT

θ hii
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The Gauss-Newton algorithm, and related algorithms such as the LevenbergMarquardt algorithm, generally provide fast monotonic convergence to a minimum of the cost function V (θ). However, these algorithms often converge
to local-minima that are far from optimal, and therefore their performance is
strongly dependent on the quality of the initial estimate θh0i . The SanathananKoerner algorithm on the other hand does not generally converge monotonically,
and, if convergent, its stationary points are generally not optima of the cost
function (Whitfield, 1987). However, the Sanathanan-Koerner algorithm often
yields adequate, albeit suboptimal, results irrespective of the quality of the initial
estimate. Therefore, the Sanathanan-Koerner algorithm is often used to provide
initial estimates that are subsequently refined using a gradient based optimization algorithm such as the Gauss-Newton algorithm, see, e.g., Voorhoeve et al.
(2016a).
6.4.1.5

Identification Approach

To identify the modal system model defined by (6.9), (6.11) and parameterized
by (6.14) from the identified FRF G̃s (sk ), the following steps are followed.
1. Define weighting filters W (k) as in (6.18).
2. Perform iSK iterations of the SK algorithm using the mechanical LMFD
model with constraints as defined in Section 6.4.1.3.
3. Perform iGN iterations of the GN or LM algorithm for the LMFD model
using the parameters θSK,min corresponding to the lowest cost function
value during SK iterations as initial estimate.
4. Transform the identified LMFD model to an initial estimate for the modal
model as defined by parameters (6.14).
5. Perform a maximum of iGN,mod iterations of the GN or LM algorithm to
converge to an optimum of the cost function as in (6.17) for the identified
modal model.
When considering generally damped modal models, the fourth step of this
identification approach can be performed using an exact transformation, i.e.,
relating two realizations of the same system. Details of this exact transformation
are beyond the scope of this chapter and will be reported elsewhere. Due to the
modal damping assumption used in this chapter for the modal model, and since
this modal damping assumption is not enforced in the MFD parametrization,
the transformation in step 4 of this identification approach is approximate. This
approximate transformation is performed by calculating the nx = 2nm pole
locations by solving det[D(s, θ)] = 0, separating the poles into pole pairs such
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that (s + p1,i )(s + p2,i ) = s2 + ζi s + ωi2 , with ζi , ωi ∈ R for i = 1, . . . , nm , and
estimating a model of the form,
Ĝm,trans =

nm
X
i=1

s2

Ri
,
+ ζi s + ωi2

(6.23)

with fixed denominator parameters as obtained from the pole-pairs of the LMFD
model. This model is fitted based on the FRF data using the same cost function
as the other identification steps, i.e., using (6.17). The parameters in L and R
are then obtained from the singular value decomposition of the residue matrices
Ri = Ui Si ViH such that
[Ls ]i = [Ui ]1 [Si ]11 ,

[R]i = [ViH ]1 ,

i = 1, . . . , nm ,

(6.24)

where [X]i and [X]j denote, respectively, the i-th and column and the j-th row
of matrix X. This transformation performs well for the considered system, as
shown by the results in Section 6.4.2. For more general approaches to transform
black-box models to a gray-box models, see, e.g., Mercère et al. (2014).

6.4.2

Results

For the identification of the wafer-stage system, the weighting function in (6.18)
is chosen as a weighting with the element-wise inverse of the identified FRF
G̃(sk ), i.e.,
Winv (k) = diag(vec(|Λ(sk )|)) ,
1
[Λ(sk )]ij =
.
[G̃(sk )]ij

(6.25)
(6.26)

This choice reflects the goal of minimizing the relative error between the model
Ĝ(sk , θ) and the FRF G̃(sk ). For more advanced weighting choices that take
into account the control objective, see Oomen et al. (2014). To emphasize the
accurate estimation of the first few lower-frequency resonances the weighting
function is truncated, i.e.,
W (k) = min (Winv (k), wmax ) ,

(6.27)

where wmax is chosen such that clipping of the weight generally occurs only in
the high frequency range, after the first few resonances.
Steps 2-5 of the identification approach as proposed in Section 6.4.1.5 are at
first only performed for a 3×7 part of the full 16×7 identified FRF. This is done
both to improve computational efficiency and to simplify the implementation
of rigid-body mode constraints, see, e.g., Voorhoeve et al. (2016a). After the
successful identification of the modal parameters for the 3 × 7 system, the model
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Figure 6.6: Evolution of the cost function during various steps of the LTI identification
approach.

for the remaining 13 outputs is determined by estimating the sampled modeshape parameters in Ls for these outputs while all other parameters remain fixed.
This is again done by minimizing the cost function (6.17) for these additional
output, which in this case is simply a linear least squares problem.
In Figure 6.6, the evolution of the cost function, V (θ) in (6.17), is shown
during steps 2-5 of the identification approach of Section 6.4.1.5. As can be seen
from this figure, the SK algorithm in step 2 is not monotonically convergent, but
yields an appropriate initial estimate for subsequent refinement using the LM
algorithm. The LM algorithms used in step 3 does show monotonic convergence
and yields an LMFD estimate with a cost function value approximately one order
of magnitude below that of the initial estimate provided by the SK approach.
In the next step the LMFD model is transformed to the modally damped model
defined by the parameters (6.14), which leads to a slight increase in the cost
function value. In the final step the cost function is again minimized using the
monotonically convergent LM algorithm with the modal parametrization, which
in this case only yields a small decrease of the cost function value showing that
the initial modal estimate is already of a high quality.
The small increase in cost function value when transforming the LMFD model
to the modal model is expected, as this step reduces the model complexity by
enforcing modal damping and through the elimination of computational modes
identified in the LMFD model. This is done by visually comparing the identified
pole-locations with the resonances of the identified FRFs, similar to the use
of stabilization diagrams in experimental modal analysis, see, e.g., Cauberghe
(2004); Guillaume et al. (2003). The model order of the identified LMFD model
is nx = 2nm = 46 while the model order of the modal model is nx = 24. This
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shows that the transformation yields a significant decrease in model complexity
with a modest increase in cost function value.
Figure 6.7 shows the FRF and identified modal model for the 3 × 7 part
of the system on which the identification procedure is performed. This figure
shows a good agreement between the model and the FRF in the low frequency
region as well as for the dominant resonances in the frequency region up to
about 1 kHz. In the frequency region beyond 1 kHz, there are an additional
few accurately identified modes but also a number of unmodeled resonances.
The identification of these high frequency modes is not the main focus in this
chapter since the spatial behavior for such high frequency modes is typically also
of a higher spatial frequency, meaning a higher spatial resolution, than what is
available, is required to identify the associated mode-shapes.

6.5

Mode-Shape Interpolation

In this section, the interpolation of the spatially sampled mode shapes, as given
by the columns of Ls , is considered. This interpolation step is performed to
obtain a position-dependent model that is continuous in the spatial variable %.

