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Abstract— Iterative Learning Control (ILC) enables sub-
stantial performance improvement by using past operational
data in combination with approximate plant models. The
aim of this paper is to develop an ILC framework based
on nonparametric frequency response function (FRF) models
that requires very limited modeling effort. These FRF models
describe the behavior of a system in periodic steady state, yet
are employed for the control of arbitrary finite-length tasks.
A detailed analysis and design framework is developed to
construct noncausal learning filters directly from uncertain FRF
models, that achieve ILC convergence for arbitrary tasks. The
resulting framework provides a unification between ILC and
Iterative Inversion-based Control (IIC), where the latter is a
learning method specifically developed for periodic tasks.

I. INTRODUCTION

Iterative Learning Control (ILC) enables high performance
control for systems that perform repetitive tasks. ILC uses
past error data to improve the performance during future
tasks and this approach has been successfully applied to a
range of dynamic processes [1], [2].

Parametric model-based frequency-domain methods en-
able intuitive and robust ways to design ILC controllers.
These approaches typically yield ILC filters that can be
applied for tasks of any length Nr. This is achieved by
approximately inverting a parametric model of the process
[3, §5.2]. The effects of modeling errors are subsequently
suppressed using robustness filters, yet high performance
requires models of considerable accuracy, and when a model
is Non-Minimum Phase (NMP), dedicated techniques [4] are
required to ensure the learning filter is stable and results in
finite pre-actuation [5], which are essential aspects in ILC.

Approaches have been developed that aim to reduce
the modeling requirements for learning in dynamical sys-
tems, including those methods based on nonparametric Fre-
quency Response Function (FRF) models, such as Iterative
Inversion-based Control (IIC) [6]. IIC assumes the system is
in steady state, and has been shown to result in exceptional
learning performance for periodic tasks. However, this as-
sumption is violated for finite-time tasks [7], making IIC
less suitable for point-to-point positioning systems such as
robotic manipulators [8], industrial printers [9], and wire-
bonders [10].
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Lifted ILC design methods explicitly account for finite-
time aspects by optimizing the performance on a specific
time interval. This approach is effective for the chosen task
length Nr, yet the resulting update laws are typically time-
varying and cannot be applied to tasks of different lengths
[1]. Moreover, determining update-laws for large tasks may
be computationally demanding [9], and tuning for robustness
is less intuitive compared to frequency-domain approaches.

Although the existing learning control methods separately
tackle challenges related to modeling requirements, stable
inversion, and convergence for finite-time tasks, there does
not exist a unifying approach that facilitates convergent learn-
ing for tasks of any length Nr, without requiring parametric
plant models and stable inversion methods. This paper aims
to develop such a unifying framework that

(R1) employs nonparametric FRF models,
(R2) yields stable learning filters with finite pre-actuation,
(R3) and enables learning for tasks of any length.
This is achieved by developing a design method based on
uncertain nonparametric FRF models, that yields noncausal
Finite Impulse Response (FIR) learning filters that accom-
modate tasks of any length Nr. A new convergence condition
is developed that relates boundedness of the inversion error
FRF to finite-time ILC convergence. This effectively bridges
the gap between existing parametric model-based ILC, IIC,
and Lifted ILC. The developed FIR design method is closely
related to the frequency sampling method presented [11],
which has been adapted for feedforward control in [12],
[13], for repetitive control in [14], and this paper extends
its application to ILC. This article considers the complete
rejection of trial-invariant disturbances. For the effect of trial-
varying disturbances, the analysis in [15] applies directly.

This paper is structured as follows. In Section II, the ILC
and IIC approaches are recapitulated, and the FRF-based
learning filter design problem is formulated. In Section III,
the FRF-based FIR design approach is presented, and in Sec-
tions IV and V, the ILC convergence condition is developed
and guidelines are established to achieve convergence by
systematically reducing the inversion error. The developed
framework is illustrated by application to a benchmark NMP
system in Section VI.

A. Notation

Discrete-Time (DT) single-input single-output (SISO) LTI
systems are considered that are at rest at the start of a
task, and i ∈ Z≥0 denotes the task number. A system is
represented by its impulse response g(t), recursion relation
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G(q), Z-transform G(z), or FRF G(ejω). For a DT signal s ∶
Z ↦ R, the p-norm is defined as ∥s∥p = (∑∞t=−∞ ∣s(t)∣p)1/p

and ∥s∥∞ = maxt∈Z ∣s(t)∣. The spaces with bounded ∥.∥p
and ∥.∥∞ norms are denoted by `p and `∞. A sequence
{si(t)}∞i=0 is said to convergence monotonically to a fixed
point s∞(t) in the norm ∥.∥, if ∃κ ∈ [0,1) such that
∥si+1(t) − s∞(t)∥ ≤ κ∥si(t) − s∞(t)∥, ∀i. The Discrete
Time Fourier Transform (DTFT) pairs are given by S(ω) =
F∞{s(t)} = ∑∞n=−∞ s(n)e−jωn, s(t) = F−1

∞ {S(ω)} =
1

2π ∫
π
−π S(ω)e

jωtdω, and the Discrete Fourier Transform
pairs are given by S(ωk) = FN{s(t)} ≜ ∑N−1

n=0 s(n)e−jωkn,
s(t) = F−1

N {S(ωk)} ≜ 1
N ∑

N−1
k=0 S(ωk)ejωkt, with ωk ∈ ΩN ,

ΩN ≜ {ωk ∈ R ∣ ωk = 2π
N
k, k = 0, ...,N − 1} [16,

§2.21]. The function δ(ξ) represents the Kronecker delta
on the discrete time domain, i.e., δ(t) = 1 for t = 0 and
δ(t) = 0 otherwise, and represents the Dirac delta function
on the real frequency axis, i.e., ∫R δ(ω̃)f(ω̃)dω̃ = f(0). The
discrete linear convolution a(t)∗b(t) = ∑∞τ=−∞ a(τ)B(t−τ)
and the continuous circular convolution A(ω) ∗ B(ω) =
1

2π ∫
2π

0 A(ω̃)B(ω − ω̃)dω̃, are denoted by ∗.

II. PROBLEM FORMULATION

This paper addresses the problem of learning for dynam-
ical systems performing finite-time tasks. To start, ILC and
IIC are introduced, where G(q) denotes the system with
input u(t), output y(t), and r(t) denotes the desired output.

