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Data-driven Iterative Inversion-based Control:
Achieving Robustness through Nonlinear Learning ?
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Abstract
Learning from past data enables substantial performance improvement for systems that perform repeating tasks. Achieving
high accuracy and fast convergence in the presence of unknown disturbances imposes requirements on the available system
knowledge, i.e. a model of suitable accuracy is required. The aim of this paper is to develop an approach that achieves high
tracking performance through learning for systems with unknown dynamics that are subjected to unknown disturbances,
while ensuring bounded trial-to-trial input amplification. This is achieved by developing a nonlinear Iterative Inversion-based
Control (IIC) framework that combines data-driven and model-based aspects in a suitable manner. In particular, by employing
a nonlinear learning strategy, high performance and bounded input amplification is ensured for Linear Time Invariant (LTI)
systems. The developed method is applied to an experimental desktop printer, which shows that significant performance
improvement is achieved with respect to existing methods, and substantially less prior modeling requirements are imposed.
Key words: Learning Control.

1

Introduction

High tracking performance can be achieved for systems
that perform repeating tasks by learning from past data.
For instance, Iterative Learning Control (ILC) [1, 8] and
Repetitive Control (RC) [17] exploit the identical nature
of the tasks to anticipate disturbances [34], resulting in
superior performance with respect to traditional feedback control. Many successful applications have been reported including; robotics [2, 9, 36, 3], wafer stages [10],
additive manufacturing [29, 19] and printing systems [7].
Achieving convergence is essential in learning and is typically aided by incorporating system knowledge in the
form of a model [24]. By designing learning filters that
are based on an inverse dynamics model of the system
[31, chap. 6],[13], fast convergence can be achieved if
the model is sufficiently accurate. In contrast, when the
model is of poor quality, the learning method may not
converge, or converges with poor transient learning behavior [26]. This spurred the development of robust ILC
? This work is supported by Océ Technologies and the research programme VIDI (no. 15698), which is (partly) financed by the Netherlands Organisation for Scientific Research (NWO).
Email addresses: r.d.rozario@tue.nl (Robin de
Rozario), t.a.e..oomen@tue.nl (Tom Oomen).

approaches [40, 39] that aim to reduce the sensitivity to
modeling errors by ensuring convergence, at the expense
of asymptotic performance [30]. Hence, ILC and RC algorithms aimed at fast convergence require approximate
system knowledge over a fairly large frequency range
[4, 5].
The effort associated with developing approximate models and robustness filters in ILC and RC has led to the
development of model-free learning approaches. In [6],
a data-driven steepest-descent ILC method is developed
that eliminates the need for learning and robustness filters. In this approach, dedicated experiments are required and many iterations are needed before convergence is achieved. Similarly, in [21], the impulse response
of a Linear Time Invariant (LTI) system is estimated
from a weighted combination of previous trials. In these
approaches, the modeling effort is replaced by system
identification techniques that are integrated in the iterative process. Averaging techniques are used to reduce
the effect of unmeasured disturbances, although no complete analysis is provided of the effect of disturbances on
the convergence behavior of the iterative process.
Beyond typical ILC and RC approaches, Iterative
Inversion-based Control (IIC) is a related class of iterative algorithms that aims to improve the performance of
LTI systems through learning without using a paramet-
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(C3) The obtained insights are exploited in the development of a specific NL-IIC update law that ensures bounded input amplification in the presence
of disturbances.
(C4) The developed method is successfully applied to
a commercial desktop printer and the results are
compared to pre-existing approaches, revealing superior performance.

ric model. Originally, in [38], a nonparametric Frequency
Response Function (FRF) model of the inverse system
dynamics is successfully used to achieve convergence.
Such models are typically accurate, inexpensive and
fast to obtain [32]. Since the FRF model is commonly
estimated on a finite frequency grid, severe requirements are imposed on the compatibility of the grid and
the task length. Moreover, similar to model-based ILC,
suitably designed frequency-dependent learning coefficients are still required in IIC to ensure convergence in
the presence of modeling errors [42, 41, 11].

Initial research is reported in [12]. The present paper
extends the previous results by: (i) presenting a general
framework that extends previous local results to global
results, or appends specific local results with explicit
regions of attraction, (ii) by providing rigorous proofs of
the theorems, and (iii) by supporting these claims with
extensive experimental tests.

In Model-Free IIC (MF-IIC), the modeling requirement
is further reduced by removing the need for a predetermined FRF model. In particular, the inverse FRF
model is estimated online from the data that results from
the previous trial [23]. This results in increased tracking performance and fast convergence if the reference is
large compared to the output disturbances. However, if
the reference and output disturbance are of comparable magnitude, the performance can deteriorate significantly, as is shown in [12], which presents the initial research on this phenomenon. The loss of performance is
caused by substantial amplification of the input signal
from one trial to the next, which is caused by the inverse
model error that is induced by the corrupted output signal. In this paper, it is shown that this mechanism in
fact stabilizes the iteration dynamics, since the inflated
input results in a more accurate model estimate during
the next trial, which in turn results in accurate learning
that drives the input to its optimum. Ad hoc attempts to
avoid excessive amplification of the input signal by using
a threshold learning function are presented in [25, 20],
although a formal convergence analysis is not provided.

This paper is structured as follows. The iterative tracking problem is formalized in Section 2. In Section 3,
the NL-IIC framework is developed, which is shown to
present a solution to the posed problem. In Section 4, the
nonlinear iteration dynamics are analyzed, and the limitations and advantages of traditional MF-IIC are identified. In Section 5.1, a specific NL-IIC update-law is formulated and implementation and design aspects are addressed. In Section 6, the developed approach is applied
to a commercial printer.
1.1

Preliminaries

The sets of natural numbers, integers, real numbers, nonnegative real numbers, and complex numbers are denoted by N, Z, R, R≥0 , [0, ∞), and C respectively.
A closed ball with radius r∈ R≥0 around a point z ∈
C is denoted by Br (z) , x ∈ C |x − z| ≤ r . A sequence {xi } is said to converge to an r̄ neighborhood
of z, if |xi − z| < ri ∀i, lim ri = r̄, which by slight

Although significant progress is made towards the development of iterative methods that maximize performance, while minimizing the prior modeling effort, at
present, the incorporation of online system identification techniques in learning control may lead to erratic
trial-to-trial behavior as a result of unmeasured disturbances. The aim of this paper is to develop a data-driven
learning approach that ensures high performance and
bounded input amplification in the presence of disturbances by suitably incorporating online inverse model
estimation in the iterative procedure. This is achieved by
developing a Nonlinear IIC (NL-IIC) approach through
the following contributions.

i→∞

abuse of notation is denoted by lim xi ∈ Br̄ (z). A real
i→∞

function f (x), x ∈ X ⊆ R is bounded if ∃c ∈ R≥0 ,
such that |f (x)| ≤ c ∀x ∈ X. A Discrete Time (DT)
LTI system is denoted by its transfer function G(z),
where z ∈ C a complex indeterminate. The N -point Discrete Fourier Transform (DFT) and its inverse of a finite time signal s(t) are denoted by F and F −1 , and
PN −1
are defined as S(k) = F{s(t)} , √1N t=0 s(t)e−jωk t ,
PN −1
s(t) = F −1 {S(k)} , √1N k=0 S(k)ejωk t , ωk = 2πk
N ,
k = 0, 1, ..., N − 1 [35, §2.21]. Throughout, {Xi (k)} denotes a sequence of signals Xi (k) as a function of the
iteration number i.