6.5.1

Methods

A popular method for the interpolation of various types of data at arbitrary
spatially distributed points is the smoothed thin-plate-spline interpolation approach. The use of thin-plate-splines is physically motivated by the fact that the
spline functions are derived as the functions that minimize the bending energy
of a thin sheet of elastic material. Therefore, this approach is particularly wellsuited for the considered application of interpolating the structural mode-shapes
of motion systems which are thin in one dimension relative to the other dimensions, such as the wafer-stage example.
The smoothed thin-plate-spline interpolating function Ws for a single modeshape is derived as follows. Given a set of n% points {(x̄j , ȳj , z̄j ) ∈ R3 } and
a user-defined smoothing parameter λ ∈ [0, ∞), find an interpolating function
Ws ∈ W12 such that,
min

n%
X

Ws ∈W12

|Ws (x̄j , ȳj ) − z̄j |2 + λU,

(6.28)

j=1

with
Z∞ Z∞
U=
−∞ −∞

∆2 Ws (x, y) dx dy ,

(6.29)

170

Chapter 6. Identifying Position-Dependent Mechanical Systems

Here, the function space W12 is the space of continuously differentiable functions with square-integrable second derivatives such that U , which is generally
interpreted as a measure of the bending energy of the functions, exists for all
functions in the space.
The functions Ws that minimize (6.28) are given by
Ws (x, y, ϑ) = ϑ0 + xϑx + yϑy +

n%
X

ϑj Gj (x, y),

(6.30)

j=1

Gj (x, y) = rj2 ln(rj ),

rj =

q

(x̄j − x)2 + (ȳj − y)2 ,

(6.31)

see, e.g., Wahba (1990). The number of parameters in (6.30) is n% + 3, where
the three additional parameters are related to the monomials up to the first
degree which represent the set of functions in W12 for which U = 0, i.e., the
kernel of U . To constrain this underdetermined set of equations, the following
three additional constraints are added which make sure that the function space
parameterized using the Green’s functions Gj (x, y) is orthogonal to the space of
first order polynomial,
n%
X

ϑj = 0 ,

j=1

n%
X

ϑj x̄j = 0 ,

j=1

n%
X

ϑj ȳj = 0 .

(6.32)

j=1

The solution to (6.28) using (6.30) and (6.32) is given by
z̄k = Ws (x̄k , ȳk , ϑ) + λϑk ,

(6.33)

see, e.g., Wahba (1990). In explicit matrix-form this yields

T
ϑ = X −1 z̄1 . . . z̄n% 01×3 ,

(6.34)


T
with ϑ = ϑ0 ϑx ϑy ϑ1 . . . ϑn% , and where


1 x̄1 ȳ1
X0 XG + λI


..
X=
, X0 = 
,
.
03×3
X0T
1 x̄n% ȳn%


G1 (x̄1 , ȳ1 ) . . . Gn% (x̄1 , ȳ1 )


..
..
XG = 
.
.
.




(6.35)

(6.36)

G1 (x̄n% , ȳn% ) . . . Gn% (x̄n% , ȳn% )
For the interpolation of the spatially-sampled mode shapes as identified in
Ls , the points (x̄j , ȳj ) are equal to %j , i.e., the (x, y) positions of the sensors,
and the values for z̄j are given by the identified parameters in the columns of
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Ls . This interpolation is carried out independently for each mode shape, i.e., for
each column of Ls , where for each mode shape a different smoothing parameters
λ is used. These smoothing parameters provide a trade-off between robustness to
estimation errors in Ls and interpolation accuracy at the data-points %j . In this
chapter, the values of the smoothing parameters are determined using a LeaveOne-Out-Cross-Validation (LOOCV) approach, i.e., the value of λ is used which
minimizes the LOOCV error. For details on this cross-validation approach, see,
e.g., Wahba and Wendelberger (1980).

6.5.2

Results

In Figure 6.8, four of the identified flexible mode-shapes are shown. In total 12
mode-shapes are identified including the three out-of-plane rigid-body modes.
Up to the ninth mode, as shown in Figure 6.8d, the identified mode shapes agree
well with theoretical mode-shapes for a thin-plate or those obtained by means
of a Finite-Element-Method analysis of the system, a detailed comparison is
omitted for brevity. For higher-order modes the spatial resolution of the sensors
is insufficient to accurately reconstruct the mode-shapes.
The results in Figure 6.8 show the viability of the proposed approach to
obtain accurate position-dependent models of flexible mechanical systems. In
the following section, the potential of the proposed approach is discussed in
enabling various position-dependent control approaches.

6.6

Applications to Position-Dependent Motion Control

In this section, several control approaches are explored that are enabled by the
availability of accurate position-dependent models. The control of precision systems generally requires a combination of feedback control and feedforward control. Feedback control provides disturbance rejection and robustness to modeling
errors, while feedforward control significantly enhances the reference tracking
performance. For flexible motion systems both feedback and feedforward control problems become more complex as the point that should track the reference
is often not directly measured, such as the point-of-interest of the wafer stage
example in Figure 6.1. Furthermore, the location of this point-of-interest can
change over time, increasing the complexity of the control problem.
Approaches to enhance the control performance for such flexible motion systems can generally be classified as either,
1. global approaches, aimed at preventing or mitigating the flexible deformations in the entire system, such that the deformation related errors are
small; or
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2. local approaches, aimed at controlling the position of the point-of-interest
of the deformed system
By utilizing the identified position-dependent model of the wafer-stage system,
Ĝm (%), such global and local control approaches can be described in the LPV
standard plant framework, as shown in Figure 6.4, and can be solved using a
range of approaches. In this section, several global and local approaches are
considered for both feedback and feedforward control.

6.6.1

Global Spatio-Temporal Feedforward Control

For the wafer-stage example, the problem of global feedforward control aims
to minimize the error between the reference signal rz (t) and the out-of-plane
deflection of the surface of the wafer stage z(%, t) over the entire spatial domain
D. More precisely, the global approach is aimed at minimizing the following
weighted spatial-norm of the error e(%, t) = rz (t) − z(%, t)
v
u Z∞ Z
u
u
kek2(DWS ) = t
eT (%, t)WS (%)e(%, t) d% dt .
(6.37)
−∞

D

This problem can be effectively formulated and solved as an H∞ optimal control
problem, for details see De Rozario et al. (2017b).
In Figures 6.9 and 6.10, simulation results are shown for the wafer stage
example system. Here, Figure 6.9 shows the reference profile for rz as well as
the (x, y) coordinates of the point of interest %(t) and Figure 6.10 shows the
local errors at the point of interest, i.e., ez(%) (t) = rz (t) − z(%(t), t), for a classical feedforward controller, that minimizes the error at the sensor locations, and
the global feedforward approach. These results show that the global approach
yields a significantly improved inferential performance as opposed to the classical
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Figure 6.10: Inferential error ez(%) at point of interest over time, showing significantly
improved performance for the global feedforward controller relative to the classical
feedforward controller.

approach. These results and the practical potential of this global feedforward
approach for future motion systems are enabled by the modeling procedure developed in this chapter.