A. Learning filter design for ILC

In ILC, the tracking error corresponding to the ith task,
ei(t) = r(t) − yi(t), is reduced by updating the input as

ui+1(t) = ui(t) +L(q)ei(t), (1)

where L(q) is the learning filter. Substituting yi+1(t) =
G(q)ui+1(t), and (1), in ei+1(t), yields ei+1(t) = E(q)ei(t),
which after taking the Z-transform results in

E(z) = 1 −G(z)L(z), (2)

where E(z) is referred to as the inversion error. Convergence
of ei(t) is achieved if the following holds [17, Thm. 8].

Lemma 1. If E(z), as given by (2), is stable, causal, and

∣E(ejω)∣ < 1, ∀ω ∈ [0,2π), (3)

then the error ei(t) converges monotonically to 0 in ∥.∥2 on
the interval {0, ...,Nr − 1}, for any task length Nr ∈ N.

Recalling that supω∈[0,2π) ∣E(ejω)∣ bounds the energy gain
of E(z) [3, p. 27], Lemma 1 states that the energy of the
error, ∥e(t)i∥2, becomes strictly smaller after each iteration
i and thus converges to 0 as i → ∞. Traditional design
approaches ensure ∣E(ejω)∣ is small by aiming to achieve
L(z) ≈ G−1(z) using a parametric model of G(z). In this
paper, an ILC framework is developed that aims to achieve
L(z) ≈ G−1(z) by designing L(z) as a noncausal FIR
filter that is based on a nonparametric FRF model instead.
To facilitate preview in the FIR L(z) filters, Lemma 1 is
generalized towards pre-actuation ILC in Section V. Next,
the use of nonparametric models in learning is explored.
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Fig. 1. (a) The unknown true FRF G(ejω) ( ), the nominal FRF
estimate Gn(ejωk) (●), and the uncertainty bound γ(ejωk) ( ),
corresponding to the simulation example in Section VI. (b) The worst-
case inversion error G−1

(ejωk)γ(ejωk) (●) exceeds 1 for a number of
frequencies beyond 40 Hz. (c) The robustly optimal inverse FRF L∗(ejωk)
equals G−1

n (e
jωk) for those frequencies at which the worst-case inversion

error is smaller than 1 (by eqn. (6a)), and is 0 otherwise (by eqn. (6b)),
which is indicated here on the -20 dB line.

B. The IIC design methodology

In IIC, the input is updated using the DFT FN{.} as

ui+1(t) = ui(t) +F−1
N {L(ωk)FN{ei(t)}}, (4)

where the coefficients L(ωk) ∈ C are based on a nonparamet-
ric FRF model with bounded uncertainty and which consists
of N samples. Traditionally, N equals the task length Nr as
introduced in Lemma 1. This limitation is removed in the
method developed in this paper.

Definition 1. G(∆, ωk) denotes an N -sample uncertain FRF

G(∆, ωk) = Gn(ωk) +∆(ωk) ∈ C, ωk ∈ ΩN ,

∆(ωk) ∈∆(ωk), ∆(ωk) ≜ {∆ ∈ C ∣ ∣∆∣ ≤ γ(ωk)} ,

(5a)

(5b)

where Gn(ωk) is a known nominal FRF model and ∆(ωk)
a bounded uncertainty with known bound γ(ωk).

The model set (5) can be obtained through system iden-
tification [18], [19]. To ensure convergence despite the FRF
uncertainties, the coefficients L(ωk) are optimized for robust
monotonic convergence as follows [12], [19], [20]

L∗(ωk) = arg min
L∈C

max
∣∆∣≤γ

∣1 − G(∆, ejωk)L(ωk)∣, yields

L∗(ωk) = {G
−1
n (ejωk) if Gn ≠ 0 and ∣G−1

n γ∣ < 1

0 otherwise
(6a)
(6b)

This approach is illustrated in Figure 1. Clearly, the IIC
update (4) satisfies requirement R1, since L(ωk) results
directly from G(∆, ωk). However, IIC violates requirements
R2 and R3, since it is not suitable for arbitrary finite tasks,
because it results in an N -periodic input with infinite pre-
actuation, i.e., ui(t) = ui(t + αN), ∀α ∈ Z. Specifically, the
DFT transform pair F−1

N {FN{e(t)}} = e(⟨t⟩N) results in
a signal that periodically extends e(t) outside the interval
0, ...,N −1, as is reflected by ⟨t⟩N , which denotes t modulo
N . Thus, IIC provides a means to avoid the use of parametric



models and the associated issues of bounded inversion.
However, the IIC update is not directly suitable for arbitrary
finite-length tasks, whereas ILC is. The aim of this paper is
to unify ILC and IIC to design L(z) filters for finite tasks
based on FRF models.