(C1) A general NL-IIC approach is developed that employs nonlinear learning functions. By establishing a global analysis framework, a specific class of
learning functions is formulated that achieve robust learning.
(C2) The limitations and advantages of traditional MFIIC, which is recovered as a special case of NLIIC, are revealed through analysis of the nonlinear
iteration dynamics.

2

Problem formulation

In this section, three key requirements for iterative tracking control methods are formulated and motivated, and
the iterative tracking problem is formulated.

2
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Fig. 1. Open loop control scheme of a DT-LTI system G
that is desired to perform the trial-invariant task r under
trial-varying disturbances di .

2.1

3
2
1

Requirements in iterative control

0

Consider the open loop control scheme as shown in Figure 1. During the ith iteration, the input ui to the LTI
plant G(z) results in the output yi , which is perturbed
by a disturbance di . The iterative tracking control problem is to determine an input that renders the tracking
error ei = r − yi small in an appropriate sense. An effective approach is to exploit the identical nature of the
tasks r by iteratively updating the input signal to improve the performance, as is the key strategy in ILC, RC
and IIC [11]. The following requirements are essential
for such iterative approaches.
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Fig. 2. Illustration of two learning methods that aim to learn
the input U∞ . Although both sequences converge to a re), U (1) (
) displays large variations
gion around U∞ (
(2)
whereas U
(
) remains close to U∞ . The smoothness
can be quantified by κi as given by (1), which is improved
by bounding κi .

Definition 2 A sequence {Xi }, Xi ∈ C, is said to convergence monotonically to a point X∞ ∈ C if there exists
a κ̄ ∈ [0, 1) such that, |Xi+1 − X∞ | ≤ κ̄|Xi − X∞ | ∀i.

Requirements R1 and R2 are typical objectives for iterative control methods [30]. The importance of R3 is
illustrated in Figure 2, which displays the convergence
behavior of two different input sequences for a specific
frequency k. In the top figure, |Ui (k)| is displayed as a
function of the iterations, which shows that the two sequences converge to the a region around the point U∞ .
(2)
However, Ui (k) converges relatively smoothly, whereas
(1)
Ui (k) converges in an erratic manner, and displays relatively large variations in the input. In practice, this
results in unpredictable behavior and unreliable performance. To enable quantification of this behavior, the following measure is introduced.

In this section, three requirements for iterative learning
methods are distinguished and the concept of bounded
input amplification is introduced. In the next section,
these requirements are formalized in the iterative tracking problem.
2.2

Problem formulation

In this section, the iterative tracking problem is formulated in the frequency domain. To this end, the following
assumptions are made on the system G in Figure 1.

Definition 1 For a given sequence {Xi (k)} define the
propagation factor at frequency k as
|Xi+1 (k)|
.
|Xi (k)|

5

5

(R1) Increased performance: the error is small in an appropriate sense after several iterations.
(R2) Input convergence: after a number of iterations the
input is close to a certain bounded signal.
(R3) Input amplification: the trial-to-trial amplification
of the input is limited, such that severe performance loss is avoided from one trial to the next.

κi (k) ,

0
6

Assumption 1 Let r(t) be a known trial-invariant and
bounded reference signal with DFT coefficients R(k).

(1)

Assumption 2 Let G(z) be an unknown stable LTI system with G(ejωk ) 6= 0, ∀k ∈ {0, ..., N − 1}.

In the bottom plot of Figure 2, κi is shown for the two
input sequences. This reveals that the maximum trialto-trial amplification of the input is limited, when κi is
bounded from above, i.e., κi ≤ κ̄ ∈ R≥0 . Bounding κi is
a key strategy that is employed in this paper to achieve
requirement R3. Furthermore, note that if κi < 1 ∀i,
then the sequence converges monotonically to 0. This
concept is used throughout and is formalized as follows.

Hence, it is assumed that the FRF of G(z) is nonzero on
the DFT grid, which is implied if G(z) is nonzero and
has no zeros on the unit disc, as is commonly assumed
in system inversion [14].
Assumption 3 The output Yi (k) of G(z) in Assumption 2, corresponding to the i-th trial, is measured and

3
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3

given by
Yi (k) = G(ejωk )Ui (k) + Di (k),

(2)

In this section, a general NL-IIC approach is developed
that encompasses MF-IIC as a special case. Bounded input amplification is achieved by incorporating nonlinear
learning functions to regulate the learning speed. By establishing a global analysis framework, a class of learning functions is formulated which are shown to solve
Problem 1, thereby constituting contribution C1. In the
remainder, the results are presented for a specific frequency k, which is occasionally omitted from the notation to facilitate the exposition.

where Di (k) is an unknown disturbance.
To enable guaranteed stability of the developed iterative
control method for any sequence of disturbances {Di },
it is assumed that |Di | is bounded as follows.
Assumption 4 The unknown output disturbance is
bounded by δ(k), i.e., |Di (k)| ≤ δ(k) ∀i.
This assumption is commonly made in system identification for control [27], and enables a deterministic framework to guarantee robustness against worst-case modeling errors [28].

3.1

The disturbance free case

First, the case is considered for which the disturbances
are effectively zero, i.e., δ = 0. This occurs for example
if the output is measured without noise and corresponds
to an LTI system in steady state.

Assumptions 2 to 4 cover the class of stable systems
whose output is measured, and can be modeled as the
steady-state output of an unknown LTI system, that is
perturbed by an unknown-but-bounded output disturbance. The latter represents the contributions of inputoutput noise, nonlinear perturbations, and the transient
response, which is equivalent to leakage [33]. This class
of systems encompasses a wide range of practically relevant applications.

Lemma 1 If δ(k) = 0 under assumptions 1 to 4, then
the sequences generated by
Ui+1 (k) = Ui (k) +

Ui (k)
Ei (k),
Yi (k)

(4)

result in Ei (k) = 0 and Ui (k) = G−1 (ejωk )R(k) ∀i ≥ 1,
for any U0 (k) 6= 0.

By defining the tracking error as
Ei (k) , R(k) − Yi (k),

Nonlinear IIC for Uncertain LTI Systems

(3)
PROOF. Substituting (2) into (4) with D = 0 and
computing E1 (k), results in E1 (k) = 0 ∀U0 (k) 6= 0. Since
Ui+1 (k) = Ui (k) for Ei (k) = 0, it holds that Ei (k) = 0
∀i ≥ 1 and Ui (k) follows directly from (2) and (3).

the iterative tracking problem is formulated as follows.
Problem 1 Determine an update law Ui+1 = f (Ui , Yi , R)
that generates sequences {Ui (k)}, such that for any given
frequency k ∈ {0, ..., N − 1}, the following criteria are
satisfied under Assumptions 1 to 4.

