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Summary

Learning and Feedforward Control for Unconventional
Sampling and Actuation
The next generation of manufacturing equipment and scientific instruments
require unprecedented performance levels in terms of both precision and throughput. The future complex machines are envisioned to be equipped with advanced
actuators and sensors which have the potential to enable performance improvements. To achieve these performance levels, advanced motion control techniques
that exploit the abundance of available data are essential. The resulting mechatronic systems will enable large performance and cost improvements in high-tech
applications, including lithography, industrial printing, additive manufacturing,
medical imaging, microscopy, and telescopes.
The aim of this thesis is to develop a control framework that exploits the
abundance of available data to enable a breakthrough in performance improvements for a wide range of mechatronic applications, e.g., electron microscopes
and printing systems. Traditional learning and feedforward control approaches
are well known to achieve performance levels up to the limit of reproducibility.
A major drawback of these approaches is the restricting assumptions the system
needs to satisfy, thereby not being applicable to many state-of-the-art mechatronic systems. In this thesis, the most restricting assumptions on the sensor
and actuator side of the system are identified and novel learning and feedforward
control methods are presented that alleviate them. This enables next-generation
machines to meet the ever-increasing performance requirements.
On the sensor side of a mechatronic systems one of the key assumptions is
that exact measurements are sampled equidistantly in time. For systems that
exploit incremental encoders the data at the equidistant sampling instances is
not exact, thereby violating this assumption. The exact data from incremental
encoders can be modelled as an intermittently sampled signal on a high sampling
rate, this unconventional sampling type does not fit in present learning control
approaches. Besides this the conventional equidistant sampling could lead to
undesired inter-sample behaviour that is unobservable in the data. The development of design and analysis tools that allow for multiple input and output

ii
sampling rates enables exploiting the exact data from incremental encoders and
a reduction of undesired intersample behaviour.
On the actuator side, one of the key assumptions is that the actuator is a
linear system without memory. This assumption is violated when exploiting
advanced actuators, e.g., a piezo stepper actuator. The piezoelectric elements
incorporated in these actuators exhibit hysteresis, which is a predominant nonlinear history-dependent effect. Moreover, the walking type of motion in these
actuators introduces disturbances that are reproducible in the commutation angle domain, which contradicts with the assumption in conventional learning approaches which are restricted to disturbances that reproduce in the time domain.
Both learning and feedforward control methods are developed to compensate for
the hysteretic behaviour and disturbances that reproduce in the commutation
angle domain.
The developed learning and feedforward approaches are successfully implemented on a range of next-generation motion systems, including high throughput
paper handling systems with incremental encoders and sample positioning stages
for electron microscopy, revealing large performance improvements when exploiting the full potential of the available sensors and actuators. Consequently, the
contributions of this thesis enable unprecedented performance and cost gains in
high-tech applications.

Contents

Summary

i

1 Introduction
1.1 The ever-increasing demand for control technologies
1.2 Data-intensive future machines . . . . . . . . . . . .
1.3 Traditional motion control and its key limitations . .
1.4 Digital controller implementation . . . . . . . . . . .
1.5 Control for future sensors and actuators . . . . . . .
1.6 Research challenges . . . . . . . . . . . . . . . . . . .
1.7 Developments in control systems . . . . . . . . . . .
1.8 Contributions . . . . . . . . . . . . . . . . . . . . . .
1.9 Organization of the thesis . . . . . . . . . . . . . . .

I

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

1
1
3
5
7
9
10
12
18
22

Learning for unconventionally sampled systems

25

2 Iterative Learning Control for Intermittently Sampled Data:
Monotonic Convergence, Design, and Applications
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.2 Problem formulation with applications . . . . . . . . . . . . . .
2.3 Monotonic convergence . . . . . . . . . . . . . . . . . . . . . . .
2.4 Computationally tractable ILC approach . . . . . . . . . . . . .
2.5 Connection to gradient-descent ILC . . . . . . . . . . . . . . .
2.6 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.8 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

27
28
31
35
43
45
46
51
51

3 Repetitive Control for Intermittently
vergence, Design, and Applications
3.1 Introduction . . . . . . . . . . . . . . .
3.2 Problem formulation . . . . . . . . . .
3.3 Stability analysis . . . . . . . . . . . .
3.4 Design . . . . . . . . . . . . . . . . . .

59
60
63
66
71

Sampled Data: Con.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

iv

Contents
3.5
3.6
3.7

Experimental results . . . . . . . . . . . . . . . . . . . . . . . .
Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

74
78
78

4 State-Tracking Iterative Learning Control a Frequency Domain Design for Improved Intersample Behavior
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . .
4.3 Approach and analysis . . . . . . . . . . . . . . . . . . . . . . .
4.4 Design of state-tracking ILC . . . . . . . . . . . . . . . . . . . .
4.5 Experimental validation . . . . . . . . . . . . . . . . . . . . . .
4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

81
82
84
89
94
98
107

II Learning and feedforward for unconventionally actuated systems
109
5 Monotonically Convergent Iterative Learning Control for Piecewise Affine Systems
111
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
112
5.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . .
114
5.3 ILC for PWA systems . . . . . . . . . . . . . . . . . . . . . . .
118
5.4 Computationally tractable analysis . . . . . . . . . . . . . . . .
120
5.5 Applying ILC to a mass-spring-damper system with a one-sided
spring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
123
5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
124
5.7 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
125
6 Compensating Commutation-Angle Domain Disturbances with
Application to Waveform Optimization for Piezo Stepper Actuators
6.1 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . .
6.2 Disturbance analysis . . . . . . . . . . . . . . . . . . . . . . . .
6.3 Waveform optimization . . . . . . . . . . . . . . . . . . . . . .
6.4 Experimental results . . . . . . . . . . . . . . . . . . . . . . . .
6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

129
131
136
137
143
146

7 Memory-Element Based Hysteresis: Identification and Compensation of a Piezoelectric Actuator
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
7.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . .
7.3 Hysteresis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
7.4 Hysteresis identification exploiting hybrid memory elements . .
7.5 Hysteresis compensation exploiting hybrid-MEM-elements . . .

147
148
149
151
157
161

Contents
7.6
7.7

v

Experimental results . . . . . . . . . . . . . . . . . . . . . . . .
Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

164
170

8 Hysteresis Feedforward Compensation: A Direct Tuning Approach using Hybrid-MEM-Elements
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
8.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . .
8.3 Hysteresis as a memory element . . . . . . . . . . . . . . . . . .
8.4 Feedforward for Prandtl-Ishlinskii hysteresis via MEM modelling
8.5 Hysteresis feedforward tuning . . . . . . . . . . . . . . . . . . .
8.6 Experimental validation . . . . . . . . . . . . . . . . . . . . . .
8.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

171
172
173
177
181
183
184
186

9 High Precision Sample Positioning in Electron Microscopes Motion Feedforward Tuning for Hysteretic Piezo Actuators
9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
9.2 Piezo stepper actuators . . . . . . . . . . . . . . . . . . . . . .
9.3 Hysteresis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
9.4 Motion control feedforward . . . . . . . . . . . . . . . . . . . .
9.5 Feedforward for hysteresis . . . . . . . . . . . . . . . . . . . . .
9.6 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

187
188
190
192
194
196
198

10 Conclusions and Recommendations
10.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
10.2 Recommendations for future research . . . . . . . . . . . . . . .

201
201
204

Bibliography

207

List of publications

219

Dankwoord

223

About the author

225

CHAPTER
Introduction

1.1

The ever-increasing demand for control
technologies

Many manufacturing machines and scientific instruments flourish due to perfectly operating control technologies. These systems have an ever-growing impact on modern society. Examples of manufacturing machines are lithographic
integrated circuit production machines (Mack, 2008), industrial printing systems (Pond, 2000). Highly accurate scientific instruments include electron microscopes (Abramovitch et al., 2007), computed tomography (CT) scanners, and
large telescopes. All these systems have a large impact on society, as highlighted
by the following examples of electron microscopes and industrial printing systems.
High-tech electron microscopes are a key example of machines where technological advances enable breakthrough innovations in, nanotechnology, life sciences, material science, and semiconductor technology. Electron microscopes
use beams of electrons to create images, magnifying micrometer and nanometer structures up to ten million times, providing a spectacular level of detail
(Egerton et al., 2005; Hayat, 2012). These microscopes even allow scientists to
view columns of atoms in crystal structures, see Figure 1.1. One of the recent
advances in electron microscopy is cryogenic transmission electron microscopy
(Cryo-EM) (Bai et al., 2015). This technique can be used to make 3D reconstructions of macromolecules such as viruses, see, e.g. Figure 1.1 (Wrapp et al.,
2020). These reconstructions help researchers and scientists to understand a
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Figure 1.1. Examples of electron micsoscopy applications: (left) image of
decahedral gold nanocrystal, adapted from (Wang, 2000); (right) SARS-CoV-2
spike protein. Cryo-EM density data in white and gray, adapted from (Wrapp
et al., 2020).

virus to accelerate the development of medicines and vaccines.
Industrial printing is another field where developments have enabled radically
new products with functionality that are unimaginable by traditional techniques.
For example, direct printing of functional electronic materials may provide a new
route to low-cost fabrication of integrated circuits (Sirringhaus et al., 2000), including the potential of flexible electronic devices (Park et al., 2007). Another
development in the field of printing is additive manufacturing also known as 3D
printing. This manufacturing technique produces products layer-by-layer elevating a large number of constraints on their geometry. This enables the design
of lightweight structures that can be used in, e.g., the aerospace industry, see,
e.g., Figure 1.2 (Moon et al., 2014). Moreover, in the food industry, 3D printing
is being widely investigated to provide personalized nutrition, to simplify the
supply chain, and to provide customized food designs, see, e.g. Figure 1.2 (Liu
et al., 2017).
The above examples illustrate the ever-increasing demands on manufacturing
machines and scientific instruments. To maintain the current pace of developments it is envisioned that manufacturing machines and scientific instruments
require increasingly more complex designs, to meet the future accuracy, speed,
and cost requirements. This predicted development is investigated in the next
section.

1.2 Data-intensive future machines

3

Figure 1.2. Examples of printing applications: (left) A physical model of a
3D printed light weight wing design, adapted from (Moon et al., 2014); (right)
Printed pig using mashed potatoes, adapted from (Liu et al., 2017).

1.2

Data-intensive future machines

The key component of manufacturing machines and scientific instruments are
mechatronic systems (Munnig Schmidt et al., 2020). Mechatronic systems aim
to accurately control an object, e.g., the position of a papersheet in a printing
system or the position of a sample of gold within an electron beam in an electron
microscope. This involves multiple components such as, an actuator to apply
a force to move the considered performance location, a sensor to measure the
performance location, and a control system that exploits the sensor data to
determine a required force for the actuator. The ever-increasing requirements
on the accuracy, velocity, throughput and cost lead to increasingly stringent
requirements on the employed sensors and actuators.

1.2.1

Future high-precision sensors

Future mechatronic systems will be equipped with a multitude of sensors to
determine the exact state of the system, e.g., the position, velocity, temperature.
In some cases the sensor location requires wireless transmission of the data,
e.g., using wireless communication The sensor can measure at extremely fast
rates, i.e., every second a lot of information is gathered. However, sensors that
communicate wirelessly might be vulnerable to data dropouts.
Due to computational constraints, the control setup cannot update the control input to the system at the same fast rate as the information is available
from the sensors. Hence, it is important to consider how the abundance of data
is exploited in the control system. Typically, control systems used in industry
ignore the available information that is available between updates of the control

4
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Light Detectors

Light Source

Digital outputs

A
B
Rotating Encoder Disk
Figure 1.3. Schematic representation of incremental encoder.

input, and it is assumed that there are no data dropouts.
An example of a sensor for which information is available at a fast rate is
the incremental encoder, which is widely used for position measurements. The
main components of incremental encoders are a slotted disk or strip, a light
source, and two light detectors that can count how many slots have passed, see
Figure 1.3 for a schematic overview. From the number of slots that have passed
the light detectors, the position can be determined. Increasing the accuracy of
an incremental encoder can be achieved by reducing the size of the slots, which
inherently leads to a cost increase. Another approach to improve the accuracy of
incremental encoders is to use the time instant of the counter change since at that
time instant, also referred to as time-stamp, the measurement is exact (Merry
et al., 2013). When exploiting all available data from incremental encoders,
breakthrough performance improvements can be achieved while maintaining or
even reducing the cost. To accommodate the use of all available data by the
control system novel control methodologies are required that can exploit the
non-equidistant time-stamped data from incremental encoders.

1.2.2

Future high-precision actuators

The future accuracy and throughput requirements directly result in increased
requirements for the actuators in future mechatronic systems. To enable large
througputs, higher accelerations and velocities are necessary. This translates to
increased force requirements while maintaining or even increasing the accuracy
requirements.
Actuators based on electromagnetic forces are the industry standard due to
their linear relation between current and force combined with the favourable
dynamic properties. A drawback of these actuators is their relatively low force
to current ratio which limits the maximum acceleration levels and thereby limit
the throughput (Munnig Schmidt et al., 2020). An alternative actuator type
are piezo actuators. Piezoelectric actuators are based on piezoelectric materials
which extend or compress when applying a voltage field to its surface (Fleming
and Leang, 2014). Extremely fast and accurate positioning can be achieved

5
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Figure 1.4. Schematic representation of piezo stepper actuator. The different
piezo elements are: longitudinal piezo of group 1 (
); longitudinal piezo of
group 2 (
); shear piezo of group 1 (
); shear piezo of group 2 (
).

F

f
v

yd

e
−

C

u

G

y
η

Figure 1.5. Control architecture for positioning systems with future sensors
and actuators.

due to the high stiffness of piezo actuators. The major drawbacks of piezo
actuators is their limited travel range which is typically up to 100 µm and
their history-dependent hysteretic behaviour. An emerging solution to overcome
the limited travel range is piezo stepper actuators, which consist of a set of
piezo actuators that can propel a mover with an unlimited stroke by means of
walking, see Figure 1.4 for a possible piezo stepper configuration. The walking
behaviour enables an actuator type with an unlimited stroke while maintaining
all favourable properties of the individual piezo elements. To accommodate the
use of piezo stepper actuators novel control methodologies are required that are
capable of addressing the challenges that originate from both the hysteresis and
walking behaviour.

1.3

Traditional motion control and its key
limitations

A typical motion control architecture is depicted in Figure 1.5. Here, the system
G represents the system that is to be controlled. The actuator force is denoted by
u and can be generated by, e.g., an electromagnetic force. The position output
y is measured through, e.g., an incremental encoder. Note that disturbances
may be present, e.g., through the system disturbance v or measurement noise η.
The goal is to perform a prespecified task, i.e., let the output y follow a desired

6
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trajectory yd , i.e., minimize the error yd − y. To achieve this the feedback
controller C and the feedforward controller F are employed such that
u = Ce + F yd

(1.1)

with e = yd −y−η the measured error and f = F yd the feedforward signal. When
all systems are linear time-invariant (LTI), the tracking error can be expressed
in terms of the desired trajectory yd , and disturances v and η given by
S v − |{z}
T η,
e = S (1 − GF ) yd − |{z}
| {z }
feedforward

−1

feedback

(1.2)

feedback

−1

where S = (1 + GC) and T = (1 + GC) GC. This resulting error motivates
a feedback control design such that S = 0 and T = 0 to eliminate all errors, and
a feedforward controller design F = G−1 to eliminate an error induced by the
desired trajectory yd . However, fundamental system properties prevent these
ideal feedback and feedforward controller, as investigated next.

1.3.1

Feedback control

The goal of the feedback controller C is attenuating the disturbances v, η, and
the residual of (1 − GF )yd due to incomplete knowledge of G in the design of
F . Ideally, the controller C should be designed such that S = 0 and T = 0.
This ideal design is not possible due to the fundamental property T + S = 1,
i.e., achieving both S = 0 and T = 0 is not feasible. Moreover the controller
C can only consist of causal operations since the feedback control action is
based on measured data, i.e., only past error information can be exploited. This
constraint prevents the ideal feedback controller design that renders e = 0,
through designing S = 0 due to Bode’s sensitivity integral (Seron et al., 2012),
also known as the waterbed effect. Hence, an error will remain when only a
feedback controller C is employed.

1.3.2

Feedforward

The goal of the feedforward controller F is to compensate for the known disturbance yd . The feedforward controller F may use noncausal operations since
no measured signals are used and the desired trajectory yd is generally known.
However, the ideal feedforward design F = G−1 is only possible if an exact
model of G is available and its inverse exists. In practice, modelling errors in
G are inevitable thereby limiting the achievable performance. Besides this, the
inverse of the system G may not exist.

1.3.3

Learning control

Learning control approaches such as iterative learning control (ILC) (Bristow
et al., 2006; Moore et al., 1992) or repetitive control (RC) (Longman, 2000)

7
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f0

Task 0
yd

v
e0
−

Learning
Task 1
yd
e1
−

C

y0

G

η

L
C

f1

v

G

y1
η

Figure 1.6. Example of iterative learning control: using measured error e0
and control signal f0 in iteration 0, the control signal f1 is updated exploiting
the learning filter L to reduce the error e1 in iteration 1.

are extensions of feedforward and feedback control, respectively. These control
strategies are based on the reproducibility and thereby predictability of the error. The key assumption in iterative learning control is that identical tasks are
performed consecutively leading to a highly reproducible error for each iteration.
This enables to use the available data from previous tasks to iteratively update
the feedforward signal to compensate for the reproducible part of the error. The
key assumption in repetitive control is that a system disturbance v is present
that is periodic, thereby leading to a periodic error signal. This enables the use
of an internal model of this disturbance in the controller that over time leads to
a periodic control input that surpresses the disturbance v.
As an example, the concept of ILC is presented in Figure 1.6, where for
simplicity the unknown disturbances v and η are assumed to be negligible. In a
traditional ILC, each task has a finite time length T with the aim to perfectly
track the desired trajectory yd . In the first iteration, a feedforward signal f0
is applied, leading to the error e0 . These signals are stored and exploited to
determine a feedforward signal f1 that aims to compensate for the observed error.
Iteratively updating this feedforward signal can lead to significant performance
improvement requiring only approximate models (Bristow et al., 2006).

1.4

Digital controller implementation

Various methods exist to implement a controller, e.g., through an electrical implementation using resistors, capacitors, and amplifiers, or digitally embedded
in software. The exploited implementation is crucial for the controller design.
In a typical mechatronic system the controller is implemented digitally
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e

D

ϵ

Cd

ν

H

u

Figure 1.7. Digital controller implementation.

time

time

Figure 1.8. Illustrative example of sample and hold devices. Left, a sampling
) results in the sampled version
operation on the continuous-time signal (
depicted by blue circles ( ). Right, a hold operation on the discrete-time signal
given by red circles ( ) leading to the continuous-time signal (
).

through a computer which: 1) converts the measurement signals to digital data,
2) performs the calculations that determine the required actuation signal, 3)
transforms the digital actuation signal to a physical actuation signal that can
be used by the actuator. This controller implementation is schematically represented in Figure 1.7. Here, the continuous-time signals are indicated by solid
lines, and the discrete-time digital signals are indicated by dashed lines.
The key component of the digital controller implementation is the discretetime controller Cd . To connect the continuous-time measurement signal e to the
discrete-time controller an ideal sampler S is employed. This sampler periodically samples the measurement signals to be used by the discrete-time controller
Cd . The discrete-time output of the controller is transformed to a continuoustime signal using a hold device, typically a zero-order-hold device is employed.
An illustrative example of the sample and hold devices is depicted in Figure 1.8.
An important aspect of the digital controller implementation is the choice of
the time between sampling instances. The most widely accepted tools to design a
digitial controller are based on the assumption that both the sampler S and zeroorder hold H, sample equidistant in time with the same period. This sampling
and hold method ensures that the overall digital controller can be modelled as a
LTI discrete-time system (Chen and Francis, 1995). The minimum time between
the samples is dictated by the computation time required by the discrete-time
controller Cd .
This widely adopted equidistant sampling prevents the use of all available
data from future sensors. For example if time-stamped data is available from
incremental encoders the equidistant sampling discards many data points and
introduces a quantization effect. Moreover, the behaviour of the system between
sampling instances is often not taken into account in learning control approaches
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Positioning system
w

z

A1
u1

u2

G
u3

A3

M3

H1 H2 H3

M2
y3

y2

y1

S3 S2
ν3
ν2
ν1

ψ3

C

ψ2
ψ1

d
Figure 1.9. Control architecture for mechatronic systems with future sensors and actuators. The key challenges for the controller C are 1) methods
to exploit all available, possibly intermittently sampled, data from for example incremental encoders; 2) exploiting unconventional actuators such as piezo
stepper actuators; 3) achieving high performance for the continuous-time performance measure z.

such as ILC. The performance of the positioning system is required in the continuous time, however, due to the sampling of the error severe errors between
sampling instances are not observed.

1.5

Control for future sensors and actuators

The envisioned change in future machines as described in Section 1.2 leads to
the future control setup as in depicted Figure 1.9. In this envisioned control
setup, the system to be controlled is given by G, which is affected by disturbances w, e.g., measurement noise, and the goal is to minimize a performance
variable z, e.g., the error between the position and a desired position trajectory.
The actuators are denoted by Ai , which are, e.g., piezo stepper actuators. The
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position measurement is done by a set of sensors Si , which are, e.g., incremental encoders from which non-equidistantly sampled time-stamped measurement
data are available. The controller C should be able to exploit all the available
measurement data, including the abundance of data that is available from past
experiments denoted by d. This control setup violates key assumptions necessary in digital controller implementations of traditional feedback, feedforward,
and learning control approaches as introduced in Section 1.3, due to the use of
unconventional actuators. Moreover, the non equidistant data from, e.g., incremental encoders, are not captured by the conventional sampler as introduced in
1.4.
This envisioned future mechatronic positioning system leads to the following
properties of future controllers.
P1 The digital implementation of the sensors is highly complex, which may
include
a intermittently sampled measurement signals; and
b performance requirements between sampling instances.
P2 The exploited actuators are highly complex, possibly with
a nonlinear and history-dependent behaviour; and
b disturbances due to, e.g., walking.
In view of the above properties this thesis contributes to developing a new
control framework to accommodate the use of future sensors and actuators in
positioning systems.

1.6
1.6.1

Research challenges
Unconventional sampling in learning control

The observation that in future mechatronic systems intermittently sampled data
are available, Property P1(a), has led to the development of feedback controllers
that exploit this non-equidistantly sampled data, see, e.g., van Zundert and
Oomen (2018a). While a feedforward controller does not exploit measurement
data, learning controllers exploit measurement data to compensate for future
disturbances. Hence, a large potential is envisioned when all data available from
previous tasks are exploited in learning control approaches. This leads to the
first research challenge of this thesis.
Research challenge R1. Develop a framework for iterative learning control
and repetitive control that efficiently uses all available, possibly intermittently
sampled, data to obtain high performance in the continuous time.
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This challenge can be divided into the following three sub-challenges.
R1.A Develop an iterative learning control framework that efficiently uses all
available intermittently sampled data to improve performance for systems that perform repetitive tasks.
R1.B Develop a repetitive control framework that efficiently uses all available
intermittently sampled data to improve performance for systems that
exhibit periodic disturbances.
R1.C Develop an iterative learning control framework that improves the performance measure z in Figure 1.9 in the continuous time instead of only
on sampled observations.

1.6.2

Feedforward and learning control for
unconventional actuation

The use of future actuators such as piezo stepper actuators introduces undesired
behaviours such as hysteresis and disturbances that reproduce in other domains
than the temporal domain, Property P2. Piecewise affine (PWA) system representation are a class of systems that can capture a broad range of unconventional
actuation methods such as a catapulting high-precision stage with a structure
where the fine and coarse parts can move as a whole or independently (Yazaki
et al., 2014) or piezo stepper actuators where the behaviour is dependent on the
number of piezo elements in contact with the mover during a step cycle.
When considering specifically hysteresis, several techniques exist to compensate for its undesired behaviour, see, e.g., Al Janaideh et al. (2010); Kuhnen
(2003); Leang et al. (2009); Rakotondrabe et al. (2010); Song et al. (2005).
These methods are often not employed in industrial environments due to the
high modelling requirements of the hysteresis model.
Moreover, there exist methods to optimize the actuation signal, also referred
to as waveforms, of piezo stepper actuators, see, e.g., Jiang et al. (2000); Merry
et al. (2011). These methods will only result in an optimal waveform for a specific
velocity, without guarantees for other velocities. Besides this, these methods do
not exploit the reproducibility of the disturbances.
These observations lead to the second research challenge of this thesis.
Research challenge R2. Develop a data-based control framework for unconventional actuation such as piezo stepper actuators, including compensation of
reproducible errors and hysteresis.
This challenge can be divided into the following five sub-challenges.
R2.A Develop an ILC framework for piecewise affine systems that can describe
the behaviour of a large class of unconventional actuators.
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Figure 1.10. Mulirate ILC setup.

R2.B Develop a data-based waveform optimization framework for piezo stepper
actuators that exploits past error data to compensate for commutation
angle domain disturbances.
R2.C Develop a feedforward controller that consists of a straightforward inverse
for systems that exhibit hysteresis.
R2.D Develop a systematic manual tuning approach for a feedforward controller that compensates for hysteresis.
R2.E Establish a connection between the industry standard systematic feedforward tuning approaches for mechanical systems to the developed tuning
approach for piezo electric actuators.
In the next section, the key developments in control systems are elaborated that
enable the fulfilment of the research challenges.

1.7

Developments in control systems

In this section, the key theoretical foundations are outlined that enable the
contributions of this thesis.

1.7.1

Exploiting high rate sampled measurement data in
learning control

To address Research challenge R1.A and R1.B learning control technologies are
required that can exploit measurement signals that are sampled at a high rate
compared to the sampling time of the control input. This is also referred to as
multirate. The key results that enable this are reported in (Oomen et al., 2009).
To enable ILC controllers that explicitly use high rate sampled measurement
data, a multirate ILC setup is presented in Oomen et al. (2009). The key idea
is that in many applications, it is possible to measure error signals at a higher
sample rate f h = h1h , than the sample rate f l = h1l at which the controller C
operates. The bound on hl is caused by the fact that in feedback control the
new control input has to be computed in real-time. In contrast, ILC can exploit
the time in between trials for the actual computation of the command signal.
Hence, it can also exploit all available measurement data.
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The multi-rate ILC setup that is considered in Oomen et al. (2009) is depicted
in Figure 1.10, where
yj (tc ) = Jfj (tc ),
(1.3)
and J denotes a causal and stable continuous-time single-input single-output
LTI system, which can be either an open-loop or closed-loop system. The index
j ∈ Z≥0 denotes the j-th task, and tc ∈ [0, Tc ) denotes continuous time, with
Tc ∈ R the trial length.
The system J is digitally implemented, see Figure 1.10, with an output sample time hh ∈ R>0 and input sample time hl = M hh , M ∈ N. The ideal
zero-order-hold Hl is used to interpolate the control input fjl (tl ) as
Hl : fj (tlk + s) = fjl (k),

(1.4)

s ∈ [0, hl ), k ∈ {0, ..., N l − 1}, with
tlk = khl , k ∈ {0, ..., N l − 1}.

(1.5)

The sampled output yjh is obtained from the ideal sampler S h
S h : yjh (k) = yj (thk ), k ∈ {0, ..., N h − 1},

(1.6)

thk = khh , k ∈ {0, ..., N h − 1}.

(1.7)

with
ydh .

The desired trajectory is denoted by
The main challenge to develop an ILC for this system is the difference in
sample time. To address this challenge a finite-time description of this setup is
used by means of discrete-time lifting the system over the task length.
A finite-time system description of the ILC setup of Figure 1.10 is introduced
next. Consider the sampled version of the system J where both the input and
output are sampled equidistantly with sample time hh , i.e., J h,h = S h JHh with
Markov parameters mhk , operating over a finite time interval k ∈ {0, ..., N h },
where the system starts each trial with zero initial conditions. The input-output
h
h
behaviour is represented by its convolution matrix J h,h ∈ RN ×N which maps
h
h
the input vector f hj ∈ RN to the output vector y hj ∈ RN (Frueh and Phan,
2000; Phan and Longman, 1988):
 h

y hj

=

J h,h f hj ,

J

h,h

=

m0
..
.

mh
N h −1

0

..

.
...



(1.8)

mh
0.

The finite-time description of the zero order hold Hh,l is given by Hh,l = IN l ⊗IM

T
with IM := 1, . . . , 1 ∈ RM . The finite-time description of J h,l = S h JHl is
given by J h,l = J h,h Hh,l .
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The ILC update in iteration j is given by
f lj+1 = f lj + Lehj
l

(1.9)

h

with learning filter L ∈ RN ×N .
Using these definitions, the finite-time description of the multi-rate ILC setup
is given by
f lj+1 = f lj + Lehj ,
(1.10)
ehj = y hd − J h,l f lj ,
The key challenge for multi-rate ILC is the design of the matrix L such that
the system (1.10) converges towards eh∞ = 0.
When addressing Research challenges R1.A and R1.B a similar approach can
be exploited. The major difference is that only intermittently sampled error
data are available at time instances that vary for each iteration, i.e., the size
of the vector ej varies depending on the availability of data. Hence, in this
finite-time description a matrix L needs to be designed for each possible data
realization. Another key requirement when exploiting intermittently sampled
data is a convergence condition for all possible data realizations.

1.7.2

Improving intersample behaviour

To address Research challenge R1.C it is important to understand the source of
undesired intersample behaviour. In feedforward control, the source of undesired
intersample behaviour is identified to be the design of F = G−1 where the zeros
of G are near the stability limit (Ohnishi et al., 2019).
The controlled system in Figure 1.9 with zero-order hold discretization often
has non-minimum phase zeros or zeros near the stability limit (Åström et al.,
1984; Hagiwara et al., 1993). These zeros are problematic when designing the
inverse system as feedforward controller F in the control setup of Figure 1.5.
Multirate inversion is a system inversion technique that achieves statetracking and possesses the potential to achieve improved intersample tracking
performance. By achieving both output and state tracking, it is possible to
improve the intersample behaviour as demonstrated in the example below.
Example 1.1 (Single mass motion system). Consider a system Gc = s12 with
sampling time Ts = 1 and a continuous-time reference shown in Figure 1.11. The
discretized system based on zero-order-hold is G = 0.5(z+1)
(z−1)2 and it has a zero at
z = −1 that makes intersampling performance poor when pole-zero cancellation
is performed via a single-rate feedforward controller. The state reference, state,
and state tracking error are given as rx = [r, ṙ]⊤ , x := [x1 , x2 ]⊤ = [y, ẏ]⊤ , and
ex := [ex1 , ex2 ]⊤ = [r − y, ṙ − ẏ]⊤ , respectively.
Figure 1.12 demonstrates tracking error with single-rate and multirate feedforward controllers. The single-rate feedforward control achieves perfect output
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Figure 1.11. Reference r and its derivative signal ṙ.
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Figure 1.12. Tracking error of single-rate feedforward control ( ) and multirate feedforward control ( ). Single-rate feedforward control achieves perfect
output tracking for every sample ( ). On the other hand, multirate feedforward
control achieves perfect state tracking for every n = 2 samples ( ) and it brings
better intersampling performance.

tracking for every sample, whereas the multirate feedforward control achieves
perfect state tracking for every n = 2 samples. Consequently, this results in the
improved intersample behavior.

Because multirate feedforward achieves perfect tracking for both x1 = y
and x2 = ẏ at ever n = 2 samples, it results in a significant improvement in
the intersample performance during both constant velocities and after settling.
This result motivates to exploit state-tracking in ILC to improve intersample
behaviour, thereby addressing Research challenge R1.C.
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1.7.3

Piecewise affine system to model complex systems

To address Research challenge R2.A, PWA systems are investigated in detail.
The key feature of PWA systems is that these systems consist out of multiple modes, wherein each mode the dynamics of the systems are given by an
affine relation. PWA systems are relevant for a wide variety of applications, for
instance:
• systems subject to dry friction, where the stick and slip phases can each
be modelled by a mode, see, e.g., Shaw (1986),
• mechanical systems that include one-sided springs, where contact and no
contact with the one-sided spring can each be modelled by a mode, see,
e.g., Heertjes et al. (1997),
• piezo stepper actuators, where depending on the commutation angle different piezo groups are in contact with the mover leading to different modes,
see, e.g., Chapter 6,
• catapulting high-precision stages where the fine and coarse parts can move
as a whole or independently, each leading to a differen mode, see, e.g.,
Yazaki et al. (2014),
• linear systems that are in closed-loop with a hybrid controller such as a
reset controller, see, e.g., Clegg (1958).
Discrete-time piecewise affine (PWA) systems J are of the form
xJ (k + 1) = AJi xJ (k) + aJi + BiJ uJ (k) if xJ (k) ∈ Ωi
y J (k) = CiJ xJ (k) + DiJ uJ (k)

if xJ (k) ∈ Ωi

(1.11)

with xJ ∈ Rnx the state, uJ ∈ Rnu the control input, and y J ∈ Rny the output.
The system matrices are given by AJi ∈ Rnx ×nx , aJi ∈ Rnx , BiJ ∈ Rnx ×nu ,
CiJ ∈ Rny ×nx , DiJ ∈ Rny ×nu , i ∈ {1, ..., p}. Notice that if ai = 0, i ∈ {1, ..., p}
the system (1.11) reduces to a piecewise linear system. Each of the sets Ωi , i ∈
{1, ..., p} correspond to a mode of the PWA system such that if x(k) ∈ Ωi at
time k ∈ N then the system’s dynamics at time k are defined by the i-th affine
system given by (Ai , Bi , Ci , Di , ai ). The sets Ωi are polyhedra that are defined
by
Ωi = {x ∈ Rn |Ei x + εi ≥ 0}
(1.12)
with Ei ∈ Rd×nx , εi ∈ Rd . The intersection of the interiors of each two polyhedra
is empty, i.e., int(Ωi )∩int(Ωj ) = ∅ for all i ̸= j, i, j ∈ {1, ..., p} and the polyhedra
span the complete state-space, i.e., ∪i Ωi = Rnx .
This broad class of applications motivates the development of an ILC framework for PWA systems, i.e., Research challenge R2.A. The main challenge when
applying learning control techniques to PWA systems is the iteration-varying
time instant of the mode change.
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Hybrid-MEM-elements to model hysteresis

To address Research challenges R2.C, R2.D and R2.E the main challenge is a
modelling approach of hysteresis that leads to a trivial inverse. To this end,
the hybrid-MEM-elements are studied next. A hybrid-MEM-element is a model
class that can model systems that exhibit memory dependent behaviour. Due
to the possibility of a straightforward inverse of a hybrid-MEM-element a large
potential is envisioned for hysteresis feedforward controllers based on hybridMEM-elements.
A general memory (MEM)-element, as introduced in (Pei, 2018), is considered
ym (t) = M (p(t))um (t)

(1.13)

where um (t) and ym (t) are the input and output signals, respectively. Here,
M : R → R is a function of
Z t
pm (t) = pm (ti ) +
g(um (τ )) dτ, ∀t ∈ [ti , ti+1 )
(1.14)
ti

where g : R → R. The signal pm (t) represents the memory of the input, which
can be interpreted as momentum, i.e., the past input integrated over time. Following the hybrid system MEM-element definition introduced in (Pei, 2018), the
generalized momentum pm (t) can be reset at a time instant ti to a value depend−
ing on pm (ti ) and um (ti ), i.e., pm (ti ) = f (pm (t−
i ), um (ti )). The time instants
of the resets, ti , i ∈ N, can depend on the state and input of the system. In
particular for hysteresis this allows one to model a reset of the memory at the
branching points, i.e., when the direction of the input changes.
All traditional memory elements as introduced in (Di Ventra et al., 2009)
can be recovered by (1.13) by disregarding the reset, taking g(u) = u and by
a suitable choice for the input u(t) and output y(t). This is exemplified for
the MEMristor, a resistor with a memory dependent resistance, in the example
below.
Example 1.2. A charge-controlled MEMristor is given by
V (t) = R(q(t))I(t)

(1.15)

with V Rthe voltage, I the current and R the resistance that depends on the charge
t
q(t) = 0 I(τ ) dτ . This MEMristor can be captured by the general MEM-element
(1.13) by choosing input um = I, and output ym = V . Moreover, M (p) = R(p)
with the momentum of the MEM-element given by the charge, i.e., p = q, which
can be achieved with g(um ) = um , and disregarding the resets.
The simple structure of a hybrd-MEM-element as given in (1.13) enables a
straightforward inverse that can be used as a feedforward controller F in Figure 1.5, thereby directly addressing Research Challenge R2.C. This result enables
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systematic tuning approaches required to fullfill Research challenges R2.D and
R2.E.

1.8
1.8.1

Contributions
Learning control for intermittently sampled data

Intermittent sampling phenomena occurring in complex (cyber-)physical systems
have led to several different assumptions to model these intermittent observations for ILC, see e.g., Ahn et al. (2008); Shen and Wang (2015a). In Ahn
et al. (2008), the availability of measurement data at each sampling instant is
modelled by a probability density function. Another approach is to impose, for
each measurement instant a maximum on the number of consecutive iterations
without data, see, e.g., Shen and Wang (2015a). All these modelling approaches
impose assumptions on the availability of data. This probability distribution of
available data or the maximum number of consecutive iterations are unknown
in many applications. For instance, the time instants for which exact data from
incremental encoders are available, also referred to as time-stamps, is directly
related to the position. In such cases, a worst-case analysis may be strongly
preferred to provide guarantees for all possible realizations of available data.
The first set of contributions of this thesis provide learning controllers, including ILC and RC, that can exploit intermittently sampled measurement signals.
This is achieved through a worst-case analysis that mitigates the necessity of a
model of the availability of the data. This leads to the following contributions.
Contribution C1. A computationally efficient intermittent ILC framework that
guarantees monotonic convergence when limited error information is available at
arbitrary time-varying measurement points.
Contribution C2. An intermittent RC framework that guarantees convergence
when limited error information is available at arbitrary time-varying measurement points.
The performance improvement that can be achieved by exploiting all available data from intermittently sampled sensors in learning control is illustrated
through case studies on a system with data from incremental encoders, and a
belt drive as used in industrial printing systems.

1.8.2

Intersample behaviour in learning control

The zero-order hold discretization method as typically used in digital control
implementations often has non-minimum phase zeros or zeros close to z = −1
(Åström et al., 1984; Hagiwara et al., 1993), which are problematic when designing the inverse system as a learning filter. One design approach is to exploit
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an approximate inverse of the system such as zero-phase-error tracking control
(Tomizuka, 1987) at the cost of tracking performance; while another approach is
applying stable inversion with pre-actuation (Van Zundert and Oomen, 2018b),
which can achieve on-sample perfect tracking at the cost of intersample behaviour.
Poor intersample behaviour is not desirable because many controlled systems evolve in continuous time, hence performance is naturally evaluated in
continuous time. Consequently, to improve intersample behaviour multirate ILC
(Oomen et al., 2009) based on optimization is developed; however, it requires a
measurement frequency that is faster than the control frequency, which is often
not available. This leads to the third contribution of this thesis.
Contribution C3. An ILC framework that improves the intersample behaviour
without intersample measurements.
This is achieved through the concept of state-tracking which includes, e.g.,
velocity and acceleration, instead of focussing only on output-tracking which
only includes the position. The achieved improved intersample behaviour is
illustrated during experiments on a mass system.

1.8.3

Learning control for piecewise affine systems

Piecewise affine (PWA) systems can represent a broad range of behaviours, including dry friction (Shaw, 1986), systems with piecewise affine elements such
as a one-sided spring (Heertjes et al., 1997). Moreover, some unconventional
actuation methods such as a catapulting high-precision stage with a structure
where the fine and coarse parts can move as a whole or independently.
Existing nonlinear ILC analysis approaches may be applicable to the analysis
of ILC for PWA systems, for an overview see, e.g., Xu (2011), but they do not
exploit the specific properties of PWA systems, and feature some notable limitations. For example, incremental-output-dissipative systems are guaranteed to
converge when exploiting a P-type ILC with a sufficiently small gain and assuming a zero-error trajectory is reachable (Arimoto and Naniwa, 2000; Quintanilla
and Wen, 2008). This includes PWA systems, but the reachability assumption
is not always practical and the allowable controller class is limited. Monotonic
convergence of a broader class of controllers can be checked via a differential
ℓ2 -gain analysis of the mapping of the input sequence from one trial to the next
(Kong and Manchester, 2017). However, the analysis of this differential ℓ2 -gain
is dependent on the trial-invariant disturbance. Hence, guaranteeing monotonic
convergence for any trial-invariant disturbance is not possible.
The incremental ℓ2 -gain (van der Schaft, 2016), which is closely related to the
incremental output-dissipativity property considered by Arimoto and Naniwa
(2000) and the differential L2 -gain property considered by Kong and Manchester
(2017) is another property that can be exploited to derive monotonic convergence
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conditions for nonlinear systems. By exploiting LMI based analysis techniques
for PWA systems guarantees on monotonic convergence can be derived. This
leads to the fourth contribution of this thesis.
Contribution C4. A monotonic convergence analysis method for a general ILC
setup applied to a PWA system subject to an unknown trial-invariant disturbance.

1.8.4

Waveform optimization for piezo stepper actuators

The walking motion in piezo stepper actuators, can lead to repeating disturbances caused by the engagement and release between the piezo elements and
the mover. Experiments reveal that these disturbances are highly reproducible
with respect to the commutation angle. Piezo stepper actuators typically operate
with a varying velocity hence these periodic disturbances in the commutation
angle domain lead to an error in the temporal domain which is typically not
periodic.
The design of the waveforms is essential to achieve high performance. In
Jiang et al. (2000) a procedure is outlined to optimize the waveform to obtain
the highest possible speed with a piezo stepper actuator. In Merry et al. (2011),
both model-based and data-based optimization algorithms are introduced that
minimize the velocity error when applying a constant drive frequency. Both
methods will result in an optimal waveform for a specific velocity, without guarantees for other velocities. Besides this, these methods do not exploit the reproducibility of the disturbances. Consequently, for each of these methods an error
will remain that can be compensated for through learning. A data-driven optimization approach to enhance piezo stepper waveforms can compensate for these
disturbances. Through learning from error data of past step cycles a waveform
parametrized by only a few parameters can be determined that compensates
for all disturbances related to the walking behaviour. This leads to the fifth
contribution of this thesis.
Contribution C5. A computationally tractable data-based waveform optimization procedure that compensates for reproducible commutation angle domain disturbances in piezo stepper actuators.
The performance improvement achieved by this waveform optimization procedure is illustrated through an experimental study on a piezo stepper actuator.

