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Introduction

I

1

Data-Driven Learning Control for
Complex Systems

Technological developments regarding widespread digitization and automation
offer tremendous opportunities to increase productivity and sustainability in
manufacturing. The complexity in the next-generation manufacturing systems
is increasing to ensure economic viability the presence of intensifying global
competition. The complex behavior of these systems is hampering the application
of traditional control strategies to achieve the required levels of performance.
The availability of large amounts of operational data enables the application of
dedicated data-driven methods that can potentially handle complex systems and
yield extremely high performance through learning techniques. The widespread
application of existing approaches is limited by a number of complexity-induced
challenges, and the aim of this thesis is to overcome these challenges by developing
novel learning control methods that enable high performance in next-generation
manufacturing systems.

3

4

Chapter 1. Data-Driven Learning Control for Complex Systems

1.1 Next-generation manufacturing
1.1.1

Manufacturing and Society

We stand at the precipice of a new revolution in manufacturing that offers
tremendous opportunities through widespread digitization and automation. The
first industrial developments that started in the 18th century had a huge impact
on society. The shift towards powered machines led to a broad range of laborsaving inventions, it made products and goods available to the general public,
and it accelerated medicine production and development (Hobsbawn, 1999).
Exponential economic growth ensued, driven by the productivity created by
manufacturing systems. To meet the future demands on capital and consumer
goods, a new paradigm is envisioned where digital technologies are leveraged in
manufacturing (Ustundag and Cevikcan, 2017). Such technologies are currently
being developed at an increasingly rapid rate, and this new wave of digitization
and automation simultaneously provides major opportunities to increase the
social and environmental sustainability of manufacturing (Bonilla et al., 2018).

1.1.2

A new manufacturing paradigm

Technological developments regarding widespread digitization and automation offer tremendous potential to improve the performance, flexibility and sustainability
of manufacturing processes. Current developments are envisioned to revolutionize manufacturing by digitally connecting the industry with its environment,
while the industrial operations themselves become “smart”. This new paradigm,
referred to as Industry 4.0 (Kagermann et al., 2011), is enabled by the Internet
of Things (IoT). This trend refers to the development that devices are being
equipped with sensors and are connected to the Internet. IoT facilitates extensive
data collection and sharing across the entire value chain, where the abundance of
data can be employed in combination with Artificial Intelligence (AI) to optimize
the entire production process. This includes the reduction of downtimes through
predictive maintenance (Lamnabhi-Lagarrigue et al., 2017) and the smart allocation of material and energy resources to increase sustainability (Stock and Seliger,
2016). For example, Print-On-Demand services enable third parties to remotely
sell printed products without the need for batch production and warehousing,
thereby ensuring that energy and resources are spent only when they are needed.
Optimization of the production process itself is achieved by highly automated
and digitally connected mechatronic systems, and position control technologies
offer an essential means for these systems to interact with the physical world. It is
envisioned that these Cyber-Physical Systems (CPS) (Wang et al., 2015) enable
process optimization by making decentralized decisions based on local circumstances (Almada-Lobo, 2015). This enables optimal performance under changing
conditions and yields a flexible manufacturing process that can accommodate

1.2. Manufacturing system complexity increases
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fluctuating consumer demands (Liu and Jiang, 2016). Concrete industrial CPS
implementations (Liu and Jiang, 2016; Wang et al., 2015) typically rely on a
combination of positioning systems such as industrial robots and transport belts
whose efficiency determines the overall productivity to a large extend.
Additive Manufacturing (AM) is another key technology that enables flexible
manufacturing and product optimization, and the efficacy of AM systems is
largely determined by the involved positioning components (Bristow and Alleyne,
2006) and material processing techniques (Mishra et al., 2010a). A key aspect of
AM is that the production costs are far less sensitive to the lot size, enabling
the mass-customization of products (Wang, 2018). Furthermore, the process of
adding material, as opposed to subtracting it, offers great flexibility in component
topology and part consolidation. For example, switching to an AM process for a
General Electric jet engine fuel nozzle enabled a new design that combined 20
pre-existing individual parts, while reducing 25% of its weight, and making it
5 times as strong (Kellner, 2017). Widespread adoption of AM technologies is
enabled by increasing the efficiency and accuracy of the AM processes, which
crucially depend on the involved positioning systems (Duan et al., 2018), as AM
methods typically rely on accurate and fast positioning of parts and tools.
Digitization and automation result in a complex manufacturing ecosystem
where operators need to safely cooperate with CPSs, which significantly benefits
from smart machines with learning capabilities. To monitor the automated
equipment and to participate in the decentralized decision-making processes
(Stock and Seliger, 2016), operators are required to possess a large range of
technical skills and cognitive abilities. Limiting the complexity of the operator
tasks requires highly automated systems that are capable of self-tuning and
calibrating in an autonomous manner (Lamnabhi-Lagarrigue et al., 2017). This
calls for the development of measures to ensure operational safety in the presence
of learning machines (Shi and Lu, 2013; Vasic and Billard, 2013).
Current developments in manufacturing offer tremendous potential for improvement, yet require meticulous development of the next-generation manufacturing systems, typically resulting in systems of high complexity.

1.2 Manufacturing system complexity increases
Fierce global competition and increasing consumer demands drive the complexity
of manufacturing systems and result in challenging problems regarding their
control. The economic viability of a manufacturing system is largely determined
by its cost price, accuracy, and throughput1 . Optimization of these aspects
increases the system complexity, as is illustrated by the applications shown in
Figure 1.1, which play a central role in this thesis.
1 The

number of products processed per unit of time.
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(a)

(b)

(c)

Figure 1.1: Manufacturing systems that play a central role in this thesis; (a) the Canon
VarioPrint cut-sheet industrial printer, (b) the Canon Arizona wide-format industrial printer,
and (c) an ASML EUV wafer scanner.

1.2.1

Complexity in industrial printing

The printing industry is a typical example of a market that pushes its equipment
suppliers to continuously improve and diversify the capabilities of printing systems.
Consider, for example, the printing system as shown in Figure 1.1(a) that prints
A4 sheets at an incredibly high rate of about 5 sheets per second. During such a
printing process, the individual sheets need to be positioned relative to the print
heads with micrometer accuracy, and this control action needs to be performed
within a few milliseconds. For the next-generation printers, the manufacturer
aims to retain or improve their performance, while decreasing the cost price by
significantly reducing their size, and by using low-cost and less stiff components.
This results in more complex machine behavior that makes it difficult to control
the sheet positioning, since the process is more susceptible to disturbances that
are induced by the numerous rotating and stepping components, such as transport
rolls, belts, and gears. Similar motivations drive the complexity of the wideformat printer shown in Figure 1.1(c). Aiming to accommodate the printing of
larger media with increased precision, using cost-effective components, results in
complex machine behavior that requires advanced strategies for controlling the
motors to ensure accurate and efficient printing.

1.3. Addressing complexity with learning control for motion systems
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Complexity in semiconductor manufacturing

The capital intensive semiconductor industry is considered responsible to validate
Moore’s law2 by steadily developing new ways to maintain the exponential miniaturization of computing chips. State-of-the-art systems use a lithographic process
involving extreme ultraviolet light to imprint integrated circuit architectures on
silicon wafers in a scanning motion (Wagner and Harned, 2010). This is achieved
by carefully controlling hundreds of components to ensure this light exposes the
correct part of the wafer at the right time. This requires sub-nanometer accurate
positioning of a large number of mechanical bodies including a wafer stage,
reticle stage, and numerous mirrors that control the light path. Economically
viable throughput levels are achieved by moving these bodies at extremely high
accelerations, which is facilitated by lightweight component designs that are
susceptible to displaying resonant behavior and thereby limit the performance
that is achievable with conventional techniques (Oomen et al., 2014). Similar
challenges drive the complexity of semiconductor back-end-of-line systems such
as wire and die-bonders (Boeren et al., 2016; Kniknie et al., 2016).

1.3 Addressing complexity with learning control for
motion systems
The efficient manufacturing of high-quality products requires high-precision
motion systems (Burns, 2016), and controlling these systems in the increasingly
complex environments can be significantly aided by learning from the abundantly
available data. The performance and throughput for the applications in the
previous section are largely determined by the speed and accuracy at which
products and tools can be positioned. Modern motion systems facilitate such
movement by using sensors and actuators that are controlled using a computer
or embedded logic unit (Isermann, 2008). This section illustrates the impact of
motion systems, how these are traditionally designed and controlled, and the
potential of learning control to achieve high performance for complex systems.

1.3.1

High-precision motion systems

High-precision motion systems offer accurate positioning at high speeds with
excellent repeatability and are of paramount importance in numerous manufacturing applications including additive manufacturing (Hoelzle et al., 2011c),
industrial printing (Bolder et al., 2014), semiconductor lithography (Butler, 2011;
Martinez and Edgar, 2006), robotic assembly and welding (Luo et al., 2012),
and micro machining (Luo et al., 2005). Precision motion systems also find
2 Moore’s law extrapolates observations made in 1965 and 1975 that the number of transistors
on a dense integrated circuit doubles roughly every 2 years.
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applications in vibration isolators (Beijen et al., 2018), scientific instruments,
and medical instruments (Maas et al., 2016). Notable examples include the
in-field pointing mirror of the eLISA satellites to detect gravitational waves in
space (Brugger et al., 2017), the vibration isolation system that stabilizes the
main beam in the CLIC particle accelerator at CERN (Artoos et al., 2009),
and surgical robots for minimally invasive surgery (Leven et al., 2005). In this
way, precision motion systems enable the production of complex products and
contribute to a wide spectrum of scientific advances, as well as enabling new
medical treatments. Motion systems determine the productivity and accuracy of
a given system to a large extent. Consequently, there is a major economic and
scientific interest to design and control motion systems in an optimal manner.

1.3.2

Traditional motion system design

Designing high-precision motion systems is traditionally achieved using a mechatronic approach (De Silva, 2004; Schmidt et al., 2014), which combines excellent
electromechanical component design with high-performance motion control. Excellent mechanical system design is aimed at obtaining behavior that is highly
predictable, repeatable, and insensitive to disturbances (Hoek, van der, 1967).
Such behavior can be obtained by designing for high structural stiffness to ensure approximate rigid-body behavior and to avoid parasitic effects, including
flexible resonant phenomena. A rigid body system readily enables the design of
high-performance motion controllers to achieve accurate and fast positioning, as
is recapitulated in the next section. Although the traditional rigid-body design
approach is generally desirable for its simplicity and potential for high performance, the economic viability requirements of the next-generation manufacturing
systems instead result in complex flexible system designs, as is illustrated in
Section 1.2, and this results in challenging control problems.

1.3.3

Traditional motion control design

This section recapitulates the fundamental aspects of motion control. Figure
1.2 displays a schematic illustration of a typical motion control architecture
where P is the process with output y, which typically represents the position to
be controlled. The aim is to have y to be approximately equal to a reference
trajectory r, and the performance is measured by the tracking error e = r − y,
which should be as small as possible. To achieve this, e is fed to a feedback
controller C, which generates an actuation force acting on P to reject the effects
of the unknown disturbance d and the known reference r. The input u is a
feedforward control action that is typically used to reject the effect of known
disturbances, such as r. Specifically, the tracking error satisfies
e = S(r − P u) + Sd,

S = (1 + P C)−1 ,

(1.1)

1.3. Addressing complexity with learning control for motion systems

u
r

e

C

9

d

P

y

Figure 1.2: Schematic illustration of a typical motion control architecture.

where S is referred to as the sensitivity function, which represents the effect
of feedback, i.e., if C = 0, then S = 1. The first term in (1.1) is suppressed
by taking u = P −1 r, where P −1 represents the inverse of the system dynamics.
Moreover, e = 0 if S = 0. Unfortunately, S = 0 can generally not be achieved
since the feedback controller reacts to the measured error and therefore always
lags behind. This causal limitation is known as Bode’s sensitivity integral or the
waterbed effect (Skogestad and Postlethwaite, 2001, §5.3.2) and suggests that
there is a limit to the frequency range up to which r and d can be rejected by
using feedback alone. This fundamental limitation motivates a design approach
where u is employed to achieve high tracking performance by taking u = P̂ −1 r,
with P̂ −1 a parametric model of P −1 , and where feedback is used to ensure the
stability of the closed loop3 , and to suppress the effect of uncertainties, such as
the disturbance d, and the residual error (r − P P̂ −1 u) (Wal et al., 2002).
When the system P is accurately described as a rigid-body system, then
u reduces to a simple acceleration feedforward u = mr̈, which only requires
an accurate estimate of the mass m, and the feedback controller C is readily
designed using classical loop shaping (Franklin et al., 1994a; Ohnishi et al., 1996;
Skogestad and Postlethwaite, 2001; Steinbuch and Norg, 1998). However, the
system complexity described in Section 1.2 results in process dynamics P that are
significantly more complex. This limits the performance that is achievable using
the traditional approach, especially because obtaining an accurate parametric
inverse model P̂ −1 over a broad frequency range can be challenging.

1.3.4

Learning control

Learning control provides a huge potential to improve the tracking performance
by using the information that is captured by past error data. Motion systems
generate a large amount of input-output data, typically at a rate of several
kHz. The traditional approach yields fixed controllers that do not use this
data to further improve the performance or adapt to changing circumstances.
The feedback controller is typically designed to ensure stability under process
variations, but the performance of the feedforward controller depends directly on
the quality of the inverse model P̂ −1 (Devasia, 2002) and may degrade over the
operational lifetime as the process slowly changes due to wear and environmental
conditions.
3A

stable system returns to rest after perturbation.
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Figure 1.3: Illustration of ILC using experimental data generated as is described in Chapter
4. (a) The the tracking error during a task ei (t) decreases significantly as a function of the
iteration number i. (b) A logarithmic plot of the root-mean-square tracking error ei (t) shows
that the error reduces after each iteration, resulting in significant performance improvements
through learning.

Iterative Learning Control (ILC) (Arimoto et al., 1984; Bristow et al., 2006;
Chen and Wen, 1999; Moore, 2012; Owens, 2015) can be viewed as a mechanism
to further optimize the feedforward control signal based on past error data in
conjunction with approximate model knowledge. In ILC, it is assumed that the
system repeatedly performs the same task r. After each task, which is indicated
by the trial number i, the tracking error ei is measured and stored. Using this
error data, the input signal is updated based on the current input ui and tracking
error ei , for example, by using the following update law
ui+1 = Q(ui + Lei ),

(1.2)

where L and Q are referred to as the learning and robustness filter, respectively.
By updating ui based on past data, ILC can be interpreted as a discrete feedback
mechanism along the iteration axis i, and if L and Q are properly designed, then
ei asymptotically converges a small signal e∞ , where e∞ = 0 for Q = 1. The ILC
process is illustrated in Figure 1.3(a), which displays the tracking error ei during
a task as a function of the iteration number i. This plot shows that ei converges
rapidly and at i = 10 only a fraction of the original tracking error remains.
Figure 1.3(b), displays the convergence behavior by logarithmically plotting the
root-mean-square of ei . During iteration i = 0, only the feedback controller is
active. During iteration i = 1, the input is applied that is approximately equal
to the feedforward input, and subsequent iterations are the result of continued
learning. Clearly, the error is further reduced with each iteration.
Ensuring that convergence is achieved is a critical aspect in ILC is, and this is
determined by L and Q. For the control scheme shown in Figure 1.2, ei converges
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using (1.2) if L approximates (SP )−1 , where the relative approximation error can
be up to 100%4 for Q = 1. If the error is larger, then Q ≠ 1 can be used to enforce
convergence at the expense of performance. The main benefits of ILC are that
an approximate model is enough to achieve perfect tracking through learning,
and that no explicit information about the disturbances is required, since this
information is captured by the error data. Consequently, ILC is a promising
approach to achieve high tracking performance for systems with complex behavior
and disturbance situations.
In this section, it is illustrated how learning control goes beyond the traditional motion control approach by using past error data, thereby enabling
high performance and robustness against plant variations. Although learning
control is very promising, there are a number of important challenges that need
to be addressed to accommodate the increased complexity in the next-generation
manufacturing systems.

1.4 Challenges in learning control
Using learning control to overcome the performance limitations that result from
the increased complexity results in a number of key challenges. This section
provides a closer look at the nature of complex motion system dynamics, and
research challenges are formulated that arise as a result of this complexity. The
exposition in this section is significantly aided by the concept of the Frequency
Response Function (FRF), which plays a central role in this thesis. For an
introduction to the FRF concept see Appendix 1.5.4 at the end of this chapter.

1.4.1

Complexity induced by flexible dynamics

Flexible systems are described by complex resonant dynamics and result in a
challenging ILC filter design problem that conventionally requires accurate high
order multivariable parametric plant models to accommodate learning up to
high frequencies. Lightweight component design inherently lowers the stiffness,
resulting in resonant phenomena that manifest at lower frequencies. Combined
with high-acceleration reference trajectories, this results in unwanted vibrations
that can be suppressed using learning control if the flexible dynamics are properly
accounted for in the ILC filter design. Figure 1.4 displays a magnitude diagram
of the Frequency Response Function (FRF) of an example flexible motion system
with 2 inputs and 2 outputs. At low frequencies, the dynamics are described by
rigid-body behavior, which manifests as a -40 dB/dec slope on the diagonals. At
higher frequencies, the dynamics consist of many resonant modes (Gawronski,
2004; Voorhoeve et al., 2015). These modes inherently result in input-output
interaction, i.e., output 1 depends on input 2 and vice versa, since flexible modes
4 See

Chapter 3 for a technical exposition regarding this statement.
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Figure 1.4: The magnitude of the FRF of an example flexible motion system with 2 inputs and
2 outputs. At low frequencies, ω < ω ∗ , the dynamics are accurately described by rigid-body
behavior, whereas at higher frequencies ω > ω ∗ , the resonant phenomena dominate the system
dynamics. The resonant peaks shift to lower frequencies as the stiffness decreases, i.e., ω ∗
decreases. This limits the performance achievable with rigid-body control techniques.

are generally excited and observed by all inputs and output (Oomen, 2017).
Model-based learning control enables disturbance suppression up to the Nyquist
frequency if the used process model is accurate enough (Paszke et al., 2013).
Hence, a parametric model is required that accurately captures the flexible
behavior to achieve high-performance learning for flexible systems, as is further
elaborated in Section 1.4.3.1 and 1.4.3.3.

1.4.2

Complexity induced by position dependence

The movement that is inherent in motion systems can create position-dependent
behavior that cannot be addressed using traditional learning control. The
applications shown in Figure 1.5 illustrate this phenomenon.
Consider the system as shown in Figure 1.5(a), that is designed to correct
the angular offset of paper sheets by applying a moment using the two pinched
wheels. The angular correction needs to be performed while the sheet is moving
through the pinch wheels. This requires a time-varying moment since the massmoment of inertia depends on the distance ρ between the sheet and the pinch
wheels. For sheets of large dimensions, the flexible connection between the pinch
wheels and the motor that drives them plays a non-negligible role, creating
position-dependent flexible dynamics.
The wide-format printer, shown in Figure 1.5(c), prints large images in a
scanning motion using the print heads that are mounted in the carriage. As the
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Figure 1.5: Illustrations of position-dependent effects and of unmeasured performance variables
in the applications shown in Figure 1.1. (a) Correcting the angular offset z(ρ) of paper sheets
right before printing requires position-dependent actuation as the sheet moves through the
pinches. (b) The stationary sensors observe different parts of the resonating surface of the
wafer stage as it moves. (c) The unmeasured lateral location of the print heads varies as the
carriage moves along the gantry due to the position-dependent flexible deflections of the gantry.

carriage moves along the gantry, the mass configuration of the system changes,
creating position-dependent inertia and flexible deflection. These effects are
expected to increase for the next-generation printers that accommodate larger
media by increasing the gantry dimensions.
The wafer stage, as shown in Figure 1.5(b), moves with respect to stationary
interferometers that measure the position of its edge surfaces. The flexible
dynamics cause complex vibrations that manifest differently for each point on its
surfaces. Consequently, different responses are observed for different positions of
the wafer stage ρ, resulting in position-dependent flexible dynamics.
The effect of position-dependent flexible dynamics is illustrated in Figure
1.6, which shows the FRF that is obtained by fixing the position of an example
system at three different values of the parameter ρ̄i , i = 1, 2, 3, see also Symens
et al. (2004). The dynamics depend significantly on the parameter ρ, and
this dependence needs to be accounted for in the ILC filter design to ensure
convergence and high asymptotic performance, as is further discussed in Section
1.4.3.5. The Linear-Parameter Varying (LPV) systems framework provides
a systematic approach to model and control position-dependent systems, by
facilitating the synthesis of norm-optimal controllers with guaranteed stability
and closed-loop performance based on parametric models (Apkarian and Adams,
1998; Apkarian et al., 1995; Becker and Packard, 1994; De Caigny et al., 2010a;
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Figure 1.6: Illustration of position-dependent flexible dynamics in the frequency domain. The
resonance and anti-resonance peaks are dependent on the (frozen) position ρ̄i , i = 1, 2, 3.

Packard, 1994; Scherer, 2001; Wu et al., 1996; Yu and Sideris, 1997). To facilitate
these model-based approaches, a range of parametric LPV system identification
methods have been developed (Bamieh and Giarre, 2002; De Caigny et al., 2010b;
Felici et al., 2007; Goos and Pintelon, 2016; Tóth, 2010; Turk et al., 2018;
Wingerden and Verhaegen, 2009).

1.4.3

Research challenges

In this section, research challenges are formulated that need to be addressed to
enable learning for complex systems. The challenges are formulated in isolation
here, but the true contribution of this thesis is the development of learning control
methods that tackle a combination of challenges simultaneously, as is elaborated
in the next section.
1.4.3 The cost of modeling
Parametric models of complex systems can be costly to obtain and should be
avoided in learning control to make it more practically attractive. Parametric
models of flexible motion systems can be obtained using first principles, such as
multi-body dynamics and finite-element modeling (Cardona and Géradin, 2001),
or they can be identified from dedicated experiments using system identification (Ljung, 1987; Pintelon and Schoukens, 2012; Van Overschee and De Moor,
2012). The cost of modeling is reported to represent a major economic burden
and is mainly attributed to the man-hours of expert engineers, since presently,
first-principles modeling and system identification are far from being automatic
(Lamnabhi-Lagarrigue et al., 2017) and require expert knowledge to address
problems related to model reduction (Besselink et al., 2013), structure selection
(Gevers and Wertz, 2012), overfitting and regularization (Pillonetto et al., 2014),
solving large (non)convex optimization problems (Bertsekas, 1997; Boyd and
Vandenberghe, 2004; Verboven et al., 2005), and ensuring good numerical conditioning (Herpen et al., 2014b). To reduce the cost of modeling, it is essential to
develop learning control methods that do not require parametric models.
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Research challenge R1 Reduce the modeling requirements in learning control.
1.4.3 The stability & noncausality trade-off in inversion
Ensuring the stability of inverse models is an essential aspect in learning control
and requires dedicated techniques. Inverting a system with right-half plane
zeros results in an unstable causal system. Approximate stable inverses can be
obtained by using dedicated model-based methods that allow for some degree of
noncausality (Tomizuka, 1974; Torfs and De Schutter, 1996; Zou, 2009a; Zundert
and Oomen, 2018), i.e., allowing nonzero actuation when the reference is still zero,
and a perfect stable inverse can be obtained by allowing for noncausal actuation
extending to negative infinite time (Devasia, 1997; Hunt and Meyer, 1997; Zeng
and Hunt, 2000). It is desirable to investigate alternatives to address the trade-off
between stability, causality, and inversion accuracy, especially without relying on
parametric models.
Research challenge R2 Address the stability-causality trade-off in system inversion.
1.4.3 Learning for multivariable systems
High performance learning for flexible motion systems requires explicitly accounting for multivariable dynamics, as is illustrated in Section 1.4.1. A range
of methods has been developed to address multivariable dynamics in ILC by
relying on parametric models to a degree that depends on the level of interaction
and the required performance (Blanken and Oomen, 2019). On the one hand,
the interaction can be eliminated by using additional sensors and actuators
in combination with knowledge of the mode shapes to isolate distinct flexible
modes into separate loops, thereby enabling single-input single-output control
techniques (Herpen et al., 2014a). At the other end of the spectrum, model-based
optimization methods (Maciejowski, 1989; Zhou et al., 1996) enable formal synthesis5 of multivariable ILC filters that explicitly account for the interaction and
model uncertainty (De Roover and Bosgra, 2000; Owens et al., 2013; Son et al.,
2015). Although significant progress has been made, multivariable learning is a
substantial challenge, especially without relying on parametric models.
Research challenge R3 Enable learning control for multivariable systems.
1.4.3 Adaptive learning and inherent safety
It is essential to enable adaptation in learning to accommodate learning for
changing processes. Conventional ILC design results in fixed filters whose quality
depends on the initial process model. Although ILC is to some degree robust
against plant variations, the learning performance degrades when the process
changes due to wearing components or different load conditions, and unstable
5 Controller synthesis is the algorithmic construction of an optimal controller based on a
mathematically formulated system model and control requirements.
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learning ensues when these changes are too large. Adapting to process changes
while guaranteeing safe operation in learning control significantly accommodates
autonomous self-calibration and performance optimization, as described in Section
1.1.2. Data-driven learning methods (Hou and Wang, 2013) aim to achieve this
by employing past trial data to replace the parametric model (Boeren et al.,
2015b; Bolder et al., 2018; Butcher and Karimi, 2010b; Chi et al., 2016; Chien
and Tayebi, 2008; Janssens et al., 2013), yet the influence of measurement errors
on the learning stability has not been thoroughly investigated.
Research challenge R4 Enable safe adaptation to process changes in learning
control.
1.4.3 Learning for parameter-varying systems
High performance learning for position-dependent motion systems requires an
approach that explicitly accounts for the parameter-varying dynamics, as is
illustrated in Section 1.4.3.5. A conventional approach is to linearize a nonlinear
process model around a specific position trajectory to obtain Linear Time-Varying
(LTV) approximation (Zundert and Oomen, 2017b), and to apply one of the
various learning methods that have been developed for this class of systems
(Barton and Alleyne, 2010; Chien, 1998; Kawamura et al., 1988). However,
these approaches require a different linearized model and corresponding learning
filters when the scheduling trajectory changes. A systematic framework that
accommodates learning for an entire class of parameter trajectories does not
exist.
Research challenge R5 Enable learning for parameter-varying systems.
1.4.3 Task flexibility
It is essential to enable high-performance control for varying tasks, and this
cannot be achieved through traditional learning control. ILC learns a specific
input signal that corresponds to a certain task, and the performance is lost when
this tasks changes. Feedforward control can achieve moderate performance for
an entire class of tasks, and optimizing the feedforward controller parameters
by using past data enables learning for varying tasks (Hoelzle and Barton, 2012;
Meulen et al., 2008; Mishra et al., 2007). Suitable selection of feedforward basis
functions is a key difficulty associated with this approach (Blanken et al., 2017a;
Blanken et al., 2018a; Bolder et al., 2012; Zundert et al., 2016b), and has not yet
been addressed for position-dependent systems.
Research challenge R6 Enable high-performance control for trial-varying tasks.
1.4.3 Unmeasured performance variables
Ensuring high-performance positioning of unmeasured variables is essential in
manufacturing. The position of interest, such as the tooltip or a specific location
on the product, is typically not measured directly and needs to be inferred
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from measured variables. Consider for example the wafer stage as shown in
Figure 1.5(b), where the point of interest is the part of the wafer that is being
illuminated and where points of control occur at the edges. When the flexibilities
are non-negligible, then the unmeasured performance variable z(ρ) cannot be
inferred from the measured outputs y(ρ) by means of a static geometric relation
since y(ρ) and z(ρ) are instead related dynamically. Inferential control enables
feedback control of unmeasured performance variables (Oomen et al., 2015;
Parrish and Brosilow, 1985; Voorhoeve et al., 2016a) by employing parametric
models that capture the unmeasured behavior, and inferential ILC (Bolder and
Oomen, 2016) can be used to control unmeasured performance variables when
these are measured after a task. Although these methods are promising, they do
not apply to position-dependent systems.
Research challenge R7 Enable high-performance positioning control at unmeasured position-dependent locations.
In this section, a number of key research challenges are formulated that are
tackled in this thesis, as is discussed in the next section. Chapter 11 presents a
brief overview of other related challenges that are addressed in ongoing research.

1.5 Approach & contributions
The aim of this thesis is to enable high-performance control for next-generation
manufacturing systems by developing a collection of contributions that each
tackle a combination of research challenges, and this section aims to provide a
concise overview of the different approaches and results. The contributions are
divided into three groups, which correspond to the different parts of this thesis.
Table 1.1 presents a visual overview displaying which research challenges are
tackled by the various contributions, and Figure 1.7 at the end of this chapter
presents a schematic outline of this thesis, including applications.
Table 1.1: The relation between the research challenges and contributions in this thesis.

Research challenge
(Reduce modeling)
(Stability & causality)
(Multivariable)
(Adaptive)
(Parameter varying)
(Flexible tasks)
(Unmeasured variables)

R1
R2
R3
R4
R5
R6
R7

Part II
C1
●
●
.
.
.
.
.

C2
●
●
●
.
.
.
.

Part III
C3
●
●
.
.
.
●
.

C4
●
●
.
●
.
.
.

C5
●
●
●
●
.
.
.

Part IV
C6
●
.
.
.
●
.
.

C7
.
●
●
.
●
●
.

C8
.
●
.
.
●
●
.

C9
.
●
●
.
●
●
●
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1.5.1

Part II: Learning Using Nonparametric FRF models

The modeling requirements in learning control are reduced by developing the
following contribution in Chapter 2.
Contribution C1 A learning control framework is developed that uses a Discrete
Fourier Transform (DFT) implementation which enables the design of learning
and robustness parameters based on uncertain nonparametric FRF models.
This approach presents the following major benefits.
○ Nonparametric FRF estimates are readily obtained from input-output data
(Pintelon and Schoukens, 2012) and are typically less costly to obtain
compared to parametric models, thereby addressing research challenge R1.
○ System inversion in the frequency domain inherently yields stable solutions
as is shown in Chapter 2, thereby addressing research challenge R2.
○ The FRF concept is well understood among control practitioners, which
could make this approach accessible to the industry.
○ The DFT can be efficiently computed using the fast fourier transform.
Chapter 3 aims to generalize the developed framework towards multivariable
systems, thereby addressing research challenge R3.
Contribution C2 The FRF-based learning control framework is generalized
to multivariable systems by developing an approach to formally design learning
and robustness parameters to achieve optimal asymptotic performance under
robust convergence constraints, and a method is developed to estimate the required
multivariable FRF models from input-output data.
The DFT-based implementation requires that FRF estimate consists of the same
number of samples as the reference signal, and it requires that the influence of
the transient response is limited. Chapter 4 aims to overcome these limitations
by considering an alternative implementation based on Finite-Impulse Response
(FIR) inverse filters.
Contribution C3 A framework is developed to invert LTI systems using FIR
filters based on an uncertain nonparametric FRF estimates, where and specific
guidelines are developed to use this approach for ILC learning filter design.
The tools and techniques developed in this contribution can be identically applied
in inversion-based feedforward design, and thereby address research challenge
R6. Application of the developed frameworks to a nanopositioning system, a
simulation model of a flexible beam system, and a wide-format printing system,
respectively, demonstrates their practical potential for high-performance control.
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Part III: Learning Using Data-driven FRF models

To further reduce the modeling requirement in learning control, the framework
developed in Part II is modified by instead estimating the required FRF model
from previous trial data. A key challenge in this approach is to develop suitable
means to deal with the effect of unknown disturbances, as it is shown in Chapter 5
that these are the cause of extremely erratic convergence behavior in pre-existing
approaches. Analysis of the nonlinear iteration dynamics reveals the source of
this behavior, and an approach is developed to ensure smooth convergence by
incorporating nonlinear learning-gain functions, as is summarized by the following
contribution.
Contribution C4 A data-driven learning control framework is developed that
employs nonlinear learning-gain functions to enforce smooth convergence without
using any explicit prior model knowledge.
This approach has several major benefits.
○ It is no longer required to provide any rigorous prior system knowledge to
the learning algorithm, thereby addressing research challenge R1.
○ It is shown in Chapter 5 that the developed learning algorithm approach is
inherently stable, and either results in a performance increase, or an automatic shut-down of the learning algorithm. This is in contrast to learning
algorithms that employ explicit system knowledge, which potentially yield
unbounded signals if the model inaccuracies are too large.
○ The (internal) FRF model is re-estimated after each trial, which makes the
approach insensitive to large and slow changes in the process. As such, the
contributions in this part address research challenge R4.
○ The DFT-based implementation in combination with the previous observations shows that the algorithm is inherently safe, computationally efficient,
and user-friendly, which could promote its use in the industry.
Chapter 6 aims to generalize the developed framework towards multivariable
systems, thereby addressing research challenge R3.
Contribution C5 The data-driven learning control framework is generalized
to multivariable systems, by developing an approach to smoothly update the
multivariable input based on data from multiple past trials.
The potential of the developed data-driven learning control approach is demonstrated by application to an A3 printer, and a wide-format printing system.
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Part IV: Learning for parameter-varying systems

Different methods are developed to enable learning control for parameter-varying
systems, thereby addressing challenge R5 in combination with other challenges.
The first approach aims to generalize the FRF-based learning control framework, as developed Part II, towards LPV systems. The first step to generalizing
this framework is to develop the required nonparametric LPV models. The aim
of Chapter 7 is to accommodate this need as follows.
Contribution C6 An identification method is developed that generalizes the
classical Empirical Transfer Function Estimate (ETFE) towards LPV systems.
This contribution can be considered independent from learning control and
provides a way to estimate nonparametric models of parameter-varying systems.
The key property of this approach is that prior knowledge regarding the dynamic
order is not required, which makes this approach suitable for high order flexible
position-dependent systems, as is demonstrated experimentally using a flexible
beam setup. Although the identification results are promising, the second step
to generalizing the nonparametric learning framework is considered for future
research and is discussed in Chapter 11.
The second approach aims to address research challenge R5 by generalizing
the classical infinite-time ILC framework towards LPV systems. Chapter 8 aims
to achieve this as follows.
Contribution C7 An infinite-time ILC framework is developed for LPV systems, including a design approach to synthesize noncausal LPV learning and
feedforward filters with finite preview.
This approach minimizes the induced energy norm of the inversion error, where
preview can be explicitly incorporated to manage the stability and causality
trade-off. This approach inherently results in stable LPV filters in a state-space
description. Hence, aside from addressing challenge R2, challenge R3 is addressed
by directly accommodating multivariable systems. The potential of the developed
approach is illustrated in simulation.
The third approach aims to address research challenge R6 by developing a
learning framework for parametrized LPV pre-compensators in Chapter 9.
Contribution C8 A learning framework is developed to parametrize and optimize noncausal LPV pre-compensators using past data.
The resulting method directly minimizes the tracking error by optimizing the precompensators, which are parameterized as a function of the scheduling parameter
ρ, thereby achieving significant flexibility with respect to varying tasks. Research
challenge R2 is addressed by explicitly considering the causality and stability
aspects in LPV system parametrization. The potential of the developed approach
is illustrated in simulation by application to a cut-sheet positioner model.
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The fourth approach aims to address research challenge R7 by developing a
feedforward design approach to achieve high-performance rigid body motion of
flexible systems by explicitly penalizing flexible behavior. Chapter 10 aims to
achieve this as follows.
Contribution C9 A feedforward design approach is developed to optimize the
global spatio-temporal behavior of flexible motion systems.
This approach is motivated by the inferential wafer stage control problem as
discussed in Section 1.4.3.7, where inferential error data is not available after a
task, such that learning control cannot be applied. Instead, a method is developed
to estimate a model that describes the behavior of the entire surface of a flexible
body, and an approach is developed to design multivariable LTI feedforward
compensators that optimize the rigid-body motion performance, while globally
penalizing the flexible deflections. This provides a robust strategy to ensure
inferential performance for the entire surface, as is illustrated by application to
an experimental wafer stage platform.

1.5.4

Outline

In this section, an overview is provided of the contributions made in this thesis.
Each contribution is treated in a separate chapter based on peer-reviewed scientific
publications, and can be read independently. A schematic outline of this thesis is
presented in Figure 1.7, which also indicates the applications that the developed
methods are applied to.

Appendix: introduction to Frequency Response Functions
A key property of a linear time-invariant system G is that (asymptotically) the
output y(t) to a sinusoidal input u(t) = Au sin(ωt + φu ) is also a sinusoid of
the same frequency y(t) = Ay sin(ωt + φy ). The FRF G(jω) of a given system
is a complex function of ω, i.e., G(jω) = GR (jω) + jGI (jω), that encodes
A
the amplitude scaling and the phase shift induced by G as ∣G(jω)∣ = Auy and
√
∠(G(jω)) = φy − φu , where ∣G(jω)∣ ≜ GR (jω)2 + GI (jω)2 , and ∠(G(jω)) ≜
GI (jω)
). Note, the argument is denoted as jω, since G(jω) is readily
arctan( G
R (jω)
obtained from the Laplace transform G(s) by substituting s = jω. The FRF
concept is readily generalized to a multivariable system with nu inputs and ny
outputs, in which case G is a complex ny × nu matrix. The Bode diagram displays
∣G(jω)∣ and ∠(G(jω)) and thereby provides an insightful representation of the
input-output behavior of an LTI system. See also Skogestad and Postlethwaite,
2005, §2.1.
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Models

II

2

Learning Control Using Frequency
Response Function Data

Learning control enables significant performance improvement for systems that
perform repeating tasks. Achieving high tracking performance by utilizing past error data typically requires noncausal learning that is based on a parametric model
of the process. Such model-based approaches impose significant requirements on
modeling and filter design. This chapter aims to reduce these requirements by
developing a learning control framework that enables performance improvement
through noncausal learning without relying on a parametric model. This is
achieved by explicitly using the discrete Fourier transform to enable learning by
using a nonparametric frequency response function model of the process. The
effectiveness of the developed method is illustrated by application to a nanopositioning stage. The results in this chapter constitute contribution C1 of this
thesis.

The contents of this chapter are published in:
R. de Rozario, A. J. Fleming, and T. Oomen. Finite-time learning control using frequency
response data with application to a nanopositioning stage. IEEE/ASME Transactions on
Mechatronics, 2019.
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2.1 Introduction
Learning from error data that is obtained from past operations is an effective
approach to improve the performance of mechatronic systems that perform
repetitive tasks, including nanopositioning devices (Shan and Leang, 2013),
industrial printers (Bolder et al., 2014), and additive manufacturing systems
(Hoelzle et al., 2011a). More specifically, Repetitive Control (RC) can be applied
to reduce tracking error in applications that operate in a continuous fashion
(Hara et al., 1988; Teo et al., 2016), whereas Iterative Learning Control (ILC)
enables performance improvement for systems that operate in a batch-to-batch
manner (Blanken et al., 2017a; Boeren et al., 2016; Bristow et al., 2006; Mishra
et al., 2010b).
Parametric models are often employed in the design of RC and ILC controllers
to achieve high convergence speeds. Fast convergence is obtained when the
learning filter closely approximates the inverse system dynamics (Blanken et al.,
2017b; Moore, 2012). Consequently, typical learning filter design approaches
are based on inverting a parametric plant model (Zundert and Oomen, 2018).
However, special measures are required to ensure that the inverse of a NonMinimum Phase (NMP) model is stable. More specifically, NMP zeros imply that
a causal and stable inverse of the system does not exist and that a stable inverse
is instead anti-causal (Devasia et al., 1996). For an anti-causal inverse, the input
corresponding to the desired output can be determined through a process known
as stable inversion (Zeng and Hunt, 2000). Though, determining the exact inverse
response requires infinite previewing of the desired output. Consequently, methods
that approximate inverse Linear Time-Invariant (LTI) dynamics with a finite
amount preview have received considerable attention (Tomizuka and Messner,
1994; Tomizuka et al., 1987; Zou, 2009b; Zundert and Oomen, 2018). Since
these methods are inherently model-based, significant requirements are imposed
on learning filter design in terms of parametric identification and approximate
inversion.
Iterative Inversion-based Control (IIC) is a related method that avoids the
need for parametric models and seems to overcome the limitations related to
bounded inversion. Aside from the robustness filter that was initially omitted in
IIC (Rozario et al., 2016), the IIC method (Tien et al., 2005) appears theoretically
similar to infinite-time frequency-domain ILC (Norrlöf and Gunnarsson, 2002), yet
the two methods differ substantially in their implementation. In ILC, updating of
the input signal is typically performed by using filtering operations, whereas, in
IIC, the updating is performed by using the Discrete Fourier Transform (DFT).
The latter enables the use of nonparametric Frequency Response Function (FRF)
models, thereby removing the need for parametric models. This approach is
shown to be effective (Wu and Zou, 2007; Yan et al., 2012) and seems to inherently
facilitate noncausal learning with bounded inputs (Clayton et al., 2009; Wu et al.,
2009), yet a full analysis of the potential limitations imposed by NMP zero
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dynamics has not yet been established.
In practice, the IIC method is typically implemented in discrete finite time
and is reported to accommodate both batch-to-batch and continuous processes.
Pre-existing analyses of IIC assume that the system is in steady state. This can
be approximately achieved in batch-to-batch processes by including trailing zeros
(Tien et al., 2005), or by measuring only the final periods of a periodic task (Wu
and Zou, 2007). In this way, updating of the input can be performed offline, as
is characteristic of ILC. Similarly, measuring the steady state of a continuous
process can be approximately achieved by waiting for some time after the input
was last updated (Bechhoefer, 2008). In this way, the input can be updated
while the process operates continuously, as is characteristic of RC. In practice,
however, the process is never truly in steady state, and pre-existing analyses do
not provide clear guidelines to address the waiting period that is required to
avoid the instability incurred by residual transients.
Although significant progress has been made to reduce the modeling and
design requirements in learning control, at present, a systematic approach for fast
and robust learning for NMP systems is not yet established. This chapter aims
to fill this gap by developing a finite-time FRF-based learning control framework,
supported by key analyses that are lacking in the present literature. This is
achieved in combination with the following contributions.
(C1) A method is developed to stably invert an NMP LTI system by using its
FRF (Section 2.3).
(C2) A robust finite-time IIC approach is developed (Section 2.2), and guidelines
are derived to achieve high performance and robustness against uncertainties
(Section 2.4).
(C3) A finite-time analysis of the developed approach is established to determine
the waiting period that is required to achieve convergence, and it is shown
how the developed approach relates to ILC and RC (Section 2.5).
(C4) The effectiveness of the developed method is confirmed by applying it to
control a nanopositioner using the continuous implementation (Section 2.6).
These contributions extend pre-existing IIC as follows. First, contribution C1
motivates the use of FRF models in learning by showing that stable inversion of
NMP systems can readily be achieved in the frequency domain (Sogo, 2010; Zeng
and Hunt, 2000). Second, contribution C2 incorporates robustness by explicitly
considering convergence in the presence of uncertainties in the FRF data. Third,
contribution C3 provides guidelines for the effective implementation of IIC in
finite time by considering the effect of the transient response on the convergence.
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Preliminaries

The set of real numbers, complex numbers, and integers are denoted by R, C,
and Z. The nonnegative real line and the unit circle are denoted by R≥0 = [0, ∞)
and C○ ≜ {ξ ∈ C ∣ ∣ξ∣ = 1}. For a Discrete Time (DT) signal s ∶ Z ↦ R, the norms
p
of s are defined as ∥s∥pp = ∑∞
t=−∞ ∣s(t)∣ and ∥s∥∞ = maxt∈Z ∣s(t)∣ and s(t) is called
N -periodic if s(t + N ) = s(t) ∀t ∈ Z, with N ∈ N. The spaces with bounded ∥.∥p
and ∥.∥∞ norms are denoted by `p and `∞ . The Discrete Time Fourier Transform
−1
(DTFT) and its inverse are denoted by F∞ and F∞
(Rabiner and Gold, 1975,
§2.12). The Discrete Fourier Transform (DFT) and its inverse are denoted
−1
−1
−jωk t
by FN and FN
and are defined as S(ωk ) = FN {s(t)} ≜ √1N ∑N
,
t=0 s(t)e
N −1
∑k=0 S(ωk )ejωk t , ωk ∈ ΩN , ΩN ≜ {ωk ∈ R ∣ ωk =
2π
k, k = 0, ..., N − 1} (Rabiner and Gold, 1975, §2.21). Moreover, [A]ij denotes
N
the ij-th element of the matrix A ∈ Cn×m , AH ≜ ĀT , with Ā the complex
conjugate of A, and λ̄(A) and σ̄(A) represent the largest eigenvalue and largest
singular value of A. Additionally, diag{s(ωk )} is a diagonal matrix whose k-th
diagonal equals s(ωk ). In this chapter, a single-input single-output LTI DT
system G is considered, which is represented by a minimal realization
−1
s(t) = FN
{S(ωk )} ≜

G∶[

√1
N

A
C

x(t + 1) = Ax(t) + Bu(t),
B
]={
D
y(t) = Cx(t) + Du(t),

(2.1a)
(2.1b)

where x(t) ∈ Rnx , u(t), y(t) ∈ R are the state vector, input and output. The
corresponding transfer function is given by G(z) = C(zI − A)−1 B + D and G is
stable iff λ̄(A) < 1 Hespanha, 2009, Thm. 8.3. Moreover, si denotes s at the i-th
iteration.

2.2 Finite-time IIC
In this section, the tracking control problem is introduced, which is motivated by
high-speed Scanning Probe Microscopy (SPM) systems. The Finite-Time IIC
(FT-IIC) method is formulated as a solution to this problem and is subjected to
rigorous analysis in the next sections.

2.2.1

Application motivation

In SPM, such as scanning tunneling microscopy and atomic force microscopy,
control is crucial to achieving accurate and fast positioning of the probe with
respect to the sample (Clayton et al., 2009), and largely determines the quality of
the resulting images (Bazaei et al., 2017), as is illustrated in Figure 2.1. In typical
SPM applications, the probe or sample is required to perform a periodic scanning
motion. Commonly, the mechanical resonance frequencies of the positioning stage
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Figure 2.1: The effect of positioning errors on the image quality in AFM: (a) actual and desired
probe displacement over time, and (b) a distorted image (the actual features are parallel lines).
Image courtesy of Andrew Fleming (Fleming and Leang, 2014, 2.6).

§

are in the same range as the desired scan rate, such that achieving an acceptable
bandwidth using traditional feedback approaches is challenging (Clayton et al.,
2009; Fleming and Leang, 2014). Furthermore, the system dynamics may vary
due to variations in a sample’s size and weight.

2.2.2

Problem formulation

Given the control challenges in SPM, it is desired that the developed method
satisfies the following requirements.
(R1) Periodic references are accurately tracked and unknown periodic disturbances are rejected.
(R2) Convergence is achieved despite plant uncertainties.
(R3) A parametric model of the system is not required.
(R4) No additional measures are required to control systems with NMP zeros.
Motivated by the application to SPM, the following assumptions are made.
Assumption 2.1 G is a stable LTI system.
Assumption 2.2 r(t) is a known, N -periodic, trial-invariant signal.
Assumption 2.3 The output of G satisfies yi (t) = G(z)ui (t) + vi (t), with an
output disturbance vi (t), as is shown in Figure 2.2.
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Figure 2.2: The control configuration with exogenous output disturbances.

Despite the hysteresis that is induced by piezo-based actuation in SPM applications (Wu and Zou, 2007), Assumption 2.1 is commonly made (Clayton
et al., 2009) and is practically satisfied when a stabilizing feedback controller
is employed that partly linearizes the system (Jayawardhana et al., 2008). The
residual nonlinear contributions induced by the reference r(t) can typically be
captured by the output disturbance term vi (t), which is typically periodic and
trial-invariant if r(t) is periodic and trial-invariant, as is shown experimentally
in Section 2.6.
The problem of iteratively improving the tracking performance of periodic
references is formulated as follows.
Problem 2.1 (Periodic tracking) Given an N -periodic reference r(t), define
ei (t) ≜ r(t) − yi (t),

(2.2)

where yi (t) is as given in assumption A1, and G(z) is given by (2.1). Determine
a sequence of N -periodic inputs {ui (t)}∞
i=0 such that limi→∞ ei (t) is small in an
appropriate sense.
In the next section, an FRF-based learning control approach is proposed as a
solution to the periodic tracking problem.

2.2.3

Finite-time iterative inversion-based control

The following update law represents the proposed FT-IIC method, which aims
to provide a solution to Problem 2.1 using an FRF model of the process.
Proposition 2.1 Given an initial input U0 (ωk ), update Ui (ωk ) as,
Ui+1 (ωk ) = Q(ωk ) (Ui (ωk ) + α(ωk )G−1
n (ωk )Ei (ωk )) ,

∀ωk ∈ ΩN ,

(2.3)

where Gn (ωk ) is an FRF model of G(ejωk ) that satisfies Gn (ωk ) ≠ 0, ∀ωk ∈ ΩN ,
and where Q(ωk ) ∈ R≥0 and α(ωk ) ∈ R≥0 are referred to as the robustness and
learning coefficient, respectively.
The key attribute of FT-IIC is the explicit use of the DFT to update the input.
This enables the use of the nonparametric FRF model Gn (ωk ) and ensures the
satisfaction of requirement R3. This is essentially different from typical ILC
approaches in which the update is performed by filtering the time domain signals
(Bristow et al., 2006). Compared to typical ILC approaches, the learning filter is

2.2. Finite-time IIC

31

taken as the inverse FRF model G−1
n (ωk ). This choice is motivated rigorously
in Section 3.6. The FRF model Gn (ωk ) is typically considered to be a reliable
approximation of the plant and its accuracy can be quantified using various
techniques, see for example Pintelon and Schoukens (2012) and Section 3.8.
The coefficients Q(ωk ) and α(ωk ) are used to enable robust convergence and
to regulate the learning speed. These coefficients can be tuned separately for
each frequency by assuming that the output is approximately in steady state,
since, if Y (ωk ) ≈ G(ejωk )U (ωk ), then the evolution of Ui (ωk ) for frequency ωk
is independent of all other frequencies. This approach is enabled by the following
implementation framework, where the distinction between batch-to-batch and
continuous updating is made explicit in Section 2.5.1 and in Figure 2.3 and 2.4.
Algorithm 1 FT-IIC
Select a suitable initial periodic input u0 (t).
1. Batch-to-batch: reset the system to a certain initial x0 .
Continuous: do not reset the system.
2. Apply the N -periodic input ui (t) to the system and wait w periods until
the output yi (t) is approximately in steady state. Then, record the tracking
error ei (t) (2.2).
3. (a) Obtain Ui (ωk ) and Ei (ωk ) by applying the DFT.
(b) Update Ui (ωk ) using (2.3) for each frequency ωk .
(c) Obtain ui+1 (t) by applying the IDFT.
4. Set i ← i + 1. Repeat from step 1 until ei (t) has converged.

Remark 2.1 The results in this chapter apply to N -periodic and time-limited
signals (Rabiner and Gold, 1975), since the DFT is an inherent part of FT-IIC.
Time-limited tasks are naturally implemented in a batch-to-batch fashion resulting
in w = 0. Furthermore, for N → ∞ the classical IIC (Tien et al., 2005) and
infinite-time ILC (Moore, 2012) methods are reobtained.
Remark 2.2 A key requirement for the application of Algorithm 1 is that the
FRF model Gn consists of N samples, which matches the number of samples in
r(t). In Chapter 4, an alternative to DFT-based implementation is developed
which does not impose this requirement.

2.2.4

Outline

The remainder of this chapter is structured as follows. In light of requirement R4,
it is shown in Section 2.3 that (2.3) results in bounded inputs, even when G(z)
is NMP. In Section 2.4, the convergence behavior and asymptotic properties of
(2.3) are derived under the assumption that the system is in steady state, which
results in tuning guidelines for Q(ωk ) and α(ωk ) to satisfy requirements R1 and
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R2. In Section 2.5, finite-time effects are explicitly analyzed using a lifted signal
framework, which results in conditions on the number of waiting periods w to
ensure convergence. In Section 2.6, the developed FT-IIC method is applied to a
nanopositioning stage.

2.3 Fourier transform-based stable inversion
In this section, it is shown that in contrast to inverse-model-based learning, the
presented inverse-FRF-based approach results in bounded signals, irrespective of
the potential presence of NMP dynamics. This is shown by explicitly solving the
stable inversion problem in the frequency domain, which constitutes contribution
C1. More specifically, this section aims to derive conditions under which
−1
{G−1 (ωk )FN {r(t)}} ,
u(t) = FN

(2.4)

is guaranteed to be bounded while satisfying y(t) = r(t).