Consequently, it follows readily that (4) presents a solution to Problem 1 for δ(k) = 0. The update law (4) corresponds to the MF-IIC approach [23], which essentially
perfectly estimates the inverse dynamics G−1 (ejωk ) from
the initial trial and employs it to compute input that
results in perfect tracking during the next trial.

(P1) The error converges to a neighborhood of zero, i.e.,
lim Ei (k) ∈ Bre (k) (0) for a certain re (k) ∈ R≥0 .
i→∞

(P2) The input converges to a bounded set, i.e.,
lim Ui (k) ∈ Bru (k) (U∞ (k)), for a certain
i→∞

|U∞ (k)| < ∞ and ru (k) ∈ R≥0 .
(P3) The input propagation factor, as given by (1) where
Xi (k) = Ui (k), is always bounded, i.e., κi (k) ≤
κ̄(k) ∈ R≥0 ∀i.

The key problem is the effect of disturbances, i.e. δ >
0, on the iteration dynamics described by (2) and (4).
Considering (2) in combination with (4) for the case that
δ > 0, shows that if D tends to −GUi , then Yi tends to
zero. This results in an unbounded input correction such
that |Ui+1 | in (4) becomes arbitrarily large.

Note that subproblems P1, P2 and P3 reflect requirements R1, R2 and R3 as presented in the previous subsection. This frequency domain formulation enables a
frequency-by-frequency evaluation of the signals, which
significantly aids the forthcoming analysis and synthesis.

3.2

Nonlinear Iterative Inversion-based Control

To ensure limited trial-to-trial variations in the input
with respect to the worst-case estimation error of G−1
in case δ > 0, the following class of NL-IIC update laws
is considered.

In the next section, a general class of update laws is
presented that aims to solve the tracking problem as
presented in this section.

4
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(ii) and the reference is such that

Definition 3 Let Ui+1 (k) = f (Ui (k), Yi (k), R(k)) for
i ≥ 1, with

U + ρ(|Y |) Ui E , for Y 6= 0,
i
i
i
i
Yi
f (Ui , Yi , R) =
(5)

Ui ,
for Yi = 0,

|R| ≥ αδ + ∆δ

α
,
α−1

(iii) and the initial error is such that
|E0 | ≤ |R| − αδ,

where, ρ(|Yi |) is an output-magnitude-dependent learning gain function

(8)

then the sequences {Ui } generated by (5) satisfy

ρ : R≥0 7→ [ρ, ρ̄] ⊆ R≥0 ,
lim Ei ∈ Bre (0),

i→∞

U0 (k) ∈ C, and Yi (k) and Ei (k) given by (2) and (3).

re = ∆δ

α
.
α−1

(9)

Moreover, in case ∆δ = 0, {Ei } converges monotonically
to E∞ = 0.

The rationale is to let ρ(|Yi |) become small as |Yi | becomes small to avoid large input amplification. In the
remainder, the case that |Y | is arbitrarily close to zero
is explicitly considered, whereas Y = 0 is excluded from
the analysis since this is accounted for by (5). This is
reflected by the following assumption.

This theorem states that asymptotic tracking is guaranteed if (i) the learning gain ρ(|Y |) does not exceed 1, and
satisfies a nonzero strict lower bound, (ii) |R| is large
enough with respect δ and ∆δ, as is given by (7), and
(iii), if the initial error is small enough with respect to
|R| and δ, as is given by (8). Inequality (7) can be interpreted as a condition on the informativity of Yi such
that learning is guaranteed to result in increased performance. Furthermore, |Ei | converges to a neighborhood
of 0 that scales with ∆δ. Consequently, if the disturbance
is trial-invariant, i.e., Di = D ∀i such that ∆δ = 0, perfect tracking is obtained.

Assumption 5 The output is nonzero, i.e., Yi (k) 6= 0
∀i.
The aim of the next sections is to derive conditions on
the function ρ(|Y |) such that Problem 1 is solved by (5).
3.3

(7)

Asymptotic performance

In this section, conditions are established under which
the class of update laws, given by (5), results in a tracking
error that converges to a neighborhood of zero, such that
subproblem P1 is solved.

A proof of Theorem 1 requires the following auxiliary
lemmas.
Lemma 2 Consider the update law given by (5) under
Assumption 1 to 5. Then, each sequence {Ei } satisfies
the following trial-to-trial bound and global bound

By definition of Ei , |Ei | cannot converge to 0 if the disturbances Di vary along the trials. To enable investigation of the influence of trial-varying disturbances Di , the
rate of change is defined as follows.

|Ei+1 | ≤ κi |Ei | + ∆δ i ≥ 0,
κ̄i − 1
i ≥ 0,
|Ei | ≤ κ̄i |E0 | + ∆δ
κ̄ − 1

Definition 4 Let ∆δ(k) denote the maximum variation
of Di (k) along the trials, i.e.,

(10)
(11)

respectively, where κi is given by
∆δ(k) , max |Di (k) − Di+1 (k)|.
i≥0

κi ,
Evidently, ∆δ ≤ 2δ due to Assumption 4. The following
theorem presents the conditions under which NL-IIC results in increased tracking performance.

A proof of this lemma is provided in Appendix A.
Lemma 3 If for a certain α > 1 it holds that ρ̄ ≤ 1,
ρ > α−1
α , |R| ≥ αδ, and if

(i) ρ(|Y |) is bounded as
α−1
,
α
sup ρ(|Y |) , ρ̄ ≤ 1,

(12)

where ρi denotes ρ(|Yi |), and κ̄ ∈ R≥0 is any number that
satisfies κi ≤ κ̄ ∀i.

Theorem 1 Consider the update law given by (5) under
Assumption 1 to 5. If for a certain α > 1, it holds that;

inf ρ(|Y |) , ρ >

(1 − ρi )(R − Ei ) + ρi Di
,
R − Ei

|Ei | ≤ |R| − αδ,

(6a)
then κi ≤

(6b)

1
α,

where κi is given by (12).

5
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to a neighborhood of a bounded value, thereby providing
a solution to subproblem P2 as presented in Section 2.

A proof of this lemma is given in Appendix B. Consider
the following proof of Theorem 1.

Under the conditions presented in Theorem 1, the input
converges to a bounded value as is presented in the following theorem.