1.8.5

Feedforward control for hysteretic systems

Hysteresis can significantly deteriorate the performance, e.g., in systems that
exploit piezoelectric actuators. A wide variety of models exist to capture the
hysteretic behaviour, including the Ramberg-Osgood model (Jennings, 1963;
Ramberg and Osgood, 1943), the Maxwell-Slip model (Goldfarb and Celanovic,
1997), the Bouc-Wen model (Rakotondrabe, 2011), the Preisach model (Ge and
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Jouaneh, 1995), the Coleman-Hodgdon model (Merry et al., 2009), and the
Prandtl-Ishlinskii model (Al Janaideh et al., 2009; Al Janaideh et al., 2008), see
(Hassani et al., 2014) for a comparison.
A key challenge to determine a feedforward controller to compensate for the
hysteresis phenomena is non-uniqueness. Hysteresis depends on past inputs,
hence inverting the input-output mapping cannot be done in a straightforward
manner. Nonetheless, an inverse feedforward has been developed for certain cases
of hysteresis models, including, e.g., (Al Janaideh et al., 2010; Kuhnen, 2003;
Rakotondrabe et al., 2010) for a feedforward controller based on the PrandtlIshlinskii model, and (Song et al., 2005) for a feedforward controller based on the
Preisach model. The identification procedure of both of these models consists
of finding a large number of parameters. Another solution is to approximate
the hysteresis by linear dynamics which can be inverted using existing linear
system inversion techniques (Leang et al., 2009). The linear approximation used
in this approach inherently leads to a significant modelling error of the nonlinear
hysteresis effect.
The dual-pair concept (Pei et al., 2017), i.e., evaluating the derivatives of the
input and output, enables connecting well-known hysteresis models to memory
elements. This facilitates both a straightforward inverse that can be exploited
as a feedforward controller including a direct tuning approach. This leads to the
last set of contributions of this thesis.
Contribution C6. A feedforward controller that compensates for the hysteretic
behaviour based on hybrid-MEM-elements.
Contribution C7. A systematic direct tuning approach to determine a control
relevant feedforward controller that compensates for hysteresis effects.
Contribution C8. Establishing a connection between the industry standard
feedforward tuning approaches for mechanical systems and the systematic feedforward tuning for piezo electric actuators with hysteresis.
The performance improvement of the developed hysteresis feedforward controllers is illustrated through experimental studies on a piezo stepper actuator.
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1.9

Organization of the thesis

A schematic outline of this thesis is presented in Figure 1.13. Each of the contributions is addressed in a separate chapter. The main application of a chapter is
indicated. All chapters are self-contained, and can be read independently. These
chapters are based on the following peer-reviewed publications in the same order
as they appear in this thesis.
Part I: Learning control for unconventionally sampled systems
• Strijbosch, N. and Oomen, T. (2022). Iterative learning control for intermittently sampled data: Monotonic convergence, design, and applications.
Automatica, 139:110171
• Strijbosch, N., Kon, J., Koekebakker, S., and Oomen, T. (2022a). Repetitive Control for Intermittently Sampled Data: Convergence, Design, and
Applications. in preperation for journal submission
• Ohnishi, W, Strijbosch, N., and Oomen, T. (2022). State-Tracking Iterative Learning Control a Frequency Domain Design for Improved Intersample Behavior. under review for journal publication
Part II: Learning and feedforward control for unconventionally actuated systems
• Strijbosch, N., Spiegel, I., Barton, K., and Oomen, T. (2020). Monotonically convergent iterative learning control for piecewise affine systems.
IFAC-PapersOnLine, 53(2):1474–1479
• Strijbosch, N., Aarnoudse, L., Tacx, P., Verschueren, E., and Oomen, T.
(2021a). Compensating Commutation-Angle Domain Disturbances with
Application to Waveform Optimization for Piezo Stepper Actuators. in
preperation for journal submission
• Strijbosch, N., Tiels, K., and Oomen, T. (2022b). Memory-Element Based
Hysteresis: Identification and Compensation of a Piezoelectric Actuator.
under review for journal publication
• Strijbosch, N., Tiels, K., and Oomen, T. (2022c). Hysteresis Feedforward
Compensation: A Direct Tuning Approach Using Hybrid-MEM-Elements.
IEEE Control Systems Letters, 6:1070–1075
• Strijbosch, N., Verschueren, E., Tiels, K., and Oomen, T. (2021b). High
Precision Sample Positioning in Electron Microscopes - Motion Feedforward Tuning for Hysteretic Piezo Actuators. Mikroniek, 4:26–31
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Part I

Learning for
unconventionally sampled
systems

CHAPTER
Iterative Learning Control for Intermittently
Sampled Data: Monotonic Convergence, Design,
and Applications 1

Abstract: The standard assumption that a measurement signal is available
at each sample in iterative learning control (ILC) is not always justified, e.g.,
when exploiting time-stamped data from incremental encoders or in systems
with data dropouts. The aim of this chapter is to develop a computationally
tractable ILC framework that is capable of exploiting intermittent data while
maintaining favourable properties, including monotonic convergence. A
controllability and observability analysis of the intermittent ILC framework
leads to appropriate monotonic convergence conditions which allow for missing
data. These conditions lead to a new explicit ILC controller design
independent of the sampling instances, which is reminiscent of gradient-descent
ILC. The approach is demonstrated on both an intuitive example and a
practically relevant example which exploits time-varying timestamped data
from an incremental encoder.

1 The results in this chapter consitute Contribution C1 of this Thesis. The chapter is
based on Strijbosch, N. and Oomen, T. (2022). Iterative learning control for intermittently
sampled data: Monotonic convergence, design, and applications. Automatica, 139:110171,
related preliminary results are reported in Strijbosch and Oomen (2019a) and Strijbosch and
Oomen (2019b).

28

2.1

Chapter 2. ILC for intermittently sampled data

Introduction

Iterative learning control (ILC) is being applied to achieve performance improvement of systems that are increasingly more complex. ILC exploits the
reproducibility of the error when systems perform repeated tasks, see (Bristow
et al., 2006) for an introduction. After each repetition or iteration, the control
action for the next iteration is improved by learning from the error observed
in past iterations. Many successful applications have been reported, including
additive manufacturing machines (Barton et al., 2011; Hoelzle et al., 2010),
robotic arms (Wallén et al., 2011), printing systems (Bolder et al., 2014), pickand-place machines, electron microscopes (Strijbosch et al., 2019a), and wafer
stages (Mishra et al., 2007; van der Meulen et al., 2008). Increasingly complex
measurement signals are used to update the control action including data from
image processing, see, e.g., Bolder and Oomen (2016); Bolder et al. (2014), measurement signals at a different sampling rate compared to the control input, see,
e.g., Oomen et al. (2009), and non-equidistant sampled measurement signals,
see, e.g., Shen (2018).
Typical ILC design approaches that have been successfully implemented have
favourable properties including 1) an explicit learning update, instead of performing an optimization at each iteration, see (Oomen and Rojas, 2017) for
details, and 2) achieving monotonic convergence in an appropriate norm of
either the sequence of control inputs or the sequence of error signals (Longman, 2000; Son et al., 2016). These properties are addressed in several existing
approaches including frequency response function measurement data-based approaches, see, e.g., Blanken et al. (2019b); Paszke et al. (2013), norm-optimal
based approaches, see, e.g., Amann et al. (1996); Chu and Owens (2009); Gunnarsson and Norrlöf (2001), and robust gradient-descent based ILC approaches,
see, e.g., Bolder et al. (2018); Owens et al. (2009).
When only intermittent data is available, the standard assumption in ILC on
the availability of exact measurement data at each sampling instance is violated.
Intermittent observations of the error occur due to various (cyber-)physical phenomena, e.g., when non-equidistant but exact time-stamped data from incremental encoders is exploited (Strijbosch and Oomen, 2019a), data losses through
data dropouts in networks (Ahn et al., 2008; Shen and Wang, 2015b) and stealth
attacks (Dan and Sandberg, 2010), or other constraints that prevent data transmission at each sampling instance (Altın and Sanfelice, 2018; Barton and Alleyne, 2011; Seel et al., 2011).
Intermittent sampling phenomena occurring in complex (cyber-)physcial systems have led to several different assumptions to model these intermittent observations for ILC, see, e.g., Ahn et al. (2008); Shen and Wang (2015a). In (Ahn
et al., 2008), the availability of measurement data at each sampling instance is
modelled by a probability density function. Another approach is to impose, for
each measurement instance, a maximum is imposed on the number of consecutive
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iterations without data, see, e.g., Shen and Wang (2015a). All these modelling
approaches impose assumptions on the availability of data. This probability distribution of available data or the maximum number of consecutive iterations are
unknown in many applications. For instance, the time instances for which exact
data from incremental encoders is available, also referred to as time-stamps, is
directly related to the position (Strijbosch and Oomen, 2019a). In such cases,
a worst-case analysis may be strongly preferred to provide guarantees for all
possible realizations of available data.
Although several ILC approaches exist that allow for intermittent data, existing modelling approaches do not cover all possible (cyber-)physical phenomena
that lead to intermittent data, and guarantees on monotonic convergence are not
yet available. The aim of this chapter is to develop a computationally tractable
intermittent ILC framework with an explicit learning update that guarantees
monotonic convergence in a worst-case setting. The developed ILC framework
extends existing intermittent ILC approaches in (Amann et al., 1996; Chu and
Owens, 2009; Gunnarsson and Norrlöf, 2001) with 1) the possibility of modelling
intersample data points and 2) a worst-case analysis and synthesis approach.
This allows to design an ILC algorithm that uses the time-stamped data from
incremental encoders for large-scale situations.
The main contribution of this chapter is a computationally efficient intermittent ILC framework that guarantees monotonic convergence when limited error
information is available at arbitrary time-varying measurement points. A unified intermittent ILC framework is presented, that encompasses a large number
of applications, including quantization errors in incremental encoders. This is
achieved through the following sub-contributions:
C1 A worst-case analysis reveals intermittently sampling in ILC is not monotonically convergent in the classical sense. In addition, this is connected
to controllability and observability of linear time-invariant (LTI) systems.
See Section 2.3.
C2 New subspace-based monotonic convergence definitions are introduced for
intermittently sampled ILC. See Section 2.3.
C3 A design framework is outlined leading to a single explicit learning update which is independent of the time instances with available data in an
iteration. See Section 2.4.
C4 A connection is established between the developed ILC approach and existing gradient-descent ILC design methods. This connection allows for an
intuitive ILC design. See Section 2.5.
Finally, in Section 2.6, the ILC approach is demonstrated on both an intuitive
example and a practically relevant example which uses the time-varying timestamped data from an incremental encoder. These results confirm monotonic
convergence.
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Notation and preamble

The spectral norm of a matrix X ∈ Rn×n is given by ρ(X) =

max

i∈{1,...,n}

|λi | where

λi , i ∈ {1, ..., n} are the eigenvalues of X. Let A ∈ Rm×n and B ∈ Rp×q then
the Kronecker product of A and B is defined as


a11 B a12 B . . . a1n B
 a21 B a22 B . . . a2n B 


mp×nq
A ⊗ B :=  .
.
(2.1)
..
..  ∈ R
 ..
.
. 
am1 B

am2 B

...

amn B

The image of a matrix A, i.e., im (A), is given by the span of the columns of A.
The induced norm of a matrix A is defined as
∥A∥ip = max
w̸=0

∥Aw∥p
∥w∥p

(2.2)

P
(1/p)
where ∥w∥p = ( i |wi |p )
denotes the vector p-norm, p = 1, 2, ....

Lemma 2.1. For any induced p-norm, ρ(A) ≤ ∥A∥ip (Skogestad and Postlethwaite, 2007).
Definition 2.2. (Monotonic convergence towards a fixed point) A sequence {Yj }j∈Z≥0 , Yj ∈ X converges monotonically, in the p-norm, p ∈ {1, 2, ...},
to a unique fixed point Y∞ ∈ X, if there exists a κ ∈ [0, 1) such that
∥Yj+1 − Y∞ ∥p ≤ κ∥Yj − Y∞ ∥p

(2.3)

is satisfied for all Yj ∈ X, j ∈ Z≥0 .
Consider strictly proper discrete-time linear time-invariant (LTI) systems
described by
x(k + 1) = Ax(k) + Bu(k)
(2.4)
y(k) = Cx(k)
with state x ∈ Rnx , nx ∈ N, output y ∈ Rny , ny ∈ N, and input u ∈ Rnu ,
nu ∈ N. The system matrices


A B
(2.5)
C 0
are of appropriate dimension. The Markov parameters of the system (2.4) are
given by
(
0 if k = 0
mk =
(2.6)
CAk−1 B otherwise
The pair (A, B) in (2.4) is controllable if the controllable subspace C =


T
im B AB . . . Anx −1 B
is full rank. This property implies that all
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τj
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fjl

Hl

fj

J

yj

Sh

yjh

yj

eτj
ydτ

Figure 2.1. Intermittently sampled ILC setup.

eigenvalues of A − BK can be freely assigned by an appropriate matrix K ∈
Rnu ×nx , see, e.g., Zhou et al. (1996, Theorem 3.1). Moreover, the system (2.4),
or the pair (A, B), is said to be stabilizable if every vector xc outside the controllable subspace xc ∈ ker(C) has the property that limk→∞ Ak xc = 0. This
property implies that there exist a matrix K ∈ Rnu ×nx such that ρ(A−BK) < 1,
see, e.g., Zhou et al. (1996, Theorem 3.2). Dual to controllability and stabilizability the pair (A, C) is observable or detectable if the pair (AT , C T ) is controllable or stabilizable, respectively, see, e.g., Zhou et al. (1996, Theorem 3.3,
Theorem 3.4).

2.2

Problem formulation with applications

In this section, the intermittently sampled ILC framework is presented. First,
the ILC setup is introduced. Several application examples, including incremental
encoders with time-stamped data, are shown to fit this formulation. Finally, the
intermittently sampled ILC problem is formulated.

2.2.1

ILC setup

The ILC setup that is considered consists of a continuous-time system J of
which the output is sampled at a high sample rate hh ∈ R>0 and of a timestamp generator (TS) that generates for each iteration a set of samples τj for
which exact data is available.
The ILC setup is depicted in Figure 2.1, where
yj (tc ) = Jfj (tc ),

(2.7)

and J denotes a causal and stable continuous-time single-input single-output
LTI system, which can be either an open-loop or closed-loop system. The index
j ∈ Z≥0 denotes the j-th task, and tc ∈ [0, Tc ) denotes continuous-time, with
Tc ∈ R the trial length. The following standard ILC assumption is imposed on
the initial state of the system J.
Assumption 2.3. The initial condition of the system J is identical for each
iteration j ∈ Z≥0 .
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The ILC setup is implemented in a sampled-data setup, see Figure 2.1, with
a output sample time hh ∈ R>0 and input sample time hl = M hh , M ∈ N. The
ideal zero-order-hold Hl is used to interpolate the control input fjl (tl ) as
Hl : fj (tlk + s) = fjl (k),

(2.8)

s ∈ [0, hl ), k ∈ {0, ..., N l − 1}, with
tlk = khl , k ∈ {0, ..., N l − 1}.

(2.9)

The sampled output yjh is obtained from the ideal sampler S h
S h : yjh (k) = yj (thk ), k ∈ {0, ..., N h − 1},

(2.10)

thk = khh , k ∈ {0, ..., N h − 1}.

(2.11)

with
The desired trajectory is denoted by

ydh .

Assumption 2.4. For the specific ydh an input signal fdl exists such that ydh =
S h JHl fdl .
Assumption 2.4 states that ydh is realizable, i.e., ehj can be rendered zero.
The ILC setup is depicted in Figure 2.1 and leads to the following sets of
discrete-time sample instances.
Definition 2.5. The set of sampling instances of the control input fjl is denoted
by
tl = {tl0 , tl1 , ..., tlN l −1 }, N l ∈ N.
(2.12)
Definition 2.6. The set of sampling instances of the output yjh is denoted by
th = {th0 , th1 , ..., thN h −1 }, N h = M N l .

(2.13)

Each trial, the time-stamp generator (TS) selects, depending on the application, a set of time stamps τj out of the set th . Each time stamp will refer to
the sample number of the output at which data is available, and is defined as
follows.
Definition 2.7. The set of time stamps is denoted by
τj := {τj,1 , τj,2 , ..., τj,N τj },

(2.14)

where τj,k ∈ {0, 1, ..., N h − 1} denotes the k-th time-stamp in trial j. The value
of τj,k refers to the sample number of the output at which the k th data point is
available. Moreover, each time stamp satisfies the following
0 ≤ τj,1 < τj,2 < ... < τj,N τj ≤ N h − 1.

(2.15)
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th = { th0 , th1 , th2 , th3 , th4 , th5 , th6 , th7 , th8 , th9 , th10 , th11

}

t ={

}

l

tl0 ,

τj = {

tl1 ,

tl2 ,

2,

tl3 ,

4, 5,

9,

}

Figure 2.2. Schematic representation of sets th , tl and τj with M = 3. The
stars (*) indicate time-stamps during trial j.

A schematic representation of a possible set τj and its relation to th and tl
is depicted in Figure 2.2. The set of all possible sequences of observations is
denoted by T .
The aim of this chapter is to derive guarantees for all possible data realizations in each iteration. In other words, each iteration an arbitrary data realization is chosen from the set T . This will include the situation where in each
iteration the worst-case sequence of observations is chosen, hence this is referred
to as a worst-case analysis. The main benefit from this worst-case analysis is that
it alleviates the necessity to model the availability of data, which is beneficial
when considering, e.g., incremental encoders.
The goal of traditional ILC is to minimize the error at sample instances of
the output th , i.e., eh . To achieve this, each iteration j the equidistantly sampled
l
l
error ehj is used to construct fj+1
for the next iteration, i.e., fj+1
= F (fjl , ehj ).
Remark 2.8. Note that the standard ILC setup (Bristow et al., 2006) is recovered, when T = {τ̄ }, with τ̄ representing the set of time-stamps corresponding
to the sample times of the control input, i.e., τ̄ = (0, M, 2M, ...).
In sharp contrast to (Oomen et al., 2009), the considered problem in this
chapter is to exploit time-varying measurements in ILC, as is formulated next.
τ

Definition 2.9 (Problem formulation). Given the available data ej j at the timestamps τj develop a computationally tractable explicit ILC controller that minimizes the error between the output of system J at the high rate sample instances
th , i.e., y h , and a desired output denoted by ydh , where the available error data
to the ILC controller during iteration j is given by
τ

τ

τ

ej j = ydj − yj j .

2.2.2

(2.16)

Applications

In this section several applications that are captured by the ILC setup of Figure 2.1 are examplified. Systems vulnerable to data dropouts, see, e.g., Ahn et al.
(2008); Shen and Wang (2015b), or stealth attacks, see, e.g., Dan and Sandberg
(2010), fit naturally in the ILC setup given in Figure 2.1, as the operator T S
decides which data points are available. Moreover, systems that use incremental
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Light Detectors

Light Source

Digital outputs

A
B
Rotating Encoder Disk
Figure 2.3. Schematic representation of incremental encoder

Counter value c

7
6
5
4
3
2
1
0l
t0 τj,0 τj,1 τj,2 tl1

tl2 τj,4 τj,5 τj,6 tl3 τj,7 τj,8
Time instant t
τj,3

tl4

Figure 2.4. The counter value of and incremental encoder corresponding to
the position indicated by ( ) The encoder operates at a very high equidistant
sampling rate, indicated by the circles. The feedback control system operates
at a lower equidistant sampling rate ( ). Line-transitions are indicated by blue
squares ( ) and corresponding time-stamps τj,k . These are exact, i.e., not subject to quantization error. In contrast, data points used by the feedback control
system, clearly suffer from quantization, indicated by arrows ( ).

encoders to measure position, see, e.g., Strijbosch and Oomen (2019a), are also
captured by the ILC setup of Figure 2.1, as explained in detail next.
To illustrate that systems involving time-stamped data from incremental
encoders are captured by the ILC setup of Figure 2.1, the mechanical working
principle of an incremental encoder is investigated. In Figure 2.3, a schematic
overview is presented of an incremental encoder. The main components are a
slotted disk or strip, a light source and two light detectors. The light source is
aimed at the light detectors. Depending on the position of the encoder disk the
slots either obstruct the light or allow the light through. The output of the light
detectors are two signals (A,B) which indicate if the light is perceived or not by
the light detector.
The digital signals (A, B) are in typical applications evaluated at a very high
sampling rate fh = h1h , (O(fh ) = 106 − 108 Hz) (Merry et al., 2013). At each
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of these samples, it is determined if one of the signals changed, i.e., if a line
transition occurred in between two time instances. A counter keeps track of
the number of line transitions taking the direction into account. The width of
the slots causes a quantization effect which must be addressed correctly (Salton
et al., 2020).
Due to the high sampling rate fh compared to the number of line transitions
per second, the difference between the time-instance of the line-transition and
the time-stamp τj,k at the high sampling rate is negligible, i.e., the measurement
yjτ (k) is exact, as exemplified in Figure 2.4. It can be observed in Figure 2.4 the
number of exact measurement points is velocity dependent, i.e., low velocities
lead to few line transitions and therefore few exact measurement points.
There are several ways to use the data from encoders in Figure 2.4.
• The counter value at the equidistant sampling instances tl of the feedback
system is exploited by the ILC algorithm. Since the sampling frequency
of the feedback controller is limited by the real-time computations this
approach leads to a quantization effect, indicated by ( ) in Figure 2.4.
If the quantization effect is modelled as an additional trial-varying noise
term, it is consequently amplified by ILC (Gunnarsson and Norrlöf, 2001;
Oomen and Rojas, 2017).
• The offline computations in ILC facilitate the employment of the nonequidistant data at the time stamps τj , not corrupted by quantization, to
obtain an increase in performance (Strijbosch and Oomen, 2019a).
The ILC setup as depicted in Figure 2.1 encompasses the ILC setup that
uses the time-stamped data from incremental encoders by taking the sampling
frequency of the ideal sampler (2.10) equal to the sampling frequency of the
encoder and by defining the operator T S to define the time stamps based on the
line-transitions.

2.3

Monotonic convergence

In this section, it is shown that for an intermittently sampled ILC setup it is
not possible to achieve monotonic convergence in the traditional sense of Definition 2.2. First, the finite time description of the intermittent ILC setup is
introduced. Next, it is shown that the convergence analysis for the case where
the time-stamp sequence is trial invariant is equivalent to a closed-loop analysis of the system (2.4). It turns out that controllability and observability of a
discrete-time system of the form (2.4) allow for monotonic convergence. Specific
time-stamp sequences may render the discrete-time system being uncontrollable
and unobservable, preventing monotonic convergence, constituting Contribution
C1. Finally, new monotonic convergence conditions are defined based on the
controllable and unobservable subspaces, leading to Contribution C2.
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Finite Time Description

A finite-time system description of the ILC setup of Figure 2.1 is introduced.
Consider the system J h,h = S h JHh with Markov parameters mhk , operating over
a finite time interval k ∈ {0, ..., N h }, where the system starts each trial with zero
initial conditions. The input-output behaviour is represented by its convolution
h
h
h
matrix J h,h ∈ RN ×N which maps the input vector f hj ∈ RN to the output
h

vector y hj ∈ RN (Frueh and Phan, 2000; Phan and Longman, 1988):
 h

y hj = J h,h f hj ,

J h,h = 

m0
...

0



..

mh
N h −1

.
...

(2.17)

mh
0.

Define the finite-time description of the zero order hold Hh,l as Hh,l = IN l ⊗ IM

T
with IM := 1, . . . , 1 ∈ RM . Next, the finite-time description of J h,l = S h JHl
is given by J h,l = J h,h Hh,l .
τ
h
Moreover, for each τ ∈ T define a T τ ∈ RN ×N such that for each iterah
tion j the mapping from the error vector ehj ∈ RN to the error vector at the
τj
τ
corresponding time-stamps ej j ∈ RN is given by
τ

ej j = T τj ehj ,

h
T
T τj = ϵτj,1

ϵTτj,2

...

ϵTτ

τ
j,N j

iT

,

(2.18)

where ϵτj,k , k ∈ {1, ..., N τj } is a row vector of length Nh with 1 in the τj,k -th
position and 0 in every other position.
The ILC update in iteration j with time-stamp sequence τj ∈ T is given by
τ

f lj+1 = f lj + Lτj ej j
l

(2.19)

τj

with Lτj ∈ RN ×N .
Using these definitions, the finite-time description of the intermittent ILC
setup is given by
τ
f lj+1 = f lj + Lτj ej j ,
τ

ej j = T τj y hd − T τj J h,l f lj ,

(2.20)

τj ∈ T .

The matrix T τj selects the rows from J h,l that correspond that the timestamp sequence τj , leading to
J τj = T τj J h,l

(2.21)
τj

l

in iteration j. Notice that the dimension of J τj ∈ RN ×N is iteration-varying.
The ILC update (2.19) is therefore required to be iteration varying to accommodate this iteration varying dimension in Lτj . In the low periodically sampled
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w−1
y τd
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f lj+1
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f lj
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y τj

−

v lj

eτj

Lτ
Figure 2.5. ILC setup with state f lj .

iteration invariant case, i.e., τj = τ̄ for all j ∈ Z≥0 , as in Remark 2.8, the finitetime ILC setup (2.20) reduces to the traditional case (Bristow et al., 2006).

2.3.2

Trial-Invariant Closed-loop Analysis

Next, two discrete-time systems of the form (2.4) are derived for the iterationinvariant intermittent ILC setup (2.20) with time-stamp sequence τj = τ0 for all
j ∈ Z≥0 for some τ0 ∈ T . First, convergence of the sequence of control inputs
{f lj }j∈Z≥0 is analysed by considering f lj as state. Second, convergence of the
sequence of error signals {eτj }j∈Z≥0 is analysed by considering eτj as state.
The ILC system (2.20) is recast into an LTI system with state f lj as in
Figure 2.5 where Sf given by
f lj+1 = Af f lj + Bf v lj

(2.22)

eτj 0 = Cf f lj ,
with input v lj := f lj+1 − f lj , output eτj 0 , and system matrices


Af
Cf

Bf
0



=



IN l
−J τ0

IN l
0



.

(2.23)

In this representation, the ILC controller is given by the static output feedback
v lj = Lτ0 eτj 0 .
The closed-loop dynamics of (2.22) and (2.24) are given by

f lj+1 = IN l − Lτ0 J τ0 f lj + Lτ0 T τ0 y hd .
This leads to the following result.

(2.24)

(2.25)
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Lemma 2.10. Given the system description in (2.25), the sequence {f lj }j∈Z≥0
is convergent towards a unique f l∞ , if and only if


ρ IN l − Lτ0 J τ0 < 1.

(2.26)

Moreover, the sequence {f lj }j∈Z≥0 is monotonically convergent in a given p-norm
if and only if
IN l − Lτ0 J τ0 ip < 1.
(2.27)
Next, consider the convergence of the sequence of error signals {eτj 0 }j∈Z≥0 .
Dual to (2.22) the ILC system (2.20) with τj = τ0 for all j ∈ Z≥0 for some
τ0 ∈ T , is recast into an LTI system with state eτj 0 as depicted in Figure 2.6
where the system Se is given by
0
eτj+1
= Ae eτj 0 + Be v lj ,

eτj 0 = Ce eτj 0

(2.28)

with input v lj , output eτj 0 and matrices Ae = IN τ0 , Be = J τ0 , Cf = IN τ0 . In
this representation the ILC controller is given by (2.24).
The closed-loop dynamics of (2.28) and (2.24) are given by

0
eτj+1
= IN τ0 − J τ0 Lτ0 eτj 0
(2.29)

This leads to the following Lemma.

Lemma 2.11. Given the system description (2.29), the sequence {eτj 0 }j∈Z≥0 is
convergent towards a unique eτ∞0 if and only if

(2.30)
ρ IN τ0 − J τ0 Lτ0 < 1.
Moreover, the sequence {eτj 0 }j∈Z≥0 is monotonically convergent in a given pnorm if and only if
(2.31)
IN τ0 − J τ0 Lτ0 ip < 1.

Lemma 2.10 and Lemma 2.11 lead to conditions that guarantee the existence
of a matrix Lτ0 which are derived next.

2.3.3

Trial-invariant convergence: a controllability and
observability perspective

The trial-domain dynamics (2.22) and (2.28) enable the design for convergence
of the sequence of input signals {f lj }j∈Z≥0 or the sequence of error signals
τ

{ej j }j∈Z≥0 , i.e., the possibility to design the matrix Lτ such that either (2.26)
or (2.30) is satisfied, from a controllability and observability perspective.
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Figure 2.6. ILC setup with state ej j

Consider the design of the ILC controller (2.19) to achieve convergence of the
τ
sequence of error signals {ej j }j∈Z≥0 , i.e., design the matrix Lτ for the system
(2.28) such that (2.29) is stable. From the definition of stabilizability, it is
concluded that this is only possible if the pair (Ae , Be ) is stabilizable. Since all
eigenvalues of Ae are equal to 1, this is equivalent to controllability of the pair
(Ae , Be ). This leads to the following result (Contribution C1).
Theorem 2.12. Consider the finite-time ILC setup (2.20) with trial-invariant
time-stamp sequence, i.e. τj = τ with τ ∈ T . Then, the following statement
holds.
A. An ILC update (2.19) exists that achieves a convergent sequence of errors
τ
{ej j }j∈Z≥0 if and only if
rank (J τ ) = N τ .

(2.32)

In addition, Statement A implies the following
B. An ILC update (2.19) exists that achieves a monotonically convergent seτ
quence of errors {ej j }j∈Z≥0 in any p-norm if and only if (2.32) is satisfied.
Next, consider the design of the ILC update (2.19) to achieve convergence
of the sequence of control inputs {f lj }j∈Z≥0 , i.e., design the matrix Lτ for the
system (2.22) such that (2.25) is stable. Dual to the stabilizability of (2.28)
for (2.22) detectability of f lj is required. Since all eigenvalues of Af are 1, this
is equivalent to observability of the pair (Af , Cf ). This leads to the following
result (Contribution C1).
Theorem 2.13. Consider the finite-time ILC setup (2.20) with trial-invariant
time-stamp sequence, i.e. τj = τ0 ∈ T for all j ∈ Z≥0 . Then, the following
statement holds.
A. An ILC update (2.19) exists that achieves a convergent sequence of input
signals {f lj }j∈Z≥0 if and only if
ker(J τ ) = {0}.

(2.33)
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In addition, Statement A implies the following.
B. An ILC update (2.19) exists that achieves a monotonically convergent sequence of input signals {f lj }j∈Z≥0 if and only if (2.33) is satisfied.

2.3.4

Trial-varying subspace-based monotonic
convergence

The results in Theorem 2.12 and Theorem 2.13 show that there exist time-stamp
sequences for which convergence in the traditional sense cannot be achieved, i.e.,
rank (J τ ) < N l or rank (J τ ) < N τ . Since the time-stamp generator chooses the
worst-case time-stamp sequence for each iteration in a worst-case analysis, new
monotonic convergence conditions are defined based on the unobservable and
uncontrollable subspaces that consider all possible time-stamp sequences.
For the system (2.28), the controllable subspace is given by


τ
CSe = im Be Ae Be . . . AeN −1 Be
(2.34)
= im (J τ ).
Given this subspace the error can be decomposed in a controllable and uncontrollable part, given in the following definition.
τ

Definition 2.14. Given the controllable subspace (2.34), the error ej j can be
τj
τj
, and uncontrollable part ej,uc
, i.e.,
decomposed in a controllable part ej,c
j
j
τ

τ

τ

j
j
ej j = ej,c
+ ej,uc
j
j

(2.35)

τ

j
⊂ im (J τ ).
where ej,c
j

τ

j
, can converge by an appropriate
The error in the controllable subspace, ej,c
design of the ILC law (2.19), i.e., all eigenvalues of the system matrix Ae corresponding to this subspace can be placed inside the unit disc by the feedback
(2.24).
The following example reveals how the uncontrollable part of the error behaves.

Example 2.15. Consider the ILC setup (2.20) with trial-invariant time-stamp
sequence τ ∈ T with corresponding convolution matrix and learning matrix




0 0 0
l11 l12 l13
(2.36)
J τ =  1 0 0 , Lτ = l21 l22 l23  .
−1 1 0
l31 l32 l33
This yields the closed-loop error dynamics (2.29) given by


1 0 0
τ
eτj+1 = ∗ ∗ ∗ ej j
∗ ∗ ∗

(2.37)
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where the values depending on Lτ are denoted by ∗. This corresponds to the
controllable subspace given by
   
0
0
im (CSe ) = im (J τ ) = span 1 , 0 .
(2.38)
0
1

From which it follows that the first element of eτj cannot be influenced by the
ILC controller. Both the second and third element follow dynamics influenced
by the feedback 2.24.
This behaviour is caused by the part of the error which is not controllable
and therefore cannot be affected by the input f lj . This uncontrollable part of
the error follows the free response dictated by Ae = IN τ , i.e.,
τ

τ

j
j
ej+1,uc
= ej,uc
.
j
j

(2.39)

In the trial-varying ILC setup, the controllable subspace is trial-varying.
To accommodate a monotonic convergence analysis of the sequence of errors
{ehj }j∈Z≥0 in a worst-case setting, the following monotonic convergence condition
is introduced, leading to Contribution C2.
Definition 2.16. (Intermittent monotonic convergence of the error)
The sequence of error signals {ehj }j∈Z≥0 of the ILC setup with intermittent timevarying measurement points is called monotonically convergent in a given p-norm
h
towards a unique ehd ∈ RN if there exists a κc ∈ [0, 1) such that
∥ehj+1,cj − ehd,cj ∥p ≤ κc ∥ehj,cj − ehd,cj ∥p .

(2.40)

∥ehj+1 − ehd ∥p ≤ κtot ∥ehj − ehd ∥p ,

(2.41)

In addition, the
should be satisfied for some κtot ∈ [0, 1]. To guarantee that the uncontrollable
part of the error is monotonically non-increasing.
Remark 2.17. Note that the notion of an error for j → ∞ does not exist for
Definition 2.16, since there could exist a part of the error that is uncontrollable
for each iteration j ∈ Z≥0 . Thereby this part of the error cannot by altered by
the ILC, while still satisfying (2.41).
From Definition 2.16, conditions can be derived to check if a given intermittent ILC controller (2.19) with matrices Lτ , for all τ ∈ T lead to a monotonically
convergent sequence of control inputs {ehj }j∈Z≥0 in the 2-norm, given by the following result.
Lemma 2.18. Consider the finite-time trial-varying intermittent ILC system
(2.20) satisfying Assumption 2.4. The sequence of control inputs {ehj }j∈Z≥0 is
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monotonically convergent in the 2-norm towards the fixed point eh = 0 as in
Definition 2.16, if and only if for each τ ∈ T
T
IN cj − U1,τ
J τ Lτ U1,τ

i2

< 1,

(2.42)

cj

h

where U1,τ ∈ RN ×(N ) with N cj = rank (J τj ) is constructed from a singular
value decomposition of J τ as in Lemma 2.24, and
∥IN h − J τ Lτ ∥i2 ≤ 1.

(2.43)

Dual to the controllable subspace of system (2.28) the unobservable subspace
of system (2.22) is given by


Cf
 Cf Af 


OSf = ker 

..


(2.44)
.
τ
N −1
Cf Ae
= ker(J τ ) = 0.

Given this subspace the control input f lj can be decomposed in a observable and
unobservable part, given in the following definition.
Definition 2.19. Given the unobservable subspace (2.44) the control input f lj
can be decomposed in a observable part, f lj,o , and unbservable part f lj,uo , i.e.
f lj = f lj,o + f lj,uo

(2.45)

where f lj,uo ∈ ker(J τ ).
To accommodate a monotonic convergence analysis of the sequence of errors
{f lj }j∈Z≥0 in a worst-case setting, the following monotonic convergence condition
is introduced, leading to Contribution C2.
Definition 2.20. (Intermittent monotonic convergence of the input)
The sequence of input signals {f lj }j∈Z≥0 of the ILC setup with intermittent timevarying measurement points is called monotonically convergent in a given p-norm
l
towards a unique f ld ∈ RN if there exists a κo ∈ [0, 1) such that
∥f lj+1,o − f ld,o ∥p ≤ κo ∥f lj,o − f ld,o ∥p .

(2.46)

∥f lj+1 − f ld ∥p ≤ κtot ∥f lj − f ld ∥p ,

(2.47)

j

j

j

j

In addition,
should be satisfied for some κtot ∈ [0, 1], to guarantee that the unobservable part
of the control input is monotone non-increasing.
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From Definition 2.20, conditions can be derived to check if a given intermittent ILC controller (2.19) with matrices Lτ , for all τ ∈ T leads to a monotonically convergent sequence of control inputs {f lj }j∈Z≥0 in the 2-norm, given by
the following result.
Lemma 2.21. Consider the finite-time trial-varying intermittent ILC system
(2.20) satisfying Assumption 2.4. The sequence of control inputs {f lj }j∈Z≥0 is

monotonically convergent in the 2-norm towards the fixed point f ld as in Definition 2.20, if and only if for each τ ∈ T
T
Lτ J τ V1,τ
IN l −N oj − V1,τ
l

l

i2

< 1,

(2.48)

oj

where V1,τ ∈ RN ×(N −N ) with N oj = N l − rank (J τj ) is constructed from a
singular value decomposition of J τ as in Lemma 2.24, and
∥IN l − Lτ J τ ∥i2 ≤ 1.

(2.49)

This result is exploited in the next section to develop a computationally
tractable intermittent ILC design approach.

2.4

Computationally tractable ILC approach

In this section, a computationally tractable ILC approach is developed to design
(2.19) for the ILC setup presented in Figure 2.1. From Lemma 2.21, a necessary
structure is derived for the ILC controller to guarantee monotonic convergence
of the sequence of control inputs {f lj }j∈Z≥0 in the 2-norm. This structure is used
to develop an explicit ILC approach that is independent of the size of T , leading
to Contribution C3.

2.4.1

Monotonic Convergence in the 2-norm

First, a structure for the matrix Lτ is derived that is necessary to achieve monotonic convergence of the sequence of control inputs {f lj }j∈Z≥0 as in Definition
2.20.
Theorem 2.22. Consider the finite-time time-stamped ILC system (2.20) satisfying Assumption 2.4. Then it is necessary that each matrix Lτ τ ∈ T , satisfies
Lτ ∈ im J Tτ .

(2.50)

to obtain a monotonically convergent sequence of control inputs {f lj }j∈Z≥0 in

the 2-norm towards the fixed point f ld as in Definition 2.20. In addition, if
Condition (2.48) is satisfied for all τ ∈ T with matrices Lτ , τ ∈ T of the form
(2.50), Condition (2.49) is automatically guaranteed.
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This results shows that the design problem to find the set of matrices Lτ ,
τ ∈ T is reduced to finding matrices of the form (2.50) that satisfy (2.48).
Since, all matrices that satisfy (2.50) can be characterized by J ⊤
τ X τ for some
h
τ
X τ ∈ RN ×N , it is concluded the intermittent ILC design problem can be
h
τ
reduced to finding for each τ ∈ T a matrix X τ ∈ RN ×N such that Condition
(2.48) is satisfied with
Lτ = J ⊤
τ Xτ .

2.4.2

(2.51)

Explicit ILC controller

Next, the result of Theorem 2.22 is used to obtain a computationally efficient
design approach in which only a single matrix should be designed instead of a
matrix for each τ ∈ T , leading to Contribution C3 of this chapter. For this, the
matrix
Lτ = LT τ ,
l

(2.52)
h

is introduced for each τ ∈ T with L ∈ RN ×N to reduce the design of the ILC
law (2.19) to finding only the single matrix L. This reduces the computation
time significantly. However, it should be noted that this reduction in design
variables for the ILC update law potentially results in a slower convergence rate.
Exploiting Theorem 2.22, the following result is obtained for the ILC controller given by (2.19) with (2.52).
Theorem 2.23 (Explicit ILC controller). Consider the finite-time time-stamped
ILC system (2.20) with desired output y hd satisfying Assumption 2.4 and the
ILC controller of the form (2.19) with (2.52). The sequence of control inputs
{f lj }j∈Z≥0 of (2.20) converges monotonically towards f ld , in the 2-norm, if and
only if L is given by
L := (J h,l )T D
h

(2.53)

h

with D ∈ RN ×N a diagonal matrix with positive entries that satisfies the following linear matrix inequality (LMI)
2IN l − (J h,l )T DJ h,l ≻ 0.

(2.54)

From this result it follows that the design of an intermittent ILC controller
that guarantees monotonic convergence of the sequence of control inputs can be
reduced to finding a single diagonal matrix D that satisfies a single LMI. The
size of this LMI is N l × N l and can therefore easily be verified for a given matrix
D or used in a semidefinite program (SDP) to find an optimal matrix D for a
given cost function. This design method is independent of the size of T , thereby
resulting in a computationally efficient approach.
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2.5

Connection to gradient-descent ILC

In this section, a connection is established between the ILC approach resulting
from Theorem 2.23 and the gradient-descent ILC design method in Bolder et al.
(2018); Owens et al. (2009). This connection allows for intuitive guidelines to
design the matrix D, leading to contribution C4 of this chapter.

2.5.1

Gradient-descent ILC

In gradient-descent ILC (Bolder et al., 2018; Owens et al., 2009), an iteration
invariant ILC system is considered with finite-time description
ej = y d − Jf j .

(2.55)

The performance of the ILC algorithm is given by the cost function J (f j+1 ) =

eTj+1 We ej+1 with We ⪰ 0 a user defined weighting matrix. The error at iteration
j + 1 can be written as ej+1 = ej + J(f j − f j+1 ) using (2.55). This leads to the
gradient of J (f j+1 ) with respect to f j+1 , given by
∂J (f j+1 )
∂f j+1

= 2J T We J(f j+1 − f j ) − 2J T We ej .

(2.56)

The learning update is given by choosing a control input in the steepest descent
direction, i.e.,
f j+1 = f j − ε

∂J (f j+1 )
∂f j+1

= f j + 2εJ T We ej ,
f

j+1

=f

(2.57)

j

where ε ∈ R>0 determines the size of the step in the steepest descent direction.
Choosing the step ε sufficiently small ensures that the cost function decays in
each iteration, see (Bolder et al., 2018; Owens et al., 2009), which leads to a
decrease of the criterion J .

2.5.2

Connection to ILC approach in Theorem 2.23

The learning update for the ILC setup (2.20) with (2.19) and (2.53) is given by
T

f j+1 = f j + J h,l DT Tτj T τj ej .