C. Unification of ILC and IIC
To develop a unified approach, a linear convolution is

considered in the ILC update (1), i.e.,

L(q) ≜
ν2

∑
τ=−ν1

l(τ)q−τ , ν1, ν2 ∈ Z≥0. (7)

This L(z) facilitates finite pre-actuation for ν1 > 0, and
can readily be applied to arbitrary finite-length signals, as
is elaborated in Section V. In addition, (7) is inherently
stable, and thus satisfies R2 and R3. To also satisfy R1, the
coefficients l(t) are determined using G(∆, ωk), as given by
(5). Determining l(t) in a way that ensures ILC convergence,
i.e., such that (3) holds, is the main problem considered in
this paper and is achieved by evaluating the inversion error
E(ejω), given by (2), as a function of N , ν1, ν2 and l(t).

Problem 1. Given an FRF model set G(∆, ωk) as given by
Definition 1, determine the coefficients l(t) of the FIR filter
given by (7), such that E(ejω), in (2), satisfies (3).

III. FRF-BASED FIR DESIGN

The proposed approach to determine l(t) from G(∆, ωk)
is specified in Algorithm 1 and uses the IDFT [12] in
combination with a window function w(t), see also [11].

Algorithm 1 Determining the FIR coefficients l(t)
Given an N sample FRF estimate G(∆, ωk) as given by (5),
and a window function w(t), where w(t) = 0 for t < −ν1

and t > ν2, with ν1, ν2 ∈ N.
(i) Determine L∗(ωk) as given by (6).
(ii) Compute the periodic impulse response

lp(t) ≜ F−1
N {L∗(ejωk)} = 1

N

N−1

∑
k=0

L∗(ejωk)ejωkt. (8)

(iii) Truncate and smooth lp(t) using the window w(t)

l(t) ≜ w(t)lp(t). (9)

Note that lp(t) in step (ii) is N -periodic since ejωkt =
ejωk(t+pN) ∀p ∈ Z. The periodicity of lp(t) is removed in
step (iii) by truncating the sequence using the window w(t)
[21], as is illustrated in Figure 2. The window function plays
a key role in shaping l(t). Facilitating window design for
convergent ILC requires a detailed analysis of the inversion
error E(ejω), given by (2), which is developed next.

IV. INVERSION ERROR ANALYSIS

In this section, a detailed analysis of the inversion error
E(ejω) is developed as a function of the window function
w(t), which is the main contribution of this paper. Based on
the developed analysis, design guidelines are formulated to
mitigate the various inversion error sources.
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Fig. 2. (a) The true unknown inverse impulse response h(t) =

F
−1∞ {G−1

(ejω)} ( ). (b) The periodic impulse response estimate
lp(t) = F−1N {L

∗
(ejωk)} ( ) as result from step (ii) of Algorithm 1.

(c) The FIR l(t) ( ) obtained by applying the Hann window w(t) to
lp(t) in step (iii) of Algorithm 1.

A. The exact bounded inverse

First, the exact bounded inverse is determined using the
exact FRF G(ejω), which is essential to determine E(ejω).
The system response satisfies y(t) = g(t) ∗ u(t). For an
impulse response g(t), a sequence h(t) is said to be an
inverse of g(t) if g(t) ∗ h(t) = δ(t), and h(t) is said to
be a stable inverse if it is Bounded-Input Bounded-Output
(BIBO) stable, i.e., if u(t) ≜ h(t) ∗ r(t) ∈ `∞, ∀r(t) ∈ `∞.
The analysis considers the practically common class of stable
LTI systems that posses no zeros on the unit circle.

Assumption 1. The impulse response g(t) is absolutely
convergent, i.e., g(t) ∈ `1, and G(ejω) ≠ 0, ∀ω ∈ [0,2π).

The following lemma presents a stable inverse of g(t).

Lemma 2. If Assumption 1 holds, then

h(t) ≜ F−1
∞ {G−1(ejω)}, (10)

is such that g(t)∗h(t) = δ(t) and h(t)∗r(t) ∈ `∞, ∀r ∈ `∞.

Proof. Consider the Fourier transform of g(t) ∗ h(t)

F∞{g(t) ∗ h(t)} = G(ejω)F∞{F−1
∞ {G−1(ejω)}} = 1.

Hence, F−1
∞ {F∞{g(t) ∗ h(t)}} = F−1

∞ {1} = δ(t), proving
g(t) ∗ h(t) = δ(t). Consider Young’s inequality ∥h(t) ∗
r(t)∥p ≤ ∥h(t)∥1∥r(t)∥p, 1 ≤ p ≤ ∞ [22]. By Wiener’s 1/f
theorem [23], ∥h(t)∥1 <∞, since G(ejω) ≠ 0 ∀ω ∈ [0,2π),
and g(t) ∈ `1 by Assumption 1. Taking p = ∞ in Young’s
inequality proves h(t) ∗ r(t) ∈ `∞, ∀r ∈ `∞.

Lemma 2 implies that h(t), given by (10), is bounded even
when G(z) possesses zeros outside the unit disc. See [24]
for a related treatment using the bilateral Laplace transform.

B. The inversion error

Next, the inversion error is established under the assump-
tion that G(∆, ωk) contains the true sampled FRF G(ejωk),
which is a common assumption is robust control [25].

Assumption 2. Given (5a) and (5b), ∃∆○(ωk) ∈ ∆(ωk)
such that Gn(ωk) + ∆○(ωk) = G(ωk), ∀ωk ∈ ΩN , where
G(ejωk) is the true system FRF on the DFT grid ΩN .



The next theorem presents an expression of E(ejω).