PROOF. [Proof of Theorem 1] First, it is assumed that
κi ≤ α1 ∀i, for some α > 1, such that κ̄ < α1 < 1. In this
case, for i → ∞, (11) evaluates to
lim |Ei (k)| ≤ ∆δ

i→∞

α
,
α−1

Theorem 2 Consider the update law given by (5) under
Assumption 1 to 5. If for a certain α > 1, (6), (7), and
(8) hold, then it holds that

(14)

such that (9) holds. Under the same assumption, and
if ∆δ = 0, then (10) in Lemma 2 directly yields that
{Ei } converges monotonically to 0, which is concluded
by recalling Definition 2 for κ̄ < 1.

lim Ui ∈ Bru {|U∞ |}, U∞ = G−1 R,


α
−1
∆δ
ru = G
+δ .
α−1

i→∞

Next, it is shown by induction that (6a), (6b), (8) and
(7) are sufficient to guarantee the initial assumption,
κi ≤ α1 ∀i, indeed holds. The case κ0 ≤ α1 follows from
Lemma (3), since (6), (8) and (7) hold, where the latter
implies that |R| ≥ αδ, since all terms in (7) are nonnegative. Next, it is shown that (7) is sufficient to guarantee
that (13) holds for i + 1 if (13) holds for i, such that by
induction (13) holds for ∀i. Consider (13) for i + 1, i.e.,

(15)

Moreover, in case ∆δ = 0, {Ui } converges to U∞ =
G−1 (R − D).
A proof to this theorem is provided in Appendix C.
This theorem confirms that the input converges to a
neighborhood of the perfect tracking input G−1 R if the
error converges to a neighborhood of zero. The following
theorem reveals a key result for the case where the reference is relatively small with respect to the disturbances.

|Ei+1 | ≤ |R| − αδ.
Using (10), the latter holds if

Theorem 3 Consider the update law given by (5) under
Assumption 1 to 5. If ρ̄ ≤ 1, and ρ(|Y |) > 0 for |Y | =
6 0,
and if for a certain β > 1 the reference is such that

κi |Ei | + ∆δ ≤ |R| − αδ.
If (13) holds for i, the latter holds if

|R| ≤ β|Di |

∀i,

κi (|R| − αδ) + ∆δ ≤ |R| − αδ,
and the initial input is such that
which is identical to
|U0 | ≤ (β − 1)|G−1 R|,

1
,
|R| ≥ αδ + ∆δ
1 − κi

then, the sequences {Ui } generated by (5) converge monotonically to U∞ = 0.

which is implied by (7), since κi ≤ α1 by Lemma 3 under the condition that (13) holds for i. Applying this induction to the base case i = 0, given by (8), shows that
(13) holds ∀i, which by Lemma 3 implies that κi ≤ α1
∀i. Consequently, (14) holds, which implies (9), thereby
completing the proof.

This theorem provides the following insight: if the reference |R| is small with respect to the disturbance Di , the
input converges to zero, regardless of ∆δ. In this way, the
control action is effectively removed when learning cannot achieve increased tracking performance due to the
disturbance induced model uncertainty. This is in stark
contrast to iterative learning methods that employ an
inverse-model-based update law. In such approaches, unstable input iteration dynamics may lead to unbounded
inputs if the convergence criterion is not met, as is concluded in [8], [38]. In the developed method, iterative
updating does not result in unbounded inputs when rejection is not achieved, instead, the input converges to
zero. This phenomenon is further investigated Section 4.

The main result of this section is established by Theorem 1, which presents sufficient conditions on ρ(|Y |)
and |R| such that NL-IIC results in increased tracking
performance. Next, the aspect of input convergence is
considered.
3.4

(16)

Input convergence

A proof of Theorem 3 employs the following auxiliary
lemmas.

In this section, conditions are established on the class of
update laws given by (5), such that the input converges

6
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3.5

Lemma 4 Consider the update law given by (5) under
Assumption 1 to 5. Then, each sequence {Ui } satisfies

Ui+1 =

(1 − ρi )(GUi + Di ) + ρi R
GUi + Di

In this section, conditions on ρ(|Y |) are derived such that
the input propagation factor is bounded. In this way, NLIIC, as given by (5), presents a solution to subproblem
P3.


Ui ,

(17)

where ρi denotes ρ(|Yi |). Moreover, each sequence {Ui }
satisfies the following trial-to-trial bound
|Ui+1 | = κi |Ui |

i ≥ 0,

Bounded input amplification

The following theorem presents conditions on ρ(|Y |)
such that bounded input propagation is achieved.

(18)

Theorem 4 Consider the update law given by (5) under
Assumption 1 to 5. If it holds that: (i) ρ(|Y |) is continuous
on a neighborhood of 0, (ii) lim ρ(|Y |) = 0, and (iii)

where κi is given by

|Y |→0

(1 − ρi )(GUi + Di ) + ρi R
,
κi ,
GUi + Di

dρ
d|Y | |Y |=0

(19)

κ̄ = 1 + ρ̄ + τ |R|,

and κ̄ ∈ R≥0 is any number that satisfies κi ≤ κ̄ ∀i.
A proof of this lemma is provided in Appendix D.

ρ(|Y |)
,
Y 6=0 |Y |

τ , sup

(21)

is an upper bound on the input propagation factor κi , as
defined by (19) in Lemma 4.

Lemma 5 If ρ̄ ≤ 1, ρ(|Y |) > 0 for Y 6= 0, |R| ≤ β|Di |
∀i for a certain β > 1, and if
|Ui | ≤ (β − 1)|G−1 R|,

∈ R exists, then

This theorem shows that if ρ(|Y |) is continuous around
0, ρ(|Y |) → 0 as |Y | → 0, and if ρ(|Y |) is differentiable
around 0, then the input propagation factor satisfies an
upper bound. Consequently, in the developed NL-IIC
method, the trial-to-trial amplification of the input is
guaranteed to be bounded, as is discussed and illustrated
in Section 2.1 and Figure 2. Furthermore, for NL-IIC, the
upper bound (21) is affine in |R|, such that in practice,
amplification of high frequent components is relatively
small, since R typically contains mostly low frequency
energy.

(20)

then κi < 1, where κi is given by (19).
A proof of this lemma is provided in Appendix E. These
results enable the following proof of Theorem 3.

PROOF. [Proof of Theorem 3] Since ρ̄ ≤ 1, ρ(|Y |) > 0
for Y 6= 0, and |R| ≤ β|Di | ∀i, for a certain β > 1, and
since (16), Lemma 5 states that κ0 ≤ β1 . Hence, using
(20) it holds that

A proof of Theorem 4 utilizes the following result.
Lemma 6 The real function f (x) , ρ(x)
is bounded
x
∀x ∈ (0, ∞) if: (i) ρ(x) is bounded, (ii) ρ(x) is continuous on a neighborhood of 0, (iii) lim ρ(x) = 0, and (iv)

|U1 | = κ0 |U0 | ≤ (β − 1)|G−1 ||R|,

x→0

dρ
d|Y | |Y |=0

such that by Lemma 5, also κ1 ≤ β1 < 1. Repeating
this process shows that κi ≤ β1 ∀i, i.e., κ̄ ≤ β1 < 1.
Consequently, combining (18) with Definition 2 shows
that {Ui } converges to monotonically to U∞ = 0.

∈ R exists.

A proof to this lemma is provided in Appendix F.