2.3.1

Stable inversion in the time domain

The stable inversion problem is first considered in the time domain. Considering
(2.2) for vi (t) = 0 shows that the perfect tracking input is obtained by inverting
the relation Gu(t) = r(t). Ensuring that u(t) is bounded is known as the problem
of stable inversion, which is formulated as follows (Zeng and Hunt, 2000).
Problem 2.2 (Stable inversion) Let G ∶ u ↦ y be a DT-LTI system. Then,
for a certain r ∈ `∞ , determine u ∈ `∞ such that (2.1) holds in addition to
y(t) = r(t) ∀t ∈ Z.
A time-domain solution (Zeng and Hunt, 2000) follows by inverting the state-space
realization of G, i.e., (2.1), which is given by
G−1 ∶ [

Ã
C̃

B̃
A − BD−1 C
]=[
−D−1 C
D̃

BD−1
].
D−1

Note that this can be extended to the case with D = 0 by using input or output
previewing (see Lemma 8.2 in Chapter 8). When G is NMP, at least one of
the zeros of G(z) lies outside of the unit circle. This renders G−1 unstable in a
causal sense since the zeros of G are equal to the poles of G−1 (Brockett, 1965).
If none of the eigenvalues of Ã lie on the unit circle, a similarity transformation
η(t) = T x̃(t) can be performed that decouples the dynamics in a stable and
anti-stable part (Zeng and Hunt, 2000). This dichotomous split results in
⎧
⎪
η (t + 1)
Ã
⎪
⎪
⎪[ s
]=[ s
−1 ⎪ ηu (t + 1)
0
G ∶⎨
⎪
⎪
⎪
⎪
u(t) = [C̃s
⎪
⎩

0
η (t)
B̃
] [ s ] + [ s ] y(t),
Ãu ηu (t)
B̃u
C̃u ] η(t) + D̃y(t).
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A bounded yet noncausal u(t) is obtained by iterating ηs (t) forward in time, and
ηu (t) backward in time for y(t) = r(t), i.e.,
t−1

∞

i=−∞

i=t

ηs (t) = ∑ Ãt−i−1
Bs y(i), ηu (t) = − ∑ Ãt−i−1
Bu y(i).
s
u
This approach solves Problem 2.2 if G has neither zeros nor poles on C○ (Zeng
and Hunt, 2000). Notably, this time-domain approach requires a state-space
model of the system. Next, a frequency domain approach is developed that only
requires an FRF model.

2.3.2

Stable inversion in the frequency domain

In this section, Problem 2.2 is solved by using a Fourier transform approach that
does not explicitly use a parametric model. The key aspect of this approach is
that boundedness is guaranteed if the Fourier transforms are well defined.
Lemma 2.1 Let G be a stable system satisfying (2.1). If for a certain r(t),
R(ω) = F∞ {r(t)} exists, and if G−1 (ejω )R(ω) is bounded ∀ω ∈ (−π, π], then
−1
u(t) = F∞
{G−1 (ejω )F∞ {r(t)}},

(2.6)

is such that u ∈ l∞ , and (2.1) holds with y(t) = r(t) ∀t ∈ Z.
A proof of this lemma is provided in Appendix 2.8.1. This lemma shows that
the DTFT-based operation (2.6) solves Problem 2.2, and only requires the
FRF G(ejω ). Note that G−1 (ejω )R(ω) is bounded if G(z) has no zeros on C○ .
This condition appears similarly in time-domain approach. Furthermore, the
requirement that F∞ {r(t)} exists can be relaxed by adopting the notion of
generalized DTFTs (Zeng and Hunt, 2000).
Remark 2.3 In Lemma 2.1, u(t) is noncausal if G is NMP. This is shown by
considering G(z) as the bilateral Z-transform (Rabiner and Gold, 1975, §2.13)
of the impulse response of G, and G−1 (z) as the z-component-wise inverse of
G(z). A bounded impulse response of G−1 (z) is obtained by applying the inverse
bilateral Z-transform over the contour z = ejω , such that the region of convergence
includes C○ . Since G(z) has no zeros on C○ , this results in a bounded impulse
response, which is noncausal if G(z) posses zeros outside C○ (Rabiner and Gold,
1975, §2.13.2).
In conclusion, the DTFT can be used to solve the stable inversion problem by
using a continuous FRF model. Next, the DFT is considered to enable the use
of a sampled FRF.
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Periodic steady-state stable inversion

To apply the results of Lemma 2.1 to finite-time signals, the DTFT is replaced
by the DFT on a finite grid of frequencies. Truncating the infinite-time solution
is exact if the involved signals are periodically repeating outside the considered
time interval (Rabiner and Gold, 1975, §2.21). Consequently, (2.6) can be applied
by using the DFT to obtain the periodic input sequence that leads to a given
desired periodic output, even if the system is NMP.
Theorem 2.1 Let G be a stable system satisfying (2.1) with FRF G(ejωk ) =
C(ejωk I − A)−1 B + D, ωk ∈ ΩN . If for a certain N -periodic r(t), R(ωk ) =
FN {r(t)} exists, and if G(ejωk )−1 R(ωk ) is bounded ∀ωk ∈ ΩN , then
−1
u(t) = FN
{G−1 (ejωk )FN {r(t)}},

is such that u ∈ l∞ , and (2.1) holds in addition to y(t) = r(t), t ∈ 0, ..., N − 1,
where u(t) and y(t) are N -periodic.
−1
Proof : Given the fact that x̃(t) = FN
{FN {x}} = x(t), ∀t ∈ Z if x(t) is N periodic (Rabiner and Gold, 1975, §2.21), a proof follows identically as the proof
of Lemma 2.1 by using FN instead of F∞ , and by restricting u(t), x(t) and y(t)
to be N -periodic signals.
∎

This theorem states that the bounded N -periodic input u(t), which results in
the tracking of an N -periodic reference r(t), can be computed by using an FRF
model of G that is defined on the DFT grid ΩN . Note that this requires that G
is in steady state, i.e., the state x(t) is N -periodic.
In this section, the theoretical motivation for FT-IIC (2.3) is provided by
developing a frequency domain approach to the stable inversion problem. It is
shown that bounded and possibly noncausal solutions are automatically obtained
by using an FRF model in combination with the DFT. Consequently, FT-IIC
satisfies requirement R4. In the next section, the properties of FT-IIC are
analyzed in the frequency domain.

2.4 Steady-state analysis
In this section, the convergence behavior and asymptotic properties of (2.3) are
derived. This results in guidelines to tune Q(ωk ) and α(ωk ), which constitutes
contribution C2. In the remainder of this section, it is assumed that the output
of G is measured during steady state.
Assumption 2.4 The DFT of N -periodic output of G satisfies
Yi (ωk ) = G(ejωk )Ui (ωk ) + V (ωk ),

(2.7)

where V (ωk ) is a bounded trial-invariant disturbance, i.e. Vi (ωk ) = V (ωk ), ∀i.
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Furthermore, the dependence on ωk is occasionally omitted to facilitate a clear
exposition.

2.4.1

Optimal FT-IIC

The FT-IIC update law, as given by (2.3), is shown to connect to a regularized
least squares optimization problem that is commonly posed in norm-optimal ILC
(Bolder et al., 2014). This reveals the particular roles of Q(ωk ) and α(ωk ).
Lemma 2.2 Consider the following optimization problem
Ui+1 (ωk ) = arg min J (ωk ),

∀ωk ∈ ΩN ,

(2.8)

J (ωk ) = ∣Êi+1 (ωk )∣ + wu (ωk )∣Ui+1 (ωk )∣ + w∆u (ωk )∣Ui+1 (ωk ) − Ui (ωk )∣ ,
2

2

2

where wu (ωk ), w∆u (ωk ) ≥ 0 are weights, Êi (ωk ) ≜ R(ωk )−Gn (ωk )Ui (ωk )−V (ωk ),
and Gn (ωk ) is an FRF model of G(ejωk ). If ∣Gn (ωk )∣2 + w∆u (ωk ) + wu (ωk ) > 0,
then the FT-IIC update law given by (2.3) is the global solution to (2.8) where
Q(ωk ) =

∣Gn (ωk )∣2 + w∆u (ωk )
∣Gn (ωk )∣2
, α(ωk ) =
.(2.9)
2
∣Gn (ωk )∣ + w∆u (ωk ) + wu (ωk )
∣Gn (ωk )∣2 + w∆u (ωk )

A proof of this lemma is provided in Appendix 2.8.2. Considering (2.9) for
w∆u (ωk ) = 0 shows that α(ωk ) = 1 corresponds to the case where the rate of
change of Ui (ωk ) is not restricted from one trial to the next. Similarly, taking
w∆ (ωk ) = 0 shows that Q(ωk ) = 1 corresponds to the case where ∣Ui+1 (ωk )∣ is
not restricted. In the next sections, additional frequency domain tuning design
guidelines are derived for Q(ωk ) and α(ωk ) to achieve disturbance rejection,
monotonic convergence, and robustness against plant variations, respectively.

2.4.2

Disturbance rejection

High performance is achieved if the tracking error is sufficiently small. If the
input updating (2.3) converges, the resulting asymptotic input and corresponding
tracking error are as follows.
Lemma 2.3 If the FT-IIC update, as given by (2.3), converges, then the asymptotic input and error are given by
α(ωk )Q(ωk )G−1
n (R(ωk ) − V (ωk ))
,
1 − Q(ωk ) (1 − α(ωk )G(ejωk )G−1
n (ωk ))
(1 − Q(ωk ))(R(ωk ) − V (ωk ))
E∞ (ωk ) =
.
1 − Q(ωk ) (1 − α(ωk )G(ejωk )G−1
n (ωk ))
U∞ (ωk ) =

(2.10)
(2.11)

A proof of this lemma is provided in Appendix 2.8.3. From (2.11) it is clear that
perfect rejection is obtained for Q(ωk ) = 1. Consequently, requirement R1 is
satisfied, as long as convergence is achieved with Q(ωk ) = 1. Next, it is shown
that this can be achieved if the FRF model Gn (ωk ) is sufficiently accurate.
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Monotonic convergence

To avoid bad learning transients (Bristow et al., 2006; Rozario and Oomen,
2019), it is essential that Q(ωk ) and α(ωk ) are chosen such that (2.3) results in
monotonically converging sequences, which are defined as follows.
Definition 2.1 A sequence {Xi }∞
i=0 , X ∈ C, is said to convergence monotonically
in the absolute value to a fixed point X∞ ∈ C if there exists a κ ∈ (0, 1] such that
∣Xi+1 − X∞ ∣ < κ∣Xi − X∞ ∣

∀i,

where κ is referred to as the convergence rate.
The following theorem provides a sufficient condition such that the FT-IIC input
sequences convergence monotonically at a specific frequency ωk ∈ ΩN .
Lemma 2.4 Let the sequence {Ui (ωk )}∞
i=0 be generated by (2.3) under Assumption 2.1 to 2.4. If for a given convergence rate κ(ωk ) ∈ (0, 1],
jωk
∣Q(ωk ) (1 − α(ωk )G−1
)) ∣ < κ(ωk ),
n (ωk )G(e

(2.12)

then the sequence {Ui (ωk )}∞
i=0 converges monotonically to U∞ (ωk ).
A proof of this lemma is provided in Appendix 2.8.4. From (2.12) it is clear that
both Q(ωk ) and α(ωk ) can be used to achieve monotonic convergence. Note
that in IIC (Tien et al., 2005), Q(ωk ) = 1, such that only α(ωk ) can be used to
achieve convergence. In the next section, it is shown that performance can be
exchanged for robustness against model uncertainties by taking Q(ωk ) ≠ 1, which
is a mechanism that is lacking in pre-existing IIC approaches.

2.4.4

Robust monotonic convergence

The robust convergence requirement R2 can be analyzed by considering the
following additive uncertain model set
G(∆, ωk ) = Gn (ωk ) + ∆(ωk ),

∆(ωk ) ∈ ∆(ωk ),

(2.13)

∆(ωk ) ≜ {∆ ∈ C ∣ ∣∆∣ ≤ γ(ωk ), γ(ωk ) ∈ R≥0 } .
Such a description is common in robust control and can be estimated using the
theory developed in Section 3.8. Under the assumption that the true FRF is
captured by the model set, i.e., ∃∆○ ∈ ∆, G = G(∆○ ), (2.3) is said to converge
robustly with respect to (2.13), if (2.12) is satisfied for the entire model set G(∆).
Hence, robust convergence can be assessed by substituting G(∆) for G in (2.12),
i.e., robust convergence is achieved for a given κ(ωk ) ∈ (0, 1] if
∣Q(ωk ) (1 − α(ωk )(1 + G−1
n (ωk )∆(ωk ))) ∣ < κ(ωk )

∀∆(ωk ) ∈ ∆. (2.14)

The following lemma presents condition under which this is achieved.
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Lemma 2.5 Assume that ∃∆○ ∈ ∆ such that G = G(∆○ ) and let κ(ωk ) = 1.
(i) If Q(ωk ) = 1, α(ωk ) ∈ (0, 1], and ∣G−1
n (ωk )∣γ(ωk ) < 1, then (2.14) holds.
(ii) If α(ωk ) = 1, then (2.14) holds if
⎧
⎪
⎪Q(ωk ) = 1
⎨
−1
⎪
⎪
⎩Q(ωk ) < ∣Gn (ωk )∣γ (ωk )

for

∣G−1
n (ωk )∣γ(ωk ) < 1

for

∣G−1
n (ωk )∣γ(ωk ) ≥ 1

(2.15)

A proof of this lemma is provided in Appendix 2.8.5. Statement (i) of this lemma
states that perfect tracking, i.e., Q = 1, can be achieved if the relative uncertainty
is sufficiently small and if the learning gain α ∈ (0, 1]. Statement (ii) of this
lemma states that for α = 1, convergence can always be achieved by taking ∣Q∣
small enough. The discussion of these results is continued in Chapter 3. In this
section, it is shown that robust convergence is achieved by suitable choice of
Q(ωk ) and α(ωk ). Next, these results are reformulated into design guidelines.

2.4.5

Design guidelines

Based on the developed insights, design guidelines are formulated to achieve
high performance and robust convergence such that requirements R1 and R2 are
satisfied. The first guideline summarizes the approach in case robustness against
plant variations is critical and requires an FRF model set as given by (2.13).
Design Guideline 1 Given an FRF model set satisfying (2.13). Take Q(ωk )
as given by (2.15) and set α(ωk ) = 1, ∀ωk .
Alternatively, perfect tracking can be achieved using a trial-and-error approach.
To see this, consider the case where convergence is not achieved for the true
system with Q = 1, i.e., ∣1 − α(ωk )(1 + G−1
n (ωk )∆○ (ωk ))∣ > 1. If divergence is
established, convergence may be achieved by setting α → −α, and by taking α
small enough. However, if α ≪ 1 the convergence rate tends to 1, but ∣Q∣ < 1
can be used to counter this at the cost of performance. These insights enable a
trial-and-error approach that only requires a nominal FRF model Gn .
Design Guideline 2 Given a nominal FRF model Gn (ωk ).
1. Set Q(ωk ) = 1, and through preliminary experiments set α(ωk ) ∈ (0, 1] ∀ωk
as high as possible such that the input converges to a bounded signal.
2. If convergence is not achieved for some ωk , change the phase of Gn (ωk ) by
−1
setting α(ωk )G−1
n (ωk ) → −α(ωk )Gn (ωk ) and repeat the above.
3. In case ∣α(ωk )∣ ≪ 1 for some ωk , set Q(ωk ) < 1 to increase the convergence
speed and robustness.
In this section, design guidelines for Q(ωk ) and α(ωk ) are developed by analyzing
convergence and asymptotic performance of (2.3), thereby providing an FT-IIC
framework as proposed in Section 2.2 that satisfies the posed requirements. In
the next section, the effect of the transient response is analyzed.
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Figure 2.3: In the batch-to-batch setting, each task starts from the same initial condition x0 .
After w periods, a single period of N samples is measured when the system is approximately in
steady state (grey intervals). The periodic input is updated based on the measured error.
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i=1
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t
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u(t)
t
Figure 2.4: In the continuous setting, the system starts from initial condition x0 , which is not
reset between updates. After w periods, a single period of N samples is measured when the
system is approximately in steady state (grey intervals). The periodic input is updated based
on the measured error.

2.5 Finite-time analysis
In the previous sections, it is assumed that the output is measured during steady
state. In practice, there is a decaying contribution of the transient response that
results from starting up the system, or from updating of the periodic input signal.
In this section, the effects of transients are explicitly analyzed with respect to
the convergence of FT-IIC. This results in conditions on the number of waiting
periods w that are required to achieve convergence in the presence of transients,
which constitutes contribution C3.

2.5.1

Finite-time behavior

If the input to G is periodic, then the output converges to a periodic signal.
Depending on the pole locations, the steady state is approximately obtained
after some periods w. Hence, FT-IIC can be applied in a setting that allows for
some waiting time between the input updating. In this section, two settings are
considered. The first is the batch-to-batch setting, where the system resets after
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each update, as shown in Figure 2.3 for w = 3. The second is the continuous
setting, where the system operates without resetting, as shown in Figure 2.4.
To analyze the transient behavior, a lifted signal description is employed
that enables the consideration of an entire period at once. For a signal s(t), the
corresponding lifted signal s̄⟨n⟩ is given by grouping N consecutive samples of
the signal
s̄⟨n⟩ ≜ [s(N n)

s(N n + 1)

...

⊺

s(N n + N − 1)] ,

n ∈ Z.

For N -periodic signals it holds that s̄⟨n⟩ = s̄ ∀n, since s(t) = s(t + N ) ∀t. By
lifting u(t) and y(t) of G as given by (2.1), a lifted system Gl ∶ ū⟨n⟩ ↦ ȳ ⟨n⟩ is
obtained, whose realization follows by evaluating (2.1a), (2.1b) and x(0) = x0 as
in Pipeleers and Moore, 2014
⎧
⎪
x(N (n + 1)) = F x(N n) + M ū⟨n⟩ ,
⎪
⎪
⎪
⎪
Gl ∶ ⎨
ȳ ⟨n⟩ = Hx(N n) + J ū⟨n⟩ ,
⎪
⎪
⎪
⎪
⎪
x(0) = x0 ,
⎩

[

F
H

⎡ AN
⎢
⎢
C
⎢
M
⎢
] = ⎢ CA
⎢
J
⎢
⋮
⎢
⎢ CAN −1
⎣

AN −1 B
h(0)
h(1)
⋮
h(N − 1)

...
0
h(0)
⋱
...

AB
...
⋱
h(1)

(2.16a)
(2.16b)

B
0
0
⋮
h(0)

⎤
⎥
⎥
⎥
⎥
⎥,
⎥
⎥
⎥
⎥
⎦

(2.17)

where h(t) are the Markov parameters, i.e., h(t) = D for t = 0 and h(t) = CAt−1 B
for t ≥ 1. This framework allows the analysis of FT-IIC in the time domain, as is
treated next.

2.5.2

FT-IIC in the time domain

A number of auxiliary results are derived that enable the transient analysis of FTIIC in the next section. First, the FT-IIC update law (2.3) is formulated in the
lifted time domain. This requires lifting of the DFT operation, which is facilitated
by the DFT-matrix F ∈ CN ×N , i.e., [F]hk = √1N µhk for h, k = 0, ..., N − 1, where
2πj

µ = e− N (Golub and Van Loan, 2013a, §1.4.1). It follows from the definition of
the DFT that S̄ = F s̄, where S̄ results by lifting S(ωk ). Furthermore, it holds
that s̄ = F H S̄, since F is a unitary matrix (Golub and Van Loan, 2013a, §4.8.1).
This formulation enables the connection between the lifted frequency domain
and the lifted time domain.
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Lemma 2.6 Let Gl be a stable lifted system given by (2.16) and let the input be
N -periodic such that u⟨n⟩ = ū, ∀n. If the state is N -periodic, then the output is
N -periodic and given by ȳ = Jp ū, where Jp is the periodic response matrix
Jp ≜ H(I − F )−1 M + J.

(2.18)

Furthermore, Jp is equivalent to
Jp = F H diag{G(ejωk )}F,
where F is the DFT matrix and G(e

jωk

(2.19)

) the FRF of G.

A proof to this lemma is provided in Appendix 2.8.6. This lemma enables the
formulation of the FT-IIC update law (2.3) in the lifted time domain.
Lemma 2.7 A lifted representation of (2.3) is given by
ūi+1 = Q (ūi + ΛJˆp−1 ēi ) ,
Q ≜ F H diag{Q(ωk )}F,

Λ ≜ F H diag{α(ωk )}F,

(2.20)
ω k ∈ ΩN

where Jˆp corresponds to the FRF model Gn (ωk ) and is given by Lemma 2.6.
Proof : Lifting (2.3) results in Ūi+1 = diag{Q(ωk )} (Ūi + diag{α(ωk )G−1
m (ωk )}Ēi ) .
Using that S̄ = F s̄ and F H S̄ = s̄ with Lemma 2.6 results in (2.20).
∎
By property of F, the matrices Q, Λ and Jp are circulant (Golub and Van
Loan, 2013a, §4.8.2), and thus correspond to time-invariant and noncausal linear
mappings, as was similarly discussed in Remark 2.3. Furthermore, note that Jˆp
is invertible if Gn (ωk ) ≠ 0, ∀ωk ∈ ΩN , which is in agreement with Theorem 2.1.
As established in Section 2.5.1, the output used in the update can be obtained
by waiting until the steady state is approximately attained. To analyze the effect
of remaining transients, consider the following explicit expression of the output
during the wth period since the input was last updated.
Lemma 2.8 Let Gl be given by (2.16). If Gl is excited by an N -periodic input
ū, then the lifted output during the wth period is given by
ȳ ⟨n+w⟩ = HF w x(N n) + Jw ū⟨n⟩ ,

(2.21a)

w−1

Jw ≜ H ∑ F j M + J.

(2.21b)

j=0

Proof : Forward recursion of (2.16) with a periodic input ū yields (2.21).

∎

In this section, lemmas are presented that facilitate a time-domain convergence
analysis of FT-IIC, as is treated next.
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2.5.3

Time domain convergence analysis

Combining the auxiliary lemmas enables the main result of this section, which
considers a nonconservative convergence analysis for both the batch-to-batch and
continuous setting.
Theorem 2.2 Let G be a stable system given by (2.1) and consider the tracking
error given by (2.2). If FT-IIC is used to update the input as given by (2.20),
where the output is measured after waiting w periods, then the following holds.

 Batch-to-batch If updating is performed in a batch-to-batch fashion, as
shown in Figure 2.3, then ūi converges if and only if λ̄(Z) < 1, and converges
monotonically in the 2-norm if σ̄(Z) < 1, with Jw given by (2.21b) and
Z = Q(I − ΛJˆp−1 Jw ).

(2.22)

 Continuous If updating is performed in a continuous fashion, as shown
in Figure 2.4, then the closed loop system is asymptotically stable if and
only if λ̄(A) < 1, with
Fw
A=[
−QΛJˆp−1 HF w

w−1

∑j=0 F j M
].
Z

(2.23)

Furthermore, if the model is perfect, i.e., Gn (ωk ) = G(ejωk ), and if α(ωk ) = 1
∀ωk , then Z in (2.22) and (2.23) is identical to
Z○ = QJp−1 (HF w (I − F )−1 M ) .

(2.24)

A proof of this theorem is provided in Appendix 2.8.7. This theorem provides
conditions for the convergence of FT-IIC in the presence of transients. More
specifically, in the batch-to-batch setting, stable evolution of ūi is governed by
λ̄(Z). Consequently, λ̄(Z) < 1 provides a condition on the number of waiting
periods w that are required to achieve convergence, which is typically small. To
see this, consider the case where the model is perfect, i.e. Z equals Z○ , (2.24).
Using that λ̄(F w ) = λ̄(A)N ⋅w where λ̄(A) < 1 by assumption, it follows readily
that F , and therefore Z○ , converges to 0 for moderate w and N . This holds
similarly for the continuous setting, in which case the matrix A is considered to
also guarantee the stability of the state x(t).
Remark 2.4 For w = 0, (2.21a) satisfies ȳ ⟨n⟩ = Hx(N n) + J ū⟨n⟩ . Consequently,
the lifted ILC problem is recovered in the batch-to-batch setting, and the lifted RC
problem is recovered in the continuous setting (Pipeleers and Moore, 2014). Hence,
if w = 0, and depending on how FT-IIC is implemented, it can be interpreted
either as ILC or RC. Comparatively, FT-IIC prescribes the inverse FRF modelbased learning matrix L = ΛJp−1 , whereas several alternative methods exist to
design this matrix for lifted ILC or RC (Roover et al., 2000). Such methods
implicitly account for the transient effects, whereas the influence of the transients
is mitigated by waiting in FT-IIC, i.e., by taking w > 0.
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Figure 2.5: (a) The three-axis nanopositioner designed by Kam K. Leang at the University
of Utah. The axes contain a 12 mm long piezoelectric stack actuator of the type; Noliac
NAC2003- H12, with a free displacement of 12 µm at 200 V, which is extended by mechanical
amplifiers to a total range of 30 µm. Each actuator is driven by a PiezoDrive PDL200 voltage
amplifier. A Microsense 6810 capacitive sensor and 6504-01 probe, with 2.5 µm/V sensitivity,
is used to measure the position of the moving platform. Two SRS SIM965 analog filters serve
as reconstruction- and anti-aliasing filters, respectively, by configuring these as Butterworth
filters with a cut-off frequency of 3 kHz and a slope of -12 dB. (b) The closed-loop control
configuration.

Remark 2.5 In practice, a waiting time consisting of an arbitrary number of
samples can be used, as long as the updated periodic input is synchronized with
the original input upon application to the system. For example, by using the
circular shift operation (Rabiner and Gold, 1975).
In this section, a time-domain analysis of the developed FT-IIC is treated, which
shows that convergence can be achieved in the presence of transients. In the next
section, the FT-IIC approach is applied to control a nanopositioner.

2.6 High-precision periodic nanopositioning
In this section, the potential of the FT-IIC method is demonstrated by achieving
precise control of a nanopositioning stage, which constitutes contribution C4.

2.6.1

Control problem

The control objective is to perform a periodic scanning motion with the x-axis of
the nanopositioner shown in Figure 2.5(a). A single trial takes 0.2 s and consists
of 10 periods of a triangle wave with an amplitude of 5 µm, shown in Figure 2.6.
A feedback controller is used to provide a benchmark level of performance and is
given by
Cf b (z) =

6.1078 ⋅ 10−6 (z + 1)4 (z − 0.9844)
,
(z − 0.9099)2 (z − 0.975)(z − 1)(z − 0.7007)
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Figure 2.6: Top: The reference r(t) (
). Bottom: The power spectrum density of r(t) (●).
The point (●) indicates the contribution at ωk∗ = 3050 Hz.

which achieves a bandwidth of 90 Hz and is operated at a sampling frequency of
20 kHz. The FT-IIC method is applied to update the feedforward signal ui (t),
as is shown in Figure 2.5(b).

2.6.2

Implementation

The FT-IIC method is implemented in a continuous setting, as presented in
Section 2.2 and as shown in Figure 2.4. The system is first brought into continuous
operation using the feedback controller. At the end of each trial a trigger indicates
that data acquisition can start. In this way, sequences of exactly N = 4000 samples
are obtained. After initialization, the input ui (t) is iteratively updated after
three periods. The first period is used for the system to settle to steady state, i.e.,
w = 1. During the second period ei (t) is measured. The computation of ui+1 (t) is
performed during the third period by using the update law (2.3), wherein the DFT
operation and its inverse are computed using the fast Fourier transform algorithm.
Optimal time-distributed transform algorithms can facilitate computation within
one sample period (Liu et al., 2017), but are beyond the scope of this exposition.

2.6.3

Application of Finite-Time IIC

In the closed-loop configuration G is the process sensitivity. The FRF estimate
Gn (ωk ) = Hn (ωk )(1 + Hn (ωk )Cf b (ejωk ))−1 is constructed by using an estimate
Hn of H. An H1-estimator Hn (ωk ) is obtained by exciting the system with a full
spectrum periodic input in open loop, and by dividing the average cross Power
Spectrum Density (PSD) by the average auto PSD (Pintelon and Schoukens,
2012). The resulting model Gn (ωk ) and a first order approximation of its standard
deviation are shown in Figure 2.7. This shows that for frequencies > 3 kHz, the
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Figure 2.7: Bode plot of the FRF Gn (ωk ) (●), and a first order estimate of its standard
deviation (
). The point (●) indicates the FRF at ωk∗ = 3050 Hz.
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Figure 2.8: The learning coefficient α(ωk ) (●). The point (●) indicates the learning coefficient
at ωk∗ = 3050 Hz, which is zero.
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Figure 2.9: The impulse response of the learning model, i.e. FN
k
k
n
significant noncausal behavior indicating NMP dynamics.

0.1

), shows

uncertainty is relatively large. Furthermore, G−1
n (ωk ) is readily obtained for each
ωk with exception of ωk = 0, since Gn (0) = 0 due to the integrator in the feedback
controller. To satisfy the condition in Theorem 2.1, G−1
n (0) is set to zero.
To illustrate that high performance can be achieved with low requirements
on prior modeling, Design Guideline 2 is used, since it does not require an
uncertainty model. As described in step 1, Q(ωk ) = 1 ∀ωk , and α(ωk ) is set to
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Figure 2.10: Top: The reference (
), the initial output y0 (t) (
), and the output after 30
FT-IIC iterations y30 (t) (
). Bottom: Similar plot of the tracking error, which shows that
converged error is about a factor 100 smaller.
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Figure 2.11: The Root Mean Square (RMS) tracking error as a function of the iterations (●)
shows significant performance improvement. For the first 7 iterations its behavior is proportional
to the exponential 0.4i (
), and the asymptotic value is lower bounded by the mean RMS of
the non-repeating components of the error (
).

αc = 0.6 ∀ωk to allow convergence over a large frequency range. After a first
exploratory experiment, it turns out that convergence is achieved up to 3700 Hz,
with exception of a small set of frequencies, including ωk∗ = 3050 Hz. At these
nonconvergent frequencies, α(ωk ) is set to 0, as is shown in Figure 2.8. Conversely,
in the lower frequency range α(ωk ) can potentially be increased towards 1 at
certain frequencies, which typically increases the convergence speed. This requires
subsequent exploratory experiments to empirically check for convergence and is
therefore not further pursued here. To get an idea of the time domain properties of
−1
the inverse model, its periodic impulse response, FN
{α(ωk )Gn (ωk )}, is displayed
in Figure 2.9. The response shows a significant noncausal contribution, which in
light of Remark 2.3 implies that the system is NMP.
Performing the next experiment with Q(ωk ) = 1 and α(ωk ) as shown in Figure
2.8 results in a significant performance improvement, as shown in Figure 2.10.
These plots show the output and tracking error during iteration i = 0 and i = 30.
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Figure 2.12: The power Spectrum Density (PSD) of e0 (t) (●) and e30 (t) (●). The point (●)
indicates the contribution at ωk∗ = 3050 Hz.

This reveals that the peak error is reduced to less than 0.5% of the reference.
In Figure 2.11, the Root-Mean-Square (RMS) error is shown as a function of
the iterations. This shows that after 7 iterations the RMS has decreased nearly
3 orders in magnitude. During these first iterations, ∥ei ∥2 can be described
by the exponential 0.4i ∥e0 ∥2 , which shows that the convergence rate of ∥ei ∥2
is approximately κ ≈ 1 − αc = 0.4. Furthermore, the RMS error converges to a
level that is very close to the mean RMS of the non-repeating components of
the error, which is estimated by averaging 30 identical experiments. In Figure
2.12, the PSD of e0 and e30 are shown. The PSD of e0 (t) reveals contributions
at 50 + 100 ⋅ n Hz and at 100 ⋅ n Hz, where the latter are induced by nonlinearities
since these do not appear in R(ωk ). The PSD of e30 (t) confirms that disturbance
rejection is achieved for all frequencies at which α(ωk ) ≠ 0. Notably, the largest
component occurs at ωk∗ = 3050 Hz, since α(ωk∗ ) = 0.
This frequency is specifically treated by executing steps 1 and 2 of Design
Guideline 2. The result is shown in Figure 2.13, where each line represents the
average of 40 experiments.
1. By taking α(ωk∗ ) = 0.05 the PSD of the error diverges.
2. To achieve convergence, α(ωk∗ ) is reduced and the sign of α(ωk∗ )Gn (ωk∗ ) is
changed by taking α(ωk∗ ) = −0.01. This results in slow convergence.
3. The convergence speed in increased by increasing α(ωk∗ ). It turns out that
α(ωk∗ ) = −0.05 yields the best result for Q = 1. The convergence is relatively
slow.
Since α(ωk∗ ) is relatively small, step 3 can be performed to increase the convergence speed by taking Q(ωk∗ ) < 1. Moreover, since convergence is only achievable
for −0.05 < α < 0, a large perturbation ∆(ωk∗ ) can be simulated by taking
α(ωk∗ ) = −1. By taking Q(ωk∗ ) = 0.5, convergence is nevertheless achieved and
at a higher rate, as is clear from Figure 2.13. This shows that by incorporating
the robustness coefficient Q, superior performance is achieved with respect to
pre-existing IIC (Tien et al., 2005).
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Figure 2.13: The power spectrum density of the tracking error at ωk∗ = 3050 Hz during the
tuning procedure, where Q = 1 and α = 0.05 (●), α = −0.01 (●), α = −0.05 (●) and where Q = 0.5
and α = −1 (●). This shows that by taking Q(ωk∗ ) < 1 the convergence speed can be increased,
even when the model Gn is artificially made to be inaccurate by choosing α(ωk∗ ) large. Each
line represents the average of 40 experiments.
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Figure 2.14: Top left: The RMS error of data-driven FT-IIC (●) shows performance improvement
and irregular behavior at i = 4 (
). Top right: the data-driven FT-IIC error is larger than
the FRF-based FT-IIC error (
) at i = 10.

2.6.4

Comparision to data-driven learning

In this section, the FRF-based approach is compared to a data-driven approach.
The latter is obtained by setting Q(ωk ) = 1 and replacing Gn (ωk ) by
Gni (ωk ) =

Ui (ωk ) + Cf b (ejωk )R(ωk )
,
Yi (ωk )

where Ui and Yi result from iteration i (Kim and Zou, 2013). To avoid learning
transients for small ∣Yi ∣, an exponentially decreasing learning gain is used, i.e.,
α(ωk ) = e−i/imax ∀ωk . The resulting performance is shown in Figure 2.14. Clearly,
the achieved performance is inferior, which is mainly due to the fact that the datadriven approach cannot reject the nonlinear disturbances that appear at those
frequencies where R(ωk ) = 0, as is apparent by comparing Figure 2.12 and 2.15.
Furthermore, the convergence behavior as shown in Figure 2.14 displays a learning
transient at i = 4 despite the exponentially decreasing α(ωk ). This indicates that
more rigorous measures are required to ensure transient-free convergence, as are
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Figure 2.15: PSD of e0 (t) (●) and e30 (t) (●) for MF-IIC.

developed in Part III of this Thesis.
In summary, the FT-IIC method is applied to a nanopositioner, which shows
that broadband disturbance rejection can be achieved by using nonparametric
FRF models. By following the proposed design guidelines, rapid convergence
and robustness against plant uncertainties are achieved.

2.7 Conclusion
In this chapter, the FT-IIC method is developed, which iteratively improves
the tracking performance of a stable LTI process by using a nonparametric
FRF estimate. It is shown that under mild conditions, FRF-based inversion
results in bounded inputs, even if the system possesses right half plane zeros.
In contrast to pre-existing IIC approaches, the developed approach allows for
robustness against plant variations. This is facilitated by the derivation of
design guidelines based on steady-state performance and robust monotonic
convergence. Furthermore, a finite-time analysis of the batch-to-batch and
continuous implementation reveals that the effect of transients can readily be
mitigated by waiting. The potential of the proposed approach is confirmed in
experiments by application to a nanopositioner. In the next Chapter, the FT-IIC
method is generalized to multivariable systems.
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2.8 Proofs
2.8.1

Proof of Lemma 2.1

Proof : Given that R(ω) exists and given that G−1 (ejω )R(ω) is bounded on
(−π, π], it follows that U (ω) = G(ejω )−1 F∞ {r} is integrable on (−π, π], and
hence (2.6) exists, and u ∈ l∞ . Furthermore, since F∞ {x(t + 1)} = ejω F∞ {x(t)}
(Rabiner and Gold, 1975, §2.2), the DTFT of (2.1a) equals ejω X(ω) = AX(ω) +
BU (ω), and since G has no poles on the unit disc, X(ω) = (ejω I − A)−1 BU (ω)
is unique and bounded for any U (ω). Next, consider the DTFT of (2.1b) Y (ω) =
CX(ω) + DU (ω) = (C[ejω I − A]−1 B + D)U (ω), and hence Y (ω) = G(ejω )U (ω) =
G(ejω )[G(ejω )]−1 R(ω), which shows that (2.1) holds, and y(t) = r(t) ∀t ∈ Z. ∎

2.8.2

Proof of Lemma 2.2

Proof : Combining (2.7) with Ei = R − Yi and using Gn (ωk ) to model G(ejωk )
leads to Êi+1 = Êi −Gn (Ui+1 −Ui ). By substituting this in the cost J and replacing
Êi by the measured error Ei , for each ωk , J can be written as
J = (E i − GU i+1 )⊺ (E i − GU i+1 )
+wu U ⊺i+1 U i+1 + w∆u (U i+1 − U i )⊺ (U i+1 − U i )
R{Gn }
G=[
I{Gn }

−I{Gn }
],
R{Gn }

R{U }
U =[
],
I{U }

R{E}
E=[
].
I{E}

The optimal update U i+1 follows by computing the first order necessary condition
for optimality (Bertsekas, 1997, Prop. 1.1.1), which yields
∂J
= − G⊺ (E i − GU i+1 ) + wu U i+1 + w∆u (U i+1 − U i ) = 0,
∂U i+1

(2.25)

where it was used that for b, A and x of compatible dimensions it holds that
∂(b + Ax)⊺ (b + Ax)
= 2A⊺ (b + Ax).
∂x
Subsequently isolating U i+1 yields
U i+1 = (G⊺ G + wu + w∆u )−1 G⊺ E i + (G⊺ G + wu + w∆u )−1 (G⊺ G + w∆u )U i ,
which reflects the complex relation
Ui+1 =

Ḡn
∣Gn ∣2 + w∆u
E
+
Ui .
i
∣Gn ∣2 + wu + w∆u
∣Gn ∣2 + wu + w∆u

(2.26)
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Substituting Q(ωk ) and α(ωk ) as given by (2.9) into (2.3) yields (2.26). The
second order optimality condition states that the solution to (2.25) is the global
optimizer if (Bertsekas, 1997, Prop. 1.1.3)
∂2J
= G⊺ G + wu + w∆u ≻ 0.
∂θ⟨j+1⟩2
Recognizing that λ(G⊺ G) = ∣Gn ∣2 (with multiplicity 2) completes the proof.

2.8.3

∎

Proof of Lemma 2.3

Proof : Under the posed assumptions Yi is given by (2.7), i.e., Yi = GUi + V .
Substituting Ei = R − Yi , and Yi in (2.3) yields
−1
−1
Ui+1 = Q(Ui + αG−1
n Ei ) = Q(I − αGn G)Ui + αQGn (R − V ),

The fixed point U∞ follows by substituting Ui+1 = Ui = U∞ and solving for U∞ ,
which results in (2.10). Furthermore, substituting U∞ in E∞ = R − GU∞ − V ,
results E∞ , as given by (2.11).
∎

2.8.4

Proof of Lemma 2.4

Proof : Given U∞ as in (2.10), it follows readily that
Ui+1 − U∞ = Q(I − αG−1
n G)(Ui − U∞ ).
Hence, ∣Ui+1 −U∞ ∣ ≤ ∣Q(I −αG−1
n G)∣∣Ui −U∞ ∣. Recalling Definition 2.1, monotonic
convergence to U∞ is guaranteed if = ∣Q(I −αG−1
n G)∣ < κ(ω) for some κ(ω) ∈ (0, 1].
∎

2.8.5

Proof of Lemma 2.5

Proof : If ∃∆○ ∈ ∆ such that G = G(∆○ ), then robust convergence is achieved if
(2.14) holds. Given that κ(ωk ) = 1 yields
∣Q(ωk ) (1 − α(ωk )(1 + G−1
n (ωk )∆(ωk ))) ∣ < 1,

∀∆(ωk ) ∈ ∆.

(2.27)

Statement (i) follows by setting Q = 1, in which case the left-hand side of (2.27)
describes a circular region with midpoint 1 − α and with radius αG−1
n γ. It follows
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readily that this region lies within the unit circle if α ∈ (0, 1] and ∣G−1
n ∣γ < 1, as is
extensively treated in Section 3.6 and in Figure 3.3. Statement (ii) follows by
setting α = 1, such that (2.27) yields
∣Q(ωk )G−1
n (ωk )∆(ωk ))∣ < 1,

∀∆(ωk ) ∈ ∆.

Accounting for the worst-case ∆ ∈ ∆, this condition is satisfied if
∣Q(ωk )∣ < ∣Gn (ωk )∣γ −1 ,

(2.28)

where Q = 1 is admissible if ∣G−1
n ∣γ < 1 such that (2.15) satisfies (2.28).

2.8.6

∎

Proof of Lemma 2.6

Proof : Given that the state x(t) is N -periodic, it holds that x(N (n+1)) = x(N n).
Substituting this identity in equation (2.16a) with ū⟨n⟩ = ū yields
x(N n) = F x(N n) + M ū

⇔

x(N n) = (I − F )−1 M ū,

(2.29)

since I − F = I − AN is invertible because G is stable, i.e., λ̄(A) < 1. Substituting
(2.29) in (2.16b) yields
ȳ ⟨n⟩ = (H(I − F )−1 M + J)ū,
such that ȳ ⟨n⟩ = ȳ, ∀n, and is thus N -periodic. To prove the second statement, it
is first shown that Jp is circulant. Considering the explicit expression for H, F
and M and J, as given by (2.17), shows that Jp equals
[

C(I − AN )−1 AN −1 B + D
CA(I − AN )−1 AN −1 B + CB
⋮
CAN −1 (I − AN )−1 AN −1 B + CAN −2 B

...
...
...

C(I − AN )−1 AB
CA(I − AN )−1 AB
⋮
CAN −1 (I − AN )−1 AB + CB

C(I − AN )−1 B
CA(I − AN )−1 B
⋮
CAN −1 (I − AN )−1 B + D

].

An N × N circulant matrix is completely determined by a single length N vector,
which appears as the first column (row). The subsequent columns (rows) are a
cyclic permutation of the first column (row) with offset equal to the column (row)
index. It is readily shown that Jp is circulant by using the following identities
Am (I − AN )−1 An = A(m+x) (I − AN )−1 A(n−x) ,
m

N −1

n

N −1

A (I − A ) A + I = (I − A ) ,

0 ≤ x ≤ n, (2.30)
m + n = N, (2.31)

iN
which are both readily shown to hold using that (I − AN )−1 = ∑∞
if λ̄(A) < 1
i=0 A
jωk
(Golub and Van Loan, 2013b, §11.5.6). Since diag{G(e )} is a diagonal matrix,
T ≜ F H diag{G(ejωk )}F is also a circulant matrix by property of F (Golub and
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Van Loan, 2013a, §4.8.2). Hence, it suffices to compare a single row of Jp and
T . The first row of T is readily shown to equal
1 N −1
[ ∑ G(ejωk )
N k=0

N −1

∑ G(ejωk )ejωk

k=0

...

N −1

∑ G(ejωk )e(N −1)jωk ] ,

k=0

where G(ejωk ) = C(ejωk I − A)−1 B + D. Comparing this to the first row of Jp
shows that it suffices to show that
1 N −1 jωk
∑ e D = 0,
N k=0

and

1 N −1 jωk h jωk
(e
− A)−1 = (I − AN )−1 AN −h−1 ,
∑e
N k=0

−1 −jτ ωk
h = 0, ..., N − 1. The first relation follows by noting that ∑N
= N for τ a
k=0 e
multiple of N , and 0 otherwise. The second relation uses the same identity in
iN
combination with (I − AN )−1 = ∑∞
i=0 A , (2.30), and (2.31). Equivalence of both
H
rows implies Jp = T = F diag{G}F.
∎

2.8.7

Proof of Theorem 2.2

Proof :
Batch-to-batch Consider ēi which results from the output after waiting for w
periods, as is given by (2.21a), i.e.,
⟨w⟩

ēi = r̄ − ȳi

= r̄ − HF w x(0) − Jw ūi .

Substitution in (2.20) yields
ūi+1 = Qūi + QΛJˆp−1 (r̄ − HF w x(0) − Jw ūi ),
= Z ūi + QΛJˆp−1 (r̄ − HF w x(0)).

(2.32)

This first order linear recursion is stable iff λ̄(Z) < 1. In addition, setting ūi+1 =
ūi = ū∞ in (2.32) results in the fixed point u∞ = (I −Z)−1 ΛJˆp−1 (r̄−HF w x(0)), and
it follows readily that ∥ūi+1 − u∞ ∥2 ≤ ∥Z∥2,2 ∥ūi − u∞ ∥2 . A generalized definition of
monotonic convergence, e.g., Definition 3.1 in Chapter 3, shows that ūi converges
monotonically in ∥.∥2 if ∥Z∥2 = σ̄(Z) < 1.
Continuous Consider ēi that results after waiting for w periods since the
previous input update, as is given by (2.21a), i.e., ēi = r̄−ȳ ⟨n+w⟩ = r̄−HF w x(N n)−
Jw ū⟨n⟩ . Next, let ū⟨w+n⟩ be given by ūi+1 as given by (2.20), i.e.,
ū⟨w+n⟩ = Qū⟨n⟩ + QΛJˆp−1 (r̄ − HF w x(N n) − Jw ū⟨n⟩ )
= Z ū⟨n⟩ + QΛJˆp−1 (r̄ − HF w x(N n)).

53

2.8. Proofs

In addition, x(N (n + w)) follows by recursion of (2.16a)
w−1

x(N (n + w)) = F w x(N n) + ∑ F j M ū⟨n⟩ .
j=0

Hence, a realization of the lifted closed loop dynamics is
0
ξ(n + w) = Aξ(n) + [
] r̄,
QΛJˆp−1

x(N n)
ξ(n) = [ ⟨n⟩ ] ,
ū

where A is given by (2.23). The closed dynamics are stable iff λ̄(A) < 1.
Next, it is shown that Z = Z○ , with Z○ as given by (2.24), if Gn (ωk ) = G(ejωk ),
and if α(ωk ) = 1 ∀k. Under these conditions, it holds that Λ = I and Jˆp = Jp .
Consequently Z = Q(I − Jp−1 Jw ). Recall that Jw is given by (2.21b), and can be
written as
w−1

Jw = H ∑ F j M + J
j=0
∞

∞

= H ∑ F jM + J − H ∑ F jM
j=0
∞

j=w
∞

= H ∑ F j M + J − HF w ∑ F j .
j=0

j=0

j
−1
Using that ∑∞
j=0 F = (I − F ) , it follows that

Jw = Jp − HF −w (I − F )−1 M
where Jp is given by (2.18). Consequently
Z = Q(I − Jp−1 (Jp − HF −w (I − F )−1 M )),
which is identical to (2.24), which completes the proof.

∎

3

Optimal Nonparametric Learning
and Robustness Design for
Multivariable Systems

Learning control enables significant performance improvement for systems by
utilizing past data. Typical design methods aim to achieve fast convergence by
using prior system knowledge in the form of a parametric model. To ensure
that the learning process converges in the presence of model uncertainties, it
is essential that robustness is appropriately introduced, which is particularly
challenging for multivariable systems. The aim of the present chapter is to
develop an optimization-based design framework for fast and robust learning
control for multivariable systems. This is achieved by connecting robust control
and nonparametric frequency response function identification, which results in a
design approach that enables the synthesis of learning and robustness parameters
on a frequency-by-frequency basis. Application to a multivariable benchmark
motion system confirms the potential of the developed framework. The results in
this chapter constitute contribution C2 of this thesis.

The contents of this chapter are based on:
R. de Rozario and T. Oomen. Multivariable nonparametric learning: a robust iterative
inversion-based control approach. Submitted for journal publication.
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3.1 Introduction
Learning control methods can increase the performance of systems by using past
operational data. Iterative Learning Control (ILC) (Ahn et al., 2007; Bristow
et al., 2006), Repetitive Control (RC) (Hara et al., 1988), and Iterative Inversionbased Control (IIC) (Tien et al., 2005) have been developed to increase the
tracking performance of systems that start each task under identical conditions
or that operate continuously in a periodic fashion (Pipeleers and Moore, 2014;
Rozario et al., 2016). Examples of high-precision applications whose performance
has been enhanced through learning control include nanopositioning devices
(Helfrich et al., 2010; Shan and Leang, 2013), additive manufacturing machines
(Hoelzle et al., 2011c; Mishra et al., 2010a), and industrial printing systems
(Blanken et al., 2017b; Rozario and Oomen, 2019).
Convergence, usually in terms of signal norms, is an essential aspect of
learning and is typically subject to the following requirements (Bristow et al.,
2006)(Owens, 2015, §5.1.1).
(R1) The learning process converges in a way that is free of poor learning
transients and converges at a certain rate.
(R2) The performance upon convergence is improved.
These requirements should hold in the presence of uncertain dynamics and
unknown disturbances (Chen and Wen, 1999), since learning control is typically employed to increase the performance in the presence of these unmodeled
phenomena.
In ILC and RC, these requirements are typically addressed by designing a
learning and robustness filter as in the following archetypal approach (Boeren
et al., 2016). Requirement R1 satisfied if the input ui converges monotonically
to a fixed point u∞ , which is achieved if there exists a κ ∈ (0, 1] such that
∥ui+1 − u∞ ∥ < κ∥ui − u∞ ∥,

∀i ≥ 0.