(2.58)

Note that this learning update is equivalent to the update law (2.57), with
2εWe := DT Tτj T τj ⪰ 0. Therefore, the learning update (2.58) at trial j
is equivalent to a steepest descent update with cost function Jτj (f j+1 ) =
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eTj+1 DT Tτj T τj ej+1 . Each of the cost functions Jτj (f j+1 ) is convex with the point

f lj+1 = f ld in its optimum.
The above observations allows the design of the matrix D to be equivalent to
the intuitive design of a weighting matrix We which is extensively studied in the
literature (Bristow et al., 2006). By choosing D = αWe with We ∈ RNh ×Nh a
diagonal matrix with positive entries and a sufficiently small α ∈ R>0 to satisfy
(2.54) leads to monotonic convergence as in Definition 2.20.

2.6

Examples

In this section, the explicit ILC controller introduced in Section 2.4 is applied
to two examples. First, an intuitive example is introduced with f h = f l and
trial length, N h = 3. This example allows to clearly observe the time stamp
sequences τj . Next, a practically relevant example of a mass-spring-damper
system and trial length of N h = 2000 is introduced. This trial length leads
to 22000 possible time-stamp sequences, i.e., a computationally tractable ILC
controller as introduced in Section 2.4 is a necessity.

2.6.1

Intuitive example

The system considered in this example has the

1
0
1
J h,l =  0.4
−0.56 0.4

following convolution matrix

0
0 .
(2.59)
1

The aim of this example is to find an input f l such that y hj converges towards

T
the desired position y hd = 1 −0.6 −0.46 . Each iteration j the time-stamp
sequences τj are randomly selected from all possible time-stamp sequences T .
Three ILC controllers are compared: 1) The ideal case where each iteration all
measurement instances are available, i.e., τj = {0, 1, 2} for all j ∈ Z≥0 , with
T

Lτj = ϵJ h,l for each j ∈ Z≥0 ; 2) an intermittently sampled ILC controller
(2.51), i.e., for each possible τ ∈ T a matrix Lτ is determined as L = ϵτ J T ; 3)
A computationally tractable intermittently sampled ILC controller (2.52) which
is designed using Theorem 2.23 with D = 0.5IN h .
In Figure 2.8, the error norm ∥ehj ∥2 is given from which it is observed that
each of the ILC controller leads to increased performance. Moroever, from Figure 2.9 it is concluded that the sequence of control inputs converge monotonically
towards fdl in the 2-norm. The ILC controller that can use measurement data
at each sample instance converges at the highest rate. The extra design freedom
of the ILC controller (2.51) enables a slightly higher convergence rate compared
to the computationally tractable ILC controller (2.52).
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2

ej
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Time

Figure 2.7. Error ej at trial j = 0 ( ), j = 10 ( ), and j = 40 ( ) when
applying an intermittent ILC controller of Theorem 2.23 with the available error
at the time-stamps, eτj indicated by dots ( ).

∥eh
j ∥2
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Figure 2.8. Error norm ∥ehj ∥2 when applying an intermittent ILC controller
designed following Theorem 2.23 ( ), and Theorem 2.22 ( ). The situation
where all data is avialable at each trial j ( ). The error norm ∥ehj ∥2 of trails
j ∈ {0, 10, 40} as depicted in Figure 2.7 are highlighted with their corresponding
color.

From Figure 2.7 it is clear that the data used by the intermittent ILC controller is non-equidistant in time and trial-varying. Nonetheless, from Figure 2.8
and Figure 2.9 it can be observed that the intermittent ILC controller leads to
convergence in both the error and control-input. In Figure 2.8, the error norm
∥ehj ∥2 is shown when applying traditional ILC with full error information and
when applying the intermittent ILC controller. From Figure 2.8, it is observed
that both methods achieves convergence towards ∥eh∞ ∥2 = 0. From Figure 2.9 it
is observed that for both methods monotonic convergence of the control input
towards fdl is achieved in the 2 norm.
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∥fjl − fdl ∥2
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Figure 2.9. Input difference norm ∥fjl − fdl ∥2 when applying an intermittent
ILC controller designed following Theorem 2.23 ( ), and Theorem 2.22 ( ).
The situation where all data is avialable at each trial j ( ). The norm ∥fjl −
fdl ∥2 of trails j ∈ {0, 10, 40} as depicted in Figure 2.7 are highlighted with their
corresponding color.

2.6.2

Practically relevant example

In this example a mass-spring-damper system is considered with the following
transfer function
1
J(s) =
(2.60)
ms2 + cs + k
with mass m = 1 [kg], damping coefficient c = 10 [N·m/s], and spring constant
k = 100 [N/m] is considered. The position of the mass is measured by an
incremental encoder with an accuracy of 5 · 10−4 [m]. The sampling frequencies
of the control input and encoder are, hl = 1 · 10−2 [s] and hh = 1 · 10−3 [s],
respectively. The aim of this example is to find an input f l such that the
position of the mass follows the 4th order reference ydh , of which a scaled version
is given by the dashed-dotted line in Figure 2.10.
A traditional ILC controller exploiting equidistant data and an explicit intermittent ILC controller (2.52) are designed using the finite-time description as discussed in Section 2.3. The traditional ILC controller that uses the counter data
available at the sampling instances of the control input, tlk , thereby introducing
a quantization effect as explained in Section 2.2. This traditional quantized ILC
controller is given by (2.19) with Lτ̄ the generalized inverse of J l,l based on the
 −1

ΣJ l,l 0 T
U l,l .
singular value decomposition of J l,l , see (2.61), i.e, Lτ̄ = VJ l,l
0
0 J
The decentralized ILC controller that exploits the exact data that is available
at the time stamps, is determined using Theorem 2.23. For this application, the
error at each sample is considered to be of equal importance, this corresponds
to a weighting filter We = IN h . Hence, the matrix D is designed as ϵIN h . The
T
value of ϵ is chosen as ϵ = (∥J h,l J h,l ∥i2 )−1 to satisfy Condition (2.54).
In Figure 2.11, the error norm ∥ehj ∥2 is shown when applying traditional
ILC with quantized data and when applying the intermittent ILC controller.
From Figure 2.11, it is observed that the intermittent ILC controller achieves
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Figure 2.10. Error eh750 at trial 750 after applying traditional ILC with quantized data ( ) and after applying intermittent ILC controller of Theorem 2.23
with exact data at the time-stamps ( ). In the zoom the time-instances of the
available error data are indicated by dots ( and ). The quantization level is
indicated by ( ). The dash-dotted line ( ) depicts the reference scaled down
by a factor 400.

higher performance, as the error norm ∥ehj ∥2 of intermittent ILC reaches a lower
value compared to traditional quantized ILC. This can also be observed in Figure 2.10, where the error of both ILC approaches after 750 trials are presented.
In Figure 2.10 it is observed that the error resulting from intermittent ILC reduces to below the encoder resolution. It is also observed that the data used by
the intermittent ILC controller is non-equidistant in time. In Figure 2.12, the
monotonic convergence property of the sequence of input signals in the 2-norm
is evaluated for both ILC approaches. From Figure 2.12 it is observed that when
exploiting traditional ILC with quantized data convergence of the control input
towards fdl is not achieved, where the control input of intermittent ILC converges
monotonically towards fdl .
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Figure 2.11. Error norm ∥ehj ∥2 when applying traditional ILC using quantized data ( ) and when applying the intermittent ILC controller of Theorem
2.23 ( ).
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Figure 2.12. Norm ∥fjl − fdl ∥2 when applying traditional ILC with quantized data ( ) and when applying the intermittent ILC controller of Theorem
2.23 ( ).
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2.7

Conclusions

All error knowledge should be used to improve control performance to the limit,
which is precisely the approach intermittent ILC takes. For example for system
that use incremental encoders intermittently sampled ILC allows for a performance increase for existing systems due to the use of exact data instead of quantized data, or it could come with cost benefits since cheaper sensors with a higher
quantization level could lead to similar performance levels. A new framework
exploiting a single explicit ILC controller for intermittent ILC is developed that
guarantees monotonic convergence without imposing any assumptions on the
availability of data through a worst-case analysis. This immediately allows large
scale implementation of various relevant applications with intermittent observations, including systems with incremental encoders, and systems with networked
or stealth attack issues. It is shown that due to the trial varying availability of
the output, monotonic convergence in its standard definition cannot be obtained.
A new subspace-based definition for monotonic convergence for this type of systems is introduced. A computationally efficient design procedure for an ILC
algorithm that guarantees monotonic convergence is developed. A connection is
established between the developed design procedure and the existing gradientdescent ILC approach leading to an intuitive design procedure. The developed
design procedure is applied to two examples confirming monotonic convergence.

2.8

Proofs

Lemma 2.24. Consider a matrix A ∈ Rm×n with rank (A) = k < min(m, n).
Consider the singular value decomposition of A, given by



 

 Σ 0 V1⊤
Σ 0
⊤
A=U
V = U1 U2
(2.61)
0 0
0 0 V2⊤

with Σ ∈ Rk×k a diagonal matrix with strictly positive entries, and orthonormal
matrices U ∈ Rm×m , V ∈ Rn×n . Moreover, U1 ∈ Rm×k , U2 ∈ Rm×(m−k) ,
V1 ∈ Rn×k , and V2 ∈ Rn×k−n . Then the following subspaces are equivalent
(Skogestad and Postlethwaite, 2007)
im AT = im V1 , and ker A = im V2 .

(2.62)

Lemma 2.25. Consider a matrix X ∈ Rm×n and rank (X) = m, and the diagonal matrix D ∈ Rn×n . When n = m then XDX T ≻ 0 if and only if the matrix
D ≻ 0 (Bernstein, 2009). Moreover, if m < n, then XDX T ≻ 0 if D ≻ 0.
Lemma 2.26. Consider the square matrix


A 0
X :=
C B

(2.63)
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with A ∈ Rn×n , B ∈ Rm×m , and C ∈ Rm×n . Then
∥X∥i2 ≥ max(∥A∥i2 , ∥B∥i2 ),

(2.64)

where equality holds if and only if C = 0 (Bernstein, 2009).
Theorem 2.12. First Statement A is proved. Convergence of the sequence of
τ
errors {ej j }j∈Z≥0 is equivalent to ρ(IN τ0 − J τ0 Lτ0 ) < 1. From stabilizability, it
is concluded that this is only possible if the pair (Ae , Be ) is stabilizable. Since
all eigenvalues of Ae = IN τ are 1, this is equivalent to controllability of the pair
(Ae , Be ) = (IN τ , J τ ),i.e.,


τ
−1
rank (CSe ) = rank Be Ae Be . . . AN
Be
e
(2.65)
= rank (J τ ) = N τ ,
hence (2.32).
To prove Statement B, first note that a necessary condition to achieve monotonic convergence in any p-norm is to achieve convergence, since
ρ(X) ≤ ∥X∥ip , for all X ∈ Rn×n .

(2.66)

From this it follows that Condition (2.32) is a necessary condition to be able to
design an ILC update (2.24) that achieves a monotonically convergent sequence
of errors {eτj }j∈Z≥0 in a given p-norm.
To show that (2.32) is also a sufficient condition, note that if Condition (2.32)
is satisfied, the matrix J τ is full rank. This implies that there exist a matrix
Lτ0 such that ∥IN τ − J τ0 Lτ0 ∥ip < 1, e.g., Lτ0 = J −1
τ0 . Hence, Condition (2.32)
is a necessary and sufficient condition to be able to design an ILC update (2.24)
that achieves a monotonically convergent sequence of errors {eτj 0 }j∈Z≥0 in a given
p-norm. This completes the proof.
Theorem 2.13. First statement A is proved. Convergence of the sequence of
input signals {f lj }j∈Z≥0 is equivalent to the closed-loop dynamics (2.25) being
stable. From detectability, it is concluded that this is only possible if the pair
(Af , Cf ) is detectable. Since all eigenvalues of Af are 1, this is equivalent to
observability of the pair (Af , Cf ). For the pair (Af , Cf ) = (IN l , J τ ) the observability condition as given in Section 2.1.1 reduces to


Cf
 Cf Af 



rank OSf = rank ker 

..


(2.67)
.
C f AN
e

τ

= rank (ker(J τ )) = 0.

This proofs Statement A.

−1
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The proof of Statement B follows similar reasoning as in the proof of Statement B of Theorem 2.12.
Lemma 2.21. This proof consist of two parts. In part 1 Condition (2.49) is
derived from (2.25). In part 2 a state transformation of the system (2.22) is
derived to decompose the state into an observable and unobservable part, this
transformation is chosen such that the 2-norm of the input signal is preserved.
The transformation of the closed-loop dynamics (2.25) yields conditions (2.48).
Part 1: Consider the closed-loop dynamics (2.25) for a given iteration j with
time-stamp sequence τj = τ0 ∈ T . From (2.25) it follows that Condition (2.47)
is satisfied for iteration j if and only if
IN l − Lτj J τj

i2

≤ 1.

(2.68)

Hence, Condition (2.47) is satisfied for each j ∈ Z≥0 if and only if Condition
(2.49) is satisfied for all τ ∈ T .
Part 2: Consider an iteration j with time-stamp sequence τj ∈ T such that
rank (J τj ) = N oj < N l , i.e., a part of the control input f lj is unobservable in
τ

the error ej j . Hence, there exists a transformation
" l,o #
fj j
= Y f lj
j
f l,uo
j
such that

"

#
j
f l,o
j
= Y f lj,o ,
j
0

"

0
f jl,uoj

#

= Y f lj,uo ,

j

transformation matrix Y ∈ RN
Y =W

−1

l

×N

l

(2.70)

j

j
with f lj,o and f lj,uo as in (2.45), and f l,o
∈ RN
j
j

(2.69)

oj

j
and f l,uo
∈ RN
j

is given by


with w1 , ..., wN o , wN o +1 , ..., wN l

l

−N oj

. The

(2.71)

the columns (wN oj +1 , ..., wN l ) are linearly independent columns that span the
unobservable space OSf , and the vectors (w1 , ..., wN oj ) are linear independent
columns such that W is nonsingular. Moreover, to preserve the 2-norm in this
transformation, i.e.,
" l,o #
fj j
= f lj
(2.72)
j
f l,uo
2
j
2

W is chosen to be a unitary matrix. To construct the matrix W use the singular
value decomposition of J τj , given as follows
J τj


= U1,τj


 Σ τj
U2,τj
0

0
0

  T T
V1,τj
T
V2,τ
j

(2.73)
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τj
τj
where U1,τj U2,τj ∈ RN ×N a unitary matrix, Στj a diagonal matrix with


l
l
all N oj singular values of J τj , and V1,τj V2,τj ∈ RN ×N a unitary matrix.
The columns of V1,τj ∈ RN

columns of V2,τj ∈ R

l

×N oj

N l ×(N l −N oj )

provide an orthonormal basis of J τj and the
 
provide an orthonormal basis of ker J τj , see

Lemma 2.24. From this it follows that by choosing W = Vτj , i.e., Y = VτTj a
transformation (2.69) satisfying both (2.70) and (2.72) is obtained.
Using the transformation (2.69) the dynamics (2.22) are transformed into


o
0
Bf,τ
A11
 T

f,τj
T
j
Vτj Af,τj Vτj Vτj Bf,τj


uo
A22
Bf,τ
=  A21
f,τj
f,τj
j 
Cf,τj Vτj
o
Cf,τj
0
(2.74)


T
V1,τ
I N oj
0
j
T
.
0
IN l −N oj V2,τ
=
j
0
−J τj V1,τj
The corresponding transformed closed-loop dynamics (2.25) are given by
" l,o # 
 " l,oj #
T
fj
f j+1j
IN l −N oj − V1,τ
L
J
V
0
1,τ
j
τ
τ
j
j
j
(2.75)
T
l,uoj =
V2,τj Lτj J τj V1,τj
IN o f l,uoj
f
j+1

j

From this it follows that the observable part of the control input is updated
according to
T
j
j
f l,o
= (IN l −N oj − V1,τ
Lτj J τj V1,τj )f l,o
(2.76)
j
j+1
j
T
which shows that (2.46) is satisfied if and only if ∥(IN l −N oj −V1,τ
Lτj J τj V1,τj )∥i2 <
j
1. Hence, Condition (2.46) is satisfied for each j ∈ Z≥0 if and only if (2.48) is
satisfied for each τ ∈ T . This completes the proof.

Theorem 2.22. This proof builds upon the state transformation (2.69) as introduced in the proof of Lemma 2.21.
From the transformed closed-loop dynamics (2.75) it follows that (2.47) is
satisfied if and only if


T
Lτ J τ V1,τ
0
IN l −N oj − V1,τ
≤ 1,
(2.77)
T
V2,τ
Lτ J τ V1,τj
IN o 2
for all τ ∈ T .
From Lemma 2.26 it follows that satisfying this condition for a given τ ∈ T
is equivalent to satisfying the following two conditions
T
V2,τ
Lτ J τ V1,τ = 0, and

∥IN l −N oj −

T
V1,τ
Lτ J τ V1,τ ∥i2

(2.78a)
≤ 1,

(2.78b)
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since ∥IN o ∥i2 = 1.
Since J τ V1,τ is full rank by construction, Condition (2.78a) is satisfied if and
only if
T
V2,τ
Lτ = 0
(2.79)
Leading to the requirement
T
T
) = im (V1,τ
) = im (J Tτj ).
Lτ ∈ ker(V2,τ
j
j

(2.80)

for each τ ∈ T .
From this it follows that by designing the matrices Lτ such that for each
τ ∈ T condition (2.48) is satisfied, Condition (2.78b) and thereby Condition
(2.49) is guaranteed. This completes the proof.
Theorem 2.23. Consider the finite-time ILC system (2.20) with desired output
y hd satisfying Assumption 2.4. This proof consists out of two parts. In the first
part, it is shown that it is necessary to impose the structure (2.53) for some
diagonal matrix D. In the second part, it is shown that the matrix D should be
designed to satisfy (2.54).
Part 1: To derive conditions on the structure of Lτ first consider the sequences of measurement points τ1i ∈ T that consist out of a single measurement
point, i.e., τ1i = (i), i ∈ {1, ..., Nh }.
Notice that for each τ1i , LT τ1i results in a column vector, in particular the
i-th column of the matrix L, i.e.,


(2.81)
LT τ1i = L1 L2 ... LNh T τ1i = Li .

h,l T
T T
Similar to this, for each τ1i , (J h,l
with J h,l
the i-th row
τ1i ) T τ1i = (J i )
i
h,l
of the matrix J . For each time-stamp sequence τ1i , i ∈ {1, 2, ..., Nh } this
T

, di ∈ R. Hence, to satisfy (2.50) for each
reduces (2.50) to Li = di J h,l
i
τ1i , i ∈ {1, 2, ..., Nh }, a necessary structure for L is given by
h
i
T
h,l T
h,l T = J h,l T D
L = d1 J h,l
(2.82)
d
J
...
d
J
2 2
Nh Nh
1

with D := diag(d1 , d2 , ..., dNh ).
To show that the structure (2.82) is a also sufficient to guarantee Condition
(2.50) for all τ ∈ T , first note that
DT Tτ = T Tτ T τ DT Tτ , ∀τ ∈ T

(2.83)

since the diagonal matrix T Tτ T τ multiplies each di , i ∈ {1, ..., N h } with 1, and
all other elements with 0. Hence,
(J h,l )T DT Tτ = (J h,l )T T Tτ T τ DT Tτ = (J h,l )T T Tτ Xτ

(2.84)
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with Xτ = T τ DT Tτ for all τ ∈ T . This shows that imposing the structure (2.82)
is necessary and sufficient to guarantee (2.50) for all τ ∈ T .
Part 2: From Theorem 2.22 it follows that the result of part 1 reduces the
design problem of the ILC controller to finding a matrix D that satisfies 2.48.
Substituting the structure (2.53) into (2.48) leads to the condition
T

T
J h,l DT Tτ T τ J h,l V1,τ ∥i2 < 1
∥IN l −N o − V1,τ
| {z } | {z }
Lτ =LT τ

(2.85)

Jτ

T

T
Since the matrix IN l −N o − V1,τ
J h,l DT Tτ T τ J h,l V1,τj is symmetric,
j
T

T
∥IN l −N o − V1,τ
J h,l DT Tτ T τ J h,l V1,τj ∥i2 =
j
T

T
ρ(IN l −N o − V1,τ
J h,l DT Tτ T τ J h,l V1,τj )
j

(2.86)

for all τ ∈ T . This is equivalent to all eigenvalues being smaller than 1 and larger
than -1, i.e., this condition is equivalent to satisfying both of the two LMIs
T

T
IN l −N o − V1,τ
J h,l DT Tτ T τ J h,l V1,τ ≺ IN l −N o ,
T

T
J h,l DT Tτ T τ J h,l V1,τ ≻ −IN l −N o ,
IN l −N o − V1,τ

(2.87a)
(2.87b)

for all τ ∈ T .
First, (2.83) is exploited to rewrite (2.87a) as
T

T
V1,τ
J h,l T Tτ T τ DT Tτ T τ J h,l V1,τ ≻ 0,

(2.88)

for all τ ∈ T . Because of the construction of the matrix V1,τ through the singular
value decomposition, the matrix T τ J h,l V1,τ is full rank and for the case where
τ = {1, ..., N h } is of dimension N h × N h . From Lemma 2.25 it is concluded that
(2.87a) is satisfied if and only if the matrix T τ DT Tτ ≻ 0, for all τ ∈ T . Clearly
this can only be satisfied if di > 0 for all i ∈ {1, 2, ..., Nh }.
Next rewrite Condition (2.87b) as
T

T
V1,τ
(2IN l −N o − J h,l DT Tτ T τ J h,l )V1,τ ≻ 0,

(2.89)

and, consider the situation where τ = τN = {1, ..., N h }, i.e., data is available at
each time instance. In this case T Tτ T τ = IN h which reduces Condition (2.89) to
T

T
V1,τ
(2IN l −N o − J h,l DJ h,l )V1,τN ≻ 0,
N

(2.90)

which is equivalent to condition (2.54) since V1,τN is full-rank by design, this
shows that Condition (2.54) is a necessary condition for the situation where all
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measurement data is avaialable. To show that it is also a sufficient condition for
all other time-stamp sequences note the following
T τ DT Tτ ⪯ D

(2.91)

where the equality holds in the situation where τ = {1, ..., N h }, i.e., data is
available at each time instance. Pre- and post multiplication with the full rank
matrix T τ J h,l V1,τ yields
T

T
V1,τ
J h,l T Tτ T τ DT Tτ T τ J h,l V1,τ ⪯
T

T
V1,τ
J h,l T Tτ DT τ J h,l V1,τ

(2.92)

Substituting this in (2.89) shows that
T

T
V1,τ
(2IN l −N o − J h,l DT Tτ T τ J h,l )V1,τ ⪰
T

T
V1,τ
(2IN l −N o − J h,l DJ h,l )V1,τ ≻ 0,

(2.93)

for all τ ∈ T . Hence, Condition (2.87b) is satisfied for all τ ∈ T if and only if
T

2INl − J h,l DJ h,l ≻ 0, completing the proof.

CHAPTER
Repetitive Control for Intermittently Sampled
Data: Convergence, Design, and Applications 1

Abstract: The standard assumption that exact measurement data is
available at equidistant time instances in repetitive control (RC) is not always
justified, e.g., when exploiting time-stamped data from incremental encoders or
in systems with data dropouts. The aim of this chapter is to develop an RC
framework that is capable of exploiting intermittently sampled measurement
signals. Stability conditions for the intermittent RC framework are provided
that can be verified using frequency response function data. This results in a
frequency domain design procedure that explicitly addresses model uncertainty.
The intermittent RC framework is validated on an industrial print belt setup
for which non-equidistant measurement data is available.

1 The

results in this chapter consitute Contribution C2 of this Thesis. The chapter is based
on Strijbosch, N., Kon, J., Koekebakker, S., and Oomen, T. (2022a). Repetitive Control
for Intermittently Sampled Data: Convergence, Design, and Applications. in preperation for
journal submission, related preliminary results are reported in Kon et al. (2021).
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Introduction

Learning control methods, including repetitive control (RC) (Longman, 2010)
and iterative learning control (ILC) (Bristow et al., 2006), can achieve major performance improvements up to the sensor resolution for periodic tasks (Longman,
1998), (Blanken et al., 2019a). Both RC and ILC exploit the reproducibility of
the error. More specifically, RC addresses periodic errors caused by for example
rotating components, ILC addresses the reproducible part of the error in batch
to batch operation. The key idea of these techniques is to exploit the internal
model principle (IMP) (Francis and Wonham, 1976) which exploits past error
data to determine a control input that compensates for the reproducible part of
the error. Many successful applications have been reported, including hard disk
drives which are vulnerable to periodic disturbances due to eccentricities on the
disk (Fujimoto, 2009), and printing systems that exhibit periodic disturbances
due to eccentricities in the rollers (Blanken et al., 2020).
Successful RC methods typically rely on 1) a stability test that can be verified
using non-parametric models in the form of frequency response function (FRF)
data and 2) an intuitive frequency domain design framework based on loopshaping to explicitly address uncertainty (Kempf et al., 1993). A common RC
structure consist of an internal model for a periodic disturbance based on a buffer
in positive feedback interconnection with itself (Hara et al., 1988; Tomizuka et
al., 1989), complemented by a learning and robustness filter. This approach can
be extended to accommodate uncertain period length (M. et al., 2007; Steinbuch,
2002) and multiple periods (Blanken et al., 2020; Yamada et al., 2000). The
buffer can be replaced by other types of internal models as long as a periodic
signal is generated, see, e.g., Shi et al. (2014). Each of these frameworks rests on
the assumption that exact equidistantly sampled measurement data is available,
allowing for a linear-time invariant (LTI) RC framework, with corresponding
tools such as Nyquist and Bode diagrams.
The assumption in RC that exact measurement data is available equidistant
in time, i.e., at all sample instances, is not always valid. For example, the
common approach to use quantized data from incremental encoders leads to
performance degradation (Delchamps, 1990). However, the measurement of an
incremental encoder is exact at the time instant of a line transition (Merry et al.,
2013). These time instants are referred to as time-stamps and are non equidistant
in time. Moreover, package losses in networked control systems similarly result
in intermittently sampled measurements (Ahn et al., 2008). In low-performance
feedback control, intermittent sampling effects and resulting quantization can be
neglected as they are insignificant compared to the magnitude of the converged
error. Due to the increased performance up to the sensor resolution in RC, these
effects are no longer negligible and if left unaddressed, deteriorate performance
(Steinbuch, 2002).
In ILC several methods exist to address intermittently sampled measure-
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ment data, see, e.g., Ahn et al. (2008); Shen and Wang (2015b); Strijbosch
and Oomen (2019b). These include different methods to model the availability
of data through a known probability distribution (Ahn et al., 2008; Shen and
Wang, 2015b). Since this probability distribution is typically unknown in many
applications a worst-case analysis that yields guarantees for each possible realization of measurement instance is preferred, see Strijbosch and Oomen (2019b).
All of these intermittent ILC frameworks rely on a stability analysis that exploits
the identical initial condition and finite-time duration of an iteration, thereby
preventing a direct extension to RC, which requires an infinite-time analysis.
Although RC has been substantially developed for a large range of applications, at present an RC approach that can exploit intermittently sampled
measurement data as in, e.g., systems that exploit incremental encoders or networked control systems is not yet available. The aim of this chapter is to design
an RC framework that can asymptotically reject periodic disturbance when measurement data is available at non-equidistant samples.
The main contribution of this chapter is an intermittent RC framework that
guarantees convergence when limited error information is available at arbitrary
time-varying measurement points. A unified intermittent RC framework is presented, that encompasses a large number of applications, including systems
that exploit incremental encoders or that are subject to data dropouts. This
is achieved through the following sub-contributions:
C1 Stability conditions based on frequency response data that provide guarantees in a worst-case sense (Section 3.3).
C2 Guidelines for design through frequency domain loop shaping techniques
that explicitly address uncertainty (Section 3.4).
C3 Experimental validation of the developed framework on an industrial print
belt setup (Section 3.5).
Finally, in Section 3.6, the ILC approach is demonstrated on an industrial
print belt setup for which non-equidistant measurement data is available.

3.1.1

Notations and definitions

All systems are considered to be discrete-time, single-input single-output (SISO)
and linear time invariant. The set of real rational, discrete-time, proper,
SISO systems that are asymptotically input-output stable is denoted by RH∞ .
The sets N and Z indicate the set of all positive integers, and the set of
all integers, respectively. The ℓ2 -norm of an infinite sequence of scalars
y = (..., y(−2),
y(−1), y(0), y(1), y(2), ...), with y(k) ∈ R, k ∈ Z, is defined
pP
2
as ∥y∥ℓ2 =
k∈Z |y(k)| . The space ℓ2 consists of all infinite sequences
with finite ℓ2 -norm. The complex indeterminate z is often omitted when it
is clear from the context. The induced ℓ2 gain of a system G is given by
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∥Gu∥

∥G∥ℓ2 ,i = maxu(t)̸=0 ∥u∥ℓℓ2 . The system G is bounded input bounded-output
2
(BIBO) stable if ∥G∥ℓ2 ,i < ∞. The real part of a complex number or function g
is denoted by ℜ(g).
Definition 3.1 (Discrete positive real (Hitz and Anderson, 1969)). A square
matrix of real-rational functions G(z) is called discrete positive real if it has the
following properties:
G(z) is analytic in |z| > 1, and

(3.1)

GH (z) + G(z) ≥ 0,

(3.2)

∀|z| > 1.

The discrete positive real property of a system can be related to its properties
on the unit circle using the following lemma, (Hitz and Anderson, 1969, Lemma
2).
Lemma 3.2. A square matrix G(z) whose elements are real rational functions
analytic in |z| > 1 is discrete positive real if, and only if, it satisfies all the
following conditions:
R1: Poles of elements G(z) on |z| = 1 are simple.
R2: GH (ejω ) + G(ejω ) ≥ 0,

∀ω ∈ [0, π] for all real ω at which G(ejω ) exists.

R3: If z0 = ejω0 , ω0 real, is a pole of an element of G(z), and if K is the
residue matrix of G(z) at z = z0 , the matrix Q = e−jω0 K is nonnegative
definite Hermitian.
For systems G(z) ∈ RH∞ this Lemma reduces to the following sufficient
conditions to show G(z) is positive real.
Lemma 3.3. A SISO real rational function G(z) is discrete positive real if, it
satisfies the following conditions:
R4: G(z) ∈ RH∞ , and
R5: GH (ejω ) + G(ejω ) ≥ 0,

∀ω ∈ [0, π].

Proof. The proof of Lemma 3.3 is based on showing that if R4 and R5 are
satisfied, R1, R2, and R3 of Lemma 3.2 are guaranteed.
First assume R4 is satisfied. This implies there are no poles of G(z) on |z| = 1,
i.e., R1 is satisfied. Moreover, this shows that there are no poles z0 = ejω0 ,
thereby satisfying R3. Finally, it also implies G(ejω ), exists for all ω. Hence,
reducing R2 to R5. Hence, if R4 and R5 are satisfied, the requirements R1, R2
and R3 are satisfied, implying the system is discrete positive real. This completes
the proof.
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Figure 3.1. Intermittently sampled RC setup.

3.2

Problem formulation

In this section, the intermittently sampled RC framework is introduced. First,
the RC setup is introduced. Several application examples, including incremental
encoders with time-stamped data, are shown to fit this formulation. Finally, the
intermittently sampled RC problem is formulated.

3.2.1

Intermittent Repetitive Control Setup

In this chapter, the repetitive control setup as depicted in Figure 3.1 is considered. Here, the discrete-time LTI system T ∈ RH∞ is affected by a periodic
disturbance v. The system T can represent either an open-loop or closed-loop
system. In Figure 3.1 the system T is depicted as a closed-loop system consisting
of a plant G and stabilizing feedback controller C. The output of the system T
is denoted by y. The signal y is intermittently sampled by the sampler Sa which
is defined below.
Definition 3.4. The available data sampler Sa samples its input at a given set
of timestamps, and 0 elsewhere, i.e.,
(
y(k) if k ∈ T ,
Sa : ȳ(k) =
(3.3)
0 elsewhere,
where T is a sequence of timestamps according to
T = {..., τ−1 , τ0 , τ1 , ...}, τi ∈ Z, τi < τi+1 .

(3.4)

There could be various sources that cause this intermittent sampling and
thereby dictate T , several of these will be explained below. In the traditional
RC setting data is available at each sampling instance, i.e., T = Z.
A repetitive controller (RC) R aims to mitigate the periodic disturbance v
exploiting the available measurement data y. A typical RC is based on the
internal model principle (IMP) (Francis and Wonham, 1976) which states that
an internal model of the disturbance has to be included in a feedback controller
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Figure 3.2. Traditional repetitive controller to mitigate periodic disturbance
with a period length of N samples.

to asymptotically reject the influence of the disturbance on the dynamic process,
i.e., obtaining
lim e(k) = 0.
(3.5)
k→∞

In the situation where all data is available this error is given by
ē =

1
v
1 + RT

(3.6)

An example of a traditional RC, (Longman, 2000), that attenuates disturbance that have a period of N samples is given in Figure 3.2 given by
R = LZQ(I − ZQ)−1 .

(3.7)

In this RC, the internal model is formed by a periodic signal generator consisting
of a buffer Z which delays the input with N samples, i.e., Z = z −N . The
aim of this memory loop is to generate a signal with period N such that this
signal filtered with L compensates for the periodic disturbance v. The filter L is
typically chosen as the inverse or an approximation of the inverse of the system
T . The optional filter Q is added for robustness and is typically designed to be
as close to 1 as possible, i.e., Q ≈ 1. In this setup, the error is given by
e=

1 − z −N Q
v
1 − z −N Q(1 − T L)

(3.8)

The aim of the RC is to obtain a bounded error e for a bounded disturbance
−N
Q
v, i.e., in the traditional RC setting where ȳ = y the systems 1−z1−z
−N Q(1−T L)
is required to be BIBO stable. This can be verified using frequency response
function data of the system T . This is given by the following result.
Lemma 3.5. Consider the RC setup in Figure 3.1 with a conventional sampler,
i.e., ȳ = y, and a stable T , L and Q, then the closed-loop system (3.8) is stable
for all N ∈ N if
|(1 − T (ejω )L(ejω ))Q(ejω )| < 1

∀ω ∈ [0, π].

(3.9)
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For a proof see, (Longman, 2000).
From the above criterion, it follows that a design of L ≈ T −1 and a Q filter to
compensate for a possible mismatch between L and T −1 will guarantee stability.
Moreover, the criterion can directly be verified using frequency response data of
the system T .
The key idea of the intermittent RC framework is to exploit the intermittently
available data to construct an internal model of the periodic disturbance v.
When employing the traditional RC structure this would mean that only the
elements in the buffer that are observed get updated while the other elements
remain unchanged until a measurement is available. As long as new measurement
data is available updating the buffer leads to a correct model to compensate for
the periodic disturbance v.

3.2.2

Applications

The RC setup of Figure 3.1 encompasses a large number of applications. Systems vulnerable to data dropouts, see, e.g., Ahn et al. (2008); Shen and Wang
(2015b), or stealth attacks, see, e.g., Dan and Sandberg (2010), fit naturally in
the RC setup given in Figure 3.1, as the sampler Sa determine which data points
are available. Moreover, systems that exploit incremental encoders to measure
position, see e.g., (Strijbosch and Oomen, 2019a), are also captured by the RC
setup of Figure 3.1. Similarly, systems for which data is only available based on,
e.g., its position are captured by the RC setup Figure 3.1, as illustrated by a
printbelt system similar to the one in the Canon Varioprint i300, see Figure 3.3.
This print belt module consists of a motor, which is connected to a drive
roller through a drive train, and a print belt which is guided along three other
rollers. A high-resolution optical encoder is attached to a measurement roller.
Additionally, the belt is perforated approximately every 10 mm such that an
optical sensor, named a quad-sensor, provides the time interval between two
subsequent hole observations. The quad sensor provides a direct measurement
of the true performance variable, namely the belt velocity close to the inkjet
array.
The system is operated in discrete time with a sampling frequency of 500
Hz. The belt is controlled using a stabilizing feedback controller on the highresolution encoder such that the belt travels with an approximately constant
velocity. The closed-loop system consisting of the motor and its feedback controller is the system T in Figure 3.1.
The rollers introduce periodic disturbances on the belt velocity that are not
fully attenuated by the feedback controller. A repetitive controller that exploits
the data from the quad-sensors can be used to reduce the effect of these periodic
disturbances on the belt velocity. Since the distance between the holes in the
belt is large, the measurements of the belt velocity are intermittently sampled
and can be considered exact at their timestamps. The RC setup as depicted in
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Figure 3.3. Schematic top view of the printbelt setup.

Figure 3.1 encompasses the RC setup that only uses the intermittently sampled
data from the quad-sensors.

3.2.3

Problem formulation

Given the intermittently sampled data, develop an RC controller that is able
to compensate for a periodic disturbance v on the system T using the available
error ē(k) sampled by and arbitrary intermittent sampler Sa . This intermittent
RC controller should satisfy the following requirements
R1 A stability check based on a frequency response function data
R2 A design procedure similar to loop shaping techniques

3.3

Stability analysis

In this section, stability criteria for the intermittently sampled RC setup of Figure 3.1 are developed. First, the intermittently sampled RC setup is recast into
the interconnection between a nominal linear time-invariant (LTI) RC system
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Figure 3.4. Intermittently sampled RC setup.

and a time-varying system. This allows for stability conditions based on wellknown stability criteria for a feedback interconnection of a linear system with a
possible nonlinear and time-varying system.

3.3.1

Standard negative feedback interconnection

To derive stability conditions, the intermittently sampled RC setup is rewritten
as an interconnection between a linear time-invariant system and a time-varying
system. To this end, the unavailable data sampler is defined as follows.
Definition 3.6. The unavailable data sampler Sua samples its input at any
point, except for the set of timestamps where its output is 0, i.e.,
(
0 if k ∈ T ,
Sua : δ(k) =
(3.10)
y(k) elsewhere,
where T is the sequence of timestamps.
Consequently, the intermittent output ȳ(k) can be written as
ȳ(k) = y(k) − Sua (y(k))

(3.11)

allowing to rewrite the intermittently sampled RC setup of Figure 3.1 as the
setup given in Figure 3.4. In this reformulation, the time-varying operator Sua
is isolated from the linear system U given by
U : y = (1 + T R)−1 T R.

(3.12)

The system U can be interpreted as the nominal RC setup where all data is
available and is consequently LTI.
The interconnection between the system U and the sampler Sua fits in the
standard negative feedback interconnection of Figure 3.5 with discrete LTI
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d1

+

w1
−

q2

W
ϕ

q1

+

w2

+

d2

Figure 3.5. Standard negative feedback interconnection with discrete time
LTI system W and memoryless function ϕ.

system W = U and memoryless function ϕ = Sua and inputs d1 = 0 and
d2 = (1 + T R)−1 v. This enables a stability analysis based on well-known passivity and small-gain results, as is described next.

3.3.2

Passivity-based stability analysis

In this section, stability conditions for the intermittently sampled RC setup of
Figure 3.1 are derived based on the observation that this setup can be written
as a standard negative feedback interconnection and a passivity based stability
analysis similar to the pasivity based results presented in (Fujioka, 2009) for
a periodic sampling. First, consider the passivity based stability result for the
standard feedback interconnection of Figure 3.5. For this setup the following
holds (Hitz and Anderson, 1969).
Lemma 3.7. Consider the negative feedback interconnection of the system
W (w1 ) and memoryless function ϕ(w2 ) in Figure 3.5 without inputs, i.e.,
d1 = d2 = 0. If W ∈ RH∞ is strictly proper and ϕ(w2 ) is sector bounded
by the boundaries q2 = 0 and q2 = K −1 w2 , K ∈ R≥0 , such that
ϕ(0) = 0,

(3.13a)

ϕ(w2 )(Kϕ(w2 ) − w2 ) ≤ 0.

(3.13b)

Then, the feedback system is globally uniformly stable if K + W (z) conditions
R4 and R5 of Lemma 3.3 are satisfied.
The proof is based on the proof of (Hitz and Anderson, 1969) exploiting a
similar relaxation that W ∈ RH∞ as in Lemma 3.3.
Since the intermittently sampled RC setup can be recast in the standard
feedback negative feedback interconnection with ϕ = Sua , the sector bounds of
Sua are of importance. The sector bounds of Sua are given by the following
result.
Lemma 3.8. The unavailable data sampler Sua is sector bounded as in (3.13)
with K = 1.
Given this sector bound and Lemma 3.7 the following stability result of the
intermittently sampled RC setup can be derived.
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Theorem 3.9. Consider the intermittent RC setup of Figure 3.1, with T ∈
RH∞ a strictly proper LTI system, disturbed by a periodic disturbance v. A
repetitive controller R that can exploit the output data that is available from an
intermittent sampler Sa renders the system from the input disturbance v to the
error e BIBO stable if
S1 the repetitive controller R is designed to obtain BIBO stability for the RC
setup in the situation where all measurement data is available, i.e., T = Z,
and
S2 the system U = −(1 + T R)−1 T R satisfies
ℜ(U (ejω )) ≥ −1

∀ω ∈ [0, π]

(3.14)

The condition S1 ensures that in case at each sampling instance data is
available the system is stable. Since, T is a stable system stabilitiy is guaranteed
in case no data is available. The passivity based analysis leads to the additional
condition S2 to guarantee stability for all possible realizations of data between
these two cases, i.e., for any realization of sampling instances T .
Example 3.10. For the typical RC of Figure 3.2 with transfer function (3.7),
condition S1 can be verified by the standard frequency domain condition (3.9).
For this setup, the system U is given by
U (z) = −

T (z)L(z)Q(z)z −N
.
1 − (1 − T (z)L(z))Q(z)z −N

(3.15)

This leads to the frequency domain check given by

ℜ −

T (ejω )L(ejω )Q(ejω )e−jωN
1 − (1 − T (ejω )L(ejω ))Q(ejω )e−jωN



≥ −1,

(3.16)

for all ω ∈ [0, π] to verify if condition S2 is satisfied.
For other LTI RC controllers, similar frequency domain checks can be derived
based on Theorem 3.9.
Condition S2 can easily be checked visually by plotting the frequency response function data of U in the complex plane and checking if it crosses the
line R(z) = −1. In case this line is crossed, it is not immediately evident for
which frequencies this condition is not met. Hence, changing the RC design
could be more intensive.
In the next section, stability conditions are derived based on small-gain stability that leads to a check on the magnitude of U reducing the complexity of
the design at the cost of a more conservative stability condition.
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Small-gain stability analysis

In this section, stability conditions for the intermittently sampled RC setup of
Figure 3.1 are derived based on the observation that this setup can be written
as a standard negative feedback interconnection. To this end, first consider the
small-gain based stability result for the standard feedback interconnection of
Figure 3.5 given by the following (Desoer and Vidyasagar, 2009).
Lemma 3.11. Consider the negative feedback interconnection of W and ϕ in
Figure 3.5, where W is strictly proper and ϕ is a memoryless function. If the
loop-gain W ϕ satisfies
∥W ϕ∥ℓ2 ,i < 1,
(3.17)

then the closed-loop map from (d1 , d2 ) to (w1 , w2 ) is BIBO stable.