PROOF. [Proof of Theorem 4] Consider the input
propagation factor κi as given by (19). It follows that
The main result of this section is established by Theorem 2 and 3, which present sufficient conditions on ρ(|Y |)
and |R| such that NL-IIC results a converging input signal. Interestingly, a key property of NL-IIC is that the
control action tends to zero when the disturbances are
too large to achieve increased performance through datadriven learning. Next, the aspect of bounded input amplification is considered.

|Yi | + ρ(|Yi |)|Yi | + ρ(|Yi |)|R|
,
|Yi |
|ρ(|Y |)|
= 1 + ρ(|Yi |) + |R|
,
|Y |
ρ(|Y |)
,
≤ 1 + ρ̄ + |R| sup
|Y |6=0 |Y |

κi ≤
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propagation cannot be bounded in case Yi → 0, as is
formalized by the following corollary of Lemma 4.

since |ρ(|Y |)| = ρ(|Y |). Since |R| is bounded due to Assumption 1, the third term is bounded if and only if
f (x) ,

ρ(x)
, is bounded ∀x ∈ X, X , (0, ∞).
x

Corollary 1 For MF-IIC, i.e., for ρ(|Y |) = 1 ∀|Y |, it
holds that lim κi = ∞, where κi is given by (19).
|Yi |→0

Lemma 6 presents sufficient conditions such that f (x)
is bounded, which directly results in Theorem 4. Note
that since ρ(|Y |) is bounded per definition this condition
does not appear in Theorem 4.

Consequently, bounded input amplification, as discussed
in Section 2, cannot be guaranteed by MF-IIC, such that
MF-IIC does not present a solution to subproblem P3,
which exposes a major limitation of this approach.
4.3

In this section, NL-IIC is presented as a general class of
MF-IIC update laws in which the learning speed is regulated by means of learning gain functions ρ(|Y |). By
establishing a general analysis framework, it is shown
that if ρ(|Y |) and |R| satisfy specific properties, NL-IIC
results in increased tracking performance, input convergence and bounded input amplification, thereby presenting a solution to Problem 1. In Section 5.1, a specific
learning gain function ρ(|Y |) is developed that satisfies
the derived requirements. First, the limitations and advantages of traditional MF-IIC are investigated to aid
the development of design guidelines for suitable ρ(|Y |).
4

The advantage of MF-IIC is that the stability properties
can be shown to hold globally under mild conditions, as
is presented next.
By taking ρ(|Y |) = 1 ∀Y and assuming that ∆δ = 0,
(17) reduces to a Riccati difference equation. This recursion has complex coefficients, see also [16], which are
appropriately addressed in the forthcoming analysis.
Lemma 7 Consider the update law given by (5) under
Assumption 1 to 5 for the case that ρ(Y ) = 1 ∀Y and
∆δ = 0, i.e. Di = D. Then, if R 6= D, the evolution of
Ui , for i ≥ 0, is explicitly given by

The Limitations and Advantages of preexisting MF-IIC

In this section, the limitations and advantages of traditional MF-IIC are revealed through explicit analysis of
the nonlinear iteration dynamics. This enables the development of additional design guidelines regarding ρ(|Y |)
in the next section, and constitutes contribution C2.
4.1

Advantages of MF-IIC

Ui =

U0 G−1 (R − D)
(G−1 (R − D) − U0 )


D i
R

,

(22)

+ U0

and if R = D, Ui satisfies
Ui =

Nonlinear systems interpretation

First, the results presented in Section 3 are connected to
concepts in analysis of nonlinear systems [22].

U0 G−1 R
.
U0 · i + G−1 R

(23)

PROOF. Under the posed assumptions, (17) reduces
to the Riccati difference equation

Consider the iteration dynamics given by (17). By regarding the disturbance Di as a parameter rather than
as an input, this recursion represents a nonlinear timevarying discrete time system with complex coefficients.
Theorem 3 equivalently states that if |R| < |Di | ∀i, then
U∞ = 0 is an asymptotically stable fixed point of (5)
[18, Prop. 3.3.2], and relation (16) provides an explicit
formulation of the region of attraction [37, pp. 7]. Furthermore, if ∆δ = 0, (17) is time-invariant, and Theorem 2 states that if |R| > δ, then U∞ = G−1 (R − D)
is an asymptotically stable fixed point. Note that these
stability results are local, since stability is not guaranteed globally, i.e., for all possible initial inputs U0 ∈ C.

By substituting (22) for Ui+1 and Ui in (24) shows that
equality holds, which validates that (22) is a solution to
(24). In a similar way, it is shown that (23) is a solution
to (24) for R = D. For a detailed derivation of these
results, see [16].

4.2

Theorem 5 Under the conditions presented in Lemma
7, the sequences {Ui } generated by (5) solve the subproblems of Problem 1 under the following conditions.

Ui+1 =

RUi
.
GUi + D

(24)

Lemma 7 enables the following results.

Limitations of MF-IIC

Consider (19) for the case that ρ(|Y |) = 1, such that
NL-IIC reduces to traditional MF-IIC. Clearly, the input

(i) If |R| > |D|, then P1 is satisfied for any U0 6= 0.
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2

(ii) If |R| > 2|D| and U0 is such that
|U0 | >

1.5

2|D|
|G−1 (R − D)|,
|R| − 2|D|

1

then {Ei } converges to 0 monotonically.
(iii) If |R| =
6 |D| or if R = D, then P2 is satisfied for
any U0 .

0.5
0
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

A proof of this theorem is presented in Appendix G.
Statements (i) and (iii) show that if ρ(|Y |) = 1 and
∆δ = 0, subproblems P1 and P2, as presented in Section
2, can be guaranteed to be solved globally, i.e., for any
initial input U0 ∈ C. This reveals a major advantage of
MF-IIC, since the asymptotic results are independent of
the initial input.

Fig. 3. Plot of the NL-IIC learning gain ρ(|Y |) given by (25)
|)
(
(
), and τ (•) which is the maximum of ρ(|Y
).
|Y |
Similarly for MF-IIC, ρ(|Y |) = 1 (
) and |Y1 | (
) are
shown, where the latter is not bounded.

A proof of this proposition provided in Appendix H.

In this section, it is shown that although bounded input amplification cannot be guaranteed for MF-IIC, increased tracking performance and input convergence can
be shown to be achieved for any initial input U0 . In the
next section, a specific learning gain ρ(|Y |) is developed
that combines the strengths of NL-IIC and MF-IIC as
presented in Section 3 and 4 respectively.
5

The motivation for (25) is threefold. First, (25a) is motivated by Theorem 1 and 2, which state that increased
tracking performance is achieved when ρ(|Y |) is close
to 1. Moreover, drawing on the results presented in the
previous section, if ρ(|Y |) = 1, Theorem 5 states that
subproblem P1 and P2 are solved for any U0 . Second,
(25) satisfies Theorem 3, such that U∞ = 0 is a stable
attractor, such that in case |R| is relatively small with
respect to |Di |, the control action tends to zero. Third,
(25b) ensures that Theorem 4 holds, such that the trailto-trial input amplification is guaranteed to be bounded.
|)
This is illustrated in Figure 3, where ρ(|Y |) and ρ(|Y
|Y |
are compared for ρ(|Y |) = 1 and for ρ(|Y |) as given by
|)
(25). Since ρ(|Y
|Y | contributes to κi , as given by (19), Figure 3 shows that (25) results in bounded input propagation, since a maximum occurs at |Yγ | = πµ with value τ .
Whereas for ρ(|Y |) = 1, the input amplification is not
bounded.