6.6.2

Global Feedback Control Utilizing Over-Actuation and
Over-Sensing

The developed position-dependent identification approach is directly compatible
with the LPV control design approaches in, e.g., Groot Wassink et al. (2005);
Steinbuch et al. (2003). The resulting improved model accuracy directly facilitates an improved control performance. The control of flexible motion systems is
envisaged to significantly benefit from over-actuation and over-sensing. Indeed,
recently in Van Herpen et al. (2014a), it is shown that the use of additional actuators and sensors allows the active control of internal flexible dynamics. This
directly enables a substantial performance improvement in terms of the global
spatio-temporal behavior of the system.
At present, the implementation of the approach in Van Herpen et al. (2014a)
is limited to a fixed operating position only, since the mode-shapes vary substantially. The position-dependent modeling approach presented in this paper allows
the implementation of a position-dependent over-actuated and over-sensed controller. The key idea, which is also employed in Van Herpen et al. (2014a), is to
use modal decoupling in addition to sequential loop closing. Indeed, when the
outputs of the system are position dependent, as in the case of the considered
example of a wafer stage, an accurate model of the spatial system behavior,
i.e., the mode shapes, is required as the modal-decoupling matrices need to
become position-dependent. The proposed modeling framework thus directly allows position-dependent decoupling in conjunction with sequential loop-closing
in Van Herpen et al. (2014a).
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Local inferential feedback and feedforward control

The general problem of local inferential control aims to directly optimize the
performance at the location where performance is required, such as the pointof-interest in the wafer-stage example, see Figure 6.1. Both for feedback and
feedforward, these approaches can be described in the LPV standard plant framework when an accurately identified position-dependent model is available. Local inferential feedforward control involves the inversion of the system dynamics
from the inputs to the time-varying or parameter-varying performance variables,
see, e.g., Van Zundert et al. (2016), which, apart from explicit inversion, can
be realized by solving an optimal control problem or using iterative learning
control, see, e.g., Hoffmann and Werner (2015); De Rozario et al. (2017a). Inferential feedback control, requires the use of two degree of freedom controller
structures as opposed to the single degree of freedom controller structure used
in traditional feedback control, see, e.g., Oomen et al. (2015); Voorhoeve et al.
(2016b), this can be directly incorporated in the standard-plant approach.
Inferential feedback control is especially relevant when significant disturbance
forces are present in the system. In Voorhoeve et al. (2016b), it is shown that
a disturbance-observer can be effectively utilized to estimate the inferential performance variable in the presence of significant disturbance forces that are noncollocated with the actuator forces. Furthermore, it is shown that in such a case
it is essential to include disturbance models in the standard-plant description to
obtain accurate results. In Voorhoeve et al. (2016b) and Mooren et al. (2018),
an observer-based inferential control approach is developed which is especially
suited to minimize the influence of disturbance-induced compliant deformations, i.e., the quasi-static deformations induced by a locally applied force, often
modeled using an additional feedthrough term, see, e.g., Fleming and Moheimani (2003). Combined with a moving disturbance source and point-of-interest
location, the position dependency of this compliant effect necessitates a positiondependent control approach to obtain the desired performance. This positiondependent controller can be effectively and intuitively realized by combining an
observer containing a position-dependent system model with an LTI controller
that is robust to the remaining position-dependency, as shown in Figure 6.11.

6.7
6.7.1

Conclusions and outlook
Conclusions

This paper provides a general procedure to identify position-dependent mechanical systems, which is an essential step for the control of future high-precision
mechatronic systems. A key step in the proposed approach is to utilize prior
mechanical systems knowledge as embedded in the modal modeling framework.
In Section 6.4, a flexible framework of parameterizations and identification
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algorithms is proposed that is especially suited for the identification of modal
models of mechanical systems. For the considered state-of-the-art industrial
wafer stage system, with a total of 7 considered inputs and 16 outputs, the
proposed identification approach yields a very accurate modal system model
with 12 identified modes. The spline-based interpolation approach proposed in
Section 6.5 provides a robust and effective method to reconstruct the spatial
mode shapes, and is successfully applied to reconstruct 9 of the identified mode
shapes.
Potential applications of the proposed position-dependent modeling approach for control are numerous, including, e.g., the use in global spatio-temporal
feedforward control and observer based inferential feedback control.

6.7.2

Outlook

In this paper, systems are considered that can be written as (6.4)–(6.5). Although this description is less general than (6.1)–(6.3), it is envisaged that the
proposed framework of identifying modal models of mechanical systems and subsequently interpolating the spatial system behavior can be readily extended to
be more broadly applicable. In particular, extending the proposed framework to
consider the modeling of interacting mechanical subsystems provides the ability
to model a variety of relevant mechanical systems. Examples of such interacting
mechanical subsystems include the much used H-bridge systems as considered
in, e.g., Groot Wassink et al. (2005); Steinbuch et al. (2003). By separately
considering the spatio-temporal behavior of the subsystems, such as the beam
and carriage in an H-bridge system, and modeling the full system behavior as
a general interconnection of these component models, a more general class of
systems can indeed be described, including systems with position dependent
state-matrices. Validating the practical applicability and performance of this
approach, as well as the control approaches discussed in Section 6.6, is a subject
of ongoing research.

Part IV

Closing

Chapter 7

Conclusions and Recommendations

7.1

Conclusions

The efficient and numerically reliable identification approaches that are developed in this thesis enable the accurate identification of increasingly complex
systems. The ability to obtain accurate models for these complex systems is
essential in enabling the use of advanced control approaches for the control of
future mechatronic precision systems. An improved price-performance ratio in
mechatronic systems can often be achieved by replacing passive hardware solutions with actively controlled software solutions. For future mechatronic precision systems, it is envisaged that such active control approaches will be utilized
to control spatio-temporal physical behavior, such as structural dynamics and
thermo-mechanical behavior, that is currently passively minimized in the hardware design. The advanced control approaches which enable the control of this
spatio-temporal behavior are dependent on the ability to obtain accurate models
of the complex system dynamics, of which system identification is an essential
element.
The system complexity presents the main challenge for the identification of
the considered class of systems. As a result of this system complexity, the computational problems that need to be solved in the identification process become
very large and challenging. The involved computational issues have generally
received little attention in the literature on system identification and control.
However, as is shown in this thesis, the careful consideration of the computational efficiency and numerical reliability in the implementation of algorithms
is essential in order to obtain algorithms which are capable of dealing with the
level of complexity encountered in both the current industrial systems and especially the envisaged future mechatronic systems. In the first part of this thesis,
algorithms for the identification of complex motion systems are developed with
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an emphasis on numerical reliability. In the second part of this thesis, several
application and control approaches are investigated which are enabled by these
developed, numerically reliable, identification approaches. The main conclusions
for each of these parts are presented below.