The monotonic convergence condition ensures the absence of poor learning
transients and κ determines the rate of convergence in the signal norm ∥.∥ (Norrlöf
and Gunnarsson, 2002). A small κ can be achieved by designing a learning filter
that closely approximates the inverse plant dynamics (Moore, 2012, §5.2). A
typical approach is to first estimate a parametric plant model (Pintelon and
Schoukens, 2012) and subsequently invert this model using dedicated techniques
in case the model is non-minimum phase (Zou, 2009b; Zundert and Oomen, 2018).
Both steps commonly introduce errors which may hamper convergence at specific
frequencies. Establishing convergence under model uncertainties can be achieved
by incorporating a robustness filter. Introducing this filter changes the fixed
point u∞ , which in turns affects the asymptotic performance such that perfect
tracking can no longer be achieved. Satisfying requirement R2 for a large range
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of frequencies thus requires careful design of the robustness filter (Oomen and
Rojas, 2017).
Methods to design robustness filters for ILC and RC are intuitive and welldeveloped for Single-Input Single-Output (SISO) systems, whereas designing
such filters is substantially more involved for Multi-Input Multi-Output (MIMO)
systems. For SISO systems, the monotonic convergence condition establishes a
bound on the magnitude of a SISO transfer function, which enables an intuitive
manual tuning approach (Strijbosch et al., 2018). For MIMO systems, the same
condition establishes a bound on the maximum singular value of a matrix transfer
(Norrlöf and Gunnarsson, 2002), which makes it challenging to manually design a
robustness filter in way that addresses the performance-robustness trade-off in a
nonconservative manner. Robust control methods Zhou et al., 1996 offer a formal
framework for MIMO robustness filter design De Roover and Bosgra, 2000; Tayebi
et al., 2008; Wijdeven et al., 2009a but require accurate parametric models of the
plant and of the uncertainties, which may be costly and challenging to obtain
Chen and Gu, 2000; Ninness and Goodwin, 1995. In Blanken and Oomen, 2019,
the modeling requirements are reduced by developing a framework to design
robustness filters based on convergence criteria that can be evaluated using
nonparametric Frequency Response Function (FRF) models, yet the performance
and convergence speed are not explicitly taking into consideration. Existing
results indicate a trade-off between modeling-effort and performance, and the aim
of this chapter is to go beyond this trade-off by enabling performance optimization
using nonparametric FRF models.
IIC (Tien et al., 2005) avoids the parametric modeling step by using nonparametric Frequency Response Function (FRF) data. In IIC, input updating is
performed by explicitly transforming the signals to the frequency domain, such
that the filtering operations become multiplications between the signal spectra
and the FRF representations of the learning and robustness filters, which are
complex coefficient matrices. The learning coefficients are typically obtained
by inverting an FRF estimate of the plant, and the robustness coefficients are
tuned according to an uncertainty model of that FRF as in Chapter 2. These
FRF models are generally considered to be accurate and require less user intervention to obtain compared to parametric models, see for example (Pintelon
and Schoukens, 2012, §2) and Section 3.8 for systematic procedures. However,
pre-existing IIC approaches for MIMO systems similarly restrict the design of
robustness to diagonal coefficient matrices (Yan et al., 2012), thereby limiting
the achievable performance compared to centralized design.
Although important developments have been made to enable high-performance
control through fast and robust learning, presently available techniques do not
scale well to complex large-scale multivariable systems. This chapter aims to
overcome the limitations in model-based learning control that are imposed by
the requirement for parametric multivariable plant and uncertainties models.
This is achieved by developing an FRF-based IIC framework for fast and robust
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learning. The main challenge in this framework is the optimal design of the
frequency-dependent robustness and learning matrices Q(ωk ) and L(ωk ).
The main contribution of this chapter is a design framework for these matrices,
which is developed in two parts. In the first part, a deterministic robust control
approach is taken to optimally design Q(ωk ) and L(ωk ), based on a nominal
FRF model with additive norm-bounded uncertainties. In the second part, an
approach is developed to identify the required FRF model set in the presence
of stochastic disturbances. The combination of these approaches results in a
learning method that meets requirements R1 and R2 with a probability that is
chosen by the user. Specifically, the outline and contributions of this chapter are
as follows. In Section 3.1.1, the iterative tracking control problem is introduced
and a MIMO FRF-based IIC method is proposed as a solution to this problem.
To design the Q(ωk ) and L(ωk ) matrices that play a central role in this approach,
a deterministic convergence and performance analysis is developed in Section
3.3. These results enable an optimization-based approach to Q(ωk ) and L(ωk )
design, resulting in the following contribution.
(C1) The Q(ωk )-matrix is optimized through a Semidefinite Program (SDP) to
guarantee robust convergence and to achieve maximum nominal performance, for the case where L(ωk ) is taken as the inverse of the system FRF
(Section 3.5).
This approach is the main contribution of this chapter, and the remaining
sections aim to motivate and support the particular design choices. The choice
to take L(ωk ) equal to the inverse of the system FRF is motivated by the second
contribution.
(C2) It is shown that if L(ωk ) equals the inverse system FRF, then the robust
convergence rate is optimal (Section 3.6).
Furthermore, the choice to optimize Q(ωk ) for nominal performance, instead of
robust performance, is motivated by the third contribution.
(C3) It is shown that optimizing Q(ωk ) for robust performance can be prohibitively conservative, since it results either in perfect tracking, i.e.,
Q(ωk ) = I, or in no learning at all, i.e., Q(ωk ) = 0 (Section 3.7).
The following contributions support the application the developed design method
in practice.
(C4) An identification method is developed to estimate the nominal model and
the set of norm-bounded uncertainties (Section 3.8) and the combination
with the L(ωk ) and Q(ωk ) design approach is formulated as a step-wise
procedure (Section 3.9).
(C5) The potential of the developed framework is confirmed by application to a
benchmark motion system (Section 3.10).
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Contributions C1 to C3 take a deterministic robust control approach to
learning as in (Son et al., 2016; Wijdeven et al., 2009a). Contribution C1
provides a means to optimally design Q(ωk ) in a way that is numerically efficient,
and that can readily be parallelized. The results developed in C2 and C3
establish conditions under which the design choices articulated in C1 are optimal.
Contribution C4 establishes a connection between stochastic FRF identification
and deterministic robust control, which closely connects to (Oomen and Bosgra,
2008; Tempo et al., 2012). In contribution C5, the developed framework is used
to illustrate the performance improvement that can be achieved by considering
general, fully parametrized robustness matrices, as opposed to diagonal matrices,
thereby significantly extending the results in Yan et al., 2012 and Blanken and
Oomen, 2019.

3.1.1

Preliminaries

The sets of real numbers, complex numbers, and integers are denoted by R,
C, and Z. For a matrix A ∈ Cn×m , [A]ij denotes the ij-th element, AH is the
conjugate transpose, and λ̄(A) and σ̄(A) represent the spectral radius and largest
singular value. For a ∈ Cn , ∥a∥2 denotes the 2-norm, whereas for A ∈ Cn×m , ∥A∥2,2
denotes the induced 2,2-norm. The Discrete Fourier Transform (DFT) and its
−1
−1
−jωk t
jωk t
inverse are defined as S(ωk ) ≜ √1N ∑N
, s(t) ≜ √1N ∑N
,
t=0 s(t)e
k=0 S(ωk )e

ωk ∈ ΩN ≜ {ωk ∈ R ∣ ωk = 2πk
, k = 0, ..., N − 1} (Rabiner and Gold, 1975, §2.21).
N
MIMO LTI DT systems G○ ∶ u ↦ y are considered, which are represented by their
transfer function matrices G○ (z) ∈ Cn×n , z ∈ C, and G○ (ejωk ) is the FRF of G○
on the DFT grid ΩN .

3.2 Problem formulation
In this section, the iterative tracking problem is introduced and a MIMO FRFbased IIC approach is presented. The main challenge in this method is to design
the robustness and learning matrices to ensure that requirements R1 and R2 are
satisfied in the presence of uncertainties in the FRF model.

3.2.1

The iterative tracking problem

The control objective is to achieve accurate tracking and disturbance rejection
for the following class of systems.
Assumption 3.1 The system G○ is stable, square, and its FRF is invertible on
the DFT grid, i.e., det(G○ (ejωk )) ≠ 0, ∀ωk ∈ ΩN .
This assumption is standard in system inversion and ensures that the response
of G○ is bounded, the transient response decays exponentially, and the inverse
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Figure 3.1: The control configuration with exogenous output disturbances.

response is well-defined. When the system is nonsquare, squaring-down (van
Zundert et al., 2018) or optimization-based methods (Yoon et al., 2019) can be
used to obtain a square system. Furthermore, it is assumed that the system performs identical tasks, while the output is corrupted by trial-varying disturbances
and trial-invariant disturbances.
Assumption 3.2 The output as measured during the i-th trial is disturbed by
vi (t) and d(t), such that yi (t) = G○ (z)ui (t) + d(t) + vi (t), as shown in Figure 3.1.
Here, d(t) represents the disturbances that are identical for each trial and vi (t)
represents the trial-varying disturbances. Furthermore, r(t) is a trial-invariant
bounded reference signal.
Since ∥X(ωk )∥2 = ∥x(t)∥2 by Parseval’s theorem (Ljung, 1987), the iterative
tracking problem can be formulated in the frequency domain, aided by the
following definition of monotonic convergence for DFT vectors.
n
Definition 3.1 A sequence {Xi }∞
i=0 , X ∈ C , is said to convergence monotonin
cally in the 2-norm to a fixed point X∞ ∈ C if there exists a κ ∈ (0, 1] such that
∥Xi+1 − X∞ ∥2 < κ∥Xi − X∞ ∥2 ∀i, where κ is referred to as the convergence rate.

Problem 3.1 (Iterative tracking control) For each relevant frequency ωk ,
determine a sequence of inputs {Ui (ωk )}∞
i=0 such that
(a) {Ui (ωk )}∞
i=0 converges monotonically in the 2-norm to a fixed point U∞ (ωk ) ∈
Cn with a given convergence rate κ(ωk ) ∈ (0, 1], and
(b) limi→∞ ∥Ei (ωk )∥2 is minimal, where Ei (ωk ) ≜ R(ωk ) − Yi (ωk ).
Note that Problem 3.1.(a) and 3.1.(b) directly reflect requirements R1 and R2.

3.2.2

Robust finite-time IIC

IIC algorithms, including (Rozario et al., 2019; Tien et al., 2005; Yan et al.,
2012), provide an approach to Problem 3.1 by using the following update law
Ui+1 (ωk ) = Q(ωk ) (Ui (ωk ) + L(ωk )Ei (ωk )) ,

(3.1)

where L(ωk ), Q(ωk ) ∈ Cn×n are the learning matrix and robustness matrix,
respectively. The main challenge considered in this chapter is to solve Problem
3.1 by optimal design of Q(ωk ) and L(ωk ). Note that in (3.1), Ui+1 (ωk ) is
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determined by multiplication of the DFT coefficient vectors Ui (ωk ) and Ei (ωk )
with the matrices L(ωk ) and Q(ωk ) for each frequency ωk . This enables a
frequency-by-frequency approach to design L(ωk ) and Q(ωk ). By assuming that
the transient response is negligible, a decoupled approach can be formulated that
significantly reduces the design complexity and enables parallelization. To see
this, consider the DFT of yi (t),
Yi (ωk ) = G○ (ejωk )Ui (ωk ) + TUi (ωk ) + Vi (ωk ) + D(ωk ).

(3.2)

Here, TUi (ωk ) represents the transient response, which vanishes exponentially
for stable G○ (Pintelon et al., 1997). In steady state, i.e., for TUi (ωk ) = 0, the
relation between Yi (ωk ) and Ui (ωk ) is decoupled for each ωk , such that Q(ωk )
and L(ωk ) can be designed for each ωk individually. Practically, negligible
transients can be achieved by ensuring that the task is long enough or by using a
periodic implementation, as is presented in Chapter 2. The following algorithm
encompasses many IIC approaches including (Rozario and Oomen, 2019; Tien
et al., 2005; Zou et al., 2007). The main objective of this chapter is to solve
Algorithm 2 Finite-time IIC
Select a suitable initial input u0 (t).
1. Apply the input ui (t) and record the tracking error ei (t) = r(t) − yi (t)
when yi is in steady state.
2. (a) Obtain Ui (ωk ) and Ei (ωk ) by applying the DFT.
(b) Update Ui (ωk ) ∀ωk by means of (3.1).
(c) Obtain ui+1 (t) by applying the IDFT.
3. Set i ← i + 1 and repeat from step 1 until ei (t) has converged.
Problem 3.1 using Algorithm 2 by suitable design of Q(ωk ) and L(ωk ). This is
achieved using a two-step approach where (i) L(ωk ) and Q(ωk ) are optimized
based on a deterministic FRF model set containing G○ (ejωk ), and (ii), the
deterministic FRF model set is estimated from probabilistic data.

3.2.3

A deterministic FRF-based design approach for L and Q

The frequency-by-frequency updating approach in IIC enables the design of L(ωk )
and Q(ωk ) based on an FRF model of G○ . This is in contrast to filter-based ILC
approaches which typically require a MIMO parametric plant model instead. To
facilitate the FRF-based design approach, it is assumed that the following FRF
model with additive uncertainty is given, where the argument ωk is omitted in
the forthcoming sections to facilitate a transparent exposition.
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Figure 3.2: Left: The distribution f∆ (∆) of ∆ on C (Circular complex normal). Right: The
corresponding distribution f∣∆∣ (∣∆∣) of ∣∆∣ on R≥0 (Rayleigh). Bounding ∣∆∣ by γ creates a
norm-bounded set that captures the true model with probability equal to the blue area.

Definition 3.2 Let G(∆) ∈ Cn×n be an FRF model set
G(∆) = Gn + Wy ∆Wu ,

∆ ∈ ∆,

∆ = {∆ ∈ Cn×n ∣ σ̄(∆) ≤ γ} ,

where Wy , Wu ∈ Cn×n are weighting matrices.
Here, Gn is referred to as the nominal model and ∆ is a set of unstructured,
norm-bounded perturbations.
Assumption 3.3 Gn (ωk ) is invertible ∀ωk ∈ ΩN .
This assumption ensures that Gn corresponds to an FRF of a system whose
inverse response is well-defined. In the next sections, L(ωk ) and Q(ωk ) are
designed for optimal performance, and to ensure convergence for all possible
models, i.e., ∀∆ ∈ ∆.

3.2.4

Deterministic FRF identification using probabilistic data

In Section 3.8, a method is developed to estimate the model set (3.3). It is assumed
that the disturbance v(t) is Gaussian during the identification experiments, and
an FRF matrix estimator Ĝ is formulated that inherits the Gaussian probabilistic
properties. By explicit analysis of the probability, an approach is developed to
select the matrices Wu , Wy , and the uncertainty bound γ, such that the true
FRF G○ is captured by the model G(∆) with probability α. This approach
is illustrated for the SISO case in Figure 3.2. Let the estimate be given by
Ĝ = G○ + V , where V is a complex Gaussian variable. Clearly, for Gn = Ĝ and
Wu = Wy = 1, G○ = G(∆○ ) if ∆○ = V . This requires that γ is large enough such
that ∆○ = V ∈ ∆. The left plot shows the Probability Density Function (PDF) of
V , where V is circularly complex Gaussian distributed (Pintelon and Schoukens,
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2012, §2.4), and the right plot shows the PDF of ∣V ∣, denoted by f (∣V ∣), which is
a Rayleigh distribution. If the true system should be captured with probability
γ
α, then γ must be taken such that Prob (∣V ∣ ≤ γ) = ∫0 f (∣V ∣)d∣V ∣ = α, which
corresponds to the blue area in Figure 3.2. This approach enables the construction
of norm-bounded model sets ∆, and the the outspoken unimodal PDF of ∣V ∣
motivates an L and Q design approach that optimizes the performance associated
with the nominal model Gn , whilst ensuring convergence ∀∆ ∈ ∆.
In this section, a robust MIMO IIC approach is presented as a solution to the
iterative tracking problem, and the two-step Q and L design approach is outlined.
This approach builds on the analysis results regarding robust convergence and
asymptotic performance that are developed in the next section.

3.3 Convergence & performance
In this section, the convergence properties of the update law (3.1) are analyzed.
The analysis provides fundamental relations that enable the results developed
in subsequent sections. To facilitate a deterministic robustness analysis it is
assumed that the true model is captured by the model set.
Assumption 3.4 Let G(∆) be given by Definition 3.2. There exists a ∆○ ∈ ∆
such that G(∆○ ) = G○ .
The following assumption enables a deterministic analysis of convergence. For
the case with stochastic disturbances see Oomen and Rojas, 2017.
Assumption 3.5 In (3.2), TUi = 0 and Vi = 0.
This assumption formalizes that the transient response and the trial-varying
disturbances are zero during learning. Under these assumptions, it follows readily
that Problem 3.1.(a) is solved if (3.1) is robustly monotonically convergent, i.e., if
(3.1) yields monotonically converging sequences {Ui }∞
i=0 ∀∆ ∈ ∆. The following
lemma presents a sufficient condition for robust monotonic convergence and it is
emphasized that ∆ is independent of i.
Lemma 3.1 Consider (3.1) under Assumption 3.1 to 3.5 and let G(∆) be given
by Definition 3.2. If for a given κ ∈ (0, 1] it holds that
∥H(L, Q, ∆)∥2,2 < κ
with

∀∆ ∈ ∆,

(3.4)

H(L, Q, ∆) ≜ Q(I − LG(∆)),

then for any R, D ∈ Cn , the sequences {Ui }∞
i=0 converge monotonically to U∞ in
the 2-norm, and the sequences {Ei }∞
i=0 converge to E∞ , where
U∞ = (I − Q(I − LG○ ))−1 QL(R − D),
with

and

E∞ = S○ (L, Q)(R − D), (3.5)

S○ (L, Q) ≜ I − G○ (I − Q(I − LG○ ))−1 QL.

(3.6)
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A proof of this lemma is provided in Appendix 3.12.1. This lemma shows that the
matrix S○ (L, Q) determines the asymptotic performance and H(L, Q, ∆○ ) determines if the input converges monotonically. This result enables the formulation
of a constrained optimization problem to design L and Q.

3.4 Optimal L and Q design
Problem 3.1, as formulated in Section 3.2, can be reformulated as an optimization
problem in L and Q. In particular, Problem 3.1.(a) is solved if L and Q are
such that (3.4) holds for a desired convergence rate κ ∈ (0, 1]. Problem 3.1.(b) is
solved by minimizing ∥S○ ∥2,2 , with S○ as given by (3.6). However, ∥S○ ∥2,2 cannot
be minimized directly, since G○ is unknown. Instead, the model set G(∆) is used
to determine a model set of S○ ,
S(L, Q, ∆) ≜ I − G(∆)(I − Q(I − LG(∆)))−1 QL,
which is well-posed if the convergence condition is satisfied.
Lemma 3.2 If (3.4) holds for any κ ∈ (0, 1], then det(I − Q(I − LG(∆))) ≠ 0.
A proof of this lemma is provided in Appendix 3.12.2. The uncertain matrices
H(L, Q, ∆) and S(L, Q, ∆) enable an optimization-based L and Q design approach. More specifically, the performance can be optimized with respect to the
nominal model, or with respect to the worst-case model, under the constraint of
robust convergence. Particularly, consider the following optimization problems
for a given κ ∈ (0, 1].
Robust convergence & nominal performance
inf

L,Q∈Cn×n

∥S(L, Q, 0)∥2,2 , subject to: ∥H(L, Q, ∆)∥2,2 < κ ∀∆ ∈ ∆. (3.7)

Robust convergence & robust performance
inf

sup ∥S(L, Q, ∆)∥2,2 , subject to: ∥H(L, Q, ∆)∥2,2 < κ ∀∆ ∈ ∆. (3.8)

L,Q∈Cn×n ∆∈∆

These problems are generally nonconvex since H(L, Q, ∆) and S(L, Q, ∆) are
nonlinear in the matrix-parameters L and Q. This makes determination of the
global optimizer practically impossible, and an alternative approach is proposed.

3.4.1

The proposed optimization approach

The following approach is proposed to obtain a numerically efficient design
method. Consider (3.7) and fix L as L = G−1
n , which results in the following.
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Problem 3.2 (Q for nominal performance with L = G−1
n ) Let G(∆) be as
given by Definition 3.2. For a given κ ∈ (0, κ], determine
Q∗ = arg infn×n ∥S(G−1
n , Q, 0)∥2,2 ,
Q∈C

subject to: ∥H(G−1
n , Q, ∆)∥2,2 < κ ∀∆ ∈ ∆,
S(G−1
n , Q, 0)

= Gn (I

− Q)G−1
n ,

H(G−1
n , Q, ∆)

=

QG−1
n Wy ∆Wu .

(3.9)
(3.10)

This approach is motivated in the remainder of the chapter in five-fold as follows.
1. It is shown in Section 3.5 that Problem 3.2 can be reformulated as an SDP,
whose global optimum can be obtained in a numerically efficient manner.
2. It is shown in Section 3.6 that L = G−1
n optimizes the robust convergence
rate κ in case of perfect tracking, i.e., for Q = I.
3. It is shown in Section 3.7 that optimizing Q with respect to the worst-case
performance can be relatively conservative since (3.8) results in either Q = I
or Q = 0, when L = G−1
n .
4. It is shown in Section 3.7 that taking κ < 1 can be used to bound the
worst-case performance, which confirmed by demonstration in Section 3.10.
5. It is similarly demonstrated in Section 3.10 that the nominal performance
closely approximates the true performance, such that proposed approach
provides and effective way to solve the iterative tracking problem presented
in Section 3.2.
Furthermore, the framework to identify the required FRF model set is developed
in Section 3.8, and the resulting overall design framework is summarized in Section
3.9. It is remarked that Section 3.6 and 3.7 provide the theoretical motivations
for the proposed design approach and can be skipped by the practically oriented
reader.

3.5 Optimizing Q for nominal performance
Motivated by the results summarized in the previous section, and as will be
developed in the subsequent sections, in this section, Q is optimized for nominal
performance and robust convergence for L = G−1
n . More specifically, Problem 3.2
is reformulated as an SDP, which constitutes contribution C1.
The following theorem enables a reformulation of Problem 3.2 as an SDP.
Theorem 3.1 Let G(∆) be given by Definition 3.2 and satisfy Assumption 3.3
and 3.6. The optimization problem specified by (3.9) and (3.10) in Problem 3.2
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is identical to
Q∗ = arg

inf

Q∈Cn×n , x,β∈R

β,

subject to:

H
(Gn (I − Q)G−1
n )
] ≺ 0, β > 0,
−I
⎤
0
0
⎥
γ
−1
H ⎥
−xI
( κ QGn Wy ) ⎥⎥ ≺ 0, x > 0.
γ
⎥
QG−1
−I
n Wy
⎦
κ

−βI
[
Gn (I − Q)G−1
n

⎡ xW H Wu − I
⎢
u
⎢
⎢
0
⎢
⎢
0
⎣

(3.11a)

(3.11b)

This theorem enables a numerically efficient way to design Q, since (3.11) can
be solved by using various algorithms that are known to converge globally in
polynomial time (Boyd et al., 1994). Furthermore, (3.11) is solved for each
frequency ωk independently, such that the optimization of the entire Q(ωk ) is
readily parallelized. A proof to Theorem 3.1 requires the following result.
Lemma 3.3 Let ∆ be given by (3.3), and A, B ∈ Cn×n , then it holds that
sup ∥A∆B∥2,2 < κ,

(3.12)

∆∈∆

if and only if there exists a real x > 0 such that
xB H B − I
[
0

0
] ≺ 0.
( κγ )2 AH A − xI

A proof to this lemma is provided in Appendix 3.12.3. A proof to Theorem 3.1
is the following.
Proof of Theorem 3.1: Consider the following implications
∥A∥2,2 <

√

−βI
β ⇔ AH A − βI ≺ 0 ⇔ [
A

AH
] ≺ 0,
−I

where the second implication follows by the Schur Complement√(Boyd and Vandenberghe, 2004, §A.5.5). Applying this to ∥Gn (I −Q)G−1
β, β > 0, results
n ∥2,2 <
in (3.11a). Clearly, minimizing ∥Gn (I − Q)G−1
∥
is
identical
to
minimizing β.
2,2
n
Next, consider ∥H(G−1
,
Q,
∆)∥
<
κ.
By
Lemma
3.3,
this
condition
is identical
2,2
n
to
[

xWuH Wu − I
0

0
] ≺ 0.
H γ
−1
( κγ QG−1
n Wy ) ( κ QGn Wy ) − xI

Applying the Schur complement (Boyd and Vandenberghe, 2004, §A.5.5) to the
lower right matrix entry results in (3.11b), which concludes the proof.
∎
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Remark 3.1 The Q∗ in (3.11) optimizes the nominal performance. Generally,
∗
S(G−1
n , Q , ∆) is a nonconstant function of ∆, and the worst-case performance
∗
sup∆∈∆ ∥S(G−1
n , Q , ∆)∥2,2 can be determined numerically as is described in Appendix 3.12.6. Additionally, in Section 3.8, ∆ is related to stochastic identification
∗
disturbances, in which case ∥S(G−1
n , Q , ∆)∥2,2 satisfies a certain probability distribution. Obtaining a closed-form expression of this distribution is challenging due
∗
to the linear fractional relation of S(G−1
n , Q , ∆) and ∆, but it can be estimated
using Monte Carlo methods (Tempo et al., 2012, §7).
In this section, a numerically efficient approach is developed to optimize Q for
nominal performance when L = G−1
n . In the next section, it analyzed under what
conditions the design choice L = G−1
n is optimal.

3.6 Optimizing L for convergence speed
In this section, it is investigated under what conditions perfect tracking can be
achieved, and it is shown that for perfect tracking, L = G−1
n achieves the best
possible robust convergence rate, which constitutes contribution C2.
Perfect tracking is obtained if Q = I is feasible, i.e., if it satisfies the convergence constraint as given by (3.4). This follows by noting that for Q = I,
S(L, I, ∆) = S○ = 0. If Q is taken as Q = I in the optimization problems posed by
(3.7) and (3.8), then only the convergence constraint (3.4) needs to be satisfied.
Hence, (3.7) and (3.8) reduce to a feasibility problem in L, and if a set of feasible
L exists, then a unique solution can be determined by minimizing κ in (3.4).
This problem is formalized as follows.
Problem 3.3 (L for fast convergence with Q = I) Let G(∆) be as given by
Definition 3.2. Determine
L∗ = arg infn×n sup ∥H(L, I, ∆)∥2,2 ,
L∈C

where

(3.13)

∆∈∆

H(L, I, ∆) = I − L(Gn + Wy ∆Wu ).

The solution is first illustrated for the SISO case and is followed by a formal
treatment for MIMO systems in Section 3.6.2.

3.6.1

Optimizing L: Illustration of the SISO case

Consider (3.13) for the SISO case and parametrize L identically as L = αG−1
n ,
where α can take any value, i.e., α ∈ C,
α∗ = arg inf

sup

α∈C ∆∈C,∣∆∣≤γ

where

∣H(αG−1
n , 1, ∆)∣,

−1
∗
H(αG−1
n , 1, ∆) = (1 − α) − α(Gn Wy ∆ Wu ).

(3.14)
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H(αG−1
n , 1, ∆)

G(∆)
Gn

C◦

α∗ = 0

(1 − α)

γ|Wy Wu |
αγ|Gn−1 Wy Wu |

0

0

C◦
1

0
(1.a)

(1.b)

(1.c)

C◦

C◦
α∗ = 1

0
0

(2.a)

(2.b)

0
(2.c)

Figure 3.3: (1.a, 2.a) G(∆) is a circular set centered around Gn with radius γ∣Wy Wu ∣. If
G(∆) contains 0, i.e., if γ∣G−1
n Wy Wu ∣ ≥ 1, as is the case for (1.a), then the set that determines
−1
convergence, H(αG−1
n , 1, ∆), will always contain the unit circle, i.e., ∣H(αGn , 1, ∆)∣ ≥ 1, since
it is a circular set centered around (1 − α) with radius αγ∣G−1
W
W
∣
(1.b,
2.b).
Consequently,
y u
n
convergence cannot be achieved and the worst-case minimum is obtained for α∗ = 0, which
implies that L∗ = 0 is the optimal solution (1.c). If G(∆) does not contain 0, as is the case for
(2.a), then convergence can be achieved, and the worst-case minimum is obtained for α∗ = 1,
which implies that L∗ = G−1
n is the optimal solution (2.c).

Note that H(αG−1
n , 1, ∆) represents a circular set in C with center (1 − α) and
radius ∣αγG−1
n Wy Wu ∣, as is illustrated in Figure 3.3. The worst-case magnitude
jϕ
sup∆∈C,∣∆∣≤γ ∣H(αG−1
n , 1, ∆)∣ is obtained for ∆ = γe , where ϕ equals the phase

of αG(1−α)
−1 W W . Clearly, the worst-case magnitude equals the distance to the center
y
u
n
point plus the radius of the circle, as is shown in Figure 3.3. Consequently,
α∗ = arg inf

sup

α∈C ∆∈C,∣∆∣≤γ

∗
∣(1 − α) − α(G−1
n Wy ∆ Wu )∣

= arg inf (∣1 − α∣ + ∣α∣γ∣G−1
n Wy Wu ∣).
α∈C

(3.15)

The solution to (3.15) follows from the following lemma.
Lemma 3.4 For a given δ ≥ 0, consider α∗ = arg inf α∈C (∣1 − α∣ + ∣α∣δ), then
α∗ = 0 if δ ≥ 1 and α∗ = 1 if δ < 1.
A proof to this lemma is provided in Appendix 3.12.4. Lemma 3.4 implies that the
solution to (3.14) depends on the radius γ∣G−1
n Wy Wu ∣, which can be recognized
as the relative size of the uncertainty. More specifically, if γ∣G−1
n Wy Wu ∣ ≥ 1, then
it cannot be fitted inside the unit circle. In this case, α∗ = 0 is optimal, since
it shrinks the circular set to 0 at the point 1, resulting in ∣H(1, 0, ∆)∣ = 1 ∀∆.
Hence, if the relative uncertainty is too large, then setting the learning parameters
to 0 is optimal in the worst-case sense. An alternative interpretation follows
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by noting that γ∣G−1
n Wy Wu ∣ ≥ 1 implies that 0 is an element of the model set
G(∆), for which it is immediate that learning cannot be achieved. Conversely, if
γ∣G−1
n Wy Wu ∣ < 1 then smallest distance to the origin is obtained by centering the
circular set at the origin, such that α∗ = 1, with ∣H(1, 0, ∆)∣ = γ∣G−1
n Wy Wu ∣ < 1.
−1
∗
−1
To conclude, L∗ = G−1
n if γ∣Gn Wy Wu ∣ < 1 and L = 0 if γ∣Gn Wy Wu ∣ ≥ 1. Next,
these results are generalized to the MIMO case.

3.6.2

Optimizing L: The MIMO case

The following theorem generalizes the solution to Problem 3.3 to the MIMO case
under the following assumption.
Assumption 3.6 Wu is unitary, i.e., WuH Wu = Wu WuH = I.
This assumption is readily satisfied using the identification method developed in
Section 3.8. The essence of this assumption is to render ∆Wu unstructured, such
that any input vector Ui can be arbitrarily rotated without affecting its norm.
Theorem 3.2 Let G(∆) be given by Definition 3.2 and satisfy Assumption 3.3
and 3.6. The solution to (3.13) in Problem 3.3 satisfies
⎧
⎪
⎪ 0
L∗ = ⎨ −1
⎪
⎪
⎩Gn

if

γ∥G−1
n Wy ∥2,2 ≥ 1

(3.16a)

if

γ∥G−1
n Wy ∥2,2

(3.16b)

<1

−1
where sup∆∈∆ ∥H(I, 0, ∆)∥2,2 = 1, and sup∆∈∆ ∥H(I, G−1
n , ∆)∥2,2 = γ∥Gn Wy ∥2,2 .

Similar to the SISO case, Theorem 3.2 reveals that the solution depends on the
size of the relative uncertainty γ∥G−1
n Wy ∥2,2 . More specifically, (3.16a) states that
if γ∥G−1
W
∥
≥
1,
then
there
does
not exist an L ≠ 0 that achieves convergence
y 2,2
n
∀∆ ∈ ∆ and Q = I, such that perfect tracking cannot be achieved. Conversely, if
γ∥G−1
n Wy ∥2,2 < 1, then perfect tracking is achieved at a convergence rate that is
robustly optimal if L = G−1
n . This insight partly motivates the design choice of
setting L = G−1
,
even
though
this may be an suboptimal solution when Q ≠ I is
n
required to achieved convergence. A proof of Theorem 3.2 is the following.
Proof of Theorem 3.2: Parametrize L identically as L∗ = αG−1
n , where α is any
complex matrix α ∈ Cn×n , and consider (3.13), which yields
α∗ = arg infn×n sup ∥I − α − αG−1
n Wy ∆Wu )∥2,2 .
α∈C

(3.17)

∆∈∆

This problem is approached by reducing it to the SISO case. First, the direction
along which the effect of uncertainty is maximal is determined, followed by
considering the specific unity input along this direction to evaluate the 2,2-induced
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matrix norm. The worst-case uncertainty is determined using the Singular Value
−1
H
Decomposition (SVD) of G−1
n Wy , i.e., Gn Wy = U ΣV , which results in
˜ H ∥2,2 = ∥I − α̃ − α̃Σ∆∥
˜ 2,2 ,
∥I − α − αU ΣV H ∆Wu ∥2,2 = ∥U (I − α̃ − α̃Σ∆)U
˜ ≜ V H ∆Wu U , where it is used that U is a unitary matrix.
where α̃ ≜ U H αU and ∆
˜ ∈ ∆, such that the transformed
Furthermore, since V and Wu are also unitary, ∆
˜
decision variables ∆ and α̃ can be identically considered. Next, consider the
˜ ∗ = −γejϕ I, which is admissible since ∥∆∗ ∥2,2 ≤ γ. This
particular perturbation ∆
perturbation provides a lower bound to the worst-case
˜ 2,2 ≥ ∥I − α̃ − α̃Σ∆
˜ ∗ ∥2,2 .
sup ∥I − α̃ − α̃Σ∆∥

˜
∆∈∆

Next, by definition of the induced 2,2-norm, it holds that
˜ ∗ ∥2,2 ≥ ∥(I − α̃ − α̃Σ∆
˜ ∗ )z∥2 ,
∥I − α̃ − α̃Σ∆

(3.18)

for any z such that ∥z∥2 = 1. By convention [Σ]11 = σ̄(G−1
n Wy ), hence, the right
hand side of (3.18) is maximized by taking z = [ 1 ... 0 ]⊺ , which results in
n

(∣1 − [α̃]11 + [α̃]11 [Σ]11 γejϕ ∣2 + ∑ ∣[α̃]i1 ∣2 )

1/2

jϕ
≥ ∣1 − [α̃]11 + [α̃]11 γ σ̄(G−1
n Wy )e ∣,

i=2

which is similar to the SISO case discussed in Section 3.6.1. By similarly
−1
taking ϕ equal to the phase of (1 − [α̃]11 )([α̃]11 γ σ̄(G−1
n Wy )) , the latter equals
−1
∣1 − [α̃]11 ∣ + ∣[α̃]11 ∣σ̄(Gn Wy ). In conclusion, with respect to (3.17) it holds that
inf

−1
sup ∥I − α − αG−1
n Wy ∆Wu )∥2,2 ≥ inf ∣1 − [α̃]11 ∣ + ∣[α̃]11 ∣γ σ̄(Gn Wy ),
[α̃]11 ∈C

α∈Cn×n ∆∈∆

which enables a proof of Theorem 3.2 by contradiction. First, consider (3.16a),
i.e., let γ σ̄(G−1
n Wy ) ≥ 1, and note that ∥H(I, 0, ∆)∥2,2 = 1. Assume that ∃α,
α ≠ 0, with a strictly lower costs than α = 0. In this case, it must hold that
1>

inf

sup ∥I − α − αG−1
n Wy ∆Wu )∥2,2 ≥

α∈Cn×n ∆∈∆

inf ∣1 − [α̃]11 ∣ + ∣[α̃]11 ∣γ σ̄(G−1
n Wy ).

[α̃]11 ∈C

By Lemma 3.4, the right hand side equals 1. This contradicts the above statement,
implying that α = 0 is optimal. Similarly, consider (3.16b), i.e., let γ σ̄(G−1
n Wy ) <
−1
1, and note that ∥H(I, G−1
,
∆)∥
=
γ
σ̄(G
W
).
Assume
that
∃α,
α
≠
I, that
2,2
y
n
n
results in a smaller costs than α = I. In this case, it must hold that
γ σ̄(G−1
sup ∥I − α − αG−1
n Wy ) > inf
n Wy ∆Wu )∥2,2
n×n
α∈C

∆∈∆

≥ inf ∣1 − [α̃]11 ∣ + ∣[α̃]11 ∣γ σ̄(G−1
n Wy ).
[α̃]11 ∈C

By Lemma 3.4, the right-hand side equals γ σ̄(G−1
n Wy ), resulting in a contradiction, which implies that α = I is optimal.
∎
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In this section, it is shown that perfect tracking can be obtained if the relative
uncertainty is sufficiently bounded, and in that case, L = G−1
n optimizes the
robust convergence rate. The next section considers the optimization of Q for
robust performance.

3.7 Optimizing Q for robust performance
Instead of optimizing Q for nominal performance, as is advocated by the approach
developed in Section 3.4 and 3.5, in this section, Q is optimized for robust
performance. It is shown that optimizing Q for robust performance can be
relatively conservative when κ = 1, since it results either in perfect tracking, or in
not learning, i.e., Q = I or Q = 0. It is also shown that taking κ < 1 significantly
improves the worst-case performance. These insights constitute contribution C3.
Consider (3.8) for L = G−1
n , which is formulated as follows.
Problem 3.4 (Q for robust performance with L = G−1
n ) Let G(∆) be given
by Definition 3.2. For a given κ ∈ (0, 1], determine
Q∗ = arg infn×n sup ∥S(G−1
n , Q, ∆)∥2,2 ,
Q∈C

subject to:
S(G−1
n , Q, ∆)

=

∆∈∆
−1
∥H(Gn , Q, ∆)∥2,2

<κ

∀∆ ∈ ∆,

where

−1
−1
I − (Gn + Wy ∆Wu )(I + QG−1
n Wy ∆Wu ) QGn ,
−1
H(G−1
n , Q, ∆) = QGn Wy ∆Wu .

(3.19)
(3.20)

The solution is first illustrated for the SISO case and is followed by a formal
treatment for MIMO systems in Section 3.7.2.

3.7.1

Optimizing Q: Illustration of the SISO case

Consider the optimization of Q for robust performance and robust convergence
for the SISO case, such that (3.19) and (3.20) yield
Q∗ = arg infn×n sup ∣1 −
Q∈C

subject to:

(Gn + Wy ∆Wu )QG−1
n
∣,
1 + QG−1
n Wy ∆Wu

∆∈∆
∣QG−1
n Wy ∆Wu ∣

< κ ∀∆ ∈ ∆.

Note that the performance function is identical to S(G−1
n , Q, ∆) = (1 − Q)(1 +
−1
QG−1
W
∆W
)
,
which
directly
shows
that
Q
=
1
is
optimal
if it feasible, i.e., if
y
u
n
it satisfies the convergence constraint. If the constraint is not satisfied for Q = 1
and κ = 1, then sup∆∈∆ ∣S(G−1
n , Q, ∆)∣ ≥ 1 for all feasible Q, implying that the
worst-case performance cannot be improved. To see this, note that if ∃∆ such
−1
that ∣G−1
n Wy ∆Wu ∣ ≥ 1, then ∣QGn Wy ∆Wu ∣ < 1 does not hold for Q = 1. This is
equivalent to stating that there exists a ∆∗ such that (Gn + Wy ∆∗ Wu ) = 0, which
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QG−1
n Wy ∆Wu

QG−1
n Wy ∆Wu

S(G−1
n , Q, ∆)

◦

◦

C

C◦

C

Q∗ = 0

C◦

Q∗ = 1
γ|G−1
n Wy Wu |
(1.a)

S(G−1
n , Q, ∆)

γ|G−1
n Wy Wu |
(2.b)

(2.a)

(1.b)

Figure 3.4: (1.a) H(G−1
n , Q, ∆) for a model set that achieves convergence for Q = 1 and κ = 1,
−1
i.e., γ∣G−1
n Wy Wu ∣ < 1. (1.b) S(Gn , Q, ∆) that results by varying Q in the feasible range, i.e.,
the range for which convergence is achieved. This shows that for Q = 1, perfect performance
is achieved, and the the worst-case performance is unbounded if the convergence constraint
is active. (2.a) H(G−1
n , Q, ∆) for a model set that does not achieve convergence for Q = 1,
−1
i.e., γ∣G−1
n Wy Wu ∣ ≥ 1. (2.b) S(Gn , Q, ∆) that results by varying Q in the feasible range,
i.e., the range for which convergence is achieved. This shows that for Q = 0, the worst-case
performance cannot be improved beyond 1 and this lower bound is attained for Q = 0. Similarly,
the worst-case performance is unbounded if the convergence constraint is active.

∗
−1
implies S(G−1
n , Q, ∆ ) = 1. Consequently, sup∆∈∆ ∣S(Gn , Q, ∆)∣ ≥ 1 ∀Q. Hence
1 presents a lower bound, and this lower bound is attained ∀∆ ∈ ∆ for Q = 0,
implying that Q∗ = 0. Now consider the case where a certain Q is such that the
convergence constraint is active for κ = 1, i.e., ∣QG−1
n Wy ∆Wu ∣ < 1 ∀∆ ∈ ∆. For
∗
∗
such a Q, ∃∆∗ ∈ ∆ such that the denominator in S(G−1
n , Q , ∆ ) approaches 0,
resulting in an unbounded worst-case performance. By taking κ < 1 this situation
can be relieved. These mechanisms are illustrated in Figure 3.4. Next, these
results are generalized to the MIMO case.

3.7.2

Optimizing Q: The MIMO case

The following theorem generalizes the solution to Problem 3.4 to MIMO systems.
Theorem 3.3 Let G(∆) be given by Definition 3.2 and satisfy Assumption 3.3
and 3.6. The solution to (3.19) and (3.20) in Problem 3.4 satisfies
⎧
⎪
⎪0
Q∗ = ⎨
⎪
⎪
⎩I

if

γ∥G−1
n Wy ∥2,2 ≥ 1

(3.21a)

if

γ∥G−1
n Wy ∥2,2

(3.21b)

<κ

−1
−1
−1
where S(G−1
n , 0, ∆) = S○ (Gn , 0) = I, and S(Gn , I, ∆) = S○ (Gn , I) = 0.

Similar to the SISO case, (3.21a) states that if γ∥G−1
n Wy ∥2,2 ≥ 1, then there does
not exist a Q that increases the performance ∀∆ ∈ ∆, and the optimal solution is
not applying IIC, i.e., Q = 0. Conversely by (3.21b), if γ∥G−1
n Wy ∥2,2 < κ, then the
optimal robust performance is attained for Q = I, which implies perfect tracking.
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This all-or-nothing solution is indicative of conservatism since it leaves no room
to partially improve the performance when κ = 1. Note that when κ < 1, the
solution provided by (3.21) does not cover the case that κ < γ∥G−1
n Wy ∥2,2 < 1.
This case can be approached numerically in an approach similar to DK-iterations
(Doyle, 1982), yet this is beyond the scope of the present exposition. A proof of
Theorem 3.3 requires the following auxiliary result.
Lemma 3.5 Let ∆ be given by (3.3), and A, B ∈ Cn×n , with B unitary, then
sup λ̄(A∆B) = γ∥A∥2,2 .
∆∈∆

A proof of this lemma is provided in Appendix 3.12.5. A proof to Theorem 3.3 is
the following.
Proof : Consider (3.21b) and note that γ∥G−1
n Wy ∥2,2 < κ is identical to
∥H(G−1
n , I, ∆)∥2,2 < κ

∀∆ ∈ ∆,

which implies that Q = I satisfies the convergence constraint and that S(G−1
n , I, ∆)
is well-posed by virtue of Lemma 3.2. Evaluating S(G−1
,
I,
∆)
results
in
n
−1
−1 −1
S(G−1
n , I, ∆) = I − (Gn + Wy ∆Wu )(I + Gn Wy ∆Wu ) Gn
−1 −1
= I − (Gn + Wy ∆Wu )G−1
n (I + Wy ∆Wu Gn )
−1 −1
= I − (I + Wy ∆Wu G−1
= 0,
n )(I + Wy ∆Wu Gn )

where the push-through rule is used, i.e., (I + AB)−1 A = A(I + BA)−1 . Hence,
for Q = I, S(G−1
n , I, ∆) = 0 ∀∆, which is the optimal solution. Consider (3.21a)
−1
and note that γ∥Wu G−1
n W̃y ∥2,2 ≥ 1 is identical to sup∆∈∆ λ̄(Gn Wy ∆Wu ) ≥ 1 by
∗
∗
virtue of Lemma 3.5. Consequently, ∃∆ ∈ ∆ such that λ̄(G−1
n Wy ∆ Wu ) = 1,
−1
∗
since λ̄(.) is continuous. This implies that det(I + λGn Wy ∆ Wu ) = 0 for λ = 1,
∗
∗
which implies that det(Gn ) det(I +G−1
n Wy ∆ Wu ) = det(Gn +Wy ∆ Wu ) = 0, since
∗
det(Gn ) ≠ 0. This in turn implies that ∃v such that (Gn +Wy ∆ Wu )v = 0. Define
−1 −1
−1
r ≜ Z −1 v, with Z ≜ (I + G−1
exists by virtue of Lemma
n Wy ∆Wu ) Gn where Z
∗
3.2. Next, using the definition of the 2,2-norm it follows that ∥S(G−1
n , Q, ∆ )∥2,2 ≥
∗
−1
−1
−1
−1
∥S(Gn , Q, ∆ )r∥2 ∥r∥2 = ∥Ir−(Gn +Wy ∆Wu )ZZ v∥2 ∥r∥2 = ∥Ir−0∥2 ∥r∥−1
2 = 1.
Hence, sup∆∈∆ ∥S̃(Q, ∆)∥2,2 ≥ 1, and it follows directly from (3.20) that this lower
bound is attained ∀∆ ∈ ∆ for Q = 0, which is therefore the optimal solution. ∎
Remark 3.2 It is to be expected that any Q∗ ≠ I that optimizes the nominal performance, i.e., is a solution to the SDP posed by (3.11), is such that the constraint
∗
∗
∥H(G−1
n , Q , ∆)∥2,2 < κ is active. For κ = 1 this implies that ∃∆ ∈ ∆ for which
∗ −1
∗
−1
∗
the factor I + Q Gn Wy ∆ Wu in S(Gn , Q , ∆), given by (3.20), approaches
singularity, yielding unbounded worst-case performance. This observation indicates that the worst-case performance can be moderated by taking κ < 1, as is
demonstrated in Section 3.10.
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In this section, Q is optimized for robust performance. It is shown that this
approach can be relatively conservative, and that the worst-case performance
can be limited by taking κ < 1. This concludes the first part of this chapter, in
which the approach proposed in Section 3.4 is motived. In the next section, this
approach is complemented by the development of an identification method to
identify the model set.

3.8 Identification of the model set
In this section, a method is developed to identify the model set G(∆), as given by
(3.3), which constitutes contribution C4. A connection is established between the
stochastic disturbances that corrupt the output during the identification process
and the resulting uncertainty of the nominal model. This connection results in
an approach to determine the uncertainty bound γ.

3.8.1

MIMO FRF identification

Consider the configuration in Figure 3.1. The MIMO FRF G○ (ωk ) can be
estimated from n input-output data pairs as (Pintelon and Schoukens, 2012,
§2.7.2)
Ĝ(ωk ) = Y(ωk )U−1 (ωk ),
U(ωk ) = [U1 (ωk )
Y(ωk ) = [Y1 (ωk )

(3.22)

...

Un (ωk )] ∈ C

...

Yn (ωk )] ∈ C

n×n

n×n

,

,

(3.23)

where it is assumed that U(ωk ) is regular ∀ωk , which is achieved by appropriate
input signal selection (Guillaume et al., 1996). To quantify the uncertainty of
Ĝ(ωk ), it is assumed that the output is corrupted by the disturbances as follows,
where a distinction is made between the DFT coefficients that are real and
complex by property.
Definition 3.3 The real DFT coefficients correspond to the frequency set
ΩR ≜ {ωk ∈ ΩN ∣ k = 0 ∧ if N is even k =

N
},
2

and the complex DFT coefficients correspond to the remaining set of frequencies,
ΩI ≜ Ω N Ω R .
Assumption 3.7 The output Yi (ωk ) is given by (3.2), where TUi (ωk ) = 0, and
D(ωk ) = 0. Furthermore, Vi (ωk ) is circularly symmetric complex Gaussian
distributed ∀ωk ∈ ΩI and Vi (ωk ) is real Gaussian distributed ∀ωk ∈ ΩR . The
covariance matrix CV (ωk ) is Hermitian positive definite, and different realizations
Vi (ωk ) are mutually independent (Lataire and Chen, 2016).
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This assumption is common in FRF identification methods and is satisfied asymptotically if vi (t) = H(z)i (t), with H(z) a stable filter and i (t) independent,
identically distributed noise with existing moments of any order (Pintelon and
Schoukens, 2012, §2.5, §7, §16.16). This assumption motivates the following the
model set that establishes a direct connection between the Vi (ωk ) and ∆.
Proposition 3.1 Under Assumption 3.7, set Gn = Ĝ, with Ĝ given by (3.22),
set Wu = σu U−1 , where σu ≜ σ̄(U) and where U is given by (3.23), and set
1/2
1/2
1/2
Wy = σ1u CV , where CV (CV )H = CV is the Cholesky decomposition, which
exists since CV is Hermitian positive definite. For these settings, (3.3) results in
G(∆) = G○ + CV (Ṽ + ∆) U−1 ,
1/2

∆ ∈ ∆,

(3.24)

−1/2

where Ṽ ≜ CV V is such that ṼṼH a Wishart matrix that complex for ω ∈ ΩI
and real for ω ∈ ΩR , as is described in Chiani, 2014 and in Appendix 3.12.7.
Proof : Under Assumption 3.7, (3.22) can be written as
Ĝ(ωk ) = Y(ωk )U−1 (ωk ) = G○ (ejωk ) + V(ωk )U−1 (ωk ),
V(ωk ) = [V1 (ωk )

...

Vn (ωk )] ∈ Cn×n ,

(3.25)

where V is a random matrix whose columns Vi satisfy Assumption 3.7, such
−1/2
that Ṽ ≜ CV V is a Wishart matrix. For the proposed settings, it holds that
1/2
G(∆) = Gn + Wy ∆Wu = G○ + VU−1 + σ1u CV ∆σu U−1 , which is identical to (3.24).
∎
Considering (3.24), this proposition implies that if there exists ∆○ ∈ ∆ such
that ∆○ = −Ṽ, then the true system G○ is contained in the model set G(∆).
Consequently, γ can be used to tune the probability that Ṽ ∈ ∆, as is considered
in the next section.
Remark 3.3 By setting Wu = σu U−1 , Assumption 3.6 is satisfied if σu−1 U is unitary, which can be achieved by using orthogonal multisine excitation as described
in (Pintelon and Schoukens, 2012, §2.7.2).

3.8.2

Determining the uncertainty bound γ

This section treats the problem of selecting γ such that G○ is contained in G(∆)
with probability α, as is illustrated for the one-dimensional case in Section 3.2.3.
By definition of ∆, as given by (3.3), a ∆ ∈ ∆ can attain −Ṽ if σ̄(Ṽ) ≤ γ. Hence,
the probability that G○ is contained in G(∆) equals the Cumulative Distribution
Function (CDF) Pr (σ̄(Ṽ) ≤ γ). The following lemma provides explicit expressions
of this CDF.
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Lemma 3.6 Let Γ(x) denote the gamma function and let ψ(a, x) denote the
x a−1 −z
1
regularized lower incomplete gamma function, i.e., ψ(a, x) = Γ(a)
∫0 z e dz
∞
Γ(a) = ∫0 z a−1 e−z dz. If V(ωk ), as given by (3.25), satisfies Assumption 3.7,
−1/2
then the CDF of σ̄(Ṽ(ωk )), with Ṽ(ωk ) = CV (ωk )V(ωk ), is given by
FI (γ)
F (γ, ωk ) ≜ Pr (σ̄(Ṽ(ωk )) ≤ γ) = {
FR (γ)
FI (γ) =

if

ωk ∈ Ω I

if

ωk ∈ Ω R

det(Ψ(γ 2 ))
,
+ 1)2

(3.27)

n
∏j=1 Γ(n − j

FR (γ) = 2

(

nm 2 n2
−
)
2
2

n

π2

√

nm
Γ(k − 12 )
∏k=1
2
( ∏nk=1 Γ( n−k+1
))
2

det(Φ(γ 2 )),

(3.28)

where Ψ(x) ∈ Rn×n is a Hankel matrix function of x ∈ (0, ∞), with [Ψ(x)]i,j =
Γ(i + j − 1)ψ(i + j − 1, x). Considering FR (γ), nm = n if n is even, and nm = n + 1
if n is odd. If n is even, then elements of the skew-symmetric matrix function
satisfy [Φ(x)]i,j = I(αj , αi , x) − I(αi , αj , x), i, j = 1, ..., n, where αi = i − 12 and
x a−1 −t
1
I(a, b, x) ≜ Γ(a)
∫0 t e ψ(b, t)dt. If n is odd, then Φ is an nm × nm matrix
function with additional elements
[Φ(x)]i,nm =

2n−1/2
x ,
1
Γ(n− )ψ(αi , )
2
2

[Φ(x)]nm ,j = −[Φ(x)]j,nm ,

i = 1, ..., n,

[Φ(x)]nm ,nm = 0.