See, e.g., Desoer and Vidyasagar (2009) for a proof. Parallel to the passivity
based result in Theorem 3.9, Lemma 3.11 leads to the following stability theorem
for the intermittent sampling RC setup.
Theorem 3.12. Consider the intermittent RC setup of Figure 3.1, with T ∈
RH∞ a strictly proper LTI system, disturbed by a periodic disturbance v. A
repetitive controller R that can exploit the output data that is available from an
intermittent sampler Sa renders the system from disturbance v to error e BIBO
stable if
S3 The repetitive controller R is designed to stabilize the RC setup in the
situation where all measurement data is available, i.e., T = Z, and
S4 The system U = −(1 + T R)−1 T R satisfies

|U (ejω )| < 1, for all ω ∈ [0, π]

(3.18)

Similar to the result of Theorem 3.9, the stability guarantees of Theorem 3.12
consist of two conditions. Condition S1 is the traditional condition that should
be satisfied in case at each sampling instance data is available. The small-gain
based analysis leads to the additional condition S2 to guarantee stability for all
possible realizations of the sampling instances T .
The stability condition of Theorem 3.12 is more strict than the conditions
in Theorem 3.9. Condition S1 and S3 are equivalent. However Condition S4 is
more strict than Condition S2, both require the frequency response of the system
U to be contained in a certain subspace of the complex plane, both subspaces
are depicted in Figure 3.6. From this figure, it is evident that Condition S4
implies Condition S2.
However, one main benefit of Condition S4 compared to Condition S2 is its
possibility for a visual check of the magnitude of U in a Bode diagram. This
allows to directly observe at which frequencies Condition S4 is not satisfied.
Hence, Theorem 3.12 reduces the complexity of the design procedure compared
to Theorem 3.9.
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S2:Υ1 = {z ∈ C|ℜ(z) ≥ −1}
S4:Υ2 = {z ∈ C||z| < −1}

1

Figure 3.6. Stability regions of Condition S2 ( ) and Condition S4 ( ). If the
frequency response of the system U is confined to either region Υ1 , or Υ2 , the
intermittent sampling repetitive control setup is stable.
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Figure 3.7. Projection based buffer. The buffer Ω is a traditional buffer of
length N . The system Ψ projects the content of the buffer Ω on a finite set of
smooth periodic functions. Finally, χ determines the output of the buffer at the
current time instant based on the projection.

3.4

Design

In the intermittent RC setup of Figure 3.1 the choice of the internal model is
of high importance to achieve both high performance and desired transient behaviour. To this end, a buffer design is developed that is robust to intermittently
sampled data. Moreover, design guidelines based on frequency domain tests are
given.

3.4.1

Buffer design

When employing a traditional buffer RC as in Figure 3.2 when only intermittent
data is available the sparsity of the buffer in the initial phase can cause undesired
behaviour, even thoug it satisifies the stability conditions from from Theorem 3.9
or Theorem 3.12. In the initial phase the content of the buffer might be sparse
depending on the availability of data. The sparse output of the buffer will lead
to a high frequent input signal f which is likely to deteriorate the performance
before convergence to a steady-state. Hence, an internal model which produces
an input signal f that only contains a set of desired frequency components is a
more suitable option for the intermittent RC setup of Figure 3.1.
To prevent slow transient behaviour, a buffer is designed that projects the
last N samples on a set of smooth basis functions instead of only memorizing
the last N samples. This buffer structure is given in Figure 3.7. The system Ω
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represents a traditional buffer of length N

"

0

Ω


x (k + 1) = I
" N −1
Ω:

0


=
W Ω (k)

IN −1

given by
#
" #
0 Ω
1 Ω
x (k) +
w (k)
0
0
#
" #
0 Ω
1 Ω
x (k) +
w (k),
0
0

(3.19)

where the input of the buffer w(k). The output of the buffer, W (k) ∈
N
R
 , contains the the last N samples of the signal w(k), i.e., W (k) =
w(k) w(k − 1) . . . w(N ) . The system Ψ determines the parameters θ that
minimize the error between the content of the buffer, W (k), and a set of M ∈ N
smooth basis functions. One obvious choice for the basis functions are a set of
sinusoidal function with frequencies ωi ∈ {1, ..., M } tailored to the disturbance
frequency, i.e.,


n
,
ϕi (n) = sin 2πωi
Ts


(3.20)
n
ϕM +i (n) = cos 2πωi
,
Ts

for i ∈ {1, ..., M }. A signal of length N that only contains the frequencies
ωi ∈ {1, ..., M } can now be parametrized as,
W̃ (k) = Φθ(k)

(3.21)

where Φ is given by



ϕ2M (0)
ϕ2M (−1) 


..

.

(3.22)

Ψ : θ(k) = arg min ∥W (k) − Φθ∥22 + ∥Γθ∥22

(3.23)

ϕ1 (0)
 ϕ1 (−1)

Φ=
..

.

ϕ2 (0)
ϕ2 (−1)
..
.

...
...

ϕ1 (−N ) ϕ2 (−N ) ...

This lead to the system Ψ:

ϕ2M (−N )

θ

where Γ ∈ R2M ×2M is an optional regularization matrix. The solution of this
optimization problem is given by
Ψ : θ(k) = (ΦT Φ + ΓT Γ)−1 ΦT W (k).

(3.24)

Note that the system Ψ is a simple matrix multiplication with the time-invariant
matrix (ΦT Φ + ΩT Ω)−1 ΦT which can be computed offline.
The output of the buffer Z is now determined by the system χ as the value
of the parameterization at the current time instance, i.e.,


χ : p(k) = ϕ1 (nl ) . . . ϕ2M (nl ) θ(k).
(3.25)
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This buffer structure ensures that when the content of the traditional buffer
Ω is sparse, the output of Z only consists of frequency components that are
specified by ωi , i ∈ {1, ...M }.
Remark 3.13. The structure of the buffer does not require the period length
of the disturbances to be an integer number of samples since ωi ∈ R for all
i ∈ {1, ..., M }. Moreover, the length of the buffer N is not required to contain the
full period of the disturbances, the only requirement it should satisfy is N ≥ 2M .

3.4.2

Design Aspect

Next, a design framework is presented that develops intuitive design guidelines
to design an intermittently sampled repetitive controller that satisfies either the
conditions in Theorem 3.9 or Theorem 3.12. The conditions in Theorem 3.9 and
Theorem 3.12 can be verified using identified frequency response data, thereby
directly taking model uncertainty into account.
The design procedure consists out of two steps: 1) the design procedure that
guarantees the RC is stable for the situation where all measurement data is
available 2) checking the additional conditions for the intermittently sampled
case and making appropriate adjustments to satisfy these. This is given by the
following procedure.
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Procedure 3.14 (Intermittent RC design).
1. Design the RC such that it is stable in the non-intermittent setting, i.e.,
such that U ∈ RH∞ , i.e., satisfy S1 of Theorem 3.9 and S3 of Theorem
3.12. For the traditional RC as in Figure 3.2 with a buffer as in Figure 3.7
this consists of the following steps to satisfy (3.9).
(a) Determine the periods ωi , i ∈ {1, ..., M } and select a buffer size N ≥
2M .
(b) Obtain an approximate parametric model of the system T , i.e., obtain
T̂ ≈ T .

(c) Design L as an approximation of T̂ −1 , (Van Zundert and Oomen,
2018b).

(d) Design Q as a zero-phase finite impulse response low-pass filter such
that Q(ejω ) = 1 at frequencies ω where
|(1 − T (ejω )L(ejω ))Q(ejω )Z(ejω )| ≪ 1
for high performance, and Q(ejω ) < 1 at frequencies where
|(1 − T (ejω )L(ejω ))Q(ejω )Z(ejω )| ≥ 1.
2. Check if the design satisfies the additional condition for the nonintermittent setting, i.e., Condition S2 of Theorem 3.9 or Condition S4
of Theorem 3.12. The desired condition is not satisfied, the following design heuristics can be followed.
(a) Increase the size of the buffer, i.e., N . Note that the Q filter might
need to be redesigned.
(b) Increase the regularization matrix Γ.
(c) Scale L as αL, α ∈ [0, 1] and decrease α.

(d) Decrease the magnitude of Q locally for the frequencies ω where
ℜ(U (ejω )) is not in the desired region.
This design procedure can be applied to other RC types, like matched basis
functions RC (Shi et al., 2014).

3.5

Experimental results

In this section, the developed RC framework is validated on an industrial print
belt system, constituting Contribution C3.
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Figure 3.8. Bode diagram of identified FRF ( ) of the transfer function T
from the repetitive controller output u to output y and approximate parametric
model T̂ ( ) used for RC design. Note that no information is available above
50 Hz due to frequency spectrum of the excitation signal. The deviation of the
magnitude response around 3.5 Hz is caused by a bad signal to noise ratio due
to the additional periodic disturbance at this frequency.

3.5.1

Experimental setup

The framework is illustrated on the print belt module as descibed in Section
3.2.2. The internal model of the intermittently sampled repetitive controllers is
of the form Figure 3.7 to reject only a single frequency, i.e, M=1 with ω = 3.5
Hz, and the buffer size is chosen as N = 2 to recover matched basis functions
repetitive control (Shi et al., 2014). The RC is designed such that the conditions
in Theorem 3.9 are satisfied based on the identified FRF data of T , as depicted
in Figure 3.8, guaranteeing the stability of the intermittently sampled repetitive
control setup.
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Figure 3.9. Root-mean-square-norm of intermittent sampling RC error (linearly interpolated to equidistant time grid) in a moving window of length 2.9 s.
The RMS-norm of the error is reduced by a factor 7 by the RC. The time intervals to compare the performance before and after convergence in Figure 3.11
and Figure 3.10 are indicated by the dots (•) in red and green (•), respectively.

3.5.2

Experimental Results

In Figure 3.9
q the root-mean-square of a moving window of the error, i.e.,
1 n=k
2
∥e∥RMS =
N Σn=K−N e(n) is depicted. This shows that the intermittently
sampled RC is able to reduce the RMS-norm of the error by a factor 7 based
on only the intermittently sampled non-equidistant error, as compared to a situation with only a feedback controller. In Figure 3.10 the initial and converged
error is given, this shows that the intermittently sampled RC controller reduces
the maximum absolute error by a factor 4 compared to a situation with only
feedback. The cumulative amplitude spectrum of the error shows that the amplitude of the error at 3.5 Hz is reduced by a factor 10.
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Figure 3.10. Converged error ( ) of the intermittent sampling RC compared
to the initial error ( ). The error at the timestamps are indicated by circles
(•). The maximum absolute error is reduced by a factor 4. A zoom of the a
short interval of the error is depicted in the top right corner to highlight the
intermittent sampling of this signal.
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Figure 3.11. Cumulative amplitude spectrum of the converged error ( ) and
initial error ( ) of the intermittent sampling MBFRC design, constructed from
the linearly interpolated equidistant error. The amplitude of the disturbance
associated with the drivetrain at 3.5 Hz is reduced by a factor 10 by the repetitive controller.

78

3.6

Chapter 3. RC for intermittently sampled data

Conclusions

To improve control performance to the limit all error knowledge should be used,
which is precisely the approach intermittent RC takes. For example, for systems
that exploit incremental encoders, intermittently sampled RC allows for a performance increase for existing systems due to the use of exact data instead of
quantized data, or it could come with cost benefits since cheaper sensors with a
higher quantization level could lead to similar performance levels. A new repetitive control framework is introduced including frequency domain based stability
guarantees without imposing any assumptions on the availability of data through
a worst-case analysis. This immediately allows large scale implementation of various relevant applications with intermittent observations, including systems with
incremental encoders, and systems with networked or stealth attack issues. A
novel RC structure enables improved transient behaviour for intermittently sampled data and can be designed based on loop-shaping and identified FRF data
that explicitly allows for addressing uncertainty, closely resembling traditional
RC design approaches. The RC framework is experimentally validated through
a implementation on an industrial print belt system at Canon Production Printing.

3.7

Proofs

Lemma 3.8. Condition (3.13a) is trivially satisfied, since Sua (k, 0) = 0. Additionally, substituting (3.10) into (3.13b) yields
Sua (w2 )(KSua (w2 ) − w2 )
(
0(0 − w2 ),
k∈T
=
w2 (w2 − w2 )

(3.26)

=0
From which it follows Sua (w2 )(KSua (w2 ) − w2 ) ≤ 0 which completes the proof.
Lemma 3.15. The real-rational transfer function W (z) is discrete positive real
if, and only if, W (z) ∈ RH∞ , and
ℜ(W (ejω )) ≥ 0∀ω ∈ [0, π].

(3.27)

Lemma 3.15 is a special case of Lemma 2 in Hitz and Anderson (1969), with
W a SISO system.
Theorem 3.9. This proof is based on the observation that the RC setup in Figure 3.1 is an interconnection between the system U and the unavailable data
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sampler Sua , as in Figure 3.4. This allows to exploit Theorem 3.9 with W = U
and ϕ = Sua and for now d1 = d2 = 0. Here U is a strictly proper system
and from Lemma 3.8 it follows that the mapping Sua is a memoryless function
satisfying Conditions (3.13) with K = 1.
From Lemma 3.3 it follows that to show that the feedback system is globally
uniformaly stable if conditions R4 and R5 are satisfied by the system K +W (z) =
I + U (z).
First, condition R4 states that I + U (z) ∈ RH∞ . Since, condition S1 of
this theorem requires the repetitive controller R to be designed such that the
situation with all measurement data is BIBO stable, this guarantees that U (z) ∈
RH∞ and thereby I + U (z) ∈ RH∞ .
Next, condition R5 states that
(I + U (ejω ))H + I + U (ejω ) ≥ 0, ω ∈ [0, π]

(3.28)

which can be rewritten to
U (ejω )H + U (ejω ) = 2ℜ(U (ejω )) ≥ −2, ω ∈ [0, π].

(3.29)

From this it follows that condition S2 implies that condition R5 of Lemma 3.3
is satisified. This shows that the feedback system is globally uniformaly stable.
Given that both U and Sua are linear systems this result in BIBO stability for
any bounded exogenous inputs d1 , d2 , completing the proof.
Theorem 3.12. This proof is based on the observation that the RC setup in
Figure 3.1 is an interconnection between the system U and the unavailable data
sampler Sua , as in Figure 3.4. This allows to exploit Lemma 3.11 with W = U
and ϕ = Sua leading to the condition
∥U Sua ∥ℓ2 ,i < 1.

(3.30)

∥U Sua ∥ℓ2 ,i ≤ ∥U ∥ℓ2 ,i ∥Sua ∥ℓ2 ,i ,

(3.31)

∥U ∥ℓ2 ,i ∥Sua ∥ℓ2 ,i < 1.

(3.32)

Since
a sufficient condition to guarantee (3.30) is given by

The induced ℓ2 gain of Sua is upperbounded by 1, i.e., ∥Sua ∥ℓ2 ,i ≤ 1, since,
sX
s X
∥δ(k)∥ℓ2 ,i =
|y(k)|2 ≤
|y(k)|2 = ∥y(k)∥ℓ2 ,i .
(3.33)
k∈Z

k∈Z\T

From (3.32) it follows that satisfying
∥U ∥ℓ2 ,i < 1

(3.34)

is sufficient to guarantee (3.30) which implies that the closed-loop map from
(d1 , d2 ) to (w1 , w2 ) is BIBO stable. Hence, the closed-loop map from disturbance
v to error e is BIBO stable completing the proof.

CHAPTER
State-Tracking Iterative Learning Control a
Frequency Domain Design for Improved
Intersample Behavior 1

Abstract: Iterative learning control yields perfect output-tracking
performance at sampling instances for systems that perform repetitive tasks.
The aim of this chapter is to develop a framework for a state-tracking ILC that
mitigates oscillatory intersample behaviour which is often encountered in
output tracking ILC. A framework is developed that includes a stability
analysis and design guidelines based on frequency response data. The designed
method is successfully applied to a motion system and it is shown that the
developed state-tracking ILC provides better intersample behaviour than the
standard output-tracking ILC.

1 The results in this chapter consitute Contribution C3 of this Thesis. The chapter is based
on Ohnishi, W, Strijbosch, N., and Oomen, T. (2022). State-Tracking Iterative Learning
Control a Frequency Domain Design for Improved Intersample Behavior. under review for
journal publication, related preliminary results are reported in Ohnishi et al. (2021). The
authors Wataru Ohnishi and Nard Strijbosch have had an equal contribution to this research.
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Introduction

Iterative learning control (ILC) can result in a significant improvement in the
control performance of systems that perform repetitive tasks. The tracking
error after each trial can be reduced by updating the control input for the next
trial utilizing the error obtained in the previous trial. Consequently, it has
been widely applied to precision machinery such as semiconductor lithography
systems (Mishra et al., 2007; van der Meulen et al., 2008), machine tools (Hayashi
et al., 2020), industrial printers (Oomen, 2018), mechatronic imaging systems
(Csencsics et al., 2019), and industrial robots (Wallén et al., 2011).
Controllers including ILC are usually implemented as a discrete-time controller with sample and hold device. Therefore, the design of ILC also often focuses on on-sample performance. The theory of on-sample behaviour of discretetime systems, including the monotonic convergence condition for the 2-norm of
on-sample tracking performance, has witnessed extensive development. On the
other hand, the control performance itself is evaluated in the continuous time
since mechatronic systems evolve in continuous time. High tracking performance
on the sampling instances does not necessarily mean high-tracking performance
between the sampling instances.
Frequency domain design is an intuitive approach to achieve fast convergence
and robust convergence (Oomen, 2020). It offers the advantage of using nonparametric models to determine the monotonic convergence condition can be
determined using a nonparametric model, thereby reducing the required modelling effort. The analysis of frequency-domain design motivates the design of
learning filters as exact inverse models of the system to achieve fast convergence
and high asymptotic performance. Because this approach usually focuses on
tracking the output rather than the state variables of the controlled system, it
is referred to as output-tracking ILC in this chapter.
The controlled system with zero-order hold discretization often has nonminimum phase zeros or zeros near the stability limit (Åström et al., 1984;
Hagiwara et al., 1993), which are problematic when designing the inverse system as a learning filter. One design approach is to exploit an approximate inverse
of the system such as zero-phase-error tracking control (Tomizuka, 1987) at the
cost of tracking performance; while another approach is applying stable inversion with pre-actuation (van Zundert and Oomen, 2018b), which can achieve
on-sample perfect tracking at the cost of intersample behaviour.
Poor intersample behaviour is not desirable because the control performance
itself is often evaluated in continuous time, as the functions of mechatronic
systems, such as lithography, printing, and milling, evolve continuously. Consequently, to improve intersample behaviour multi-rate ILC (Oomen et al., 2009)
based on optimization is developed; however, it requires a measurement frequency that is faster than the control frequency. In contrast, in this chapter, the
control frequency and the measurement frequency are assumed to be the same.
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Although the output-tracking ILC with stable inversion can achieve hightracking performance on the sampling instances, poor intersample behaviour is
often observed due to the cancellation of discretization zeros near the stability
limit. The aim of this chapter is to present a concept of state-tracking ILC
including its stability and performance analysis and design guidelines to improve the intersample behaviour. In contrast to the output-tracking ILC, the
presented state-tracking ILC achieves output tracking as well as state tracking
after convergence. Consequently, this state tracking enables improved intersample behaviour similar to multirate feedforward control ((Fujimoto et al., 2001),
(Ohnishi et al., 2019)), which is a feedforward control strategy aiming for perfect
state tracking.
The main contribution of this chapter is a state tracking ILC framework
that improves the intersample behaviour. This is achieved through the following
sub-contributions.
C1 The state-tracking ILC framework based on linear periodically timevarying (LPTV) system analysis is presented. The key idea of this approach is to achieve perfect state tracking for every n samples to improve
the intersample behaviour.
C2 Analysis tools for both stability and performance of the state tracking
ILC are developed in Section 4.3. To facilitate the use of FRF measurement data, the LPTV system is transformed to a multi-input multi-output
(MIMO) linear time-invariant (LTI) system through lifting.
C3 Design guidelines that exploit FRF measurements for state tracking ILC
are derived in Section 4.4. The presented guidelines include a learning
filter that yields fast convergence and a robustness filter that guarantees
Monotonic convergence can be achieved using a robustness filter.
C4 The effectiveness of the developed method is verified for both cases involving accurate and inaccurate models, requiring the use of a robustness filter.

4.1.1

Notations

Let P (z) denote a discrete-time, linear time-invariant (LTI), single-input, singleoutput (SISO) system, given by
P (z) = C(zI − A)−1 B + D,

(4.1)

where A ∈ Rn×n , B ∈ Rn×1 , C ∈ R1×n , and D ∈ R.
Definition 4.1 (Discrete-time lifting). Let u[k] ∈ R denote a discrete-time
signal that corresponds to u(kTs ), where Ts denotes the sampling time and k ∈ Z.
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The lifted version of the signal u over τ samples is denoted as u[l] = Lu[k] with


u[lτ ]
 u[lτ + 1] 


u[l] = 
(4.2)
 ∈ Rτ ,
..


.
u[lτ + τ − 1]

where l ∈ Z and L denotes the lifting operator, which maps u 7→ u. A time chart
is shown in Figure 4.1. The inverse lifting operator is expressed as u = L−1 u.

Lemma 4.2 (Lifted system in state space). The input output behaviour of a
system P , lifted over τ samples is denoted by y = Ly = (LP L−1 )(Lu) = P u. P
can be obtained from a state-space model and is given by


Aτ
Aτ −1 B
Aτ −2 B · · · B

C
D
0
··· 0 


z 
CA
CB
D
··· 0 
(4.3)
P =
 ∈ Rτ ×τ .

..
..
..
.. 


.
.
.
.
CAτ −1

CAτ −2 B

CAτ −3 B

···

D

Proof. Follows from successive substitution of (4.1) (Chen and Francis, 1995,
Section 8.2).
Definition 4.3 (Downsampling operator). The downsampling operation
(Vaidyanathan, 1993) over τ samples is defined by
y[kτ ] = Sd (y[k]).

(4.4)

Assumption 4.4 (Controlled continuous-time system Gc ). A controlled system
Gc (s) = CGc (sI − AGc )−1 BGc is a continuous-time, SISO, strictly proper, LTI
system given by minimal realization.
The discrete-time system G with Gc by using zero-order-hold with sampling
period Ts is denoted as
x[k + 1] = AG x[k] + BG u[k],
y[k] = CG x[k],

(4.5)

where x[k] ∈ Rn , u[k], y[k] ∈ R. x[k], y[k], and u[k] correspond to x(kTs ), y(kTs )
and u(kTs ), respectively.

4.2

Problem formulation

This section formulates the design requirements of the presented state-tracking
ILC framework. First, in Section 4.2.1, the output-tracking ILC is briefly introduced. Subsequently, Section 4.2.2 introduces the multirate inversion technique,
which is a key to state-tracking. Further, Section 4.2.4 formulates the design
requirements addressed in this chapter.
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u[0] u[1] u[2] u[3] u[4] u[5] u[6] u[7] u[8]
u[0]

u[1]

u[2]

Figure 4.1. Time chart of discrete-time lifting for T = 3 as an example.
Output tracking ILC

Lo
Qo
fj+1

Memory
fj

ej

r
−

K

G

yj

Figure 4.2. Block diagram of output tracking ILC.

4.2.1

Frequency domain design of output tracking ILC

The aim of the general ILC algorithm, including (Bristow et al., 2006; Moore
et al., 1992; Oomen, 2020), is to achieve perfect output tracking at sampling
instances for systems that perform repetitive tasks. It updates the feedforward
input over iterations through learning from the tracking error obtained in the previous iteration. The design aspect offers the advantage of intuitive loop shaping
for a robust design by using non-parametric frequency-domain measurements.
The block diagram is shown in Figure 4.2. The closed-loop system is stabilized by a feedback controller K ∈ RL∞ . r denotes the trial-invariant reference
and j ∈ Z≥0 denotes trial number. The tracking error ej at the j-th trial is
expressed as
ej = Sr − GSfj ,

(4.6)

where S = (I +GK)−1 denotes the sensitivity function of the closed-loop system.
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The ILC command during iteration j + 1, fj+1 , is typically updated as
fj+1 = Qo (fj + Lo ej ),

(4.7)

where Lo and Qo denote the learning filter Lo ∈ RL∞ and the robustness filter
Qo ∈ RL∞ . In addition non-causal operations are allowed for Lo and Qo because
the ILC update is computed offline.
The propagation of the error is given by
ej+1 = Qo (1 − GSLo )ej + (1 − Qo )Sr,

(4.8)

which converges monotonically in ∥e∥2 if
|Qo (eiω )(1 − G(eiω )S(eiω )Lo (eiω ))| < 1,

∀ω.

(4.9)

An important aspect of the output-tracking ILC in frequency domain design is
that the condition (4.9) can be verified by a measured frequency response data
of G and S, which is fast, accurate, and inexpensive. This results in a reduction
of the required design effort.
From (4.8) and e∞ = limj→∞ ej , the asymptotic signal e∞ is obtained as
e∞ =

1 − Qo
Sr.
1 − Qo (1 − GSLo )

(4.10)

Equations (4.8) and (4.10) motivate the design of Lo = (GS)−1 for fast
convergence and Qo = 1 for e∞ = 0, respectively. If the relative order of
a continuous plant model is even order, the discretization zero close to z =
−1 is generated in G (Åström et al., 1984) and hence GS has the same zero.
Consequently, the force update (4.7) creates an oscillating control input with
Lo = (GS)−1 which results in poor intersample behavior, as demonstrated in
Section 4.5.
To summarize, the output-tracking ILC possesses two main favorable properties: 1) the availability of a trial domain stability condition (4.9) and 2) limited
design effort using a non-parametric model. However, the main disadvantage is
that the focus on on-sample output tracking achieved by exploiting the inverse
model results in poor intersample behaviour. Thus, these characteristics form
the motivation for the problem formulation of the state-tracking ILC design in
4.2.4.

4.2.2

Multirate inversion

Multirate inversion is a system inversion technique that achieves state-tracking
and possesses the potential to achieve improved intersample tracking performance. This section introduces a multirate feedforward control (Fujimoto et al.,
2001; Ohnishi et al., 2019) using multirate inversion that achieves perfect state
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Figure 4.3. Reference r and its derivative signal ṙ.

tracking for every n time instances in a nominal condition. By achieving both
output and state tracking, it is possible to improve the intersample behaviour
as demonstrated in the example below.
Example 4.5 (Single mass motion system). Consider a system Gc = s12 with
sampling time Ts = 1 and a continuous time reference shown in Figure 4.3. The
discretized system based on zero-order-hold is G = 0.5(z+1)
(z−1)2 and it has a zero at
z = −1 that makes intersampling performance poor when pole-zero cancellation
is performed via a single-rate feedforward controller. The state reference, state,
and state tracking error are given as rx = [r, ṙ]⊤ , x := [x1 , x2 ]⊤ = [y, ẏ]⊤ , and
ex := [ex1 , ex2 ]⊤ = [r − y, ṙ − ẏ]⊤ , respectively.
Figure 4.4 demonstrates tracking error with single-rate and multirate feedforward controllers. The single-rate feedforward control achieves perfect output
tracking for every sample, whereas the mutirate feedforward control achieves perfect state tracking for every n = 2 samples. Consequently, this results in the
improved intersample behavior.
Because multirate feedforward achieves perfect tracking for both x1 = y and
x2 = ẏ, it results in a significant improvement in the intersample performance
during both constant velocities and after settling. This result motivates to exploit state-tracking in ILC to improve intersample behaviour.

4.2.3

State tracking ILC setup

The key idea of the presented state-tracking ILC is to achieve perfect state
tracking every n samples, reminicent to multirate feedforward control, with the
aim to improve the intersample behaviour, which constitutes Contribution C1.
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Figure 4.4. Tracking error of single-rate feedforward control ( ) and multirate feedforward control ( ). Single-rate feedforward control achieves perfect
output tracking for every samples ( ). On the other hand, multirate feedforward
control achieves perfect state tracking for every n = 2 samples ( ) and it brings
better intersampling performance.

To this end the ILC setup as depicted in Figure 4.5 is considered. Similar to
the standard output-tracking ILC shown in Figure 4.2, the state-tracking ILC
shown in Figure 4.5 has a memory, an update law, and a Qs filter for robustness.
There are two sampling rates: 1) Ts drawn as high-frequency dots is the high
rate, which is the same as the rate of the control input and measurement, and
2) nTs drawn as low-frequency dots is the low rate in the lifted domain.
A key difference is that the ILC update law that consists of filter Lo and Qo
is performed in the lifted domain sampled with sampling time nTs to achieve
state-tracking, in contrast to the sampling time Ts in output-tracking ILC. The
lines with dense dots and sparse dots denote signals sampled by Ts and nTs ,
respectively. Hence, a downsampling operator Sd and an inverse lifting operator
L−1 for n samples are required.

4.2.4

Problem formulation

The problem addressed in this chapter is the development of analysis tools (Contribution C2) and design guidelines (Contribution C3) for the presented statetracking ILC (Contribution C1). Due to the multi-rate setting, the overall system is LPTV thereby standard frequency-based analysis and design techniques
as for output tracking ILC cannot be employed. The developed design guidelines
exploit frequency response measurement data similar to well-known techniques
for output tracking ILC. In addition, this chapter addresses the verification of
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K
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Figure 4.5. Block diagram of state tracking ILC. The dotted lines and dashed
lines denote high-rate signals sampled by Ts and slow-rate signals sampled by
nTs , respectively.

state-tracking ILC in experiments using the measured frequency response data
(Contribution C4).

4.3

Approach and analysis

In this section, a detailed state-tracking ILC approach is presented with the development of analysis tools for stability and performance in the iteration domain.
This section constitutes Contribution C2.

4.3.1

Analysis in a single iteration

In this section, the derivation of the characteristics in a single iteration is presented for the analysis of performance and stability in the iterative domain presented in Section 4.3.2.
The reference rx in Figure 4.5 denotes the state trajectory that is to be
tracked by the state-tracking ILC with the following assumption.
Assumption 4.6 (State trajectory rx ). The state trajectory rx ∈ Rn that satisfies
r[k] = CG rx [k],

∀k,

(4.11)

is pre-determined, where r[k] denotes a reference trajectory for the output y[k].
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Remark 4.7. It is obtained by solving the continuous-time state and output
equations and results in the inversion of the continuous-time numerator polynomials of Gc (s), see, e.g., Ohnishi et al. (2019).
The state-tracking ILC suppresses the state-tracking error estimated by the
state observer O through iterations. Moreover, the state tracking error estimate
ex̂,j is obtained from the state trajectory rx and the estimated state x̂j as defined
next.
Definition 4.8 (State tracking error estimate). The state tracking error estimate ex̂,j ∈ Rn at j-th iteration is obtained by
ex̂,j [k] = rx [k] − x̂j [k],

(4.12)

where x̂j ∈ Rn denotes the state estimate at the j-th iteration by the state observer O ∈ RLn×2
∞
 
f
x̂j = O
,
(4.13)
yj
where f denotes the input of G, which consists of the ILC and feedback control
contributions.
Remark 4.9. Noncausal operations are allowed for the state observer O, because
the state estimation is performed by off-line calculations.
The key idea of state-tracking ILC is to render the transfer characteristic
between the lifted control input f j at the j-th iteration and the estimate of the
state-tracking error ex̂,j into a square system. It facilitates the use of the inverse
system in order to achieve perfect state tracking. Therefore, n-sample lifting of
the order of the plant is performed for the closed-loop system.
The lifted version of the force fj+1 over n samples as denoted by f j+1 ∈ Rn
is updated from j-th state tracking error ex̂,j as defined next.
Definition 4.10 (State-tracking ILC force update).
f j+1 = Qs (f j + Ls ex̂,j ),

(4.14)

where Qs ∈ RLn×n
and Ls ∈ RLn×n
denotes the robustness filter and the
∞
∞
learning filter, respectively. Note that, apart from equation (4.7), the robustness
filter and the learning filter are MIMO systems. With regard to Qs and Ls ,
non-causal operations are allowed due to offline computations.
Definition 4.12, which are equations for the lifted domain, are prepared, to
derive the state-tracking error estimates in the lifted domain, Lemma 4.11–4.13.
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fj

Jx

−

ex̂,j

Sx
rx
Figure 4.6. Simplified block diagram of state-tracking ILC in lifted domain.

Lemma 4.11 (Lifted state reference rx and lifted reference r). The lifted state
reference rx and lifted reference r satisfy
r = (In ⊗ CG ) rx
= CG r x

(4.15)

where In and ⊗ denote n-by-n identity matrix and the Kronecker tensor product,
respectively.
Proof. It follows directly from the output equation r = CG rx and Definition
4.1.
Now, the state selection matrix S is defined to select the first time instance
from the lifted state tracking error estimate.
Definition 4.12 (State selection matrix S). It selects the first sample elements
from the lifted signal.

S = In


2
On×n(n−1) ∈ Rn×n ,

(4.16)

where On×n(n−1) denotes n-by-n(n − 1) matrix of zeros.
Lemma 4.13 (Relationship between lifting operator and state selection matrix).
Let • denote an arbitrary signal, then, the following relationship holds.
Sd • = S• = SL•

(4.17)

Proof. This is obtained from Definition 4.1 and Definition 4.12.
From the aforementioned definitions and lemmas, a fundamental equation for
the state-tracking ILC that relates state tracking error estimate, state trajectory,
and ILC force in the lifted domain can be derived as follows.
Lemma 4.14 (State tracking error estimate ex̂ in lifted domain).
Sd ex̂,j = Sx rx − Jx f j ,

(4.18)
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where


2
Sx := S In − Go KSC ∈ RLn×n
∞
RLn×1
∞

Jx := SGo S ∈

RLn×n
∞

(4.19)
(4.20)

and Go ∈
denotes a transfer function from the control input f to state
estimate x̂j as follows.
 
 
 
f
f
I
x̂j = O
=O
= O n f := Go f.
(4.21)
yj
Gf
G
Similar to Remark 4.9, noncausal operations are allowed for Go due to offline
calculation.
Proof. The state tracking error is composed of the feedback and ILC contributions. According to Lemma 4.11 and Lemma 4.13,
Sd ex̂,j = Sd rx − Sd x̂j

= Srx − S x̂j


= Srx − S Go Sf j + Go KSCrx

= S In − Go KSC rx − SGo Sf j
:= Sx rx − Jx f j .

(4.22)
(4.23)
(4.24)
(4.25)
(4.26)

Remark 4.15. Equation (4.18) simplifies the block diagram in Figure 4.5 into
the block diagram in Figure 4.6. In addition, (4.18) has the same structure as
(4.6), where Sx can be interpreted as a sensitivity function from the lifted state
reference to the estimated state tracking error and Jx can be interpreted as a
process sensitivity function from the lifted ILC input to the state estimate.
Definition 4.10 and Lemma 4.14 enable the stability analysis in the iteration
domain.

4.3.2

Stability analysis

This section derives a convergence condition of the state-tracking ILC in the
iteration domain. To this end, state tracking error and ILC force propagation
are formulated.
Theorem 4.16 (State tracking error and force propagation). State tracking
error propagation and ILC force propagation are formulated as

Sd ex̂,j+1 = Jx Qs (In − Ls Jx ) z J¯x−1 Sd ex̂,j + In − Jx Qs z J¯x−1 Sx rx ,
(4.27)
f j+1 = Qs (In − Ls Jx )f j + Qs Ls Sx rx

where J¯x is invertible and J¯x = zJx .

(4.28)
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A proof follows from Definition 4.10 and Lemma 4.14. A proof of the invertibility of J¯x is presented in Section 4.4.2.
Convergence is defined next.
Definition 4.17 (Convergence). System (4.28) is convergent if and only if for
all rx , f 0 ∈ ℓ2 , there exists an asymptotic signal f ∞ ∈ ℓ2 such that
lim sup f ∞ − f j
j→∞

ℓ2

=0

(4.29)

A convergence condition of (4.27) and (4.28) is given next.
Theorem 4.18 (Convergence condition). Iterations (4.27) and (4.28) converge
if and only if

ρ Qs (eiω )(In − Ls (eiω )Jx (eiω )) < 1, ∀ω ∈ [0, π]
(4.30)
where ρ(·) denotes the spectral radius, i.e. ρ(·) = maxi |λi (·)|.

Remark 4.19. In contrast to equation (4.9) for the output-tracking ILC that
is a condition on a SISO system, this equation for the state-tracking ILC is a
condition on a MIMO system. This indicates that the MIMO filter Qs has more
design flexibility than the Qo , which is a SISO filter. Its design methodology is
presented in Section 4.4.1.
For a proof, see (Norrlöf and Gunnarsson, 2002, Theorem 6). Monotonic
convergence is defined next.
Definition 4.20 (Monotonic convergence). System (4.28) converges monotonically in the ℓ2 norm from f j to f ∞ with 0 ≤ γ < 1 if and only if
f ∞ − f j+1

ℓ2

≤ γ f∞ − fj

ℓ2

∀j.

(4.31)

A monotonic convergence condition of (4.27) and (4.28) is provided as follows.
Theorem 4.21 (Monotonic convergence condition). Iterations (4.27) and
(4.28) converge monotonically in the ℓ2 norm if and only if
γ := ∥Qs (I − Ls Jx )∥L∞ < 1
Note that (4.32) is equivallent to



σ̄ Qs ejω I − Ls ejω Jx ejω
<1
where σ̄ denotes the maximum singular value.

(4.32)

∀ω ∈ [0, π],

(4.33)
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A proof follows from (Oomen and Rojas, 2017, Theorem 2).
From (4.27) and (4.28), the asymptotic signals ex̂,∞ and f ∞ are obtained as

Sd ex̂,∞ = lim Sd ex̂,j = I − Jx (I − Qs (I − Ls Jx ))−1 Qs Ls Sx rx
j→∞
(4.34)
f ∞ = lim f j = (I − Qs (I − Ls Jx ))−1 Qs Ls Sx rx .
j→∞

The requirement for Qs to achieve zero asymptotic estimated state-tracking
error is as follows.
Theorem 4.22 (Requirement in Qs for ex̂,∞ = 0). Assume Ls (eiω ), Jx (eiω ) ̸=
0, ∀ω. Given that (4.30) holds, then for all rx ∈ ℓ2 , ex̂,∞ = 0, if and only if
Qs = In .
For a proof, see (Blanken and Oomen, 2020, Theorem 3).
To conclude, this section presents the state-tracking ILC framework and its
convergence conditions.

4.4

Design of state-tracking ILC

This section presents design procedures for the robustness and learning fitlers,
Qs and Ls , respectively, by using non-parametric frequency response data. In
addition, a method of using a non-parametric model for analysis is introduced
to reduce the required modeling effort. This section constitutes contribution C3.

4.4.1

Robustness Qs filter design for monotonic
convergence

When the monotonic convergence condition shown in (4.33) is not satisfied by
Qs = In , it is necessary to design a Qs filter, which is a MIMO filter. In
this section, two designs of Qs filters that guarantee monotonic convergence
are presented: the first method is an intuitive design, but its performance is
conservative, whereas the second method is a trial-and-error design that may
exhibit high performance.
4.4.1.1 Intuitive design: An intuitive design of Qs is a direct design in the
n-sample lifted domain, i.e., sampling time nTs . Let qs1 ∈ RL∞ and
n×n
Qs1 = qs1 In ∈ RL∞
.

(4.35)

The advantage of this design is that the convergence condition (4.33) is simplified
to



σ̄ Qs1 ejω I − Ls ejω Jx ejω



= σ̄ qs1 ejω σ̄ I − Ls ejω Jx ejω
< 1 ∀ω ∈ [0, π].
(4.36)
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Consequently, this allows the user to intuitively design Qs1 using the Bode plot,
as in the case of SISO output-tracking ILC (Strijbosch et al., 2018). However,
it fails to exploit the directions in multivariable systems, which results in a
conservative design.
4.4.1.2 Less conservative design: Another Qs design method involves designing a SISO filter in the original sampling time, i.e., Ts , and apply lifting.
Let qs2 ∈ RL∞ and
Qs2 = Lqs2 L−1 .

(4.37)

In general, the directions can be effectively utilized and a less conservative design
may be created, as shown in (4.38).



σ̄ Qs2 ejω I − Ls ejω Jx ejω



≤ σ̄ Qs2 ejω σ̄ I − Ls ejω Jx ejω
(4.38)

Equations (4.36) and (4.38) suggest that Qs2 can have a higher bandwidth than
Qs1 leading to higher state-tracking performance according to (4.34).

4.4.2

Guideline for the learning filter Ls design

This section presents a design guideline for learning filter Ls to realize fast
convergence. Equation (4.28) motivates designing Ls as an inverse system of
Jx . However, as Jx has no direct feedthrough according to Assumption 4.4, the
inverse system of Jx is not feasible and thus, a preview is required for inversion.
Theorem 4.23 proves that one sample preview in the lifted domain is necessary
and sufficient to obtain a direct feedthrough.
Theorem 4.23 (Direct feedthrough of zJx ). J¯x is given as
J¯x := zJx = zSGo S,
where
z

Jx :=



AJx
C Jx

BJx
On×n



z

, hence zJx =



(4.39)

AJ x
CJx AJx

BJ x
CJx BJx



,

(4.40)

with full rank CJx BJx .
Proof. CG = In is assumed to be an ideal observer without loss of generality,
while G is obtained by n sample lifting of G and formulated as


AnG An−1
An−2
· · · BG
G BG
G BG
 I
0
0
···
0 


z  A
BG
0
···
0 
G
G=
(4.41)
.

..
..
..
.. 

.
.
.
. 
An−1
G

An−2
G BG

An−3
G BG

···

0
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Next, the first time instance is selected by the state selection matrix S, and SG
is obtained as
 n

n−2
AG An−1
BG
z
G B G AG B G · · ·
.
(4.42)
SG =
I
0
0
···
0
Hence, with 1 sample preview, zSG is obtained as
z

zSG =



AnG
AnG

An−1
G BG
An−1
G BG

An−2
G BG
An−2
G BG

···
···

BG
BG



,

(4.43)

n−2
· · · BG ] is full rank according to the conwhere [AnG An−1
G B G AG B G
trollable assumption in Assumption 4.4. Further, the sensitivity function S and
its lifted system are defined as follows.
z

S :=



where

AS
CS

BS
DS




DS = 




,

z

and S :=
DS
CS BS
..
.

CS An−2
BS
S



AS
CS

BS
DS



,

(4.44)

0
DS
..
.

···
···

0
0
..
.