7.1.1

Identification for Complex Motion Systems

In Chapter 2, an efficient non-parametric identification approach is developed
that can be used for the identification of lightly damped systems with many inputs and outputs. Herein, the freedom in the parametrization of the multivariable local rational method (LRM) is effectively utilized to obtain a parsimonious
left matrix fraction description (LMFD) parametrization that has an increased
flexibility with respect to model-order selection compared to the other proposed
approaches. From an analysis based on experimental data from a recent system
identification benchmark, it is concluded that the proposed multivariable LRM
methods are significantly more efficient than classical spectral analysis methods.
In Chapter 3, a flexible set of parameterizations, specifically suited for the
identification of mechanical systems, is obtained by utilizing generic MFD parameterizations with a number of additional system specific constraints. These
parametrizations are compatible with the algorithms and the data-dependent
orthonormal vector polynomial bases used in numerically reliable identification.
Furthermore, it is shown on both simulation and experimental data that a combination of the SK, IV, GN and LM algorithms can successfully be employed for
the identification of complex motion systems. Also, it is shown that care must
be taken with the choice of basis functions to make sure the numerical conditioning remains appropriately bounded. The experimental example also shows that
for the identification of highly complex systems a dedicated numerically reliable
approach using data-dependent basis functions is a necessity.
In Chapter 4, a unified numerically reliable system identification approach is
developed using data-dependent orthogonal polynomials. This approach enables
numerically reliable identification in the discrete-time δ-domain which has significant numerical benefits for the identification of fast-sampled systems. In this
chapter, it is shown how earlier results on discrete orthogonal polynomials on the
real-line and unit-circle can be extended to obtain a unified framework for the
fast construction of discrete orthogonal polynomials on generalized circles using
quasiseparable Hessenberg matrices. From the results of a simulation example
based on a Active Vibration Isolation System, it can be concluded that the proposed δ-domain approach is numerically superior to the alternative Z-domain
approaches. Furthermore, the Z-domain approach which utilized the proposed
unified framework with the quasiseparable parametrization outperforms the Zdomain approach using the Schur parametrization as proposed in earlier works.

7.2 Recommendations

7.1.2
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Applications and Control

In Chapter 5, an observer-based control approach is proposed for inferential
control with mismatched disturbances. It is shown that for the considered inferential control problem, the observer-based structure is essential when seeking
to separately handle the estimation and feedback control problems in a twostep approach. A flexible observer design approach is proposed, which utilizes
well-known synthesis techniques to significantly improve the estimation of unmeasured performance variables. Furthermore, a frequency domain system identification procedure is proposed to obtain low-order observer relevant system
models. The proposed approaches are applied to a prototype wafer stage setup
and shown to be effective in practice.
Chapter 6 provides a general procedure for the identification of positiondependent precision mechatronic systems, which is an essential step for the control of future high-precision motion systems. A key step in the proposed approach is to utilize prior system knowledge as embedded in the modal modeling
framework. In this chapter, a flexible framework of parameterizations and identification algorithms is proposed that is especially suited for the identification
of modal models of mechanical systems. Additionally, a robust spline-based interpolation approach is developed to reconstruct the spatial mode shapes. The
proposed position-dependent identification approach is successfully applied to a
state-of-the-art industrial wafer stage system and the potential of the proposed
identification for control is confirmed in several case studies.

7.2

Recommendations

Based on the results and conclusion of this thesis, the following recommendations for ongoing research are formulated. First, concerning the identification of
complex systems, the following aspects are important topics for ongoing research.
Numerical awareness in identification and control As shown in this thesis, numerically reliable implementations are essential in order to obtain algorithms that are usable for the complex systems encountered in current and envisaged future industrial practice. This is not only true for parametric system
identification but for all aspects in an identification and control context which
are subject to this increasing system complexity, see, e.g., Datta (2004); Higham et al. (2004); Van Dooren (2004); Varga (2004). It is therefore vital for
the successful application of advanced control approaches for future mechatronic systems, as discussed in Chapter 1, to investigate, quantify, and mitigate the
numerical bottlenecks in the entire identification and control framework, from
experiment design to control implementation. A key step to achieve this is to
increase awareness about numerical issues in systems and control applications
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in both academia and industry, including an increased effort to develop, share,
benchmark and review quality software for identification and control.
Numerically reliable identification The framework of data-dependent orthogonal polynomials, as proposed in, e.g., Bultheel et al. (2005); Van Herpen
et al. (2014b); Rolain et al. (1995), and investigated in Chapters 3 and 4 of this
thesis, has been shown to provide an effective approach for numerically reliable system identification. Chapter 4 provides significant extensions as well as
a unification of this framework by showing that the matrix structures used in
Ammar et al. (1991); Gragg and Harrod (1984) to obtain an efficient algorithm
for the construction of the data-dependent orthogonal basis are specific instances of a more general matrix structure that also admits such a fast construction
algorithm. While this is a significant step towards the completion and unification of this orthonormal polynomial framework, there are still a number of
cases where additional extensions and further unification of this framework are
possible. This includes the cases of polynomials which are bi-orthonormal with
respect to a bilinear form as used in Van Herpen et al. (2014b), which have so
far only been explored in detail in the continuous time s-domain and which cannot be straightforwardly unified by the quasiseparable Hessenberg framework as
used in Chapter 4.
Rational basis functions in system identification The use of rational
basis functions in identification, such as the vector fitting approach with polerelocation, is briefly explored in Chapter 3 of this thesis with some interesting
results. An interesting topic of ongoing research is the use of rational basis
functions and pole-relocation for multivariable system identification. Especially
the parametrization issues for this approach are interesting as, apart from the
common denominator parametrization for which the rational basis extension is
trivial, the applicability of multivariable parameterizations, as used in Chapter 2
and Chapter 3 of this thesis, is not straightforward.
Second, the following recommendations are formulated for ongoing research
concerning applications and control.
Identification of position-dependent motion systems As discussed in
Section 2.7, the identification of position-dependent motion systems provides an
essential step for the control of future high-precision mechatronic systems. An
important aspect for ongoing research regarding the identification of positiondependent motion systems is the extension of the approach in Chapter 6, which
considers systems with position dependent output behavior, towards a more general class of position-dependent systems by considering the identification of interacting, position-dependent, mechanical subsystems. By using general feedback

7.2 Recommendations

183

interconnections to combine subsystems, of which at least one shows positiondependent output behavior, a much more general class of position-dependent
behavior can be modeled. Thereby enabling the effective identification and control of position-dependent motion systems such as the H-bridge systems in, e.g.,
Steinbuch et al. (2003); Van Zundert et al. (2016) or the C-arc system in Van der
Maas et al. (2017).
Applications One of the best ways to improve the current methods for identification and control of complex systems is to actually implement and apply these
methods on multiple relevant experimental systems and evaluate their performance. In this thesis, it is clearly shown that efficient and reliable system identification is possible for the considered class of complex systems. Also, the value
of the proposed identification approaches is shown in enabling a large number of
potential control applications, such as the global and local position-dependent
motion control application investigated in Section 6.6. While currently a certain
degree of experience and expertise is required to effectively apply and utilize the
proposed approaches, this too is effectively resolved by the continued application
of the approaches and the resulting exposure, utility and cumulative experience
that is derived from that.