A proof of this lemma is provided in Appendix 3.12.7. Lemma 3.6 enables the
following key result, which establishes a connection between the FRF identification
method and the developed L and Q design approach.
Theorem 3.4 Consider G(∆) as given by (3.3), under Assumption 3.2 and
3.7, and let Gn (ωk ), Wy (ωk ) and Wu (ωk ) be set as in Proposition 3.1. If
γ is such that F (γ, ωk ) ≥ α, with F (γ, ωk ) as presented in Lemma 3.6, then
Pr (G○ (ωk ) ∈ G(∆, ωk )) ≥ α.
Proof : Considering G(∆) for Gn = Ĝ, Wy = σ(U)−1 CV and Wu = σ(U)U−1
yields (3.24). If σ̄(Ṽ) ≤ γ, then ∃∆○ ∈ ∆ such that Ṽ + ∆○ = 0 ⇔ G(∆○ ) = G○ .
Hence, if γ is such that Pr(σ̄(Ṽ) ≤ γ) ≥ α, then Pr (G○ ∈ G(∆)) ≥ α.
∎
1/2

This theorem establishes the implicit relation between γ and the probability
that G○ is contained in G(∆). The inverse relation exists since the CDF is a
nondecreasing function of γ, and hence, γ can be determined numerically by
means of a root-finding algorithm to achieve a desired probability α. Note that

3.9. Design framework
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Theorem 3.4 considers a single frequency ωk . Consequently, the probability that
G○ (ωk ) is contained in G(∆) for a set of frequencies equals ατ , with τ = NR + 12 NI ,
where NR and NI are the numbers of frequencies corresponding to real and
imaginary DFT coefficients.
Remark 3.4 In this chapter, a bound on σ̄(∆) = ∥∆∥2,2 is formulated, which
is directly compatible with classical robust control (Packard and Doyle, 1993;
Zhou et al., 1996). This is in contrast to traditional identification approaches,
which typically formulate a bound on ∥vec(∆)∥2 (Pintelon and Schoukens, 2012,
§2.7.2).
Remark 3.5 Practically, the covariance matrix CV may be unknown and can
be replaced by the sample covariance CȲ of the sample means Ȳi that can be
obtained from additional observations, for example by using periodic repetitions
(Pintelon and Schoukens, 2012, §2.5). This reduces the uncertainty by averaging,
although technically (3.27) and (3.28) no longer hold, since the elements of V
instead satisfy a Student t-distribution (Oomen and Bosgra, 2008).
In this section, a method is developed to identify the model set G(∆), which
includes an approach to determine the norm bound γ such that the true system
is contained in the model set with a desired probability α. In conjunction with
the results from the previous section, a complete design approach is obtained
that is concisely formulated in the next section.

3.9 Design framework
In this section, the L and Q design framework summarized.
Initialization
Given a system G○ that satisfies Assumption 3.2.
1. Determine the desired probability α ∈ (0, 1) at which U (ωk ) should converge
at an individual frequency ωk .
2. Determine the desired upper bound on the convergence rate κ ∈ (0, 1], as is
given by Definition 3.1. Taking κ < 1 moderates the worst-case performance.
Perform the following steps for each relevant frequency ωk .
Identifying the model set
1. Obtain input-output data {Yi (ωk ), Ui (ωk )}ni=1 by performing n experiments.
Construct U(ωk ) and Y(ωk ), as given by (3.23). Ensure that the experimental conditions satisfy Assumption 3.7 and that σ̄(U)−1 U is unitary, as
described in Remark 3.3. Optionally, estimate CV as described in Remark
3.5.
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2. Compute Ĝ(ωk ) as given by (3.22), and set Gn (ωk ) = Ĝ(ωk ), Wy (ωk ) =
σ̄(U(ωk ))−1 CȲ (ωk )1/2 and Wu (ωk ) = σ̄(U(ωk ))U−1 (ωk ).
3. Compute γI such that FI (γI ) = α, as given by (3.27), and compute γR
such that FR (γR ) = α, as given by (3.28).
Determining L and Q
Let γ = γI if ωk ∈ ΩI , or γ = γR if ωk ∈ ΩR , where ΩI and ΩR are specified in
Definition 3.3.
1. Invert the nominal model and set L(ωk ) = G−1
n (ωk ).
2. If γ∥G−1
W
∥
<
κ,
then
set
Q
=
I,
else,
compute
Q by solving (3.11).
y
2,2
n
Exploit the symmetry of the DFT, i.e., Q(ωk ) = Q̄(ω−k ), Q(ωk+pN ) =
Q(ωk ), p ∈ Z, to reduce the number of SDPs.
∗
Recall that the worst-case performance sup∆∈∆ ∥S(G−1
n , Q , ∆)∥2,2 can be computed as is discussed in Section 3.12.6. In case the nominal performance is only
slightly smaller than 1, while the worst-case performance far exceeds 1, consider
setting Q = 0 or recompute Q for a smaller κ.
In this section, the results from the previous sections are combined into a
complete design approach. In the next section, this approach is illustrated by
application.

3.10 Application to a flexible motion system
In this section, the developed design framework, as formulated in Section 3.9, is
illustrated by designing L and Q matrices for a benchmark flexible beam system.
Both a diagonal and full Q matrix are synthesized and used to apply MIMO
IIC, as presented in Section 3.2. The results indicate high tracking performance
for both cases, yet superior performance is achieved for the fully parametrized
Q matrix, thereby confirming the potential of the developed framework, which
constitutes contribution C5.

3.10.1

The plant and initialization

The plant is simulated by 16th order DT LTI model of the benchmark flexible
beam as described in (Oomen et al., 2015). The model has input-output dimension
n = 2, a sample rate of 1 kHz, and its FRF G○ (ejωk ) is shown in Figure 3.5.
The frequency grid of the FRF model is made to match the DFT grid of a
reference signal consisting of N = 210 samples. It is desired that the IIC algorithm
converges with a probability ≥ 0.95, i.e., the probability that convergence occurs
at all frequencies simultaneously must be at least 0.95. This is achieved if an
individual frequency converges with probability α = 0.95τ , where τ is the number
of independent frequency bins, i.e., τ = 12 NI + NR = 21 (210 − 2) + 2. Furthermore,
the upper bound on the convergence rate is set to κ = 0.2.
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Figure 3.6: The full matrix Qf (●) and diagonal matrix Qd (●) as a function of frequency ωk ,
resulting from the design approach described in Section 3.9. This shows that Q(ωk ) = I up to
55 Hz, and that Qf and Qd differ significantly beyond 60 Hz.
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Identifying the model set

The input-output data {Yi (ωk ), Ui (ωk )}2i=1 is obtained by performing 2 experiments, during which v(t) is taken such that V (ωk ) asymptotically satisfies As5
−7
sumption 3.7 with CV = σ 2 [50
. The matrix U satisfies ∣U(ωk )∣ = I
5
10], σ = 10
∀ωk , where ∣A∣ denotes the element-wise absolute value of A ∈ Cn×m . This
structure is achieved by taking the ith input during the ith experiment as a
random-phase multi-sine with unity spectrum. This makes U unitary, such that
the results in Section 3.6 hold. The nominal model Ĝn is determined as (3.22),
and is shown in Figure 3.5. The norm bounds γI and γR are determined by
solving FI (γ) − α = 0 and FR (γ) − α = 0 using the MATLAB-routine fzero.m.

3.10.3

Determining L and Q

Since Gn results from measured data, it is generically invertible. Hence, L is
readily determined as L = G−1
n . In the following, Q is designed as a full matrix,
Qf ∈ C2×2 , and as diagonal matrix, [Qd ]ii ∈ C, [Qd ]ij = 0 for i ≠ j. Comparing
the performance of both matrices provides insight about the performance gap
that potentially exist in pre-existing approaches (Blanken and Oomen, 2019).
For both cases, Q is optimized for nominal performance, i.e., steps 2(a) and 2(b)
in Section 3.9 are performed, where (3.11) is readily solved using either a full or
diagonal parametrization by using YALMIP (Lofberg, 2004) in combination the
Semi-Definite Program (SDP) solver SeDuMi.
The resulting Q-matrices are shown in Figure 3.6, which displays the magnitude and phase. Three key observations are made. First, both Q matrices satisfy
Q = I up to 55 Hz, which corresponds to the perfect tracking solution. Second,
beyond 60 Hz, the freedom to assume any full matrix in C2×2 is exploited by Qf ,
i.e., the off-diagonals are nonzero, Qf is clearly not Hermitian, and all entries
are complex. In contrast, Qd turns out to be a real matrix, even though its
parametrization is complex. This is in agreement with the well-adopted notion
of phase-less robustness filters (Hara et al., 1988). Third, and most remarkably,
beyond 55 Hz, Qf displays relatively large peaks. This goes against common
SISO intuition which requires that ∣Q∣ < 1 to increase robustness (Lemma 2.5),
as indeed turns out to be optimal for Qd .

3.10.4

Validation

The performance of both Q-matrices is shown in Figure 3.7. In the top plot,
the optimized nominal performance bounds are displayed, which correspond to
β in (3.11). These bounds indicate perfect tracking up to 55 Hz, and in the
range [100, 200] Hz, a significant performance improvement is achieved, i.e.,
β < 1. The difference between Qf and Qf is apparent in the range [150, 250]
Hz, where Qf performs significantly better. In the second plot, the actually
achieved performance is displayed, which shows great similarity with the first
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Figure 3.7: The performance for the full matrix Qf (
) and the diagonal matrix Qd (
),
where smaller values correspond to higher performance. The optimized nominal performance
(top plot) is similar to the true performance (middle plot), indicating that optimizing for
nominal performance is an effective strategy. Furthermore, Qf significantly outperforms Qd in
the range [150, 250] Hz, whereas for the worst-case performance (bottom plot), Qd outperforms
Qf for most ωk , which illustrates the trade-off between nominal performance and robustness.
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Figure 3.8: The performance for the full matrix Qf as κ is varied from 0.2 (
) to 0.9
(
). The nominal performance (top plot) improves for all frequencies, since the convergence
constraint is less stringent. The worst-case performance (bottom plot) improves for those
frequencies where it is < 1, and deteriorates where it is > 1 (note the logarithmic y-scale).
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Figure 3.9: The initial tracking error e(t) (
) and the error after one IIC iteration (Algorithm
1) for Qf (
) and Qd (
). This reveals that significant performance improvement is
obtained, and that Qf outperforms Qd in output 2 since the achieved error is significantly
smaller.

plot. This validates that optimizing for nominal performance indeed provides an
effective way to optimize the true performance. In the bottom plot, the worst-case
performance is displayed, which paints a relatively conservative picture in which
Qd significantly outperforms Qf . Before the designed L and Q matrices are
employed to increase the tracking performance through IIC in the next section,
the effect of κ is illustrated by optimizing Qf for κ ∈ {0.2, 0.5, 0.7, 0.9}. The
resulting nominal and worst-case performance are shown in Figure 3.8. Increasing
κ makes the convergence constraint less stringent, such that that the nominal
performance improves for all frequencies. In contrast, the worst-case performance
improves for those frequencies where it is < 1, and it deteriorates significantly
for those frequencies it is > 1. The latter illustrates that in the limit κ → 1, the
worst-case performance becomes unbounded as is described in Section 3.7.

3.10.5

Applying Iterative Inversion-based Control

The control goal is to track a high frequency triangle wave with both outputs. To
achieve this, IIC is applied with the designed L and Q matrices, as is presented in
Algorithm 1 in Section 3.2.1. The error is measured after approximately 3 seconds
to achieve steady state, and the disturbances are as during the identification
experiments. The time domain performance is shown in Figure 3.9, which shows
the initial tracking error, and the converged error obtained by using Qd and Qf .
Convergence is approximately attained after a single iteration, which results in a
significant performance increase, as is shown in Figure 3.10. These observation
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) and Qd (

), reveals that

confirm that Problem 3.1 is solved by applying robust IIC, where L and Q are
designed by using the approach developed in this chapter. The performance
difference, as is especially clear in in the second output, confirms there is a benefit
to using full robustness matrices over diagonal matrices in IIC.

3.11 Conclusion
An iterative inversion-based control framework is developed for multivariable
systems that enables high performance and fast convergence in the presence
of unknown disturbances. This is achieved by developing a design framework
for the learning and robustness matrices by connecting nonparametric FRF
identification and robust control. In the developed framework, the learning
matrix is taken as the inverse of the system FRF and the robustness matrix
is optimized to achieve optimal nominal performance, while ensuring robust
monotonic convergence in the presence model mismatches that are induced by
stochastic disturbances that corrupt identification experiments. The resulting
design process is computationally efficient and can be parallelized by virtue of the
frequency-by-frequency design approach. The efficacy of the developed framework
is illustrated through application to a benchmark flexible beam system, which
shows that superior tracking performance can be achieved by exploiting the
design freedom that is offered by considering full MIMO robustness matrices.
The inversion-based control method developed in this chapter is implemented
using the DFT. This requires that the matrices L and Q to consist of the same
number of samples as the reference, and requires that the influence of the transient
response is limited. In the next chapter, an alternative implementation strategy
is developed that alleviates these requirements significantly, thereby enhancing
the applicability of the developed approaches.
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3.12 Proofs
3.12.1

Proof of Lemma 3.1

Proof : Under assumption 3.2 and 3.5, Yi = G○ Ui + D. Substituting Ei = R − Yi ,
and Yi in (3.1) yields
Ui+1 = Q(Ui + LEi ) = Q(I − LG○ )Ui + QL(R − D),
The fixed point U∞ follows by substituting Ui+1 = Ui = U∞ and solving for U∞ ,
which results in (3.5). Furthermore, it follows readily that Ui+1 − U∞ = Q(I −
LG○ )(Ui −U∞ ). Hence, ∥Ui+1 −U∞ ∥2 ≤ ∥Q(I −LG○ )∥2,2 ∥Ui −U∞ ∥2 . Consequently,
monotonic convergence is guaranteed if ∥Q(I − LG○ )∥2,2 < 1. This is guaranteed
if (3.4) holds, in combination with Assumption 3.4. Furthermore, substituting
U∞ in E∞ = R − GU∞ − D, results E∞ = S○ (R − D), with S○ as given by (3.6). ∎

3.12.2

Proof of Lemma 3.2

Proof : Let ∥H(L, Q, ∆)∥2,2 = ∥Q(I − LG(∆))∥2,2 < κ ∀∆ ∈ ∆, then λ̄(Q(I −
LG(∆))) < κ ∀∆ ∈ ∆, since λ̄(.) ≤ ∥.∥2,2 . Using that det(I +A) = ∏i=1 (1+λi (A))
with λi (A) the eigenvalues of A (Skogestad and Postlethwaite, 2001, §A.2.1),
it follows that det(I − Q(I − LG(∆))) = ∏i=1 (1 + λi (Q(I − LG(∆)))) ≠ 0, since
∣λi (Q(I − LG(∆)))∣ ≤ κ ∀∆ ∈ ∆.
∎

3.12.3

Proof of Lemma 3.3

The following proof of Lemma 3.3 employs the structured singular value, which
is defined as follows (Packard and Doyle, 1993).
Definition 3.4 For M ∈ Cn×n and a set of structured uncertainties ∆, µ∆ (M )
is defined as
µ∆ (M ) ≜

1
.
inf{σ̄(∆), ∆ ∈ ∆, det(I − M ∆) = 0}

In case no ∆ ∈ ∆ makes I − M ∆ singular, µ∆ (M ) ≜ 0.
Proof : First, (3.12) is reformulated a µ-test. To this end, define B∆ ≜ {∆ ∈
∆ ∣ σ̄(∆) ≤ 1} and note that (3.12) is equivalent to
sup ∥ κγ A∆B∥2,2 < 1.

∆∈B∆

(3.29)
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Recall the main loop theorem (Packard and Doyle, 1993, Thm 4.3)
⎧
⎪
⎪µ∆2 (M22 ) < 1
µ∆
˜ (M ) < 1 ⇔ ⎨ sup µ
∆1 (L (M, ∆2 )) < 1,
⎪
⎪
⎩∆2 ∈B∆2
where L (M, ∆) ≜ M11 + M12 ∆(I − M22 ∆)−1 M21 ,

(3.30)

and for the case under consideration, define
0
M =[
B

γ
A
κ ],

0

⎧
⎪ ∆1
˜ ≜⎪
∆
⎨[
0
⎪
⎪
⎩

0
]
∆2

⎫
RRR
⎪
RRR ∆ ∈ Cn×n , ∆ ∈ ∆ ⎪
⎬,
1
2
2
RRRR
⎪
⎪
R
⎭

∆2 = ∆, (3.31)

such that the main-loop theorem (3.30) reduces to
⎧
⎪
⎪µ∆2 (0) < 1
µ∆
(M
)
<
1
⇔
⎨ sup ∥ γ A∆B∥ < 1
˜
2,2
⎪
⎪
⎩∆2 ∈B∆2 κ

(3.32)

where it is used that µ∆ (.) = σ̄(.) = ∥.∥2,2 if ∆ = Cn×n , (Packard and Doyle,
1993). Note that µ∆ (0) < 1, since by definition µ∆ (0) = 0. Hence, (3.32) provides
an equivalent µ-test to (3.29). In turn, an upper bound to µ∆
˜ (M ) is given by
−1
µ∆
˜ (M ) ≤ inf ∥DM D ∥2,2 ,
D∈D

I
D ≜ {D ∈ C2n×2n ∣ D = [
0

0
] , d ≠ 0} , (3.33)
dI

˜ consist of only
where in this case, the upper bound is met with equality, since ∆
two complex blocks (Doyle, 1982, Thm. 6). Relation (3.33) is reformulated as an
LMI as in (Doyle et al., 1991)
∥DM D−1 ∥2,2 < 1

⇔

D−H M H DH DM D−1 − I ≺ 0

⇔

M H DH DM − DH D ≺ 0

I
where X = DH D ≻ 0, i.e., X ≜ [
0
(3.31) yields
xB H B − I
[
0
which completes the proof.

⇔

M H XM − X ≺ 0,

0
] ≻ 0, x > 0. Substituting M as given by
xI

0
] ≺ 0,
( κγ )2 AH A − xI
∎
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3.12.4

Proof of Lemma 3.4

Proof : Let δ ≥ 1 and consider the case 1 − α ≥ 0. Then, inf α (∣1 − α∣ + ∣α∣δ) =
inf α (1 + (δ − 1)α) = 1, since (δ − 1) ≥ 0, which is attained for α = 0. Considering
the case 1 − α ≤ 0 results in inf α (∣1 − α∣ + ∣α∣δ) = δ for α = 1, which is suboptimal
w.r.t. to the previous, such that α∗ = 0. Similarly, let δ < 1 and consider the case
1−α ≥ 0. Then inf α (∣1−α∣+∣α∣δ) = inf α (1+(δ −1)α) = δ, since (δ −1) < 0, which is
attained for α = 1. Considering the case 1 − α ≤ 0 results in inf α (∣1 − α∣ + ∣α∣δ) = δ
for α = 1, which is identical to the previous, such that α∗ = 1.
∎

3.12.5

Proof of Lemma 3.5

Proof : For A, B ∈ Cn×n , with B invertible, it holds that det(λI − AB) =
det(B) det(λI − AB) det(B −1 ) = det(λI − BA). Consequently,
λ̄(A∆B) = λ̄(BA∆BB −1 ) = λ̄(BA∆).
Furthermore, λ̄(A) ≤ ∥A∥2,2 , for any square matrix A, (Skogestad and Postlethwaite, 2001, Thm. A.4). Hence,
sup λ̄(BA∆) ≤ sup ∥BA∆∥2,2 ≤ sup ∥∆∥2,2 ∥BA∥2,2 .
∆∈∆

∆∈∆

∆∈∆

To show that this is met with equality when ∆ is unstructured take ∆∗ =
γV U H , where U ΣV H is the SVD of BA. Consequently, λ̄(BA∆∗ ) = λ̄(γΣ) =
sup∆∈∆ ∥∆∥2,2 ∥BA∥2,2 = γ∥A∥2,2 , where it is used that B is unitary.
∎

3.12.6

Computing the worst-case performance

The asymptotic sensitivity estimate S(G−1
n , Q, ∆) as given by (3.10) can be
written as S(G−1
n , Q, ∆) = L (M, ∆), where L (M, ∆) is defined by (3.30), and
M equals
M =[

Gn (I − Q)G−1
n
Wu QG−1
n

Gn (Q − I)G−1
n Wy
],
−Wu QG−1
n Wy

as is readily verified by by direct computation. This result facilitates the computation of the worst-case performance sup∆∈∆ ∥S(G−1
n , Q, ∆)∥2,2 by using the
scaled main-loop theorem (Packard and Doyle, 1993, Thm. 4.8) in combination
with Osborne’s method to evaluate the structured singular value (Young et al.,
1992).
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3.12.7

Proof of Lemma 3.6
−1/2

Proof : For ωk ∈ ΩI , the columns of the matrix Ṽ ≜ CV V are circularly
symmetric complex Gaussian distributed with identity covariance matrix and
zero mean. Hence, W ≜ ṼṼH is a complex Wishart matrix and the Cumulative
Density Function (CDF) √
of its largest eigenvalue is given by (3.27) (Khatri, 1964,

Eqn. 8). Since σ̄(W ) = ρ(ṼṼH ), the CDF of the largest singular value of Ṽ
satisfies (3.27). Similarly for ωk ∈ ΩR , W ≜ ṼṼH is a real Wishart matrix, and
the CDF of its largest eigenvalue is given by (3.28) (Chiani, 2014, Eqn. 4). ∎

4

System Inversion Using Frequency
Response Function Data

Inversion of dynamic systems is an essential aspect in various control methods,
including feedforward and learning control. In these applications it is essential
that the inverse model is accurate, stable and that it facilitates finite pre-actuation.
Dedicated model-based approaches offer a range of methods to achieve this, yet
require a parametric model of the process. The aim of this chapter is to similarly
enable accurate and stable inversion with finite pre-actuation by instead utilizing
nonparametric Frequency Response Function (FRF) models, which are typically
accurate and relatively less costly to obtain compared to parametric models. This
is achieved by developing a framework to systematically design finite-impulse
response inverse models based on FRF data. The resulting framework is used to
design learning filters for iterative learning control, which is successfully applied
to an industrial printer. The results in this chapter constitute contribution C3 of
this thesis.

The contents of this chapter are based on:
R. de Rozario and T. Oomen. Frequency-Response Function-Based Learning Control: Unification of ILC and IIC. In preparation for journal submission, 2019.
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4.1 Introduction
Inversion of dynamic systems is essential in control applications, including feedforward and learning control. Feedfoward control aims to achieve perfect tracking by
filtering the reference signal by the inverse system dynamics. Perfect tracking can
practically not be achieved using model-based inversion, but for repeating tasks,
the performance can be improved by iteratively processing the residual tracking
error in an approach known as Iterative Learning Control (ILC) (Bristow et al.,
2006), which has been successfully applied to a broad range of high-precision
manufacturing applications (Bien and Xu, 2012; Bolder et al., 2014; De Roover
and Bosgra, 2000; Hoelzle et al., 2011b).
Parametric inversion methods tackle the challenges related to stability and
causality in system inversion by exploiting parametric models of the process. In
this chapter, a model is said to be parametric if it is completely described by
a finite number of parameters, such as a state-space realization or a rational
transfer function. Using traditional parametric approaches, exact causal inversion
of a discrete-time Linear Time-Invariant (LTI) system with zeros outside the
unit disc results in an unstable system. Alternatively, a stable noncausal inverse
can be obtained through stable inversion (Devasia, 1997; Hunt and Meyer, 1997;
Zeng and Hunt, 2000). This approach results in bounded, yet noncausal input
signals, resulting in infinite pre-actuation, i.e., the input is nonzero for negative
infinite time (Marro et al., 2002). Alternative methods have been developed
to facilitate finite pre-actuation (Tomizuka, 1974; Torfs and De Schutter, 1996;
Zou, 2009a; Zundert and Oomen, 2018), while ensuring accurate approximate
inversion. These methods require an accurate parametric model of the system,
which can be costly to obtain, and these approaches typically do not explicitly
account for model uncertainty.
Frequency Response Function-based (FRF) inversion methods provide a
promising alternative that inherently results in stable inverses. It is shown in
Sogo, 2010, and in §2.3.2, that FRF-based inversion involving explicit application
of any bilateral transformation, such as the Discrete Time Fourier Transform
(DTFT), results in the stable inversion solution. These approaches readily
facilitate the use of nonparametric FRF models. Furthermore, it is shown in
Devasia, 2002, and in §3.6 that if there are large model uncertainties, then the
worst-case optimal inverse is described by a piecewise FRF that can not be
represented by a parametric LTI model. These insights motivate the use of
FRF-based inversion with bilateral transformations, but these approaches require
an FRF model that is defined for all frequencies, i.e., on the continuous unit
circle, whereas nonparametric identification methods typically yield a sampled
estimate of the FRF instead (Pintelon and Schoukens, 2012).
Several control strategies have been reported that achieve approximate system
inversion with finite pre-actuation by using FRFs that are only defined on a
discrete frequency grid. In Iterative Inversion-based Control (IIC) (Kim and Zou,
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2013; Tien et al., 2005; Yan et al., 2012, Chapter 2 and 3), sampled FRF data is
used in combination with the Discrete Fourier Transform (DFT) to iteratively
improve the tracking performance. The DFT-based implementation requires that
the number of FRF-samples matches the number of samples in the reference
signal. To overcome this limitation, the FRF-based inverse is implemented as a
Finite Impulse Response (FIR) filter in feedforward control (McNab and Tsao,
1997; Omidbeike et al., 2019), and in Repetitive Control (RC) (Teo et al., 2016),
by using an approach known as the frequency sampling method for FIR design
(Rabiner, 1971). The accuracy with which the resulting FIR filter approximates
the true inverse critically depends on the FRF data uncertainty, the number
of FRF samples, and the FIR length, and it is attempted to manage these
contributions by using windowing functions.
Although FRF-based inversion methods offer a promising alternative to
parametric inversion approaches, there currently does not exist a systematic
design framework that facilitates inversion based on sampled nonparametric
FRF estimates. The aim of this chapter is to develop an inverse FIR filter
design framework based on nonparametric FRF models that explicitly accounts
for uncertainties, and that allows tuning of the design variables based on a
quantitative assessment of the inversion error, which is achieved through the
following contributions.
(C1) A framework is developed to approximate the inverse dynamics of a LTI
system by an FIR filter based on an uncertain sampled nonparametric FRF
model (Section 4.3).
(C2) A detailed analysis of the inversion error is established and design guidelines
are formulated to mitigate the different error contributions (Section 4.4).
(C3) ILC is demonstrated on an industrial printing system, where the learning
filters are designed using the developed approach (Section 4.6).
These contributions are preceded by a formulation of the FRF-based inversion
problem in Section 4.2. Contribution C1 takes a robust approach (Devasia, 2002,
Chapter 3) to FIR inverse design that is closely related to McNab and Tsao, 1997.
Although C1 is presented for Single-Input Single-Output (SISO) system, the
developed approach can be generalized towards multivariable systems using the
results presented in Chapter 3, in a way that is similar to (Omidbeike et al., 2019).
The analysis in contribution C2 is closely related to the first stage in the two-step
worst-case H∞ identification procedures in De Vries and Hof, 1995; Gu and
Khargonekar, 1992; Gu and Khargonekar, 1992; Gu et al., 1992; Helmicki et al.,
1991. A similar asymptotic convergence result is established in this chapter, with
the key difference that the present analysis considers noncausal inverse models as
opposed to causal plant models. Contribution C3 complements Teo et al., 2016
by developing an FRF-based learning filter design approach for ILC, as opposed
to RC.

92

4.1.1

Chapter 4. System Inversion Using FRF Data

Preliminaries

The set of real numbers, nonnegative real numbers, complex numbers, integers,
and nonnegative integers are denoted by R, R≥0 , C, Z and Z≥0 . For a Discrete
p 1/p
Time (DT) signal s ∶ Z ↦ R, the p-norms are defined as ∥s∥p = (∑∞
t=−∞ ∣s(t)∣ )
and ∥s∥∞ = maxt∈Z ∣s(t)∣. The spaces with bounded ∥.∥p and ∥.∥∞ norms are
denoted by `p and `∞ . The DTFT and DFT pairs are given by S(ω) = F∞ {s(t)} =
π
∞
1
−1
jωt
{S(ω)} = 2π
∑n=−∞ s(n)e−jωn , s(t) = F∞
∫−π S(ω)e dω, S(ωk ) = FN {s(t)} =
N −1
N −1
√1 ∑n=0 s(n)e−jωk n and s(t) = F −1 {S(ωk )} = √1 ∑k=0 S(ωk )ejωk t , where ωk ∈
N
N
N

ΩN , ΩN ≜ {ωk ∈ R∣ωk = 2π
k, k = 0, ..., N −1} (Rabiner and Gold, 1975). The Dirac
N
delta function is denoted by δ(ξ), and ∗ denotes both the discrete convolution
a(t) ∗ b(t) = ∑∞
τ =−∞ a(τ )B(t − τ ) and the continuous circular convolution A(ω) ∗
2π
1
B(ω) = 2π
∫0 A(ω̃)B(ω − ω̃)dω̃, where A(ω), B(ω) are 2π-periodic functions.
This chapter considers SISO LTI systems that are represented by their impulse
response g(t) or their transfer function G(z). Furthermore, for functions if G(ejω )
bounded on ω ∈ [0, 2π) the L∞ -norm is defined as ∥G(z)∥∞ ≜ supω∈[0,2π) ∣G(ejω )∣
(Zhou et al., 1996, §4.3).

4.2 Problem formulation
This chapter considers the problem of determining an FIR filter that approximates
the inverse of an LTI system based on a set of uncertain FRF samples of the
system. This problem is formalized in this section.

4.2.1

FRF-based stable inversion

It is first established that a bounded and generally noncausal inverse impulse
response can be obtained using the true FRF G(ejω ) of the system in combination
with the DTFT. Although G(ejωk ) is typically not available in practice, this
insight motivates the development of an approach based on a nonparametric
sampled estimate Gn (ejωk ), and the exact solution is essential to establish the
inversion error made by the approximation, as is investigated in Section 4.4.
Recall that the forced response of G(z) can be represented as the convolution
y(t) = g(t) ∗ u(t). Stable inversion is the problem of determining a bounded
sequence h(t) that inverts the convolution, i.e., determine h(t), such that g(t) ∗
h(t) = δ(t) and u(t) ≜ h(t) ∗ r(t) ∈ `∞ for all reference signals satisfying r(t) ∈ `∞ .
We consider this problem for the following class of systems.
Assumption 4.1 The process is such that its impulse response g(t) is absolutely
convergent, i.e., g(t) ∈ `1 , and its FRF is nonzero, i.e., G(ejω ) ≠ 0 ∀ω ∈ [0, 2π).
This assumption is satisfied for `1 -Bounded-Input Bounded-Output (BIBO) stable
systems that do not posses any zeros on the unit circle. The following lemma
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states that the impulse response of the inverse system h(t) can be obtained by
inverting G(ejω ) and by applying the IDTFT to the result.
Lemma 4.1 If Assumption 4.1 holds, then
−1
h(t) ≜ F∞
{G−1 (ejω )},

(4.1)

is such that g(t) ∗ h(t) = δ(t) and u(t) = h(t) ∗ r(t) ∈ `∞ , ∀r(t) ∈ `∞ .
Proof : Consider the Fourier transform of g(t) ∗ h(t)
−1
F∞ {g(t) ∗ h(t)} = G(ejω )F∞ {F∞
{G−1 (ejω )}} = 1.
−1
−1
Hence, F∞
{F∞ {g(t) ∗ h(t)}} = F∞
{1} = δ(t). Since G(ejω ) ≠ 0 ∀ω ∈ [0, 2π),
and g(t) ∈ `1 by Assumption 4.1, Wiener’s 1/f theorem (Newman, 1975) applies,
stating that h(t) ∈ `1 . Consequently, u(t) ∈ `∞ , ∀r(t) ∈ `∞ , since ∥u(t)∥p =
∥h(t) ∗ r(t)∥p ≤ ∥h(t)∥1 ∥r(t)∥p , 1 ≤ p ≤ ∞, as is shown in Young, 1912.
∎

Lemma 4.1 presents an exact solution to the stable inversion problem. Consequently, (4.1) results in bounded inputs, even if G(z) posses zeros outside the
unit disc, as is similarly concluded in §2.3. Direct application of Lemma 4.1
in practice is hampered by the fact that can the true continuous FRF G(ejω )
typically unknown. Instead, a method is desired that approximates the exact
solution by using a nonparametric FRF model set G(∆, ωk ) defined on a discrete
grid of N frequencies ΩN .
Assumption 4.2 Let a set of N FRF samples be given by
G(∆, ωk ) = Gn (ωk ) + ∆(ωk ) ∈ C,
∆(ωk ) ∈ ∆(ωk ),

ω k ∈ ΩN ,

∆(ωk ) ≜ {∆ ∈ C ∣ ∣∆∣ ≤ γ(ωk )},

(4.2a)
(4.2b)

where Gn (ωk ) is a known nominal FRF model and ∆(ωk ) an unknown but
bounded uncertainty, whose bound γ(ωk ) is known, with γ̄ ≜ maxωk ∈ΩN γ(ωk ).
Assuming bounded uncertainties is critical to ensure that the FRF inverse is
defined for all ∆. The identification of G(∆, ωk ) from measured data is extensively
covered in the literature (De Vries and Hof, 1995) and a stochastic approach is
developed in §3.8. To facilitate a deterministic analysis of the inversion error, it
assumed that G(∆, ωk ) contains the true sampled FRF G(ejω ).
Assumption 4.3 Given (4.2a) and (4.2b), ∃∆○ (ωk ) ∈ ∆(ωk ) such that
Gn (ωk ) + ∆○ (ωk ) = G(ωk ),

∀ωk ∈ ΩN ,

where G(ejωk ) is the true system FRF on the DFT grid ΩN .
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Aside from the fact that h(t) is practically impossible to obtain, the true solution
is also impractical because h(t) generally extends to t → ±∞. Therefore, a second
requirement is that the approximate inverse is defined for finite times. This is
facilitated by approximating h(t) by an FIR model. The following is assumed to
enable that the approximation error converges to zero as the FIR length increases.
Assumption 4.4 The inverse impulse response h(t), as given by (4.1), is exponentially bounded, i.e., ∃M1 , M2 > 0 and ∃ρ1 , ρ2 < 1, such that
⎧
⎪M1 ρ−t
t<0
⎪
1
∣h(t)∣ ≤ ⎨
(4.3)
t
⎪
⎪
⎩M2 ρ2 t ≥ 0
This assumption is satisfied if G(z) is a rational function whose the zeros of are
outside the annulus {z ∈ C ∣ ρ2 ≤ ∣z∣ ≤ ρ−1
1 } as is explained in Remark 4.1 at the
end of this section. Given the presented conditions, the FRF-based FIR inversion
problem is formulated as follows.
Problem 4.1 (FRF-based FIR inversion) Given a system G(z) and an FRF
model set G(∆, ωk ) defined on a discrete frequency grid ΩN satisfying Assumption
4.1 to 4.4.
(P1) Determine a mapping ĥ(t) = φ(G(∆, ωk )) to compute the coefficients ĥ(t)
of the FIR model
ν2

Ĥ(z) ≜ ∑ ĥ(τ )z −τ ,
τ =−ν1

ν1 , ν2 ∈ Z≥0 .

(4.4)

(P2) Establish the relation between the inversion error E(ejω ) and the design parameters N , ν1 , ν2 and φ, where E(ejω ) is defined on the entire continuous
unit circle as
E(ejω ) ≜ 1 − Ĥ(ejω )G(ejω ),

ω ∈ [0, 2π).

(P3) Establish conditions on φ such that worst-case inversion error vanishes
asymptotically as N, ν1 , ν2 → ∞, while γ̄ → 0, i.e.,
lim

sup ∥1 − Ĥ(z)G(z)∥∞ = 0.

N,ν1 ,ν2 →∞,γ̄→0 ∆∈∆

Subproblem P1 is concerned with finding a suitable mapping φ to estimate a
FIR from the uncertain FRF data. Subproblem P2 is aimed at determining an
explicit expression of the resulting inversion error E(ejω ), which plays a central
role in assessing the benefit of feedforward control (Devasia, 2002) and in the
analysis of monotonic convergence in infinite-time ILC (Norrlöf and Gunnarsson,
2002). Subproblem P3 is closely related to concept of robust convergence in
worst-case H∞ identification (Helmicki et al., 1991), and can be interpreted as a
deterministic consistency result. In the next section, the mapping φ is developed
as a three-step approach.

95

4.3. Discrete FRF-based approximate inversion

Remark 4.1 A transfer G(z) belongs to the class H (Dρ , M ) if it is analytic
in the open disc Dρ = {z ∈ C ∣ ∣z∣ < ρ, ρ > 1}, and uniformly bounded by M >
0 on Dρ , i.e., ∣G(z)∣ < c ∀z ∈ Dρ . For any G ∈ H (Dρ , c) it can be shown
that ∣g(t)∣ ≤ M ρt t ≥ 0 using Cauchy’s estimate (Gu and Khargonekar, 1992).
Similarly, a stable noncausal system H(z) satisfies (4.3), if it can be represented
as H(z) = H1 (z) + H2 (z) (Blanken et al., 2018b), with H1 (z) ∈ H (Dρ1 , M1 ) and
H2 (z −1 ) ∈ H (Dρ2 , M2 ), where H2 (z −1 ) represents the time reverse of h2 (t).

4.3 Discrete FRF-based approximate inversion
In this section, the mapping φ is developed as an approach to subproblem P1
which constitutes contribution C1. The mapping consists of: (1) truncating
and inverting the FRF data in an worst-case optimal fashion, (2) computing a
periodic inverse impulse response using inverted FRF, and (3) truncating the
resulting periodic response using an appropriate window.

4.3.1

Computing the worst-case optimal inverse FRF

The first step is to develop an estimate H(ωk ) of the inverse sampled FRF
G−1 (ejωk ) based on the FRF model set G(∆, ωk ). Inverting FRF data with large
uncertainties can significantly deteriorate the inversion accuracy. This is avoided
by inverting the FRF data in a robust manner. Consider the inversion error FRF
model set on the DFT grid
E(∆, H, ωk ) ≜ 1 − H(ωk )G(∆, ωk ),

ω k ∈ ΩN ,

∆ ∈ ∆.

The unknown coefficients H(ωk ) are determined by requiring that for every
∆(ωk ) ∈ ∆(ωk ), the inversion yields a better result compared to H(ωk ) = 0. This
is identical to minimizing the worst-case error inversion error, i.e.,
H ∗ (ωk ) = arg min max ∣E(∆, H, ωk )∣.
H∈C ∣∆∣≤γ

Recall from Theorem 3.2 in §3.6.2 that the solution is given by
G−1 (ω )
H ∗ (ωk ) ≜ { n k
0

if Gn (ωk ) ≠ 0 and ∣G−1
n (ωk )γ(ωk )∣ < 1

(4.5a)

otherwise

(4.5b)

Essentially, the nominal FRF Gn (ωk ), is inverted if the relative uncertainty
∣G−1
n (ωk )γ(ωk )∣ is smaller than 1, as is illustrated in Figure 4.1.(b) and 4.1.(c).
This approach results in the following relation between H ∗ (ωk ) and the true
sampled inverse FRF G−1 (ejωk ), which is key to establishing the inversion error
E(ejω ) related to subproblem P2 in Section 4.4.
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Figure 4.1: (a) The unknown true FRF G(ejω ) (
), the nominal sampled FRF model
Gn (ωk ) (●), and the uncertainty bound γ(ωk ) (
), corresponding the simulation example
in Section 4.5. (b) The worst-case inversion error G−1
n (ωk )γ(ωk ) (●) exceeds 1 for a number of
frequencies beyond 30 Hz. (c) The robustly optimal inverse FRF H ∗ (ωk ) equals G−1
n (ωk ) for
those frequencies at which the worst-case inversion error is smaller than 1.

Lemma 4.2 Consider G(∆, ωk ) as given by (4.2) and let H ∗ (ωk ) be given by
(4.5). If Assumption 4.3 holds, then
ˆ k ),
H ∗ (ωk ) = G−1 (ejωk ) + ∆(ω
⎧
⎪G−1 (ejωk )G−1
n (ωk )∆○ (ωk )
ˆ k) ≜ ⎪
∆(ω
⎨
⎪
⎪
−G−1 (ejωk )
⎩

(4.6)

if Gn (ωk ) ≠ 0 and ∣G−1
n (ωk )γ(ωk )∣ < 1
otherwise

Proof : By Assumption 4.3, ∃∆○ ∈ ∆ such that Gn = G−∆○ . Using this in the first
∗
−1
−1
mode given by (4.5a), i.e., H ∗ = G−1
n , readily yields H = G (1 + Gn ∆○ ) using
∗
elementary operations. The second mode (4.5b) can be written as H = G−1 − G−1 .
∎

4.3.2

Determining the periodic inverse impulse response

The second step is to apply the IDFT to the FRF coefficients H ∗ (ωk ) to determine
an impulse response ĥp (t) that approximates the true inverse impulse response
as follows
−1
ĥp (t) ≜ FN
{H ∗ (ωk )} =

1 N −1 ∗
jω t
∑ H (ωk )e k .
N k=0

(4.8)
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Figure 4.2: (a) The true unknown inverse impulse response h(t) = F∞
). (b)
−1
∗
The periodic impulse response estimate ĥp (t) = FN {H (ωk )} (
). (c) The FIR ĥ(t) (
)
that is obtained by applying the Hann window w(t) to ĥp (t).

Note that ĥp (t) is N -periodic since ejωk t = ejωk (t+pN ) for all p ∈ Z. The fact that
only N samples are used in (4.8) results in aliasing of the impulse response, as is
shown in Figure 4.2(a) and 4.2(b), and as is presented by the following lemma
(Gu and Khargonekar, 1992).
Lemma 4.3 Let H(ejω ) be the FRF of some h(t) ∈ `1 . Then for t = −N +
−1
1, ..., N − 1, hp (t) = FN
{H(ejω )}, satisfies
−1

∞

p=−∞

p=1

hp (t) = h(t) + ∑ h(t + pN ) + ∑ h(t + pN ).

(4.9)

A proof of this lemma is provided in Section 4.8.1. If the impulse response decays,
then distortion introduced by the infinite sums in (4.9) vanishes as the number
of DFT frequencies N increases, as is made explicit in Section 4.4.

4.3.3

Truncating the impulse response estimate

In the third step, a window is applied to ĥp (t)
ĥ(t) ≜ w(t)ĥp (t),

(4.10)

where w(t) = 0 for −ν1 ≥ t ≥ ν2 . By taking ν1 +ν2 +1 ≤ N , no more than N samples
are included in this interval, such that the periodic repetitions are removed
from ĥp (t). The window function is a key design parameter that significantly
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impacts the inversion error, and enables a trade-off between the interpolation
accuracy and the leakage effect of uncertainties on neighboring frequencies (Gu
and Khargonekar, 1992). In Section 4.4, these effects are explicitly analyzed for
the uniform window wu (t) and the (skew) Bartlett window wb (t), where
1 for − ν1 ≤ t ≤ ν2
wu (t) = {
0 for t otherwise
∣t∣
⎧
⎪
⎪1 − ν1 for − ν1 ≤ t ≤ −1
wb (t) = ⎨
∣t∣
⎪
⎪
⎩1 − ν2 for 0 ≤ t ≤ ν2

4.3.4

(4.11)

(4.12)

FRF-based inverse FIR estimation

The aim of this chapter is to determine an FIR model (4.4) that approximately
inverts a system G, based on a nonparametric FRF model set G(∆, ωk ). In this
section, the following mapping ĥ(t) = φ(G(∆, ωk )) is proposed as a solution to
subproblem P1, where ĥ(t) are the coefficients of the FIR model.
Algorithm 3 Inverse FIR coefficient estimation: ĥ(t) = φ(G(∆, ωk ))
Given an nonparametric FRF model set G(∆, ωk ) defined on the frequency grid
ΩN , as given by (4.2), and the parameters ν1 , ν2 ∈ N and a window w(t).
1. Determine the optimal FRF inverse H ∗ (ωk ) using (4.5).
2. Compute the periodic impulse response ĥp (t) using (4.8).
3. Apply a window w(t) to hp (t) using (4.10).
Application of Algorithm 3 requires suitable choices for N , ν1 , ν2 , and w(t). In
the next section, design guidelines are developed for these parameters through a
detailed analysis of the inversion error. Note that the proposed FIR approach is
closely related to the IIC approach developed in Chapter 2, and a comparison of
both methods is presented in Section 4.9.

4.4 Inversion error analysis
In this section, subproblem P2 and P3 are accommodated by establishing a
detailed analysis of the inversion error, which constitutes contribution C2. Based
on the developed analysis, design guidelines are formulated to mitigate the various
inversion error sources.

4.4.1

The inversion error

The next theorem accommodates subproblem P2 by presenting an explicit expression of the inversion error.
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Theorem 4.1 Under Assumption 4.1 to 4.3, let the inverse impulse response
h(t) be given by (4.1). Let Ĥ(z) be given by (4.4), where ĥ(t) is given by (4.10),
ĥp (t) is given by (4.8), and H ∗ (ejω ) is given by (4.5). If ν1 , ν2 < N , then the
inversion error E(ejω ) ≜ 1 − G(ejω )Ĥ(ejω ) satisfies
E(ejω ) = Ewin (ejω ) + Eunc (ejω ) + Esam (ejω ),

(4.13)

where the three contributions satisfy
Ewin (ejω ) = 1 − G(ejω ) (W (ejω ) ∗ G−1 (ejω )) ,
N −1

Eunc (ejω ) = −G(ejω ) ∑

k=0

1 ˆ jωk
∆(e )W (ej(ω−ωk ) ),
N

ν2

Esam (ejω ) = −G(ejω ) ∑ w(τ )
τ =−ν1

(4.14)
(4.15)

∞
⎞ −jωτ
⎛ −1
, (4.16)
∑ h(τ + pN ) + ∑ h(τ + pN ) e
⎠
⎝p=−∞
p=1

ˆ jωk ) is given by (4.7), and W (ejω ) = F∞ {w(t)}.
and where ∆(e
A proof of Theorem 4.1 is provided in Appendix 4.8.2. This theorem enables
mitigation of the inversion error by considering the individual terms Ewin , Eunc
and Esam , as is presented next.

4.4.2

The windowing error

The windowing error Ewin (ejω ), as given by (4.14), constitutes the error that
is introduced by using a finite length window, since, conversely, for an infinite
window it holds that W (ejω ) = 2πδ(ω), such that Ewin (ejω ) = 0. For finite
window length, convolution W (ejω ) ∗ G−1 (ejω ) in (4.14) represents a smoothing
operation that can be quantified by various figures of merit (Harris, 1978). The
induced local bias is quantified by the coherent gain of the window, the leakage
of a local contribution to neighboring frequencies is quantified by the equivalent
noise bandwidth, and the effect on distant frequencies is quantified by the side
lobe decay rate and the highest side lobe level. Both effects are illustrated in
Figure 4.3 for a uniform window and a Bartlett window. The windows induce
a significant error by smoothing the resonance peak of G−1 (ejω ). At the peak,
the effect of the Bartlett window is more severe, which is reflected by its higher
coherent gain, (Harris, 1978). Similarly for frequencies around the peak, the effect
of the Bartlett window is more severe, which corresponds to a higher equivalent
noise bandwidth. However, the effect of the Bartlett window on frequencies far
from the peak is much smaller, due to its high side lobe decay rate. Furthermore,
note how for both windows Ewin (ejω ) decreases as the window length increases,
which analyzed in detail in Section 4.4.5.
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0

0

Figure 4.3: (Left column) Small window size. (Right column) Large window size. (Top row)
∣W (ejω )∣ for the uniform window (
) show a sharper main lobe, and higher side-lobes
compared to the Barlett window (
), whose side-lobes decay more rapidly. (Middle row)
∣W (ejω ) ∗ G−1 (ejωk )∣ shows that the effect of the uniform window on the resonance peak of
G−1 (ejω ) (
) is less pronounced compared to the Bartlett window. The leakage induced
by the uniform window is significant compared to the Bartlett window. (Bottom) For the
uniform window ∣Ewin (ejωk )∣ peaks at the anti-resonance of G−1 (ejωk ), whereas it peaks at
the resonance of G−1 (ejωk ) for the Bartlett window.

Figure 4.4: (Left column) Small window size. (Right column) Large window size. (Top row)
ˆ jωk )∣ with ∆(e
ˆ jωk ) = G−1 (ejωk ) (●) for a single DFT frequency ωk . This
∣W (ejω−ωk )∆(e
shows that leakage induced by the Bartlett window (
) is more localized than the uniform
window (
). (Bottom row) Consequently, Eunc (ejωk ) peaks at the resonance of G, which
occurs at a lower frequency. Note that increasing the window size only marginally affects the
peak error for the uniform window.
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The uncertainty error

Consider Eunc (ejω ), as given by (4.15), which can be interpreted as a sum of N
ˆ jωk ) ∗ W (ejω ), and as such, identical conclusions are
convolutions 2πδ(ωk )∆(e
ˆ jωk )
drawn as in the previous section. An example of a single contribution ∆(e
is shown in Figure 4.4 for both the uniform window and the Bartlett window.
Clearly, a local uncertainty can have a significant impact at other frequencies due
to the leakage. The effect is very pronounced for the uniform window, and less
so for Bartlett window. The illustrated uncertainty leakage effect is potentially
significant for systems whose FRF G(ejω ) covers a large dynamic range. In such
cases, it is advisable to use windows with localized leakage.

4.4.4

The sampling error

Consider Esam (ejω ), as given by (4.16). The infinite summations over p essentially
add up all the remaining contributions of the true inverse impulse response h(t)
outside the interval [−N + 1, N − 1] ⊂ Z. This cumulative residual response is
windowed and applied to the system G(z). Hence, Esam (ejω ) is readily mitigated
by increasing the number of FRF samples N , provided that the impulse response
h(t) decays over time. This effect is quantified in the next section.

4.4.5

Asymptotic analysis

In this section, explicit bounds on ∣E(ejω )∣ are formulated for both the uniform and Bartlett window. This provides a detailed answer to subproblem P2
and enables assessment of the asymptotic properties of the ∣E(ejω )∣ thereby
accommodating subproblem P3.
Theorem 4.2 Under Assumption 4.1 to 4.4, let E(ejω ) be given by (4.13), and
define Mg ≜ maxω ∣G(ejω )∣. If w(t) is the uniform window wu (t) as given by
(4.11) with ν1 , ν2 < N , then it holds that
ρν11 +1
ρν2 +1
+ Mg M2 2
,
1 − ρ1
1 − ρ2
−ν2
−ν1
− ρν11 +1 ) M2 Mg ρN
− ρν22 +1 )
M1 Mg ρN
1 (ρ1
2 (ρ2
∣Esam (ejω )∣ ≤
+
.
1 − ρ1
1 − ρ2
1 − ρN
1 − ρN
1
2
∣Ewin (ejω )∣ ≤ Mg M1

Alternatively, if w(t) is the Bartlett window wb (t) as given (4.11) with ν1 , ν2 < N ,
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then it holds that
∣Ewin (ejω )∣ ≤ Mg M1
∣Esam (ejω )∣ ≤
+

ρ1 − ρν11 +1
ρ2 − ρν22 +1
+ M g M2
,
2
ν1 (1 − ρ1 )
ν2 (1 − ρ2 )2

2 +1
(ρν11 +1 − ρ1 ) (ρ−ν
− ρ1 )
M1 Mg ρN
1
1
(
+
)
N
2
ν1 (ρ1 − 1)
ν2 (ρ1 − 1)2
1 − ρ1
1 +1
(ρ−ν
− ρ2 ) (ρν22 +1 − ρ2 )
M2 M g ρN
2
2
(
+
).
ν1 (ρ2 − 1)2
ν2 (ρ2 − 1)2
1 − ρN
2

Furthermore, for any window satisfying w(0) = 1, and w(pN ) = 0, p ∈ Z, it holds
that
ˆ jωk )∣.
∣Eunc (ejω )∣ ≤ Mg max ∣∆(e
ωk ∈ΩN

A proof of Theorem 4.2 is provided in Appendix 4.8.3. This theorem shows
that Ewin (ejω ) is significantly affected by the window type. For the uniform
window, ∣Ewin (ejω )∣ decays exponentially with the window length ν1 and ν2 ,
whereas it decays inversely proportional for the Bartlett window. It also shows
that ∣Esam (ejω )∣ decays exponentially with N , and increases as a function of
ν1 and ν2 . Minimizing the sum of the bounds on ∣Ewin (ejω )∣ and ∣Esam (ejω )∣
yields the optimal ν1 and ν2 , which depend on M1 , M2 , ρ1 and ρ2 . Monte-Carlo
simulations reveal that the optimum satisfies ν1 + ν2 + 1 ≤ N for the uniform
window, while this is not necessarily the case for the Bartlett window. Moreover,
∣Eunc (ejω )∣ ≤ max ∣G(ejω )∣ max ∣G−1 (ejωk )∣,
ω

ωk

ˆ jω )∣ ≤ maxω ∣G−1 (ejω )∣, as follows from Lemma 4.2. This affirms
since maxωk ∣∆(e
k
that the frequencies where ∣Eunc (ejω )∣ is large are typically located around the
(anti)resonances of G(z), and this observation holds similarly for ∣Ewin (ejω )∣ and
∣Esam (ejω )∣, since M1 and M2 are related to bounds on G−1 (ejω ), as discussed
in Remark 4.1. Given the results established by Theorem 4.2, a solution to
subproblem P3 is formulated as follows.
Theorem 4.3 Let Ĥ(z) be given by (4.4), where ĥ(t) is given by (4.10), ĥp (t)
is given by (4.8), and H ∗ (ejω ) is given by (4.5). Under Assumption 4.1 to 4.4,
if w(t) is the uniform window as given by (4.11), or the Bartlett window as given
by (4.12), with ν1 , ν2 < N , and if Gn (ωk ) ≠ 0, ∀ωk ∈ Ω, then it holds that
lim

sup ∥1 − Ĥ(z)G(z)∥∞ = 0.