CS An−3
BS
S

···

DS





,


(4.45)

where DS is full rank as DS ̸= 0 because S is a bi-proper system.
According to Sylvester’s rank inequality,
n−2
· · · BG ]DS is full rank.
CJx BJx = [AnG An−1
G B G AG B G
After completing the design zJx with direct-feedthrough the learning filter
Ls is designed as Ls = z(zJx )−1 . In case zJx is a non-minimum phase system,
stable inversion (van Zundert and Oomen, 2018b) can be exploited to obtain
bounded signals.

4.4.3

Limited design effort for user

State tracking ILC analyzes the LPTV system as shown in Section 4.3, but the
procedure shown in this section allows the measured frequency response data to
be employed in the procedure, thereby reducing the required modelling effort
for design. This is a key step that constitutes Contribution C3. Lifting the
measured frequency response data, when combined with the analysis shown in
Contribution C2, enables the design of robustness filters to be as intuitive as
output-tracking ILC in frequency domain design.
The lifted frequency response data for G is obtained by Lemma 4.24.
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Lemma 4.24 (Lifted system in frequency response function). The lifted frequency response function matrix over n sample P (z) ∈ Cn×n is obtained as
P (z) =

P (0) (z)
 P (1) (z)

 P (2) (z)


..

.

P (n−1) (z)

z −1 P (n−1) (z) z −1 P (n−2) (z)
P (0) (z)
z −1 P (n−1) (z)
(1)
P (z)
P (0) (z)
..
..
.
.
P (n−2) (z)
P (n−3) (z)

···
···
···
..
.

z −1 P (1) (z)
z −1 P (2) (z)
z −1 P (3) (z)
..
.

···

P (0) (z)






,



(4.46)

where
P (σ) (z n ) =

T −1

zσ X
P zϕk ϕkσ ,
T

ϕ=e

2πj
n

,

(4.47)

k=0

for 0 ≤ σ ≤ n − 1 and σ ∈ Z≥0 .
For a proof, see (Bittanti and Colaneri, 2009, Section 6.2.1).
Lemma 4.24 enables to evaluate Jx as the non-parametric frequency response
data using (4.20), hence the convergence condition (4.30) can be verified by the
non-parametric frequency response data.
The design procedure is summarized as Procedure 4.25.
Procedure 4.25 (State-tracking ILC design).
1. Identify the frequency response data of GFRF obtain a parametric model G
through system identification and determine the corresponding lifted system
Jx .
2. Design a stabilizing feedback controller K and a state observer O using G.
3. Compute the parametric model Go S and lift Go S using (4.2).
4. Compute the frequency response data (Go S)FRF using GFRF and apply
lifting by (4.46).
5. Design the learning filter by Ls = z(zJx )−1 .
6. Check the convergence condition (4.30) with Qs = In . If the convergence
condition is not satisfied, update the model G or design the robustness Qs
filter to satisfy (4.30) according to Section 4.4.1.
Remark 4.26. Note that the quality of the parameteric model of G has an
impact on the achieved performance through the observer O and learning filter
Ls . However, the convergence condition is based on measured FRF data. Hence,
if (4.30) is satisfied convergence is guaranteed independent of the quality of G.
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Reference r(t) [count]

Figure 4.7. Motion setup: a single inertia system.
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Figure 4.8. Motion reference r(t).

4.5

Experimental validation

Experimental validation is performed with a motion setup shown in Figure 4.7.
The measured frequency response data and a 3rd order model are shown in
Figure 4.9. This section constitutes Contribution C4.
The sampling time of the controller is set as Ts = 6 ms, and intersample
data are obtained by every 0.5 ms. Learning gain α is exploited to mitigate
the amplification of the trial-varying disturbance (Oomen and Rojas, 2017) by
replacing (4.7) and (4.14) as
fj+1 = Qo (fj + αLo ej )

and

f j+1 = Qs (f j + αLs ex̂,j ),

(4.48)
(4.49)

respectively. In addition, t learning gain α is set to 0.3 in the following experiment. The ILC experiments are performed with the reference shown in
Figure 4.8.
The experiments are conducted using two examples: one in which the system
is accurately identified such that monotonic convergence could be guaranteed
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Figure 4.9. Frequency response data ( ), well-identified continuous time
model ( ) and discrete time model ( ). Due to the accurate model, the
monotonic convergence condition is satisfied without the design of the Q-filter,
as shown in Figure 4.10.

with Qs = In , and one in which the Qs filter needs to be designed.
The following experimental results conclude that the presented state-tracking
ILC outperforms the standard output-tracking ILC.

4.5.1

Case 1: Performance with accurately identified
model

This section compares the experimental results of the output and state tracking
ILCs using the accurately identified model shown in Figure 4.9. Further, the
differences in the characteristics of output and state tracking are clarified. Figure 4.10 shows that the monotonic convergence condition is satisfied for both
the output-tracking ILC and the state-tracking ILC without designing the robustness filter, i.e., Qo = 1, Qs = In .
Figure 4.11 shows the norm comparison of the two methods and demonstrates
that the presented state-tracking ILC exhibits better performance compared to
the output-tracking ILC. Figure 4.12 shows the tracking error comparison at
the best iterations. Although the output-tracking ILC shown in Figure 4.12a
yields a small on-sample error, a large intersample tracking error is observed. In
contrast, the state-tracking ILC shown in Figure 4.12b yields a small intersample
tracking error. In particular, a small tracking error at every n = 3 sample is
observed because the state-tracking ILC aims to realize perfect state tracking at
every n sampling instance.
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(a) Output tracking ILC.
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(b) State tracking ILC.

Figure 4.10. Convergence conditions with accurate model shown in Figure 4.9.
Since the gain is less than 0 dB in all frequencies, both satisfy the monotonic
convergence condition.
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Figure 4.11. Experimental results with well-identified model without robustness filters. State tracking ILC (
) outperforms output tracking ILC (
).
Comparing the best trials, the state-tracking ILC had 12 times better tracking
performance.
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(a) Output tracking ILC at iteration 29.
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(b) State tracking ILC at iteration 32.

Figure 4.12. Tracking error comparison of the best iteration. The presented
state-tracking ILC outperforms the output-tracking ILC in intersample behavior
( ). The output-tracking ILC achieves a small tracking error at every Ts ( ) at
the cost of oscillating intersample behavior. The state-tracking ILC achieves a
small tracking error at every nTs ( ), and the oscillating intersample behavior is
not observed. It is achieved by the concept of the state-tracking of the presented
ILC.
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Case 2: Performance with inaccurately identified
model

This section presents an experimental comparison of output and state tracking ILCs using the inaccurately identified model shown in Figure 4.8. Further,
the difference in results owing to the robustness filter design method has been
clarified.
Figure 4.14 indicates that in the absence of robustness filters the convergence
condition is not satisfied. For state-tracking ILC, both intuitive and conservative
designs are compared. To satisfy the monotonic convergence condition, robustness filters with the maximum bandwidth are designed for the three conditions
of output and state tracking ILCs.
Figure 4.15 shows the norm comparison of the three methods, demonstrating that the presented state tracking ILC with less-conservative robustness filter
design exhibits better performance compared to the output-tracking ILC. However, owing to the robustness filter with lower bandwidths, the intuitive design
method resulted in larger tracking errors than the others. This is because the
robustness filter in intuitive design is designed directly in the lifted domain with
a low sampling period.
Figure 4.16 shows the tracking error comparison at the best iterations. The
output-tracking ILC in Figure 4.16a demonstrates a behavior similar to the
Qo = 1 condition shown in Section 4.5.1. Although the error on-sample is small,
a large intersample tracking error was observed. Further, owing to the robustness
filter with lower bandwidths, the intuitive design shown in Figure 4.16b yields
a large tracking error. In addition, the less conservative robustness filter design
in state-tracking ILC, shown in Figure 4.16c, exhibited better performance than
other design methods, including both on-sample and intersample tracking errors.
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Figure 4.13. Frequency response data ( ), inaccurately identified continuous
time model ( ), and discrete time model ( ). The offset in gain brings about
the need for the Q filter shown in Figure 4.14.
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(a) Output tracking ILC. Whereas |1 − GSLo | < 1 ( ) is not satisfied, |Qo (1 − GSLo )| < 1
( ) does with the inclusion of Qo (
).
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(b) State tracking ILC, intuitive design (Qs1 ). Whereas σ̄(I − Ls Jx ) < 1 ( ) is not satisfied,
σ̄(Qs1 (I − Ls Jx )) < 1 ( ) does with the inclusion of σ̄(Qs1 ) (
). Since σ̄(Qs1 (I − Ls Jx ))
is equal to σ̄(Qs1 )σ̄(I − Ls Jx )) ( ), it allows for intuitive Q-filter design.
0
−2
−4
−6
−8
10−1

100

101

Frequency [Hz]
(c) State tracking ILC, less conservative design (Qs2 ). Whereas σ̄(I − Ls Jx ) < 1 ( ) and
σ̄(Qs2 )σ̄(I − Ls Jx )) < 1 ( ) are not satisfied, σ̄(Qs2 (I − Ls Jx )) < 1( ) does with the inclusion
of Qs2 (
). By using directions in multivariable system, Qs2 can have a higher bandwidth
than Qs1 , which leads to a higher tracking performance.

Figure 4.14. Convergence conditions with inaccurately identified model. The
comparison between (b) and (c) shows that there is a trade-off between intuitive
design and high bandwidth in state-tracking ILC.
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Figure 4.15. Experimental results with inaccurately identified model and
robustness filters. State tracking ILC with less conservative Qs2 (
) outper) and State tracking ILC with intuitive design
forms output tracking ILC (
Qs1 (
). In the comparison of the best trials, the state-tracking ILC with
Less conservative Qs2 had 1.8 times better tracking performance than the output tracking ILC.
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(a) Output tracking ILC at iteration 36 with Qo .
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(b) State tracking ILC at iteration 24 with intuitively designed Qs1 .
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(c) State tracking ILC at iteration 39 with less conservative Qs2 .

Figure 4.16. Tracking error comparison of the best iteration. The presented
state-tracking ILC with less conservative Q filter design outperforms the outputtracking ILC in intersample behavior ( ). The tracking error for each sampling
period Ts is shown by ( ), and the tracking error for each 3Ts is shown by ( ).
The intuitive Q design resulted in low tracking performance due to the low
bandwidth of the robustness filter. The trend in (a) and (c) is the same as
in Figure 4.12: oscillatory intersample behavior is observed for the outputtracking ILC, while the state-tracking ILC with less-conservative design shows
an improved tracking performance.

4.6 Conclusion

4.6
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Conclusion

The developed ILC framework enables the improvement of intersample behaviour
by incorporating the idea of state-tracking in its design. Based on an LPTV stability analysis convergence conditions are derived that guarantee convergence
and monotonic convergence. The accurate and inexpensive non-parametric frequency response data can be exploited to verify the convergence conditions.
Additionally, the design of a robustness filter that guarantees monotonic convergence conditions even with inaccurate models is presented, demonstrating the
effectiveness of the proposed method in practical conditions. Application of the
design framework to a motion system and the experimental validation demonstrates the superior tracking performance and improved intersample behaviour
over the traditional output-tracking ILC.
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Part II

Learning and feedforward
for unconventionally
actuated systems

CHAPTER
Monotonically Convergent Iterative Learning
Control for Piecewise Affine Systems 1

Abstract: Piecewise affine (PWA) systems enable modelling of systems that
encompass hybrid dynamics and nonlinear effects. The aim of this chapter is to
develop an ILC framework for PWA systems. A new approach to analyse
monotonic convergence is developed for PWA systems. This is achieved by
exploiting the incremental ℓ2 -gain leading to sufficient LMI conditions
guaranteeing monotonic convergence. An example confirms the monotonic
convergence property for ILC applied to a mass-spring-damper system with a
one-sided spring.

1 The results in this chapter consitute Contribution C4 of this Thesis. The chapter is based
on Strijbosch, N., Spiegel, I., Barton, K., and Oomen, T. (2020). Monotonically convergent
iterative learning control for piecewise affine systems. IFAC-PapersOnLine, 53(2):1474–1479.
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Introduction

Iterative learning control (ILC) can achieve high performance for systems that
perform repetitive tasks (Bristow et al., 2006; Moore, 2012). The key idea of ILC
is to iteratively determine an input signal that compensates for an unknown trialinvariant disturbance, e.g., a reference trajectory. By learning from the error
signal observed during previous iterations a control input signal is computed
that compensates the trial-invariant disturbance.
A key requirement in ILC is monotonic convergence of either the sequence
of control inputs or the sequence of error signals. The monotonic convergence
property ensures that large learning transients are avoided for any trial-invariant
disturbance. When analysing an ILC algorithm, mainly linear time-invariant
(LTI) models are considered. Analysis methods exist for ILC algorithms ranging
from simple P -type ILC setups (Arimoto et al., 1984) to model inversion based
ILC (van Zundert and Oomen, 2018b).
Iterative learning control has been extended to classes of systems beyond LTI
systems. Successful applications of this are, among many others: non-equidistant
sampled systems that lead to a linear periodically time-varying (LPTV) model
(van Zundert and Oomen, 2019); nonlinear systems, e.g., robotic manipulators
(Horowitz et al., 1991); hybrid systems (Spiegel and Barton, 2019); linear parameter varying systems (LPV) (de Rozario et al., 2017).
Piecewise affine (PWA) systems can represent a broad range of behaviours,
including dry friction (Shaw, 1986), systems with piecewise affine elements such
as a one-sided spring (Heertjes et al., 1997), or linear systems that are in closedloop with a hybrid controller, e.g., a reset controller (Clegg, 1958). Moreover,
PWA systems provide accurate approximations of nonlinear systems (Sontag,
1981).
Some existing nonlinear ILC analysis approaches may be applicable to the
analysis of ILC for PWA systems, for an overview see, e.g., Xu (2011), but they
do not exploit the specific properties of PWA systems, and feature some notable
limitations. For example, incremental-output-dissipative systems are guaranteed to converge when exploiting a P-type ILC with a sufficiently small gain and
assuming a zero-error trajectory is reachable (Arimoto and Naniwa, 2000; Quintanilla and Wen, 2008). This includes some PWA systems, but the reachability
assumption is not always practical and the allowable controller class is limited.
Monotonic convergence of a broader class of controllers can be checked via a
differential ℓ2 -gain analysis of the mapping of the input sequence from one trial
to the next (Kong and Manchester, 2017). However, the analysis of this differential ℓ2 -gain is dependent on the trial-invariant disturbance. Hence, guaranteeing
monotonic convergence for any trial-invariant disturbance is not possible. Moreover, this method leads to solving an infinite-dimensional optimization problem,
which is made tractable through gridding the state space, making the results
local to the grid points rather than global.
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Although PWA systems are an important model class for ILC algorithms, at
present analysing monotonic convergence of general ILC algorithms applied to
PWA systems is not addressed. The aim of this chapter is to develop a global
monotonic convergence analysis method for a general ILC setup applied to PWA
systems subject to an unknown trial-invariant disturbance.
The main contribution of this chapter is a monotonic convergence analysis
method for a general ILC setup applied to a PWA system subject to an unknown trial-invariant disturbance. This analysis method is based on the incremental ℓ2 -gain (van der Schaft, 2016), which is closely related to the incremental
output-dissipativity property considered by Arimoto and Naniwa (2000) and the
differential L2 -gain property considered by Kong and Manchester (2017). By exploiting LMI based analysis techniques for PWA systems this method leads to
global guarantees on monotonic convergence.
This chapter is organized as follows. In Section 5.2, the problem setup is
outlined. In Section 5.3, an analysis method for a general ILC setup applied
to nonlinear systems is introduced, including elaborating on its connection to
existing methods. In Section 5.4 the analysis method is exploited to derive a
computationally tractable method to analyse ILC applied to a PWA system.
In Section 5.5, a numerical simulation study confirms monotonic convergence.
Finally, in Section 5.6, conclusions are drawn.
Throughout this chapter discrete-time systems are considered. All results
directly extend to continuous-time systems.

5.1.1

Notation and definitions

The
ℓ2 -norm of a discrete-time signal x(k) ∈ Rn , k ∈ Z≥0 is given by ∥x∥2 :=
pP∞
⊤
k=0 (x(k)) x(k). The set of signals with finite ℓ2 -norm are denoted by ℓ2 .
The truncation of a signal x on the interval [0, T ) is defined as
x[0,T ] (k) =

(

x(k),
0,

if 0 ≤ k < T
if k ≥ T

(5.1)

Definition 5.1. (Monotonic convergence towards a fixed point.) A sequence {Yi }i∈Z≥0 , Yi ∈ X is said to converge monotonically in the p-norm,
p ∈ {1, 2, ...}, to a unique fixed point Y∞ ∈ X, if there exists a κ ∈ [0, 1) such
that
∥Yj+1 − Y∞ ∥p ≤ κ∥Yj − Y∞ ∥p
is satisfied for all Yj ∈ X, j ∈ Z≥0 .

(5.2)
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5.2

Problem formulation

5.2.1

Piecewise affine systems

Discrete-time piecewise affine (PWA) systems J of the form
xJ (k + 1) = AJi xJ (k) + aJi + BiJ uJ (k) if xJ (k) ∈ Ωi
y J (k) = CiJ x(k) + DiJ uJ (k)

if xJ (k) ∈ Ωi

(5.3)

are considered, with xJ ∈ Rnx the state, uJ ∈ Rnu the control input, and
y J ∈ Rny the output. The matrices AJi ∈ Rnx ×nx , aJi ∈ Rnx , BiJ ∈ Rnx ×nu ,
CiJ ∈ Rny ×nx , DiJ ∈ Rny ×nu , i ∈ {1, ..., p}. Notice that if ai = 0, i ∈ {1, ..., p}
the system (5.3) reduces to a piecewise linear system. Each of the sets Ωi , i ∈
{1, ..., p} correspond to a mode of the PWA system such that if x(k) ∈ Ωi at
time k ∈ N then the system’s dynamics at time k are defined by the i-th affine
system given by (Ai , Bi , Ci , Di , ai ). The sets Ωi are polyhedra that are defined
by
Ωi = {x ∈ Rn |Ei x + εi ≥ 0}
(5.4)
with Ei ∈ Rd×nx , εi ∈ Rd . The intersection of the interiors of each two polyhedra
is empty, i.e., int(Ωi )∩int(Ωj ) = ∅ for all i ̸= j, i, j ∈ {1, ..., p} and the polyhedra
span the complete state-space, i.e., ∪i Ωi = Rnx . In case of discontinuities on
the boundaries of the polyhedra, wellposedness of the solutions is ensured by
changing some of the inequalities in (5.4) to strict inequalities, i.e., (Ei )j x −
(εi )j < 0 such that the intersection of two polyhedra is empty, i.e., Ωi ∩ Ωj = ∅
(Borrelli et al., 2017).

5.2.2

Applications

Piecewise affine systems that can be written in the form (5.3) are relevant for a
wide variety of applications, for instance:
• systems subject to dry friction, see, e.g., Shaw (1986),
• mechanical systems that include one-sided springs, see, e.g., Heertjes et al.
(1997),
• linear systems that are in closed-loop with a hybrid controller such as a
reset controller, see, e.g., Clegg (1958).
Next, it is shown how a mechanical system that includes a one-sided spring
can be described by a PWA system.
Example 5.2. The mass-spring-damper system depicted in Figure 5.1 is considered. This system can be modelled with the following equation of motion
m

d2
d
ȳ(t) + d ȳ(t) + ks ȳ(t) + F (ȳ(t)) = ū(t)
2
dt
dt

(5.5)
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Figure 5.1. Mass-spring-system with one-sided spring

where ȳ(t) denotes the position, ū(t) denotes the control input, and the parameters m, d and ks denote the mass, damping coefficient, and spring constant of
the linear spring, respectively. The one-sided spring is described by
(
kf ȳ if ȳ ≤ 0
F (ȳ) =
(5.6)
0
if ȳ > 0.
This system can be described by two linear mass-spring-damper systems that
switch when ȳ = 0, when ȳ ≤ 0 the stiffness of the spring is ks + kf and when
ȳ > 0 the stiffness of the spring is ks . In state-space form this is can be described

⊤
by the following system with state x̄ := ȳ ȳ˙ ,
(
A1 x̄ + B ū if E x̄ ≥ 0
x̄˙ =
A2 x̄ + B ū if E x̄ < 0
(5.7)
ȳ = C x̄
with




0
1
0
1
,
A
=
,
2
k +k
d
d
−m
− kms
− sm f
−m
 




0
B=
, C = 1 0 , E = −1 0
1

(5.8)

y(k) = ȳ(hk), k ∈ N,

(5.9)

A1 =



The output of the system is sampled with a constant sampling interval h, i.e.,

and the digital control input, u(k), is connected to the analog world by a zeroorder-hold device, i.e.,
ū(t) = u(k), if t ∈ [hk, (k + 1)h).

(5.10)

For simplicity it is assumed that the transition between contact and separation of
the one-sided spring only takes place at the sampling instances. This allows for
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uj

J

yj
−

ej
d

Figure 5.2. ILC setup.

a discretization of each of the individual modes leading to a discrete-time PWA
system of the form (5.3) with 2 modes defined by the following matrices
AJi = eAi h ,
DiJ = 0,

Ai h
BiJ = A−1
− I)B,
i (e

CiJ = C,

E1 = −E2 = E, εi = 0

(5.11)

for i ∈ {1, 2}.
This shows that a mechanical system with a one-sided spring is described by
a PWA system of the form (5.3).

5.2.3

What about ILC for PWA systems?

5.2.3.1 ILC applied to LTI systems: ILC can lead to high performance
gains, when systems are performing repeating tasks. The ILC setup considered
in this chapter is depicted in Figure 5.2. This setup is given by
yj = Juj − d,

(5.12)

where J denotes a system that can represent either an open-loop or closedloop system. The system performs trials with a finite length of Nl ∈ N. The
index j ∈ Z≥0 denotes the j-th trial. The control input and output at trial j
are denoted by uj (k) ∈ Rnu , nu ∈ N and yj (k) ∈ Rny , ny ∈ N, respectively.
Moreover, a trial-invariant disturbance d, e.g., a desired reference, is present,
leading to the error
ej (k) = yj (k) − d(k).
(5.13)

The key idea of ILC is to minimize the error ej by learning from past data.
To achieve this the observed error ej and control input uj during trial j are used
to determine the control input uj+1 for task j + 1. One of the most common
ILC update laws is of the following form,
uj+1 = Quj + Lej ,

(5.14)

where Q and L are LTI discrete-time filters.
When designing the ILC update law (5.14), typically the aim is to achieve
convergence of the sequence of control inputs {uj }j∈Z≥0 . To avoid large learning
transients, monotonic convergence is desired (Bristow et al., 2006). A wellknown result to analyse monotonic convergence in the 2-norm of the ILC setup
(5.12), with J an LTI system, is checking if the condition,
∥Q − LJ∥2 < 1

(5.15)
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Figure 5.3. Norm ∥uj ∥2 when applying ILC to a mass-spring-damper system
with a one-sided spring. This norm is increasing indicating that convergence is
not achieved.

is satisfied, see e.g., (Moore et al., 1992).

5.2.3.2 ILC for PWA systems: When considering a PWA system such as
the mass-spring-damper system with one-sided-spring, the ILC update law can
be designed in a similar fashion, evaluating condition (5.15) for both modes
which will be referred to as J1 and J2 .
Next, an ILC update law (5.14) with Q and L filters is designed such that
∥Q − LJ1 ∥ℓ2 = 0.9793 and ∥Q − LJ2 ∥ℓ2 = 0.9877,

(5.16)

thereby satisfying (5.15) for each individual mode. Clearly, when applying ILC
to each of the individual modes the ILC update law would lead to monotonic
convergence of the sequence of control inputs. However, when applying these
Q and L filters to the PWA system J convergence of the sequence of control
inputs is not achieved. In Figure 5.3 and Figure 5.4, the norm of the control
input and error at each trial are presented when the trial-invariant disturbance is
given by a 4-th order reference. Clearly, convergence is not achieved. Moreover,
evaluating the position of the mass at trial 20, depicted in Figure 5.5, indicates
that the position is not converging towards the desired reference.
From these results it is clear that the traditional monotonic convergence
conditions for linear systems cannot be directly exploited for PWA systems. This
is in part because of the state-dependent mode switching leading to iterationvarying switching times. This is one of challenges in deriving conditions for
monotonic convergence of ILC applied to a PWA system.
This leads to the problem addressed in this chapter: developing a framework
for monotonic convergence analysis of the sequence of control inputs {uj }j∈Z≥0
of the ILC setup (5.12) where J represents a PWA system of the form (5.3).
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Figure 5.4. Error norm ∥ej ∥2 when applying ILC to a mass-spring-damper
system with a one-sided spring. This norm is not converging towards a fixed
value, indicating convergence is not achieved.
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Figure 5.5. Position output y at trial 20 ( ). The reference is depicted
in black ( ). The position at trial 20 clearly is not converged towards the
reference

5.3

ILC for PWA systems

In this section, conditions for monotonic convergence of the ILC setup (5.12)
are derived. The conditions derived in this section employ the incremental ℓ2 gain and are applicable to general nonlinear discrete-time plants J. First, it
is proven that when the incremental ℓ2 -gain is smaller than 1, the sequence of
control inputs is monotonically convergent. Next, it is shown that if the ILC
update law is linear and time-invariant the incremental ℓ2 -gain is independent
of the unknown trial-invariant disturbance. This allows for an analysis that is
independent of the unknown disturbance.

5.3.1

Assumptions

First, the following assumptions are imposed on the ILC setup.
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Assumption 5.3. The ILC update law only has access to the error and input
signal of the previous trial.
Assumption 5.4. The trial-invariant disturbance d is unknown.
Assumption 5.5. The initial state x(0) of the PWA system J is zero for each
trial.

5.3.2

ILC Setup for PWA systems

The ILC setup as depicted in Figure 5.2 is considered. The ILC update law is
given by (5.14) with causal linear filters Q and L that can be written in state
space form as follows
(
xQ (k + 1) = AQ xq (k) + B Q u(k)
Q:
(5.17)
y Q = C Q xq (k) + DQ u(k),
(
L
xL (k + 1) = AL xL
j (k) + B e(k)
L:
(5.18)
y L = C L xL (k) + DL e(k),
Q

L

where xQ ∈ Rn , nQ ∈ N, xL ∈ Rn , nL ∈ N are the states of Q and L,
respectively. The outputs of Q and L are denoted by y Q ∈ Rm , y L ∈ Rm ,
respectively.

5.3.3

The incremental ℓ2 -gain

As observed in Section 5.2 the ℓ2 -gain does not guarantee monotonic convergence
for ILC applied to a PWA systems. Next, the incremental ℓ2 -gain is exploited
to derive guarantees for monotonic convergence of the ILC setup (5.12).
The incremental ℓ2 -gain is defined as follows.
Definition 5.6. (Incremental ℓ2 -gain (van der Schaft, 2016, Definition 2.1.5))
The input-output map G : ℓ2 → ℓ2 is said to have incremental ℓ2 -gain if there
exists a constant γ ≥ 0 such that
∥(Gua )[0,T ] − (Gub )[0,T ] ∥2 ≤ γ0 ∥ua[0,T ] − ub[0,T ] ∥2 ,

(5.19)

for all T ∈ Z≥0 , ua , ub ∈ ℓ2 . Furthermore, the incremental ℓ2 -gain γ is defined
as the infimum of all such γ0 .
The incremental ℓ2 -gain is a property that expresses the contraction, in terms
of the ℓ2 -norm, between all possible trajectories with respect to each other.
Where the ℓ2 -gain expresses contraction merely to a single trajectory.
To derive a condition that guarantees monotonic convergence of the sequence
of control inputs the mapping U , depicted in Figure 5.6 is exploited. This is the
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U
uj

uj+1

Q
J

yj
−

ej
d

L

Figure 5.6. Mapping from the control input at trial j to the control input at
trial j + 1

mapping from the control input at trial j, uj , to the control input at trial j + 1,
uj+1 , i.e.,
uj+1 = U (uj , d) = Quj + L(Juj − d)
(5.20)

Exploiting the incremental ℓ2 -gain of the mapping U the following result is
obtained.

Theorem 5.7. Consider the ILC setup (5.12) with J a PWA system (5.3),
trial-invariant disturbance d ∈ ℓ2 and ILC update law given by (5.14). Then,
the sequence of control inputs, {uj }j∈Z≥0 , resulting from this ILC setup, convergences monotonically in the 2-norm if the incremental ℓ2 -gain of the corresponding mapping U , given by (5.20), is smaller than 1.
Note that in general the incremental ℓ2 -gain of U depends on d, but to
guarantee convergence for all possible d a criterion independent of d is desired.
Choosing L to be a linear time invariant mapping leads to such a result, given
by the following.
Theorem 5.8. Consider the mapping U with PWA system J and linear filters
Q and L. Then, the incremental ℓ2 -gain of U is independent of the disturbance
d.
The result of Theorem 5.8 and Theorem 5.7 allows to analyse the monotonic
convergence property of the ILC applied to a PWA system independent of the
trial-invariant disturbance d.
Remark 5.9. The incremental ℓ2 -gain of LTI systems is equivalent to the ℓ2 norm (van der Schaft, 2016, Chapter 8). Hence, when considering LTI systems
Theorem 5.7 reduces to the well-known condition (5.15).

5.4

Computationally tractable analysis

In this section, a computationally tractable approach is derived to check the
condition presented in Theorem 5.7. This approach will consist of checking a set
of linear matrix inequalities (LMIs).
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For ease of notation, the considered PWA system consist of two modes, i.e.,
p = 2 with the line ExJ = 0 defining the hyperplane splitting the state space in
Ω1 and Ω2 . Moreover linear dynamics are considered, i.e., a1 , a2 = 0. However,
note that the results in this section can easily be extended to the general PWA
system (5.3).

5.4.1

Incremental ℓ2 -gain for state-space systems

To analyse the incremental ℓ2 -gain of the mapping U , first define its state-space
h
i⊤
∈ Rn , n = n J + n L + n Q ,
form. Using the state x := xJ ⊤ (xL )⊤ (xQ )⊤
the system U is written in the state-space form
(
A1 xj (k) + B 1 uj (k) if Ex ≥ 0
xj (k + 1) =
A2 xj (k) + B 2 uj (k) if Ex < 0,
(
(5.21)
C 1 xj (k) + D1 uj (k) if Ex ≥ 0
,
uj+1 (k) =
C 2 xj (k) + D2 uj (k) if Ex < 0
with





AJi
O
O
BiJ
Ai = B L C J AL O  ,B i = BiL DJ  ,
O
O AQ
BQ
 L J


C i = D Ci C L C Q ,Di = DL DiJ + DQ , E = E

(5.22)
0


0 .

For a state-space system of the form (5.21) the incremental ℓ2 -gain is defined
as
Definition 5.10. (Incremental ℓ2 -gain for state-space system (van der Schaft,
2016, Definition 8.2.8)) Consider a state-space system of the form (5.21), with
input space, Rnu , output space Rny , and state space Rn . The system (5.21) has
incremental ℓ2 -gain ≤ γ if there exists a function, called the incremental storage
function,
S : R n × Rn → R+
(5.23)
such that
S(x1 (T ), x2 (T )) − S(x1 (0), x2 (0)) ≤
T
X

k=0

γ 2 ∥u1 (k) − u2 (k))∥2 − ∥y1 (k) − y2 (k)∥2

(5.24)

for all T ∈ Z≥0 , and for all pairs of input signals u1 , u2 : [0, T ] → Rnu and all
pairs of initial conditions x1 (0), x2 (0) ∈ Rnx , with resulting pairs of state and
output trajectories x1 , x2 : [0, T ] → Rnx , y1 , y2 : [0, T ] → Rny .
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Without loss of generality that an incremental storage function S(x1 , x2 )
satisfies the symmetry property S(x1 , x2 ) = S(x2 , x1 ), and S(0, 0) = 0.
This reduces the problem of checking the incremental ℓ2 -gain of the mapping
U to finding a storage function S such that (5.23) and (5.24) are satisfied for
γ ∈ [0, 1).

5.4.2

Linear matrix inequalities

In order to find an incremental storage function S such that (5.23) and (5.24)
are satisfied for γ ∈ [0, 1), define a piecewise quadratic storage function (FerrariTrecate et al., 2002) of the form
(" #⊤ " #
xa
xa
a
b
(5.25)
S(x , x ) =
Pij b if E i xa ≥ 0, E i xb ≥ 0
b
x
x
with Pij ∈ R2n×2n , i, j ∈ {1, 2}, E 1 = E, and E 2 = −E.
Exploiting the storage function (5.25), the result of Theorem 5.7 can be
converted into sufficient LMI based conditions. Three S-procedure relaxations
(Yakubovich, 1997) are utilized to obtain the following result:
Theorem 5.11. Consider the ILC setup (5.12) with J a PWA system (5.3),
trial-invariant disturbance d ∈ ℓ2 and ILC update law given by (5.14). Moreover,
consider the corresponding system U given by (5.21) with Am , B m , C m , Dm ,
m ∈ {1, 2}. Then, the sequence of control inputs {uj }j∈Z≥0 of the ILC setup is
monotonically convergent if the following LMI conditions hold for γ ∈ [0, 1)
h

⊤
Pij − Eij
Wij Eij ≻ 0,

(5.26a)

i
⊤
⊤
A⊤
A⊤
ij Pkl Aij − Pij + Cij T Cij
ij Pkl Bij + Cij T Dij
+
⊤
⊤
2
∗
Bij Pkl Bij + Dij T Dij − γ T
h ⊤
i
⊤ ⊤
⊤ ⊤
Eij Uijkl Eij + Aij Ekl Vijkl Ekl Aij
Aij Ekl Vijkl Ekl Bij
≺ 0,
∗
B⊤ E⊤ V
E Bij
ij

kl

ijkl

(5.26b)

kl

for all i, j, k, l ∈ {1, 2}, with Uijkl , Wij , Vijkl ∈ R2n×2n with only nonnegative
entries, and where






Am O
Bm O
Cm O
Amn =
, Bmn =
, Cmn =
,
O An
O Bn
O Cn






Dm O
Em O
1 −1
Dmn =
, Emn =
,T =
O Dn
O En
−1 1
with m, n ∈ 1, 2.
Standard convex optimization tools can be utilized to find matrices Pij ,
i, j ∈ {1, 2} that satisfy the conditions of Theorem 5.11. Hence, this leads
to a computationally tractable method to check monotonic convergence of the
sequence of control inputs of an ILC algorithm applied to a PWA system.
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5.5

Applying ILC to a mass-spring-damper
system with a one-sided spring

In this section, ILC is applied to the mass-spring-damper system with a one-sided
spring as described in Section 5.2.
The PWA system describing this system is governed by (5.11) and (5.8) with
mass m = 1 [kg], damping coefficient d = 1 [N·m/s], spring constant of the linear
spring ks = 1 [N/m], and spring constant of the one-sided spring kf = 1 [N/m],
the system is sampled with a sample time h = 0.01 [s].
The ILC update law is given by (5.14), (5.17), (5.18). The filters Q and L
are designed such that condition (5.15) is satisfied for the two LTI systems that
define the two modes, leading to the following matrices
AQ = 0.5, B Q = 1, C Q = 0.5, DQ = 0




140.3
−1.987 2.547 0
0  , B L = 36.28
AL = −0.7721 0.99
14.39
−0.3062
0
0.5

 L
L
C = −106.8 0 174.3 , D = 5017

(5.27)

Note that by this design the incremental ℓ2 -gain of the mapping U where J
is an LTI system without the one-sided spring is smaller than 1. Moreover,
the incremental ℓ2 -gain of the mapping U where J is an LTI system where
the one-sided spring is replaced by a linear spring is smaller than 1. Hence,
in the situations where the system does not change modes this automatically
guarantees monotonic convergence.
To check if the ILC update law yields global monotonic convergence, i.e,
considering the state dependent mode changes, the results of Theorem 5.11 are
exploited. It is confirmed that there exist matrices Pij , i, j ∈ {1, 2} and a constant γ ∈ [0, 1) for which the LMIs (5.26a) and (5.26b) are satisfied. Hence, the
sequence of control inputs {uj }j∈Z≥0 converges monotonically in the 2-norm for
any trial-invariant disturbance d.
This is confirmed through simulations where a 4-th order reference signal is
applied as a trial-invariant disturbance. In Figure 5.7, the norm ∥uj − u∞ ∥2 is
depicted. From this figure, it can be observed that the sequence of input signals
{uj }j∈Z≥0 is monotonically convergent toward u∞ . In Figure 5.8 the error norm
∥ej ∥2 indicates a high performance improvement. Moreover, in Figure 5.9, the
position at various trials is depicted together with the reference. From this
figure, it is observed that the time instance of switching between the two modes
varies each iteration.
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Figure 5.7. Norm ∥uj − u∞ ∥2 when applying ILC to a mass-spring-damper
system with one-sided spring. This norm is decreasing, thereby confirming
monotonic convergence of the sequence of control inputs {uj }j∈Z≥0 .
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Figure 5.8. Error norm ∥ej ∥2 when applying ILC to a mass-spring-damper
system with one-sided spring.

5.6

Conclusion

In this chapter, a framework is developed to analyse the monotonic convergence
property of ILC applied to PWA systems, opening up the possibility to apply ILC
to a wide variety of applications. The analysing method exploits the incremental
ℓ2 -gain to determine if the mapping from the control input at trial j to the control
input at trial j + 1 is a contraction mapping, thereby guaranteeing monotonic
convergence in the 2-norm. This result is exploited to derive LMI conditions
that guarantee monotonic convergence, leading to a computationally tractable
analysis approach. A simulation example of a mass-spring-damper system with
one-sided spring confirms the results.
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Figure 5.9. Position output y at trials: 0 ( ), 1 ( ), 3 ( ), 5 ( ), and 20
( ). The reference is depicted in black ( ). The zoom in this figure highlights
the time instants of switching between the two modes that varies each iteration.

5.7

Proofs

Definition 5.12. Contraction Mapping Let (M, d) be a metric space. Then,
T : M → M is said to be a contraction mapping if there exists a constant
k ∈ [0, 1) such that for all x, y ∈ M
d(T (x), T (y)) ≤ kd(x, y).

(5.28)

Lemma 5.13. Banach’s Contraction Mapping Principle
(Khamsi and Kirk, 2011). Let (M, d) be a complete metric space and let T :
M → M be a contraction mapping. Then T has a unique fixed point x∞ , and
for each x ∈ M, lim T n (x) = x∞ . Moreover, T (x∞ ) = x∞ .
n→∞

Proof. Proof of Theorem 5.7 The proof is based on Banach’s Contraction Mapping Principle, see Lemma 5.13.
Consider the system U with d ∈ ℓ2 and ℓ2 -gain smaller than 1, i.e.,
T
X

k=0

∥uaj+1 (k) − ubj+1 (k)∥2 ≤

T
X

k=0

γ 2 ∥uaj (k) − ubj (k))∥2

(5.29)

with γ ∈ [0, 1), for all T ∈ Z≥0 and input signals uaj , ubj : [0, T ] → R.
Notice, that the mapping U is a contraction mapping as γ ∈ [0, 1). Exploiting
the results of Lemma 5.13 the mapping U has a fixed point u∞ two which all
solutions converge.
Substituting this fixed point for ubj in (5.29) yields
∥uaj+1 − u∞ ∥ℓ2 ([0,T ]) ≤ γ 2 ∥uaj − u∞ ∥2ℓ2 [0,T ]

(5.30)

from which it is concluded that the sequence of control inputs {uj }j∈Z≥0 converges monotonically in the ℓ2 -norm towards the fixed point u∞ completing the
proof.
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Theorem 5.8. Consider the mapping U given by (5.20) with distrubance d ∈ ℓ2
and incremental ℓ2 -gain γ, i.e.,
∥(U uaj )[0,T ] − (U ubj )[0,T ] ∥2 ≤ γ∥uaj[0,T ] − ubj[0,T ] ∥2 ,

(5.31)

for any T ∈ Z≥0 and uaj , ubj ∈ ℓ2 .
To show that the incremental ℓ2 -gain of U is independent of d, note that due
to L being a linear filter, the mapping U can be rewritten as
uj+1 = U uj = Quj + LJuj − Ld.