Addenda

Appendix A

Details Benchmark Example

A.1

Introduction

The aim of this Active Vibration Isolation System (AVIS) benchmark is to
compare the capability of different black box, linear time invariant identification
techniques to model complex industrial systems. The main idea is that an industrial high-tech system, characterized by highly accurate sensors & actuators,
over-actuation and a high degree of active control, automatically constitutes a
practically relevant setup on which to test identification algorithms. The presented benchmark system is complex in the sense of high order, lightly damped
dynamics with a significant dimension in terms of inputs and outputs.
The proposed benchmark is based on a mechanical system that has applications in motion and vibration control. In the near future the requirements for
motion and vibration control will become even tighter. To meet these future demands, it is envisaged that active control of flexible dynamics is required, including the use of additional actuators and sensors and inferential control (Oomen
et al., 2014, Section I.C). This implies that the number of inputs and outputs
is likely to increase, as well as the order of the relevant flexible dynamics. As a
result, a model-based control approach based on parametric models is a natural
approach for a systematic control design for such complex multivariable systems,
see, e.g., Van de Wal et al. (2002).
Although many control applications for motion systems are reported in the
literature, there is a strong indication that the modeling task still poses a major
challenge. System identification is the natural approach for such systems, since it
This appendix is based on Voorhoeve et al. (2015) 1 . For additional information, see
Voorhoeve and van der Maas (2016) and http://www.dct.tue.nl/toomen/avis/avis.html.
1 Voorhoeve, R., van Rietschoten, A., Geerardyn, E., and Oomen, T. (2015). Identification
of high-tech motion systems: An active vibration isolation benchmark. IFAC-PapersOnLine,
48(28), 1250–1255. 17th IFAC Symposium on System Identification. Beijing, China.
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is inexpensive, fast, and accurate due to the almost infinite freedom in the design
of experiments. However, there are indications that it is unclear for practitioners
what method to prefer and choose from the large amount of approaches available.
These indications are at least threefold. First, most motion systems are still
tuned manually using non-parametric models, see Butler (2011); Van de Wal
et al. (2002). Second, it is explicitly indicated in earlier overviews of the motion
control field, e.g., in Steinbuch and Norg (1998b, Section 4.2), that modeling
tools are not readily available. Third, besides the fact that many system identification approaches with different criteria have been developed, a significant
number of results addressing issues with the numerical implementation of these
methods have been developed, including frequency scaling (Pintelon and Kollár,
2005), amplitude scaling (Hakvoort and Van den Hof, 1994), the use of classical
orthonormal polynomials and orthogonal rational functions (Heuberger et al.,
2005; Ninness and Hjalmarsson, 2001; Ninness et al., 2000), and more recently
the use of orthonormal basis functions with respect to a discrete data-based
inner product (Bultheel et al., 2005; Van Herpen et al., 2014b). Related numerical issues are also seen in subspace identification, see, e.g., Chiuso and Giorgio
(2004); Verdult et al. (2002).
The proposed benchmark system is an Active Vibration Isolation System
(AVIS), which is selected for its application interest, applicability and relevance,
and challenge. Regarding application interest, these systems are used in diverse
fields, ranging from precision equipment such as lithography and scanning tunneling and atomic force microscopy to vehicles, and their control is an active
research topic by itself, see, e.g., Landau et al. (2013). Regarding applicability
and relevance, the considered AVIS is open-loop stable. This is in sharp contrast
to typical high-performance motion systems that require closed-loop operation
to stabilize the rigid-body behavior. As such, the approach eliminates issues
that could arise due to closed-loop operation, including potential bias and the
influence of the controller on the resulting model, enabling a meaningful and
unambiguous evaluation of many available identification approaches. Regarding
the challenge component, the system has 8 inputs and 6 outputs with high-order
flexible dynamics over a large dynamic range, leading to a complex identification problem, e.g., compared to related control benchmarks in this field, e.g.,
Landau et al. (2013). It is emphasized that though significantly challenging,
it is expected that future motion systems have a much higher complexity. In
this respect the AVIS is a good compromise between, e.g., the applicability in
the sense of open-loop operation and the challenge component in the sense of
problem complexity.
The main challenge lies in obtaining a parametric model of the system, both
in terms of model accuracy and numerical reliability. In view of the control
application, the typical approach is via the frequency domain. The main reason
is that, in addition to the arguments provided in Pintelon and Schoukens (2012),
the resulting controller is often evaluated in the frequency domain using Bode
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Figure A.1: Benchmark AVIS and isolator configuration.

and Nyquist diagrams, providing a highly preferred controller validation step
in industrial control engineering. Still, given the close relations between the
time domain and the frequency domain, it would be very interesting to compare
approaches in both domains regarding performance and numerical reliability. In
addition, given the often pursued frequency domain approach, this also leads to a
second sub-challenge of the provided benchmark setup: the efficient and accurate
non-parametric identification of such lightly damped systems with many inputs
and outputs.

A.2

The Setup

The benchmark setup is an Active Vibration Isolation System (AVIS) built by
IDE (Integrated Dynamics Engineering). It is shown in Figure A.1. The AVIS
consists of an aluminum table suspended on air mounts. It is equipped with
eight actuators, two at each corner (see Figure A.1), and six sensors, also two
at each corner apart from one.
The actuators, shown in Figure A.1, are voice-coil or Lorentz actuators, see
Munnig Schmidt et al. (2011, Section 5.2). These actuators are characterized by
a highly linear relation between the applied current and the resulting force.
The sensors are geophones (Munnig Schmidt et al., 2011, Section 8.7.2).
These are inertial sensors that are designed to measure the absolute velocity of
the system with respect to an inertial reference frame, instead of relative to the
floor. Such an absolute measurement is particularly useful in vibration isolation
since it enables skyhook damping (Karnopp, 1995), which is explained on the
next page in the textbox on vibration isolation.
The system is located on an isolated floor segment in our lab to reduce the
effects of external disturbances on the measurements. The measurement setup
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Vibration isolation aims to suppress the influence of external disturbances
on the payload. These external disturbances can be separated in two classes, Fd1 ,
acting on the floor and Fd2 , acting directly on the payload. See Figure A.3 for a
schematic model of the AVIS.
“Sky”

F d1

ẏ

Payload

Fd
−

C

u

P

ẏ

ẏ

C

Simple
feedback interconnection for active vibration
isolation.

F d1
Payload

F d2

F d2
Floor

Figure A.2:

C

Figure A.3:

Traditional setup, measuring the
velocity relative to the
floor.

Floor

Figure A.4:

Skyhook
damping of the AVIS,
using an absolute velocity measurement.