N,ν1 ,ν2 →∞,γ̄→0 ∆∈∆

A proof of this theorem is provided in Section 4.8.4. This theorem extends the
worst-case H∞ identification results in Gu and Khargonekar, 1992; Gu et al.,
1992 by establishing robust convergence of Algorithm 3 of the inverse system
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G−1 (z) in a relative sense. The significance of this result is that, aside from
the relatively mild assumptions, Algorithm 3 asymptotically results in the true
inverse without explicitly using prior knowledge on M1 , M2 , ρ1 and ρ2 , which
classifies Algorithm 3 as an untuned method (Helmicki et al., 1991). Next, the
nonasymptotic case is explicitly considered.

4.4.6

Estimating the inversion error

The explicit expressions provided by Theorem 4.1 can practically not be determined since the true inverse impulse response h(t) is unknown. The following
lemma facilitates a finite-data design process, by presenting an upper bound on
E(ejωk ) on the DFT grid ΩN that can be determined using the known parameters
Gn (ωk ), γ(ωk ) and Ĥ(z).
Lemma 4.4 Let E(ejω ) be given by (4.13) under Assumption 4.1 to 4.4. On
the DFT grid ΩN , E(ejωk ) is bounded as
∣E(ejωk )∣ ≤ Ē(ejωk ),
Ē(e

jωk

) ≜ ∣1 − Ĥ(e

jωk

∀ωk ∈ ΩN ,

)Gn (ωk )∣ + γ(ωk )∣Ĥ(e

(4.17)
jωk

)∣.

A proof of this lemma is provided in Section 4.8.5. Since this bound is only
defined on the DFT grid, caution is advised when the FIR length equals the
number of FRF samples, i.e., ν1 + ν2 + 1 = N . In this case (4.17) can provide a
misleading impression of the error since the leakage effects are typically not very
pronounced on the DFT frequencies. Hence, it is advised to take ν1 + ν2 + 1 < N
if (4.17) is used for analysis. Given the results in this section. The following
design approach is formulated.
Design Guideline 3 For the suitable selection of N , ν1 , ν2 and w(t) in Algorithm 3.
1. Take N as high a possible.
2. Start with a symmetric window: ν1 = ⌈ N2 ⌉ − 1, ν2 = ⌊ N2 ⌋.
3. Select a suitable window (Harris, 1978) by assessing (4.17). Windows with
small side lobes and high side lobe decay rates are favored when ∣G(ejω )∣
spans a large dynamic range, and windows with small main lobe width are
favored when G(ejω ) displays rapid local variations.
4. Optimize ν1 and ν2 using (4.17). For a uniform or Bartlett window, the
results in Theorem 4.2 can be used if estimates of M1 , M2 , ρ1 and ρ2 are
available.
In this section, different sources are identified that constitute the inversion error,
and means are discussed to mitigate these sources. In the next section, the
inversion error is illustrated in simulation.
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4.5 Simulation example
In this section, a simulation study is presented aimed at illustrating Algorithm 3
and the resulting inversion error contributions.

4.5.1

The plant

A NMP cart system is considered, which appeared as a benchmark problem for
model-based inversion approaches (Verhoeven, 2010; Zundert and Oomen, 2018).
The cart as presented in (Zundert and Oomen, 2018) is controlled in feedback
by a PID controller with a sampling frequency of fs = 200 Hz. The following
transfer function represents the resulting complementary sensitivity dynamics
6

∑ bi z
G(z) =

i

i=0
6

∑ ai z
i=0

i

a0
a1
a2
a3
a4
a5
a6

= 0.9362
= −5.5937
= 14.0090
= −18.8263
= 14.3195
= −5.8447
=1

b0
b1
b2
b3
b4
b5
b6

= −3.0718 ⋅ 10−4
= 4.7716 ⋅ 10−5
= 2.8608 ⋅ 10−3
= −5.1481 ⋅ 10−3
= 2.7505 ⋅ 10−3
= 1.0241 ⋅ 10−4
= −3.0616 ⋅ 10−4

An N -sample nominal FRF model Gn (ωk ) and an additive uncertainty bound
γ(ωk ) are generated as Gn (ωk ) = G(ejωk ) + ∆(ωk ), ωk ∈ ΩN , N = 103 , where
for each frequency ωk , ∆(ωk ) is sampled from a uniform distribution satisfying
∣∆(ejωk )∣ ≤ γ(ωk ), with γ(ωk ) = 0.002. The result is shown in Figure 4.1(a).

4.5.2

Constructing the inverse FIR model

In step 1 of Algorithm 3, the robust optimal inverse FRF H ∗ (ωk ) is determined
using (4.5), as is visualized in Figure 4.1(b) and 4.1(c). The periodic impulse
response ĥp (t) is computed as is described in step 2. Based on ĥp (t), 8 different
FIR inverse filters are constructed by taking two different filter lengths, ν1 = M
−1
2
ν2 = M
,
M
∈
{100,
1000},
of
the
types:
uniform,
Bartlett,
Hann,
and
Chebychev
2
100, where the latter has side lobe attenuation of 100 dB. The spectra of these
windows are shown in the first row in Figure 4.5, which provides an indication of
their smoothing and leakage properties. Next, the inversion error is analyzed.

4.5.3

Analyzing the inversion error

Consider the inversion error E(ejω ) for the different FIR filters, as is shown in
the second row of Figure 4.5. In the same row, the worst-case inversion error
estimate Ē(ejωk ) is displayed, as given by (4.17). This shows that (4.17) is a
relatively accurate estimate, and thus provides a practical design tool. A clear
exception is the uniform window with M = N , since the worst-case estimate ends
up in the zero locations of the window, resulting in a misleading depiction.
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Figure 4.5: In descending order along the rows, the window FRF ∣W (ejω )∣, the inversion error ∣E(ejω )∣, and its constituents, ∣Ewin (ejω )∣,
∣Ewin (ejω )∣, and ∣Esam (ejω )∣, for M = 100 (
), and M = 103 (
). From left to right, the columns display the results for windows of the
type: uniform, Bartlett, Hann, and Chebychev-100. The second row shows that ∣E(ejω )∣ is accurately upper bounded by the worst-case error
Ē(ejωk ) (●,●), which provides a misleading impression for the uniform window for M = N = 1000 (first column). From the second and third
row it is evident that Ewin (ejω ) dominates and is comparable for the non-uniform windows, whereas Eunc (ejω ) is dominant for the uniform
window. For all windows, the contribution of Esam (ejω ) is negligible (last row).
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The total error consists of Ewin (ejω ), Eunc (ejω ) and Esam (ejω ), as is established in Theorem 4.1. For the uniform window, Eunc (ejω ) dominates the total
error, which is attributed to the relatively low side-lobe decay rate, as is discussed
in Section 4.4.3. In contrast, Eunc (ejω ) remains relatively well localized for the
Hann and Chebychev-100 window, and is not significantly affected by the window
size. For the non-uniform windows, Ewin (ejω ) is the dominant error source, and
its effect decreases as the window length increases. In contrast, Ewin (ejω ) is
significantly smaller for the uniform window. Finally, note that for the given
system, N = 103 results in an insignificant sampling error Esam (ejω ), as is shown
in the bottom most row of Figure 4.5.

4.6 Application to a wide-format printer
In this section, Algorithm 3 is applied to design learning filters for the application
of ILC to an industrial printer, which constitutes contribution C3.

4.6.1

The control system

The industrial wide-format printer, shown in Figure 4.6(a), consists of a carriage
that moves along a gantry by means of a belt that is driven by an electric motor.
The transfer from the motor voltage to the carriage position along the gantry is
denoted by P (z). The position is controlled in feedback using a controller K(z),
which consists of an integrator, cascaded by a lead-lag filter and a second order
low-pass filter. The resulting complementary sensitivity is the system under
control G(z), as is shown in Figure 4.6(b).
The objective is to iteratively reduce the tracking error, ei (t) ≜ r(t) − y(t),
for a given reference r(t), by using ILC, i.e., by updating the input u(t) as
ui+1 (t) = Q(z) (ui (t) + L(z)ei (t)) ,

(4.18)

where Q(z) is a robustness filter and L(z) is a learning filter. By taking L(z) =
Ĥ(z), where Ĥ(z) is designed using Algorithm 3, then limi→∞ ei (t) = 0, if
∣E(ejω )∣ < 1, ∀ω ∈ [0, 2π), and if ν1 samples pre-actuation are incorporated, as is
elaborated in Section 4.10.
The FIR design process is facilitated by estimating an FRF model with
N = 4000 as follows. Multiple input-output sequences are generated by exciting
the system with periodic multisines. The identification data is processed using
the robust local polynomial method to suppresses transient effects (Pintelon and
Schoukens, 2012, Chap. 7). This results in a nominal FRF model Gn (ejωk ),
and an uncertainty bound γ(ωk ) that is taken as twice the estimated standard
deviation of Gn (ejωk ), as is shown in Figure 4.7(a). Note the relatively large
number of resonant and anti-resonant peaks, which can make accurate parametric
model identification challenging (Voorhoeve et al., 2015), and may subsequently
hamper the application of model-based inversion techniques.
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Figure 4.6: (a) The Canon Arizona 550 GT flatbed printer. The position of the carriage along
the beam is the control output y(t). (b) A low-bandwidth controller K is connected in feedback
to create a closed-loop stable system G.
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Figure 4.7: (a) The identified nominal discrete FRF model Gn (ejωk ) (●), and the uncertainty
bound γ(ωk ) (
). (b) The worst-case inversion error ∣G−1 (ejωk )γ(ωk )∣ (●) exceeds 1 for a
number of frequencies beyond 240 Hz. (c) The robustly optimal inverse FRF H ∗ (ωk ) equals
jωk ) for those frequencies at which the worst-case inversion error is smaller than 1.
G−1
n (e

4.6.2

FIR inverse filter design

An inverse FIR model of the complementary sensitivity is designed by applying
Algorithm 3. The optimal robust FRF inverse H ∗ (ωk ) is determined using (4.5),
jωk
where the relative uncertainty ∣G−1
)γ(ωk )∣, is shown in Figure 4.7(b). This
n (e
plot indicates that the FRF model is accurate up to 240 Hz, and consequently
H ∗ (ωk ) is set to zero beyond 240 Hz, even though there are some frequencies for
jωk
which ∣G−1
)γ(ωk )∣ < 1. The result is shown in Figure 4.7(c). The periodic
n (e
impulse response ĥp (t) results by applying the IDFT to H ∗ (ωk ), and the result
is shown in Figure 4.8. This plot displays rapid decay in the interval [−0.1, 0.1],
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Figure 4.8: The periodic impulse response estimate ĥp (t) = FN
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Figure 4.9: The worst-case error Ē(ejω ) for M = 500 (●) and M = 2000 (●) for windows of the
type: uniform, Hann, Bartlett and Chebychev-100. At frequencies up to 10 Hz, the uniform
window seems improve significant by increasing M , whereas the non-uniform windows are less
affected by M . For all windows, Ē(ejωk ) displays peaks at frequencies where H ∗ (ωk ) displays
sharp features, indicating that the window error dominates the inversion error.

which indicates that the sampling error is likely to be small compared to the
other error sources, although a thorough investigation would require estimation
of the decay rates ρ1 and ρ2 , which is not pursued.
Similar to the simulation example, 8 different FIR inverse filters are constructed based on ĥp (t) by taking two different filter lengths, ν1 = M
− 1 ν2 = M
,
2
2
M ∈ {500, 2000}, of the types: uniform, Bartlett, Hann, and Chebychev-100. The
spectra of these windows are shown in Figure 4.5.
The worst-case inversion error Ē(ejωk ), as given by (4.17), is used to provide
an indication of ∣E(ejω )∣, and should provide a reasonable depiction including
the leakage effects since M < N . The result is shown in Figure 4.9. The uniform
window yields a relatively high inversion error at various frequencies for M = 500,
yet the error improves significantly for M = 2000. The Bartlett, Hann, and
Chebychev-100 windows reveal a comparable ∣E(ejω )∣, which is less affected by
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Figure 4.10: (a) The reference trajectory (
). (b) The initial tracking error e0 (t) (
), and
the tracking error obtained during 6th ILC iteration, e6 (t), where the learning filter is used
that corresponds to the Bartlett window with M = 2000. Compared to the initial error, the
tracking is improved by a factor 100 and approaches the encoder resolution of 10−6 m.

the window length M . For all windows, ∣E(ejω )∣ peaks at frequencies around the
sharp features of ∣H ∗ (ωk )∣, indicating that the windowing error is the dominant
error source. Next, these observations are experimentally tested.

4.6.3

ILC results

The efficacy of the FIR inverse filters is demonstrated by employing them as
learning filters in ILC. More specifically, (4.18) is applied with L(z) = Ĥ(z)
to iteratively reduce the tracking error ei (t) = r(t) − yi (t), where the reference
is shown in Figure 4.10(a). The estimate provided by Ē(ejωk ) indicates that
the ILC convergence condition, ∣E(ejω )∣ < 1, is violated for all FIR inverses
for frequencies > 230 Hz. Hence, the robustness filter Q(q) is taken as a zerophase fourth order Butterwurth filter with a cut-off at 100 Hz to eliminate the
contributions at higher frequencies. The potential convergence or divergence of
ILC provides a practical tool to validate the prediction accuracy of Ē(ejωk ).
The ILC convergence results are shown in Figure (4.11). For M = 500, the
ILC diverges for the uniform window. This observation matches the prediction
provided by Ē(ejωk ). For the Bartlett and Hann window, the ILC converges
and divergence is obtained for the Chebychev-100 window. This observation
is inconsistent with the observation that various peaks in Ē(ejωk ) violate the
condition Ē(ejωk ) < 1. This mismatch is attributed to the worst-case nature
of Ē(ejωk ), since it assumes a maximum model error. Increasing the FIR to
M = 2000 improves the performance for the uniform and Chebychev-100 window,
and the learning speed increases significantly for the Bartlett and Hann window.
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Figure 4.11: The root-mean-square (rms) tracking error N
∥ei (t)∥2 as a function of the iterations
for M = 500 (●) and M = 2000 (●) for windows of the type: uniform, Bartlett, Hann, and
Chebychev-100. For the uniform and Chebychev-100 windows, the tracking error diverges,
which corresponds to the observation in Figure 4.9 that the worst-case tracking error violates
the convergence condition, i.e., Ē(ejω ) > 1. For the Bartlett and Hann windows, convergence
is achieved, and the convergence speed increases for M = 2000.

The time domain tracking performance is shown in Figure 4.10(b). The initial
tracking error is compared to the result for the learning filter based on the Bartlett
window with M = 2000 during iteration i = 6. This reveals that a significant
performance increase is achieved, where the converged error approaches the
encoder resolution of 10−6 m.

4.7 Conclusion
A framework is developed to approximate the inverse dynamics of LTI systems
using FIR filters that are based on uncertain FRF-data. This framework is
facilitated by a detailed analysis of the inversion error, which provides a practical
tool for the design of feedforward and learning filters. The efficacy of the
framework is demonstrated by applying ILC to an industrial printer, where the
learning filters are designed using the developed approach. The experimental
results reveal that exceptional control performance can be achieved through ILC
by using the developed inverse filters.
The methods developed in this part reduce the modeling requirements in
learning control by enabling learning based on nonparametric FRF models. In
the next part, the modeling requirements are further reduced by developing
methods that estimate the FRF models during the learning procedure.
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4.8 Proofs
4.8.1

Proof of Lemma 4.3
∞

Proof : By definition H(ejωk ) = ∑ h(n)e−jωk n . Substitution into (4.8) yields
n=−∞

hp (t) =

N −1

∞

1
−jω n
jω t
∑ ( ∑ h(n)e k ) e k
N k=0 n=−∞

=

N −1
1 ∞
jω (t−n)
∑ h(n) ∑ e k
N n=−∞
k=0

=

1 ∞
∑ h(n)N δ(⟨t − n⟩N )
N n=−∞
−1

∞

p=−∞

p=1

= h(⟨t⟩N ) + ∑ h(⟨t⟩N + pN ) + ∑ h(⟨t⟩N + pN ),

(4.19)

2π

−1 jτ N k
where it is used that ∑N
= N for τ a multiple of N , and 0 otherwise, and
k=0 e
⟨k⟩N denotes k modulo N . Evaluating (4.19) on the interval t = −N + 1, ..., N − 1
is independent of ⟨k⟩N , which can thus be removed, resulting in (4.9).
∎

4.8.2

Proof of Theorem 4.1

Proof : Consider (4.8) with H ∗ (ωk ), given by (4.6), such that
ĥp (t) =

1 N −1 −1 jωk
ˆ jωk ))ejωk t = hp (t) + ∆(t),
ˆ
∑ (G (e ) + ∆(e
N k=0

(4.20)

where, if ν1 , ν2 < N , hp (t) is given by (4.9), and h(t) is given by (4.1). Consider
Ĥ(z) as given by (4.4), with ĥ = w(t)ĥp (t). Substituting (4.20) gives
ν2
∞
−1
⎛
ˆ ) + ∑ h(t + pN ) + ∑ h(τ + pN )⎞ z −τ ,
Ĥ(z) = ∑ w(τ ) h(τ ) + ∆(τ
⎝
⎠
τ =−ν1
p=−∞
p=1

Substituting Ĥ(ejω ) in E(ejω ) = 1 − G(ejω )Ĥ(ejω ) yields
ν2

E(ejω ) = 1 − G(ejω ) ∑ w(τ )h(τ )e−jωτ

(4.21)

τ =−ν1

ν2

ˆ )e−jωτ
− G(ejω ) ∑ w(τ )∆(τ
τ =−ν1

+ Esam (ejω ),

(4.22)
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where Esam (ejω ) is given by (4.16). To show that (4.21) equals Ewin (ejω ), note
that
ν2

∞

τ =−ν1

τ =−∞

−jωτ
= ∑ w(τ )h(τ )e−jωτ ,
∑ w(τ )h(τ )e

(4.23)

since w(t) = 0 for −ν1 ≥ t ≥ ν2 . Furthermore, note that (4.23) is identical to
F∞ {w(t)h(t)} = W (ejω ) ∗ G−1 (ejω ). To show that (4.22) equals (4.15), similarly
note that
ν2
∞
N −1
ˆ )e−jωτ = ∑ w(τ ) 1 ∑ ∆(e
ˆ jωk )ejωk τ e−jωτ
∑ w(τ )∆(τ
N k=0
τ =−ν1
τ =−∞

=

1 N −1 ˆ jωk ∞
jτ (ω−ωk )
∑ ∆(e ) ∑ w(τ )e
N k=0
τ =−∞

=

1 N −1 ˆ jωk
j(ω−ωk )
).
∑ ∆(e )W (e
N k=0
∎

4.8.3

Proof of Theorem 4.2

Proof : Recall that Ewin is given by (4.21). Per Lemma 4.1, it holds that
∞

G(ejω ) ∑ h(τ )e−jωτ = 1.
τ =−∞

Splitting up the infinite sums at −ν1 and ν2 , and rearranging yields
ν2

−ν1 −1

∞

τ =−ν1

τ =−∞

τ =ν2 +1

1 − G(ejω ) ∑ h(τ )e−jωτ = G(ejω ) ( ∑ h(τ )e−jωτ + ∑ h(τ )e−jωτ ) ,
Hence, for the Bartlett window w(t) as given by (4.12) is Ewin identical to
−ν1 −1

∞

τ =−∞

τ =ν2 +1

Ewin (ejω ) = G(ejω ) ( ∑ h(τ )e−jωτ + ∑ h(τ )e−jωτ )
−1

ν2
τ
τ
−G(ejω ) ∑
h(τ )e−jωτ + G(ejω ) ∑ h(τ )e−jωτ ,
τ =−ν1 ν1
τ =0 ν2

where the third and fourth sums are absent for the uniform window, i.e., for
wt = 1. Ewin is readily bounded as
−ν1 −1

∞

τ =−∞

τ =ν2 +1

∣Ewin (ejω )∣ ≤Mg ∑ ∣h(τ )∣ + Mg ∑ ∣h(τ )∣
−1

ν2
τ
τ
+Mg ∑ ∣ h(τ )∣ + Mg ∑ ∣ h(τ )∣ ,
τ =−ν1 ν1
τ =0 ν2
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Using that h(t) is exponentially bounded, as given by (4.3) in Assumption 4.4,
yields
−ν1 −1

∞

τ =−∞

τ =ν2 +1

τ
∣Ewin (ejω )∣ ≤Mg M1 ∑ ρ−τ
1 + M g M2 ∑ ρ2

+

−1

Mg M1
Mg M2 ν2
τ
−τ
∑ ∣τ ρ ∣
∑ ∣τ ρ1 ∣ +
ν1 τ =−ν1
ν2 τ =0 2
2

=Mg ∑ Mn
n=1

2
ρνnn +1
νn ρνnn +2 − (νn + 1)ρνnn +1 + ρn
+ Mg ∑ Mn
.
1 − ρn
νn (1 − ρn )2
n=1

For the uniform window, only the first sum remains, whereas for the Bartlett
window, both sums remain and can be combined resulting in
2

∣Ewin (ejω )∣ ≤Mg ∑ Mn
n=1

ρn − ρνnn +1
.
νn (1 − ρn )2

The approach is applied to bound Esam as follows
ν2

−1

ν2

∞

τ =−ν1

p=−∞

τ =−ν1

p=1

ν2

−1

∣Esam (ejω )∣ ≤ Mg ∑ ∣w(τ )∣ ∑ ∣h(τ + pN )∣ + Mg ∑ ∣w(τ )∣ ∑ ∣h(τ + pN )∣
−(τ +pN )

≤ Mg ∑ ∣w(τ )∣ ∑ M1 ρ1
τ =−ν1

=
=
+

p=−∞

ν2

∞

τ =−ν1

p=1

(τ +pN )

+ Mg ∑ ∣w(τ )∣ ∑ M2 ρ2

ν2
ρ−τ +N
ρτ +N
Mg M1 ∑ ∣w(τ )∣ 1 N + Mg M2 ∑ ∣w(τ )∣ 2 N
1 − ρ1
1 − ρ2
τ =−ν1
τ =−ν1
ν2
−1
M 1 Mg ρN
∣
∣τ ∣
1
−τ
( ∑ (1 − ∣τ
)ρ−τ
1 + ∑ (1 − ν2 )ρ1 ))
ν1
N
1 − ρ1
τ =−ν1
τ =0
ν2

−1
M2 M g ρN
2
( ∑ (1 −
N
1 − ρ2
τ =−ν1

∣τ ∣
)ρ−τ
2
ν1

ν2

+ ∑ (1 −
τ =0

∣τ ∣
)ρ−τ
2 )) ,
ν2

where in the last step the Bartlett window is substituted for w(t). Rewriting the
summations yields the presented bounds, where for the uniform window the terms
∣τ ∣
∣
and ∣τ
are absent. A bound on ∣Eunc ∣ is established by noting that
ν1
ν2
∣Eunc (ejω )∣ = ∣G(ejω )∣ ∣

1 N −1 ˆ jωk
j(ω−ωk )
)∣
∑ ∆(e )W (e
N k=0

N −1
ˆ jωk )∣ ∣ 1 ∑ W (ej(ω−ωk ) )∣
≤ Mg max ∣∆(e
ωk ∈ΩN
N k=0
jωk
ˆ
≤ Mg max ∣∆(e )∣,
ωk ∈ΩN
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N −1
∑k=0 W (ej(ω−ωk ) ) = 1. To see when this holds, consider

1 N −1 ∞
1 N −1
j(ω−ωk )
jτ (ω−ωk )
)=
∑ W (e
∑ ∑ w(τ )e
N k=0
N k=0 τ =−∞
=

∞
N −1
2π
1 ∞
k
−jτ
jτ ω
jτ ω
∑ w(τ )e
∑ e N = ∑ w(pN )e ,
N τ =−∞
p=−∞
k=0
2π

−1 −jτ N k
where it is used that ∑N
= N for τ a multiple of N , and 0 othk=0 e
erwise. Clearly, if w(0) = 1, and w(pN ) = 0, p ∈ Z, then ∣Eunc (ejω )∣ ≤
ˆ jωk )∣.
Mg maxωk ∈ΩN ∣∆(e
∎

4.8.4

Proof of Theorem 4.3

Proof : By definition ∥P (z)∥∞ ≜ supω∈[0,2π) ∣P (ejω )∣ for P (ejω ) bounded on
[0, 2π) (Zhou et al., 1996, §4.3). Theorem (4.2) provides explicit bounds on
E(ejω ) for the uniform and the Bartlett window, such that the latter identity can
be applies and yields
sup ∥1 − Ĥ(z)G(z)∥∞ = sup

∆∈∆

sup ∣1 − Ĥ(ejω )G(ejω )∣

∆∈∆ ω∈[0,2π)

= sup

sup ∣E(ejω )∣ ≤

∆∈∆ ω∈[0,2π)

sup ∣Ewin (ejω )∣
ω∈[0,2π)

+ sup ∣Esam (ejω )∣ + sup
ω∈[0,2π)

sup ∣Eunc (ejω )∣.

∆∈∆ ω∈[0,2π)

By Theorem 4.2, right-hand side converges to 0 as N, ν1 , ν2 → ∞. Furthermore, if γ̄ is sufficiently small and if Gn (ωk ) ≠ 0, ∀ωk ∈ ΩN , it holds that
sup∆∈∆ ∣Eunc (ejω )∣ ≤ maxω ∣G(ejω )∣ maxωk ∣G−1 (ejωk )G−1
n (ωk )γ̄∣, ∀ω ∈ [0, 2π),
which converges to 0 as γ̄ → 0.
∎

4.8.5

Proof of Lemma 4.4

Proof : Define the inversion error for the FRF model set G(∆, ωk ) as E(∆, ejωk ) ≜
1 − Ĥ(ejωk )G(∆, ωk ), ∆ ∈ ∆, ωk ∈ ΩN . By Assumption 4.3, ∃∆○ ∈ ∆ such that
E(∆○ , ωk ) = E(ejωk ), consequently
∣E(ejωk )∣ ≤ sup ∣E(∆, ejωk )∣
∆∈∆

= sup ∣1 − Ĥ(ejωk )Gn (ωk ) + Ĥ(ejωk )∆(ωk )∣
∆∈∆

= ∣1 − Ĥ(ejωk )Gn (ejωk )∣ + γ(ωk )∣Ĥ(ejωk )∣ = Ē(ejωk ),
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where the maximum is obtained by taking ∆(ωk ) = γ(ωk )e−jϕ(ωk ) , with ϕ(ωk )
the phase of (1 − Ĥ(ejωk )Gn (ejωk ))(γ(ωk )Ĥ(ejωk ))−1 .
∎

4.9 FIR versus DFT-based implementation
The developed FIR method bears close resemblance to the DFT-based IIC method
developed in Chapter 2, yet there is a key difference between both that becomes
apparent by comparing the feedforward input u(t) generated by the FIR Ĥ(z −1 ),
and the one generated by the DFT-based implemented, where both are based on
the (inverse) FRF model H ∗ (ωk ). Recall that the FIR input is given by
ν2

u(t) = Ĥ(z −1 )r(t) = ∑ w(τ )ĥp (τ )r(t − τ ),

(4.24)

τ =−ν1

where Ĥ(z) is as given by (4.4), w(t) is a user-defined window, and ĥp (t) is the
periodic impulse response as given by (4.8), based on H ∗ (ωk ). Compare this
operation to the DFT-based approach presented in Chapter 2, as given by (2.4)
−1
u(t) = FN
{H ∗ (ωk )FN {r(t)}}
−1
= FN
{FN {ĥp (t)}FN {r(t)}}
N −1

= ∑ ĥp (τ )r(⟨t − τ ⟩N ),

(4.25)

τ =0

where ⟨k⟩N is k modulo N , and where it is used that the IDFT of two DFT
sequences is the circular convolution of those sequences (Rabiner and Gold,
1975, §2.23). Comparing (4.24) and (4.25) for ν1 = 0, ν2 = N − 1 and w(t) = 1
reveals that the difference between the FIR and DFT-based implementation is
the linear convolution in (4.24) versus the circular convolution in (4.25). This
makes the DFT-based implementation ideal for periodic processes, whereas the
FIR implementation is ideal for finite-time tasks.

4.10 Finite-time noncausal ILC
In this section, it is shown that ∣E(ejω )∣ < 1, ∀ω ∈ [0, 2π) is sufficient to guarantee
monotonic convergence of finite-time tasks of any length Nr ∈ Z ∪ {∞}. The
starting point is the convergence result represented by Theorem 8 in Norrlöf and
Gunnarsson, 2002.
Lemma 4.5 If L(z) and G(z) are both stable and causal, then the error ei (t),
resulting by applying ILC (4.18) with Q(z) = 1, converges monotonically to 0 in
∥.∥2 on the interval [0, Nr − 1], for any task length Nr ∈ N ∪ {∞}, if ∣E(ejω )∣ < 1,
∀ω ∈ [0, 2π).
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This result is generalized to include that case where L(z) = Ĥ(z) is noncausal,
where Ĥ(z) is given by (4.4) with ν1 > 1. This requires implementing ILC with
pre-actuation, as is presented by the following procedure.
Algorithm 4 Finite-time ILC with pre-actuation
Given r(t) defined on the interval [0, Nr −1]. Given an initial input u0 (t), defined
on the interval [−ν1 , Nr − 1], i.e., the input starts ν1 samples before the reference.
(i) Apply ui (t) to G(q) and determine ei (t) = r(t) − yi (t) on the interval
[0, Nr − 1].
(ii) Determine ui+1 (t − ν1 ) = ui (t − ν1 ) + q −ν1 L(q)ei (t), for t ∈ [0, Nr − 1 + ν1 ]
where ei (t) = 0 for t ∈ [Nr − 1, Nr − 1 + ν1 ].
(iii) Repeat from (i) until the error is sufficiently small.
This algorithm can be efficiently implemented using causal filtering since
q −ν1 L(q) in step (ii) is causal. The following theorem generalizes Lemma 4.5.
Theorem 4.4 Lemma 4.5 holds identically for L(z) = Ĥ(z), with Ĥ(z) given
by (4.4), if ILC is applied with pre-actuation as described in Algorithm 4.
A proof of this theorem is as follows.
Proof : Consider the error during trial i + 1
ei+1 (t) = r(t) − yi+1 (t) = r(t) − G(q)ui+1 (t).
Substituting the update law (4.18) and rewriting yields
ei+1 (t) = E(q)ei (t),

E(q) = 1 − G(q)L(q).

(4.26)

Stacking (4.26) for t ∈ [0, Nr − 1] yields the matrix vector relation
ēi+1 (0 ∶Nr −1) = Ēēi (0 ∶Nr −1) ,
where Ē ∈ RNr ×Nr , and a stacked signal is defined as
s̄i (0 ∶Nr −1) ≜ [si (0)

...

⊺

si (Nr − 1)] .

Monotonic convergence of ēi (0 ∶Nr ) to 0 in ∥.∥2 is obtained if σ̄(Ē) < 1 (Norrlöf
and Gunnarsson, 2002, Thm. 2). Relating the latter to ∣E(ejω )∣ < 1, ∀ω, results
by delaying (4.4) by ν1 samples as
ei+1 (t − ν1 ) = Ec (q)ei (t),

Ec (q) = q −ν1 Enc (q),

(4.27)
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where Ec (q) = q −ν1 −G(q)Lc (q), and Lc (q) = q −ν1 L(q) are causal filters. Stacking
(4.27) for t ∈ [0, N − 1 + ν1 ] yields
ēi+1 (−ν1 ,N −1) = Ēc ēi (−ν1 ,N −1) ,
where Ēc = Iν1 − ḠL̄c ∈ RN ×N , with Ḡ and L̄c lower diagonal Toeplitz matrices,
and with Iν1 a zero matrix whose ν1 th diagonal equals 1. It follows readily that
Ē is a sub-matrix of Ēc satisfying
Ē = [0

I
I]Ēc [ ],
0

I ∈ RN ×N ,

such that σ̄(Ē) ≤ σ̄(Ēc ) due to the submultiplicativity of σ̄(.). Since Ēc is causal
and stable, it holds that σ̄(Ēc ) ≤ supω∈[0,2π) ∣Ec (ejω )∣, (Grenander and Szegö,
1984, §9.6), consequently
σ̄(Ē) ≤ σ̄(Ēc ) ≤

sup ∣Ec (ejω )∣ =
ω∈[0,2π)

sup ∣e−jων1 E(ejω )∣ =
ω∈[0,2π)

sup ∣E(ejω )∣,
ω∈[0,2π)

such that convergence is achieved for any Nr if ∣E(ejω )∣ < 1, ∀ω. The delay
introduced in (4.27) results in an input update represented by
ūi+1 (−ν1 ,Nr −1) = ūi (−ν1 ,Nr −1) + L̄ēi (0,Nr −1) ,

I
L̄ = L̄c [ ] ∈ R(Nr +ν1 )×Nr ,
0

which is identical to step (ii) in Algorithm 4. Similarly, the stacked error is
given by ēi (0,Nr −1) = [0 I] Ḡūi (−ν1 ,Nr −1) , which is identical to step (i), which
concludes the proof.
∎

4.11 Related FRF-based control methods
In this part, FRF-based methods are developed to overcome the limitations
imposed by parametric models in learning control. These limitations have
similarly motivated the development of feedback controller design methods based
on FRF-data. Classical results aim to shape the closed-loop transfers by means of
manual tuning based on Nyquist and Bode diagrams (Franklin et al., 1994b, Chap.
6). The loop-shaping approach has since been used to develop formal approaches
that enable optimization of parametrized feedback controllers based on uncertain
FRF plant models, such as G(∆, ωk ), as given by (4.2). For example, see Karimi
and Galdos, 2010 for a mixed-sensitivity approach using linearly parametrized
controllers, see Den Hamer et al., 2008 for a related approach using Youla
parametrizations, see Hoogendijk et al., 2010 for rational parameterizations using
a data-based root-locus approach, and Tempo et al., 2012 for a probabilistic
robust control framework.
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Learning Using Data-Driven FRF
Models

III

5

Data-Driven Nonlinear Learning
Control

Learning from past data enables substantial performance improvement for systems
that perform repeating tasks. Achieving high accuracy and fast convergence in
the presence of unknown disturbances typically imposes requirements on the
available system knowledge. The aim of this chapter is to develop a data-driven
approach that achieves high tracking performance through learning for Linear
Time-Invariant (LTI) systems whose dynamics are unknown and that are subject
to unknown disturbances. This is achieved by developing an Iterative Inversionbased Control (IIC) framework that employs a nonlinear input updating strategy
to ensure fast and robust convergence. The developed method is applied to an
experimental desktop printer and is compared to a pre-existing approach, which
shows that the performance is significantly improved by imposing smoothness
properties on the iteration dynamics. The results in this chapter constitute
contribution C4 of this thesis.

The contents of this chapter are published in:
R. de Rozario and T. Oomen. Data-driven iterative inversion-based control: Achieving
robustness through nonlinear learning. Automatica, 107:342-352, 2019.
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5.1 Introduction
High tracking performance can be achieved for systems that perform repeating
tasks by learning from past data. For instance, Iterative Learning Control (ILC)
(Arimoto et al., 1984; Bristow et al., 2006) and Repetitive Control (RC) (Hara
et al., 1988) exploit the identical nature of the tasks to anticipate disturbances,
resulting in superior performance compared to traditional feedback control. Many
successful applications have been reported including robotics (Barton and Alleyne,
2011; Chien and Tayebi, 2008; Ratcliffe et al., 2006), additive manufacturing
(Hoelzle et al., 2011a) and printing systems (Bolder et al., 2018).
Achieving convergence is essential in learning and is typically aided by incorporating system knowledge in the form of a model (Lee et al., 2000). By
designing learning filters that are based on an inverse dynamics model of the
system (Owens, 2015, Chap. 6), fast convergence can be achieved if the model is
sufficiently accurate. In contrast, when the model is of poor quality, the learning
process may not converge or converges with poor transient learning behavior
(Bristow et al., 2006). This behavior spurred the development of robust learning
approaches (Wijdeven et al., 2009b; Xu and Tan, 2002) that aim to ensure certain
convergence properties. Ensuring these properties generally involves a trade-off
between performance and robustness, and leads to nonzero asymptotic errors
(Moore, 2012). Furthermore, these approaches typically require approximate
system models and a detailed model of the uncertainties over a large frequency
range (Blanken et al., 2017b).
The effort associated with developing approximate models and robustness
filters has led to the development of data-driven learning approaches (Hou and
Wang, 2013). A data-driven ILC method is presented in (Chi et al., 2016; Chi et
al., 2012), where an estimate of the system dynamics is updated based on previous
trial data. This approach is specifically developed to achieve a desired terminal
output using constant inputs, making it less suitable for tracking applications.
In (Bolder et al., 2018), a data-driven steepest-descent ILC method is developed
and applied to a printing system. In this approach, dedicated experiments are
required and many iterations are needed before convergence is achieved. Similarly,
in (Janssens et al., 2013), the impulse response of a Linear Time-Invariant (LTI)
system is estimated from a weighted combination of previous trials. In these
approaches, the modeling effort is replaced by system identification techniques
that are integrated into the iterative process. Averaging techniques are used to
reduce the effect of unmeasured disturbances, although the effect of disturbances
on the convergence behavior of the iterative process has not yet been fully
investigated.
Beyond typical ILC and RC approaches, Iterative Inversion-based Control
(IIC) is a related class of iterative algorithms that aims to improve the performance
of LTI systems through learning without using a parametric model. In (Tien
et al., 2005), a nonparametric Frequency Response Function (FRF) model of
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the inverse system dynamics is used to achieve convergence. Such models are
typically accurate, inexpensive and fast to obtain (Pintelon and Schoukens, 2012).
Since the FRF model is commonly estimated on a finite frequency grid, severe
requirements are imposed on the compatibility of the grid and the task length.
Moreover, similar to model-based ILC, suitably designed frequency-dependent
learning coefficients are still required in IIC to ensure convergence in the presence
of modeling errors (Rozario et al., 2016; Yan et al., 2012).
In Model-Free IIC (MF-IIC) (Kim and Zou, 2013), the modeling requirement
is further reduced by removing the need for a predetermined FRF model. In
particular, the inverse FRF model is estimated from the data that results from the
previous trial. This results in increased tracking performance and fast convergence
if the reference is large compared to the output disturbances. However, if the
reference and output disturbance are of comparable magnitude, the performance
can deteriorate significantly, as is shown in (Rozario and Oomen, 2018). The loss
of performance is caused by substantial amplification of the input signal from
one trial to the next, which is caused by the inverse model error that is induced
by the corrupted output signal. Ad hoc attempts to avoid excessive amplification
of the input signal by using a threshold learning function are presented in (Ito
et al., 2017; Li and Bechhoefer, 2009), although a formal convergence analysis is
not provided.
Although the estimation of the inverse plant dynamics during control iterations
reduces the prior modeling requirement in learning control, presently, unmeasured
disturbances can negatively affect the convergence behavior when the estimation
is based on data from previous trials. The aim of this chapter is to develop a
data-driven learning approach that ensures high performance and bounded input
amplification in the presence of disturbances. This is achieved by developing a
Nonlinear IIC (NL-IIC) approach through the following contributions.
(C1) A general NL-IIC approach is developed that is shown to achieve robust
learning by employing learning-gain functions.
(C2) The limitation and advantage of traditional MF-IIC, which is recovered
as a special case of NL-IIC, are revealed through analysis of the nonlinear
iteration dynamics.
(C3) The obtained insights are applied in the development of a specific learninggain function that ensures bounded input amplification in the presence of
disturbances.
(C4) The developed method is successfully applied experimentally and is compared to pre-existing MF-IIC, revealing superior performance.
A commercial desktop printer is used to demonstrate the developed method
since it is a typical example of a system that performs a repetitive positioning
task. The developed data-driven method is specifically suitable for such systems
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since the available prior knowledge is typically limited. It is shown that due
to unmeasured disturbances, traditional MF-IIC results in erratic convergence
behavior, whereas NL-IIC convergences smoothly.
This chapter is structured as follows. The iterative tracking problem is
formalized in Section 5.2. In Section 5.3, the NL-IIC framework is developed
as a solution to this problem. In Section 5.4, the limitations and advantages of
traditional MF-IIC are identified. In Section 5.5.1, the developed insights are
utilized by formulating a specific NL-IIC update-law, and implementation and
design aspects are addressed. In Section 5.6, the developed approach is applied
to a commercial printer.

5.1.1

Preliminaries

The sets of real numbers, nonnegative real numbers, and complex numbers are
denoted by R, R≥0 ≜ [0, ∞), and C respectively. A closed ball with radius
r ∈ R≥0 around a point z ∈ C is denoted by Br (z) ≜ {x ∈ C ∣ ∣x − z∣ ≤ r}. A
sequence {xi } is said to converge to an r̄ neighborhood of z, if ∣xi − z∣ ≤ ri ∀i,
limi→∞ ri = r̄, which by slight abuse of notation is denoted by limi→∞ xi ∈ Br̄ (z).
A real function f (x), x ∈ X ⊆ R is bounded if ∃c ∈ R≥0 , such that ∣f (x)∣ ≤ c
∀x ∈ X. The transfer function of a Discrete Time (DT) LTI system G is denoted
by G(z), z ∈ C. The Discrete Fourier Transform (DFT) and its inverse are
−1
−1
−jωk t
jωk t
defined as S(ωk ) ≜ √1N ∑N
, s(t) ≜ √1N ∑N
, ωk ∈ ΩN ,
t=0 s(t)e
k=0 S(ωk )e
ΩN ≜ {ωk ∈ R ∣ ωk =

2πk
,
N

k = 0, ..., N − 1} (Rabiner and Gold, 1975, §2.21).

5.2 The iterative tracking control problem
In this section, three key requirements for iterative tracking control methods are
formulated and motivated, and the iterative tracking problem is formulated.

5.2.1

Requirements in iterative tracking control

Consider the output of an open loop system yi = Gui + di , where di is a trialvarying output disturbance, and define the tracking error as ei ≜ r − yi , where r
is a trial-independent reference signal. The iterative tracking control problem is
to iteratively determine the input in view of the following requirements.
(R1) Increased performance: after several iterations, the error is small in an
appropriate sense.
(R2) Input convergence: after a number of iterations, the input is close to a
certain bounded signal.
(R3) Input amplification: the trial-to-trial amplification of the input is limited,
such that severe performance loss is avoided from one trial to the next.

125

5.2. The iterative tracking control problem

6
4
2
0
0

5

10

15

20

25

30

35

40

0

5

10

15

20

25

30

35

40

6
4
2
0

Figure 5.1: An illustration of two input sequences that converge to a region around U∞ (
).
U (1) (
) displays large variations, whereas U (2) (
) remains close to U∞ . The convergence
smoothness can be quantified by κi as given by (5.1).

Requirement R1 states the main control objective, and R2 reflects the constraint
that the input converges and remains bounded, which is an important aspect of
learning control (Moore, 2012). The importance of R3 is illustrated in Figure
5.1, which displays an erratically converging input sequence. In practice, such
variations in the input result in unpredictable behavior and unreliable performance.
The following measure is introduced to quantify this behavior.
Definition 5.1 For a given sequence {Xi (ωk )}∞
i=0 , define the propagation factor
at frequency ωk as
∣Xi+1 (ωk )∣
.
(5.1)
∣Xi (ωk )∣
The bottom plot of Figure 5.1 reveals that bounding κi addresses requirement
R3, i.e., κi ≤ κ̄ ∀i. Furthermore, if κi < 1 ∀i, then the sequence converges
monotonically to 0. This concept is used throughout and is formalized as follows.
κi (ωk ) ≜

Definition 5.2 A sequence {Xi }∞
i=0 , Xi ∈ C is said to convergence monotonically
to X∞ ∈ C if there exists a κ̄ ∈ [0, 1) such that ∣Xi+1 − X∞ ∣ ≤ κ̄∣Xi − X∞ ∣, ∀i.
In the next section, the formulated requirements are formalized in the iterative
tracking problem.

5.2.2

Problem formulation

In this section, the iterative tracking problem is formulated in the frequency
domain under the following assumptions.
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Assumption 5.1 Let r(t) be a known trial-invariant and bounded reference
signal with DFT coefficients R(ωk ).
Assumption 5.2 Let G(z) be an unknown stable LTI system with G(ejωk ) ≠ 0,
∀ωk ∈ ΩN .
The assumption that G(ejωk ) is nonzero on the DFT grid is implied if G(z)
has no zeros on the unit disc, as is a standard assumption in system inversion
(Devasia et al., 1996).
Assumption 5.3 The tracking error satisfies
Ei (ωk ) ≜ R(ωk ) − Yi (ωk ),

(5.2)

where the output Yi (ωk ) is measured and given by
Yi (ωk ) = G(ejωk )Ui (ωk ) + Di (ωk ),

(5.3)

with Di (ωk ) an unknown disturbance.
The disturbance Di (ωk ) comprises input-output noise, the effect of nonlinearities,
and the transient response, which induces leakage (Pintelon and Schoukens,
2012). It is assumed that ∣Di (ωk )∣ is bounded to enable stability guarantees of
the iterative control algorithm for any sequence of disturbances {Di (ωk )}∞
i=0 .
Assumption 5.4 The unknown output disturbance is bounded by δ(ωk ), i.e.,
∣Di (ωk )∣ ≤ δ(ωk ), ∀i.
A similar assumption is commonly employed in system identification for control
(Mäkilä et al., 1995) to enable robustness against worst-case estimation errors.
In contrast to (Rozario and Oomen, 2018) where Di (ωk ) is assumed to be trialinvariant, i.e., Di (ωk ) = D(ωk ), ∀i, here, Di (ωk ) is allowed to vary over the
iterations. The iterative tracking problem is formulated as follows.
Problem 5.1 (Data-driven iterative tracking control) Determine an update law Ui+1 = f (Ui , Yi , R) that generates sequences {Ui (ωk )}∞
i=0 such that for
any given frequency ωk ∈ ΩN the following criteria are satisfied under Assumption
5.1 to 5.4.
(P1) The error converges to a neighborhood of zero, i.e., lim Ei (ωk ) ∈ Bre (ωk ) (0)
i→∞

for a certain re (ωk ) ∈ R≥0 .

(P2) The input converges to a bounded set, i.e., lim Ui (ωk ) ∈ Bru (ωk ) (U∞ (ωk )),
i→∞

for a certain ∣U∞ (ωk )∣ < ∞ and ru (ωk ) ∈ R≥0 .

(P3) The input propagation factor, as given by (5.1) where Xi (ωk ) = Ui (ωk ), is
always bounded, i.e., κi (ωk ) ≤ κ̄(ωk ) ∈ R≥0 , ∀i.
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Note that subproblems P1, P2, and P3 directly reflect requirements R1, R2 and
R3 as presented in the previous subsection. This frequency domain formulation
enables a frequency-by-frequency evaluation of the signals, which significantly
aids the forthcoming analysis and synthesis.
In the next section, a general class of update laws is presented that aims to
solve the iterative tracking problem.

5.3 Nonlinear IIC for unmodeled LTI systems
In this section, a general NL-IIC approach is developed that encompasses MFIIC (Kim and Zou, 2013) as a special case. Bounded input amplification is
achieved by incorporating learning-gain functions. By establishing a global
analysis framework, a class of learning-gain functions is formulated that solves
Problem 5.1, thereby constituting contribution C1. In the remainder, the results
are presented for a specific frequency ωk , which is occasionally omitted from the
notation to facilitate the exposition.

5.3.1

The disturbance-free case

First, the disturbance-free case is considered, i.e., δ = 0. This occurs if the
steady-state output of an LTI system is measured without noise.
Lemma 5.1 If δ(ωk ) = 0 under Assumption 5.1 to 5.4, then for any U0 (ωk ) ≠ 0,
the sequences generated by
Ui+1 (ωk ) = Ui (ωk ) +

Ui (ωk )
Ei (ωk ),
Yi (ωk )

(5.4)

result in Ei (ωk ) = 0 and Ui (ωk ) = G−1 (ejωk )R(ωk ), ∀i ≥ 1.
Proof : Substituting (5.3) into (5.4) with Di = 0 and computing E1 (ωk ) results in
E1 (ωk ) = 0, ∀U0 (ωk ) ≠ 0. Since Ui+1 (ωk ) = Ui (ωk ) for Ei (ωk ) = 0, it holds that
Ei (ωk ) = 0, ∀i ≥ 1, and Ui (ωk ) follows directly from (5.3) and (5.2).
∎
Consequently, (5.4) presents a solution to Problem 5.1 for δ(ωk ) = 0. The update
law (5.4) corresponds to the MF-IIC approach (Kim and Zou, 2013), which
essentially perfectly estimates the inverse dynamics G−1 (ejωk ) from the initial
trial i = 0 and employs it to compute the input that results in perfect tracking
during the next trial.
Addressing the effect of disturbances on the iteration dynamics, described by
(5.3) and (5.4), is the key challenge. Considering (5.3) in combination with (5.4)
for the case that δ > 0, shows that if Di tends to −GUi , then Yi tends to zero.
This results in an unbounded input update, hence ∣Ui+1 ∣ in (5.4) may become
arbitrarily large.
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The following class of NL-IIC update laws is considered to ensure limited trialto-trial variations in the input in case δ > 0.
Definition 5.3 Let Ui+1 (ωk ) = f (Ui (ωk ), Yi (ωk ), R(ωk )) for i ≥ 1, with
⎧
Ui
⎪
⎪
⎪Ui + ρ(∣Yi ∣) Ei ,
Yi
f (Ui , Yi , R) = ⎨
⎪
⎪
⎪
⎩Ui ,

for

Yi ≠ 0,

for

Yi = 0,

(5.5)

where, ρ ∶ R≥0 ↦ [ρ, ρ̄] ⊆ R≥0 , is a learning-gain function, U0 (ωk ) ∈ C, and Yi (ωk )
and Ei (ωk ) are given by (5.3) and (5.2).
The rationale is to let ρ(∣Yi ∣) become small as ∣Yi ∣ becomes small to avoid large
input amplification. In the remainder, the following assumption is made to
accommodate a clear exposition.
Assumption 5.5 The output is nonzero, i.e., Yi (ωk ) ≠ 0.
Assumption 5.5 only excludes the trivial case and is nonrestrictive. Indeed, if
Yi = 0, ∀i, then Ui = U0 , ∀i. Furthermore, if Yi = 0 for some i, then removing
these occurrences from the analysis results in identical asymptotic results.
The aim of the next sections is to derive conditions on the function ρ(∣Y ∣)
such that Problem 5.1 is solved by (5.5).