Theorem 1. Under Assumption 1 and 2, let h(t) be given
by (10). Let L(q) be given by (7), where l(t) is given by (9),
and L∗(ejω) is given by (6). If ν1 < N , and ν2 < N , then
the inversion error E(ejω) ≜ 1 −G(ejω)L(ejω) satisfies

E(ejω) = Ewin(ejω) +Esam(ejω) +Eunc(ejω), (11)

where the three error sources are given by

Ewin = 1 −G(ejω) (W (ejω) ∗G−1(ejω)) ,

Eunc = −G(ejω)
N−1

∑
k=0

1

N
∆̂(ejωk)W (ej(ω−ωk)),

Esam = −G(ejω)
ν2

∑
τ=−ν1

w(τ)
⎛
⎝

−1

∑
p=−∞

h(τ + pN)

+
∞

∑
p=1

h(τ + pN)
⎞
⎠
e−jωτ ,

(12)

(13)

(14)

where W (ejω) = F∞{w(t)}, and ∆̂(ejωk) is given by

∆̂ ≜ {G
−1∆○G

−1
n if G−1

n ≠ 0 ∧ ∣G−1
n γ∣ < 1,

−G−1 otherwise .

(15a)

(15b)

A proof of this theorem is presented in Appendix A. The-
orem 1 explicitly separates the error into different sources.
This enables a systematic approach to minimizing ∣E(ejω)∣
by minimizing ∣Ewin∣, ∣Eunc∣, and ∣Esam∣ independently.

The windowing error Ewin(ejω), as given by (12), con-
stitutes the error that is introduced by using a finite length
window. To see this, recall that for an infinite uniform
window W (ejω) = 2πδ(ω), such that Ewin(ejω) = 0. For a
window of finite length, the convolution W (ejω)∗G−1(ejω)
affects a local value by mixing with neighboring frequencies.
This effect is traditionally characterized by various figures
of merit [21]. For example, the local difference is quantified
by the coherent gain. The leakage of a local contribution to
neighboring frequencies is quantified by the equivalent noise
bandwidth. The effect on distant frequencies is quantified by
the side lobe decay rate and the highest side lobe level.

The uncertainty error Eunc(ejω), as given by (13), re-
sults from the uncertainty in the FRF data set, given by
Definition 1. Due to the robust inversion step (6), the
resulting additive uncertainty is given by ∆̂(ejωk) in (15),
which affects Eunc(ejω) as a sum of N frequency-shifted
spectra W (ej(ω−ωk)), multiplied by ∆̂(ejωk). Consequently,
if W (ejω) introduces significant leakage, local uncertainties
∆̂(ejωk) can have a large impact at other frequencies ω.

The sampling error Esam(ejω), as given by (14), results
from the fact that the FRF model given by Definition 1, is
not a continuous function of ω, but rather a finite set of
samples. Indeed, Esam(ejω) vanishes for N →∞, provided
that h(t) converges to 0. For finite N , Esam(ejω) is an
infinite summation over p, which essentially adds up all the
remaining contributions of the true impulse response h(t)
outside the interval [−N + 1,N − 1] ⊂ Z. Hence, Esam(ejω)
is readily mitigated by increasing the number of FRF samples
N , as is also revealed by the forthcoming analysis.

C. Inversion error bounds

In this section, it is illustrated for an Asymmetric Triangu-
lar (AT) window that ∣Ewin(ejω)∣ and ∣Esam(ejω)∣ converge
to zero as the FIR length increases. This requires the true
inverse impulse response to decay exponentially forward, and
backward in time if it is noncausal. This assumption of a
hyperbolic system is common in stable inversion [26].

Assumption 3. Let h(t), as given by (10), be exponentially
bounded, i.e., ∃M1,M2 > 0 and ∃ρ1, ρ2 < 1, such that

∣h(t)∣ ≤ {
M1ρ

−t
1 t < 0

M2ρ
t
2 t ≥ 0

. (16)

wat(t) =
⎧⎪⎪⎨⎪⎪⎩

1 − ∣t∣
ν1

for − ν1 ≤ t ≤ −1

1 − ∣t∣
ν2

for 0 ≤ t ≤ ν2

. (17)

Theorem 2. Under Assumption 1 to 3, let E(ejω) be given
by (11), and define Mg ≜ supω ∣G(ejω)∣. If w(t) is given by
(17) with ν1, ν2 < N , then

∣Ewin(ejω)∣ ≤M1Mg
ρ1−ρ

ν1+1

1

ν1(1−ρ1)2
+M2Mg

ρ2−ρ
ν2+1

2

ν2(1−ρ2)2
,

∣Esam(ejω)∣ ≤ M1Mgρ
N
1

1−ρN1
( (ρ

ν1+1

1 −ρ1)

ν1(ρ1−1)2
+ (ρ

−ν2+1

1 −ρ1)

ν2(ρ1−1)2
)

+ M2Mgρ
N
2

1−ρN2
( (ρ

−ν1+1

2 −ρ2)

ν1(ρ2−1)2
+ (ρ

ν2+1

2 −ρ2)

ν2(ρ2−1)2
) .

A proof of Theorem 2 is provided in Appendix B. Evi-
dently, the AT window with ν1, ν2 < N , Ewin(ejω) decays
inversely proportional with ν1 and ν2, and ∣Esam(ejω)∣
decays exponentially with N . Hence, if γ(ejω) = 0, the true
inverse is obtained asymptotically if the FRF samples and
FIR length increase, i.e., lim(N,ν1,ν2)→(∞,∞,∞) ∣E(ejω)∣ = 0.