In passive vibration isolation the challenge is to design suspension characteristics
(modeled by a spring and damper in Figure A.3), such that the disturbances
Fd1 and Fd2 are optimally suppressed. To suppress the floor disturbances Fd2 ,
a soft suspension is desired since this maximizes the frequency range in which
the floor and AVIS are decoupled, leading to good isolation of the AVIS with
respect to floor disturbances. However, to suppress the system disturbances Fd1 ,
a stiff suspension is desired because this minimizes the deflection caused by such
a disturbance. Hence, there is a clear trade-off in passive vibration isolation.
In active vibration isolation, the suppression of external disturbances is enhanced
through active feedback control, see Figure A.2. One possibility is to measure
and actively control the velocity of the system with respect to the floor, as shown
in Figure A.3. In this configuration however, the controller can be interpreted
as an extra suspension element between the floor and the AVIS. This means the
same trade-off as in passive vibration isolation exists between the suppression of
Fd1 and Fd2 .
If a measurement is available of the absolute velocity of the system, so-called skyhook damping can be used. The name skyhook damping references the interpretation of the controller as a suspension element (damper) between the AVIS and
the fixed world or “sky”, see Figure A.4. This effectively eliminates the trade-off
between the suppression of floor disturbances and suppression of system disturbances, since they are both suppressed by a strong coupling between the AVIS
and the (disturbance free) fixed world. In this case, a high control bandwidth is
thus desired to attenuate both Fd1 and Fd2 .
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that is used for this system is a zero-order hold setup. The transfer function
that is measured in this setup, is the transfer function from the predetermined,
discrete and noiseless generator signal ud (n) to the sampled, noisy output measurement y(nTs ). The data acquisition card in this setup, is a Quanser Q8 and
the experiments are performed using Simulink Real-TimeTM . No anti-aliasing
filters are used in this setup, which for a zero-order hold measurement setup is
the conventional configuration (Pintelon and Schoukens, 2012, Section 13.3).

A.3

Measurement

Measurements of the benchmark system are performed using multisine excitations as well as normally distributed zero-mean white noise. These types of
excitation signals are both frequently used in system identification and enable
identification of the system in a wide frequency range. The noise sequences are
defined as
unoise (n) ∼ N (0, σ).
(A.1)
The multisine signals are defined as
uMS (n) =

K
X

Ak sin(2πkn/Np + φk ),

(A.2)

k=1

where Np is the total number of points in one period of the signal. The phases
φk are sampled from a uniform distribution over [0, 2π]. The amplitudes Ak are
chosen such that only the odd frequency bins, k = 1, 3, 5, . . . are excited. For
these odd frequencies, the amplitude Ak is constant, normalized such that the
total rms of the input signal is equal to 1/6 Volt.
To perform MIMO multisine measurements of the benchmark system, full
random orthogonal multisines are used (Pintelon and Schoukens, 2012, Section
3.7). Here, a nu × nu (where nu is the number of inputs) matrix of input signals
is constructed in frequency domain as
U(k) = DU (k)T Dφ (k),

(A.3)

where DU (k) is a complex diagonal matrix containing the amplitudes and phases for nu = 8 independently generated random phase multisine signals, T is
a suitably chosen orthogonal matrix and Dφ (k) is a complex diagonal matrix
containing random phase sequences, leading to independent columns of U(k).
This extra randomness is necessary when the system exhibits (weakly) nonlinear
behavior, for more details see Pintelon and Schoukens (2012, Section 13.3). In
(A.3), the following definition of the DFT is used
N −1
1 X
X(k) = √
x(nTs )e−j2πnk/N .
N n=0

(A.4)
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Figure A.5: Timeseries and histograms of two periods of multisine input and an output
signals.

For the multisine measurements, each of the columns of U(k) represents a different experiment that is performed (Nexp = nu ) and the rows correspond to the
input channels to which that signal is applied. The construction of the input matrix as in (A.3), ensures that the input matrix can be inverted in a numerically
reliable way.
The multisine signals are applied periodically. For all experiments P = 15
periods are measured with a period length of Tp = 10 seconds and with a sampling frequency of 20 kHz. Furthermore, to quantify and diminish the influence
of the stochastic nonlinear contributions on the measurements (using the robust
method as in Pintelon and Schoukens (2012, section 4.3)), M = 15 independently generated realizations of the full random orthogonal multisines are measured. For the measurements using Gaussian noise sequences as inputs, again
an nu × nu input matrix is constructed as in (A.3), however the initial nu = 8
frequency domain signals which define DU (k) are the Fourier coefficients of the
Gaussian noise sequences instead of the multisines. For each of the noise experiments, the excitation signals were applied for 300 seconds. For an overview, see
Table A.1.
In Figure A.5, the time-series and histograms are shown of the first input
and output for two periods of the multisine excitation. From these figures, it can
be seen that the amplitude distribution of the multisine signals approximates a
Gaussian distribution, which is due to the use of random phases.
Figure A.6 shows the frequency domain spectra of the same input and output data as seen in Figure A.5. The input spectrum clearly equals the designed
deterministic amplitude spectrum for the excited frequencies and shows no excitation for the non-excited frequencies. The output spectrum already reveals
some of the system’s amplitude behavior and confirms that the system contains
a large number of lightly damped modes, which will become clear in Figure A.7.
The output spectrum also shows a distinction between the excited and non-
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Table A.1: Overview of conducted experiments.

Multisine
Noise

Nexp
8
8

real. M
15
1

periods P
15
1

Tp [s]
10
300

Ttot [s]
18000
2400

Figure A.6: Frequency domain amplitudes of two periods of multisine input and an
output signals

excited lines, however this distinction is not as sharp as in the input spectrum.
This can be attributed to measurement noise and non-linearities in the system.
Next, a non-parametric characterization of the frequency response of the system
is performed to reduce and quantify the influence of these phenomena.

A.4

Non-Parametric Identification

As an intermediate step in system identification, a non-parametric model can be
used. This provides valuable insight in the system behavior and also provides a
means for data reduction. In this section, the frequency response matrix of the
system is estimated using the multisine measurements described in section A.3.
Real-life systems will always exhibit some non-linear behavior, therefore the
frequency response matrix will at best be a linear approximation of the system
behavior. To obtain a good linear approximation, the so-called robust method
for estimating the best linear approximation is used, see Pintelon and Schoukens
(2012, Sections 4.3.1 & 7.3.6). Note that this best linear approximation can still
depend on certain aspects of the applied input signal such as its rms value and
DC offset. Here, a self-contained summary of this method for estimating the
best linear approximation is described.
For each realization m, experiment e and period p, a ny × 1 vector of output
signals (with signal length N = fs Tp ) is measured. These are first transformed to
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the frequency domain using the DFT defined by (A.4). The output observations
are described by
Y (k) = GBLA (Ωk )U (k) + VY (k) + Ys (k) + TY (Ωk ),

(A.5)

where GBLA (Ωk ) is the best linear approximation of the system, U (k) is the
DFT of the input signal, VY (k) is the disturbing noise on the output observations, Ys (k) is the stochastic non-linear contribution and TY (Ωk ) is the transient
response (or leakage) term. The influence of all three of these disturbance terms
should be mitigated and/or quantified during non-parametric identification.
The transient term TY (Ωk ) is mitigated by discarding the measurement data
from the first Pt = 5 periods of the multisine measurements. Next, the frequency
domain signals are averaged over the remaining Pss steady-state periods, to
mitigate the influence of VY (k)
Ŷ [m,e] (k) =

1
Pss

P
X

Y [m,e,p] (k).