Application of NL-IIC

In the previous sections it is shown that NL-IIC presents
a solution to Problem 1 if ρ(|Y |) is suitably chosen. In
this section, the developed theory is exploited in the design of an explicit learning gain function that enables
increased tracking performance while ensuring limited
trial-to-trail input amplification, which constitutes contribution C3. In addition, guidelines are presented for
the implementation of NL-IIC.
5.1

An explicit nonlinear learning gain function
In (25), the threshold parameter γ can be tuned to
achieve the desired convergence behavior. It is suggested
to take γ = |R|. The motivation for this is provided in
twofold by (25a), i.e. for the case that |Yi | > γ = |R|,
such that ρ(|Yi |) = 1. First, if |R| > δ the error propagation factor as given by (12) reduces to

Based on the results presented in the previous sections,
the following learning gain function is proposed.
Proposition 1 Consider the update law given by (5) under Assumption 1 to 5 and let ρ(|Y |) be given by


1 


ρ(|Y |) = 1
π

1
−
cos
|Y
|
2
γ

|Y | > γ,

(25a)

κi =

|Y | ≤ γ. (25b)

such that the tracking performance increases monotonically. Second, regardless of Di , the input propagation
factor as given by (19) reduces to

If γ > 0, then ρ(|Y |) satisfies the criteria in Theorem 3
and 4, where lim|Yi |→0 κi = 1 and κ̄ ≤ 2 + τ |R|, where
τ=

|Di |
δ
|R|
≤
≤
< 1,
|Yi |
|Yi |
|Yi |

(1 − cos(µ))π
.
2γµ

κi =

with µ the solution to cos(µ) + µ sin(µ) − 1 = 0 in the
interval (0, π], which is approximately µ ≈ 2.3311.

|R|
< 1,
|Yi |

such that the input will be strictly smaller during the
next iteration, thereby facilitating limited amplification
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of the input. In the next section, a number of additional
implementation guidelines are presented.
5.2

r

ei

Cf b

fi

H

d˜

yi

Fig. 4. The closed-loop configuration where H and Cf b are
the printer and the feedback controller, respectively.

NL-IIC algorithm and implementation guidelines

In this section, the NL-IIC algorithm is summarized and
implementation guidelines are presented.

i=0

y(t)

i=1

The NL-IIC algorithm is formulated as follows.
Algorithm 1 NL-IIC
Given suitable initial input u0 (t).
(1) Apply the input ui (t) to the system and record the
tracking error ei (t) = r(t) − yi (t).
(2) Obtain Ui (k) and Ei (k) by applying the DFT to
ui (t) and ei (t). Update the input as given by (5)
with ρ(|Y |) given by (25) for each frequency k. Obtain ui+1 (t) by means of the inverse DFT.
(3) Set i ← i+1 and repeat from (1) until ei converges.

i=0

Fig. 5. (Top) Application of IIC in a batch-to-batch fashion.
(Bottom) Application of IIC in a continuous setting. In both
approaches IIC is the most effective when disturbances induced by the transient are small, which can be achieved by
awaiting steady state operation.

The following guidelines facilitate high performance
upon convergence.
5.2.1

5.2.3

Feedback

In case the plant is open-loop unstable, low-bandwidth
feedback control can be used to stabilize the plant to
satisfy Assumption 2. In addition, feedback can be used
to affect the transient response in a way such that steady
state is obtained relatively fast, which further reduces
the leakage disturbance.

The initial input

It is advised to take |U0 | relatively large. This is motivated by the statement (ii) of Theorem 5, and by the fact
that the input propagation factor is not lower bounded.
In other words, the convergence speed from large inputs
to small inputs is not limited, whereas the amplification
of inputs is limited by design.
5.2.2

i=1

y(t)

If a plant H(z) is controlled in closed-loop as shown in
Figure 4, the theory as presented in the previous sections
can be equivalently applied. To see this, note that

Leakage

Yi = H(z)S(z)[Fi + Cf b (z)R] + S(z)D̃,
S(z) , (1 + Cf b (z)H(z))−1 ,

Theorem 1 states that performance is increased if |R| is
large with respect to |Di |. Recall that Di includes the
contribution of leakage. Consequently, |Di | can be reduced by ensuring that y(t) is a approximately in steady
state at the end of a trial [33], which can be achieved as
follows.

where S(z) is the sensitivity function. Consequently, by
defining G(z) , H(z)S(z), Ui , Fi + Cf b (z)R, and
D , S(z)D̃, (5) can be directly applied.
In this section, an explicit learning gain function is developed and implementation guidelines are presented. In
the next section, NL-IIC is applied in experiments.

(1) If r(t) is a time limited signal, ensure that number
of trailing zeros is such that the output has approximately converged to 0, as is shown in Figure 5. In
this way, NL-IIC can be applied in a batch-to-batch
fashion similar to ILC [8].
(2) If r(t) is a periodic signal, repeat the periodic input
u0 (t) until y(t) has reached steady state. Then measure a single period, update the periodic input and
repeat this process as is shown in Figure 5. In this
way, NL-IIC can be applied in a continuous fashion
similar to RC [17].

6

Application to a Desktop Printer

In this section, the developed NL-IIC method is applied
to a desktop printer and the results are compared to MFIIC, revealing superior performance, which constitutes
contribution C3.
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-1

2
1
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10-2

10-3
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10-4

10-4

9

7

Fig. 6. Reconfigured desktop printer with: 1 direct current
motor 2 drive belt 3 end stop 4 print head without cartridges 5 slide guide 6 encoder belt 6 motor input 7 end
stop output 6 encoder output. The motor is current controlled using an amplifier with voltage input in the range
±2.5 V. The output is a quantized signal with 600 counts per
inch. A laptop running Simulink Real-TimeTM is connected
to an in-house developed E/box unit for data acquisition.

0

0.2

6.2

0.1

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

0

-50

-100

-150
100

101

102

Fig. 7. (Top) the reference r(t) in the time domain. (Bottom)
Power spectral density of the reference up to 100 Hz.

6.3

The control objective is to accurately position the print
head of the printer, as shown in Figure 6, in a batchto-batch setting as is explained in Section 5.2 and as illustrated in Figure 5. The head is desired to perform a
typical printing task as is shown in Figure 7. The bottom plot shows that the reference contains mostly low
frequency energy content up to 100 Hz. The slide guide
that constrains the print head motion introduces a significant amount of friction, which severely limits the performance that is achievable with feedback control. To
show that the NL-IIC can be used as an additive solution to an existing feedback control configuration, the
printer is controlled in feedback as is shown in Figure 4,
at a sampling frequency of 2 kHz by a 9 Hz bandwidth
controller
z2

30

0

10

20

30

Applying NL-IIC and MF-IIC

Experimental results

Applying NL-IIC and MF-IIC results in a significant improvement of the tracking performance, as is shown in
Figure 8. This figure displays the evolution of the energy
content of the error signals as a function of the trials.
This clearly shows that the developed NL-IIC converges
in a relatively smooth manner, whereas the pre-existing
MF-IIC results in erratic and unpredictable trial-to-trial
behavior. Especially after iterations 5 and 19, the performance significantly deteriorates.