5.3.3

Asymptotic performance

In this section, conditions are established under which (5.5) results in a tracking
error that converges to a neighborhood of zero, such that subproblem P1 is
solved.
By definition, ∣Ei ∣ cannot converge to 0 if the disturbances Di vary across the
trials. The rate of change ∆δ is defined to investigate the influence of trial-varying
disturbances.
Definition 5.4 Let ∆δ(ωk ) ≜ max ∣Di (ωk ) − Di+1 (ωk )∣.
i≥0

Evidently, ∆δ ≤ 2δ due to Assumption 5.4. The following theorem presents the
conditions under which NL-IIC results in increased tracking performance.
Theorem 5.1 Consider the update law given by (5.5) under Assumption 5.1 to
5.5. If for a certain α > 1, it holds that;
(i) ρ(∣Y ∣) is bounded as
α−1
,
α
sup ρ(∣Y ∣) ≜ ρ̄ ≤ 1,
inf ρ(∣Y ∣) ≜ ρ >

(5.6a)
(5.6b)
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(ii) and the reference is such that
∣R∣ ≥ αδ + ∆δ

α
,
α−1

(5.7)

(iii) and the initial error is such that
∣E0 ∣ ≤ ∣R∣ − αδ,

(5.8)

then, the sequences {Ui } generated by (5.5) result in
lim Ei ∈ Bre (0),

i→∞

re = ∆δ

α
.
α−1

(5.9)

Moreover, if ∆δ = 0, {Ei } converges monotonically to E∞ = 0.
This theorem states that asymptotic tracking is guaranteed if: (i) the learning
gain ρ(∣Y ∣) does not exceed 1 and satisfies a nonzero strict lower bound, (ii)
∣R∣ is large enough with respect δ and ∆δ, as is made explicit by (5.7), and,
(iii) the initial error is small enough with respect to ∣R∣ and δ, as is reflected
by (5.8). Inequality (5.7) can be interpreted as a condition on the signal-tonoise ratio that is required to increase the performance through data-driven
learning. Furthermore, ∣Ei ∣ converges to a neighborhood of 0 that scales with
∆δ. Consequently, if the disturbance is trial-invariant, i.e., Di = D, ∀i such that
∆δ = 0, then perfect tracking is obtained.
A proof of Theorem 5.1 requires the following lemmas.
Lemma 5.2 Consider (5.5) under Assumption 5.1 to 5.5. Each sequence {Ei }∞
i=0
satisfies the following bounds
∣Ei+1 ∣ ≤ κi ∣Ei ∣ + ∆δ,
∣Ei ∣ ≤ κ̄i ∣E0 ∣ + ∆δ

κ̄ − 1
,
κ̄ − 1
i

i ≥ 0,

(5.10)

i ≥ 0,

(5.11)

where κi is given as follows where ρi denotes ρ(∣Yi ∣)
κi ≜ ∣

(1 − ρi )(R − Ei ) + ρi Di
∣,
R − Ei

(5.12)

and κ̄ ∈ R≥0 is any number that satisfies κi ≤ κ̄, ∀i.
A proof of this lemma is provided in Appendix 5.8.1.
Lemma 5.3 If for a certain α > 1, it holds that ρ̄ ≤ 1, ρ >
∣Ei ∣ ≤ ∣R∣ − αδ,
then κi ≤

1
,
α

where κi is given by (5.12).

α−1
,
α

∣R∣ ≥ αδ, and
(5.13)
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A proof of this lemma is given in Appendix 5.8.2. Consider the following proof
of Theorem 5.1.
Proof : Proof of Theorem 5.1 It is given that (5.6a), (5.6b), (5.8) and (5.7)
hold for a certain α < 1. It is shown by induction that this implies that (5.13)
holds ∀i. The base case i = 0 follows directly from Lemma 5.3 in combination
with (5.8). Next, it is shown that if (5.13) holds for i, then (5.13) holds for
i + 1. To see this, assume that (5.13) holds for i, such that by Lemma 5.3,
1
κi ≤ α1 . In combination with (5.7), this implies that ∣R∣ ≥ αδ + ∆δ 1−κ
, which
i
is identical to κi (∣R∣ − αδ) + ∆δ ≤ ∣R∣ − αδ. Since (5.13) holds for i, this implies
that κi ∣Ei ∣ + ∆δ ≤ ∣R∣ − αδ. Using (5.10), this is identical to ∣Ei+1 ∣ ≤ ∣R∣ − αδ.
Consequently, if (5.13) holds for i, then it also holds for i + 1. Induction implies
that (5.13) holds for ∀i since (5.13) holds for i = 0. Combining this result with
Lemma 5.3 implies that κi ≤ α1 < 1, ∀i. Hence, for i → ∞, (5.11) yields
lim ∣Ei (ωk )∣ ≤ ∆δ

i→∞

α
,
α−1

which proves (5.9). In addition, if ∆δ = 0, then (5.10) in Lemma 5.2 directly
yields that {Ei }∞
i=0 converges monotonically to 0, which is concluded by recalling
Definition 5.2 for κ̄ < 1. This concludes the proof.
∎
The main result of this section is established by Theorem 5.1, which considers
the asymptotic tracking performance. Next, the aspect of input convergence is
considered.

5.3.4

Input convergence

In this section, conditions on (5.5) are established under which the input converges
to a neighborhood of a limit point, thereby providing a solution to problem P2.
Under the conditions presented in Theorem 5.1, the input converges to a
bounded signal.
Theorem 5.2 Consider (5.5) under Assumption 5.1 to 5.5. If for a certain
α > 1, (5.6), (5.7), and (5.8) hold, then
lim Ui ∈ Bru {∣U∞ ∣},

i→∞

ru = ∣G−1 ∣ (∆δ

U∞ = G−1 R,

α
+ δ) .
α−1

(5.14)

−1
Moreover, in case ∆δ = 0, {Ui }∞
i=0 converges to U∞ = G (R − D).

A proof to this theorem is provided in Appendix 5.8.3. This theorem confirms
that if the error converges to a neighborhood of 0, then the input converges to
a neighborhood of U∞ . The following theorem reveals a key result for the case
where the reference is relatively small with respect to the disturbances.
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Theorem 5.3 Consider (5.5) under Assumption 5.1 to 5.5. If ρ̄ ≤ 1, and
ρ(∣Y ∣) > 0 for ∣Y ∣ ≠ 0, and if for a certain β > 1 the reference is such that
β∣R∣ ≤ ∣Di ∣,

∀i,

and the initial input is such that
∣U0 ∣ < (β − 1)∣G−1 R∣,

(5.15)

then, sequences {Ui }∞
i=0 generated by (5.5) converge monotonically to U∞ = 0.
This theorem provides the following insight. If ∣R∣ is small with respect to
∣Di ∣, then Ui converges to zero. In other words, if the disturbances dominate
the output, then the control action is automatically removed. This is in stark
contrast to iterative learning methods that employ an inverse-model-based update
law. In such approaches, unstable iteration dynamics may lead to unbounded
inputs if the convergence criterion is not met, as is concluded in (Norrlöf and
Gunnarsson, 2002; Tien et al., 2005). In NL-IIC, iterative updating does not
result in unbounded inputs when rejection is not achieved, instead, the input
converges to zero.
A proof of Theorem 5.3 employs the following lemmas.
Lemma 5.4 Consider (5.5) under Assumption 5.1 to 5.5. Each sequence {Ui }∞
i=0
satisfies
Ui+1 = (

(1 − ρi )(GUi + Di ) + ρi R
) Ui ,
GUi + Di

(5.16)

where ρi denotes ρ(∣Yi ∣). Moreover, each sequence {Ui }∞
i=0 satisfies the following
trial-to-trial bound
∣Ui+1 ∣ = κi ∣Ui ∣,

i ≥ 0,

(5.17)

where κi is given by
κi ≜ ∣

(1 − ρi )(GUi + Di ) + ρi R
∣,
GUi + Di

(5.18)

and κ̄ ∈ R≥0 is any number that satisfies κi ≤ κ̄, ∀i.
A proof of this lemma is provided in Appendix 5.8.4.
Lemma 5.5 If ρ̄ ≤ 1, ρ(∣Y ∣) > 0 for Y ≠ 0, and if for a certain β > 1 it holds
that β∣R∣ ≤ ∣Di ∣ ∀i, and
∣Ui ∣ < (β − 1)∣G−1 R∣
then κi < 1, where κi is given by (5.18).

∀i,
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A proof of this lemma is provided in Appendix 5.8.5. These results enable the
following proof of Theorem 5.3.
Proof of Theorem 5.3: It is given that ρ̄ ≤ 1, ρ(∣Y ∣) > 0 for Y ≠ 0, and that
for a certain β > 1 it holds that β∣R∣ ≤ ∣Di ∣, ∀i, and (5.15). Hence, Lemma 5.5
implies that κ0 < 1. For i = 0, (5.17) equals ∣U1 ∣ = κ0 ∣U0 ∣. Using that κ0 < 1, in
combination with (5.15) yields, ∣U1 ∣ ≤ (β − 1)∣G−1 R∣. Consequently, Lemma 5.5
implies that also κ1 < 1. Repeating this process shows that κi < 1, ∀i, i.e., κ̄ < 1.
Consequently, combining (5.17) with Definition 5.2 shows that {Ui }∞
i=0 converges
monotonically to U∞ = 0.
∎
The results in this section are readily connected to the stability analysis of
nonlinear systems. To see this, consider the iteration dynamics given by (5.16),
and regard the disturbance Di as a parameter and Ui as the dependent variable.
In this way, (5.16) can be classified as an autonomous nonlinear time-varying
discrete time recursion with complex coefficients. Theorem 5.3 equivalently
states that if ∣R∣ < ∣Di ∣, ∀i, then U∞ = 0 is an asymptotically stable fixed point
(Hinrichsen and Pritchard, 2005, Prop. 3.3.2), and relation (5.15) explicitly
provides a region of attraction (Hinrichsen and Pritchard, 2005, Prop. 3.1.25).
Furthermore, if ∆δ = 0, then (5.16) is time-invariant, and Theorem 5.2 states that
if ∣R∣ > δ, then U∞ = G−1 (R − D) is an asymptotically stable fixed point. Note
that these stability results are local since stability is not guaranteed globally, i.e.,
for all initial inputs U0 ∈ C. Note that these results extend (Rozario and Oomen,
2018) by providing regions of attraction and allowing time-varying dynamics,
which are induced by the trial-varying disturbances Di .
The main result of this section considers input convergence and is established
by Theorem 5.2 and 5.3. Next, the aspect of bounded input amplification is
considered.

5.3.5

Bounded input amplification

In this section, conditions on ρ(∣Y ∣) are derived such that the input propagation
factor is bounded. In this way, NL-IIC, as given by (5.5), presents a solution to
subproblem P3. The following theorem establishes this main result.
Theorem 5.4 Consider (5.5) under Assumption 5.1 to 5.5. If (i) ρ(∣Y ∣) is
continuous on a neighborhood of 0, (ii) lim∣Y ∣→0 ρ(∣Y ∣) = 0, and (iii) the derivative
dρ
∣
∈ R exists, then ∣Ui+1 ∣ ≤ κ̄∣Ui ∣, ∀i, with
d∣Y ∣ ∣Y ∣=0
κ̄ = 1 + ρ̄ + τ ∣R∣,

ρ(∣Y ∣)
.
∣Y ∣≠0 ∣Y ∣

τ ≜ sup

(5.19)

This theorem shows that if ρ(∣Y ∣) is continuous around 0, ρ(∣Y ∣) → 0 as ∣Y ∣ → 0,
and if ρ(∣Y ∣) is differentiable around 0, then the input propagation factor satisfies
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an upper bound. Consequently, in the developed NL-IIC method, the trial-to-trial
amplification of the input is guaranteed to be bounded, as is discussed in Section
5.2.1. In contrast to Rozario and Oomen, 2018, which focuses on ∣Ei ∣ for ∣Yi ∣ → 0,
Theorem 5.4 provides global guarantees on the convergence behavior, i.e., ∀Yi .
A proof of Theorem 5.4 utilizes the following result.
Lemma 5.6 The real function f (x) ≜ ρ(x)
, with ρ(x) as given in Definition 5.3,
x
is bounded ∀x ∈ (0, ∞) if: (i) ρ(x) is continuous on a neighborhood of 0, (ii)
dρ
∣
∈ R exists.
lim ρ(x) = 0, and (iii) d∣Y
∣ ∣Y ∣=0
x→0

A proof to this lemma is provided in Appendix 5.8.6.
Proof of Theorem 5.4: Consider κi as given by (5.18). It follows that
κi ≤

∣Yi ∣ + ρ(∣Yi ∣)∣Yi ∣ + ρ(∣Yi ∣)∣R∣
∣ρ(∣Y ∣)∣
= 1 + ρ(∣Yi ∣) + ∣R∣
≤ 1 + ρ̄ + ∣R∣τ,
∣Yi ∣
∣Y ∣

where τ is given by (5.19). Since ∣R∣ is bounded due to Assumption 5.1, the third
term is bounded if and only if f (x) ≜ ρ(x)
, is bounded ∀x ∈ (0, ∞). Applying
x
Lemma 5.6 directly results in Theorem 5.4.
∎
In this section, NL-IIC is developed as a generalization of MF-IIC that regulates
the input amplification by means of learning-gain functions ρ(∣Y ∣). It is shown
that if ρ(∣Y ∣) and ∣R∣ satisfy specific properties, NL-IIC presents a solution
to Problem 5.1. In the next section, the aspects of traditional MF-IIC are
investigated to aid the design of a specific gain function ρ(∣Y ∣) in Section 5.5.1.

5.4 The limitation and advantage of MF-IIC
In this section, the limitation and advantage of pre-existing MF-IIC (Kim and
Zou, 2013), as presented by (5.4), are revealed by explicitly solving the nonlinear
iteration dynamics. This enables the development of additional design guidelines
regarding ρ(∣Y ∣) and constitutes contribution C2.

5.4.1

The limitation of MF-IIC

Consider (5.18) for ρ(∣Y ∣) = 1, such that NL-IIC reduces to traditional MF-IIC.
Clearly, the input propagation cannot be bounded in case Yi → 0.
Corollary 5.1 For MF-IIC, i.e., for ρ(∣Y ∣) = 1, it holds that lim∣Yi ∣→0 κi = ∞,
where κi is given by (5.18).
Consequently, bounded input amplification, as discussed in Section 5.2 and
formalized by subproblem P3, cannot be guaranteed by MF-IIC, which is a major
limitation.
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5.4.2

The advantage of MF-IIC

The advantage of MF-IIC is that the stability properties can be shown to hold
globally for trial-invariant disturbances. To see this, note that (5.16) reduces
to a Riccati difference equation if (5.18) is considered for ρ(∣Y ∣) = 1 and ∆δ = 0.
The solutions of the Riccati equation reveal its behavior (Grove et al., 2009).
Lemma 5.7 Consider (5.5) under Assumption 5.1 to 5.5 for ρ(∣Y ∣) = 1 and
∆δ = 0. For i ≥ 0, Ui satisfies
Ui =
Ui =

U0 G−1 (R − D)
i

) + U0
(G−1 (R − D) − U0 ) ( D
R
U0 G−1 R
U0 ⋅ i + G−1 R

for

R ≠ D,

(5.20a)

for

R = D.

(5.20b)

RUi
Proof : Under the posed assumptions, (5.16) reduces to Ui+1 = GU
. By subi +D
stituting (5.20a) for Ui+1 and Ui shows that equality holds, which validates that
(5.20a) is a solution. Similarly, (5.20b) is shown to be a solution to for R = D. ∎

Lemma 5.7 enables the following results.
Theorem 5.5 Under the conditions presented in Lemma 5.7, the sequences
{Ui }∞
i=0 generated by (5.5) solve the subproblems of Problem 5.1 under the following conditions.
(i) If ∣R∣ > ∣D∣, then limi→∞ Ei = 0, ∀U0 ≠ 0.
(ii) If ∣R∣ > 2∣D∣ and U0 is such that
∣U0 ∣ >

2∣D∣
∣G−1 (R − D)∣,
∣R∣ − 2∣D∣

then {Ei }∞
i=0 converges to 0 monotonically.
(iii) If ∣R∣ ≠ ∣D∣ or if R = D, then limi→∞ Ui = U∞ , ∀U0 , where U∞ = 0 or
U∞ = G−1 (R − D).
A proof of this theorem is presented in Appendix 5.8.7. Statements (i) and (iii)
show that subproblems P1 and P2, as presented in Section 5.2, can be guaranteed
to be solved globally, i.e., for any initial input U0 ∈ C. This is considered an
advantage of MF-IIC since the asymptotic results are independent of the initial
input. Note that (iii) practically always holds, unless the specific case occurs
where R and D have identical magnitudes and different phases, in which case a
limit cycle is obtained (Grove et al., 2009).
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In this section, it is shown that although bounded input amplification cannot
be guaranteed for MF-IIC, increased tracking performance and input convergence
can be achieved for any initial input U0 . In the next section, a specific learning
gain ρ(∣Y ∣) is developed that combines the favorable aspects of NL-IIC and
MF-IIC.

5.5 Application of NL-IIC
In this section, the developed theory is employed in the design of an explicit
learning-gain function, which constitutes contribution C3. In addition, guidelines
are presented for the implementation of NL-IIC.

5.5.1

An explicit learning-gain function

Based on the results presented in the previous sections, the following learning-gain
function is postulated.
Proposition 5.1 Consider (5.5) under Assumption 5.1 to 5.5 and let ρ(∣Y ∣) be
given by
⎧
⎪
if ∣Y ∣ > γ
(5.21a)
⎪
⎪1
ρ(∣Y ∣) = ⎨ 1
⎪
(1 − cos ( πγ ∣Y ∣)) if Y ∣ ≤ γ
(5.21b)
⎪
⎪
⎩2
If γ > 0, then ρ(∣Y ∣) satisfies the criteria in Theorem 5.3 and 5.4, where
, with µ the solution to
lim∣Yi ∣→0 κi = 1 and κ̄ ≤ 2 + τ ∣R∣. Here, τ = (1−cos(µ))π
2γµ
cos(µ) + µ sin(µ) − 1 = 0 in the interval (0, π], which is approximately µ ≈ 2.3311.
A proof of this proposition provided in Appendix 5.8.8. The motivation for (5.21)
is threefold. First, (5.21a) is motivated by Theorem 5.1 and 5.2, which state that
increased tracking performance is achieved when ρ(∣Y ∣) is close to 1. Moreover,
drawing on the results presented in the previous section, if ρ(∣Y ∣) = 1, Theorem
5.5 states that subproblem P1 and P2 are solved for any U0 . Second, (5.21)
satisfies Theorem 5.3, such that U∞ = 0 is a stable attractor if ∣R∣ is small with
respect to ∣Di ∣. Third, (5.21b) ensures that Theorem 5.4 holds, such that the
trial-to-trial input amplification is guaranteed to be bounded. This is illustrated
∣)
in Figure 5.2, where ρ(∣Y ∣) and ρ(∣Y
are compared for ρ(∣Y ∣) = 1 and for ρ(∣Y ∣)
∣Y ∣

∣)
as given by (5.21). Since ρ(∣Y
contributes to κi , as given by (5.18), Figure 5.2
∣Y ∣
shows that (5.21) results in bounded input propagation, since a maximum occurs
at ∣Yγ ∣ = πµ with value τ . Whereas for ρ(∣Y ∣) = 1, the input amplification is not
bounded.
It is suggested to set the threshold parameter as γ = ∣R∣. The motivation
for this is provided in twofold by (5.21a), i.e., for ∣Yi ∣ > γ = ∣R∣, ρ(∣Yi ∣) = 1.
First, if ∣R∣ > δ, then the error propagation factor as given by (5.12) reduces
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Figure 5.2: A plot of the NL-IIC learning gain ρ(∣Y ∣) given by (5.21) (
ρ(∣Y ∣)
is the maximum of ∣Y ∣ (
). Similarly for MF-IIC, ρ(∣Y ∣) = 1 (
shown, where the latter is not bounded.

1.6

1.8

2

), and τ (●) which
) and ∣Y1 ∣ (
) are

∣R∣
i∣
to κi = ∣D
≤ ∣Yδi ∣ ≤ ∣Y
< 1, such that the tracking performance increases
∣Yi ∣
i∣
monotonically. Second, regardless of Di , the input propagation factor as given by
∣R∣
(5.18) reduces to κi = ∣Y
< 1, such that the input will be strictly smaller during
i∣
the next iteration. In the next section, a number of implementation guidelines
are presented.

5.5.2

NL-IIC algorithm and implementation guidelines

In this section, the NL-IIC algorithm is summarized, and implementation guidelines are presented. The NL-IIC algorithm is formulated as follows.
Algorithm 5 NL-IIC
Select a suitable initial input u0 (t).
1. Apply ui (t) to the system and record ei (t) = r(t) − yi (t).
2. Determine Ui (ωk ) and Ei (ωk ) using the DFT. Determine Ui+1 (ωk ), ∀ωk ∈
ΩN , using (5.5) with ρ(∣Y ∣) given by (5.21). Determine ui+1 (t) using the
IDFT.
3. Set i ← i + 1 and repeat from (1) until ei is sufficiently small.

5.5.2 The initial input
Statement (ii) of Theorem 5.5 motivates large initial inputs. As in system
identification for LTI systems, higher input magnitudes improve the estimation
accuracy by increasing the signal-to-noise ratio. Furthermore, if an FRF model of
the plant, Gm (ejωk ), is available, a suitable initial input is given by U0 = αG−1
m R.
The frequency dependent coefficient α(ωk ) ∈ [0, 1] can be used to suppress the
effect of model uncertainty as is described in (Tien et al., 2005). In this way, prior
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r

ei

d˜

fi

Cf b

H

yi

Figure 5.3: The closed-loop configuration where H and Cf b are the printer and the feedback
controller, respectively.

information can be exploited to increase the convergence speed of the data-driven
NL-IIC method.
5.5.2 The reference signal
Theorem 5.1 reveals that performance is increased if ∣R∣ is large with respect to
∣Di ∣. An upper bound δ on the spectrum of Di can be estimated from additional
experiments, as described in (Pintelon and Schoukens, 2012, §12). If there exists
freedom to shape ∣R∣, then performance can be increased by increasing the ratio
∣R∣
through reference shaping (Singhose, 2009).
δ
5.5.2 Leakage
Recall that Di includes the contribution of leakage. Consequently, ∣Di ∣ can
be reduced by ensuring that y(t) is approximately in steady state (Pintelon
and Schoukens, 2012). If r(t) is a time-limited signal, this can be achieved by
including trailing zeros, as shown in Figure 5.4. In this way, NL-IIC can be
applied in a batch-to-batch fashion similar to ILC (Bristow et al., 2006). If r(t)
is a periodic signal, then the periodic input u0 (t) can be repeated until yi (t) has
reached steady state before measuring, as is shown in Figure 5.4. In this way,
NL-IIC can be applied in a continuous fashion similar to RC (Hara et al., 1988).
5.5.2 Feedback
Feedback control may be required to stabilize the plant and can be used in
conjunction with NL-IIC. If a plant H(z) is controlled in closed-loop, as shown
in Figure 5.3, then NL-IIC can be equivalently applied. To see this, note
that Yi = H(z)S(z)(Fi + Cf b (z)R) + S(z)D̃, where S(z) ≜ (1 + Cf b (z)H(z))−1 .
Consequently, by defining G(z) ≜ H(z)S(z), Ui ≜ Fi + Cf b (z)R and D ≜ S(z)D̃,
(5.5) can be directly applied.
In this section, an explicit learning-gain function is developed, and implementation guidelines are presented. In the next section, NL-IIC is applied in
experiments.

5.6 Application to a desktop printer
In this section, the developed NL-IIC method is applied to a desktop printer,
and the results are compared to MF-IIC (Kim and Zou, 2013), revealing superior
performance, which constitutes contribution C4.
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Figure 5.4: (Top) Application of IIC in a batch-to-batch fashion. (Bottom) Application of IIC
in a continuous setting. Transient induced disturbances are reduced by awaiting steady state.
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Figure 5.5: The reconfigured desktop printer with: 1 direct current motor 2 drive belt 3
end stop 4 print head without cartridges 5 slide guide 6 encoder belt 6 motor input 7
end stop output 6 encoder output.

5.6.1

O

The desktop printer

The reconfigured A3 printer is shown in Figure 5.5. The print head is positioned
using a current-controlled motor via a cogged belt. The input current is generated
using a linear amplifier. The voltage signal is generated by an EtherCAT® -based
data acquisition unit that facilitates the communication between the printer and
a laptop. This unit also processes the pulsed linear encoder output signal, which
is used to measure the print head position with a resolution of 600 counts per
inch. Simulink Real-Time is used in conjunction with a real-time Ubuntu®
kernel to facilitate the control implementation.

5.6.2

The iterative tracking control problem

The objective is to position the print head in a batch-to-batch setting as described
in Section 5.5.2.3. The head is desired to perform a typical printing task as
shown in Figure 5.6. The bottom plot shows that the reference contains mostly
low-frequency content up to 100 Hz. The slide guide that constrains the print
head motion introduces a significant amount of friction, which severely limits
the performance achievable with feedback control. The printer is controlled in
feedback as in Figure 5.3, at a sampling frequency of 2 kHz, using the following
controller that achieves a bandwidth of 9 Hz, Cf b (z) = z2215.3z−206.8
.
−1.65z+0.7034
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Figure 5.6: (Top) The reference r(t) in the time domain. (Bottom) Power spectral density of
the reference up to 100 Hz.

5.6.3

Applying NL-IIC and MF-IIC

The NL-IIC method is applied as described by the algorithm in Section 5.5.2,
where ρ(∣Y ∣) is given by (5.21), with γ = ∣R∣. This is compared to the case where
ρ(∣Y ∣) = 1, in which case NL-IIC reduces to MF-IIC (Kim and Zou, 2013). In an
initial experiment that is not shown here, MF-IIC resulted in extreme trial-to-trial
variations of the input, and for various trials, the input signals exceeded the
actuator limits. This was remedied by restricting MF-IIC learning to 100 Hz by
100
setting ρ(ωk ) = 0 for k > 2000
(N − 1). For both iterative procedures, the initial
input is set as F0 (ωk ) = 4R(ωk ).

5.6.4

Experimental results

Applying NL-IIC and MF-IIC results in a significant improvement of the tracking
performance, as is shown in Figure 5.7. This figure displays the evolution of the
tracking error energy across the trials. This shows that the developed NL-IIC
converges in a relatively smooth manner, whereas MF-IIC results in erratic and
unpredictable trial-to-trial behavior. Especially during iterations 6 and 19, the
performance deteriorates significantly. The time domain performance during
the 19th trial is shown in Figure 5.8, which shows that superior performance is
achieved by the NL-IIC method. The power spectral density of the initial error
and the error during the 19th trial are shown in Figure 5.9. This similarly shows
a significant difference in the achieved performance and shows that increased
tracking performance is achieved across a large frequency range.
The performance degradation of MF-IIC after trial 6 and 19 is attributed
to the sudden amplification of the input signal, as is visualized in Figure 5.10.
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Figure 5.7: The root-mean square of the error signal as a function of the iterations shows
that NL-IIC, as developed in this chapter (
), results in large performance improvements.
Comparatively, a sudden loss of performance can occur in pre-existing MF-IIC (
).
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Figure 5.8: (Top) The tracking error during the 19th iteration indicates a significantly larger
error for MF-IIC (
) than for NL-IIC (
). (Bottom) The corresponding control input
signals.

In the two upper plots, the input DFT coefficients ∣Ui (ωk )∣ are shown for both
NL-IIC and MF-IIC for frequencies up to 10 Hz. This frequency-by-frequency
visualization shows that for MF-IIC the input components propagate in a nonsmooth manner, whereas for NL-IIC these evolve more smoothly. The smoothness
is quantified by the bottom plots, which display the input propagation factors as
given by (5.1). These plots confirm the relation between the loss of performance
and large values of κi . Consequently, superior performance and robustness can
be obtained by restricting κi .
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Figure 5.9: The Power Spectrum Density (PSD) of the tracking error during the 19th iteration
indicates that a large reduction is achieved with respect to the initial error (
) and that
NL-IIC (
) outperforms MF-IIC (
) for nearly all frequencies.
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Figure 5.10: (Top) The DFT coefficients of the input for frequencies up to 10 Hz show erratic
behavior for pre-existing MF-IIC (
), whereas propagation is smooth for the developed
NL-IIC (
) method. (Bottom) The input propagation factor κi , as given by (5.18), indicates
for which iterations the input variations are relatively large.

In this section, NL-IIC and MF-IIC are applied to a desktop printer, which
confirms that by restricting the input propagation factor, superior performance
and increased robustness is achieved.
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5.7 Conclusion
In this chapter, a data-driven iterative learning algorithm is developed that
incorporates system identification in the input updating process. Analysis of
bounded disturbance signals reveals the source of convergence issues in typical
pre-existing approaches. The insights that the framework delivers enable the
development of a Nonlinear Iterative Inversion-based Control approach that
overcomes earlier limitations through the incorporation of learning-gain functions.
Application of the developed approach in experiments confirms that superior
tracking performance and increased robustness can be achieved with respect to a
pre-existing approach. Future research aims to investigate the incorporation of
alternative system identification techniques. In particular, those that exploit data
from multiple previous trials to update the inverse model. In the next chapter,
the data-driven learning algorithm is generalized to multivariable systems using
such an approach.

5.8 Proofs
5.8.1

Proof of Lemma 5.2

Proof : Substituting (5.3) in (5.2) for i + 1 yields
Ei+1 = R − GUi+1 − Di+1 .
Substituting (5.5) under Assumption 5.1 to 5.5 yields
Ei+1 = R − G (Ui + ρi

Ui
Ei ) − Di+1 ,
Yi

where ρi denotes ρ(∣Yi ∣). Using that Ei = R − GUi − Di yields
GUi
) Ei + Di − Di+1
Yi
(1 − ρi )Yi + ρi Di
=(
) Ei + Di − Di+1
Yi

Ei+1 = (1 − ρi

=(

(1 − ρi )(R − Ei ) + ρi Di
) Ei + Di − Di+1 .
R − Ei

Taking the absolute value and applying the triangle inequality results in
∣Ei+1 ∣ ≤ κi ∣Ei ∣ + ∣Di − Di+1 ∣,
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where κi is given by (5.12). Considering the worst sequence of disturbances
according to Definition 5.4 directly results in (5.10). To show that (5.11) holds,
consider (5.10). By recursive evaluation, it follows that
i−1

i−1 i−1

j=0

j=1 n=j

∣Ei ∣ ≤ ∣E0 ∣ ∏ κj + ∆δ ∑ ∏ κn + ∆δ, i ≥ 0,
where κi is given by (5.12). The latter is upper bounded by
i−1

∣Ei ∣ ≤ κ̄i ∣E0 ∣ + ∆δ ∑ κ̄j , i ≥ 0,
j=0

where κ̄ ∈ R≥0 is any number such that κi ≤ κ̄, ∀i. Application of the geometric
i
i−1 j
−1
series ∑j=0
x = xx−1
, x > 0, leads to (5.11).
∎

5.8.2

Proof of Lemma 5.3

Proof : Consider κi as given by (5.12). For a certain α > 1, by definition, κi ≤
is equivalent to
∣

1
α

(1 − ρi )(R − Ei ) + ρi Di
1
∣≤ .
R − Ei
α

If ρ̄ ≤ 1, the latter is implied if
α(1 − ρi )∣R − Ei ∣ + αρi ∣Di ∣ ≤ ∣R − Ei ∣
holds. Furthermore, if 1 − α(1 − ρi ) > 0, which is equivalent to ρ >
that
∣R − Ei ∣ ≥

αρi
∣Di ∣.
1 − α(1 − ρi )

α−1
,
α

it holds
(5.22)

Since ρ̄ ≤ 1, it holds that
αρi
≤ α,
1 − α(1 − ρi )
such that (5.22) holds if, ∣R − Ei ∣ ≥ α∣Di ∣. The latter holds if ∣R∣ − ∣Ei ∣ ≥ αδ, which
is identical to ∣Ei ∣ ≤ ∣R∣ − αδ. Note that this requires that ∣R∣ ≥ αδ. Consequently,
if ∣Ei ∣ ≤ ∣R∣ − αδ holds under the presented conditions, then it holds that κi ≤ α1 . ∎
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Proof of Theorem 5.2

Proof : Under the posed conditions, Theorem 5.1 applies, such that limi→∞ ∣Ei ∣ ≤
α
∆δ α−1
. Substituting (5.2) and (5.3) in this relation yields
α
lim ∣R − GUi − Di ∣ ≤ ∆δ α−1
,

i→∞

α
lim ∣G−1 ∣∣R − GUi − Di ∣ ≤ ∣G−1 ∣∆δ α−1
,

i→∞

(5.23)

which implies that
α
,
lim ∣G−1 R − Ui ∣ − ∣G−1 ∣δ ≤ ∣G−1 ∣∆δ α−1

i→∞

α
),
lim ∣G−1 R − Ui ∣ ≤ ∣G−1 ∣ (δ + ∆δ α−1

i→∞

lim ∣U∞ − Ui ∣ ≤ ru ,

i→∞

where U∞ = G−1 R and ru is given by (5.14). Furthermore, in case ∆δ = 0, (5.23)
results in limi→∞ ∣G−1 (R − D) − Ui ∣ ≤ 0, such that U∞ = G−1 (R − D).
∎

5.8.4

Proof of Lemma 5.4

Proof : Under Assumption 5.1 to 5.5, (5.5) can be written as
Ui+1 = Ui + ρi

Ui
RUi
(R − Yi ) = (1 − ρi )Ui + ρi
,
Yi
Yi

where ρi denotes ρ(∣Yi ∣). Substituting (5.3), gives (5.16). Taking the absolute
value yields ∣Ui+1 ∣ = κi ∣Ui ∣, where κi is given by (5.18).
∎

5.8.5

Proof of Lemma 5.5

Proof : Consider κi as given by (5.18). By definition, κi ≤ 1 is equivalent to
∣

(1 − ρi )(GUi + Di ) + ρi R
∣ ≤ 1.
GUi + Di

If ρ̄ ≤ 1, this is implied if the following holds
(1 − ρi )∣GUi + Di ∣ + ρi ∣R∣ ≤ ∣GUi + Di ∣,
ρi ∣GUi + Di ∣ − ρi ∣R∣ ≥ 0.
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Furthermore, if ρ(∣Y ∣) > 0 for Y ≠ 0, it holds that
∣GUi + Di ∣ ≥ ∣Ri ∣

⇐

∣Ui ∣ ≤ ∣G−1 ∣(∣Di ∣ − ∣R∣).

If ∣Di ∣ ≥ β∣R∣, ∀i, for a certain β > 1, then the latter is implied if
∣Ui ∣ ≤ (β − 1)∣G−1 ∣∣R∣.
∎

5.8.6

Proof of Lemma 5.6

Proof : Since x1 becomes arbitrarily large as x → 0, the open interval X ≜ (0, ∞)
is decomposed as X = I1 ∪ I2 , I1 = (0, ], I2 = (, ∞),  > 0. Since ρ(x) is bounded,
it holds that ∀x ∈ I2
∣

ρ(x)
1
ρ̄
∣ ≤ sup ∣ρ(x)∣ sup ∣ ∣ = ∈ R≥0 ,
x

x∈I2
x∈I2 x

such that f (x) is bounded on I2 . Next, it is shown that f (x) is bounded on
I1 . First note that since limx→0 ρ(x) = 0, limx→0+ ρ(x)
= 00 . Since in addition
x
dρ
∣
∈ R, this indeterminate limit exists, and can be explicitly determined by
dx x=0
using L’Hôpital’s rule (Gellert et al., 2012, p. 400) to yield limx→0+ f (x) = f0 ∈ R.
Second, define the extension
f (x)
fˆ(x) = {
f0

if

x ∈ (0, ]

if

x=0

Clearly, fˆ(x) is continuous on the closed interval [0, ], such that by the theorem
of Weierstrass (Gellert et al., 2012, §19.4), fˆ(x) is bounded and attains its
maximum on the interval. Since fˆ(x) contains f (x), the latter is bounded on
I1 = (0, ].
∎

5.8.7

Proof of Theorem 5.5

Proof : Under the condition presented in Lemma 5.7, the sequences {Ui }∞
i=0
are described by (5.20a) or (5.20b). A proof of each statement is as follows.
If ∣R∣ > ∣D∣, (5.20a) results in limi→∞ Ui = G−1 (R − D) and limi→∞ Ei = 0,
such that P1 is satisfied with re = 0, which proves statement (i). Relation
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∣D∣
(5.12) for ρ(∣Y ∣) = 1 results in κi = ∣Y
. Requiring that κi < 1 ∀i results in
i∣
∣D∣ < ∣Yi ∣ = ∣GUi + D∣. In combination with (5.20a) this yields

RRR
RRR
U0 (R − D)
RRR
R
∣D∣ < RR
+ DRRRR ⇔
RRR (G−1 (R − D) − U ) ( D )i + U
RRR
0
0
R
R
R
i

) D∣ .
)i + U0 ∣ < ∣U0 R + (G−1 (R − D) − U0 ) ( D
∣D∣∣(G−1 (R − D) − U0 )( D
R
R
The latter holds if
R
2∣G−1 (R − D) − U0 ∣∣ D
∣i < ∣U0 ∣(∣ D
∣ − 1).
R

By assuming that ∣R∣ > 2∣D∣, this is satisfied if
R
2∣G−1 (R − D)∣ < ∣U0 ∣(∣ D
∣ − 2),

which proves statement (ii). If ∣R∣ < ∣D∣, (5.20a) results in limi→∞ Ui = 0. If
R = D, (5.20b) results in limi→∞ Ui = 0. If ∣R∣ = ∣D∣, R ≠ D, (5.20a) results in
bounded periodic cycles or aperiodic sequences (Grove et al., 2009). Consequently,
Ui converges to either 0 or G−1 (R − D), with exception of the case that ∣R∣ = ∣D∣
∧ R ≠ D.
∎

5.8.8

Proof of Proposition 5.1

Proof : Consider (5.21). Since ρ̄ = 1, ρ(∣Y ∣) ≠ 0 for Y ≠ 0, ρ(∣Y ∣) satisfies the
dρ
∣
criteria of Theorem 5.3. Moreover, since lim∣Y ∣→0 ρ(∣Y ∣) = 0, and d∣Y
= 0,
∣ ∣Y ∣=0
ρ(∣Y ∣) satisfies the criteria of Theorem 5.4. Recalling (5.19) in Theorem 5.4
shows that
lim κ ≤ 1 + ρ(0) + ∣R∣ lim

∣Y ∣→0

∣Y ∣→0

ρ(∣Y ∣)
= 1,
∣Y ∣

where the indeterminate limit in the third term is evaluated using L’Hôpital’s
∣)
rule. Furthermore, τ = sup∣Y ∣∈R≥0 ρ(∣Y
is obtained by computing the stationary
∣Y ∣
point on [0, γ] from
d
ρ(∣Y ∣)
(
) = cos(µ) + µ sin(µ) − 1 = 0,
d∣Y ∣
∣Y ∣
where µ = πγ ∣Y ∣, 0 < µ ≤ π. This results in a unique solution that is numerically
approximated as 2.3311. This is the maximizer of
global maximum on (0, ∞) since τ γ > 1.

ρ(∣Y ∣)
∣Y ∣

of on (0, γ], where τ the
∎

6

Data-Driven Learning Control for
Multivariable Systems

Learning control enables performance improvement of mechatronic systems that
operate in a repetitive manner. Achieving desirable learning behavior typically
requires prior knowledge in the form of a model. The prior modeling requirements
can be significantly reduced by using past operational data to estimate this model
during the learning process. The aim of this chapter is to develop such a
data-driven learning control method for multivariable systems, which requires
that directionality aspects are properly addressed. This is achieved by using
multiple past experiments to estimate a frequency response function of the inverse
dynamics while ensuring smooth convergence by using smoothed pseudo inversion.
The developed method is successfully applied to an industrial wide-format printer,
resulting in high performance. The results in this chapter constitute contribution
C5 of this thesis.

The contents of this chapter are based on:
R. de Rozario and T. Oomen. (2019). Learning control without prior models: Multi-variable
model-free IIC, with application to a wide-format printer. in IFAC-PapersOnLine(2019 Joint
Conference on Mechatronics and NOLCOS, Vienna, Austria), 52(15): 91-96.

147

148

Chapter 6. Data-Driven Learning Control for Multivariable Systems

6.1 Introduction
Learning control has great potential to increase the performance of industrial
mechatronic systems by using data from previous tasks. This is evidenced by
the numerous results of Iterative learning control (ILC) (Bristow et al., 2006),
Repetitive Control (RC) and Iterative Inversion-based Control (IIC) (Tien et al.,
2005), which have effectively improved the performance in applications such as
robotic systems (Barton and Alleyne, 2011), manufacturing systems (Hoelzle
et al., 2011a), and nanopositioning systems (Rozario et al., 2016; Teo et al., 2016,
and Chapter 2).
Model-based learning approaches typically incorporate prior knowledge in
the form of a model to achieve convergence (Owens, 2015). Fast convergence can
be achieved when the model is sufficiently accurate, whereas unstable iteration
dynamics result in unbounded signals when the model mismatch is too large.
In such situations, convergence can be enforced by including robustness filters,
which need to be carefully designed in a manner that typically requires significant
user input, and that can be demanding in terms of the modeling effort. This
is especially the case for multivariable (MIMO) systems since these typically
require multiple experiments to be identified (Voorhoeve et al., 2016b), and the
directionality aspects make the design of robustness filters relatively involved
(Blanken and Oomen, 2019).
Data-driven learning approaches aim to reduce the modeling requirements by
incorporating a model estimation step in the learning process (Deisenroth and
Rasmussen, 2011). In such approaches, two important aspects arise that need to
be addressed to achieve desired learning behavior.
Firstly, the input to the system serves both as the excitation and the control
signal. Since the input follows from the learning process, it may not be rich
enough to identify the model, i.e., it may not be Persistently Exciting (PE). This
is recognized in Liu and Alleyne, 2016, where it is explicitly stated that PE is
not achieved by the proposed method. In Janssens et al., 2013 it is suggested
to use the initial input to facilitate the estimation, but the aspect of PE is not
explicitly addressed. In Model-Free IIC (MF-IIC) (Kim and Zou, 2013), PE is
achieved by estimating a Frequency Response Function (FRF) model only at
the frequencies at which the reference signal is nonzero. This approach cannot
be directly applied to MIMO systems since these typically require a number of
separate experiments to be identified (Pintelon and Schoukens, 2012, §2.7).
Secondly, the iteration dynamics become nonlinear, which makes it challenging
to analyze and modify the convergence behavior. In Liu and Alleyne, 2016, it is
shown that convergence is guaranteed if the estimated model closely approximates
the true system. However, it is recognized that the mismatch is large during
the first iterations, and hence, conservative gain parameters are required, and
tuning these is left to the user. In Rozario and Oomen, 2018, and in Chapter
5, it is shown that in MF-IIC, the nonlinear updating can result in unbounded
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input signals from one trial to the next. Smoothing learning-gain functions are
developed to eliminate this behavior by limiting the trial-by-trial amplification
of the input. This results in smooth convergence, but the presented approach
cannot deal with large exogenous disturbances, and cannot be applied to MIMO
systems directly.
Although important developments have resulted in effective data-driven
iterative control methods for SISO systems, present methods are unsuitable for
application to MIMO systems. The aim of this chapter is to fill this gap by
developing a MIMO data-driven iterative control method, which is achieved with
the following contributions.
(C1) A multi-loop SISO MF-IIC approach is developed, which is shown to
increase the performance if the influence of cross coupling and disturbances
are sufficiently limited (Section 6.3).
(C2) A MIMO MF-IIC method is developed, which is shown to increase the
performance for any level of cross coupling and disturbances (Section 6.4).
(C3) Both multi-loop SISO MF-IIC and MIMO MF-IIC are applied to a wideformat printer, showing that high performance can be achieved through
MIMO data-driven learning control (Section 6.5).

6.1.1

Preliminaries

The set of real numbers, complex numbers, natural numbers, and integers are
denoted by R, C, N and Z. For a ∈ Cn , ∥a∥p denotes the p-norm, whereas
for A ∈ Cn×m , ∥A∥p,p denotes the induced p, p-norm. Furthermore, AH is the
conjugate transpose, and λ̄(A) denotes the spectral radius. S(ωk ) denotes
the Discrete Fourier Transform (DFT) of a signal s ∶ Z ↦ R, and is defined
, k = 0, ..., N − 1}. A recursion
on the frequency grid ΩN ≜ {ωk ∈ C ∣ ωk = 2πk
N
⟨i+1⟩
⟨i⟩
n
⟨∞⟩
X
= f (X ), X ∈ C , has a fixed point X
if X ⟨∞⟩ = f (X ⟨∞⟩ ). A fixed
⟨∞⟩
point X
is said to be exponentially stable if there exists constants 0 < β < 1,
c, δ > 0 such that ∥X ⟨0⟩ − X ⟨∞⟩ ∥ < δ implies ∥X ⟨i⟩ − X ⟨∞⟩ ∥ ≤ cβ i ∥X 0 − X ⟨∞⟩ ∥
(Hinrichsen and Pritchard, 2005, Def. 3.2.19).

6.2 Problem formulation
In this section, the MF-IIC approach is introduced and is related to pre-existing
methods. This is followed by the formulation of the MIMO data-driven learning
control problem. The aim of this chapter is to solve this problem by generalizing
MF-IIC to MIMO systems.
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Figure 6.1: Open loop control scheme of a DT-LTI system G that is desired to perform

the trial-invariant task r under trial-invariant disturbance d.

6.2.1

Pre-existing approaches and the aim of this chapter

Consider the control configuration as shown in Figure 6.1. The aim is to make
the tracking error e(t) small, which is achieved in learning control by using past
trials to learn the correct input u(t). In first-order ILC, the following update
law is used (Bristow et al., 2006)
u⟨i+1⟩ (t) = Q(z) (u⟨i⟩ (t) + L(z)e⟨i⟩ (t)) .
The filter L(z) is typically designed to match G−1 (z) by inverting a plant model
Ĝ(z) (Zundert and Oomen, 2018). The robustness filter Q(z) is typically a
low-pass filter to ensure convergence in the presence of inevitable mismatches
between L(z) and G(z)−1 . In IIC (Chapter 2 and 3), the updating is performed
in the frequency domain by explicitly transforming the signals using the DFT as
U ⟨i+1⟩ (ωk ) = Q(ωk ) (U ⟨i⟩ (ωk ) + L(ωk )E ⟨i⟩ (ωk ))
∀ωk ∈ ΩN , where Q(ωk ) and L(ωk ) are complex coefficients instead of filters.
In this way, L(ωk ) can be taken as the inverse of a nonparametric FRF model
Gn (ejωk ). This avoids stability issues that arise in inverting nonminimum phase
systems. In MF-IIC (Kim and Zou, 2013), the modeling requirement is further
reduced by estimating L(ωk ) based on previous trial data as

L(U

⟨i⟩

⎧
U ⟨i⟩ (ωk )
⎪
⎪
⎪
⎪ ⟨i⟩
(ωk )) = ⎨ Y (ωk )
⎪
⎪
⎪
⎪
⎩0

for Y ⟨i⟩ (ωk ) ≠ 0,
for Y

⟨i⟩

i ≥ 0.

(6.1)

(ωk ) = 0,

and the input is updated with Q(ωk ) = 1, i.e.,
U ⟨i+1⟩ (ωk ) = U ⟨i⟩ (ωk ) + L(U ⟨i⟩ (ωk ))E ⟨i⟩ (ωk ).

(6.2)

Note that L(U ⟨i⟩ ) provides an estimate of the inverse FRF G−1 (ejωk ), which is
exact when the disturbance is absent, i.e., D = 0. Since L(U ⟨i⟩ ) depends on U ⟨i⟩ ,
the iteration dynamics are described by a nonlinear recursion in U ⟨i⟩ . It is shown
in Chapter 5 that these nonlinear dynamics are inherently stable. This is in sharp
contrast to ILC and IIC, which can become unstable if Q and L are unsuitably
designed. However, (6.1) is shown to lead to highly erratic convergence behavior
since L becomes large for small Y . This behavior can be eliminated by replacing
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L with ρ(∣Y ∣)L, where ρ(∣Y ∣) are specific learning-gain functions as is discussed
in Chapter 5.
The aim of this chapter is to generalize the MF-IIC approach (6.2) to MIMO
systems, which is achieved by replacing L with a data-based estimate of the
MIMO FRF G−1 (ejωk ). The focus of this chapter is to achieve perfect tracking
asymptotically while ensuring smooth convergence behavior. This control problem
is formalized next.

6.2.2

Problem statement

Along the same lines of reasoning presented in Chapter 5, the following assumptions are made.
Assumption 6.1 Considering the control configuration as shown in Figure 6.1,
the following is assumed.
1. G is a square and stable LTI system, whose transfer function matrix G(z)
is invertible on the unit disc, i.e., det G(ejω ) ≠ 0, ω ∈ [0, 2π).
2. No model of G is available.
3. R(ωk ) ∈ Rn is a known, nonzero and bounded N -sample reference signal.
4. Y ⟨i⟩ (ωk ) is measured in steady-state and is available after each trial.
5. D(ωk ) is trial invariant, i.e., does not depend on i.
Under these assumptions, the tracking error and the output signal that correspond
to the ith trial satisfy (Pintelon and Schoukens, 2012, §2.4.1)
E ⟨i⟩ (ωk ) = R(ωk ) − Y ⟨i⟩ (ωk ),
Y

⟨i⟩

(ωk ) = G(e

jωk

)U

⟨i⟩

(ωk ) + D(ωk ).

(6.3)
(6.4)

The MIMO data-driven learning control problem is formulated as follows.
Problem 6.1 (Data-driven iterative tracking control) Determine an update law Ui+1 = f (Ui , Yi , R) that generates sequences of inputs {U ⟨i⟩ (ωk )}∞
i=0 , such
that ∀ωk ∈ ΩN the following subproblems are solved under the posed assumptions.
(P1) limi→∞ E ⟨i⟩ (ωk ) = 0.
(P2) ∥Ui+1 (ωk )∥ ≤ κ⟨i⟩ ∥U ⟨i⟩ (ωk )∥, κ⟨i⟩ ∈ R≥0 , ∀i.
Solving P1 leads to asymptotic tracking, whereas solving P2 results in convergence
with a certain smoothness. A key aspect of IIC is that the iteration dynamics can
be considered on a frequency-by-frequency basis. Therefore, in the forthcoming
analysis, the argument ”ωk ” is occasionally omitted from the notation.
In this section, the aim of this chapter and the control problem are formulated.
In the next section, a multi-loop MF-IIC is developed to solve the control problem.
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6.3 Multi-loop SISO Model-Free IIC
In this section, multi-loop SISO MF-IIC is developed, which constitutes contribution C1. It is shown that this approach increases the tracking performance if
the cross coupling and disturbances are sufficiently limited.
Before considering a specific L matrix, the following theorem presents a local
stability result for general L-matrices and any of the possible fixed points of the
nonlinear recursion given by (6.2).
Theorem 6.1 Let (6.2) be applied to the system G under Assumption 6.1, and
let U ⟨∞⟩ be any of the fixed points for which (6.2) yields U ⟨i+1⟩ = U ⟨i⟩ = U ⟨∞⟩ . If
L(U ⟨i⟩ ) is complex differentiable (holomorphic) around U ⟨∞⟩ and if
λ̄ (I − L(U ⟨∞⟩ )G +

dL
(I ⊗ (R − D − GU ⟨∞⟩ )) < 1,
∣
dU ⊺ U ⟨i⟩ =U ⟨∞⟩

(6.5)

then U ⟨∞⟩ is exponentially stable.
A proof of this theorem is provided in Appendix 6.8.2.
Next, consider the application of traditional MF-IIC to a MIMO system in a
multi-loop SISO manner. This is achieved by constructing a diagonal L matrix,
where the nth diagonal is given by (6.1), using the nth input and output, i.e.,

[L(U

⟨i⟩

⎧
⟨i⟩
⎪
Un
⎪
⎪
⎪
⎪ ⟨i⟩
(ωk ))]nn = ⎨ Yn
⎪
⎪
⎪
⎪
⎪
⎩0

for Yn⟨i⟩ ≠ 0,
for

Yn⟨i⟩

i ≥ 0,

(6.6)

= 0,

Applying Theorem 6.1 to (6.6) yields the following results.
Theorem 6.2 If (6.2) is applied to G under the posed assumptions, where
L(U ⟨i⟩ ) is given by (6.6), and if [R]n ≠ 0 and [D]n ≠ 0, ∀n, then
(i) U ⟨∞1 ⟩ = G−1 (R − D) is a fixed point, which is exponentially stable if
−1

τ1 ≜ λ̄ (I − diag(G−1 (R − D))diag(R) G) < 1,

(6.7)

(ii) and U ⟨∞2 ⟩ = 0 is a fixed point, which is exponentially stable if
τ2 ≜ λ̄ (diag(R)diag(D)−1 ) < 1.