D. Design using the worst-case error

Theorem 1 can practically not be evaluated since the
true inverse impulse response h(t) is unknown. Selecting a
suitable window in practice is facilitated by the next lemma,
which bounds ∣E(ejωk)∣ on the DFT grid ΩN by exclusively
using known parameters, namely, the FRF model given by
Definition 1, and the user-defined learning filter L(q).

Lemma 3. Let E(ejω) be given by (11) under Assumption
1 and 2. On the DFT grid ΩN , E(ejωk) is bounded as

∣E(ejωk)∣ ≤ E(ejωk), ∀ωk ∈ ΩN ,

E(ejωk) ≜ ∣1 −Gn(ωk)L(ejωk)∣ + γ(ωk)∣L(ejωk)∣.
(18)

Proof. Consider ∣E(ejωk)∣ = ∣1 − G(ejωk)L(ejωk)∣. Since
G(ejωk) ∈ G(∆, ωk) by Assumption 2, ∣E(ejωk)∣ is bounded
as ∣E(ejωk)∣ ≤ sup

∆∈∆
∣1 − G(∆, ωk)L(ejωk)∣. Substituting (5a)

yields,

∣E(ejωk)∣ ≤ sup
∆∈∆

∣1 −Gn(ωk)L(ejωk) +∆(ωk)L(ejωk)∣

= ∣1 −Gn(ejωk)L(ejωk)∣ + γ(ωk)∣L(ejωk)∣,
due to the triangle inequality and since ∣∆(ωk)∣ ≤ γ(ωk).

Lemma 3 is practically useful when the DFT grid points
E(ejωk) closely approximate the continuous E(ejω). This



may not be the case when the zeros of the window spectrum
W (ejω) are close to the DFT grid points. This occurs for
example when a uniform window is used with ν1+ν2+1 = N .
In this case E(ejωk) presents a misleading bound, and it is
advised to take ν1 + ν2 + 1 ≠ N instead. Given the results in
this section, the following design guidelines are formulated.

Design Guideline 1. For the suitable selection of N , ν1, ν2

and w(t) in Algorithm 1.

1) Take N as high as possible. Note that computation and
memory requirements increase with N .

2) Start with a symmetric window: ν1 = ⌈N
2
⌉−1, ν2 = ⌊N

2
⌋.

3) From the set of classical window functions, as are dis-
cussed for example in [21], select a suitable function
w(t) based on the characteristics displayed by (18).
Take a window with small side lobes and a high side
lobe decay rate when ∣G(ejω)∣ spans a large dynamic
range, and take a window with small main lobe width
when G(ejω) displays non-smooth features.

4) Tune ν1 and ν2 using (18) with ν1 + ν2 + 1 ≠ N .

Step (4) typically involves various design considerations,
such as the maximum allowable amount of pre-actuation ν1,
and total FIR length ν1 + ν2 + 1, which is directly related
to the computational load associated with the ILC update
(1). Given these constraints, the pair (ν1, ν2) that minimizes
a cost function involving E(ejωk), such as V(ν1, ν2) =
∑Nk=0 E(ejωk , ν1, ν2), can be determined by explicit evalu-
ation, since the maximum number of combinations (ν1, ν2)
is only (N − 1)2, due to the constraint ν1, ν2 < N .

In this section, the different sources are identified that
constitute the inversion error, resulting in design guidelines
to minimize these errors. Next, the implementation and finite-
time convergence aspects are addressed.

V. FINITE-TIME NONCAUSAL LEARNING

The second contribution of this paper is developed by
generalizing the ILC convergence condition, presented by
Lemma 1, to pre-actuation ILC. The generalized convergence
condition in combination with the L-filter design approach,
developed in the previous section, yields a complete frame-
work for finite-time ILC with nonparametric models. ILC
with pre-actuation is implemented as follows.

Algorithm 2 Finite-time ILC with pre-actuation
Given r(t) defined on the interval {0, ...,Nr − 1}. Given an
initial input u0(t), defined on the interval {−ν1, ...,Nr − 1},
i.e., the input starts ν1 ≥ 1 samples before the reference.
(i) Apply ui(t) to G(q). Then, determine ei(t) = r(t) −

yi(t) on the interval {0, ...,Nr − 1}.
(ii) Determine ui+1(t−ν1) = ui(t−ν1)+q−ν1L(q)ei(t), for

t ∈ {0,Nr − 1 + ν1}, where ei(t) = 0 for t ∈ {Nr,Nr −
1 + ν1}, i.e., e(t) as determined in step (i) is appended
with zeros.

(iii) Repeat from (i) until the error is sufficiently small.

When L(q) is designed using Algorithm 1 and Design
guideline 1, the filtering operation q−ν1L(q) in step (ii) is
causal. The following theorem generalizes Lemma 1 to pre-
actuation ILC with FIR filters L(q), given by (7).

Theorem 3. Let G(z) be stable and causal and let ui(t)
be updated as described by the finite-time ILC method in
Algorithm 2, with L(z) as given by given by (7). If

∣E(ejω)∣ < 1, ∀ω ∈ [0,2π), (19)

with E(z) as given by (2), then the error ei(t) converges
monotonically to 0 in ∥.∥2 on the interval {0, ...,Nr −1}, for
any task length Nr ∈ N.

A proof of this theorem is provided in Appendix C. Com-
bining this theorem with Lemma 3 yields a visual L-filter
design approach. Specifically, in step (ii) of Design Guideline
1, the window w(t) is designed such that E(ejωk) < 1
∀ωk ∈ ΩN , a condition which can be assessed visually since
Gn, L and γ are all available to the designer.

Next, the developed design approach and corresponding
inversion error are illustrated in a simulated example.