(A.6)

p=Pt +1

To quantify the remaining influence of this noise term, the covariance of Ŷ [m,e] (k)
is determined from
noise [m,e]

ĈŶ

(k) =

P
X
1
[m,e,p]
[m,e,p]H
eY
(k)eY
(k),
Pss (Pss − 1)

(A.7)

p=Pt +1

with
[m,e,p]

eY

(k) = Y [m,e,p] (k) − Ŷ [m,e] (k).

(A.8)

Averaging over the multisine periods does not mitigate the influence of the
stochastic non-linear contributions since they have the same periodicity. Therefore, to mitigate and quantify the influence of Ys (k), an averaging step over the
different realizations m is performed. Since the phases of the input sinusoids for
the different realizations vary, these varying phases first need to be eliminated
before a meaningful average over the realizations can be computed. This is done
by first relating the output signals Ŷ [m,e] (k) to the inputs signals. The signals
of the nu experiments are combined to form the following matrix of outputs
h
i
[m]
Ŷ (k) = Ŷ [m,1] (k) Ŷ [m,2] (k) . . . Ŷ [m,nu ] (k) .
(A.9)
The matrix of input signals U[m] (k) ∈ Cnu ×nu (see (A.3)) is written as:
[m]

U[m] (k) = D|U | (k)T∠U (k)

(A.10)

where D|U | (k) is a diagonal matrix containing amplitude information of the input
[m]
signal and T∠U (k) is a unitary matrix containing all the phase information of
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Figure A.7: Magnitude plots for the first 2 × 2 subset of the non-parametric estimate
of ĜBLA for the AVIS, including the total and noise variances (σ̂tot , σ̂noise respectively).

the input signals, obtained by rewriting (A.3) in phasor notation. This unitary
matrix is used to relate the output signals to the input signals, allowing the
computation of a meaningful average over the M independent realizations, i.e.,
[m]

[m]

ŶU (k) = Ŷ

ŶU (k) =

[m]H

(k)T∠U (k),

M
1 X [m]
Ŷ (k).
M m=1 U

(A.11)

(A.12)

Next the covariance of this estimate is computed using
[e]

ĈŶ (k) =
U

M
X
1
[m,e]
[m,e]H
rY (k)rY
(k),
M (M − 1) m=1

with
[m,e]

rY

[m]

(k) = ŶU [:, e] (k) − ŶU [:, e] (k).

(A.13)

(A.14)

The previously obtained covariance estimates of the noise are used to estimate
the noise covariance on ŶU (k)
noise [e]

ĈŶ

U

(k) =

M
1 X noise [m,e]
Ĉ
(k).
M 2 m=1 Ŷ

(A.15)

Finally the best linear approximation is computed through
−1
ĜBLA (Ωk ) = ŶU (k)D|U
| (k).

(A.16)
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One final averaging step over the nu experiments yields
ĈŶU (k) =
and
ĈŶnoise (k) =
U

nu
1 X
[e]
Ĉ (k),
nu e=1 ŶU

nu
1 X
noise [e]
Ĉ
(k).
nu e=1 ŶU

(A.17)

(A.18)

The total and noise covariances of ĜBLA are computed by
ĈĜBLA = cov(vec(ĜBLA )) ≈ (U(k)UH (k))−1 ⊗ ĈŶU (k),

(A.19)

where vec(·) denotes the vectorization operator, and
noise
ĈĜ
≈ (U(k)UH (k))−1 ⊗ ĈŶnoise (k).
U

BLA

(A.20)

The results of this procedure for the first 2×2 subset of the benchmark setup are
shown in Figure A.7, showing the resulting best linear approximation as well as
the total and noise standard deviations. These results show that a good signal
to noise ratio (> 10dB) is achieved for a large frequency range and also clearly
show the high order lightly damped dynamics of the system.

A.5
A.5.1

The Benchmark Challenge
Main Benchmark Challenge

The main benchmark challenge is to accurately fit a parametric model to the
estimated frequency response function (or directly to the time-domain data). A
number of metrics are formulated to assess the performance of different identification routines.
Accuracy metric To assess the accuracy of the obtained model, the value
of the sampled maximum likelihood cost function is used, which is defined as:
VML (G̃) =

m h
X

i2
εĜBLA (Ωk , G̃)H W (k)εĜBLA (Ωk , G̃) ,

(A.21)

k=1

where εĜBLA (Ωk , G̃) is given by
εĜBLA (Ωk , G̃) = vec(ĜBLA (Ωk ) − G̃prop (Ωk )),

(A.22)

and the weight matrix is defined as
−1
W (k) = ĈĜ

BLA

(k).

(A.23)
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In (A.22), G̃prop (Ωk ) is the linear system (evaluated at frequency k) that results
from a proposed identification routine. In this cost function the identified models
are compared with the non-parametric BLA, ideally one would want to compare
the identified models with the true model. A true model is however not available
and therefore this non-parametric BLA which is estimated based on the full dataset is used instead.
Subsets The cost function (A.21) is specified for the full 6 × 8 MIMO case,
but it can readily be reformulated such that a subset of the MIMO problem is
considered. Since the full MIMO case is rather challenging, it is useful to first
assess the performance of identification algorithms on SISO and smaller MIMO
parts of the system before attempting the full MIMO case. The subsets that are
considered for the benchmark are those using the first [1 : ny,id ] output and the
first [1 : nu,id ] input channels. It should always be clearly indicated how many
inputs and outputs are used.
Numerical reliability To assess the numerical reliability of the different
identification algorithms, the condition number with respect to L2 (denoted as
κ) is used. Most identification methods solve a linear system of equations to
calculate the fitting parameters or use a matrix decomposition such as SVD or
QR as central solution step. The condition number for this central solution
step is considered for this benchmark. For iterative algorithms the minimum,
maximum and geometric mean values over all iterations should be mentioned.
Other metrics Additional relevant metrics are the computation time (and
on what type of machine), to assess the efficiency of the method, and the order
(McMillan degree) of the estimated model as well as the number of model parameters that were estimated. Table A.2 shows an example of all the performance
metrics for the reference solutions used here.

A.5.2

Secondary Benchmark Challenge

As a secondary benchmark, a non-parametric identification challenge is formulated. The non-parametric identification solution shown in section A.4 is used
as a reference case. The challenge is to use the least amount of measurement
data while maintaining a comparable model quality. For example, local modeling techniques (LPM/LRM, see, e.g., Geerardyn et al. (2014)) can be used
to mitigate the transient response instead of discarding the measurement data
from the first five periods, reducing the total amount of measurement periods
required.
To quantify the model quality, the same cost function is used as in the
parametric identification benchmark of Section A.5, except a non-parametric
G̃prop (Ωk ) is used instead of a parametric model. This cost function is only defined on a discrete frequency grid (see eq. (A.21)), but for this non-parametric
benchmark, a subset of this frequency grid can be used. The cost function should
then be normalized with the total number of frequency bins that are considered.
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Figure A.8: Graphical depiction of the basic principles behind the applied SK and IV
algorithms.