(5.32)

Substituting this in (5.31) yields,
∥(Quaj + LJuaj − Ld)[0,T ] − (Qubj + LJubj − Ld)[0,T ] ∥2
= ∥(Quaj + LJuaj )[0,T ] − (Qubj + LJubj )[0,T ] ∥2
≤

γ∥uaj[0,T ]

−

(5.33)

ub[0,T ] ∥2 ,

illustrating that the incremental ℓ2 -gain of U is independent of d, this completes
the proof.
Consider a mapping U with the incremental ℓ2 -gain smaller or equal to γ1 ,
i.e., there exists a storage function S1 such that
S1 (xa (T ), xb (T )) − S1 (xa (0), xb (0) ≤
T

1X 2 a
γ1 ∥uj (k) − ubj (k))∥2 − ∥uaj+1 (k) − ubj+1 (k)∥2
2

(5.34)

k=0

For all T ∈ Z≥0 and for all pairs of input functions uaj , ubj : [0, T ] → R, with
resulting pairs control inputs for iteration j + 1, uaj+1 , ubj+1 : [0, T ] → R.
Moreover, consider the system U (d2 , 0) with incremental ℓ2 -gain smaller or
equal to γ2 , i.e., there exists a storage function S2 such that
S2 (x̄a (T ), x̄b (T )) − S2 (x̄a (0), x̄b (0) ≤
T

1X 2 a
γ2 ∥ūj (k) − ūbj (k))∥2 − ∥ūaj+1 (k) − ūbj+1 (k)∥2
2

(5.35)

k=0

For all T ∈ Z≥0 and for all pairs of input functions ūaj , ubj : [0, T ] → R and
all pairs of initial state conditions x̄a (0), xb (0) ∈ Rnx , with resulting pairs of
state trajectories x̄a , x̄b : [0, T ] → Rnx and control inputs for iteration j + 1 ,
ūaj+1 , ūbj+1 : [0, T ] → R.
Next, it is proven that the storage function S1 is also a storage function that
guarantees that the incremental ℓ2 -gain of the system U (d2 , 0) is smaller or equal
to γ1 , i.e., γ2 ≤ γ1 .
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Notice that because of the linear filter L the incremental ℓ2 -gain of the systems U (0, d˜1 ) and U (0, d˜1 + ∆12 ), with d˜1 = L(d1 ) and ∆12 = L(d2 ) − L(d1 ),
are equal to the incremental ℓ2 -gains of the mappings U (d1 , 0) and U (d2 , 0),
respectively.
Now consider an initial state xc (0) ∈ Rnx of the system U (0, d˜1 ) and apply
an input signal uaj : Z≥0 → R resulting in the state trajectory xc : Z≥0 → R and
control input of trial j + 1 denoted by ucj+1 . Applying an identical initial state
and input signal to the system U (0, d˜1 + ∆12 ), i.e., x̄c (0) = xc (0) and ūaj = ucj .
This results in the state trajectory x̄c (k) = xc (k) and control input of trial j + 1
denoted by ūcj+1 (k) = ucj+1 (k) + ∆12 (k), for all k ∈ Z≥0 .
Next, substitute these results in (5.34), yielding
S1 (x̄a (T ), x̄b (T )) − S1 (x̄a (0), x̄b (0) ≤
T

1X 2 a
γ1 ∥ūj (k) − ūbj (k))∥2
2
k=0

− ∥ūaj+1 (k) − ∆12 (k) − ubj+1 (k) + ∆12 (k)∥2

(5.36)

T

1X 2 a
γ1 ∥ūj (k) − ūbj (k))∥2 − ∥ūaj+1 (k) − ubj+1 (k)∥2
2
k=0

From which it is concluded that the incremental ℓ2 gain γ2 ≤ γ1 .
Similarly it can be proven that γ1 ≤ γ2 which leads to the results that
γ1 = γ2 , completing the proof.
Proof of Theorem 5.11. Exploiting the results of Theorem 5.7 and 5.8 it is sufficient to show that the system (5.21) has incremental ℓ2 -gain smaller than 1.
To show this, it is necessary to show that the storage function S satisfies
(5.23) and (5.24) are satisfied.
Nonnegative To show that (5.23) is satisfied pre- and postmultiply (5.26a)



⊤
with xa xb and (xa )⊤ (xb )⊤ , respectively. This gives
 a
x

 a


x
xb Pij b − xa
x

 a
 ⊤
x
xb Eij
Wij Eij b > 0,
x

(5.37)

for all i, j ∈ {1, 2}. Since, Wij is composed out of nonnegative elements this set
of inequalities is equivalent to
 a
 a

x
x xb Pij b ≥ 0, if E i xa ≥ 0, E j xb > 0
(5.38)
x

for all i, j ∈ {1, 2}. This shows that the function (5.25) satisfies (5.23).
Incremental ℓ2 -gain Note that due to the system (5.21) being time-invariant
it is sufficient to show that (5.24) is satisfied for T = 1. To show that
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(5.24) is satisfied, pre- and postmultiply (5.26b) with xa xb ua ub and
 a ⊤
⊤
(x )
(xb )⊤ (ua )⊤ (ub )⊤ , respectively. Exploiting the system relations
(5.21) and the fact that Uijkl and Vijkl consist out of only nonnegative entries
yields
i⊤ h a
i h a i⊤ h a i
h a
x (k)
x (k + 1)
x (k + 1)
x (k)
− xb (k) Pij xb (k) +
P
b
b
kl
x (k + 1)
x (k + 1)
(5.39)
h a
i h a
i
h a
i⊤ h a i
uj+1 (k) ⊤
uj+1 (k)
uj (k)
uj (k)
T
−
γ
<
0
T
b
b
b
b
u
(k)
u
(k)
u (k)
u (k + 1)
j+1

a

j+1

b

j

j

a

if E i x (k) ≥ 0, E i x (k) ≥ 0, E k x (k + 1) ≥ 0, and E l xb (k + 1) ≥ 0, for all
i, j, k, l ∈ {1, 2}. Rewriting this gives
S(xa (k + 1), xb (k + 1)) − S(xa (k), xb (k)) <

γ 2 ∥uaj (k) − ubj (k)∥2 − ∥uaj+1 (k) − ubj+1 (k)∥2

Substituting k = 0 in this inequality completes the proof.

(5.40)

CHAPTER
Compensating Commutation-Angle Domain
Disturbances with Application to Waveform
Optimization for Piezo Stepper Actuators 1

Abstract: Piezo stepper actuators are very promising for nanopositioning
systems due to their high resolution, high stiffness, fast response, and the
ability to position a mover over an infinite stroke by means of motion
reminiscent of walking. The aim of this chapter is to enhance the waveforms
for actuating piezo steppers, by actively compensating for repetitive
disturbances that are introduced by the walking behaviour. The key challenge
is to address repeating disturbances in the step domain, which may be varying
in the time domain if the velocity varies. A new step-domain iterative learning
control procedure is presented that computes a signal in the step domain that
compensates for the repetitive disturbances. The results from this procedure
are exploited to determine an optimal waveform for the working range of the
actuator. A significant improvement in performance is achieved after applying
this waveform to a piezo stepper actuator.

1 The results in this chapter consitute Contribution C5 of this Thesis. The chapter is based
on Strijbosch, N., Aarnoudse, L., Tacx, P., Verschueren, E., and Oomen, T. (2021a). Compensating Commutation-Angle Domain Disturbances with Application to Waveform Optimization
for Piezo Stepper Actuators. in preperation for journal submission, related preliminary results
are reported in Aarnoudse et al. (2020); Strijbosch et al. (2019b).

130

Chapter 6. Compensating Commutation-Angle Domain Disturbances

Piezo actuators are an very promising option for high precision motion systems, even when long-stroke actuation is required that is enabled in the form
of ”walking”. Applications such as nano-motion stages (Merry et al., 2011)
and scanning probe microscopy (Den Heijer et al., 2014), require actuators with
high accuracy, high stiffness, fast response, and a large stroke. Individual piezoelectric elements meet the high accuracy, high stiffness and fast response time
requirements, albeit with a limited stroke. Piezo stepper actuators can meet
the additional requirement of a large stroke which is enabled by a motion that
resembles walking. There are various ways to implement this walking motion,
for example by walking drives (Shamoto and Moriwaki, 1997) or bi-morph legs
(Uzunovic et al., 2014).
The walking behaviour is achieved through waveforms, which define the input
to the individual piezo elements as a function of the commutation angle, α, see,
e.g., Kusakawa et al. (2004). A full step of the piezo stepper actuator is defined
on the interval α ∈ [0, 2π) and extends periodically. The control input is given
by the step frequency fα , in steps per second, and leads through integration to
the commutation angle dictating the walking behaviour.
During the walking motion of a piezo stepper actuator, engagement and
release between the piezo elements and the mover can lead to repeating disturbances. Experiments reveal that these disturbances are highly reproducible with
respect to the commutation angle. Piezo stepper actuators typically operate with
a varying velocity hence these periodic disturbances in the commutation angle
domain lead to an error in the temporal domain which is typically not periodic.
The design of the input waveforms is essential to achieve high performance. In
Jiang et al. (2000) a procedure is outlined to optimize the waveform to obtain the
highest possible speed with a piezo stepper actuator. In Merry et al. (2011), both
model-based and data-based optimization algorithms are introduced that minimize the velocity error when applying a constant drive frequency. Both methods
will result in an optimal waveform for a specific velocity, without guarantees for
other velocities. Besides this, these methods do not exploit the reproducibility
of the disturbances.
Several iterative learning control approaches outside the temporal domain
have been developed, see, e.g., Hoelzle and Barton (2015); Kong et al. (2015);
Mooren et al. (2020). In Hoelzle and Barton (2015) the temporal dynamics are
ignored to obtain a static system in the time domain, which is exploited in a
2D spatial ILC approach. This method is developed for additive manufacturing
systems where the output of the system can be measured at a fixed number
equidistantly spread discrete points in the spatial domain. However, for piezo
steppers the value of the commutation angle can be any value in a continuous
interval. Moreover, in Kong et al. (2015) an ILC approach is developed that
indexes previous iterations of a bipedal walking robot by a phase variable reminiscent of the commutation angle of a piezo stepper actuator. This method
assumes that in the limit stable periodic walking is obtained with an unknown

6.1 Problem formulation
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period time. For piezo stepper actuators, this assumption is not valid as the
input drive frequency could lead to various velocities, i.e., varying period times.
In Mooren et al. (2020), a repetitive control approach is developed to compensate for disturbances in the position domain, this approach exploits Gaussian
processes that interpolate between the non-equidistantly sampled data. Due to
the heavy computational load required to compute the Gaussian processes posterior distribution, these cannot directly be exploited to enhance the waveforms
for piezo stepper actuators.
Although several waveform optimization techniques have been developed,
there does not exist a procedure that exploits the reproducible disturbances
in the commutation angle domain. Consequently, for each of these methods
an error will remain that can be compensated for through learning. The aim
of this chapter is to develop an data driven optimization approach to enhance
piezo stepper waveforms. Through learning from error data of past step cycles a
waveform parametrized by only a few parameters is determined that compensates
for all disturbances related to the walking behaviour.
The main contribution of this chapter is a computationally tractable waveform optimization procedure that exploits past error data to compensate for repeating disturbances in the commutation angle domain. This is achieved through
the following steps.
S1 A disturbance analysis revealing that the disturbances that effect a piezo
stepper are highly reproducible in the commutation angle domain, Section
6.2.
S2 A waveform optimization algorithm that mitigates the reproducible part
of these disturbances by iteratively updating the waveforms while allowing
for a varying step frequency, see Section 6.3.
S3 The framework is implemented on a piezo stepper actuator, Section 6.4.

6.1

Problem formulation

6.1.1

Piezo stepper actuators

Piezo stepper actuators consist of a combination of piezoelectric elements in
varying configurations that propel a mover, see, e.g., Shamoto and Moriwaki
(1997); Uzunovic et al. (2014). The piezo stepper actuator considered in this
chapter is depicted in Figure 6.1, in which the piezoelectric elements are configured as schematically depicted in Figure 6.2. This piezo stepper consists of two
groups of piezo elements, each containing a longitudinal element that can extend
perpendicular to the mover, and three shears that can extend in the direction
of the movement. When the longitudinal element of a group is extended, the
corresponding shear elements are in contact with the mover, thereby dictating
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Parallel Guide

Mover Actuator
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Encoder

Figure 6.1. Experimental setup with piezoelectric actuator.

the position of the mover. Alternating between the two piezo groups results in
a walking motion, which leads to an unlimited stroke of the mover.
To achieve the walking behaviour a set of waveforms define the relationship between the inputs of the individual piezo elements. The design of these
waveforms is crucial to achieving high performance motion. The waveforms are
mappings from the commutation angle α ∈ R to the input voltages for the longitudinal piezo elements c1 , c2 , and shear piezo elements s1 and s2 . The waveforms
are defined on the interval α ∈ [0, 2π), and extend periodically. A full cycle from
α = 0 to α = 2π corresponds to a step of the first piezo group followed by a step
from the second piezo group.
The waveforms are implemented as in Figure 6.3, where the output y [m] is
the position of the mover and the input fα [Hz] is the step frequency, defined as
the number of step cycles of the piezo stepper actuator in each time-unit. The
commutation angle α [rad] is defined as
α(t) = 2π

Z

t

fα (τ ) dτ.

(6.1)

0

The commutation angle α [rad] for a given step frequency signal fα [Hz] is
presented in Figure 6.5.

6.1.2

Waveform design

A typical waveform design is given in Figure 6.4. This set of waveforms is
designed to obtain a linear relation between the commutation angle α [rad] and
the position y [m], i.e.,
y(t) = κα(t) = κ2π

Z

0

t

fα (τ ) dτ,

(6.2)
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A

C

B

D

Figure 6.2. Schematic representation of piezostepper actuator in each of the
4 phases of a stepping motion. The different piezo elements are: longitudinal
); longitudinal piezo of group 2 (
); shear piezo of group
piezo of group 1 (
1(
); shear piezo of group 2 (
).
c1
fα

Rα

2π

c2

dt
yj

s1
s2

dα

uj
Figure 6.3. Open-loop implementation of waveforms to actuate the piezo
stepper actuator. From the input fα (step frequency) to the output yj (Mover
position).

where the constant κ [m/rad] is the desired step size. To achieve this the waveforms for the longitudinal piezo elements are designed to obtain 4 distinct phases.
A) Shear piezoelements of group 1 in contact with the mover, shear piezolements of group 2 not in contact with the mover.
B) Transition phase.
C) Shear piezoelements of group 1 not in contact with the mover, shear
piezolements of group 2 in contact with the mover.
D) Transition phase.
The waveform design for the shearing piezo elements exploits these phases to
propel the mover forward. In the phases where the shearing piezo elements
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Figure 6.4. Top: waveforms applied to clamping piezo elements, c1 (α) ( ),
c2 (α) ( ).
Bottom: waveforms applied to shear piezo elements, s1 (α) ( ), s2 (α) ( ).
Interval A indicates the interval where the clamp piezo elements of group 2 is
fully extended and the shears of group 1 are not in contact with the mover.
Interval C indicates the interval where the clamp piezo elements of group 1 is
fully extended and the shears of group 2 are not in contact with the mover.
Interval B and D indicate the transition intervals.

of a group are in contact with the mover, these elements are moving in the
direction of the mover. The phase where the shearing piezo elements are not
in contact with the mover is exploited to reset these elements, i.e., move in the
opposite direction of the mover. This waveform design is based on a model of
the piezoelectric shear elements given by
ys (t) = cus (t),

(6.3)

where ys (t) [m] is the displacement of the shear piezo element, us (t) [V] the
voltage applied to the shear piezo element, and c [m/V] a material-dependent
constant. This model results in the waveforms depicted in Figure 6.4. The
desired behaviour for the position y and ẏ is depicted in Figure 6.5.
One of the key properties of the model (6.3) is its static behaviour, i.e., both
in the temporal and commutation angle domain the system is linear and shift
invariant.
Piezoelectric elements are well known to suffer from hysteresis and creep
effects however these effects are neglected in (6.3). These effects are well understood in literature and can be compensated for, see, e.g., Strijbosch et al.
(2022c), to obtain the relation (6.3).
Assumption 6.1. It is assumed that hysteresis, creep and possible drift effects
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Figure 6.5. Desired commutation angle α(t), position y(t), and velocity ẏ(t)
when applying the input signal fα (t) to a piezo stepper actuator.

are appropriately addressed. This enables the use of the piezo electric model
(6.3).

6.1.3

Disturbances

Disturbances are inevitable in an experimental setting. These disturbances could
have different sources. For example, a longitudinal piezo element that is not perfectly perpendicular to the mover can cause a disturbance force in the direction
of the movement. Besides this, contact dynamics can influence the position when
the shear elements come in contact with the mover (Van Brussel et al., 2003).
Variations in the properties of the piezo elements can cause differences in the
velocity of the piezo elements. Moreover, sensor noise influences the measured
position.
These disturbances can be modelled by two lumped disturbances dα (α) and
dt (t). The disturbance dα captures all disturbances that can directly be related
to the commutation angle, all other disturbances are captured by dt . Throughout
this chapter, it is assumed that the following hypothesis is valid,
Assumption 6.2. The disturbance dα is dominant compared to the disturbance
dt , i.e., ∥dα ∥ ≫ ∥dt ∥.
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Assumption 6.2 allows to write the position of the mover, as
y(t) = κα(t) + dα (α(t)).

6.1.4

(6.4)

Problem formulation

The aim of this chapter is to enhance the waveforms by including compensation for the disturbance dα . To achieve this, a learning algorithm based on
past, commutation-domain, error signals is employed. Due to the reproducible
nature of the disturbances present in a piezo stepper actuator this learning algorithm enhances the waveforms to compensate for reproducible disturbances in
the commutation angle domain this approach includes:
• modelling the piezo stepper in the commutation angle domain,
• dealing with non-equidistant sampling in the commutation angle domain,
and
• translating the result into an optimized waveform.

6.2

Disturbance analysis

In this section, the validity of Assumption 6.2 is experimentally investigated.
A set of experiments is performed on a piezo stepper actuator to identify the
disturbances dα and dt . During these experiments, a piezo stepper actuator with
a configuration as in Figure 6.6 is used. The following experiment is performed.
Definition 6.3 (Open-loop walking experiment). A signal fα (t) is applied to
the open-loop control configuration as depicted in Figure 6.3. The displacement
of the mover is measured.
This experiment is repeated for a wide variety of input signals fα (t). The
error e(t) = yd (t) − y(t) are evaluated both in the temporal domain and in the
α-domain, see Figure 6.6. When evaluating the error in the α-domain a clear
correlation between the error signals is visible, see Figure 6.6 bottom. There
is no correlation between the experiments when evaluating this error in the
temporal domain, see Figure 6.6 top. From this observation, it is concluded that
Assumption 6.2 is valid. This constitutes Step S1 of this chapter.
Remark 6.4. Due to the equidistant sampling in the temporal domain, the
equidistantly sampled error signals that are mapped to the α-domain are nonequidistant in the α-domain when the step frequency varies.
This insight on the reproducibility of the disturbance in the commutation angle domain is exploited in the next section to determine a data-driven waveform
optimization algorithm that takes these disturbances into account.
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Figure 6.6. Disturbances for a piezo stepper
√ during open-loop walking with
step frequencies 1 Hz ( ), π Hz ( ), 2 6 Hz ( ) and 8 Hz ( ). The
sampling instances are indicated by dots (•). In the temporal domain (top) the
sampling is equidistant (see zoom plot) but the disturbance is not repeating
for different step frequencies. In the α-domain (bottom) the disturbances are
highly reproducible however the sampling instances vary depending on the step
frequency.

6.3

Waveform optimization

In this section, a waveform optimization procedure is developed that can compensate for disturbances that are reproducible in the commutation angle domain.
The key idea of this procedure is to exploit the error at trial j, i.e., ej , to determine a correction for the waveforms, uj+1 , to compensate for this error in
the next iteration, see Figure 6.3. To determine a continuous signal uj+1 , the
non equidistantly sampled measurements of the error ēj are projected on a set of
continuous basis functions. Before going into the details, the resulting procedure
is summarized. In the forthcoming sections, all steps are detailed and proved.
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Procedure 6.5 (Iterative waveform optimization).
1. Perform an experiment j with shearing waveforms s1,j and s2,j and collect the
sampled measurement data ēj (ᾱ), ᾱ = {ᾱ1 , ᾱ2 , ..., ᾱN }.
2. Reconstruct the continuous signal ej (α) α ∈ [0, 2π).
3. Determine an input uj+1 (α), α ∈ [0, 2π) for the shearing piezoelements, s1 and
s2 , that aims to mitigate the error ej (α).
4. From the input uj+1 construct updated waveforms s1,j+1 and s2,j+1 .
5. Increase j + 1 and repeat from step 1 with the updated waveforms.

In this section Steps, 2, 3 and 4 of Procedure 6.5 are developed. First,
a set of assumptions is imposed. Next, the waveform update law for the input
uj+1 is introduced, i.e., Step 3, including conditions that guarantee convergence.
A projection-based algorithm is introduced to reconstruct the continuous error
signal from its available intermittently sampled version, i.e., Step 2. Finally, a
procedure is outlined that constructs updated waveforms s1,j+1 and s2,j+1 from
the input uj+1 , i.e., Step 4.

6.3.1

Assumptions

First, a set of assumptions is imposed.
Assumption 6.6. The position yj (0) is identical for each experiment.
This ensures that each experiment starts from identical conditions.
Assumption 6.7. Each trial is of constant length in the commutation angle
domain, i.e., αj ∈ [0, 2π).

This ensures that all experiments have the complete information of the disturbance.

Assumption 6.8. The disturbances affecting the system are trial-invariant in
the commutation angle domain.
This enables to iteratively learn a signal that compensates for this disturbance. This set of assumptions is reminiscent to the standard assumptions imposed in iterative learning control, where compensationg signals are computed
for systems that perform repetitive task in the temporal domain. Assumption 6.6 is equivalent to the standard equivalent initial condition assumption in
traditional ILC. Assumption 6.7 is an adaptation of the constant time length
assumption in traditional ILC. Note that Assumption 6.7 could lead to experiments with varying time lengths since varying step frequencies lead to varying
time lengths to complete a full step. Assumption 6.8 is the equivalent condition to the assumption of trial invariant disturbances in the temporal domain in
traditional ILC.

6.3 Waveform optimization

6.3.2
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Learning Update

Next, a learning update is introduced. To this end, it is assumed that Step 2
and Step 4 are performed correctly.
First, an additional input to the shearing piezo elements is introduced, uj
in Figure 6.3. This additional input signal can be exploited to compensate for
the observed disturbances. Exploiting the model of the shearing piezo elements,
(6.3) the model of the piezo stepper (6.4) is extended to
yj (t) = κα(t) + dα (α(t)) + cuj (α(t)).

(6.5)

The linear relation between the input uj and the output in the temporal
domain, as in (6.3), enables a simple conversion of this model to the commutation
angle domain given by the following
yj (α) = κα + dα (α) + cuj (α).

(6.6)

The error in the commutation angle domain is now defined as
ej (α) = yd (α) − yj (α) = cuj (α) − dˆα (α),

(6.7)

with dˆα (α) = yd (α) − κα − d(α) a lumped disturbance in the commutation angle
domain. The goal of the waveform optimization algorithm is to minimize this
error, i.e., determine uj (α) such that it perfectly compensates the disturbance
dˆα (α).
The following update law is introduced to update the input uj ,
uj+1 (α) = uj (α) + γej (α),

(6.8)

with the gain γ ∈ R. The design problem now boils down to selecting a γ ∈ R
such that the sequence of errors {ej }j∈Z≥0 converges to a unique and small e∞ .
Remark 6.9. The update law (6.8) is reminiscent of a P -type ILC update law
(Bristow et al., 2006). Since the behaviour of a piezo stepper actuator (6.2) can
be modelled by a gain, P-type ILC is equivalent to inverse model ILC.
Substituting (6.7) into (6.8) yields the following closed-loop trial domain
dynamics of sequence of input signals {fj }j∈Z≥0 .
uj+1 (α) = (1 − γc)uj (α) − γ dˆα (α)).

(6.9)

The iteration domain dynamics lead to the following convergence results.
Theorem 6.10. Consider system (6.7) satisfying Assumptions 6.6-6.8 and update law (6.8). Then the sequence of input signals {uj }j∈Z≥0 converges monotonically to a unique u∞ (α) = 1c dˆα (α) if and only if 0 < γ < 2c . Moreover,
e∞ (α) = 0.
This result leads to a straightforward design of the update law (6.8) when
an approximation of c is available.

140

6.3.3

Chapter 6. Compensating Commutation-Angle Domain Disturbances

Signal parametrization

The learning update (6.8) hinges upon the availability of continuous signals,
besides the required continuous-time error signal, the control input uj is also
defined as a continuous signal. In a digital control implementation, this is not
possible. Hence, in this section, continuous functions are introduced that approximate the required signals.
Typically the measurement signals are sampled equidistantly in the temporal
domain, i.e., a continuous-time signal y(t), t ∈ R≥0 is sampled to obtain a
discrete measurement signal yd (k), k ∈ Z≥0 as
yd (k) = y(kh)

(6.10)

with h ∈ R>0 the sampling time. When allowing for varying step frequencies
this equidistant sampling in the temporal domain will lead to trial-varying nonequidistantly sampled measurement data in the commutation angle domain, see
Figure 6.6. To overcome this issue an approximation of the continuous signal
in the commutation angle domain is constructed utilizing a projection of the
available non-equidistant data points on a set of continuous basis functions. To
this end, the error signal is parameterized as follows


ej (α) = ϕ1 (α) ϕ2 (α) ... ϕm (α) θje
(6.11)

e
with m ∈ N linearly independent basis functions, the parameters θji
, i ∈
{1, 2, ..., m} define the signal.
Additionally, this parameterization enables to implement the continuous signal uj as a function that is parameterized by the continuous basis functions
ϕi , i ∈ {1, ..., m}. Since, when starting Procedure 6.5 with an input signal u0 that
 is parameterized by the basis functions ϕi , i ∈ {1, ..., m}, i.e.,
u0 (α) = ϕ1 (α) ϕ2 (α) ... ϕm (α) θ0u for some θ0u . The update law (6.8)
yields the following


u1 = ϕ1 (α) ϕ2 (α) ... ϕm (α) θ0u


+ γ ϕ1 (α) ϕ2 (α) ... ϕm (α) θ0e ,
(6.12)

 u
e
= ϕ1 (α) ϕ2 (α) ... ϕm (α) (θ0 + θ0 ).

From this it follows that all subsequent input signals generated by the the update
law (6.8) can be parameterized by the basis functions ϕi , i ∈ {1, ..., m}, i.e.,
uj (α) = ϕ1 (α) ϕ2 (α) ... ϕm (α) θju for all j ∈ Z≥0 .
To find the correct parameters θje given a first the following assumption is
imposed.
Assumption 6.11. Given dˆα and ϕi , i ∈ {1, ..., m}, then there exist a θd ∈ Rm
such that


(6.13)
dˆα (α) = ϕ1 (α) ϕ2 (α) ... ϕm (α) θd .
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Exploiting this the error ej (α) given in (6.7) can be written as


ej = c cϕ1 (α) ϕ2 (α) ... ϕm (α) θju


+ ϕ1 (α) ϕ2 (α) ... ϕm (α) θd ,


= ϕ1 (α) ϕ2 (α) ... ϕm (α) (cθju + θd ).

(6.14)

This leads to the following result.

Theorem 6.12. Consider thecontinuous error signal ej (α) as given in (6.14)
and its sampled version ēj = ej (α1 ) ej (α2 ) ... ej (αN ) with αi ∈ [0, 2π),
i ∈ {1, ..., N } the commutation angle at the N ∈ N measurement instances obtained during a walking experiment with possibly varying step frequency. Moreover, let matrix


ϕ1 (α1 ) ϕ2 (α1 ) . . . ϕm (α1 )
 ϕ1 (α2 ) ϕ2 (α2 ) . . . ϕm (α2 ) 


(6.15)
Φj =  .
.
..
..
..

 ..
.
.
.
ϕ1 (αN ) ϕ2 (αN ) . . . ϕm (αN )

Then, the continuous error signal ej can be exactly reconstructed if there are
at least m unique sampling instances αi , i.e., N ≥ m. Moreover, this exact
reconstruction is given by


ej (α) = ϕ1 (α) ϕ2 (α) ... ϕm (α) θje
(6.16)


⊤
e
e
e
θ2j
... θmj
where θje = θ1j
∈ Rm given by
−1 T
θje = ΦTj Φj
Φj ēj .
(6.17)
Proof. Consider the error signal ej (α) parameterized as


ej (α) = ϕ1 (α) ϕ2 (α) ... ϕm (α) θ̂je ,

(6.18)

then ēj is given by

ēj = Φj θ̂je .

(6.19)

Substituting this in (6.17) yields
θje = ΦTj Φj

−1

ΦTj Φj θ̂je .

(6.20)

From this it follows that if and only if the matrix ΦTj Φj is full rank, i.e.,
rank (ΦTj Φj ) = m, then θje = θ̂je . This shows that if and only if rank (ΦTj Φj ) =
rank (ΦTj ) = m an exact reconstruction of the error signal can be made. Since,
the matrix Φ is constructed from m linearly independent basis functions, the
constraint rank (Φ) = m is met if and only if there are N ≥ m measurement
instances. This completes the proof.
This property allows defining the updated waveforms directly in the parameters θju as detailed in the next section.
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Figure 6.7. Periodic extension of the basis function (6.21).

6.3.4

Waveform update

The signal following from the learning update, uj (α), can be exploited to update
the waveforms for the shearing piezo elements, s1 (α) and s2 (α). The main
constraint for the waveforms s1 (α) and s2 (α) is periodicity with a period of 2π,
to achieve periodic walking.
However, the basis functions ϕi are possibly non-periodic. An example of
basis function that is non-periodic with a period of 2π is an affine function, i.e.,
ϕ(α) = α, α ∈ [0, 2π).

(6.21)

This basis function could be exploited when effects of drift are still visible in
the error. The periodic extension of the basis function leads to a discontinuous
signal, see Figure 6.7. Other types of non-periodic basis functions are radial
basis functions, see, e.g., Aarnoudse et al. (2020).
An example of a basis function that is periodic with 2π is
ϕ(α) = sin(α).

(6.22)

Exploiting this basis function in combination with its higher harmonics, i.e.,
sin(iπ), iN, and their counterparts cos(iπ), i ∈ N enables to capture all periodic
disturbances with a period of 2π.
Due to the periodicity constraint of the waveforms, first the set of basis
u
functions ϕi and corresponding θj+1
, i ∈ {1, ..., m} are divided into functions
that are periodic with respect to the commutation angle with period 2π given by
ϕpi (α), i ∈ {1, ..., mp } and functions that are non-periodic, ϕnp
j (α) j ∈ {1, ..., m−
mp }, such that uj+1 (α) is given by
 p

uj+1 (α) = ϕp1 (α) ... ϕp2 (α) θj+1
(6.23)
 np
 np
... ϕnp
+ ϕ1
m−mp θj+1

The interval where a shear group is not in contact with the mover can be
exploited to transform the non-periodic functions ϕnp
j (α) into a continuous periodic signal, δs1,i and δs2,i , for shear group 1 and shear group 2, respectively.
In the regions where each of the shear groups are in contact with the mover, the
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signals δ1,i and δ2,i should satisfy,
∂δ1,i (α)
∂ϕnp
i (α)
=
,
∂α
∂α

(6.24)

∂δ2,i (α)
∂ϕnp
i (α)
=
.
(6.25)
∂α
∂α
The regions where a shear group is not in contact with the mover can be exploited to retract the shear such that a continuous waveform is obtained, i.e, the
following should be satisfied,
δ1,i (0) = δ1,i (2π),

δ2,i (0) = δ2,i (2π), i, {1, 2}

(6.26)

For the non-periodic basis function (6.21) this leads to the functions δ1 (α) and
δ2 (α) as depicted in Figure 6.8.
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Figure 6.8. Functions δ1 (α) ( ) and δ2 (α) ( ) corresponding to the non
periodic basis function (6.21). The discontinuous periodic extension of (6.21) is
given by ( ).

Exploiting this procedure for all non-periodic basis functions allows for a
p
np
direct parameterization of the waveforms in terms of θj+1
and θj+1
given by
s1,j+1 (α) = s1 (α) +

mp
X

m−mp
p
θi,j+1
ϕpi (α)

+

i=1

mp

s2,j+1 (α) = s2 (α) +

X

p
θi,j+1
ϕpi (α) +

i=1

X

np
θi,j+1
δ1,i (α)

j=1

(6.27)

m−mp

X

np
θi,j+1
δ2,i (α).

j=1

This completes Step 4 of Procedure 6.5, which is applied to an experimental
setup in the next section.

6.4

Experimental results

In this section, the developed waveform optimization framework, i.e., Procedure
6.5, is applied to an experimental piezo stepper actuator.
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Experimental setup

The experimental setup used in this section is depicted in Figure 6.1. The piezo
configuration of the piezo stepper actuator used in this setup is depicted in
Figure 6.2. The piezoelectric material used in this actuator is lead zirconate
titanate (PZT). The input to the actuator is a voltage in the range [−250, 250]
V. The piezoelectric actuator is connected to a mover, which is connected to
a parallel guide within a frame. The position of the mover is measured by a
sincos encoder with a period length of 0.5 · 10−6 m, and a 16-bit digital-analog
converter.

6.4.2

Basis function selection

The basis functions are selected based on the structure of the errors as observed
in Figure 6.6. In Figure 6.6 mainly a periodic component, with a fundamental
harmonic with a period of 2π, is observed. A set of basis functions is chosen
that can capture the first 20 harmonics of this disturbance, i.e.,
ϕpi (α) = sin(iα),

ϕpM +i (α) = cos(iα)

(6.28)

i ∈ {1, ...., M }, with M = 20.

6.4.3

Experimental results

Procedure 6.5 is applied to the experimental setup depicted in Figure 6.1 using the set of basis functions (6.28). The desired linear relation between the
commutation angle α and the mover position is described by the reference
yd (α) = 3 · 10−7 α. The step frequencies used are ranging between 1 − 8 hz.
In Figure Figure 6.9 the root mean square (RMS) of the error signals, i.e.,
PNj
ej (ᾱk )2 is given. From this figure it can be observed that
RMS(ej ) = N1j k=1
the RMS value converges to a bounded region. The remaining error is caused by
trial varying disturbances that cannot be compensated for by a new waveform
design. The value of the RMS is reduced up to 100 times. The error signal for
several iterations is given in Figure Figure 6.10. From this figure it is observed
that a significant performance improvement is obtained with respect to the error observed at iteration j = 0. The enhanced waveforms which are obtained at
iteration j = 20 are depicted in Figure Figure 6.11.
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Figure 6.11. Enhanced waveforms obtained at iteration j = 20. Regions
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Conclusion

The presented framework can perfectly compensate alpha-domain disturbances
for systems with static dynamics. This approach is very succesfully applied to
piezo stepper actuators that exhibit disturbances introduced by the walking behaviour in the commutation angle domain. Also, other applications may benefit
from this approach, including permanent magnet motors with cogging. The presented framework is capable of fully mitigating repeatable disturbances in the
α-domain for a piezo stepper actuator while coping with iteration-varying and
non-equidistant measurement and actuation points. Basis functions are used
to parameterize the input and error signals and obtain continuous descriptions.
These continuous descriptions are used in an update law. Compensation of the
α-domain repeating disturbances for a piezo stepper actuator during walking
experiments result in a linear relation between commutation angle and mover
position. This improves the positioning accuracy and reduces the complexity of
closed-loop control in an industrial setting.

CHAPTER
Memory-Element Based Hysteresis:
Identification and Compensation of a
Piezoelectric Actuator 1

Abstract: Hysteresis phenomena can significantly deteriorate the
performance when performing servo tasks with piezoelectric actuators. The
aim of this chapter is to model this nonlinear hysteresis effect and use this
model to develop a feedforward controller that compensates for the hysteretic
behaviour. A connection is established between hysteresis models and general
memory elements. This facilitates both a straightforward identification
procedure of a hysteresis model and feedforward controller design. Both the
identification procedure and feedforward controller are implemented on a
piezoelectric actuator.

1 The

results in this chapter consitute Contribution C6 of this Thesis. The chapter is based
on Strijbosch, N., Tiels, K., and Oomen, T. (2022b). Memory-Element Based Hysteresis: Identification and Compensation of a Piezoelectric Actuator. under review for journal publication,
related preliminary results are reported in Strijbosch and Oomen (2020).
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Introduction

Feedforward control can effectively compensate for known disturbances, e.g., a
reference trajectory, before these affect the system. The feedforward controller
often consists of the inverse of an identified model of the system (Butterworth
et al., 2012; Zhong et al., 2012). For instance, in linear mechanical systems,
Newton’s law F = ma can be used as the inverse of a mass system, the parameter
m can easily be determined using a manual tuning approach, see, e.g., Oomen
(2019) for tuning guidelines, and Boeren et al. (2015) for an automated tuning
algorithm.
Feedforward is also successfully applied to compensate for nonlinear effects
such as Coulomb friction (Ruderman and Iwasaki, 2015). Interestingly, the
inverse model of Coulomb friction can be uniquely determined regardless of its
nonlinear nature. By parameterising the feedforward linear in the parameters,
it can be efficiently tuned in a user-friendly manner (Oomen, 2019).
Hysteresis can significantly deteriorate the performance, e.g., in systems that
exploit piezoelectric actuators. A wide variety of models exist to capture the
hysteretic behaviour, including the Ramberg-Osgood model (Jennings, 1963;
Ramberg and Osgood, 1943), the Maxwell-Slip model (Goldfarb and Celanovic,
1997), the Bouc-Wen model (Rakotondrabe, 2011), the Preisach model (Ge and
Jouaneh, 1995), the Coleman-Hodgdon model (Merry et al., 2009), and the
Prandtl-Ishlinskii model (Al Janaideh et al., 2009; Al Janaideh et al., 2008), see
(Hassani et al., 2014) for a comparison.
A key challenge to determine a feedforward controller to compensate for the
hysteresis phenomena is non-uniqueness. Hysteresis depends on past inputs,
hence inverting the input-output mapping cannot be done in a straight forward
manner. Nonetheless, an inverse feedforward has been developed for certain cases
of hysteresis models, including, e.g., (Al Janaideh et al., 2010; Kuhnen, 2003;
Rakotondrabe et al., 2010) for a feedforward controller based on the PrandtlIshlinskii model, and (Song et al., 2005) for a feedforward controller based on the
Preisach model. The identification procedure of both of these models consists
of finding a large number of parameters. Another solution is to approximate
the hysteresis by linear dynamics which can be inverted using existing linear
system inversion techniques (Leang et al., 2009). The linear approximation used
in this approach inherently leads to a significant modelling error of the nonlinear
hysteresis effect.
Although compensating hysteresis is well recognized to be crucial for control
performance, current methods require the complicated inversion of a nonlinear
hysteresis model and require an expensive identification procedure of a large
number of parameters to identify the model. The aim of this chapter is to exploit
the dual-pair concept (Pei et al., 2017), i.e., evaluating the derivatives of the
input and output, to connect the Ramberg-Osgood hysteresis model to memory
elements. This facilitates both a straightforward identification procedure of only

7.2 Problem formulation
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3 parameters and a straightforward inverse that can be exploited as a feedforward
controller.
The main contribution of this chapter is a feedforward controller for hysteresis
based on hybrid-MEM-elements. This is achieved through the following subcontributions.
C1 A hybrid-MEM-element is presented to model hysteresis phenomena that
can be captured by the Ramberg-Osgood model, Section 7.3.
C2 An identification procedure is introduced to identify the model parameters
by exploiting the structure of a hybrid-MEM-element, Section 7.4.
C3 A feedforward controller to compensate the hysteresis phenomena is determined, exploiting the invertibility of the hybrid-MEM-element, Section
7.5.
C4 The developed approach is successfully applied to a piezoelectric actuator
to compensate for the hysteresis phenomena, Section 7.6.

7.2

Problem formulation

7.2.1

Piezoelectric actuators

Piezoelectric actuators are well known to suffer from hysteretic phenomena.
Nonetheless, piezoelectric actuators are attractive in high precision motion systems due to their high accuracy and high stiffness properties (Moheimani and
Fleming, 2006). Piezoelectric actuators consist out of a piezoelectric material
that expands or contracts when placed inside an electric field. The internal
energy losses in the piezoelectric material cause hysteretic phenomena. These
hysteresis phenomena are a nonlocal memory-based nonlinearity. This means
that the current position not only depends on the current input voltage but
also on its history, in particular the last instance where the input direction
changed. This behaviour can have a significant effect on the tracking performance of a piezoelectric actuator and should therefore be carefully considered.
Since in many applications the desired trajectory is known, feedforward control
is a promising control technique to compensate for the hysteretic behaviour.

7.2.2

Feedforward control

The goal of feedforward control is to determine the input for a system G to
attenuate known disturbances, e.g., the prespecified desired trajectory yd when
performing a servo task. A typical control setup to perform such servo tasks is
depicted in Figure 7.1 where the feedforward controller and optional feedback
controller are denoted by F and K, respectively. The system is affected by a
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F
yd

e
−

K

uf f

v

G

y
η

Figure 7.1. Control setup to perform servo tasks.

disturbance v and measurement noise η. If all systems are linear time-invariant
(LTI), the error e is given by
e = S (1 − GF ) yd − |{z}
S v − |{z}
S η
| {z }
feedforward

feedback

(7.1)

feedback

where S = (1+GK)−1 . The goal of the feedforward controller F is to compensate
for the known disturbance yd . This is achieved by designing the feedforward
controller as F = G−1 . The goal of the feedback controller is to attenuate
unknown disturbances v, η and a possible residual from (1 − GF )yd . The result
(7.1) is still relevant for many motion systems that exhibit non-linearities, e.g.,
in case of Coulomb friction where the nonlinearity is located at the input side
(Oomen, 2019).
To determine the feedforward controller F , an approximate model of G is
identified and inverted. There exist numerous identification procedures to identify LTI systems (Ljung, 1998). Moreover, determining its inverse or an approximation of its inverse can be done analytically (van Zundert and Oomen,
2018b).

7.2.3

Problem formulation

The problem addressed in this chapter is to develop a feedforward controller
that compensates for the hysteresis. This requires an inverse of the nonlinear
hysteretic behaviour which is typically non-trivial since its history dependence
makes the inverse non-unique. The solution presented in this chapter satisfies
the following requirements:
R1 A straightforward identification of only a few parameters that describe the
hysteresis model.
R2 The feedforward controller can be determined using a straightforward inverse of the hysteresis model.
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Figure 7.2. Input u(t) given by (7.2) and corresponding output y(t). Each
color indicates one branch of the the hysteresis loop. The time instance of each
branching point is indicated by ti .

7.3

Hysteresis

In this section, the Ramberg-Osgood model, which can capture the hysteretic
behaviour in piezoelectric actuators using only a few parameters, is introduced.
Next, a general memory (MEM) element is introduced, which has favourable
properties for both identification and its inverse. Finally, it is shown, exploiting
the dual-pair concept, that the Ramberg-Osgood model in its differential form
is mathematically equivalent to a memory element.

7.3.1

Modelling hysteresis

The Ramberg-Osgood model (Jennings, 1963; Ramberg and Osgood, 1943) can
capture the hysteretic behaviour in piezoelectric actuators by only a few parameters, thereby enabling Requirement R1. The following example depicts a
numerical simulation of the Ramberg-Osgood model.
Example 7.1. Applying the input signal given by
(
250 sin (2πt)
if t ≤ 47 ,
u(t) =
125 sin (2πt) − 125 if t > 74 ,

(7.2)

leads to the signals in Figure 7.2. The corresponding hysteresis loop to this
behaviour is depicted in Figure 7.3. Each direction change of the input signal is
referred to as a branching point. Each branch between two branching points is
indicated with a unique color.
The model is dictated by an initial skeleton curve


y
u
u γ−1
=
1
+
α
,
y∗
u∗
u∗

(7.3)
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Figure 7.3. Hysteresis loop when applying input signal (7.2). Each color
indicates one branch of the the hysteresis loop. The skeleton corresponding to
this hysteric behaviour is given by the dashed black line ( ). Experimental
data from a piezoelectric actuator is given by crosses (+).

where y is the displacement and u is the input signal. The material properties
are characterized by the parameters y ∗ , u∗ ∈ R>0 , α ∈ R≥0 , and γ ∈ R>1 . This
skeleton curve is depicted by the dashed black line ( ) in Figure 7.3. After the
first branching point, the hysteretic behaviour is described by
!
γ−1
u − u(ti )
y − y [i]
u − u(ti )
=
1+α
(7.4)
2y ∗
2u∗
2u∗
where the point (y [i] , u(ti )), i ∈ N is the most recent point at which the direction
of the input has been reversed. Each point (y [i] , u(ti )), i ∈ N will be referred to
as a branching point. Since the input signal u is known, the time instance of the
branching points are exactly known.