The Iterative Tracking Control Problem

Cf b (z) =

20

The NL-IIC method is applied by performing the algorithm as presented in Section 5.2, with ρ(|Y |) given
by (25), where γ is taken as γ = |R(k)|, as is motivated in Section 5.1. This is compared to the case where
ρ(|Y |) = 1 ∀Y , in which case the NL-IIC reduces to the
MF-IIC method [23]. Initial experiments show that the
MF-IIC method cannot be applied across the full frequency range without resulting in input variations that
exceed the amplifier input range. Consequently, for the
MF-IIC method, learning is restricted to frequencies up
100
(N − 1). At
to 100 Hz, by setting ρ(k) = 0 for k > 2000
the start of both iterative procedures, the initial input
is set by taking F0 (k) = 4R(k).

0
0

10

Fig. 8. The energy of the tracking error signal as a function
of the iterations shows that NL-IIC, as shown on the right
), results in large performance improvements. Com(
paratively, a sudden loss of performance can occur in the
pre-exsiting MF-IIC approach, as shown on the left (
).

0.3

6.1

10-2

Furthermore, the time domain performance during the
20th trial is shown in Figure 9, which shows that superior performance is achieved by the NL-IIC method.
Similarly, the power spectral density of the initial error
and the error during the 20th trial are shown in Figure
10. This similarly shows a significant difference in the
achieved performance and shows that increased tracking
performance is achieved across a large frequency range.

215.3z − 206.8
.
− 1.65z + 0.7034

The performance degradation of MF-IIC after trial 5
and 19 is attributed to the variation in the input signal,
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Fig. 9. The tracking error during the 20th iteration is signif) than the error
icantly larger for the MF-IIC method (
of the NL-IIC method (
).
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Fig. 11. (Top) The DFT coefficients of the input for frequencies up to 10 Hz show erratic behavior for the pre-existing
), whereas propagation is smooth for the develMF-IIC (
). (Bottom) The input propagation factor
oped NL-IIC (
κi as given by (19) clearly indicates for which iterations the
input variations are relatively large.

-80
-100
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100

101

102

-40

In this section, NL-IIC and MF-IIC are applied to a desktop printer which confirms that by restricting the input
propagation factor, superior performance is achieved.

-60
-80

7

-100
-120
100

101

Conclusion

This paper contributes to the development of datadriven iterative learning algorithms that incorporate
system identification in the input updating process.
Analysis for deterministic disturbance signals reveals
the source of convergence issues in typical pre-existing
approaches. The insights that the framework delivers enable the development of a Nonlinear Iterative
Inversion-based Control approach that overcomes earlier limitations through the incorporation of learning
gain functions. Application of the developed approach
in experiments confirm that superior tracking performance can be achieved with respect to a pre-existing
approach. Future developments consider the use of alternative system identification techniques. For example,
techniques that exploit data from all previous trials to
update the inverse model.

102

Fig. 10. Power Spectrum Density (PSD) of the tracking resulting from the MF-IIC method (
) (top) and the NL-IIC
) (bottom) during the 20th iteration. Comparmethod (
ing this to the initial error (
) shows that a large reduction
is achieved at most excited frequencies.

as is visualized in Figure 11. In the two upper plots, the
input DFT coefficients |Ui (k)| are shown for both NLIIC and MF-IIC given for frequencies up to 10 Hz. This
enables a frequency-by-frequency analysis, which shows
that for MF-IIC the input components propagate in a
non-smooth manner, whereas for NL-IIC, these components evolve more smoothly. This is quantified by the
bottom plots, which display the input propagation factors as given by (1). This confirms there is a clear relation between the loss of performance and high values of
κi , and by restricting κi , superior and constant performance can be obtained.
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P. Mäkilä, J. R. Partington, and T. Gustafsson.
Worst-case control-relevant identification. Automatica, 31(12):1799–1819, 1995.
M. Milanese, J. Norton, H. Piet-Lahanier, and
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Ei+1


− Di+1 ,

where ρi denotes ρ(|Yi |). Then, using that
Ei = R − GUi − Di yields



GUi
Ei + Di − Di+1 ,
Yi


(1 − ρi )Yi + ρi Di
Ei + Di − Di+1 ,
=
Yi


(1 − ρi )(R − Ei ) + ρi Di
=
Ei + Di − Di+1 .
R − Ei

Ei+1 =

1 − ρi

Taking the absolute value and applying the triangle inequality, results in
|Ei+1 | ≤ κi |Ei | + |Di − Di+1 |,
where κi is given by (12). Considering the worst sequence
of disturbances according to Definition 4 directly results
in (10). To show that (11) holds, consider (11) for i = 0,
and i = 1, i.e.,
|E1 | ≤ κ0 |E0 | + ∆δ,
|E2 | ≤ κ1 |E1 | + ∆δ ≤ κ1 κ0 |E0 | + κ1 ∆δ + ∆δ.
By iterative evaluation, it is follows that
|Ei | ≤

i−1
Y

κj |E0 | + ∆δ

j=0

i−1 i−1
Y
X

κn + ∆δ, i ≥ 0,

j=1 n=j

where κi is given by (12). The latter is upper bounded by
|Ei | ≤ κ̄i |E0 | + ∆δ

i−1
X

κ̄j , i ≥ 0,

j=0

where κ̄ ∈ R≥0 is any number such that κi ≤ κ̄ ∀i.
i−1
X
xi − 1
,x>
xj =
Application of the geometric series
x−1
j=0
0, leads to (11).

B
A

Ui
= R − G Ui + ρi Ei
Yi

Proof of Lemma 3

Proof of Lemma 2
PROOF. Consider κi as given by (12). For a certain
α > 1, by definition, κi ≤ α1 is equivalent to

PROOF. Substituting (2) in (3) for i + 1 yields
1
(1 − ρi )(R − Ei ) + ρi Di
≤ .
R − Ei
α

Ei+1 = R − Yi+1 = R − GUi+1 − Di+1 .
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If ρ̄ ≤ 1, this is equivalent to

D

Proof of Lemma 4

α(1 − ρi )|R − Ei | + αρi |Di | ≤ |R − Ei |.
PROOF. Under Assumption 1 to 5, (5) can be written
as follows

Furthermore, if 1 − α(1 − ρi ) > 0, which is equivalent to
ρ > α−1
α , it holds that
|R − Ei | ≥

αρi
|Di |,
1 − α(1 − ρi )

Ui+1 = Ui + ρi

(B.1)

where ρi denotes ρ(|Yi |). Substituting (2), gives

Note that since ρ̄ ≤ 1, it is readily verified that
αρi
< α,
1 − α(1 − ρi )


Ui+1 =

such that (B.1) holds if, |R − Ei | ≥ α|Di |, which holds if
|R| − |Ei | ≥ αδ,
|Ei | ≤ |R| − αδ.

Ui

(D.1)

where κi is given by (19). This proves (18) and (17)
follows directly by iterative evaluation of (D.1), which
concludes the proof.