VI. SIMULATION EXAMPLE

In this section, a simulation study is presented aimed
at illustrating the developed L-filter design approach, the
resulting inversion error E(ejω), and the convergence of pre-
actuation ILC.

A. The process
A NMP cart system is considered, which appeared as a

benchmark problem for model-based inversion approaches in
[4]. The sample time is taken as Ts = 0.01 and the system
is given by

G(z) =

6

∑
i=0

biz
i

6

∑
i=0

aiz
i

a0 = 0.8964 b0 = −1.105 ⋅ 10−3
a1 = −4.847 b1 = 2.19 ⋅ 10−3
a2 = 11.37 b2 = 1.141 ⋅ 10−2
a3 = −14.98 b3 = −2.493 ⋅ 10−2
a4 = 11.76 b4 = 1.118 ⋅ 10−2
a5 = −5.198 b5 = 2.374 ⋅ 10−3
a6 = 1 b6 = −1.108 ⋅ 10−3

An N -sample nominal FRF model Gn(ejωk) and an additive
uncertainty bound γ(ejωk) are generated as

Gn(ejωk) = G(ejωk) +∆(ejωk), ωk ∈ ΩN , N = 103,

where for each frequency ωk, ∆(ejωk) is sampled from
a complex uniform distribution satisfying ∣∆(ejωk)∣ ≤
γ(ejωk), with γ(ejωk) = 0.001, ∀ωk. The result is shown
in Figure 1(a).

B. Constructing the inverse FIR model
In step (i) of Algorithm 1, L∗(ejωk) is determined using

(6), as is illustrated in Figure 1(b) and 1(c). The periodic
impulse response lp(t) is determined using (8). Based on
lp(t), 6 different FIR inverse filters are constructed by taking
two different filter lengths, ν1 = M

2
− 1 ν2 = M

2
, M ∈

{100,1000}, of the types: uniform, Bartlett and Hann, as
described in [21]. Their spectra are shown in the first column
in Figure 3, which gives an indication of their smoothing and
leakage properties.
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Fig. 3. In increasing order along the columns, the magnitude plots of the window FRF W (ejω), the total inversion error E(ejω), the window error
Ewin(e

jω
), the uncertainty error Eunc(ejω), and the sampling error Esam(ejω), for M = 100 ( ) and M = 103 ( ). From top to bottom, the

rows display the FRF for windows of the type: uniform, Bartlett, and Hann. The plots in the second column show that the total error E(ejω) is accurately
upper bounded by the worst-case error E(ejωk) (●,●), with exception of the uniform window for M = N = 1000 (first column). From the third and fourth
columns it is evident that the window error dominates and is comparable for the non-uniform windows, whereas the uncertainty error is dominant for the
uniform window. For all windows, the sampling error is negligible (last column) since the inverse impulse response h(t) has sufficiently decayed at t = N .

C. Analyzing the inversion error

Consider E(ejω) for the different FIR filters, as is shown
in the second column of Figure 3, the worst-case inversion
error E(ejωk) is also displayed, as given by (18). This shows
that (18) is a relatively accurate estimate of E(ejω) on ΩN .
The uniform window with ν1+ν2+1 = N is a clear exception
since the sampled estimate ends up in the zero locations of
the window FRF, resulting in a situation where E(ejωk) is
not a good indicator of E(ejω) outside the DFT grid ΩN .

The total error consists of Ewin(ejω), Eunc(ejω), and
Esam(ejω), see Theorem 1. For the uniform window,
Eunc(ejω) dominates the total error. This is due to its
relatively low side lobe decay rate, which causes the window
to spread the uncertainty ∆̂(ejωk), which is approximately
1 at higher frequencies, to lower frequencies. In contrast,
Eunc(ejω) remains relatively well localized for the Hann
window, and is not significantly affected by the window
size. For the Bartlett and Hann windows, Ewin(ejω) is the
dominant source, since the peaks of W (ejω) are less sharp
and not equal to unity at ω = 0, and thus introduce smoothing
and a local error. This effect decreases as the window length
increases. In contrast, Ewin(ejω) is significantly smaller for
the uniform window since its peak is sharper and equal
to unity at ω = 0. The last column of Figure 3 shows
that N = 103 results in an insignificant sampling error
Esam(ejω). Apparently, the inverse impulse response h(t)
has sufficiently decayed for N = 103.

To illustrate that convergence can be achieved using pre-
actuation ILC, Algorithm 2 is applied using the Hann-based
filter with M = 100, which yields max ∣E(ejω)∣ ≈ 0.8231,
and the Bartlett-based filter with M = 100, which yields
max ∣E(ejω)∣ ≈ 7.4825. The result is shown in Figure 4,
where the reference is a step function, i.e., r(t) = 1, with
Nr = 1000. Figure 4 shows that indeed the Hann-based L-
filter results in convergent ILC where the error is completely
rejected for i → ∞, whereas the Bartlett-based filter causes

0 5 10 15 20 25
10

-7

10
-4

10
-1

10
2

Fig. 4. ILC converges for the L-filter with M = 100 based on the
Hann window ( ) and diverges for the Bartlett-based window ( ).
Convergence is repeatedly achieved using the Hann-based filter for different
tasks lengths Nr ∈ {10,50,100,500} ( ). Applying IIC ( ) results
in poor performance since the system is not in steady state.

divergence.
Monotonic convergence is repeatedly achieved using

the Hann-based filter for different tasks lengths Nr ∈
{10,50,100,500}. These results are all in accordance with
Theorem 3. Additionally, IIC is applied as described by (4),
which results in only a slight improvement in performance.
The reason is that the system is not in steady state, thereby
violating the fundamental assumption in IIC theory [7].