7.3.2

General memory element

A general memory (MEM)-element, as introduced in Pei (2018), is considered
ym (t) = M (p(t))um (t)

(7.5)
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where um (t) and ym (t) are the input and output signals, respectively. Here,
M : R → R is a function of
Z t
pm (t) = pm (ti ) +
g(um (τ )) dτ, ∀t ∈ [ti , ti+1 )
(7.6)
ti

where g : R → R. The signal pm (t) represents the memory of the input, which
can be interpreted as momentum, i.e., the past input integrated over time. Following the hybrid system MEM-element definition introduced in Pei (2018), the
generalized momentum pm (t) can be reset at a time instant ti to a value depend−
ing on pm (ti ) and um (ti ), i.e., pm (ti ) = f (pm (t−
i ), um (ti )). The time instances
of the resets, ti , i ∈ N, can depend on the state and input of the system. This allows one to model a reset of the memory when the direction of the input changes,
i.e., at a branching point.
All memory elements as introduced in Di Ventra et al. (2009) can be recovered
by (7.5) by disregarding the reset, taking g(u) = u and by a suitable choice for
the input u(t) and output y(t). This is exemplified for the MEMristor, a resistor
with a memory dependent resistance, in the example below, see Table 7.1 for
other MEM-elements.
Example 7.2. A charge-controlled MEMristor is given by
V (t) = R(q(t))I(t)

(7.7)

with V Rthe voltage, I the current and R the resistance that depends on the charge
t
q(t) = 0 I(τ ) dτ . This MEMristor can be captured by the general MEM-element
(7.5) by choosing input um = I, and output ym = V . Moreover, M (p) = R(p)
with the momentum of the MEM-element given by the charge, i.e., p = q, which
can be achieved with g(um ) = um , and disregarding the resets.
Besides the electrical MEM-elements as introduced in Di Ventra et al. (2009),
also mechanical memory elements can be captured by (7.5). Consider, e.g., the
MEMdamper (Fouda et al., 2015) below.
Example 7.3. A MEMdamper is given by
v(t) = ϕ(P (t))F (t)

(7.8)

with v(t) the velocity, F (t) the applied force, the damping constant ϕ depends
Rt
on the momentum P (t) = 0 F (τ ) dτ . This MEMdamper can be captured by
the general MEM-element (7.5) by choosing input um = F , output ym = v.
Moreover, M (p) = ϕ(p) with the momentum of the MEM-element, p, given
by the momentum of the damper, P , i.e., p = P , which can be achieved with
g(um ) = um , and disregarding the resets.
In the next section, different choices are made that allow modelling of the
Ramberg-Osgood hysteresis model as a hybrid-MEM-model where resets are
taken into account.
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Table 7.1. Input and output signals for the general MEM-element (7.5) to
recover well known MEM-elements (Di Ventra et al., 2009). The current and
voltage are denoted by I and V , respectively.

Element
MEMristor
MEMcapacitor
MEMinductor

1

Input um
I
Rt
I(τ
) dτ
R 0t
V (τ ) dτ
0

Output ym
V
V
I

·10−5

ẏh

0.5

0

−0.5

−1

−1,000

0

1,000

u̇h

Figure 7.4. Differential input-output pair of Example 7.2 when applying input
signal (7.2). Each color indicates one branch of the the hysteresis loop. The
skeleton corresponding to this hysteric behaviour is given by the dashed black
line ( ).

7.3.3

Modelling hysteresis as a hybrid-MEM-element

Next, it is shown how the Ramberg-Osgood model can be written as a HybridMEM-element. This is achieved by evaluating the differential input-output pair
of the Ramberg-Osgood model, i.e., evaluating the mapping from u̇ → ẏ instead
of u → y, also referred to as the dual-pair concept (Pei et al., 2017).
One of the properties of a hybrid-MEM-element is its zero-crossing behaviour,
i.e., um = 0 if and only if ym = 0. From Figure 7.3 it is clear that the mapping
from input u to the output y of the Ramberg-Osgood model does not satisfy
this property. The differential input-output pair, i.e., the mapping from u̇ → ẏ,
does satisfy this property, see, e.g., Figure 7.4. Intuitively, this means that if
the input rate changes sign, the sign of the output rate changes.
This leads to the following result, Contribution C1.
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Theorem 7.4. Given the hysteresis model (7.4) after its first branching point
(y [1] , u[1] ) given by (7.4) with input u(t), output y(t) and parameters y ∗ , u∗ , α
and γ. Then the input-output behaviour from the time-derivative of the input,
u̇(t), to the time-derivative of the output, ẏ(t) is equivalent to the hybrid-MEMelement (7.5) with um = u̇, ym = ẏ,
p(t) = |u − u(ti )|, and

(7.9)

M (p) = c1 + c2 pc3 )

∗

(7.10)

αγ
(2u∗ )γ−1

y
u∗ , ∈

R>0 , c2 =
∈ R≥0 , and c3 = γ − 1 ∈ R>0 . In addition,
with c1 =
the momentum p(t) is given by integration of the absolute value of the input u̇
as
Z t
p(t) = p(ti ) +
|u̇(τ )| dτ
(7.11)
ti

where the momentum resets to zero at each branching point, i.e., p(ti ) = 0, where
ti corresponds to the ith branching point.

Proof. This proof consists of two steps: in the first step it is proven that the
hysteric behaviour is described by the relation
ẏ = M (|u − u(ti )|)u̇.

(7.12)

Next it is shown that with input um = u̇ and output ym = ẏ the hysteric
behaviour can be cast in the hybrid-MEM-element (7.5).
Step 1: Consider the relation between the displacement y and input voltage
u given by (7.4) with parameters y ∗ , u∗ , α and γ. First, the time derivative of
y − y [i] from (7.4) is given by
d
(y − y [i] ) =
dt
d y∗
u − u(ti )
(u − u(ti )) 1 + α
∗
dt u
2u∗
y∗
ẏ = ∗
u
+
y∗
ẏ = ∗
u

u − u(ti )
1+α
2u∗

y∗
d
(u − u(ti ))
∗
u
dt
u − u(ti )
1+α
2u∗

γ−1

γ−1

!!

!

d
(u − u(ti ))
dt
!
γ−1
u − u(ti )
1+α
2u∗

γ−1

!

u̇+

y∗
u − u(ti )
(u − u(ti )) α(γ − 1)
∗
u
2u∗

γ−2

|u − u(ti )| u̇
u − u(ti ) 2u∗
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Given that u∗ ∈ R>0 this equals,


|u − u(ti )|γ−1
y∗
u̇+
ẏ = ∗ 1 + α
u
(2u∗ )γ−1
|u − u(ti )|γ−1
y∗
α(γ − 1)
u̇
∗
u
(2u∗ )γ−1

ẏ =

y∗
u∗



1+


αγ
γ−1
|u
−
u(t
)|
u̇
i
(2u∗ )γ−1

(7.13)

This shows that the hysteresis model (7.4) after its first branching point can
∗
be rewritten in the form (7.12) with M given by (7.10), c1 = uy ∗ , c2 = (2uαγ
∗ )γ−1 ,
and c3 = γ − 1.
Step 2: From the result of step 1 it is observed that by choosing um = u̇,
ym = ẏ, and defining the functions g and f such that pm = |u − u(ti )| the
hysteresis can be captured by a hybrid-MEM-element of the form (7.5). To
achieve this define g(um ) = |um |, i.e.,
p(t) = p(ti ) +

Z

t

ti

|um (τ )| dτ = p(ti ) +

= p(ti ) + |u − u(ti )|

Z

t

ti

|u̇(τ )| dτ

(7.14)

This shows that by taking the reset instances equal to the branching instances
and p(t+
i ) = f (p(ti ), u(ti )) = 0,
p(t) = |u(t) − u(ti )|, t ∈ (ti , ti+1 ]

(7.15)

completing the proof.
The result of Theorem 7.4 is graphically represented in Figure 7.5. This
figure indicates that the gradient of the hysteresis loop is given by
∂y
ẏ
=
= M (|u − u(ti )|) = M (p)
u̇
∂u

(7.16)

with M a one-to-one mapping on the interval [0, ∞). Hence, the gradient of the
hysteresis loop uniquely depends on p(t) = |u(t) − u(ti )|. Moreover, at every
branching point the value of u(ti ) is reset to u, i.e., at each branching point ti ,
p(ti ) = |u(ti ) − u(ti )| = 0. For the input signal (7.2) this leads to the momentum
trajectory as depicted in Figure 7.5.
In the next sections, the new insights of Theorem 7.4 are exploited to simplify
the identification of the hysteresis model and determining the inverse of the
hysteresis model for a feedforward controller.

7.4 Hysteresis identification exploiting hybrid memory elements
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Figure 7.5. The gradient ∂u
= M (p(t)) with respect to p(t) = |u − u(ti )|
corresponding to the hysteresis loop depicted in Figure 7.3. To visualize the
start and end point of each line all lines have a slight offset with respect to each
other, in reality all lines perfectly overlap.

7.4

Hysteresis identification exploiting hybrid
memory elements

In this section, the result of Theorem 7.4 is exploited to introduce an identification procedure that determines the parameters of the hysteretic behaviour.
First, the identification setup is introduced, for which the parameters that appear linearly can be separated from the parameters that appear nonlinearly.
Next, the procedure to identify this type of separable nonlinear least squares
problems is outlined and exploited to develop an identification procedure for
hysteretic behaviour.

7.4.1

Hysteresis identification setup

To determine a feedforward controller for a system with hysteretic behaviour, it is
necessary to identify the mapping M (p). To this end, consider the identification
setup as depicted in Figure 7.6, where the input signal is given by the momentum
p and the output signal
∂y
ẏ
z=
= .
(7.17)
∂u
u̇
A data set (pi , zi ), i ∈ {1, ..., m}, m ∈ N can be generated for this setup by
performing an experiment by applying an input signal ui , i ∈ {1, ..., m} to a
system with hysteretic behaviour and measuring its output yi ∈ {1, ..., m}.
The undistorted output of the system ẑ is contaminated with a noise v leading
to the measurement z. Typically the position output measurement y is affected
by a noise that can be considered to be white noise, and the voltage input u is not
influenced by noise. Due to the manipulation (7.17) to obtain z the measurement
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noise present on the signal y will lead to a noise present in the signal z that is
dependent on the velocity, i.e., at low velocities the level of the noise is relatively
large compared to high velocities.
Given these signals the signals pi and zi can be constructed, using (7.9) and
(7.17), respectively. To obtain an approximation of the mapping M the aim is
to determine the parameters c1 , c2 , and c3 the residual between the model and
data set in a least-squares sense, i.e.,
arg min rM (c1 , c2 , c3 )

(7.18)

c1 ,c2 ,c3

with the residual
rM =

m
X
i=1

7.4.2

2

(zi − (c1 + c2 pci 3 )) .

(7.19)

Hysteresis identification

The parameters c1 , c2 , c3 in the residual (7.19) can be distinguished as parameters that appear linearly, i.e., c1 and c2 , and a parameter that appears
nonlinearly, i.e., c3 . Concatenating the parameters that appear linearly in a

T
vector a = c1 c2 and defining the matrix


1 pc13
c3 

(7.20)
Φ(c3 ) = 1 p2 
..
..
.
.
allows one to rewrite the residual (7.19) as

r(a, α) = ∥z − Φ(c3 )a∥22 ,

(7.21)

which is known as a separable nonlinear least square problem, and can be solved
accordingly.
Exploiting existing results for separable nonlinear least square problems, see,
e.g., Golub and Pereyra (2003), allows one to recast the identification problem of
a Ramberg-Osgood hysteresis model to finding a single parameter, c3 , followed by
an analytic solution to find the remaining parameters, constituting Contribution
C2 given as follows.
Theorem 7.5. Consider the residual (7.21), and a data set zi , pi , i ∈ {1, ..., m}
from a hysteretic element that can be described by the Ramberg-Osgood model
(7.10). The input signal pi is chosen such that Φ(c3 ) is full rank for all c3 > 0.
Then the global minimizer
c3 = arg min ∥I − Φ(c3 )Φ(c3 )† z∥2
c3

(7.22)

and corresponding a = Φ(c3 )† z leads to the global minimizer of the residual
(7.21) given by c1 = a1 , c2 = a2 , and c3 .

7.4 Hysteresis identification exploiting hybrid memory elements
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Figure 7.6. Identification setup to identify the mapping M (p).

Proof. The proof follows directly from the general result for separable least
squares as elaborated on below.
The result of Theorem 7.5 shows that given a data set zi , pi that the hysteresis
model can be identified by first solving a nonlinear optimization problem over
a single parameter, and next exploiting an analytic solution to determine a =

T
c1 c2 . This procedure is exploited in Section 7.6 to identify the hysteresis
model that captures the hysteretic behaviour of a piezoelectric actuator. The
results general separable least squares problems that are exploited to obtain
Theorem 7.5 are discussed below.

7.4.3

Separable least squares

Next, the general separable least square problems is discussed to interpret the
result of Theorem 7.5. The general form of the residual of a separable nonlinear
least square problem for a given data set (xi , yi ), i ∈ {1, ..., m} is given by

2
m
n
X
X
yi −
r(a, α) =
aj ϕj (xi , α) .
(7.23)
i=1

j=1

with unknown parameters a = (a1 , ..., an ) and α = (α1 , ..., αk ). The parameters
a appear linearly in the residual r(a, α) and the parameters α appear nonlinearly
through the functions ϕj , j ∈ 1, .., n.
The residual (7.19) can be written in the form (7.23) with a1 = c1 , a2 = c2 ,
α1 = c3 , and nonlinear functions
ϕ1 (α, i) = 1,
ϕ2 (α, i) =

1
pα
i .

(7.24a)
(7.24b)

To write the residual (7.23) in matrix notation define the matrix Φ ∈ Rm×n
with elements ϕi,j given by
ϕi,j (α) = ϕj (ti , α).

(7.25)

r(a, α) = ∥y − Φ(α)a∥22 .

(7.26)

leading to the residual
The following is assumed.
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Assumption 7.6. The matrix Φ(α) has constant rank r ≤ min(m, n) for α ∈
Ωα ⊂ Rk , Ωα the set of possible values for α.
To solve the optimization problem (7.18), consider the residual (7.23) with
fixed parameter vector α = α̂ with α̂ ∈ Ωα , i.e.,
rα̂ (a) = r(a, α̂).

(7.27)

Notice that finding the parameter vector a that minimizes the residual rα̂ is a
linear optimization problem. Hence, the optimal a is given by the Moore-Penrose
inverse, i.e.,
â = (Φ(α̂)T Φ(α̂))−1 ΦT (α̂)y.
(7.28)
The optimal solution â that minimizes rα̂ is substituted in (7.26), i.e.,
r2 (α̂) = ∥(I − Φ(α̂)Φ† (α̂))y∥22 .

(7.29)

which solely depends on the parameter α̂.
The following relation exists between r(a, α) and r2 (α).
Lemma 7.7. Consider the residual r(a, α) of the form (7.23) and its corresponding r2 (α) as defined by (7.29), and assume Assumption 7.6 is satisfied.
Then
1. If α̂ is a global minimizer in Ωα of r2 , and
â = Φ† (α̂)y,

(7.30)

then (â, α̂) is a global minimizer of r(a, α) and r(â, α̂) = r2 (α̂).
2. If (â, α̂) is a global minimizer of r(a, α), then α̂ is a global minimizer of
r2 (α) and r(â, α̂) = r2 (α̂). Furthermore, if there is a unique â among the
minimizing pairs of r(a, α), then α̂ must satisfy (7.30).
For a detailed proof see (Golub and Pereyra, 2003).
This result is exploited to recast the optimization problem (7.18) into a nonlinear optimization problem with only a single parameter as given by Theorem
7.5.

7.4.4

Experimental implementation considerations

When exploiting the result of Theorem 7.5 on an experimental setup, both the
excitation signal design and measurement noise should be carefully considered.
First, it is necessary to design the input signal ui such that the matrix Φ(c3 )
is full rank for each c3 > 0 to satisfy Assumption 7.6. To achieve this it is
sufficient to have two data points pi which satsify pi ̸= pj , i, j ∈ {1, ...m}. This
is achieved by any signal ui that is not constant.
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Moreover, as mentioned before due to the presence of measurement noise the
signal to noise ratio of the signal z = u̇ẏ can become poor at low velocities, i.e.,
close to the branching points. Hence, only the measurement points zi with a
sufficiently large signal to noise ratio should be considered in the residual r. A
user-chosen threshold on the signal-to-noise ratio determines which data points
are considered in the residual.

7.5

Hysteresis compensation exploiting
hybrid-MEM-elements

In this section, the result of Theorem 7.4 is exploited to determine a feedforward controller to compensate for hysteretic behaviour. First, the feedforward
controller for a general hybrid-MEM-element (7.31) is derived. Next, this result
is exploited to determine a feedforward controller to compensate for hysteretic
phenomena.

7.5.1

Feedforward Control for hybrid-MEM-elements

The goal of the feedforward controller is to determine a control input, f , such
that the corresponding output of the system is identical to a desired output trajectory yd (t), i.e., y(t) = yd (t), for all t ∈ R≥0 . The structure of a hybrid-MEMelement enables to determine the inverse system by exploiting the multiplicative
1
inverse of the mapping M , i.e., M
. This leads to the feedforward controller given
by the following result, constituting Contribution C3.
Theorem 7.8. Given a MEM-element of the form (7.5) with input signal u(t)
and output y(t). Moreover, consider the feedforward controller
f (t) =

1
ymd (t)
M (pmf f (t))

(7.31)

where the momentum p(t) is the solution of

ṗmf f (t) = g M (pmf f (t))−1 ymd (t) ∀t ∈ [ti , ti+1 )

(7.32)

−
with pmf f (t1 ) = pm (t1 ), and pmf f (ti ) = f (pmf f (t−
i ), f (ti )), where ti , i ∈
−
[2, 3, ...] are the reset instances, and pmf f (t−
i ) := lims↑ti pmf f (s), f (ti ) :=
lims↑ti f (s). For any desired output trajectory ymd (t), the input signal f (t) generated by (7.31), applied to the MEM-element (7.5), leads to an output trajectory
satisfying ym (t) = ymd (t) for all t ∈ R≥0 .

Proof. This proof consists of two steps: in the first step it is proven that the
momentum of the MEM-element (7.5) satisfies
pm (t) = pmf f (t), ∀t ∈ R≥0 .

(7.33)
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when applying the input signal (7.31). In the second step, it is shown that
applying the feedforward signal f as input to the MEM-element (7.5) leads to
the output trajectory satisfying
ym (t) = ymd (t), ∀t ∈ R≥0 .

(7.34)

Step 1: To show that (7.33) holds, consider the time derivative of (7.6),
ṗ(t) = g(um (t)), ∀t ∈ [ti , ti+1 )

(7.35)

−
with pm (ti ) = f (pm (t−
i ), um (ti )). Substitution of um (t) = f (t), with f (t) given
by (7.31), leads to

ṗ(t) = g(M (pmf f (t))−1 ymd (t)), ∀t ∈ [ti , ti+1 ).

(7.36)

The right hand side of this equation is equivalent to ṗmf f given by (7.32). Hence,
solving this equation starting from t1 = 0 with pm (t1 ) = pmf f (t1 ) leads to
pm (t) = pmf f (t), t ∈ [t1 , t2 ).

(7.37)

At t2 the value of both pm and ṗmf f are reset to
−
pmf f (t2 ) = f (pmf f (t−
2 ), f (ti )), and

pm (t2 ) =

−
f (pm (t−
2 ), f (ti )).

(7.38)
(7.39)

−
From (7.37) it is given that pmf f (t−
2 ) = pm (t2 ), leading to

pmf f (t2 ) = pm (t2 ).

(7.40)

Hence, the initial condition for the differential equations defining pmf f (t) and
pm (t), i.e., (7.32) and (7.36), on the interval t ∈ [t2 , t3 ) are equivalent. Using
this it can be proven by induction, using the same argumentation as for interval
t ∈ [t1 , t2 ), that on any interval [ti , ti+1 ),
pm (t) = pmf f (t), t ∈ [ti+1 , ti+1 ),

(7.41)

thereby proving that (7.33) is satisfied.
Step 2: To show that (7.34) holds, substitute um = umf f , with umf f given
by (7.31), into (7.5), yields
ym (t) = M (p(t))M (pmf f (t))−1 ymd (t).

(7.42)

Exploiting now (7.33), as shown in Step 1 of the proof, gives
ym (t) = M (pmf f (t))M (pmf f (t))−1 ymd (t) = ymd (t)
completing the proof.

(7.43)
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Example 7.9. Interestingly, when applying the result of Theorem 7.8 for a linear equivalent of a mechanical MEM-element, the well-known feedforward components are recovered. Consider for instance the linear equivalent of the MEMdamper of Example 7.3, i.e., a linear damper,
v(t) = ΦF (t),

(7.44)

with v the velocity, F the force, and Φ ∈ R>0 the damping constant. This linear
damper can be captured by the general MEM-element (7.5) by choosing input
um = F , output ym = v, and M = Φ. Exploiting Theorem 7.8 leads to a
feedforward controller given by
F (t) =

1
vd (t)
Φ

(7.45)

with vd the desired velocity trajectory. This feedforward controller is equivalent
to the feedforward controller to compensate viscous friction feedforward, F =
d (t)
d (t)
Kf v dydt
(Oomen, 2019), with dydt
= vd (t) and Φ1 = Kf v .

7.5.2

Feedforward to compensate hysteresis

The result of Theorem 7.8 leads to a straightforward feedforward controller to
compensate hysteresis. Substituting the result of Theorem 7.4 leads to the following result.
Theorem 7.10. Consider a hysteretic behaviour after its first branching point
given by (7.4) with input u(t), output y(t) and parameters y ∗ , u∗ , α and γ.
Moreover, consider the feedforward controller given by
u̇f f (t) =

1
ẏd (t)
c1 + c2 (pf f )c3

(7.46)

where ẏd is the time derivative of the desired trajectory, u̇f f the generated input
∗
rate signal, c1 = uy ∗ , c2 = (2uαγ
∗ )γ−1 , c3 = γ − 1 are the parameters, and the
momentum pf f (t) is given by
pf f (t) = pf f (ti ) +

Z

t

ti

|u̇f f (τ )| dτ

(7.47)

with pf f (ti ) = 0, where ti is the time instant of the ith branching point. Applying
this input rate to the piezoelectric actuator after its first branching point with
y(0) = yd (0), and u(0) = 0, leads to the output trajectory y(t) = yd (t) for all t ∈
R≥0 .
Proof. Substituting the expressions for g, f and M from Theorem 7.4 into the
feedforward controller in Theorem 7.8 leads to (7.46) and (7.47).
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Implementation aspects

The resets at the branching point in the feedforward controller (7.46) prevent
the use of ordinary differential equation solvers to compute the signal u̇f f . Nevertheless, the time instances of these branching points are exactly known for a
given desired trajectory yd . These time instances ti are given by the time instances where the direction yd changes. Hence, in each of the intervals, [ti , ti+1 )
an ordinary differential equation solver can be exploited to solve the smooth
nonlinear differential equation
ṗhf f = |M (pf f )−1 ẏd |
−1

u̇f f = M (pf f )

ẏd

(7.48a)
(7.48b)

with ṗhf f (ti ) = 0. Solving this set of differential equations for each interval
[ti , ti1 ) results in the input signal u̇f f which yields the output trajectory y = yd .
This method is exploited in the next section to compensate for the hysteretic
behaviour in a piezoelectric actuator.

7.6

Experimental results

In this section, the developed feedforward approach is applied to a piezoelectric
actuator. First, the result of Theorem 7.5 is exploited to find the mapping M
corresponding to the piezoelectric actuator. Next, this mapping M is exploited
to determine a feedforward controller.

7.6.1

Experimental setup

The experimental setup used in this section is depicted in Figure 7.8. The actuator in this setup is a piezo stepper actuator that consist of a combination of
piezoelectric elements in a configuration that propels the mover through a walking motion, see, e.g., Chapter 6. The limited stroke of individual piezoelectric
actuators is considered as one of their main disadvantages. The piezo-stepper
actuator used in this setup maintains all advantages of the individual piezo elements, while the walking behaviour enables an unlimited stroke.
A schematic overview of the piezo stepper actuator is depicted in Figure 7.8.
This piezo stepper consists out of two groups of piezo elements, each containing
a longitudinal element that can extend perpendicular to the mover, and three
shears that can extend in the direction of the movement. When the longitudinal
element of a group is extended, the corresponding shear elements are in contact
with the mover, thereby dictating the position of the mover. Alternating between
the two piezo groups results in a walking motion, which leads to an unlimited
stroke of the mover. To validate the developed techniques in this chapter the
walking behaviour is not exploited, i.e., only the piezo electric elements of a
single group are in contact with the mover throughout the experiments.
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A

C

B

D

Figure 7.7. Schematic representation of piezostepper actuator in each of the
4 phases of a stepping motion. The different piezo elements are: longitudinal
); longitudinal piezo of group 2 (
); shear piezo of group
piezo of group 1 (
1(
); shear piezo of group 2 (
).

The piezoelectric material used in this actuator is lead zirconate titanate
(PZT). The input to the actuator is a voltage in the range [−250, 250] Volt. The
piezoelectric actuator is connected to a mover, which is connected to a parallel
guide within a frame. The position of the mover is measured by a sincos encoder
with a period length of 0.5 · 10−6 m, and a 16-bit digital-analog converter.

7.6.2

Identification

To identify the mapping M that corresponds to the piezoelectric actuator an
open-loop experiment is performed, with an input signal given by
u(t) = 250sin(20πt).

(7.49)

∂y
The output y(t) is measured, and the corresponding gradient ∂u
and generalized
momentum ph (t) = |u(t) − u(ti )| are computed, indicated by the dots (•) in
Figure 7.9.
To find the parameters c1 , c2 , c3 that minimize the residual (7.19) the result
of Theorem 7.5 is exploited. First, the Gauss-Newton algorithm is exploited
to find the optimal parameter α1 = c3 by minimizing the residual (7.29). The
initial condition for the Gauss-Newton algorithm is chosen to be c3 = 100. Next,
c1 and c2 are computed from (7.23). The resulting mapping M (p) is depicted in
Figure 7.9.
To validate the identified model, the input signal (7.2) is applied to the piezoelectric actuator. In Figure 7.10 the identified model is depicted together with
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Mover Actuator
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Figure 7.8. Experimental setup with piezoelectric actuator.
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Figure 7.9. Experimental data of the mapping M (p) in blue (•) and corresponding identified mapping exploiting Theorem 7.5 ( ). The measurement
points with a low signal-to-noise ratio which are not taken into account in the
residual are indicated in gray (•).

the experimental data. This figure shows that the identified model approximates
the experimental setup accurately.

7.6.3

Feedforward control

Exploiting the identified mapping M (p) a feedforward controller is determined
exploiting the result of Theorem 7.8. To validate this feedforward controller an
open-loop experiment, i.e., Figure 7.1 with K = 0, is performed with a desired
trajectory given by
yd (t) = −1.6 · 10−6 cos(2πt).
(7.50)
Three feedforward controllers are used to generate an input signal for the piezoelectric actuator.
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Input Voltage uh [V]

Figure 7.10. Hysteresis loop when applying input signal (7.2). Each color
indicates one branch of the the hysteresis loop. Experimental data from the
piezoelectric actuator is given by crosses (+).

1. A linear feedforward controller which approximates the electric actuator
by a linear spring.
2. A feedforward controller based on a Prandtl-Ishlinskii model consisting of
15 play-operators (Kuhnen, 2003).
3. The developed feedforward controller (7.46) with the parameters c1 , c2 ,
and c3 as identified in Section 7.6.2.
The resulting position and error measurements are given in Figure 7.11 and
Figure 7.12, respectively. From Figure 7.12 it is observed that the feedforward
controller (7.46) clearly outperforms both the linear feedforward controller. This
is an expected result due to the large modelling error when only a linear approximation is used. The controller based on the Prandtl-Ishlinskii model is also
outperformed by the feedforward controller (7.46), this emphasizes that even
with 15 parameters the piecewise approximation of the Prandtl-Ishlinskii model
does not guarantee the best performance. Moreover, the hysteresis loop from
desired position yd to measured position y, as given in Figure 7.13, indicates that
this relation is predominantly linear when exploiting the feedforward controller
(7.46).
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Figure 7.11. Measured position of a piezoelectric actuator that aims to follow
the reference trajectory depicted by the dashed line ( ). Three feedforward
controllers are compared: 1) a linear feedforward controller ( ) 2) a PrandtlIshlinskii based feedforward controller in yellow ( ), 3) the feedforward controller developed in Section 7.5 in green ( ).

·10−7

Error (m)

5

0

−5
0

0.5

1

1.5

2

Time (s)

Figure 7.12. Measured error of a piezoelectric actuator that aims to follow
the reference trajectory (7.50). Three feedforward controllers are compared: 1)
a linear feedforward controller ( ) 2) a Prandtl-Ishlinskii based feedforward
controller in yellow ( ), 3) the feedforward controller developed in Section 7.5
in green ( ).
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Figure 7.13. Hysteresis loop from desired displacement to the measured displacement of a piezoelectric actuator. Three feedforward controllers are compared: 1) a linear feedforward controller ( ) 2) a Prandtl-Ishlinskii based
feedforward controller in yellow ( ), 3) the feedforward controller developed
in Section 7.5 in green ( ).
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Conclusion

A systematic feedforward approach that compensates for the hysteretic behaviour in piezoelectric actuators is presented exploiting a straightforward inversion of a memory-element based hysteresis model. Inspired by the dual-pair
concept, it is shown how the Ramberg-Osgood model can be cast as a hybridMEM-element. This insight leads to both 1) a simple identification procedure
that requires a nonlinear optimization over only a single parameter 2) a straightforward inverse to determine a compensating feedforward controller. Finally, the
developed feedforward controller is successfully applied to a piezoelectric actuator. Ongoing work focusses quantifying the quality of the identified model in
the presence of measurement noise.

CHAPTER
Hysteresis Feedforward Compensation: A Direct
Tuning Approach using Hybrid-MEM-Elements 1

Abstract: Compensation of hysteresis enables substantial performance
improvements, e.g., in case of piezoelectric actuators. The aim of this chapter
is to develop a systematic manual tuning approach for a feedforward controller
that compensates for hysteresis phenomena. Modelling the hysteresis
phenomena using a hybrid-memory-element enables the determination of a
feedforward controller for which the influence of each of the feedforward
parameters can be distinguished in the error during a closed-loop experiment.
This allows for a direct systematic approach to tune the feedforward
parameters resulting in a feedforward controller relevant for closed-loop control
without the need for an extensive identification procedure.

1 The

results in this chapter consitute Contribution C7 of this Thesis. The chapter is based
on Strijbosch, N., Tiels, K., and Oomen, T. (2022c). Hysteresis Feedforward Compensation:
A Direct Tuning Approach Using Hybrid-MEM-Elements. IEEE Control Systems Letters,
6:1070–1075.
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Introduction

Feedforward control can effectively reject known disturbances, e.g., a desired
trajectory before these affect the system. In general, a feedforward controller
consists out of the inverse model of the system (Butterworth et al., 2012; Zhong
et al., 2012). For example, in linear mechanical systems, Newton’s law F = ma
can be used, the parameter m, representing the mass of the system, can easily
be determined in a closed-loop setting using a direct manual tuning approach,
see, e.g., Oomen (2019) for tuning guidelines, and (Boeren et al., 2015) for an
automated tuning algorithm. The advantage of these direct approaches is a
feedforward controller which is relevant for closed-loop control by design.
Besides feedforward for linear systems, feedforward can also be effectively
applied to compensate for nonlinear phenomena such as Coulomb friction (Ruderman and Iwasaki, 2015). Interestingly, the inverse model of Coulomb friction
can be uniquely determined. By parameterising the feedforward linear in the
parameters, it can be efficiently tuned in a user-friendly manner (Oomen, 2019).
Nonlinear hysteresis phenomena can significantly deteriorate the tracking
performance, e.g., in systems with piezoelectric actuators (Adriaens et al., 2000;
Fleming and Leang, 2014; Moheimani and Fleming, 2006). A wide variety of
models have been developed to model the hysteresis phenomena, including the
Prandtl-Ishlinskii model (Al Janaideh et al., 2008; Kuhnen, 2003), the RambergOsgood model (Jennings, 1963; Ramberg and Osgood, 1943), the Maxwell-Slip
model (Goldfarb and Celanovic, 1997), the Duhem model (Coleman and Hodgdon, 1986), and the Preisach model (Ge and Jouaneh, 1995).
A key challenge to determine a feedforward controller to compensate for
the hysteresis phenomena is the non-unique input-output behaviour. Due to
the history dependence of the hysteresis effect inverting this non-unique inputoutput mapping is non-trivial. Despite this several feedforward controllers to
compensate hysteresis exist, see, e.g., indirect approaches in Kuhnen (2003);
Rakotondrabe et al. (2010); Song et al. (2005) where first the hysteresis is explicitly modelled and compensated in two steps. To simplify the identification
procedure a linear approximation of the hysteresis model can be identified which
allows one to use existing linear system inversion techniques (Leang et al., 2009).
Due to the linear approximation modelling errors, and thereby an incorrect feedforward, are inevitable. This approach is further extended in Chapter 7 where
a hybrid-memory(MEM)-element (Pei, 2018) enables a unique inverse of the
Ramberg-Osgood hysteresis model, yet the identification of the hybrid-MEMelement is of comparable difficulty.
Although many approaches are available to model and compensate hysteresis
phenomena, at present first an intensive identification procedure of a hysteresis
model is required to determine its feedforward controller. The aim of this chapter is to develop a hybrid-MEM-element to uniquely invert the Prandtl-Ishlinskii
model and exploiting this as a feedforward controller to compensate for hystere-
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sis phenomena. In sharp contrast to Chapter 7, the Prandtl-Ishlinskii model
facilitates a systematic manual tuning approach which directly determines the
parameters of the feedforward controller. This approach eliminates the need for
an intensive identification of the hysteresis model, and the resulting feedforward
controller is by design relevant in closed-loop control.
This leads to the following contributions of this chapter.
C1 A hybrid-MEM-element is developed to model Prandtl-Ishlinskii type of
hysteresis. (Section 8.3)
C2 A feedforward controller to uniquely invert the hysteresis phenomena is
determined which exploits the mapping of the hybrid-MEM-element. (Section 8.4)
C3 The systematic direct tuning approach to determine the required mapping
of the MEM-element necessary for the feedforward controller. (Section 8.2
and 8.5)

8.2

Problem formulation

In this section, the key challenge in systematic feedforward controller tuning
for hysteresis is presented. First, a systematic approach to manually tune a
traditional feedforward controller for systems that can be described by a linear
spring is outlined. Next, the Prandtl-Ishlinskii model, which is representative for
hysteretic piezoelectric actuators, is introduced. Finally, the considered problem
is formulated.

8.2.1

Feedforward for servo control

In servo control the goal is to perform a prespecified task, i.e., let an output
y of a system G follow a desired trajectory yd . A typical control architecture
to achieve this is shown in Figure 8.1, see, e.g, (Oomen, 2019), where K and
F are the feedback and feedforward controllers. When all systems are linear
time-invariant (LTI),
S v − |{z}
S η,
e = S (1 − GF ) yd − |{z}
| {z }
feedforward

feedback

(8.1)

feedback

where S = (1+GK)−1 , v a disturbance affecting the system and η a measurement
noise. The goal of feedforward is to obtain an input signal uf f for the plant G
such that the desired trajectory yd is followed. This is achieved if the feedforward
controller F is an exact inverse of the system G. The goal of the feedback
controller is attenuating the disturbance v and the residual of (1 − GF )yd due
to incomplete knowledge of G in the design of F .
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F
yd

e

uf f

K

−

v

G

y
η

Figure 8.1. Typical control architecture for servo control.

In many engineered systems, the feedforward controller F can be determined
by manually tuning its parameters during closed-loop experiments. This results
in a feedforward controller which eliminates the need for an identification procedure of the system G and is relevant for closed-loop control by design. Next,
a feedforward tuning approach for a system consisting out of a linear spring
is exemplified. This insight is used in the remainder of this chapter where a
new procedure to manually tune the feedforward controller of a system with
hysteresis is developed.
The following procedure can be applied to systems with many feedforward
parameters, for illustration only a single parameter is considered. Consider
G(s) = k with k ∈ R>0 , representing a mechanical spring. Assume the controller
β
K(s) = s+α
, i.e., a first-order lowpass filter. From (8.1),
1
(1 − kF (s))yd (s)
1 + K(s)k
s+α
=
(1 − kF (s))yd (s).
s + α + βk

e(s) =

(8.2)

A feedforward controller given by
F (s) = c

(8.3)

with c = k1 ensures (1 − GF ) = (1 − kc) = 0.
A desired trajectory yd for which the asymptotic error, i.e., limt→∞ e(t),
scales linearly with the value of (1 − kc) allows for a systematic manual tuning
approach, to find the parameter c in (8.3), based on this time-domain error
signal. Consider the following result for trajectory design.
Theorem 8.1 (Final value theorem (Schiff, 1999)). Given a function f (t) and
its Laplace transform F (s). Suppose that every pole of F (s) is either in the open
left half plane or at most a single pole at the origin. Then,
lim f (t) = lim sF (s).

t→∞

s→0

(8.4)

Then it follows that
lim e(t) = lim s · e(s) = s

t→∞

s→0

α
(1 − kc)yd (s)
α + βk

(8.5)
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Error
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Figure 8.2. Error signal, in blue ( ), obtained from a closed-loop experiment
as described in Procedure 8.2 with a a scaled version of the desired trajectory
depicted in gray ( ). After each constant segment the value of c is increased
leading to a e = 0, i.e., the correct value of c is found.

Choosing yd (s) = 1/s, i.e., a step function in the time domain, leads to a
final value of the error (8.5) which scales linearly with difference (1 − kc). This
leads to the following systematic manual tuning procedure.
Procedure 8.2 (Feedforward Tuning for Linear Spring).
1. Choose yd (t) piecewise linear, e.g., as Figure 8.2. Apply yd (t) with a controller
β
K(s) = s+α
. Choose the length of each step sufficiently long to eliminate transients.
2. Start with the feedforward parameter c = 0.
3. Gradually increase the parameter c, and notice the decrease of the asymptotic
value of the error at the end of each constant position part, i.e., the value given
by (8.5). Stop increasing the value c at the moment the error increases again,
see Figure 8.2 where the error data of a few tuning steps are depicted.
4. The optimal feedforward is given by the value of c for which the error is minimized.

The feedforward controller can be extended to compensate for other components (Oomen, 2019), e.g., a mass, friction, Coulomb friction. The reference
trajectory to tune the parameters corresponding to these components should be
1
altered accordingly, e.g., when considering a mass system, i.e., G(s) = ms
2 , and
2
F (s) = cs , the asymptotic error (8.5) is given by
ms3 + mαs2
(1 − mc)yd (s)
s→0 ms3 + mαs2 + β
mα
= s3
(1 − mc)yd (s)
β

lim e(t) = s lim

t→∞

(8.6)

from which it follows that by choosing the trajectory yd (s) = s3 , i.e., constant
acceleration, the asymptotic error scales linearly with the difference (1 − mc).
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Figure 8.3. Depiction of a play operator with r = 0 (left) and r ∈ R>0 (right)

8.2.2

Hysteresis

Hysteresis can have significant impact on control performance, e.g., when using
a piezoelectric actuator, (Leang et al., 2009). A wide variety of models and
corresponding compensation methods are available to represent hysteresis, see
Table 8.1 for a brief overview. As is shown in this chapter the Prandtl-Ishlinskii
model (Kuhnen, 2003; Rakotondrabe et al., 2010) has a favourable structure
which allows for a control-relevant identification procedure.
The Prandtl-Ishlinskii model is a linear weighted superposition of a finite
number of play operators, i.e.,
y(t) =

N
X

wj Hrj (u(t)),

(8.7)

j=1

with N the number of play operators and wj j ∈ {1, ..., N } the weighting corresponding to the play operator Hrj j ∈ {1, ..., N }. For input functions u(t), that
are monotone, in each interval [ti , ti+1 ) of a partition 0 = t0 ≤ t1 ... ≤ ti ≤ t ≤
ti+1 ... ≤ tM and for a given threshold r ≥ 0, the output of the play operator Hr
is defined by
y(t) = Hr (u(t)) = max(u(t) − r, min(u(t) + r, y(ti−1 )),

(8.8)

for each section t ∈ [ti−1 , ti ), and initial condition y(t0 ) = max(u(0) −
r, min(u(0) + r, 0))).
Example 8.3. Consider a Prandtl-Ishlinskii model with four play operators,
i.e., N = 4, and threshold values r1 = 0, r2 = 1, r3 = 2 and r4 = 3, with
corresponding weightings w1 = 1, w2 = 1.5, w3 = 2, and w4 = 2.5. When
applying a triangular input signal u as in Figure 8.4 the output y is given in
Figure 8.5. This leads to the hysteresis loop depicted in Figure 8.6.
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Table 8.1. Brief overview of methods to compensate for hysteresis

Model
Prandtl-Ishlinskii

input u

Preisach
Ramberg-Osgood
Prandtl-Ishlinskii
4
2
0
−2
−4
t0

Reference
(Rakotondrabe et al., 2010)
(Kuhnen, 2003)
(Song et al., 2005)
Chapter 7
this chapter

t1

t2

t3

t4

Identification
independent of controller
independent of controller
independent of controller
control relevant

t5

t6

Figure 8.4. Piecewise monotonous input u(t) with monotonicity partitions
[t0 , t1 ), [t1 , t2 ), ..., [t5 , t6 ) indicated with different colors.

8.2.3

Problem formulation

Given sytems that can be described by the Prandtl-Ishlinskii model in (8.7),
develop a direct feedforward tuning approach, involving the parametrization of
the inverse model as feedforward controller, the experiment design for a systematic manual tuning experiment, and a parameter adaptation strategy similar to
Procedure 8.2.

8.3

Hysteresis as a memory element

In this section, a hybrid-memory(MEM)-element is presented, and it is shown
how this hybrid-MEM-element captures the hysteretic behaviour described by
(8.7) leading to Contribution C1 of this chapter. The main advantage of exploiting hybrid-MEM-elements in feedforward control is their unique inverse.