E

PROOF. Under the posed conditions, Theorem 1 applies, such that
lim |Ei | ≤ ∆δ



|Ui+1 | = κi |Ui |

(B.2)

Proof of Theorem 2

i→∞

(1 − ρi )(GUi + Di ) + ρi R
GUi + Di

which proves (17). Furthermore, is follows that

Note that this requires that |R| ≥ αδ. Consequently, if
(B.2) holds under the presented conditions, it holds that
κi ≤ α1 , which concludes the proof.

C

RUi
Ui
(R − Yi ) = (1 − ρi )Ui + ρi
,
Yi
Yi

Proof of Lemma 5

PROOF. Consider κi as given by (19). For a certain
α > 1, by definition, κi ≤ α1 is equivalent to

α
.
α−1

(1 − ρi )(GUi + Di ) + ρi R
≤ 1.
GUi + Di

Substituting (3) and (2), results in
If ρ̄ ≤ 1, this is equivalent to

α
,
i→∞
α−1
lim |G−1 ||R − GUi − Di | ≤ |G−1 |∆δ
lim |R − GUi − Di | ≤ ∆δ

(1 − ρi )|GUi + Di | + ρi |R| ≤ |GUi + Di |,
ρi |GUi + Di | − ρi |R| ≥ 0.

α
, (C.1)
i→∞
α−1
α
lim |G−1 R − Ui | − |G−1 |δ ≤ |G−1 |∆δ
,
i→∞
α−

1
α
lim |G−1 R − Ui | ≤ |G−1 | δ + ∆δ
,
i→∞
α−1
lim |U∞ − Ui | ≤ ru ,

Furthermore, if ρ(|Y |) > 0 for Y 6= 0, it holds that
|GUi + Di | ≥ |Ri |,

i→∞

which is in turn implied if

where U∞ = G−1 R and ru given by (15). Furthermore,
in case ∆δ = 0, (C.1) results in

|Ui | ≤ |G−1 |(|Di | − |R|).
If |Di | ≥ α|R| for some α > 1, this reduces to

lim |G−1 ||R − GUi − D| ≤ 0,

i→∞

lim |G−1 (R − D) − Ui | ≤ 0,

|Ui | ≤ (α − 1)|G−1 ||R|,

i→∞

such that U∞ = G−1 (R−D), which concludes the proof.

which concludes the proof.
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F

If |R| > |D|, (22) results in limi→∞ Ui = G−1 (R − D)
and limi→∞ Ei = 0, such that P1 is satisfied with re = 0,
which proves statement t1.

Proof of Lemma 6

The proof of Lemma 6 utilizes the following lemma.

|D|
Identity (12) with ρ(|Y |) = 1 results in κi = |Y
. Dei|
manding that κi < 1 in order to achieve monotonic convergence this results in

Lemma 8 Consider a real function f (x) on (0, ]. If (i)
f (x) is continuous on (0, ] and if (ii) lim+ f (x) = c ∈ R,
x→0

then f (x) is bounded on (0, ].

|D| < |Yi | = |GUi + D|.
PROOF. Consider a real function f (x) that is continuous on the interval (0, ],  > 0, and whose right limit
lim f (x) = f0 exists. Define the continuous extension

In combination with (22) this yields

x→0

fˆ(x) =



f (x)
f0

x ∈ (0, ],
x = 0.

U0 (R−D)

|D| <

Clearly, fˆ is continuous on the closed interval [0, ], such
that by the theorem of Weierstrass [15, §19.4], fˆ(x) is
bounded and attains it maximum on the interval. Since
fˆ contains f (x), the latter is bounded on (0, ].

which is identical to

This results enables the following proof of Lemma 6

which holds if

I1 = (0, ],

I2 = (, ∞),

D
R

+D ,
+U0

i
|D||(G−1 (R − D) − U0 )( D
R ) + U0 |
i
< U0 R + (G−1 (R − D) − U0 ) D
D ,
R

i
R
2|G−1 (R − D) − U0 || D
R | < |U0 |(| D | − 1).

PROOF. [Proof of Lemma 6] Since x1 becomes arbitrarily large as x → 0, the open interval X , (0, ∞) is
decomposed as follows
X = I1 ∪ I2 ,

 i

(G−1 (R−D)−U0 )

By assuming that |R| > 2|D|, this is satisfied if
R
| − 2),
2|G−1 (R − D)| < |U0 |(| D

 > 0.

which completes the proof of statement t2.

Since ρ(x) is bounded, it holds that

If |R| < |D|, (22) results in limi→∞ Ui = 0. If R =
D, (23) results in limi→∞ Ui = 0. If |R| = |D|, R 6=
D, (22) results in bounded periodic cycles or aperiodic
sequences, as is described in detail in [16]. Consequently,
Ui converges to either 0 or G−1 (R−D), with exception of
the case that |R| = |D| such that R 6= D. This completes
the proof of statement t3.

1
ρ̄
ρ(x)
≤ sup |ρ(x)| sup
= ∈ R≥0 ,
x

x∈I2 x
x∈I2
such that f (x) is bounded on I2 . Sufficient conditions for
f (x) to be bounded on I1 are given by Lemma 8. Condition (i) of this lemma is satisfied if ρ(x) is continuous
on B (0), since ρ(x)
x is continuous if both ρ(x) and x are
continuous and x 6= 0 on I1 . Furthermore, to satisfy (ii)
of this lemma, i.e., lim+ ρ(x)
x = c ∈ R, this limit needs

H

x→0

Proof of Proposition 1

0
0,

to be indeterminate of the type
[15, §18]. Hence, it
is necessary that lim ρ(|Y |) = 0 to satisfy this condi|Y |→0

PROOF. Consider (25). Since ρ̄ = 1, ρ(|Y |) 6= 0 for
Y 6= 0, ρ(|Y |) satisfies the criteria of Theorem 3. Moredρ
over, since lim ρ(|Y |) = 0, and d|Y
| |Y |=0 = 0 exists,

dρ
tion. If in addition d|Y
| |Y |=0 ∈ R, then (ii) holds, and
the limit can be explicitly determined by application of
L’Hôpital’s rule [15, p. 400].

G

|Y |→0

ρ(|Y |) satisfies the criteria of Theorem 4. Recalling (21)
in Theorem 4 shows that

Proof of Corollary 5
lim κ ≤ 1 + ρ(0) + |R| lim

|Y |→0

PROOF. Under the condition presented in Lemma 7,
the sequences {Ui } are described by (22) or (23). A proof
of each statements is as follows.

|Y |→0

ρ(|Y |)
= 1,
|Y |

where the indeterminate limit in the third term
is evaluated using L’Hôpital’s rule. Furthermore,
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|)
is obtained by computing the
τ = sup|Y |∈R≥0 ρ(|Y
|Y |
stationary point on [0, γ] from

d
d|Y |



ρ(|Y |)
|Y |


= cos(µ) + µ sin(µ) − 1 = 0, (H.1)

where µ = πγ |Y |, such that 0 < µ ≤ π, results in a unique
solution to (H.1), that is numerically approximated to be
|)
2.3311. This is the maximizer of ρ(|Y
|Y | of on (0, γ] with
τ the maximum, is also the global maximum on (0, ∞)
since τ γ > 1.
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