VII. CONCLUSION

A pre-actuation ILC framework is developed that enables
learning for arbitrary finite tasks by using noncausal FIR
learning filters that are designed using sampled nonparamet-
ric FRF models. Practical guidelines to design the learning
filters are formulated based on a detailed analysis of the
derived convergence condition. The new ILC framework re-
duces modeling requirements compared to approaches using
parametric models, it overcomes the challenges related to
the inversion of such parametric models, and unlike IIC, it
is not limited by transients. The efficacy of the framework is
demonstrated by applying it to a benchmark NMP system.

APPENDIX

A. Proof of Theorem 1

A proof of Theorem 1 employs the following auxiliary
results.



Lemma 4. Consider G(∆, ωk) as given by (5) and let
L∗(ejωk) be given by (6). If Assumption 2 holds, then

L∗(ejωk) = G−1(ejωk) + ∆̂(ejωk), (20)

where ∆̂(ejωk) is given by (15).

Proof. Consider L∗ as given by (6a), i.e., L∗ = G−1
n . Rewrite

L∗ as L∗ = G−1+G−1
n −G−1 = G−1+(1−G−1Gn)G−1

n . Under
Assumption 2, ∃∆○ such that Gn = G−∆○. Substituting this
in L∗ gives L∗ = G−1 + (1 − G−1(G − ∆○))G−1

n = G−1 +
G−1∆○G

−1
n , which equals (20) for mode (15a). Mode (15b)

readily follows by recognizing that L∗ = 0 = G−1 −G−1.

Lemma 5. Let H(ejω) = F∞{h(t)}, h(t) ∈ `1. Then for
t ∈ {−N + 1, ...,N − 1}, hp(t) = F−1

N {H(ejω)}, satisfies

hp(t) = h(t) +
−1

∑
p=−∞

h(t + pN) +
∞

∑
p=1

h(t + pN). (21)

Proof. Substituting H(ejωk) = ∑∞n=−∞ h(n)e−jωkn into
(8) yields hp(t) = 1

N ∑
N−1
k=0 (∑∞n=−∞ h(n)e−jωkn) ejωkt =

1
N ∑

∞
n=−∞ h(n)∑N−1

k=0 ejωk(t−n) = 1
N ∑

∞
n=−∞ h(n)Nδ(⟨t −

n⟩N) = h(⟨t⟩N)+∑−1
p=−∞ h(⟨t⟩N +pN)+∑∞p=1 h(⟨t⟩N +pN),

since ∑N−1
k=0 ejωk(t−n) = Nδ(⟨t − n⟩N). The final expression

of hp(t) expression is identical to (21) for t ∈ {−N+1, ...,N−
1}, since ⟨t⟩N = t on that interval.

A proof of Theorem 1 is as follows.

Proof. Consider lp(t) as given by (8) with L∗(ejωk), given
by (6). Under Assumption 2, Lemma 4 implies that L∗(ejωk)
equals (20), such that lp(t) = 1

N ∑
N−1
k=0 (G−1(ejωk) +

∆̂(ejωk))ejωkt. Under Assumption 1, Lemma 2 implies
h(t) = F∞{G−1(ejω)}, and Lemma 5 implies that hp(t) =
FN{G−1(ejω)}. Consequently, lp(t) = hp(t) + ∆̂(t).

L(z) =
ν2

∑
τ=−ν1

w(τ)
⎛
⎝
h(τ) + ∆̂(τ)

+
−1

∑
p=−∞

h(τ + pN) +
∞

∑
p=1

h(τ + pN)
⎞
⎠
z−τ ,

where (21) was used, which applies since τ ∈ {−N+1, ...,N−
1}. Substituting L(ejω) in E(ejω) = 1 − G(ejω)L(ejω)
yields E(ejω) = Ewin(ejω)+Esam(ejω)+Eunc(ejω), where
Esam(ejω) is given by (14) and

Ewin(ejω) = 1 −G(ejω)
ν2

∑
τ=−ν1

w(τ)h(τ)e−jωτ

Eunc = −G(ejω)
ν2

∑
τ=−ν1

w(τ)∆̂(τ)e−jωτ

(22)

(23)

To show that (22) equals (12), note that
ν2

∑
τ=−ν1

w(τ)h(τ)e−jωτ =
∞

∑
τ=−∞

w(τ)h(τ)e−jωτ , (24)

since w(t) = 0 for −ν1 < t, t > ν2. Furthermore, note that
(24) is identical to F∞{w(t)h(t)} =W (ejω)∗G−1(ejω). To
show that (23) equals (13), note that using the definitions of
F∞ and F−1

∞ it holds that ∑ν2τ=−ν1 w(τ)∆̂(τ)e−jωτ =

∑∞τ=−∞w(τ) 1
N ∑

N−1
k=0 ∆̂(ejωk)ejωkτe−jωτ =

1
N ∑

N−1
k=0 ∆̂(ejωk)∑∞τ=−∞w(τ)e−jτ(ω−ωk) =

1
N ∑

N−1
k=0 ∆̂(ejωk)W (ej(ω−ωk)), showing that Eunc(ejω)

satisfies (13).