(6.8)

A proof of this theorem is provided in Appendix 6.8.3.
This theorem implies that despite the potential cross coupling in G, multi-loop
SISO MF-IIC results in iteration dynamics with fixed points corresponding to
perfect tracking U ⟨∞1 ⟩ , and zero input U ⟨∞2 ⟩ , and conditions (6.7) and (6.8)
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Figure 6.2: The evolution of ∥E ⟨i⟩ ∥2 for the 4 cases in Example 1 (G1 , D1 :

), (G1 , D2 :
), (G2 , D1 :
), (G2 , D2 :
). This visualizes the convergence behavior of
multi-loop SISO MF-IIC in relation to τ as given by (6.7), resulting perfect tracking
asymptotically for τ < 1.

determine their stability. Remarkably, the stability of U ⟨∞2 ⟩ is not affected by
the potential cross coupling in G, whereas the stability of U ⟨∞1 ⟩ certainly is.
The latter can be seen by considering the extreme case where G is diagonal and
D = 0, which results in τ1 = 0, such that perfect tracking is obtained after a
single iteration. If G is not diagonal and D ≠ 0, then τ1 increases, which reduces
the convergence speed and ultimately results in a loss of perfect tracking, as is
illustrated in the following example.
Example 1 Let (6.2) be applied with L given by (6.6) for the following combinations of G and D
1
10 ] ,

1
G1 = [ 1
− 10

j

1
G2 = [ 11
− 10

11
10 ] ,

j

D1 = 0,

1

D2 = [ 21 ] ,
2

⊺

and where R = [1 j] and U ⟨0⟩ = R. The evolution of ∥E ⟨i⟩ ∥2 is shown in Figure
6.2 for these 4 cases. This shows that perfect tracking is obtained asymptotically
when τ1 < 1, whereas this is not achieved for τ1 > 1. This validates that high cross
coupling and disturbances limit the performance of multi-loop SISO MF-IIC.
In this section, a multi-loop SISO MF-IIC method is developed, which is
shown to achieve perfect tracking if cross coupling and disturbances are sufficiently
limited. To facilitate a more general class of applications, a fully multi-variable
MF-IIC method is developed next.

6.4 MIMO Model-Free IIC
In this section, a MIMO MF-IIC method is developed, which is shown to solve the
MIMO tracking problem, as defined by Problem 6.1. This constitutes contribution
C2.
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Inverse FRF identification

The main reason why multi-loop SISO MF-IIC fails for general MIMO systems
is that the diagonal learning matrix L does not accurately describe the inverse
FRF G−1 . Hence, an approach is required to estimate G−1 more accurately. The
following estimator is proposed, which uses m ≥ n past experiments as is common
in MIMO FRF identification (Pintelon and Schoukens, 2012, §2.7)
+

L⟨i⟩ = U⟨i⟩ Y⟨i⟩ ,
U

⟨i⟩

≜ [U ⟨i⟩

...

U ⟨i−m+1⟩ ] ,

Y

⟨i⟩

≜ [Y ⟨i⟩

(6.9)
...

Y ⟨i−m+1⟩ ] ,

(6.10)

where (.)+ is the Moore-Penrose inverse. The following theorem shows that using
this L-matrix in MF-IIC readily enables perfect tracking.
Theorem 6.3 Let (6.2) be applied to G under the posed assumptions, where L⟨i⟩
is given by (6.9), m ≥ n and n ≥ 2. Assume that there are m initial input-output
pairs {U ⟨i⟩ , Y ⟨i⟩ }m−1
i=0 , which are such that Y as given by (6.10) is full rank.
(i) If D = 0, then E ⟨i⟩ = 0 for i ≥ m.
(ii) If R ≠ βD for any β ∈ C, and if m = n, then, E ⟨i⟩ = 0 for i ≥ m + 2.
(iii) If R = βD for some β ∈ C, then
(a) U ⟨∞1 ⟩ = G−1 (R − D) is exponentially stable if ∣β∣ > 1.
(b) U ⟨∞2 ⟩ = 0 is exponentially stable if maxj ∣λj ∣ < 1, where λj are the
roots of the complex polynomial
p(λ) = mλm + (1 − β − m)λm−1 + (1 − β)λm−2 + ... + (1 − β).
A proof of this theorem is provided in Appendix 6.8.4.
This theorem states that by using (6.9), perfect tracking is obtained for i ≥ m
if D = 0, regardless of the cross-coupling in G. In case D ≠ 0, then perfect tracking
is obtained for i ≥ m + 2, as long as D and R are mutually independent vectors.
In case R = βD, then both U ⟨∞1 ⟩ and U ⟨∞2 ⟩ are fixed points, where the first
is stable if ∣β∣ > 1, such that perfect tracking is obtained asymptotically. Since
multiple past iterations are used to update the input, the stability of the fixed
point corresponding to zero input, U ⟨∞2 ⟩ , generally depends on m. Statement (i)
and (ii) are illustrated by continuing Example 1.
Example 2 Let (6.2) be applied with L given by (6.9) for the combinations of G
and D as given in Example 1. The evolution of ∥E ⟨i⟩ ∥2 is shown in Figure 6.3
for these 4 cases. This shows that perfect tracking is obtained for i ≥ m = n = 2
when D = 0, and for i ≥ m + 2 = 2 + 2 = 4 when D ≠ 0. This confirms that high
cross coupling and disturbances do not hamper the performance.
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Figure 6.3: The evolution of ∥E ⟨i⟩ ∥2 corresponding to Example 2, (G1 , D1 :

), (G1 , D2 :
), (G2 , D1 :
), (G2 , D2 :
). This visualizes the convergence behavior of MIMO
MF-IIC, i.e., (6.2) in combination with (6.9), resulting in perfect tracking for i ≥ m = 2
and i ≥ m + 2 = 4.

6.4.2

Smoothed pseudo inversion

Large trial-to-trial amplification of the input signal is a key problem in SISO
MF-IIC that can be addressed by using smoothing functions (Rozario and Oomen,
2019). The rationale is that the function ρ(∣Y ∣) ensures that L, as given by (6.1),
remains bounded for Y approaching 0, i.e.,
lim ρ (∣Y ⟨i⟩ ∣) L⟨i⟩ = lim ρ (∣Y ⟨i⟩ ∣)

Y ⟨i⟩ →0

Y ⟨i⟩ →0

U ⟨i⟩
= c ∈ R.
Y ⟨i⟩

To generalize this approach to MIMO MF-IIC, the concept of smoothed pseudoinversion is proposed.
Definition 6.1 Let A ∈ Cn×h be matrix with rank r and with singular value
decomposition A = ∑ri=1 ui σi viH . The smoothed pseudo inverse A is defined as,
r

A ≜ ∑ v i
i=1

ρ(σi ) H
u ,
σi i

(6.11)

where ρ ∶ R≥0 ↦ [0, 1] is a smoothing function that satisfies: (i) limx→0 ρ(x) = 0,
d
(ii) dx
ρ(0) = c ∈ R, and (iii) ρ(x) is continuous around x = 0.
The conditions on ρ(x) ensure that ρ(x)
is bounded, even as x → 0, as is presented
x
in Lemma 5.6. The following function satisfies these conditions
⎧
if x > γ
⎪
⎪1
ρ(x) = ⎨ 1
⎪
(1 − cos ( πγ x)) if x ≤ γ
⎪
⎩2

(6.12)

Note that (6.11) in combination with (6.12) reduces to the Moore-Penrose pseudoinverse for γ = 0, i.e., only if σi = 0, then σi is disregarded in the inversion. Using
the smoothed pseudo-inverse in (6.9) presents an effective approach to problem
P2, as is shown in the following theorem.
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Theorem 6.4 Let (6.2) be applied to G under the posed assumptions, where L⟨i⟩
is given by (6.9), and where the smoothed pseudo-inverse is used, as is given by


Definition 6.1, i.e., Y⟨i⟩ . Let σt denote the singular values of Y⟨i⟩ , then
∥U ⟨i+1⟩ ∥2 ≤ κ⟨i⟩ ∥U ⟨i⟩ ∥2 ,
κ⟨i⟩ = 1 + ν ⟨i⟩ (1 + τ ∥R∥2 ) ,

ν ⟨i⟩ =

σ̄(U⟨i⟩ )
,
∥U ⟨i⟩ ∥2

ρ(x)
.
x∈(0,∞) x

τ ≜ sup

A proof of this theorem is provided in Appendix 6.8.5. This theorem provides an
explicit bound κ⟨i⟩ on the amplification factor of the input in the 2-norm. If ν ⟨i⟩
and τ are finite, then κ⟨i⟩ is finite. For ρ(x) as given by (6.12), τ is finite, as it
is shown in Section 5.8.8 that τ = (1−cos(µ))π
, where µ ≈ 2.3311. Practically, the
2γµ
threshold parameter γ provides a tuning parameter that significantly influences
the smoothness of the convergence, as is demonstrated experimentally in the next
section. Note that in the SISO case, developed Section 5.5.1, the factor ν ⟨i⟩ is
absent, whereas in the MIMO case ν ⟨i⟩ strictly enlarges κ⟨i⟩ , since ν ⟨i⟩ ≥ 1. This
reflects fact that the MIMO method achieves convergence after m + 2 iterations
even if U ⟨m⟩ is arbitrarily small.
In this section, a MIMO MF-IIC method is developed, which uses multiple
past experiments and smoothed pseudo-inversion to ensure high performance and
smooth convergence. In the next section, both developed data-driven methods
are applied to a printer system.

6.5 Application of MIMO Model-Free IIC
In this section, multi-loop SISO, and MIMO MF-IIC are applied to a wide-format
printer, showing that high performance can be achieved using the developed
MIMO data-driven learning methods, which constitutes contribution C3.

6.5.1

MF-IIC algorithm & implementation aspects

The following algorithm and implementation aspects describe the way MF-IIC is
implemented in the experiments.
Algorithm 6 MF-IIC
Select suitable nonzero initial input u⟨0⟩ (t).
1. Apply the input u⟨i⟩ (t) to the system and record the tracking error e⟨i⟩ (t) =
r(t) − y ⟨i⟩ (t).
2. Obtain U ⟨i⟩ (k) and E ⟨i⟩ (k) using the DFT. Update the input as given by
(6.2) for each frequency ωk . Obtain u⟨i+1⟩ (t) using the IDFT.
3. Set i ← i + 1 and repeat from (1) until e⟨i⟩ (t) is sufficiently small.
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Figure 6.4: The carriage of the Canon Arizona flatbed printer is controlled in its planar

coordinates y, x and ϕ, by using the actuator forces Ky , Kl and Kr .
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Figure 6.5: Left: The y, x and ϕ reference signals. Right: the y and x trajectories

describe a square that is rotated 10○ . As the carriage passes over the black edges, a
relatively small ϕ rotation is performed.

For multi-loop SISO MF-IIC, L⟨i⟩ is constructed as given by (6.1), where

U ⟨i⟩
Y ⟨i⟩

is replaced by ρ(∣Y ⟨i⟩ ∣) YU ⟨i⟩ to ensure smooth convergence. Here, ρ(x) is given by
(6.12), with γ(ωk ) = ∣R(ωk )∣. For MIMO MF-IIC, L⟨i⟩ is constructed as given by
⟨i⟩

+



(6.9) where Y⟨i⟩ is replaced by Y⟨i⟩ to ensure smooth convergence. Similarly,
ρ(x) is given by (6.12), with γ ∈ {0.05, 0.01}. The m initial input-output pairs
that are required to start the MIMO MF-IIC method are generated by applying
multi-loop SISO MF-IIC for i = 1, ..., m − 1. Hence, both methods are identical
for the first m − 1 trials.

6.5.2

Experimental setup

The wide-format printer is shown in Figure 6.4. The control objective is to track
the reference as displayed in Figure 6.5 for the in-plane degrees of freedom x,
y, and ϕ, using the actuator forces Kl , Kr and Ky . A low bandwidth feedback
controller Cf b is used to stabilize the system, in which case MF-IIC can be
equivalently applied by correcting for the known controller. To see this, consider
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Figure 6.6: The closed-loop configuration where H and Cf b are the printer and the

feedback controller, respectively.
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Figure 6.7: The initial error e⟨0⟩ (t) (

(

1

-3

) and ϕ axis (

2.5

3

3.5

4

1

) and the final error e⟨20⟩ (t) for the y (
) after applying MIMO MF-IIC for γ = 0.05.

), x

the control loop in Figure 6.6 and note that Yi = H(z)S(z)(Fi +Cf b (z)R)+S(z)D̃,
where S(z) ≜ (1 + Cf b (z)H(z))−1 . Consequently, by defining G(z) ≜ H(z)S(z),
Ui ≜ Fi + Cf b (z)R, and D ≜ S(z)D̃, (6.2) can be directly applied.

6.5.3

Results

Application of MIMO MF-IIC with γ = 0.05 results in a significant improvement
of performance, as is displayed in Figure 6.7, which shows the error during the
initial and final trials, i.e., for i = 0 and i = 20. These plots show that for all
coordinates a substantial improvement is achieved. More specifically, a square
with edges of 100 mm is traversed with an accuracy of approximately 0.05 mm.
Similar performance is achieved upon convergence for the various methods,
as is shown in Figure 6.9. This figure displays the root-mean-square (rms)
of the error as a function of the trials, which reflects the combined effect of
all the individual frequencies. This plot reveals that multi-loop SISO MF-IIC
(
) converges steadily, which can be attributed to fact that the error converge
asymptotically, as is described in Section 6.3. In contrast, applying MIMO
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Figure 6.8: The final input f ⟨20⟩ (t) for the y (
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) and ϕ axis (
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) after

applying MIMO MF-IIC for γ = 0.05.
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Figure 6.9: The tracking error rms as a function of the trials shows that multi-loop

MF-IIC (
) converges steadily, whereas MIMO MF-IIC (
) for γ = 0.05 converges
with distinct jumps at i = 3 and i = 5. Erratic convergence behavior is obtained for
γ = 0.01 (
).

MF-IIC for γ = 0.05 (
) resulted in two distinct jumps in the performance.
The first jump occurred at i = m = 3, which can be attributed to the rejection of
reference at those frequencies where the disturbances are negligible. The second
jump occurred at i = m + 2 = 5, which can be attributed to the rejection of the
remaining disturbances, as is described in Section 6.4.
To further investigate the effect of disturbances, an artificial input disturbance
was applied to the system by adding a 15 Hz sinusoid of 2 V to fx (t) and fϕ (t).
Note that this disturbance is significant in comparison to the learned input
f ⟨20⟩ (t), as is shown in Figure 6.8. The resulting tracking error energy is shown in
Figure 6.10, which shows that multi-loop SISO MF-IIC (
) did not significantly
improve the performance and the disturbance was not rejected. In contrast,
MIMO MF-IIC with γ = 0.05 (
) significantly increased the performance
during trial i = 5, which is agreement with Theorem 6.1.
Applying MIMO MF-IIC for γ = 0.01 resulted in erratic convergence behavior
for both the case with and without the disturbance, as is shown in Figure 6.9
and 6.10. Comparing this to MIMO MF-IIC for γ = 0.05 reveals that smoothed
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Figure 6.10: The tracking error rms for the case with input disturbance shows that

multi-loop MF-IIC (
) did not increase the performance significantly, whereas the
MIMO MF-IIC (
) increased the performance during trial i = 5, for γ = 0.05. Erratic
convergence behavior is obtained for γ = 0.01 (
).

pseudo inversion is essential in achieving smooth convergence, as is discussed in
Section 6.4.2.

6.6 Conclusion
Learning control can significantly improve the performance of systems that
perform repetitive tasks. Pre-existing data-driven approaches that aim to reduce
the modeling requirements are not particularly well-suited for MIMO systems.
In this chapter, a data-driven learning control method is developed for MIMO
systems. This is achieved by generalizing MF-IIC through the incorporation
of MIMO estimates of the inverse dynamics in combination with smoothing.
The potential of the developed approaches are confirmed by application to a
wide-format printer, which results in high tracking accuracy.

6.7 Results on matrix differentiation
The proofs in the next section, and those in Section 7.8, utilize various identities
from Kronecker algebra and matrix differentiation, and are recapitulated here
for the sake of completeness.
Consider the definition of the Kronecker product (Brewer, 1978).
Definition 6.2 (Kronecker product) Let A ∈ Cn×m and B ∈ Cs×t , then the
Kronecker product A ⊗ B is defined as
⎡ a B
⎢ 11
⎢
⋮
A⊗B =⎢
⎢
⎢ an1 B
⎣

⋯
⋱
⋯

a1m B
⋮
anm B

⎤
⎥
⎥
⎥ ∈ Cns×mt .
⎥
⎥
⎦
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For matrices of conformable dimensions, the following elementary identities hold
(A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD),
(A ⊗ B) ⊗ C = A ⊗ (B ⊗ C),
(A ⊗ B)−1 = A−1 ⊗ B −1 ,
(A ⊗ B)⊺ = A⊺ ⊗ B ⊺ .
Consider the definition of the vectorization operator.
Definition 6.3 (Vectorization operator) Let A ∈ Cn×m then the vectorization operation vec(A) stacks the columns of A in a single vector, i.e.,
vec(A) = [ a11

⋯

a1m

a21

...

a2m

...

⊺

anm ] ∈ Cnm×1 .

The following relation connects ⊗ and vec(.)
vec(ABC) = (C ⊺ ⊗ A)vec(B).

(6.13)

Consider the following convention for matrix differentiation, as is presented in
Vetter, 1970.
Definition 6.4 (Matrix differentiation) Let A(X) ∈ Cn×m depend on the
matrix entries of X ∈ Cs×t , then the derivative of A with respect to X is defined
as
∂A
∂A
=⟨
⟩ ,
∂X
∂Xij X

i = 1, . . . , s,

j = 1, . . . t,

where ⟨Sij ⟩X means that the submatrices Sij are stacked according to the structure
of X.
The following identities are extensions of the product rule towards matrix differentiation. For matrices A ∈ Cn×m , B ∈ Cm×o and X ∈ Cs×t the following
holds
∂AB ∂A
∂B
=
(It ⊗ B) + (Is ⊗ A)
.
∂X
∂X
∂X

(6.14)

For an invertible matrix F ∈ Cp×p , it holds that
∂F −1
∂F
(It ⊗ F −1 ) .
= − (Is ⊗ F −1 )
∂X
∂X

(6.15)

Furthermore, consider the following lemma that plays a key role in eliminating
the Kronecker product by restructuring to reduce the matrix dimensions.
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Lemma 6.1 Given W ∈ Csn×m , Z ∈ Cs×t , then
W (In ⊗ Z) = [ vec(Z ⊺ w1 )

...

⊺

vec(Z ⊺ wm ) ] ,

wi = reshape([W ⊺ ]i , s, n) ∈ Cs×n ,
with [W ⊺ ]i the ith column of W ⊺ and where x = vec(X) stacks the columns of
X ∈ Cs×n in the column vector x and where X = reshape(x, s, n) does the inverse
by restructuring x into X (Golub and Van Loan, 2013b, §12.3).
A proof of this lemma is immediate from identity (6.13).

6.8 Proofs
The proofs in the section require the following auxiliary results regarding the
stability of nonlinear complex difference equations.

6.8.1

Stability of complex nonlinear recursions

The following lemma plays a crucial role in various the remainder of this section.
Lemma 6.2 Consider the autonomous nonlinear difference equation over the
field of complex numbers
xi+1 = f (xi ),

f ∶ Cn ↦ Cn ,

(6.16)

and let x∞ be an fixed point satisfying x∞ = f (x∞ ).
(i) If f (x) is complex differentiable (holomorphic) on some open disc centered
at x∞ , then x∞ is exponentially stable if
λ̄ (

df
∣
) < 1.
dx⊺ x=x∞

(6.17)

(ii) If f (x) is not holomorphic on a neighborhood of x∞ , but instead f (x) =
g(x, x̄) ∶ Cn ×Cn ↦ Cn is holomorphic with respect to x and x̄ independently,
then x∞ is exponentially stable if

λ̄ (J) < 1,

⎡
⎢ ∂g(x, x̄)
⎢
⎢
⊺
J ≜ ⎢⎢ ∂x
⎢ ∂ḡ(x, x̄)
⎢j
⎢
∂ x̄⊺
⎣

⎤R
∂g(x, x̄) ⎥⎥RRRR
RR
∂ x̄⊺ ⎥⎥RRRR
.
⎥R
∂ḡ(x, x̄) ⎥⎥RRRR
⎥RRR
∂x⊺
⎦Rx=x∞

−j

(6.18)

163

6.8. Proofs

A proof of this lemma follows by rewriting (6.16) as 2n difference equations of
2n real variables by considering the real and imaginary parts of f (x) and x
independently. This enables the application of well-developed stability results
based on linearization Hespanha, 2009; Sedaghat, 2013. Statement (i) follows by
showing that if f (x) is holomorphic, then the Jacobian of the inflated system
df
results in the same eigenvalues as dx
⊺ , plus their complex conjugates. Statement
(ii) follows by showing that if g(x, x̄) is holomorphic with respect to x and x̄
independently, then its Jacobian is similar to the inflated Jacobian. See the
exposition in Fang and Sun, 2013 for a proof of the latter.

6.8.2

Proof of Theorem 6.1

Proof : Consider (6.2) and substitute (6.3) and (6.4) to yield
U ⟨i+1⟩ = (I − L(U ⟨i⟩ )G)U ⟨i⟩ + L(U ⟨i⟩ )(R − D) ≜ f (U ⟨i⟩ ).
Statement (i) in Lemma 6.2 implies that a fixed point U ⟨∞⟩ is exponentially stable
if (6.17) holds and if f (U ⟨i⟩ ) is holomorphic. Using the convention for matrix
differentiation as presented in Section 6.7, it readily results that
df
dL
dL
∣
= − ⊺ (I ⊗ GU ⟨∞⟩ ) + I − L(U ⟨∞⟩ )G +
(I ⊗ (R − D))
dU ⊺ U =U ⟨∞⟩
dU
dU ⊺
dL
= I − L(U ⟨∞⟩ )G +
(I ⊗ (R − D − GU ⟨∞⟩ )),
dU ⊺
such that the first requirement results in (6.5). Since sums and products of
holomorphic functions are holomorphic, and since GU is holomorphic in U ,
f (U ⟨i⟩ ) is holomorphic if L(U ⟨∞⟩ ) is holomorphic.
∎

6.8.3

Proof of Theorem 6.2

Proof : First, consider (6.2) for E ⟨i⟩ = 0, i.e., U ⟨i+1⟩ = U ⟨i⟩ + L⟨i⟩ ⋅ 0 = U ⟨i⟩ = U ⟨∞⟩ .
Hence, the input that corresponds to E ⟨i⟩ = 0 is a fixed point, which is obtained
from (6.3) and (6.4), i.e., E ⟨∞⟩ = R − GU ⟨∞⟩ − D = 0 yields U ⟨∞1 ⟩ = G−1 (R − D).
Let L(U ⟨i⟩ ) be given by (6.6) and note that if [Y ]n ≠ 0, ∀n, the diagonal L
filter can be written as L⟨i⟩ = diag(U )diag(Y )−1 . If L(U ⟨i⟩ ) is holomorphic, then
Theorem 6.1 applies and using that U ⟨∞1 ⟩ = G−1 (R − D) and Y ⟨∞1 ⟩ = R, yields
df
dL
∣
= I − L(U ⟨∞1 ⟩ )G +
(I ⊗ (R − D − GG−1 (R − D)))
dU ⊺ U =U ⟨∞1 ⟩
dU ⊺
= I − L(U ⟨∞1 ⟩ )G = I − diag(U ⟨∞1 ⟩ )diag(Y ⟨∞1 ⟩ )−1 G
= I − diag(G−1 (R − D))diag(R)−1 G,
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and thus results in the spectral radius condition given by (6.7). Secondly, consider
(6.2) with L(U ⟨i⟩ ) given by (6.6). Clearly, the trivial solution U ⟨i⟩ = 0 is a fixed
point, denoted in the remainder by U ⟨∞2 ⟩ . Similar application of Theorem 6.1
results in
dL
df
∣
= I − L(U ⟨∞2 ⟩ )G +
∣
(I ⊗ (R − D)),
⊺
dU U =U ⟨∞2 ⟩
dU ⊺ U =U ⟨∞2 ⟩
dL
=I+
(I ⊗ (R − D)),
dU ⊺
since L(U ⟨∞2 ⟩ ) = 0. The derivate of L(U ) is given by
dL
= W (I ⊗ diag(GU + D)−1 ) + L(U )(I ⊗ diag(GU + D)−1 )
dU ⊺
⎡ 1 0 ... 0 0 0 ... 0
0 0 ... 0 ⎤
⎢
⎥
dU
0 0 ... 0 ⎥
⎢ 0 0 ... 0 0 1 ... 0
= ⎢ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋱ ⋮ ... ⋮ ⋮ ⋱ ⋮ ⎥,
W≜
⊺
⎢
⎥
dU
⎢ 0 0 ... 0 0 0 ... 0
0 0 ... 1 ⎥
⎣
⎦
where in particular (6.14) and (6.15) are used. Consequently,
I+

dL
∣
(I ⊗ (R − D)) = I + W (I ⊗ diag(D)−1 )(I ⊗ (R − D))
dU ⊺ U =U ⟨∞2 ⟩
= I + W (I ⊗ diag(D)−1 (R − D))
= diag(R)diag(D)−1 ,

where Lemma 6.1 is used to eliminate the Kronecker product. Consequently, the
application of Theorem 6.1 for U ⟨∞2 ⟩ results in condition (6.8).
To show that L(U ⟨i⟩ ) is holomorphic, consider the Looman-Menchoff Theorem (Gray and Morris, 1978), which states that L(U ⟨i⟩ ) is holomorphic in a
neighborhood of U ⟨∞⟩ if L(Ũ ⟨i⟩ ) is continuous and satisfies the Cauchy-Riemann
conditions
∂L
∂L
(6.19)
⊺ =j
⊺ ,
∂UI
∂UR
in a neighborhood of U ⟨∞⟩ , where U = UR + jUI . Clearly, L(U ) is continuous in
a neighborhood of U ⟨∞⟩ if [Y (U ⟨∞⟩ )]n ≠ 0, ∀n, which is the case for both U ⟨∞1 ⟩
and U ⟨∞2 ⟩ if [R]n ≠ 0 and [D]n ≠ 0, ∀n. Using the product rules for matrix
differentiation presented in Section 6.7, it is readily obtained that
∂L
= jW (I ⊗ diag(GU + D)−1 ) − jL(U )GW (I ⊗ diag(GU + D)−1 ),
⊺
∂ ŨI
∂L
= W (I ⊗ diag(GU + D)−1 ) − L(U )GW (I ⊗ diag(GU + D)−1 ),
⊺
∂ ŨR
which shows that (6.19) indeed holds, implying that L(U ) is holomorphic.

∎
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6.8.4

Proof of Theorem 6.3

Proof : First rewrite (6.2) to explicitly express the nonlinear iteration dynamics
in terms of U by substituting (6.3) and (6.4), and by subtracting U ⟨∞1 ⟩ , to yield
Ũ ⟨i+1⟩ = (I − L(U ⟨i⟩ )G)Ũ ⟨i⟩ ,

(6.20)

where Ũ ⟨i⟩ ≜ U ⟨i⟩ − U ⟨∞1 ⟩ . Hence, U⟨i⟩ = Ũ⟨i⟩ + G−1 (R − D) and Y⟨i⟩ = GŨ⟨i⟩ + R,
and substituting this in (6.20) yields
+

Ũ ⟨i+1⟩ = (I − U⟨i⟩ Y⟨i⟩ G) Ũ ⟨i⟩
= (I − (Ũ⟨i⟩ + G−1 (R − D))(GŨ⟨i⟩ + R)+ G) Ũ ⟨i⟩
= (I − G−1 (GŨ⟨i⟩ + (R − D))(GŨ⟨i⟩ + R)+ G) Ũ ⟨i⟩ ,
Multiplying both sides by G and defining Û⟨i⟩ ≜ GŨ ⟨i⟩ results in
Û ⟨i+1⟩ = (I − (Û⟨i⟩ + (R − D))(Û⟨i⟩ + R)+ ) Û ⟨i⟩
= (I − (Û⟨i⟩ + R)(Û⟨i⟩ + R)+ ) Û ⟨i⟩ + D(Û⟨i⟩ + R)+ Û ⟨i⟩ .
The first term vanishes ∀i ≥ m, since Û⟨i⟩ is in the column space of Û⟨i⟩ + R for
m ≥ 2. Consequently, the iteration dynamics are determined by the second term
Û ⟨i+1⟩ = D ([Û ⟨i⟩

+

... Û ⟨i−z+1⟩ ] + R) Û ⟨i⟩ ,

(6.21)

where (6.21) applies for i ≥ m − 1. Statement (i) directly results from (6.21), since
D = 0 implies Û ⟨m⟩ = 0, which corresponds to E ⟨m⟩ = 0.
A proof of statement (ii) results by explicit evaluation of (6.21) to show that
the iteration dynamics yield Û ⟨m+2⟩ = 0. This is achieved by noting that for
nonzero D the span of D consist of the single vector D, such that
Û ⟨i+1⟩ = α⟨i+1⟩ D,

α⟨i+1⟩ ∈ C,

i ≥ m − 1.

(6.22)

Hence, for i = m + l, 0 ≤ l ≤ m − 2, (6.21) can be partitioned as
Û ⟨m+l+1⟩ = D ([ Û ⟨m+l⟩

... Û ⟨m⟩

Û ⟨m−1⟩

and substituting (6.22), and using that D = D [1
α⟨m+l+1⟩ D = D [1
⟨l⟩

B

= [ Û

⟨m−1⟩

+R

...

... 1], yields
+

B⟨l⟩ ]) α⟨m+l⟩ D,

... 1] ([ A⟨l⟩

A⟨l⟩ = [ α⟨m+l⟩ D + R

+

... Û ⟨l⟩ ] + R) Û ⟨m+l⟩ ,

(6.23a)

α⟨m⟩ D + R ] ∈ Cn×(l+1) ,

... Û

⟨l⟩

+R ]∈C

n×(m−l−1)

.

(6.23b)
(6.23c)
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Evidently, Û ⟨i⟩ evolves along the direction of D where α⟨m+l⟩ determines the
magnitude and direction, which is described by the nonlinear iteration dynamics
given by (6.23). Given that m ≥ n, l = 1, α⟨m+l⟩ ≠ α⟨m⟩ , and B⟨l⟩ is full rank, the
pseudo inverse in (6.23a) can be explicitly evaluated as
+

[ A B ] =[

−1

AH A
BH A

AH B
]
BH B

[

AH
].
BH

(6.24)

Using block inversion for a partitioned matrix Boyd and Vandenberghe, 2004,
§A.5.5 yields that (6.24) equals
[

T −1
−(B B)−1 BH AT −1
H

[

(B B)
H

−1

−T −1 AH B(BH B)−1
AH
],
H
−1 H
−1 H
H
−1 ] [
+ (B B) B AT A B(B B)
BH

−1

T AH (I − B(BH B)−1 BH )
H
]≜[
],
K
(B B) BH (I + AT −1 AH (B(BH B)−1 BH − I))
H

−1

where

T = (AH (I − B(BH B)−1 BH )A) ,

(6.25)
(6.26)

which holds since both A and B are full column rank, such that BH B and T are
invertible. First, it is shown that Kα⟨m+l⟩ D = 0. Consider K, as given by (6.25),
and substitute T , as given by (6.26)
K = B+ (I + AT AH (BB+ − I))
= B+ (I + A (AH (I − BB+ )A)
= B+ (I − A (AH WA)

−1

−1

AH (BB+ − I))

AH W),

where B+ = (BH B)−1 BH and W = (I − BB+ ). Since W is symmetric, it can be
decomposed as W = LH L, where L ∈ Cn×2 has full column rank. Given that R ≠ 0,
and l = 1, D can be reconstructed from the columns of A as follows
α⟨m+l⟩ D = Ad,

d=

α⟨m+l⟩
1
[ ].
⟨m+l⟩
⟨m⟩
−1
α
−α

(6.27)

Consequently,
−1

Kα⟨m+l⟩ D = B+ (I − A (AH WA)

AH W)Ad

−1

= B+ (A − A (AH WA)

AH WA)d

= B+ A(I − Ã+ Ã)d
= B+ AÃ+ Ã(I − Ã+ Ã)d = 0,
since Ã(I − Ã+ Ã) = 0, where Ã = LA, and where it was used that Ã+ Ã = I.
Second, it is shown that Hα⟨m+l⟩ D yields a vector whose column sum equals zero.
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Consider hereto the upper block matrix of (6.25), and substitute T , as given by
(6.26)
Hα⟨m+l⟩ D = T AH (I − B(BH B)−1 BH )Ad
−1

= (AH (I − B(BH B)−1 BH )A)
−1

= (AH WA)

AH (I − B(BH B)−1 BH )Ad

AH WAd

= Ã+ Ãd = Id = d.
Note that the row sum of d, as given by (6.27), equals zero, such that
[1 ... 1] Hα⟨m+l⟩ D = 0. Combining these results shows that
[1

+

B⟨l⟩ ]) α⟨m+l⟩ D = 0,

... 1] ([ A⟨l⟩

such that (6.23a) results in α⟨m+l⟩ = 0 for l = 1, which implies Û ⟨m+l+1⟩ = 0, such
that Û ⟨i⟩ = 0 for i ≥ m + 2, which corresponds to Ê ⟨i⟩ = 0, and thereby completes
the proof of statement (ii).
A proof of statement (iii) is developed by considering the case that R = βD.
For i ≥ 2m − 1, B⟨l⟩ , as given by (6.23c), vanishes, and A⟨i⟩ , as given by (6.23b),
can be written as
A⟨i⟩ = [ α⟨i⟩ D + R
Z H ≜ [ α⟨i⟩ + β

α⟨i−m+1⟩ D + R ] = DZ H

...

α⟨i−m+1⟩ + β ]

...

and the singular value decomposition of A⟨l⟩ is readily determined to be given by
A⟨i⟩ = D̃σA Z̃ H ,

D̃ ≜ ∥D∥−1
2 D,

Z̃ ≜ ∥Z∥−1
2 Z,

σA ≜ ∥D∥2 ∥Z∥2 ,

+

and using that A⟨i⟩ = Z̃σA−1 D̃H enables (6.23a) to be written as
α⟨i+1⟩ D = D [1
=D
=

+

... 1] A⟨i⟩ α⟨i⟩ D = D [1

m−1
⟨i−j⟩ + β)
∥Z∥−1
2 ∑j=0 (α

∥Z∥2 ∥D∥2

m−1
∑j=0 (α⟨i−j⟩ + β)
m−1
∑j=0 ∣α⟨i−j⟩

+ β∣2

... 1] Z̃σA−1 D̃H Dα⟨i⟩

D̃H D̃∥D∥2 α⟨i⟩

α⟨i⟩ D.

(6.28)

The fixed points of (6.28) satisfy
m−1

m−1

α⟨∞⟩ ∑ ∣α⟨∞⟩ + β∣2 − ∑ (α⟨∞⟩ + β)α⟨∞⟩ = 0,
j=0

α

⟨∞⟩

((m − 1)∣α

j=0
⟨∞⟩

+ β∣ − (m − 1)(α⟨∞⟩ + β)) = 0,
2

(6.29)
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which are readily determined to be given by α⟨∞1 ⟩ = 0 and α⟨∞2 ⟩ = 1 − β, and
although α⟨∞⟩ = −β satisfies (6.29), it is a singularity where the dynamics (6.28)
are not defined. The stability of the fixed points is assessed using the results
presented in Lemma 6.2. To this end, introduce the state vector
x⟨i⟩ ≜ [ α⟨i⟩

...

⊺

α⟨i−m+1⟩ ] ,

and note that (6.28) can be written as
x⟨i+1⟩ = f (x⟨i⟩ ),

f (x) = [ T (x)[x]1

T (x) = [1
T1 (x̄) = x + β,

⊺

[x]1

... [x]m−1 ] ,

... 1] T1 (x)T2−1 (x)T3 (x),
−1

T2 (x, x̄) = ((x + β)⊺ (x + β))

,

T3 (x) = [x]1 .

It is readily seen that f (x) is not holomorphic on the entire state space, since
T (x) explicitly depends on x̄. Hence, the dependence on x and x̄ needs to be
considered independently by considering f (x) = g(x, x̄). Only the derivatives of
the first element [g(x, x̄)]1 are crucial, since the derivatives of the other elements
equate to elementary basis vectors. Using the conventions presented in Section
6.7, it is readily determined that
∂[g(x, x̄)]1
∂x⊺
∂[ḡ(x, x̄)]1
∂x⊺
∂[g(x, x̄)]1
∂ x̄⊺
∂[ḡ(x, x̄)]1
∂ x̄⊺

= 11×m T1 (x̄)T2−1 (x, x̄) (e⊺1 − (x + β)⊺ (I ⊗ T2−1 (x, x̄)T3 (x)))
= 11×m T1 (x̄)T2−1 (x, x̄) (e⊺1 − (x + β)⊺ (I ⊗ T2−1 (x, x̄)T3 (x)))
= 11×m (I − T1 (x̄)T2−1 (x, x̄)(x + β)⊺ ) (I ⊗ T2−1 (x, x̄)T3 (x))
= 11×m (I − T1 (x̄)T2−1 (x, x̄)(x + β)⊺ ) (I ⊗ T2−1 (x, x̄)T3 (x))

where 11×m ≜ [1 ... 1], and e⊺1 ≜ [1
derivatives equate to

... 1]. At the fixed point x⟨∞1 ⟩ , these

1
∂[g(x, x̄)]1
= e⊺1 ,
∣
∂x⊺
β
x⟨∞1 ⟩

∂[g(x, x̄)]1
= 0,
∣
∂ x̄⊺
x⟨∞1 ⟩

∂[ḡ(x, x̄)]1
= 0,
∣
∂ x̄⊺
x⟨∞1 ⟩

∂[ḡ(x, x̄)]1
1
= e⊺1 ,
∣
⊺
∂x
β̄
x⟨∞1 ⟩

and at the fixed point x⟨∞2 ⟩ , these derivatives equate to
∂[g(x, x̄)]1
β−1
1
∣
=
11×m + e⊺1 ,
∂x⊺
m
m
⟨∞
⟩
x 2

∂[g(x, x̄)]1
∣
= 0,
∂ x̄⊺
x⟨∞2 ⟩

∂[ḡ(x, x̄)]1
∣
= 0,
∂ x̄⊺
x⟨∞2 ⟩

∂[ḡ(x, x̄)]1
β−1
1
∣
=
11×m + e⊺1 .
⊺
∂x
m
m
x⟨∞2 ⟩
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Consequently, the matrix J as given by (6.18) in Lemma 6.2, reads
∂g(x,x̄)

−j ∂g(x,x̄)
∂ x̄⊺

⊺
[ ∂ ∂x
j ḡ(x,x̄)
∂ x̄⊺

∂ ḡ(x,x̄)
∂x⊺

]∣
x⟨∞i ⟩

J
=[ i
0

0
],
Ji

i = 1, 2.

where i = 1, 2 indicates the correspondence to x⟨∞1 ⟩ and x⟨∞2 ⟩ respectively and
⎡ β −1
⎢
⎢ 1
⎢
J1 = ⎢
⎢ ⋮
⎢
⎢ 0
⎣

0 ... 0
0 ... 0
⋮ ⋱ ⋮
0 ... 1

⎤
⎥
⎥
⎥
⎥,
⎥
⎥
⎥
⎦

0
0
⋮
0

⎡
⎢
⎢
⎢
J2 = ⎢
⎢
⎢
⎢
⎣

m+β−1
m

1
⋮
0

β−1
m

0
⋮
0

...
...
⋱
...

β−1
m

0
⋮
1

β−1
m

0
⋮
0

⎤
⎥
⎥
⎥
⎥.
⎥
⎥
⎥
⎦

Due to the structured zeros in J, it is readily shown that the eigenvalues of J
equal the eigenvalues of Ji and their complex conjugates. Consequently, x⟨∞1 ⟩ is
exponentially stable if λ̄(J1 ) = β −1 < 1, which proves statement (iii.a). Similarly,
the x⟨∞2 ⟩ is exponentially stable if λ̄(J2 ) < 1, where it is readily shown that the
eigenvalues of J2 are given by the roots of
det(λI − J2 ) = mλm + (1 − β − m)λm−1 + (1 − β)λm−2 + ... + (1 − β),
which proves statement (iii.b).

6.8.5

∎

Proof of Theorem 6.4

Proof : Consider (6.2) with (6.9), substitute (6.3) and take the 2-norm to yield
†

†

∥U ⟨i+1⟩ ∥2 = ∥U ⟨i⟩ − U⟨i⟩ Y⟨i⟩ Y ⟨i⟩ + U⟨i⟩ Y⟨i⟩ R∥2
†

†

≤ ∥U ⟨i⟩ ∥2 + ∥U⟨i⟩ ∥2,2 ∥Y⟨i⟩ Y ⟨i⟩ ∥2 + ∥U⟨i⟩ ∥2,12 ∥Y⟨i⟩ ∥2,2 ∥R∥2
≤ ∥U ⟨i⟩ ∥2 (1 +

†
†
∥U⟨i⟩ ∥2,2
(∥Y⟨i⟩ Y ⟨i⟩ ∥2 + ∥Y⟨i⟩ ∥2,2 ∥R∥2 )) .
U ⟨i⟩

t)
By Definition 6.1, it holds that ∥Y† ∥2,2 = maxt { ρ(σ
}, such that
σt

∥U ⟨i+1⟩ ∥2 ≤ ∥U ⟨i⟩ ∥2 (1 +
where τ ≜ supx∈(0,∞)
Y⟨i⟩ = U ΣV H ,

ρ(x)
.
x
†

†
∥U⟨i⟩ ∥2,2
(∥Y⟨i⟩ Y ⟨i⟩ ∥2 + τ ∥R∥2 )) .
U ⟨i⟩

Furthermore, note that ∥Y⟨i⟩ Y ⟨i⟩ ∥2 ≤ 1, since

H
Y⟨i⟩ = V Σ−1
ρ U ,

Σ−1
ρ = diag{

ρ(σj )
},
σj

Y ⟨i⟩ = Y⟨i⟩ e1 ,
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with e1 the 1st natural basis vector, such that
H ⟨i⟩
−1 H
H
∥Y⟨i⟩ Y ⟨i⟩ ∥2 = ∥V Σ−1
ρ U Y e1 ∥2 = ∥V Σρ U U ΣV e1 ∥2
X
X
X
X
X
⎛ ρ(σj )
X
X
X
H⎞
X
X
=X
σ
v
v
e
X
≤ ∥ρ(σ̄)∥2 ≤ 1,
∑
j
j
1
j
X
X
σ
j
X
X
⎠
⎝
X
X
j
X
X
X
X2

since ρ(σ̄) ≤ 1 per Definition 6.1. Consequently,
∥U ⟨i+1⟩ ∥1 ≤ ∥U ⟨i⟩ ∥2 (1 +
which proves Theorem 6.4.

∥U⟨i⟩ ∥2,2
(1 + τ ∥R∥2 )) ,
U ⟨i⟩
∎

Data-Driven Linear
Parameter-Varying Methods

IV

7

Frequency Response Function
Identification for Linear Parameter
Varying Systems

For Linear Time-Invariant (LTI) systems, Frequency Response Functions (FRFs)
facilitate dynamics analysis, controller design, and parametric modeling, while
many practically relevant systems are in fact more accurately described by Linear
Parameter-Varying (LPV) models. The aim of this chapter is to develop an FRF
modeling framework for LPV systems that enables the identification of LPV FRF
models from global experiments. This is achieved by developing an appropriate
definition of the FRF for input-output LPV systems and by developing a method
to compute a suitable FRF estimator. The developed approach generalizes the
Empirical Transfer Function Estimate (ETFE) to the class of LPV systems, and
the classical ETFE is recovered for LTI systems as a special case. The developed
method is successfully used to estimate an LPV FRF of an experimental motion
system, thereby confirming the potential of the developed framework. The results
in this chapter constitute contribution C6 of this thesis.

The contents of this chapter are based on:
R. de Rozario and T. Oomen. Frequency Response Function Identification of Linear ParameterVarying Systems with Application to a Motion System. Submitted for journal publication.
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Chapter 7. FRF Identification for LPV Systems

7.1 Introduction
Increasing requirements in control applications lead to a situation where operatingcondition dependent dynamics need to be explicitly addressed to achieve the
control performance requirements, for instance through Linear Parameter Varying
(LPV) control (Hoffmann and Werner, 2015). In wind turbine (Shirazi et al., 2012)
and aerospace applications (Szászi et al., 2005), the aerodynamic coefficients
depend on exogenous parameters such as the wind speed, pitch angle, and
altitude. In motion applications, such as industrial robotics (Hashemi et al.,
2012) and lithographic systems (Groot Wassink et al., 2005), flexible dynamics
and configuration-dependent inertia result in position-dependent effects (Felici
et al., 2007; Steinbuch et al., 2003). These parameter variations can hamper the
application of Linear Time-Invariant (LTI) control methods. The LPV framework
aims to overcome the limitations of LTI control by explicitly accounting for
parameter variations. Typical LPV approaches aim to formalize gain-scheduling
control design (Shamma and Alhans, 1992) by formulating model-based synthesis
problems that ensure stability and a guaranteed level of performance (Apkarian
and Gahinet, 1995; Scherer, 2001). The model-based nature of these methods
spurred the development of LPV identification methods with a strong focus on
parametric models (Bamieh and Giarre, 2002; Goos and Pintelon, 2016; Lovera
and Mercere, 2007; Tóth, 2010; Turk et al., 2018; Wingerden and Verhaegen,
2009), which typically impose specific requirements on the prior knowledge
regarding the dynamic order of the process.
In contrast to parametric models, nonparametric Frequency Response Function (FRF) models, such as the Empirical Transfer Function Estimate (ETFE)
(Ljung, 1987, eqn. 6.24), are commonly employed in practice, e.g., in industrial
motion control design (Steinbuch et al., 2010). Benefits to using FRF models
are that they readily determined from input-output data, are often relatively
fast and inexpensive to obtain (Pintelon and Schoukens, 2012), and provide an
accurate description of the dynamics that is readily interpreted visually. More
importantly, FRF estimates require no prior knowledge on the dynamic order,
making them particularly well-suited for systems with flexible dynamics, whose
order is typically extremely high (Voorhoeve et al., 2015). In addition, the use
of periodic excitation signals in the identification process enables estimation of
nonparametric noise models, assessment of nonlinearities (Rijlaarsdam et al.,
2010) (Pintelon and Schoukens, 2012, §3), and analysis of time-variations (Lataire
et al., 2012). However, the fundamental assumption that the plant is accurately
described as a Linear Time-Invariant (LTI) system limits the use of FRF estimates
in LPV applications.
LPV identification approaches can be classified as global or local, depending on
the nature of the scheduling signals during the experiments, and local strategies
are reported that estimate LPV models from a grid of local FRF estimates
(Fleming and Moheimani, 2003; Maas et al., 2016; Turk et al., 2018; Voorhoeve
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et al., 2018). Each local estimate is obtained by freezing the scheduling signal
at a constant value. Consequently, the behavior captured by the set of frozen
estimates reflects only a part of the true operational conditions, which generally
include nonconstant scheduling behavior. Fundamentally, the dependence on the
derivatives of the scheduling signal, known as dynamic dependence, cannot be
captured by local experiments (Alkhoury et al., 2017). Moreover, a substantial
amount of local FRF estimates is typically required to achieve the desired model
accuracy (Ghosh et al., 2018; Vı́zer and Mercère, 2014). Each local FRF estimate
needs to be estimated independently, and obtaining a sufficiently dense grid of
local models can be relatively time consuming, especially for a large number
of scheduling variables. In addition, the plant may be unstable for a region
of frozen parameter space, which may complicate the estimation of the local
models. Global strategies aim to overcome these limitations by using appropriate
nonconstant scheduling signals that scan the parameter space and result in
stable Linear Time-Varying (LTV) dynamics during the experiments, as will be
demonstrated in this chapter.
LPV identification strategies can also be classified in the way in which
the model is parametrized, and in contrast to LTI systems, the model can be
(non)parametric in the scheduling dependence, and/or in the dynamics. For
example, LPV subspace methods do not impose a specific structure on the
state-space matrices, are typically parametric in the scheduling dependence, but
require estimation of the dynamic order (Felici et al., 2007; Wingerden and
Verhaegen, 2009). In (Tóth et al., 2011), a method is developed for input-output
LPV models that employs a support vector machine approach to estimate the
scheduling dependence nonparametrically, yet similarly requires prior knowledge
of the dynamic order. The Bayesian approaches developed in (Golabi et al.,
2014) and (Darwish et al., 2018) enable nonparametric estimation in both the
dynamics and parameter dependence through the use of Gaussian processes.
These approaches require careful tuning of the hyperparameters associated with
the kernel functions and require approximate prior knowledge on the pole locations
(Blanken et al., 2018b). In contrast to these pre-existing approaches, the approach
developed in this chapter is nonparametric in the dynamics and parametric in
the scheduling dependence.
Although LPV control has a large potential to improve the performance
in many applications and substantial research has led to compatible system
identification methods, presently, no systematic framework exists that enables
the identification of nonparametric LPV FRF models from global experiments.
The aim of this chapter is to develop such a framework for a class of input-output
LPV systems, which recovers the classical ETFE as a special case. This is
achieved through the following contributions.
(C1) A class of identifiable LPV FRF parametrizations is developed (Section
7.3).
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(C2) A numerical parameter estimation framework is developed, which includes
the formulation of a Weighted Nonlinear Least Squares (WNLS) estimator
and an explicit formulation of the corresponding Jacobian, which facilitates
various iterative methods to solve the resulting nonlinear optimization
problem (Section 7.4 and 7.5).
(C3) An LPV FRF of an experimental parameter-varying motion system is
estimated using the developed approach and its generalizing properties are
validated (Section 7.6).
Contribution C1 employs periodic scheduling to obtain Linear Periodic TimeVarying (LPTV) system behavior during the identification experiments, and
an FRF model of the Discrete Time (DT) Harmonic Transfer Function (HTF)
is estimated in an approach closely related to (Louarroudi et al., 2014). The
key difference is that the LPTV model is specifically structured in terms of the
scheduling parameters as in (Felici et al., 2007; Goos and Pintelon, 2016), and
the LPV parameters are subsequently inferred from the LPTV model, which
is enabled by explicitly deriving conditions under which the LPV parameters
are identifiable. Contribution C2 formulates a Maximum Likelihood Estimator
(MLE) by appropriate weighting with the noise covariance (Goos et al., 2017;
Goos and Pintelon, 2016). Bounds on the uncertainty of the MLE are determined
based on its statistical properties. In addition, the Jacobian of the MLE cost
function is determined in closed-form, which enables the formulation of various an
iterative optimization approaches. Contribution C3 is established by controlling a
flexible beam system using an LPV controller, and estimating a global LPV FRF
model of the closed-loop dynamics using the developed framework. It is shown
that the LPV FRF contains a continuum of LTI FRF models, which includes
representations of stable and unstable frozen dynamics. The accuracy of the
stable dynamics is assessed using local ETFEs, and the instability boundary is
confirmed experimentally. The predictive capabilities of the estimated global LPV
FRF model are validated, indicating a level of performance that is comparable
to the classical ETFE in its appropriate LTI setting.

7.1.1

Preliminaries

A Discrete Time (DT) signal x ∶ Z ↦ R is called N -periodic if x(t + N ) = x(t), ∀t,
N ∈ N. The N -point Discrete Fourier Transform (DFT) is defined as X(ωk ) =
−1
−jωk t
F{x(t)} ≜ √1N ∑N
, ωk ∈ ΩN ≜ {ωk ∈ R ∣ ωk = 2πk
, k = 0, ..., N − 1},
t=0 x(t)e
N
and the sets corresponding to real and complex DFT coefficients are denoted
by ΩR ≜ {ωk ∈ ΩN ∣ k = 0 ∧ if N is even k = N2 }, and ΩI ≜ ΩN ΩR . The circular
convolution of two N -length sequences X(ωk ) and Z(ωk ) is defined as X(ωk ) ∗
−1
Z(ωk ) ≜ ∑N
k=0 X(ω⟨n−k⟩N )Z(ωk ), where ⟨k⟩N denotes k modulo N . A frequency
lifted notation is used throughout where X̄ denotes the length N column with
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entries X(ωk ), and X denotes the diagonal matrix with X̄ on its diagonal, i.e.,
⎡ X(ω ) ⎤
0
⎢
⎥
⎢
⎥
⋮
⎥ ∈ CN , X ≜ diag{X̄} ∈ CN ×N .
X̄ = ⎢
⎢
⎥
⎢X(ωN −1 )⎥
⎣
⎦

(7.1)

Moreover, [X]τ denotes the τ th column of X, [X]/τ is the matrix that remains
by removing [X]τ from X, and the same notation is used for X̄ where [X̄]τ
denotes the τ th element of X̄.

7.2 Problem formulation
In this section, the considered class of LPV systems is introduced and the
identification problem is formulated.

7.2.1

The considered class of LPV Systems

In this chapter, the following class of DT single-input single-output LPV systems
is considered
a(ρ(t), q −1 )y(t) = b(ρ(t), q −1 )u(t),

(7.2a)

nφ

a(ρ(t), q −1 ) = a0 (q −1 ) + ∑ φi (ρ(t))ai (q −1 ),

(7.2b)

i=1
nψ

b(ρ(t), q −1 ) = b0 (q −1 ) + ∑ ψi (ρ(t))bi (q −1 ).