8.3.1

Description of memory-element

A general memory (MEM)-element
ym (t) = M (pm (t))um (t)

(8.9)

is considered, with input um (t) and output ym (t). Here M : R → R is a function
of
Z
t

pm (t) = pm (ti ) +

ti

g(um (τ )) dτ, ∀t ∈ [ti , ti+1 ),

(8.10)
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t6

Time t

Figure 8.5. Output y(t) of a Prandtl-Ishlinskii model with parameters as
given in Example 8.3 with input signal as depicted in Figure 8.4. Each color
corresponds to a monotonic partition of the input signal as in Figure 8.4

20

output y

10
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−10
−20
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−2

0

2

4

input u

Figure 8.6. Hysteresis loop of a Prandtl-Ishlinskii model with parameters as
given in Example 8.3 with input signal as depicted in Figure 8.4. Each color
corresponds to a monotonic partition of the input signal as in Figure 8.4. The
dots (•) indicate the time instances where the input exceeds the threshold value
of one of the play operators.

where g : R → R. This general description of a hybrid MEM-element captures
all the standard MEM-elements as introduced in Di Ventra et al. (2009). The
signal pm (t) represents the memory of the input, which can be interpreted as
momentum. The momentum pm (t) in a hybrid system MEM-element can be
reset at a time instant ti to a value depending on pm (ti ) and um (ti ) (Pei, 2018),
i.e.,
−
pm (ti ) = f (pm (t−
i ), um (ti )),

(8.11)

−
with pm (t−
i ) = lims↑ti pm (s) and um (ti ) = lims↑ti um (s). The time instances
of the resets, ti , i ∈ N, can depend on the state and input of the system. This
property will be exploited to reset the memory at the start of each monotonic
interval of the input to model the Prandtl-Ishlinskii model as a hybrid-MEMelement.

8.3 Hysteresis as a memory element

8.3.2
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Prandtl-Ishlinskii model as a hybrid-MEM-element

In this section, the Prandtl-Ishlinskii model (8.7) is rewritten as a hybrid-MEMelement. First, consider the input-output behaviour from the time derivative of
the input to the time derivative of the output for a single play operator (8.8),
i.e.,
(
0 if − r < u(t) − y(ti ) < r,
ẏ(t) =
(8.12)
u̇(t) otherwise,
for t ∈ [ti , ti+1 ). The following auxiliary result is obtained.
Lemma 8.4. Consider the play operator (8.8). The input-output behaviour from
the time derivative of the input, i.e., u̇, to the time derivative of the output, i.e.,
ẏ, is equivalent to the hybrid-MEM-element (8.9) with um (t) = u̇(t), ym (t) =
ẏ(t),
(
0 if − r < pm (t) < r,
M (pm (t)) =
(8.13)
1 otherwise ,
where the momentum pm (t) = u(t) − y(ti ), t ∈ [ti , ti+1 ), is determined from
(8.10) with g(um ) = um , and momentum reset (8.11) with


if p(t−
−r
i ) ≤ −r,
−
−
−
(8.14)
f (p(ti ), um (ti )) = p(ti ) if − r < p(t−
i ) < r,


r
if r ≤ p(t−
).
i

Proof. Consider a play operator (8.8) with threshold r ∈ R≥0 . First, rewrite
(8.8), to clearly distinguish between the conditions for each of the three possible
phases in the interval t ∈ [ti , ti+1 ), i.e., y(t) = u(t) + r, y(t) = u(t) − r and
y(t) = y(ti ),


u(t) + r if u(t) + r ≤ y(ti ),
y(t) = u(t) − r if u(t) − r ≥ y(ti ),
(8.15)


y(ti ) otherwise ,
in each interval t ∈ [ti , ti+1 ). With its differential form
(
0 if u(t) − r < y(ti ) < u(t) + r,
ẏ =
u̇ otherwise,

(8.16)

in each interval t ∈ [ti , ti+1 ). By defining the momentum
p(t) = u(t) − y(ti )

(8.17)

on each interval t ∈ [ti , ti+1 ) allows to rewrite (8.16) as ẏ(t) = M (p(t))u̇(t) with
M given by (8.13). The momentum p(t) can be computed using p(t) = p(ti ) +
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Rt

u̇(τ ) dτ in each interval t ∈ [ti , ti+1 ) from which it follows that g(u) = u in
−
(8.10). Moreover from (8.17) it follows that, p(ti ) = u(ti ) − y(ti )= u(t−
i ) − y(ti )
−
with u(ti ) = lims↑ti u(s) and y(s) = lims↑ti y(s). Substituting y(t) from (8.15)
leads to
−
p(ti ) = u(t−
i ) − y(ti )

−
−
−
−

u(ti ) − u(ti ) − r if u(ti ) + r ≤ y(ti ),
(8.18)
−
−
−
= u(ti ) − u(ti ) + r if u(ti ) − r ≥ y(t−
),
i

 −
u(ti ) − y(t−
i ) otherwise,

−

−r if p(ti ) ≤ −r,
−
which shows that the
which can be rewritten as p(ti ) = r if p(ti ) ≥ r,

 −
p(ti ) otherwise,
mapping f in (8.11) is given by (8.14). This completes the proof.
ti

The next step in the approach is to recast the Prandtl-Ishlinskii model as a
single hybrid-MEM-model, by employing the fact that it is a weighted sum of
play operators. To accommodate for N play operators, the momentum signal
consists out of N elements, i.e., pm (t) ∈ RN for all t ∈ R≥0 , where each element
represents the momentum signal of one of the play operators. This leads to the
following result.
Theorem 8.5. Given Prandtl-Ishlinskii model (8.7) with weights wj , j ∈
{1, .., N } and thresholds rj , j ∈ {1, ..., N }, with input u(t) and output y(t). Then
the input-output behaviour from the time derivative of the input u̇(t) to the time
derivative of the output ẏ(t) is equivalent to the hybrid-MEM-element (8.9) with
um (t) = u̇(t), ym (t) = ẏ(t), and pm (t) ∈ RN
M (pm ) =

N
X

wj mj (pm ), where,

(8.19)

j=1

(
0 if − rj < pm j < rj ,
mj (pm ) =
1 otherwise,

(8.20)

with pm j (t) the j th element of the momentum vector pm (t). The momentum

T
vector pm (t) is determined from (8.10) with g(um ) = um ... um , and

T
f (p) = f1 (p1 (t)) ... fN (pN (t)) , with


if
pj (t−
−rj
i ) ≤ −r
−
−
−
fj (pj (ti )) = pj (ti )if − rj < pj (ti ) < rj


rj
if rj ≤ pj (t−
i )

(8.21)

8.4 Feedforward for Prandtl-Ishlinskii hysteresis via MEM modelling
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Proof. The proof has two parts. Part 1 shows that the Prandtl-Ishlinskii model
can be written as the sum of hybrid-MEM-elements. Part 2 shows that this sum
of hybrid-MEM-elements can be written as a single hybrid-MEM-element.
Part 1: The differential form of the Prandtl-Ishlinskii model (8.7) is given
PN
by ẏ(t) = j=1 wj ẏj (t) with ẏj (t) the time-derivative of the output of the j th
play-operator. From Lemma 8.4 it follows that the time-derivative of the output
of a play operator is given by ẏj (t) = mj (pj (t))u̇(t) where mj and pj (t) are the
mapping M and momentum p(t) corresponding the j th play-operator as defined
in Lemma 8.4. This shows that the Prandtl-Ishlinskii model can be written as
a sum of hybrid-MEM-elements.
Part 2: To show that this sum can be captured by a single mapping M define
the momentum vector pm (t) ∈ RN , as

T
pm (t) = u(t) − y0 (ti−1 ) ... u(t) − yN (ti−1 ) which can be determined using

T
(8.10) with g(u̇) = u̇...u̇ , and each element of the momentum vector is reset
at each ti following (8.14), i.e., the reset given by (8.21). This allows one to
write the Prandtl-Ishlinskii model as (8.9) where M is given by (8.19). This
completes the proof.
Given that the Prandtl-Ishlinskii model can be written as a hybrid-MEMelement allows one to define a feedforward controller as a unique inverse of this
hybrid-MEM-element, see Section 8.4.

8.4

Feedforward for Prandtl-Ishlinskii
hysteresis via MEM modelling

Exploiting the result of Theorem 8.5 which shows the Prandtl-Ishlinskii model
can be written as a hybrid-MEM-element, the feedforward controller can be defined as the unique inverse of the hybrid-MEM-element, leading to Contribution
C2 of this chapter.
Assumption 8.6. The play operator with the lowest threshold value, i.e., r1 , in
a Prandtl-Ishlinskii model satisfies r1 = 0.
This assumption allows one to develop a feedforward controller leading to
y(t) = yd (t) for any reference yd (t). At least one threshold value r = 0, ensures
that there does not exist an input u(t) such that all play operators are in their
deadzone, i.e., a change in the input always will lead to a change in the output.
Given this assumption the following result is obtained exploiting Theorem 6
from (Strijbosch and Oomen, 2020).
Theorem 8.7. Consider a hysteretic behaviour given by (8.7) with input u(t),
output y(t), consisting of a weighted sum of N ∈ N play operators with threshold
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values ri and weightings wi , i ∈ {1, ..., N } satisfying Assumption 8.6. Moreover,
consider the feedforward controller given by
u̇f f (t) = PN

j=1

1
wj mj (pf f (t))

ẏd (t),

(8.22)

with ẏd (t) the time derivative of the desired trajectory, u̇f f (t) the generated input
rate signal, and
(
0 if − rj < pf f j (t) < rj ,
mj (pf f (t)) =
(8.23)
1 otherwise,
with pf f j (t) the j th element of the momentum pf f (t) ∈ RN , which can be determined from
Z t

T
(8.24)
u̇f f (τ ) ... u̇f f (τ ) dτ
pf f (t) = pf f (ti ) +
ti


T
and pf f (ti ) = f (pf f (t−
with
i )), where f (p) = f1 ... fN


if
pf f (t−
−rj
i ) ≤ −r
−
−
fj (pf f j (ti )) = pf f j (ti ) if − rj < pf f (t−
i ) < rj


rj
if rj ≤ pf f (t−
i )

(8.25)

Applying this input rate to the the piezoelectric actuator with y(0) = yd (0), and
u(0) = 0, leads to the output trajectory y(t) = yd (t) for all t ∈ R≥0 .
The proof of Theorem 8.7 requires the following auxiliary result.
Theorem 8.8 (Theorem 6 of (Strijbosch and Oomen, 2020)). Given a MEMelement of the form (8.9) with input signal um (t) and output ym (t). Moreover,
consider the feedforward controller
f (t) =

1
M (pmf f (t))

ymd (t)

(8.26)

where the momentum pmf f (t) is the solution of

ṗmf f (t) = g M (pmf f (t))−1 ymd (t) ∀t ∈ [ti , ti+1 )

(8.27)

−
with pmf f (t1 ) = pm (t1 ), and pmf f (ti ) = f (pmf f (t−
i ), f (ti )), where each interval
[ti , ti+1 ] is a monotonic partition of the desired trajectory ymd , and pmf f (t−
i ) :=
lims↑ti pmf f (s), f (t−
)
:=
lim
f
(s).
For
any
desired
output
trajectory
y
s↑ti
md (t),
i
the input signal f (t) generated by (8.26), applied to the MEM-element (8.9),
leads to an output trajectory satisfying ym (t) = ymd (t) for all t ∈ R≥0 .

8.5 Hysteresis feedforward tuning
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Proof. of Theorem 8.7 The proof consists of substituting the hybrid-MEMelement description of the Prandtl-Ishlinskii model as given in Theorem 8.5 into
the definition of a feedforward controller for a hybrid-MEM-element as given in
Theorem 8.8. To formalize this, substitute the mapping (8.19) with (8.20) into
(8.26) leads to (8.22) with (8.23). Moreover, the mappings g and f to determine
pmf f as in (8.27) are identical to the mappings g and f of the hybrid-MEM
T
element, these mappings are given by g(um ) = um ... um , and f (p) =

T
f1 ... fN , where each fj is given by (8.21) as introduced in Theorem 8.5.
This completes the proof.
From this result, it is concluded that when both the threshold values rj
and weights wj for all j ∈ {1, ..., N } are known the hysteresis can be fully
compensated. In the next section, a tuning approach is developed that can
determine these unknown parameters.

8.5

Hysteresis feedforward tuning

In this section, a systematic manual tuning approach is introduced to find the
parameters necessary to implement the feedforward controller as introduced in
Theorem 8.7. This approach is an extension Procedure 8.2.
To determine the systematic tuning approach that directly leads to a control
relevant feedforward controller consider closed-loop experiments of the control
setup in Figure 8.1 where the system G has hysteretic behaviour, the controller
β
K(s) = s+α
stabilizes the system and a desired trajectory yd is to be designed
such that the error e reflects the mismatch between the system G and the feedforward controller F .
Remark 8.9. The value of M (p) in (8.19) is piecewise constant, i.e., in each
interval where M (p) is constant the system behaves as a linear spring with spring
constant M (p).
This observation allows one to design the desired trajectory in a similar fashion as described in Section 8.2, where a piecewise constant reference trajectory
is exploited to tune the feedforward controller for a linear spring. Applying a
step will lead to
!
M (p)
,
(8.28)
lim e(t) = γ 1 − PN
t→∞
j=1 wj mj (pf f )

for some constant γ ∈ R, hence the error reflects the mismatch between M (p)
PN
and j=1 wj mj (pf f ). To find the N unknown weights wj , a desired trajectory
should consist of at least N different amplitudes to ensure that each weighting
wj , j ∈ {1, ..., N } is visible in the error. A possible choice to achieve this is given
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in Figure 8.7, where the desired trajectory is piecewise constant with N different
amplitudes such that in each section an extra play
Pk operator is active, i.e., at the
k th amplitude the stiffness is given by M (p) = j=1 wj .
This results in the following systematic procedure to manually tune the feedforward controller for hysteresis, Contribution C3.
Procedure 8.10 (Feedforward Tuning for Hysteresis).
1. Select N play operators and their corresponding thresholds rj , j ∈ {1, ..., N }.
2. Choose a piecewise constant desired trajectory with at least N different amplitudes, see, e.g., the trajectory in Figure 8.7. The amplitudes should be in increasing order to ensure only one new play operator becomes active with each
amplitude change.
3. Start with the first weighting w1 ≫ 0, i.e., no feedforward. This corresponds
to the part of the reference with the lowest amplitude. Gradually decrease w1 .
Choose the length of each step sufficiently long to eliminate transients.
4. The optimal feedforward parameter w1 is given by the value of w1 for which
the error was minimal in the section of the reference where only the first play
operator is active.
5. Use this approach to tune the parameters w2 , ..., wN in increasing order, starting
from wj >> 0 j ∈ {1, ..., N }. To tune the weight wj evaluate the error in
the section where |pi | > ri , for all i ∈ {1, ..., j}, and |pk | < rk for all k ∈
{j + 1, ..., N }.
6. If the performance is insufficient, increase the number of play operators N , adjust
the threshold values rj , j ∈ {1, ..., N }, and restart the procedure.

8.6

Experimental validation

In this section Procedure 8.10 is applied to a piezoelectric actuator to determine
a feedforward controller that compensates its hysteretic behaviour.

8.6.1

Implementation aspects

Several implementation aspects need to be considered.
• The feedforward controller is implemented digitally, typically using a sample and hold device. Hence, a discrete-time variant of the feedforward
controller (8.22) should be determined. In this section a forward Euler
discretization scheme is exploited.
• The initial conditions pmf f (0) and u(0) should be chosen carefully, to
match the initial state of the piezoelectric actuator.
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Figure 8.7. Experimental validation of the tuning steps as introduced in Procedure 8.10 applied to a piezoelectric actuator. The desired trajectory (scaled
and shifted in black ( )) is piecewise constant with 4 different amplitudes, each
amplitude ensures an additional momentum pj exeeds its threshold. The four
tuning steps: decreasing w1 in blue ( ); decreasing w2 in red ( ); decreasing
w3 in yellow ( ); decreasing w4 in purple ( ).
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Figure 8.8. Closed-loop experiment with piezoelectric actuator with a triangular desired trajectory (scaled and shifted in black ( )). Three different
cases are studied: only feedback ( ); with hysteresis compensation and corresponding identification procedure of 4 weights as in Kuhnen (2003) ( ); with
feedforward compensation determined using the control-relevant identification
procedure of four weights as described in Procedure 8.10 ( ).
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Validation

In Figure 8.7 a desired trajectory and its corresponding error during execution
in Procedure 8.10 is given. In this experiment the number of play operators is
four, i.e., N = 4, and their corresponding threshold values are chosen equidistant
over the input range from 0 to 250, i.e., r0 = 0, r1 = 62.5, r2 = 125, r3 = 187.5.
To validate the the performance of the feedforward controller the error signal
during a closed-loop experiment with a triangular desired trajectory as depicted
in Figure 8.8. Clearly the cases with both feedback and feedforward outperform
the case where only a feedback controller is active. Moroever, in terms of the
maximum error the feedforward controller identified using the control-relevant
identification Procedure 8.10 outperforms the feedforward controller determined
independent of the controller (Kuhnen, 2003).

8.7

Conclusions

This chapter presents a direct tuning approach for hysteresis that alleviates the
need for forward modelling of hysteresis. The closed-loop tuning approach leads
to a control-relevant feedforward controller by design. This is achieved by rewritting the Prandtl-Ishlinskii model as a hybrid-MEM-element. The favourable
property of a hybrid-MEM-element, having a unique inverse, directly leads to a
feedforward controller to compensate for the hysteresis phenomena. It is shown
that each of the parameters in the feedforward controller can be distinguished in
the error when performing closed-loop experiments with an appropriate desired
trajectory. This leads to a systematic manual tuning approach that consists out
of a series of closed-loop experiments during which each of the parameters are
gradually changed to minimize the error. This results in a feedforward controller
that is relevant for closed-loop control and without any intensive identification
procedure.

CHAPTER
High Precision Sample Positioning in Electron
Microscopes - Motion Feedforward Tuning for
Hysteretic Piezo Actuators 1

Abstract: Piezo stepper actuators are used in many nanopositioning systems
because of their high resolution, high stiffness and fast response, and their
ability to position a mover over an infinite stroke by means of a motion
reminiscent of walking. A major drawback of employing piezoelectric actuators
is their hysteretic behaviour. The history dependence of hysteresis prevents the
application of a trivial compensating feedforward controller for existing
hysteresis models. The method presented here exploits a new hysteresis
modelling approach that allows for a straightforward feedforward controller
that can be manually tuned, reminiscent of industry-standard tuning
approaches for mechanical feedforward components.

1 The

results in this chapter consitute Contribution C8 of this Thesis. The chapter is
based on Strijbosch, N., Verschueren, E., Tiels, K., and Oomen, T. (2021b). High Precision
Sample Positioning in Electron Microscopes - Motion Feedforward Tuning for Hysteretic Piezo
Actuators. Mikroniek, 4:26–31.
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Figure 9.1. General overview of an electron microscope.

9.1

Introduction

High-tech electron microscopes, as designed and manufactured by Thermo Fisher
Scientific, use beams of electrons to create images, magnifying micrometer and
nanometer structures up to ten million times, thus providing a spectacular
level of detail. These microscopes even allow researchers and scientists to view
columns of atoms in crystal structures. The images acquired are a key enabler
for advances in nanotechnology, life science, material science and semiconductor
technology.
The working principle of an electron microscope resembles that of an ordinary
light microscope or slide projector, except that it uses an electron beam instead
of a light beam; see Figure 9.1. The electron beam first passes through a set
of lenses before it reaches the sample. Several phenomena occur that distort
the electron beam when it passes through a sample, including energy losses and
quantum-mechanical phase shifts. After the beam goes through the sample,
another set of lenses guides the electron beam to a detector. The data from the

9.1 Introduction
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Figure 9.2. SARS-CoV-2 spike protein. Cryo-EM density data in white and
grey, adapted from Wrapp et al. (2020).

distorted electron beam is translated, using image processing techniques, to an
image of the sample.
An important aspect of obtaining high-resolution images is the positioning of
the sample. Any disturbances acting on the sample have an impact on the image
quality. One of the recent advances is cryogenic transmission electron microscopy
(Cryo-EM), which can be used to make 3D reconstructions of macromolecules
such as viruses; see Figure 9.2. These 3D reconstructions require a significant
number of tilted 2D images. This leads to increasing positioning velocity requirements to decrease the time between consecutive images, thereby increasing
the throughput.
Piezo stepper actuators enable the increasing accuracy and velocity requirements for sample positioning to be met. Individual piezoelectric elements provide high accuracy, high stiffness and fast responses times, albeit within a limited
range. Combining several piezoelectric elements and exploiting them to propel
a mover through walking leads to an actuator with a potentially infinite range,
while maintaining the favourable properties of the individual piezoelectric elements.
The use of piezo stepper actuators for future high-accuracy and high-velocity
electron microscopes creates two major challenges that require advanced control
techniques. Firstly, it is well known that individual piezoelectric elements ex-
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A

C

B

D

Figure 9.3. Schematic representation of a piezo stepper actuator in each of
its four phases, A to D, of a stepping motion. The different piezo elements are:
); longitudinal piezo of group 2 (
); shear
longitudinal piezo of group 1(
piezo of group 1 (
); and shear piezo of group 2 (
).

hibit hysteretic effects. Hysteresis is a history-dependent nonlinear effect that
is typically hard to model and compensate for. Secondly, the walking of a piezo
stepper involves impact at contact, which must take place carefully to ensure
smooth walking behaviour in order to avoid unwanted disturbances. Approaches
to compensate for the disturbances introduced by the walking behaviour have
been developed in Chapter 6. These approaches assume no history dependency,
which is violated due to the hysteresis phenomena. The remainder of this chapters addresses the first challenge of compensating for the hysteretic behaviour.
The main aim is to achieve this by extending well-known motion control techniques used in the high-tech industry, including semiconductor, printing systems
and additive manufacturing.

9.2

Piezo stepper actuators

Piezo stepper actuators consist of multiple piezoelectric elements in varying configurations that propel a mover; see e.g. in Chapter 6. The piezo stepper actuator considered here is schematically depicted in Figure 9.3. This piezo stepper
consists of two groups of piezo elements, each containing a longitudinal element
that can extend perpendicularly to the mover, and three shear elements that
can extend in the direction of the movement. When the longitudinal element of
a group is extended, the corresponding shear elements are in contact with the
mover, thereby dictating the position of the mover. Alternating between the
two piezo groups results in a walking motion, which leads to an unlimited stroke

191

9.2 Piezo stepper actuators
Parallel Guide

Encoder

Mover Actuator

Frame

Figure 9.4. Piezo stepper actuator made by Heinmade.

of the mover. An experimental set-up that includes a piezo stepper actuator is
shown in Figure 9.4.
A set of waveforms is chosen judiciously to specify the relation between the
inputs of the individual piezo elements, which in turn achieves the walking behaviour. The design of these waveforms is crucial in achieving high performance.
The waveforms are mappings from the commutation angle α to the input voltages for the longitudinal piezo elements, c1 and c2 , and shear piezo elements, s1
and s2 . The waveforms are defined on the interval α ∈ [0, 2π). A full cycle from
α = 0 to α = 2π includes a step from each piezo group.
The waveforms depicted in Figure 9.5 are designed to obtain four distinct
phases, A to D, as shown in Figure 9.3:
A. Group 1 shear piezo elements in contact with the mover; group 2 shear
piezo elements, not in contact with the mover, are retracting.
B. Transition phase. Shear piezo elements of both groups possibly in contact
with the mover.
C. Group 2 shear piezo elements in contact with the mover; group 1 shear
piezo elements, not in contact with the mover, are retracting.
D. Transition phase. Shear piezo elements of both groups possibly in contact
with the mover.
Experiments reveal that the walking behaviour introduces disturbances that
are highly reproducible in the commutation angle domain. These disturbances
can be explained by physical sources, such as misalignment between the piezo elements or the contact dynamics between the shear piezoelectric elements and the
mover. These disturbances can effectively be compensated for through learningbased techniques, see Chapter 6, where past error data is exploited to update
the waveforms to compensate for the disturbances. These techniques are based
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Figure 9.5. Top: waveforms applied to longitudinal piezo elements.
Bottom: waveforms applied to shear piezo elements. The colours of each line
correspond to the colours of the piezoelectric elements in Figure 9.3. The intervals A, B, C, and D correspond to the four phases depicted in Figure 9.3.
Interval A: the longitudinal piezo element of group 2 is fully extended and the
shears of group 1 are not in contact with the mover.
Interval C: the longitudinal piezo element of group 1 is fully extended and the
shears of group 2 are not in contact with the mover.
B and D are the transition intervals.

on the assumption that the behaviour of the piezo stepper actuator is not history dependent. This assumption is not valid due to the hysteretic behaviour
of the individual piezoelectric elements. Here, the aim is to compensate for
this hysteretic effect using a feedforward controller that can be tuned during
experiments.

9.3

Hysteresis

Piezoelectric actuators consist of a piezoelectric material that expands or contracts when placed inside an electric field. The internal energy losses in the
piezoelectric material cause hysteretic phenomena (Munnig Schmidt et al., 2020).
This implies that the current position depends not only on the current input voltage, but also on its history, in particular the last instance in which the input
direction changed. In other words, the hysteresis phenomenon is a memorybased nonlinearity. This behaviour can have a significant effect on the tracking
performance of a piezoelectric actuator and should therefore be considered carefully.
Many models have been suggested to capture the hysteretic behaviour in
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Figure 9.7. Input (top) and corresponding output (displacement) of the
Prandtl-Ishlinskii hysteresis model.

piezoelectric actuators. The Prandtl-Ishlinskii model is a widely accepted one.
It is a linear weighted superposition of a finite number of play operators, i.e.:
y(t) =

N
X

wj Hrj (u(t)),

(9.1)

j

here, N is the number of play operators and wj the weight corresponding to the
play operator Hrj , as in Figure 9.6, with threshold rj . In mechanical systems, a
single play operator is often used to model the backlash or play between gears.
Results of a simulation study using the Prandtl-Ishlinskii model are given in
Figure 9.7 and Figure 9.8. A triangular input signal is applied to a PrandtlIshlinskii model that consists of four play operators. In the hysteresis loop in
Figure 9.8, it can be observed that this leads to a piecewise linear approximation
of the hysteresis loop. The inner and outer loop in Figure 9.8 indicate the historydependent behaviour of hysteresis. Increasing the number of play operators
allows the possibility of the model mismatch to decrease.
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Figure 9.9. Typical control architecture for servo control.

9.4

Motion control feedforward

Before moving to hysteresis feedforward, traditional feedforward for general linear motion systems is investigated. A typical control architecture for motion
systems is shown in Figure 9.9 (see e.g. Oomen (2019)), where K and F are the
feedback and feedforward controllers. When all systems are linear time invariant
(LTI), then:
e = S (1 − GF ) yd − |{z}
S v − |{z}
S η,
(9.2)
| {z }
feedforward

feedback

feedback

here, S = (1 + GK)−1 , v is a disturbance affecting the system and η is the
measurement noise. The goal of feedforward is to obtain an input signal uf f for
the plant G, such that the desired trajectory yd is followed. This is achieved
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if the feedforward controller is an exact inverse of G. The goal of the feedback
controller is to attenuate the unknown disturbances v and η, and a possible
residual (1–GF )yd caused by incomplete knowledge of G in the design of F .
Industrial practice is to design the feedback controller in the frequency domain using loop-shaping techniques and subsequently manually tune the feedforward controller.
This systematic manual tuning technique is used to determine the feedforward controller F during experiments without the need for accurate knowledge
of the system. The following example outlines the manual feedforward tuning
procedure for an H-drive.
Example 9.1 (Case study: Manual feedforward tuning for mechanical systems).
To illustrate a typical manual feedforward tuning approach, consider a general
H-drive. The aim is to reduce the positioning error along a prescribed trajectory
yd . The model of the H-drive at low frequencies is simply given by its rigid body
behaviour, i.e.:
1
u(s),
(9.3)
y(s) =
ms2
here, m corresponds to the mass of the system. Therefore, a candidate feedforward controller is F = kf a s2 , which leads to the feedforward signal uf f (s) =
2
yd (t)
kf a s2 yd (s) and, by the inverse Laplace transform, to uf f = kf a · d dt
. This
2
feedforward is therefore also referred to as acceleration feedforward. Then, the
error signal is given by:
e = S(1 − GF )yd = S(1 −

kf a
)yd
m

(9.4)

This feedforward structure clearly minimises the error if kf a = m. However,
accurate knowledge of m is not typically available. The main idea of a manual
feedforward tuning approach is to tune the parameter kf a during experiments,
while evaluating the error for an appropriate reference signal yd .
To this end, a stabilising feedback controller K, typically in the form of a
lead filter, is implemented, without integral action. This implies that at low
frequencies |GK| ≫ 1, hence,
S=

1
1
≈
≈ cs2 ,
1 + GK
GK

for some constant c. Combining this with the error signal, this leads to:


kf a
e(s) = cs2 1 −
yd .
m
Applying the inverse Laplace transform, this becomes:


kf a d2 yd (t)
e(s) = c 1 −
.
m
dt2

(9.5)

(9.6)

(9.7)
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Figure 9.10. Tuning the feedforward parameter kf a for an H-drive in an exper2
iment where ddt2y is given by the dashed line ( ). The error signals correspond
to experiments with kf a = 0 in blue ( ), kf a = 10 in orange ( ), the optimal
value kf a = 21 in green ( ), and kf a = 31 in red ( ).

This directly reveals how to determine the feedforward controller: choose kf a
such that the error is not correlated with the acceleration signal. This can be
done by performing experiments under normal operating conditions. Tuning of
the value of kf a can be done in a straightforward manner, since the error depends
affinely on kf a ; see Figure 9.10.
This idea is adopted widely in industry and applied in a very similar way to
manually tune many feedforward components, including viscous friction or snap
feedforward, or possibly nonlinear components such as Coulomb friction (Oomen,
2019). A key point is that all of these feedforward elements are memoryless.
However hysteresis depends on the history of the system, thereby preventing the
use of these memoryless feedforward elements. In the next section, it is outlined
how manual feedforward tuning can be achieved for hysteresis. The key idea is
the use of a new memory model, as discussed in Chapters 7 and 8.

9.5

Feedforward for hysteresis

The history dependency of the hysteretic behaviour in piezoelectric actuators
prevents a straightforward inverse that can be used for feedforward. A fundamentally new way to model these hysteresis phenomena is through memory
(MEM) elements; see (Pei et al., 2017) for a recent overview. The key idea is
described below; for more details, see Chapter 8.
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Figure 9.11. Function M (p) for a Prandtl-Ishlinskii model that consists of
four play operators. Each colour corresponds to a branch generated by the
input signal from Figure 9.7. To visualise the start and end point of each
line, all lines have a slight offset with respect to each other; in reality, all lines
perfectly overlap.

A variable p is introduced, which can be interpreted as a variable that keeps
track of the history. Exploiting this variable, the Prandtl-Ishlinskii model is
rewritten as:
ẏ(t) = M (p(t))u̇(t)
(9.8)
An example of a typical function M (p) is given in Figure 9.11. This M (p) is
rather straightforward, where the number of levels corresponds to the number
of play operators, and is constant for each level.
This new notation of the hysteresis model allows for a straightforward inverse,
leading to the following feedforward controller:
u̇f f (t) =

1
ẏd (t).
M (p(t))

(9.9)

Tuning the feedforward controller now boils down to finding the constants
in the mapping M (p). In each of the ranges of p where the mapping M (p) is
constant, the hysteresis model behaves as a linear spring, i.e.:
y(t) = cp u(t),

(9.10)

with cp a constant, the corresponding feedforward controller is given by:
uf f (t) =

1
yd (t).
ks

(9.11)
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Hence, in each of these ranges the constant value of the mapping M (p) can be
tuned as if it were a linear system; this is similar to the tuning approach in
Figure 9.10.
Tuning the feedforward parameter ks is done typically by applying a constant
reference, i.e. yd = c, leading to the error signal:


cp
.
(9.12)
e=c 1−
ks
This error signal is affine in the unknown parameter ks .
Changing the amplitude of the reference yd will change the history and consequently change the variable p. Hence, a suitable reference signal to tune all of
the constants that constitute the hysteresis feedforward is a piecewise constant
signal with varying amplitudes, as depicted in . Each change of the amplitude
leads to a different history and thereby another level of the mapping M (p) can
be tuned.
This leads to the following procedure:
1. Select N play operators and their corresponding thresholds.
2. Choose a piecewise constant reference with low amplitude to tune the first
weight, i.e. the first level in M (p).
3. Increase the amplitude to tune the next level of M (p).
4. Repeat step 3 until all levels are tuned perfectly. If the desired performance
is not achieved, return to step 1 and increase the number of play operators.
This procedure is applied to the shear piezo elements in the piezo stepper
actuator. The error data of this experiment is given in Figure 9.12.

9.6

Results

Applying this feedforward controller in a normal servo task to the piezo set-up
given in Figure 9.4, shows a significant performance improvement compared to
only feedback; see Figure 9.13. A factor of ten improvement is achieved in terms
of the maximum error value.
The remaining error after applying the compensating feedforward is caused
mainly by an error in modelling the hysteric behaviour in the Prandtl-Ishlinkskii
model, with only four weights. Higher performance levels can be achieved by
exploiting this approach with an increasing number of weights or with a different
hysteresis model, see e.g. Chapter 7, although tuning a feedforward controller
with a different model can be significantly more complex.
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Figure 9.12. Manual tuning procedure for hysteresis feedforward applied to a
piezoelectric actuator. The desired trajectory (scaled and shifted in black ( ))
is piecewise constant with four different amplitudes; each amplitude ensures a
different range of p is active. The four tuning steps: The four tuning steps:
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Figure 9.13. Closed-loop experiment with a piezoelectric actuator following a
triangular desired trajectory (scaled and shifted in black ( )). Two different
cases are studied: only feedback ( ); with feedforward compensation determined using the manual feedforward tuning procedure of Figure 9.12. ( ).
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CHAPTER
Conclusions and Recommendations

10.1

Conclusions

Future mechatronic systems with unparalleled performance and throughput are
enabled by the control framework developed in this thesis, which allows to use
all available data in actuators and sensors in an unconvential setting. The developed techniques are applied to a range of industrial applications such as belt
systems and piezo stepper actuators illustrating the superiority of the developed
approaches.
The control techniques developed prior to this thesis focus mainly on LTI
systems either in continuous-time or discrete-time. These techniques do not
correspond to the current and future mechatronic systems. To this end current
techniques exploit approximations that lead to performance degradation. In this
thesis control techniques are developed that do not require approximations both
on the sensor side and actuation side.
In the first part of this thesis, Research Challenge 1 is addressed through the
development of an iterative learning control and repetitive control framework
that exploit all the available data from future sensors to achieve high performance in the continuous time. In the second part, Research Challenge 2 is
addressed through the development of feedforward and learning control techniques that enable performance improvements for future sensors such as piezo
stepper actuators. Detailed conclusions for each of these parts are presented
next. Finally, new research opportunities are summarized based on the insights
of this thesis.
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Learning control for unconventionally sampled
systems

In future mechatronic systems intermittently sampled data is available from, e.g.,
incremental encoders. The measurement data might be sampled at a higher rate
compared to the control input, leading to an abundance of non equidistant data.
While the performance of the mechatronic is required in the continuous-time.
In this thesis iterative learning control and repetitive control frameworks are
developed that efficiently use all available data from future sensors to obtain
high performance in the continuous time.
In Chapter 2 an intermittent ILC framework is developed that exploits all
available error knowledge to improve control performance to the limit. For example for systems that exploit incremental encoders intermittently sampled ILC
allows for a performance increase for existing systems due to the use of exact
data instead of quantized data, or it could come with cost benefits since cheaper
sensors with a higher quantization level could lead to similar performance levels. A new framework exploiting a single explicit ILC controller for intermittent
ILC is developed that guarantees monotonic convergence without imposing any
assumptions on the availability of data through a worst-case analysis. This
immediately allows large scale implementation of various relevant applications
with intermittent observations, including systems with incremental encoders,
and systems with networked or stealth attack issues. It is shown that due to the
trial-varying availability of the output, monotonic convergence in its standard
definition cannot be obtained. A new subspace-based definition for monotonic
convergence for this type of systems is introduced. A computationally efficient
design procedure for an ILC algorithm that guarantees monotonic convergence
is developed. A connection is established between the developed design procedure and the existing gradient-descent ILC approach leading to an intuitive
design procedure. The developed design procedure is applied to two examples
confirming monotonic convergence.
In a similar fashion in Chapter 3 an intermittent RC framework is developed that exploits all available error knowledge to improve control performance.
A new repetitive control framework is introduced including frequency domain
based stability guarantees without imposing any assumptions on the availability of data through a worst-case analysis. Similarly to the results obtained in
Chapter 2 this immediately allows large scale implementation of RC in various
relevant applications with intermittent observations. A novel RC structure enables improved transient behaviour for intermittently sampled data and can be
designed based on loop-shaping and identified FRF data that explicitly allows
for addressing uncertainty, closely resembling traditional RC design approaches.
The RC framework is experimentally validated through an implementation on
an industrial print belt system at Canon Production Printing.
In Chapter 4 an ILC framework is developed that enables the improvement
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of intersample behaviour by incorporating the idea of state-tracking in its design. Based on an LPTV stability analysis convergence conditions are derived
that guarantee convergence and monotonic convergence. The accurate and inexpensive non-parametric frequency response data can be exploited to verify
the convergence conditions. Additionally, the design of a robustness filter that
guarantees monotonic convergence conditions even with inaccurate models is
presented, demonstrating the effectiveness of the proposed method in practical
conditions. Application of the design framework to a motion system and the
experimental validation demonstrates the superior tracking performance and
improved intersample behaviour over the traditional output-tracking ILC.

10.1.2

Learning control for unconventionally actuated
systems

It is envisioned that in future mechatronic systems unconventional actuation
will be employed. For example, extremely fast and accurate positioning can be
achieved due to the high stiffness of piezo actuators. To accommodate these unconventional actuators new control frameworks are developed that fully exploit
the potential of these actuators.
In Chapter 5, a framework is developed to analyse the monotonic convergence
property of ILC applied to PWA systems, opening up the possibility to apply ILC
to a wide variety of applications. The analysing method exploits the incremental
ℓ2 -gain to determine if the mapping from the control input at trial j to the control
input at trial j + 1 is a contraction mapping, thereby guaranteeing monotonic
convergence in the 2-norm. This result is exploited to derive LMI conditions
that guarantee monotonic convergence, leading to a computationally tractable
analysis approach. A simulation example of a mass-spring-damper system with
a one-sided spring confirms the results.
In Chapter 6 a waveform optimization framework is developed that can perfectly compensate commutation angle domain disturbances for systems with
static dynamics. This approach is succesfully applied to piezo stepper actuators
that exhibit disturbances introduced by the walking behaviour in the commutation angle domain. Also, other applications may benefit from this approach,
including permanent magnet motors with cogging. The presented framework
is capable of fully mitigating repeatable disturbances in the commutation angle domain for a piezo stepper actuator while coping with iteration-varying and
non-equidistant measurement and actuation points. Basis functions are used
to parameterize the input and error signals and obtain continuous descriptions.
These continuous descriptions are used in an update law. Compensation of the
α-domain repeating disturbances for a piezo stepper actuator during walking
experiments results in a linear relation between commutation angle and mover
position. This improves the positioning accuracy and reduces the complexity of
closed-loop control in an industrial setting.
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In Chapter 7 a systematic feedforward approach that compensates for the
hysteretic behaviour in piezoelectric actuators is presented exploiting a straightforward inversion of a memory-element based hysteresis model. Inspired by the
dual-pair concept, it is shown how the Ramberg-Osgood model can be cast as
a hybrid-MEM-element. This insight leads to both 1) a simple identification
procedure that requires a nonlinear optimization over only a single parameter 2)
a straightforward inverse to determine a compensating feedforward controller.
Finally, the developed feedforward controller is successfully applied to a piezoelectric actuator.
In Chapter 8 a direct tuning approach for hysteresis that alleviates the need
for forward modelling of hysteresis is presented. The closed-loop tuning approach
leads to a control-relevant feedforward controller by design. This is achieved
by rewriting the Prandtl-Ishlinskii model as a hybrid-MEM-element, exploiting
the results obtained in Chapter 7. In contrast to the Ramberg-Osgood model
presented in Chapter 7 it is shown that each of the parameters in the feedforward controller based on the Prandtl-Ishlinskii can be distinguished in the error
when performing closed-loop experiments with an appropriate desired trajectory. This leads to a systematic manual tuning approach that consists out of a
series of closed-loop experiments during which each of the parameters are gradually changed to minimize the error. This results in a feedforward controller
that is relevant for closed-loop control and without any intensive identification
procedure. In Chapter 9 a connection is established between this direct tuning
approach and widely used direct tuning approaches for mechanical systems.

10.2

Recommendations for future research

Based on the insights obtained in this thesis the following recommendations are
presented for future research directions.
Mechatronic system design: The results in this thesis show that when control
systems are able to exploit all possible data unparalleled performance improvements can be realized. The consequence of applying these control techniques are
that cheaper sensors can be used to obtain similar or even better performance.
Moreover, due to the possibility of exploiting intermittently sampled data sampled at different sample rates, enables large numbers of data without any data
transmission constraints.
Modelling: Most learning approaches rely on the availability of a model of the
system or an approximation thereof. Especially the introduced framework in
Chapter 2 relies on the availability of a model where the output is sampled at a
different sampling rate as the input. Ongoing research focuses on exploiting all
available data to obtain models of these types of systems (Yin and Mehr, 2011).

10.2 Recommendations for future research
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Improving system knowledge: Besides improving the model quality before
the design of the learning controllers another envisioned approach is to exploit all
available data and update the system knowledge iteratively during experiments.
For example, by jointly improving the system knowledge and the control action
from operational data, see, e.g., De Rozario and Oomen (2019) and Aarnoudse
and Oomen (2020).
Exploiting non-causality to improve state estimates: The intersample
performance improvements that can be achieved by the ILC framework developed in Chapter 4 hinge upon the accuracy of the state estimator. The exploited
state estimator used in Chapter 4 only uses causal operations. However, due to
the offline computation of the ILC update non-causal operations can be exploited
to further improve the accuracy of the state estimate. This could unlock an even
larger performance improvement.
Exploiting non-parametric models in the position domain: The developed waveform optimization approach in Chapter 6 exploits a parameterization
of the continuous-time signals by means of a set of basis functions. An important aspect of this approach is choosing the correct set of basis functions. To
alleviate the need to choose a set of basis functions, non-parametric models, such
as Gaussian processes, can be exploited to model the periodic disturbances, see,
e.g., Mooren et al. (2020). When exploiting these Gaussian processes only prior
info on the period time and smoothness are required.
Exploiting non-parametric models in feedforward: The feedforward approaches as presented in Chapters 7, 8, and 9 rely on a model structure of the
considered system, e.g., the Prandtl-Ishlinskii model in Chapter 8. The model
choice can limit the performance that can be achieved since dynamics that are
not captured by the model cannot be compensated for with feedforward. Ongoing research focuses on alleviating the necessity to specify the model of the
systems exploiting non-parametric models, see, e.g., Van Haren et al. (2022);
Kon et al. (2022).
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