If an entirely different frequency grid is obtained then the applied interpolation
method should be clearly defined.

A.6

A Reference Solution

In this section, a reference solution is provided for the benchmark challenge where
the first SISO element of the system is considered. This facilitates presentation
and already reveals the challenging numerical aspects involved in the benchmark
challenge. For the SISO case, the sampled maximum likelihood cost function
(A.21) reduces to
2

m
X
ĜBLA i,j (Ωk ) − G̃(Ωk , θ)
VML i,j (θ) :=
,
σ̂ĜBLA i,j (Ωk )

(A.24)

k=1

where
G̃(Ω, θ) =

N (Ω, θ)
,
D(Ω, θ)

(A.25)

and where N (Ω, θ) and D(Ω, θ) are polynomials in the indeterminate Ω. This
cost function is non-linear in the parameters θ.
Two different algorithms are utilized, the Sanathanan-Koerner (SK) algorithm (Pintelon and Schoukens, 2012, Section 9.8.3) and the Instrumental Variable (IV) algorithm (Blom and Van den Hof, 2010). As is shown in Figure A.8,
these approaches both involve solving a sequence of linear systems of equations.
Note that these approaches need not converge monotonically, thereby providing
additional robustness with respect to local minima.
The problem matrices of these algorithms (C, A and b as in Figure A.8)
depend on the particular parametrization of (A.25). Here, the following parameterizations are considered:
Mon monomials;

A.7 Discussion

199

Table A.2: Benchmark criteria for reference solutions.
Approach
IV,BP
IV,ScM
IV,Mon
SK,ScM

min(VML1,1 )

κmin/gmean/max

4.6e5
5.4e5
1.3e6
1.5e6

1/2/4e22
2e17/2e18/3e19
9e70/1e154/1e293
5e9/2e15/6e16

tcomp [s]
@i5-4670
363
165
231
168

order/ Npar
100/200
100/200
100/200
100/200

ScM monomials that are scaled such that the columns of A and C have a unity
2-norm; and
BP block polynomials φi , ψj that are bi-orthogonal with respect to the bi-linear
form hψi , φj iC, A , that theoretically yield κ(C H A) = 1 as introduced by
Van Herpen et al. (2014b).
In Figures A.9 and A.10 and Table A.2 the results for these reference solutions of the SISO benchmark problem are shown. In Figure A.10 it can be seen
that only the IV algorithm parameterized with the bi-orthonormal basis functions converges within 200 iterations. All the other parameterizations used with
the IV algorithm have much higher condition numbers which clearly influences
the convergence properties of the algorithm. For the bi-orthonormal basis the
condition number is equal to 1 for most iterations, however at some iterations
it spikes, likely due to implementation issues with the algorithm that constructs
these bases. That these numerical issues are already present for the SISO case
shows the challenging numerical aspects involved in this benchmark.

A.7

Discussion

In this appendix, a benchmark is presented which can be used to evaluate LTI
system identification techniques on a complex industrial motion system with
high order lightly damped dynamics. To assess the performance of available
and future approaches in the field of linear system identification, evaluation
criteria for model quality as well as numerical reliability are formulated. The
criterion used to assess model accuracy is the sampled maximum likelihood cost
function defined in (A.21). To assess the numerical reliability of the identification
algorithms, the condition number of the central estimation step is used. The
included reference solution shows the challenging numerical aspects involved in
this benchmark.
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Figure A.9: Fitted models using the IV algorithm with a bi-orthonormal basis
(G̃IV,BP ) and the SK algorithm with scaled monomials (G̃SK,ScM ).
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Figure A.10: Cost function values and conditions numbers during iterations for the
reference solutions.
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Tóth, R., Felici, F., Heuberger, P.S.C., and Van den Hof, P.M.J. (2007). Discrete
time LPV I/O and state space representations, differences of behavior and pitfalls of
interpolation. In Proceedings of the 2007 European Control Conference, 5418–5425.
Kos, Greece.
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Summary
Identification for Advanced Motion Control:
Numerically Reliable Algorithms for Complex Systems
In many manufacturing processes, including photo-lithography and additive manufacturing, productivity and product quality are determined by the performance of positioning systems. To improve performance, the accuracy and accelerations of these positioning systems are subject to increasingly stringent requirements. This leads to a situation where currently applied control strategies,
which tacitly assume that such positioning systems behave as a rigid body, cannot be applied to achieve the high accuracy and accelerations required in future
positioning systems. Indeed, it is envisaged that a radical shift in the design
and control of precision motion systems is required to meet future accuracy and
acceleration requirements, shifting towards the use of lightweight flexible structures combined with advanced model-based control strategies to actively control
the structural flexibilities.
The success of such model-based control strategies is contingent on the ability
to obtain accurate system models. A key step to obtain such accurate models
is system identification: the construction of models using measured data. The
complexity of the considered class of systems and the required modeling accuracy lead to a challenging identification problem. This complexity is a result of
the large number of actuators and sensors, the high sampling rates, and the large
number of lightly damped resonances in the frequency range of interest that are
typical for the considered systems. Furthermore, this complexity is expected to
sharply increase for the envisaged future motion systems. This leads to a situation where the computational challenges involved in the identification problem
are significantly limiting the achievable model quality. The aim of this thesis is
to develop identification algorithms that are both computationally efficient and
numerically reliable thereby enabling the identification of the considered class of
complex systems.
This thesis includes the following contributions towards obtaining efficient
and numerically reliable methods for the identification of complex systems. First,
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a non-parametric identification approach is developed for systems with many
inputs and outputs and lightly damped resonances by using a local rational modeling approach with a parsimonious matrix fraction description parametrization, leading to significantly reduced experiment times and improved accuracy.
Second, a variety of parametrizations, algorithms and numerically advantageous solution methods are evaluated for their suitability for the identification of
complex motion systems, resulting in a flexible framework of algorithms and
parametrizations that are compatible with recently developed methods for numerically reliable identification. Third, a unified approach is developed for the
efficient construction of data-dependent orthonormal polynomials for the numerically reliable identification of complex systems, thereby enabling the accurate
identification of fast sampled systems in the discrete delta-domain.
In addition to these fundamental contributions, several applications and control methods are investigated in this thesis. First, identified models are used in
an observer-based approach to estimate the positioning accuracy at unmeasured
performance locations in the presence of disturbance-induced structural deformations. Second, the developed identification approaches are utilized to obtain a
position-dependent mechanical system model by interpolating the mode shapes
which are identified with a high spatial resolution using a set of additional sensors. The proposed identification methods and control approaches have been
verified in relevant experimental case studies confirming their potential and their
applicability for the identification and control of future motion systems.
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