B. Proof of Theorem 2

Proof. Recall from the previous section that Ewin is given
by (22). Substituting the AT window wat(t), as given by
(17), yields

Ewin(ejω) = 1 −G(ejω)
ν2

∑
τ=−ν1

h(τ)e−jωτ

+G(ejω)
−1

∑
τ=−ν1

∣τ ∣
ν1
h(τ)e−jωτ

+G(ejω)
ν2

∑
τ=0

∣τ ∣
ν2
h(τ)e−jωτ . (25)

By Lemma 2 it holds that 1 − G(ejω)∑∞τ=−∞ h(τ)e−jωτ =
0. By splitting the infinite summations at −ν1 and ν2, this
identity can be rewritten as

1 −G(ejω)
ν2

∑
τ=−ν1

h(τ)e−jωτ =

G(ejω)
−ν1−1

∑
τ=−∞

h(τ)e−jωτ +G(ejω)
∞

∑
τ=ν2+1

h(τ)e−jωτ

Substituting this relation into (25) yields

Ewin(ejω) = G(ejω)(
−ν1−1

∑
τ=−∞

h(τ)e−jωτ +
∞

∑
τ=ν2+1

h(τ)e−jωτ)

+G(ejω)
−1

∑
τ=−ν1

∣τ ∣
ν1
h(τ)e−jωτ +G(ejω)

ν2

∑
τ=0

∣τ ∣
ν2
h(τ)e−jωτ .

∣Ewin(ejω)∣ is readily bounded as

∣Ewin(ejω)∣ ≤Mg

−ν1−1

∑
τ=−∞

∣h(τ)∣ +Mg

∞

∑
τ=ν2+1

∣h(τ)∣,

+Mg

−1

∑
τ=−ν1

∣ τ
ν1
h(τ)∣ +Mg

ν2

∑
τ=0

∣ τ
ν2
h(τ)∣ ,

where Mg ≜ supω ∣G(ejω)∣. Using that h(t) is exponentially
bounded, as given by (16) in Assumption 3, results in

∣Ewin(ejω)∣ ≤MgM1

−ν1−1

∑
τ=−∞

ρ−τ1 +MgM2

∞

∑
τ=ν2+1

ρτ2 ,

+
MgM1

ν1

−1

∑
τ=−ν1

∣τρ−τ1 ∣ +
MgM2

ν2

ν2

∑
τ=0

∣τρτ2 ∣ ,

=Mg

2

∑
n=1

Mn
ρνn+1
n

1 − ρn
+Mg

2

∑
n=1

Mn
νnρ

νn+2
n − (νn + 1)ρνn+1

n + ρn
νn(1 − ρn)2

Both sums can be combined resulting in

∣Ewin(ejω)∣ ≤Mg

2

∑
n=1

Mn
ρn − ρνn+1

n

νn(1 − ρn)2
.



C. Proof of Theorem 3

Proof. Let the lifting of signal si(t) over the interval {0,N}
be denoted as s̄i (0 ∶N) ≜ [si(0) ... si(Nr − 1)]⊺. It is first
shown that Algorithm 2 results in

ēi+1 (0 ∶Nr−1) = Ēēi (0 ∶Nr−1), Ē = I − [0 I] ḠL̄c [
0
I], (26)

where Ḡ and L̄c are the lower triangular Toeplitz impulse
response matrices of G(q) and Lc ≜ q−ν1L(q). Consider
step (i), ei(t) is given by ei(t) = r(t) − yi(t), with yi(t) =
G(q)ui(t). Lifting over {−ν1, ...,Nr − 1} gives

ēi (−ν1 ∶Nr−1) = r̄ (−ν1 ∶Nr−1) − Ḡūi (−ν1 ∶Nr−1), (27)

and e(t) on the interval t ∈ {0, ...,Nr − 1} is identical to

ēi (0 ∶Nr−1) = [0 I] ēi (−ν1 ∶Nr−1). (28)

The update in step (ii) satisfies ūi+1 (−ν1 ∶Nr−1) =
ūi (−ν1 ∶Nr−1) + L̄c[

ēi (0 ∶Nr−1)
0

]. Substituting (28) gives

ūi+1 (−ν1 ∶Nr−1) = ūi (−ν1 ∶Nr−1) + L̄c[
I
0] [0 I]ēi (−ν1 ∶Nr−1).

Substituting the latter in ēi+1 (−ν1 ∶Nr−1) = r̄(−ν1 ∶Nr−1) −
Ḡūi+1 (−ν1 ∶Nr−1) gives ēi+1 (−ν1 ∶Nr−1) = r̄(−ν1 ∶Nr−1) −

Ḡūi (−ν1 ∶Nr−1) − ḠL̄c [
I
0
] [0 I] ēi (−ν1 ∶Nr−1), pre-

multiplying the latter by [0 I] and substituting
(27) and (28) yields (26). Monotonic convergence of
ēi (0 ∶Nr−1) to 0 in ∥.∥2 is obtained if σ̄(Ē) < 1 [17,
Thm. 2]. The main result (19) is obtained by defining
Ec(q) ≜ q−ν1E(q) = q−ν1 − G(q)q−ν1L(q), with impulse
response matrix Ēc = Iν1 − ḠL̄c, and with Iν1 a zero matrix
whose ν1th lower diagonal equals 1. Then, it follows readily
that Ē = [0 I]Ēc[I0]. such that σ̄(Ē) ≤ σ̄(Ēc) due to the
submultiplicativity of σ̄(.). Since Ēc is causal and stable,
it holds that σ̄(Ēc) ≤ supω∈[0,2π) ∣Ec(ejω)∣, [27, §9.6],
consequently

σ̄(Ē) ≤ σ̄(Ēc) ≤ sup
ω∈[0,2π)

∣Ec(ejω)∣

= sup
ω∈[0,2π)

∣e−jων1E(ejω)∣ = sup
ω∈[0,2π)

∣E(ejω)∣,

such that convergence is achieved for any Nr if (3) holds.
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