(7.2c)

i=1

Here, φi (ρ) and ψi (ρ) are bounded functions φi , ψi ∶ D ↦ R of a known exogenous
scheduling parameter ρ(t) ∈ D ⊆ Rnρ , that consists of any relevant time-varying
parameters and their derivatives (Shamma, 2012; Tóth, 2010). The functions
ai (q −1 ) and bi (q −1 ) in (7.2b) and (7.2c) are polynomials in q −1 of degree ni , i.e.,
ni

ai (q −1 ) = ∑ aij q −j ,
j=0

ni

bi (q −1 ) = ∑ bij q −j ,

(7.3)

j=κi

where q is the shift operator, i.e., q −τ s(t) = s(t − τ ), and 0 ≤ κi ≤ ni . Note that for
constant scheduling, i.e., ρ(t) = ρ̄, ∀t, (7.2) reduces to an LTI recursion relation
with dynamic order maxi ni and relative degree mini κi . The following example
illustrates how (7.2) naturally results from first-principles modeling.
Example 3 Consider the following continuous-time model of a mass-springdamper system with parameter varying stiffness k(ρ(t)) = k0 − k1 ρ(t),
2

d
d
(m dt
2 + d dt + (k0 − k1 ρ(t))) y(t) = u(t).
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Figure 7.1: The magnitude of the frozen LPV FRF, as described in Example 3, displays a
parameter-varying resonant mode.
2

d
d
A DT LPV representation is obtained by replacing dt
y(t) and dt
2 y(t) by the one1
1
sided finite difference approximations Ts (1 − q −1 )y(t), and T 2 (1 − 2q −1 + q −2 )y(t),
s
respectively. The result is of the form (7.2a), since it can be written as

(a0 (q −1 ) + a1 (q −1 )φ1 (ρ(t))) y(t) = b0 (q −1 )u(t),
where b0 (q −1 ) = 1, a1 (q −1 ) = 1, φ1 (ρ(t)) = −k1 ρ(t) and
a0 (q −1 ) =

m
(1 − 2q −1
Ts2

+ q −2 ) +

d
(1 − q −1 ) + k0 .
Ts

The continuum of FRFs that is obtained by freezing ρ(t) = ρ̄ ∈ [−1, 1] is shown in
Figure 7.1 where m = 0.1, d = 1, k0 = 500 and k1 = 400.
Remark 7.1 Realization (7.2) can be extended to multi-variable systems by considering parameter-dependent polynomial matrices for a(ρ(t), q −1 ) and b(ρ(t), q −1 )
in a way similar to matrix-fraction descriptions for LTI systems (Kailath, 1980),
yet the development of this extension is beyond the scope of the present exposition.
Next, the classical ETFE approach to FRF estimation is recapitulated.

7.2.2

The Empirical Transfer Function Estimate

Estimating the FRF of an LTI system can be achieved in various different ways
(Pintelon and Schoukens, 2012), and the ETFE is a well-known approach (Ljung,
1987, eqn. 6.24). Under the mild assumption that the input excites all frequencies,
i.e., U (ωk ) ≠ 0, the ETFE can be written using the lifted notation as
θ̂ ≜ U −1 Ȳ ,

θ̂ ∈ CN .

(7.4)
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It is well known that if u and y are free of noise and leakage, and if y(t) is
the steady-state output of an LTI system, then (7.4) equals FRF, i.e., θ̂ =
Ḡ, where G(ejωk ) = A−1 (ejωk )B(ejωk ), with A(ejωk ) = a0 (ejωk ), B(ejωk ) =
b0 (ejωk ). Consequently, the FRF of an LTI system is readily estimated from the
DFT coefficients U (ωk ) and Y (ωk ) without prior knowledge on the structural
system parameters n and κ. Moreover, Y (ωk ) can be replaced by a sample mean
of multiple realizations when y(t) is corrupted by noise, where different periods
of a periodic y can be considered as independent observations (Pintelon and
Schoukens, 2012, §2.5.1). This approach renders (7.4) the Maximum Likelihood
Estimator under mild conditions on the noise. These properties are lost when
the ETFE is applied to input-output data satisfying (7.2) unless ρ(t) is frozen.
The aim of this chapter is to develop an ETFE-like estimator for LPV systems
described by (7.2) that possesses similar properties and recovers the classical
ETFE for frozen scheduling. This identification problem is formalized next.

7.2.3

The identification problem

The following assumptions enable the formulation of a global FRF identification
procedure for LPV systems.
Assumption 7.1 The scheduling signal ρ(t) and the functions φi (ρ), i = 1, ..., nφ ,
and ψi (ρ), i = 1, ..., nψ , are known.
This assumption is common in LPV identification approaches that are parametric
in the scheduling dependence, such as those developed in (Bamieh and Giarre,
2002; Felici et al., 2007; Turk et al., 2018). No particular set of functions φi (ρ) and
ψi (ρ) is assumed here and prior knowledge of these functions is typically obtained
through first-principles modeling, or they are approximated using basis functions,
such as polynomials (Lataire et al., 2012; Maas et al., 2016) or thin-plate splines
(Voorhoeve et al., 2018).
Assumption 7.2 The scheduling signal ρ(t) is Nρ -periodic for a given Nρ ∈ N,
i.e., ρ(t + Nρ ) = ρ(t), ∀t ∈ Z.
Assumption 7.3 The scheduling signal ρ(t) identical for each realization of the
identification experiment.
By considering identical periodic scheduling, the LPV system (7.2) describes
Linear Periodically Time-Varying (LPTV) dynamics that are identical for each
experiment. The approach developed in this chapter is to identify a nonparametric
model of the LPTV dynamics and to infer the LPV parameters from the resulting
estimate.
Remark 7.2 Assumption 7.3 is required to establish the identifiability results in
Section 7.3, but can be relaxed in practice.
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Assumption 7.4 The input signal u(t) is exactly known and is Nu -periodic for
a given Nu ∈ N, i.e., u(t + Nu ) = u(t), ∀t ∈ Z.
Assumption 7.5 The system (7.2) is exponentially stable for the scheduling
signal ρ(t) satisfying Assumption 7.1 to 7.3.
Assumption 7.5 ensures exponential decay of the transient response of the LPTV
system (Bittanti and Colaneri, 2009, §1.2.3) (Zundert and Oomen, 2017b). In
combination with Assumption 7.2 and 7.4, y(t) exponentially converges to a
steady-state periodic signal with period length N , where N is the least common
multiple of Nu and Nρ (Goos and Pintelon, 2016).
Assumption 7.6 The output y(t) of (7.2) is measured during steady state.
Under the presented assumptions, the signals ρ(t), u(t) and y(t) are N -periodic,
such that no leakage is introduced by the DFT (Pintelon and Schoukens, 2012).
The absence of leakage is essential in the classical ETFE and is of similar
importance in the LPV FRF identification approach as developed in this chapter.
The identification problem is formalized as follows.
Problem 7.1 (LPV-FRF identification) Under Assumption 7.2 to 7.6, develop an estimator of the coefficients Ai (ejωk ), Bi (ejωk ), corresponding to the
polynomials ai (q −1 ), bi (q −1 ), of (7.3), that enables accurate output simulation.
The simulation accuracy in Problem 7.1 is measured using an appropriate metric,
such as the Best Fit Ratio (BFR), as is discussed in Section 7.6.
In this section, the considered class of LPV systems is introduced and the
identification problem is formalized under a set of assumptions that are common
in LPV system identification. In the next section, the considered class of LPV
systems is parametrized.

7.3 LPV FRF parametrization
In this section, the periodic steady-state behavior of (7.2) is represented in the frequency domain and an identifiable parametrization of the resulting representation
is derived, which constitutes contribution C1.

7.3.1

Frequency domain representation

A periodic scheduling signal renders the LPV dynamics given by (7.2) to be LPTV,
and applying a periodic input to (7.2) asymptotically results in a periodic output.
This steady-state behavior allows the following frequency domain representation,
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which is obtained by applying the DFT to (7.2) (Louarroudi et al., 2014, §2.2)
A(ejωk )Y (ωk ) = B(ejωk )U (ωk )

k = 0, ..., N − 1,

(7.5)

nφ

A(ejωk )Y (ωk ) = A0 (ejωk )Y (ωk ) + ∑ Φi (ωk ) ∗ (Ai (ejωk )Y (ωk )) ,
i=1
nψ

B(ejωk )U (ωk ) = B0 (ejωk )U (ωk ) + ∑ Ψi (ωk ) ∗ (Bi (ejωk )U (ωk )) ,
i=1

where Ai (ejωk ), Bi (ejωk ) ∈ C are the parameters to be estimated, and Φi (ωk )
and Ψi (ωk ) are the DFT coefficients corresponding to the signals φi (ρ(t)) and
ψi (ρ(t)). In contrast to LTI systems, a sinusoidal input generates multiple output
harmonics due to the time variance, as is reflected by the circular convolution
operator ’∗’, which induces mixing between frequencies. Stacking the N equations
represented by (7.5) results in
AȲ = B Ū ,

A, B ∈ CN ×N ,

nφ

(7.6a)

nψ

A ≜ A0 + ∑ Tφi Ai ,

B ≜ B 0 + ∑ Tψi B i ,
i=1

i=1

Ai = diag{Ai (ejωk )},

B i = diag{Bi (ejωk )},

(7.6b)

where Ȳ , Ū ∈ CN are the columns obtained by stacking Y (ωk ) and U (ωk ), as in
(7.1). The matrices Tφi are circulant

Tφi

⎡ Φi (ω0 )
⎢
⎢ Φ (ω )
⎢
i
1
≜⎢
⎢
⋮
⎢
⎢ Φi (ωN −1 )
⎣

Φi (ωN −1 )
Φi (ω0 )
⋮
Φi (ωN −2 )

...
...
⋱
...

Φi (ω1 )
Φi (ω2 )
⋮
Φi (ω0 )

⎤
⎥
⎥
⎥
⎥,
⎥
⎥
⎥
⎦

(7.7)

and are identically defined for Tψi . Note that Tφi X̄ is a matrix representation
of the circular convolution Φi (ωk ) ∗ X(ωk ). Under the assumption that A is
invertible, (7.6a) identically satisfies
Ȳ = GŪ ,

G = A−1 B ∈ CN ×N .

(7.8)

The matrix G represents the DT HTF of the LPTV dynamics evaluated on the
DFT grid Ω (Louarroudi et al., 2014, §2.5) (Khargonekar et al., 1985; Sandberg,
Mollerstedt, et al., 2005), which identically follows by frequency lifting of the
LPTV dynamics (Bittanti and Colaneri, 2009, §6.4.1, 6.4.2) resulting in an N × N
LTI system. In the sequel, G○ denotes the HTF estimate corresponding to the
true LPTV system. Next, an identifiable parametrization of (7.8) is developed.
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Identifiable parametrization

Consider (7.8) in terms of the unknown parameters
G(θ) ≜ A−1 (θ)B(θ),
⊺

θ = [ Ā0

Ā⊺1

...

Ā⊺np

B̄0⊺

B̄1⊺

(7.9a)
B̄n⊺p

...

]∈C ,
nθ

(7.9b)

where nθ = N (nφ + nψ + 2). The aim is not to identify the full HTF matrix G, but
to estimate the LPV parameters Āi , B̄i . The specific structure of G(θ) in terms
of the scheduling function Tφi and Tψi enables inference of these LPV parameters,
provided that the signals φi (ρ(t)), ψi (ρ(t)) are sufficiently informative (Tóth,
2010, §9.3.5.2). This requirement can be expressed in conditions under which
parametrization (7.9) is identifiable. Identifiability ensures that each parameter
vector θ is associated to a unique model, which is necessary for the existence of a
consistent estimate of θ (Gabrielsen, 1978). This is formalized by the following
definition (Ljung, 1987, Def. 4.8).
Definition 7.1 A model set G(θ) is said to be globally identifiable if it is globally
identifiable at almost all θ∗ , where G(θ) is said to be globally identifiable at θ∗ if
G(θ) = G(θ∗ )

⇒

θ = θ∗ .

The following Theorem establishes how the identifiability of G(θ) depends on
the signals φi (ρ(t)), ψi (ρ(t)).
Theorem 7.1 Consider the model set G(θ), given by (7.9a), (7.9b), (7.6a), and
(7.6b). For nφ ≥ 1 and or nψ ≥ 1, G(θ) is globally identifiable if
rank ([P̄0

Φ̄1

...

Φ̄nφ ]) = nφ + 1,

(7.10)

rank ([P̄0

Ψ̄1

...

Ψ̄nψ ]) = nψ + 1,

(7.11)

with P̄0 ≜ [1

0

...

⊺

N

0] ∈ R ,

and if [θ]τ = 1 for some τ ∈ [1, N ] ⊆ N.

(7.12)

For nφ = nψ = 0, G(θ) is globally identifiable if either Ā0 = 1N or B̄0 = 1N , where
1N ≜ [1 . . . 1]⊺ ∈ NN .
A proof of Theorem 7.1 is provided in Appendix 7.8.1. Theorem 7.1 reveals that
identifiability requires the DFT vectors of the scheduling signals φi (ρ(t)) and
ψi (ρ(t)) to be independent, which can be achieved by choosing an appropriate
scheduling trajectory ρ(t). Theorem 7.1 formalizes the persistence of excitation
requirement that appears as an assumption in (Felici et al., 2007; Goos and
Pintelon, 2016; Wingerden and Verhaegen, 2009). Additionally, when the system
is LPV, i.e., if nφ ≥ 1 and or nψ ≥ 1, then only a single element of θ needs to be
fixed to 1, since all parameters are coupled by the time variations. This bears
close resemblance to SISO rational transfer function parametrizations, which
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are similarly identifiable when a single coefficient is fixed. When nφ = nψ = 0,
the LTI case is recovered, in which case N constraints are required to obtain an
identifiable parametrization, i.e., only the ratio A−1
0 (ωk )B0 (ωk ) can be identified.
In this section, the considered class of LPV FRF representations is parameterized and conditions are provided to ensure global identifiability. In the next
section, a WNLS estimator of θ is formulated.

7.4 Parameter estimation
In this section, an approach is developed to solve Problem 7.1 by formulating
a Weighted Nonlinear Least-Squares (WNLS) estimator. It is shown how this
estimator reduces to the classical ETFE, and its statistical properties are derived
under specific assumptions on the disturbing noise, which partly constitutes
contribution C2.

7.4.1

Weighted nonlinear least squares estimation

Consider the output error
Ē(θ) ≜ Ȳ − G(θ)Ū ,

(7.13)

with G(θ) and θ as given by (7.9). Given a set of ne output observations
e
e
Y ≜ {Ȳ ⟨i⟩ }ni=1
corresponding to a set of known inputs {Ū ⟨i⟩ }ni=1
. The WNLS
estimator is then defined as
θ̂ ≜ arg min
V(θ),
n
θ∈C

ne

(7.14a)

θ

H

V(θ) ≜ ∑ E ⟨i⟩ (θ) E ⟨i⟩ (θ),

(7.14b)

i=1

E ⟨i⟩ (θ) ≜ W Ē ⟨i⟩ (θ),

(7.14c)

where Ē(θ) is given by (7.13) and W ∈ CN ×N is a weighting matrix.

7.4.2

Connection to the ETFE

Before considering the general nonlinear optimization problem posed by (7.14),
it is shown how (7.14) reduces to the classical ETFE as given by (7.4). Recall
from Theorem 7.1 that the LTI case requires that either Ā0 = 1N or B̄0 = 1N to
obtain an identifiable parametrization. Imposing either condition renders G(θ)
diagonal, i.e., G(θ) = diag{θ}, such that (7.13) is linear in the parameters and
(7.14) admits a closed-form solution. In addition, if W is diagonal, then (7.14) is
a set of uncoupled linear equations whose solution θ̂ is identical to the classical
ETFE as given by (7.4). Hence, the WNLS estimator reduces the ETFE as a
special case.
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Maximum likelihood estimation

In this section, the output is considered to be corrupted by measurement noise,
and it is shown how W can be chosen such that (7.14) equals the Maximum
Likelihood Estimate (MLE), which possesses favorable statistical properties. The
probability distribution of Ē(θ) follows from the forthcoming assumptions.
Assumption 7.7 The output satisfies Y ⟨i⟩ (ωk ) = Y○ (ωk ) + V (ωk ), where Y○ (ωk )
is the true deterministic output and V ⟨i⟩ (ωk ) is circular complex Gaussian distributed for ωk ∈ ΩI and Gaussian distributed for ωk ∈ ΩR , with nonzero covariance σV2 (ωk ), and different realizations i are mutually independent (Pintelon and
Schoukens, 2012, §2.4.1).
This assumption is common in frequency domain identification and is satisfied
asymptotically (N → ∞) for ωk ∈ ΩI if vi (t) = H(z)i (t), with H(z) a stable filter,
and with i (t) independent identically-distributed noise with existing moments
of any order (Pintelon and Schoukens, 2012, §7, §16.16).
Assumption 7.8 The matrix G○ corresponding to the true LPTV dynamics, as
given by (7.8), is an element of the model set, i.e., ∃θ○ such that G(θ○ ) = G○ .
Under this assumption it holds that E{Ȳ } = G(θ○ )Ū = Ȳ○ , such that Ē(θ○ ) = V̄ .
Consequently, Ē(θ○ ) is a circular complex Gaussian distributed vector with
positive definite covariance matrix CV̄ = diag{σV2 (ωk )}. Noting that the latter
allows the decomposition WW ⊺ = CV̄−1 enables the following result (Goos et al.,
2017; Goos and Pintelon, 2016).
Lemma 7.1 Consider θ̂ as given by (7.14a), under Assumption 7.1 to 7.8. If W
is such that WW ⊺ = CV̄−1 , where CV̄ = diag{σV2 (ωk )}, then θ̂ is the MLE, which
is consistent, asymptotically (ne → ∞) normally distributed and efficient.
A proof follows by noting that the likelihood of Ē(θ) satisfies
ne

H −1 ⟨i⟩
1
(−Ē ⟨i⟩ (θ) CV̄
Ē (θ))
e
.
N det(C )
π
V̄
i=1

`(Y∣θ) = ∏

Maximizing `(Y∣θ) is equivalent to minimizing − log `(Y∣θ). If W is such that
WW ⊺ = CV̄−1 , then the latter is proportional to (7.14b), i.e., V(θ) ∝ − log `(Y∣θ).
Hence, θ̂ is the MLE (Goodwin and Payne, 1977) and a proof of its statistical
properties follows similarly as in (Pintelon and Schoukens, 2012, Thm. 9.21).
Consistency in Lemma 7.1 implies that the true parameter is obtained asymptotically by increasing the number of experiments ne . Asymptotic efficiency
implies that the parameter covariance matrix asymptotically attains the CramérRao lower-bound (Bos, 1994), i.e.,
−1

Cθ̂ ⪰ (E {ΓH Γ})

,

Γ=

∂ log `(Y∣θ, θ∗ )
∣
,
(θ○ ,θ○∗ )
∂θ⊺

(7.15)
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which enables determination of certainty bounds on θ̂ (Pintelon and Schoukens,
2012, §9.11.4).
Remark 7.3 The functions `(Y∣θ) and V(θ) are real functions that are not
analytic in the complex parameter θ. To ensure that their derivatives exist, they
are treated as a real valued functions of θ and its complex conjugate θ∗ , i.e.,
` ∶ Cnθ × Cnθ ↦ R, such that (7.15) exists (Brandwood, 1983).

7.4.4

Sample maximum likelihood estimation

The MLE can typically not be determined since CV̄ is generally unknown. A
practical alternative is to replace CV̄ by a data-based estimate. A well-developed
approach is to record consecutive periods of the output that corresponds to
a periodically repeated input sequence (Pintelon and Schoukens, 2012, §10).
Under mild conditions, these periods may be considered to be independent
observations and enable nonparametric estimation of the noise spectrum σV2 (ωk ).
The estimator θ̂ that results by using this estimate of CV̄ is referred to as the
Sample Maximum Likelihood estimator (SML), which can similarly be shown to
be consistent (Goos and Pintelon, 2016, Thm. 17).
In this section, a WNLS estimator is formulated, which effectively solves
Problem 7.1. In the next section, the numerical aspects are treated.

7.5 Nonlinear optimization
The optimization problem (7.14) is generally nonlinear and can practically not
be solved analytically. In this section, a closed-form expression of the Jacobian of
V(θ) is derived, which facilitates a range of iterative optimizers that are common
in system identification, and which are briefly reviewed. Combined with the
results in the previous section, a complete numerical estimation framework is
established, which constitutes contribution C2.

7.5.1

Closed-form Jacobian

The following condition is necessary and sufficient for θ to be stationary point of
V(θ) (Brandwood, 1983, Theorem. 3)
ne
H
∂V(θ, θ∗ )
∣
=
E ⟨i⟩ (θ) J ⟨i⟩ (θ) = 0,
∑
⊺
∗
(
θ̂,
θ̂
)
∂θ
i=1

J ⟨i⟩ (θ) ≜

∂E ⟨i⟩ (θ)
,
∂θ⊺

(7.16)
(7.17)

where J (θ) is referred to as the model Jacobian. Numerical methods aimed at
finding the roots corresponding to (7.16) significantly benefit from a closed-form
expression of J (θ), which is given by the following theorem.
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Theorem 7.2 Define the following matrix functions
TΦ (X̄ ⟨i⟩ ) ≜ [X ⟨i⟩

Tφ1 X ⟨i⟩

⟨i⟩

⟨i⟩

TΨ (X̄ ⟨i⟩ ) ≜ [X

Tψ1 X

...
...

Tφnφ X ⟨i⟩ ] ,
Tψnφ X

⟨i⟩

],

(7.18)
(7.19)

TΦ ∈ CN ×N (nφ +1)−1 , TΨ ∈ CN ×N (nψ +1)−1 , where X is the diagonal matrix whose
diagonal equals X̄. The model Jacobian J ⟨i⟩ (θ), defined by (7.17), is given by
⟨i⟩

J ⟨i⟩ (θ) = WA−1 (θ)TJ (θ)
⟨i⟩
TJ (θ) ≜ [TΦ (Z̄ ⟨i⟩ (θ))
⟨i⟩
−1

Z̄

−TΨ (Ū

(7.20a)
⟨i⟩

)] ,

(θ) = A (θ)B(θ)Ū ⟨i⟩ .

(7.20b)
(7.20c)

A proof of Theorem 7.2 is presented in Appendix 7.8.2. A key aspect of (7.20)
is that none of the matrix factors involve the Kronecker product ’⊗’. This
product naturally arises in matrix differentiation and causes substantial inflation
of the matrix dimensions, thereby hampering efficient numerical storage and
manipulation (Golub and Van Loan, 2013b, §12.3). Lemma 6.1, as presented in
Section 6.7, is paramount to the elimination of the Kronecker product from (7.20),
as is shown in the proof of Theorem 7.2. Moreover, note that the parameter
constraint (7.12), i.e., [θ]τ = 1, is readily imposed by removing the τ th column
from J (θ), resulting in [J (θ)]/τ .
In this section, an analytic expression of the Jacobian is determined that is
key to various iterative optimizers as are treated next.

7.5.2

Iterative optimization

In this section, iterative optimization methods that are common in system
identification are presented to provide a complete framework.
The following algorithm is sometimes referred to as an Instrumental Variable
(IV) approach (Blom and Hof, 2010; Herpen et al., 2014b) due the asymmetric
nature of the linear system of equations that similarly arise in IV the methods in
(Pintelon and Schoukens, 2012, §9.13). This IV method is obtained by iteratively
solving a linearized version of (7.16). More specifically, (7.16) is rewritten as
ne

−1

H

⟨i⟩
⟨i⟩
⟨i⟩
∑ (WA (θj ) Q (θj+1 )) J (θj ) = 0,
i=1
⟨i⟩

Q (θj+1 ) = A⟨i⟩ (θj+1 )Ȳ ⟨i⟩ − B ⟨i⟩ (θj+1 )Ū ⟨i⟩ ,

(7.21a)
(7.21b)

which is iteratively solved for θj+1 , where θj the results from the previous iteration.
A key property of (7.21a) is that its stationary points are identical to those of the
original cost function (Blom and Hof, 2010), i.e., (7.16) holds for θj+1 = θj = θ∞ .
Presently, global convergence guarantees have not been established theoretically,
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but empirical results indicate that the IV method can pass over local minima
(Young, 2015; Zundert et al., 2016b), making the IV estimate a suitable starting
parameter for subsequent gradient-based optimization (Voorhoeve et al., 2018).
A concise reformulation of (7.21) is obtained by imposing identifiability through
the constraint [θ]τ = 1, in which case Q, as given by (7.21b), can be written as
⟨i⟩

⟨i⟩

Q⟨i⟩ (θ) = [TQ ]τ + [TQ ]/τ [θ]/τ ,

⟨i⟩

TQ ≜ [ TΦ (Ȳ ⟨i⟩ )

TΨ (Ū ⟨i⟩ ) ] . (7.22)

Employing J ⟨i⟩ (θ), as presented in Theorem 7.2, the Hermitian transpose of
(7.21) can be written as
Γ(θj )θj+1 = γ(θj )
H

(7.23a)

H

Γ(θj ) = J (θj ) W (θj ) W (θj )Q,
γ(θj ) = J (θj )H W (θj )H [ [TQ⟨1⟩ ]τ
⎡
⎢ [TJ⟨1⟩ (θ)]/τ
⎢
⋮
J (θ) = ⎢⎢
⊺
⎢
⟨n
⟩
e
/τ
⎢ [T
⎣ J (θ)]
−1
⎡
⎢ WA⟨1⟩ (θ)
⎢
⋮
W (θ) = ⎢⎢
⎢
⎢
0
⎣
⊺

⊺

(7.23b)
⟨ne ⟩ τ

[TQ

...

]

⎤
⎡
⟨1⟩
⎥
⎢ [TQ ]/τ
⎥
⎢
⎥, Q = ⎢
⋮
⎥
⎢
⊺
⎥
⎢
⟨n
e
⎥
⎢ [T ⟩ ]/τ
⎦
⎣ Q
⊺

...
⋱
...

0
⋮
WA⟨ne ⟩ (θ)

−1

⊺

⊺

] ,

⎤
⎥
⎥
⎥,
⎥
⎥
⎥
⎦
⎤
⎥
⎥
⎥.
⎥
⎥
⎥
⎦

In summary, the IV algorithm is applied by iteratively solving (7.23), starting
from some initial θ0 . A related algorithm results by replacing J (θj ) by Q in
(7.23a). This approach bears similarities with the Sanathanan-Koerner (SK)
method (Herpen et al., 2014b) in the sense that Γ(θj ) in (7.23b) is symmetric,
enabling a QR decomposition (Golub and Van Loan, 2013b, §5.2) that benefits
the numerical conditioning (Herpen et al., 2014b). When the SK iterations have
converged, the original WNLS cost is obtained, but the resulting estimate is
generally not a stationary point of V(θ).
The Gauss Newton (GN) method is obtained through a local linearization of
V(θ) and similarly results in (7.23a) where Q is replaced by J (θj ), and where
γ(θj ) is instead given by
γ(θj ) = J (θj )H [E ⟨1⟩ (θj )

⊺

...

⊺ ⊺

E ⟨ne ⟩ (θj ) ] .

Furthermore, θj+1 in (7.23a) is replaced by the parameter update ∆θ, and the
parameter estimate is instead updated as θj+1 = θj + ∆θ, starting from a suitably
chosen θ0 , such as the IV or SK estimate. In the Levenberg Marquardt (LM)
method, a damping term is introduced to Γ(θj ) (Nielsen, 1999). As the damping
increases, the search direction converges to the steepest descent direction, thereby
increasing the robustness far from the optimum. By appropriately updating
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the damping parameter, convergence can be enforced while benefiting from the
relatively high convergence rate of the GN method close to the optimum.

7.5.3

Practical aspects

The matrix Γ(θj ) must be regular for (7.23) to have a unique solution, which
implies that Q and J (θ) must have full column rank. Consequently, ne ≥
nφ + nψ + 2 experiments are required with different realizations of Ū . Due
to the structure of Q and J (θ), as determined by (7.18), (7.19), (7.22) and
(7.20b), Ū and Ȳ may not contain zero entries, implying that full bandwidth
excitation is required. Furthermore, solving the system of complex equations
(7.23) numerically is facilitated by reformulating it as a real system
R{Γ(θj )} I{Γ(θj )} R{θj+1 }
R{γ(θj )}
[
][
]=[
],
−I{Γ(θj )} R{Γ(θj )} I{θj+1 }
I{γ(θj )}
The number of variables can be reduced by a factor 2 by imposing the DFT
symmetry on the elements of θ, i.e., by imposing on Ai (ωk ), Bi (ωk ) the relations I{X(ωk )} = 0, for ωk ∈ ΩR , and R{X(ωk )} = R{X(ωN −k )}, and
I{X(ωk )} = −I{X(ωN −k )}, for ωk ∈ ΩI . In this section, the LPV FRF identification framework is completed by developing the numerical aspects to optimize
for θ̂. In the next section, the application of this framework is demonstrated in
practice.

7.6 Application
In this section, an LPV FRF of an experimental parameter-varying motion
system is estimated using the developed approach, and its generalizing capability
is validated. In addition, it is shown that the continuum of frozen FRFs is
accurately estimated, where this continuum includes unstable behavior that can
otherwise not be estimated from frozen experiments. These results collectively
constitute contribution C3.

7.6.1

The control system & experiment design

The system under consideration is a flexible beam system H that is controlled
by an LPV controller K(ρ) in feedback that operates at a sampling rate of
fs = 200 Hz, as shown in Figure 7.2. The beam is elastically suspended and is
actuated using a voice-coil motor. The displacement of the beam is measured
using an optical sensor, which is placed close to the actuator location, resulting
in a co-located motion system. The controller K(ρ) mimics a damper and a
parameter-varying stiffness, as is visualized by the frozen transfers shown in
Figure 7.3. The excitation signal is added to the controller output, creating the
closed-loop LPV dynamics G(ρ).
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Figure 7.2: (a) The flexible beam system H consisting of 1 a voice coil actuator
(Akribis Systems AVM 19-5), 2 a steel beam suspended on soft springs, and 3 a fiber
optic sensor (Philtec Type D, D64-NQ). The controller implementation is facilitated
by Simulink Real-Time in conjunction with a real-time Ubuntu kernel and a
EtherCAT -based data acquisition unit (Beckhoff EK1100). (b) The open-loop LPV
system G(ρ) equals the process sensitivity associated with the feedback interconnection
between the beam H and the LPV controller K(ρ).

®



®

Figure 7.3: The magnitude of the frozen transfers of the LPV controller K(ρ) for ρ̄ = −1 (
),
ρ̄ = 0 (
), and ρ̄ = 0.35 (
), and the range ρ̄ ∈ [−1, 1]. This shows that K(ρ) behaves as a
damper for ρ = −1 and as a stiffness for ρ = 1.

7.6.1 Stability analysis and scheduling signal design
The stability of the closed-loop is assessed for frozen values of the scheduling
parameter ρ̄ ∈ [0, 1] by using the Nyquist test (Skogestad and Postlethwaite, 2001,
Thm. 4.7). The result is shown in Figure 7.4, which indicates that for ρ̄ < 0.35,
the open-loop FRF passes the point −1 on the right as ω increases. Since the
open loop is stable, it is predicted that the closed-loop is stable for ρ̄ < 0.35, and
unstable for ρ̄ > 0.35. This prediction is confirmed by the impulse responses as
is shown in Figure 7.4. Note that for ρ̄ > 0.35 it is not possible to estimate the
FRF of the closed-loop from frozen experiments since the system is unstable.
Using the developed method, estimation of the unstable frozen transfer functions
as part of the continuum is enabled by using an appropriate scheduling signal
that results in stable LPTV dynamics during the experiments. To this end, the
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Figure 7.4: Left: Nyquist plot of the open-loop transfer HK(ρ̄) for ρ̄ = −1 (
), ρ̄ = 0 (
),
and ρ̄ = 0.35 (
), and the range ρ̄ ∈ [−1, 1]. This indicates that the closed-loop stability
boundary is close to ρ̄ ≈ 0.35. Right: The impulse responses of the frozen closed loop G(ρ̄)
for ρ̄ = 0.35 (
) and ρ̄ = 0.4 (
) confirm that the stability boundary is in the range
0.35 < ρ̄ < 0.4. The impulse response of G(ρ(t)), with ρ(t) given by (7.24) (
), indicates
exponential stability of the LPTV closed-loop dynamics.

controller is identically scheduled during the experiments as
ρ(t) = sin(8π Nt ) + sin(10π Nt ),

(7.24)

such that the frozen unstable region is briefly ”visited” periodically. The impulse
response of G(ρ(t)) with ρ(t) given by (7.24) reveals exponential stability of the
LPTV closed-loop dynamics, as is shown in Figure 7.4.
7.6.1 The identification data
The identification data is obtained by conducting ne = 20 experiments using
full-band random-phase multi sines. The fundamental period consist of N = 512
samples (Pintelon and Schoukens, 2012, Def. 3.1), and the input spectrum
is suppressed for lower frequencies to avoid excessive displacements. For each
experiment, the first 2 periods are disregarded to decrease the influence of the
transient response and the remaining 20 periods are measured and used to
⟨i⟩
estimate the sample mean Ȳˆ ⟨i⟩ and sample covariance of the mean Ĉ ˆ (Pintelon
Ȳ
and Schoukens, 2012, §10).

7.6.2

Parametrization & optimization

The HTF estimate is parametrized as (7.9) and (7.6) with basis functions φ1 (ρ) =
ψ1 (ρ) = ρ. Applying Theorem (7.24) shows that (7.9) is globally identifiable
for (7.24). The SML estimator, as developed in Section 7.4.4, is formulated by
using Ȳˆ ⟨i⟩ in (7.14) and by taking WW ⊺ = CV̄−1 , where CV̄ is estimated as the
⟨i⟩

sample mean of Ĉ ˆ . The optimization (7.14) is solved as follows. First, the
Ȳ
IV algorithm is applied, as is developed in Section 7.5.2, where the parameters
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) and the subsequent LM iterations

are initialized as Ā0 = I, Ā1 = 0, B̄1 = 0, and with B̄0 a complex random vector.
The IV algorithm significantly improves the initial estimate, yet it does not
converge, as is shown in Figure 7.5. This is likely because the dynamics are
predominantly LTI at higher frequencies, which makes the parameters associated
to the time-variations poorly identifiable. The best θ is obtained after 2 iterations,
which is subsequently refined by using the LM algorithm with smoothed damping
(Nielsen, 1999), resulting in a significantly improved estimate.

7.6.3

The estimated frozen behavior

The resulting LPV FRF model includes a continuous description of the frozen
behaviors, i.e., the FRFs that are obtained for a constant ρ(t) = ρ̄. The Bode
diagrams of the frozen behavior is displayed in Figure 7.6 as a function of ρ̄.
The magnitude plot reveals large variations of the first resonance peak, which is
relatively strongly damped at ρ̄ = −1 and appears to be undamped at ρ̄ ≈ 0.36.
The phase plot reveals that this pole pair crosses the imaginary axis at ρ̄ ≈ 0.36,
resulting in an unstable system. This is in agreement with stability analysis of
the frozen closed-loop system presented in Section 7.6.1.1.
The benefit of the LPV FRF is assessed by comparing it to the classical ETFE,
which provides a Best Linear Approximation (BLA) of the data (Pintelon and
Schoukens, 2012, §3.4.3). The accuracy of both models is assessed by comparing
them to estimates of the closed-loop FRFs that are obtained from separate
experiments with identical inputs, during which the controller K(ρ̄) is frozen
for ρ̄ ∈ {−1, 0, 0.35}. The result is visualized in Figure 7.7. This shows that the
ETFE provides a relatively accurate description for higher frequencies, since the
dynamics are predominantly LTI there, as is evidenced by the identical curves
for all ρ̄. For lower frequencies the modeling error is significant, as is evidenced
by the large gap between the mismatch and the noise estimate. The frozen LPV
FRF performs significantly better and closely resembles the estimated frozen
FRFs leaving a much smaller gap between the mismatch and the noise.
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Figure 7.6: The magnitude of the frozen LPV FRF G(θ̂, ρ̄, ejωk ) displays large variations for
low frequencies, indicating a resonance is significantly damped at ρ = −1 and undamped around
ρ = 0.36. For higher frequencies the magnitude is almost independent of ρ. The phase of
the frozen LPV FRF G(θ̂, ρ̄, ejωk ) similarly displays large variations for low frequencies and
displays a 360○ shift around ρ = 0.36, indicating a pole pair that crosses the unit circle.
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Figure 7.7: This figure compares the classical ETFE (left column) to the LPV FRF (right
column) by displaying the magnitude of the following FRF data. Three benchmark FRFs
are estimated by freezing the LPV controller ρ̄ ∈ {−1, 0, 0.35}, which are displayed in both
columns (
). Both the ETFE (
) and LPV FRF (
) are estimated using the data that
is obtained when the LPV controller is scheduled as given by (7.24), and their difference with
the benchmark data is shown (
) as well as an estimate of the noise spectrum σV (k) (
).
This shows that the LPV FRF provides an accurate estimate of the frozen FRFs, whereas the
the ETFE provides a distorted estimate at low frequencies.

7.6.4

The dynamic behavior & validation

The main potential of the LPV FRF model is its predictive capability for dynamic
scheduling. The 20 experiments are repeated to assess this potential, where the
controller is instead scheduled with a smoothed triangle wave. Figure 7.8 shows
the predicted output and the averaged true output of a single experiment for
both the training data and the validation data, revealing comparable predictive
capabilities for both sets. This observation is quantified by determining the Best
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Figure 7.8: The output simulated by the LPV FRF model (
) and the periodically averaged
true output (
) for a particular experiment from the training set and validation set, where
the validation set is generated by using triangular scheduling, as is shown in the bottom plot.
The predictive performance is comparable, indicating that the LPV FRF model can accurately
describe the time-varying behavior corresponding to different scheduling situations.

Fit Ratio (BFR)
⎛
BFR = max 1 −
⎝

1
N
1
N

N −1
∑t=0 ∣y(t) − ŷ(t)∣ ⎞
⋅ 100%,
N −1
∑t=0 ∣y(t) − ȳ(t)∣ ⎠

where y(t) is the true output, ŷ(t) is the predicted output, and ȳ(t) is the average
output. The average BFR over 20 experiments for the training and validation
data are shown in Table 7.1, where the first 2 periods are neglected to exclude
transient behavior. In addition, the table displays the average BFR that is
achieved by the ETFE in case the controller is frozen at ρ̄ = 0. Comparing these
results indicates that the predictive capabilities of the LPV FRF for dynamic
scheduling are comparable to the capabilities of the ETFE for frozen scheduling.
In this section, the developed identification method is applied to estimate an
LPV FRF model of an experimental motion system. This is achieved by solving
for the WNLS estimator by means of the developed iterative optimization routine,
which results in an estimated model whose predictive capabilities for dynamic
scheduling have been found to be comparable to the ETFE in the classical sense,
thereby successfully solving Problem 7.1 by providing a generalization of the
classical ETFE to the class of LPV systems.
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Table 7.1: Sample mean and standard deviation of the BFR over 20 experiments for the LPV
FRF for the training set and validation set, where a different scheduling signal is used during
the validation experiments. Similar data is presented for the ETFE in case the scheduling
is frozen at ρ̄ = 0. The results indicate comparable performance even though the LPV FRF
describes a data set resulting from time-varying dynamics.

Training
LPV FRF
ETFE

mean
94.89
93.99

std.
1.18
1.18

Validation
mean
90.64
93.18

std.
1.63
1.83

7.7 Conclusion
A framework is developed that enables the estimation of nonparametric frequency
response functions models of LPV systems from global experiments. This approach enables the estimation of LPV dynamics without requiring prior knowledge
of the dynamic order of the system. In this way, the developed method generalizes
the classical LTI ETFE to the class of LPV systems, and it is shown that the
classical ETFE is indeed recovered for LTI systems. The experimental results
show that the predictive capabilities of the LPV FRF estimator are comparable to
those of classical ETFE in its appropriate LTI setting. Furthermore, in contrast
to pre-exisiting methods based on local FRF identification, it is shown that the
developed method enables the estimation of the entire continuum of local LTI
models, which can include locally unstable representations. The development of
nonparametric LPV FRF models is considered to be an important step to enable
FRF-based LPV controller design, thereby enabling a more widespread adoption
of the LPV paradigm in control engineering practice.
Remark 7.4 An LPV-FRF model enables simulation of the steady-state behavior of an LPV system that is scheduled periodically. Simulating the response
is achieved by convolution of the input with the corresponding LPTV impulse
response kernel, which can expressed as matrix-vector product. The periodic
LPTV impulse response matrix can be obtained from the LPV-FRF model by
transforming G(θ), as given by (7.8), to the time domain as
Jp = F H A−1 (θ)B(θ)F,
where F is the DFT matrix. This approach is the essentially the LPTV generalization of (2.19) in Section 2.5.2. A causal estimate of the impulse response
matrix J results by deleting all the entries above the main diagonal of Jp , which
is the LPTV generalization of Algorithm 3 in Section 4.3.3 for a uniform window
with ν1 = 0 and ν2 = N − 1. For the experimental system treated in Section 7.6
the impulse response matrix J is displayed in Figure 7.9.
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Figure 7.9: Estimate of the impulse response matrix J of the experimental system presented in
Section 7.6 based on the LPV FRF estimate G(θ̂, ρ(t), ejωk ).

7.8 Proofs
7.8.1

Proof of Theorem 7.1

Proof : A proof of Theorem 7.1 results by showing that
A−1 (θ)B(θ) = A−1 (θ∗ )B(θ∗ )

⇒

θ = θ∗ ,

for almost all θ, given (7.10), (7.11), and (7.12). To this end, note that the matrices A(θ) and B(θ) are generically invertible, i.e., for almost all θ. Consequently,
G(θ) = G(θ∗ ) is identical to
A(θ∗ )A−1 (θ) − B(θ∗ )B(θ)−1 = 0.
The latter is only satisfied if both terms are equal to a certain matrix, denoted
here by S, i.e., S − S = 0. This results in two identities
A(θ∗ ) = SA(θ)

and

B(θ∗ ) = SB(θ),

that imply that S needs to be full rank since A(θ) and B(θ) are generically full
rank. Clearly, the transformation by S leaves G unchanged, i.e., A−1 S −1 SB =
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A−1 B = G. Only if S is diagonal will it generically preserve the structure of A
and B as specified by (7.6b). To see this, consider the case where nφ = nψ = 0.
Clearly,
A0 (θ∗ ) = SA0 (θ),

(7.25)

is diagonal if and only if S is diagonal. The latter results as follows. Given that
A0 (θ) is diagonal, then A0 (θ∗ ) is diagonal if S is diagonal, and S is diagonal
if A0 (θ∗ ) is diagonal. If Ā0 = 1N , then A0 (θ) = A0 (θ∗ ) = I ∀θ, implies S = I.
Consequently, B(θ∗ ) = B(θ) which implies θ = θ∗ . By Definition 7.1, this implies
that G(θ) is globally identifiable. Note that same result is obtained mutatis
mutandis when B̄0 = 1N .
Next, consider the case where nφ ≥ 1. Condition (7.10) implies that Φ1 (1) ≠ 0,
such that Tφ1 is a non-diagonal circulant matrix, as given by (7.7). In order to
preserve the structure of A as specified by (7.6b), S must be diagonal and it must
commute with Tφ1 , i.e., it must hold that
Tφ1 A1 (θ∗ ) = STφ1 A1 (θ) = Tφ1 SA1 (θ).
A diagonal matrix only commutes with a non-diagonal circulant matrix if its
proportional to the identity matrix, i.e., S = βI, β ∈ C. Given (7.12), i.e., [θ]τ = 1
for some τ ∈ [1, N ] ⊆ N, (7.25) implies that β = 1. Hence, it must hold that
A(θ∗ ) − A(θ) = 0, which is written as
[I

Tφ1

...

∗ ⎤
⎡
⎤ ⎡
⎛⎢⎢ A0 (θ) ⎥⎥ ⎢⎢ A0 (θ ) ⎥⎥⎞
A
(θ)
A
(θ
⎢
⎥ ⎢ 1 ∗ ) ⎥⎟
Tφnφ ] ⎜
⎥−⎢
⎥⎟ = 0.
⎜⎢ 1
⎜⎢
⎥ ⎢
⎥⎟
⋮
⋮
⎢
⎥
⎢
⎝⎢An (θ)⎥ ⎢An (θ∗ )⎥⎥⎠
⎣ φ ⎦ ⎣ φ
⎦

(7.26)

Due to the diagonal and circulant structure of the matrices I, Ai and Tφi , the
k th column of (7.26) is given by
nφ

α0 (ωk )Φ̄0 + ∑ αi (ωk )Φ̄i = 0,
i=1

αi (ωk ) ≜ Āi (ωk , θ) − Āi (ωk , θ∗ )

i = 0, 1, . . . , nφ .

Given (7.10), the column vectors P̄0 , Φ̄i are linearly independent, which implies
that αj (ωk ) = 0 ∀ωk , which in turn implies that Āi (ωk , θ) = Āi (ωk , θ∗ ). The
same can be shown mutatis mutandis for B̄i (ωk , θ), implying θ = θ∗ , which by
Definition 7.1, implies that G(θ) is globally identifiable.
∎

7.8.2

Proof of Theorem 7.2

Proof : The dependence on θ and i is omitted for the sake of clarity in this proof.
To determine (7.17), consider E as given by (7.14c) and (7.13), and take the
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derivative
∂ (A−1 B Ū )
∂E
=
−W
.
∂θ⊺
∂θ⊺
Applying the product rule for matrix differentiation, as given by (6.14) in Section
6.7, yields
∂ (A−1 B Ū )
∂θ⊺

= Ny + Nu ,

Ny =

∂A−1
(Inθ ⊗ B Ū ),
∂θ⊺

Nu = A−1

∂B Ū
.
∂θ⊺

Applying the identity for differentiating an inverse function to Ny , as given by
(6.15) in Section 6.7, yields
Ny = −A−1

∂A
(Inθ ⊗ A−1 B Ū ).
∂θ⊺

where it is used that (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD). Applying the product rule
(6.14) to Nu yields
Nu = A−1

∂B
(Inθ ⊗ Ū ).
∂θ⊺

Using the conventions for matrix differentiating, as presented in Section 6.7, it is
readily obtained that

⎡
∂Ai ⎢⎢
=⎢
∂ Ā⊺i ⎢⎢
⎣

∂A
∂A0 nφ
∂Ai
=
(
+ ∑ Tφi ⊺ ) ,
⊺
⊺
∂θ
∂θ
∂θ
i=1
1
0
⋮
0

0
0
⋮
0

...
...
⋱
...

0
0
⋮
0

0
0
⋮
0

0
1
⋮
0

...
...
⋱
...

0
0
⋮
0

...

0
0
⋮
0

0
0
⋮
0

...
...
⋱
...

0
0
⋮
1

⎤
⎥
⎥
⎥,
⎥
⎥
⎦

∂B
which follows similarly for ∂θ
⊺ . Using this relation and applying Lemma 6.1 to
Ny and Nu results in (7.20a), (7.20b) and (7.20c), which completes the proof. ∎

8

Learning Control for LPV Systems

Iterative Learning Control (ILC) enables performance improvement by learning
from previous tasks. The aim of this chapter is to develop an ILC approach
for Linear Parameter Varying (LPV) systems to enable improved performance
and increased convergence speed compared to the linear time-invariant approach.
This is achieved through dedicated analysis and norm-optimal synthesis of LPV
learning filters. Application to a position-dependent motion system shows a
significant improvement in accuracy and convergence rate, thereby confirming
the potential of the proposed approach. The results in this chapter constitute
contribution C7 of this thesis.

The contents of this chapter are based on:
R. de Rozario, T. Oomen, and M. Steinbuch. (2017). Iterative learning control and feedforward
for LPV systems: Applied to a position-dependent motion system. In Proceedings of the 2017
IEEE American Control Conference, pages 3518-3523. Seattle, WA, USA.
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8.1 Introduction
Iterative Learning Control (ILC) enables performance enhancement of systems
that perform batch-to-batch tasks (Amann et al., 1996) such as wafer stages
(Dijkstra and Bosgra, 2002; Heertjes and Tso, 2007), industrial printing systems
(Bolder et al., 2014), and pick-and-place machines (Boeren et al., 2016).
Among the different ILC design frameworks, Linear Time-Invariant (LTI)
methods (Bristow et al., 2006) have gained popularity because accurate LTI
models can be obtained using well-established system identification tools (Ljung,
1987). Using these models to design the ILC learning-filters leads to fast converging schemes, where the rate of convergence is governed by the model accuracy
(Moore, 2012). However, increasingly stringent throughput requirements result
in ever lighter mechatronic systems (Oomen et al., 2014) with configurationdependent dynamics (Silva et al., 2008). Since these systems cannot be reasonably
approximated by an LTI model, excessive robustness measures are required in the
ILC design to achieve convergence (Zundert et al., 2016a), or alternatively, the
learning speed is decreased to the point where it takes many trials to converge
to an acceptable level of performance (Bien and Xu, 2012). These nonlinear
dynamic systems can often be accurately modeled as Linear Parameter Varying
(LPV) systems (Leith and Leithead, 2000b), as is evidenced by various successful
applications to mechatronic systems (Groot Wassink et al., 2005; Hoffmann and
Werner, 2015; Steinbuch et al., 2003).
Extending the ILC framework to the class of LPV systems would greatly
benefit these applications, as is recognized in (Butcher and Karimi, 2010b; Li et
al., 2000; Zundert et al., 2016a). In (Li et al., 2000), a D-type learning algorithm
is proposed for Linear Time-Varying (LTV) systems by discretizing the time
axis, which results in a controller that interpolates local controllers in the time
domain. In (Butcher and Karimi, 2010b), the scheduling parameter is assumed
to be constant during each trial, but changes from trial to trial. This leads
to a trial-varying learning filter that aims to optimize the performance despite
trial-varying dynamics but is not explicitly addressing the time-varying dynamics
during a task. In (Zundert et al., 2016a), an LTV learning filter is determined
separately for each scheduling trajectory of interest, potentially resulting in a
significant computational burden for LPV systems that perform a large range of
tasks.
Although recent developments have shown the potential of beyond-LTI learning filters in ILC, at present no systematic design framework is available for LPV
systems. The aim of this chapter is to fill this gap through optimal discrete-time
LPV filter design, using dedicated criteria that are derived based on ILC convergence requirements. This is achieved by developing an infinite-time approach
wherein robustness can be explicitly incorporated, and which requires only a
single synthesis step to cover all possible tasks, thereby providing a significant
extension to (Zundert et al., 2016a). The developed framework is essentially an
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optimal inversion method for LPV systems and is similarly developed for the
synthesis of inversion-based feedforward controllers. The development of this
framework is achieved through the following contributions.
(C1) The LPV ILC problem is formulated and conditions are derived under
which monotonic convergence is guaranteed, resulting in optimal left and
right inverse matching problems to design learning filters and feedforward
controllers (Section 8.2).
(C2) The structure of inverted LPV systems is analyzed and the obtained insights
are used to generalize fixed-lag smoothing (Mirkin, 2003) and preview-based
control (Tomizuka, 1975) to the LPV case (Section 8.3).
(C3) The proposed approach is applied to a simulated position-dependent motion
system, which illustrates its potential (Section 8.6).
Contribution C2 provides an extension of optimal inverse matching for LPV
systems (Sato, 2008) by including preview to allow for noncausal filters. This
approach is closely related to preview-based stable inversion for Non-Minimum
Phase (NMP) LTI systems (Zou, 2009a). In this context, contribution C2
enables an inversion-based ILC design approach for LPV systems, which is a
well-established approach for LTI systems (Markusson et al., 2001; Zundert and
Oomen, 2017a, Chapter 4).

8.1.1

Preliminaries

Let R, Z and Z+ denote the set of reals, integers and nonnegative integers
respectively. A discrete-time signal s denotes the map s ∶ Z ↦ Rns , and q is
defined as the shift operator, such that q τ s(t) = s(t + τ ), with τ, t ∈ Z. This
chapter considers discrete-time LPV systems, which are represented in state-space
as (Tóth, 2010)
x(t + 1) = A(ρ(t))x(t) + B(ρ(t))u(t)
Σ(ρ) ∶ {
y(t) = C(ρ(t))x(t) + D(ρ(t))u(t)

(8.1a)
(8.1b)

where ρ(t) ∈ D ⊂ Rnρ , with D the parameter space. For a given signal ρ(t),
the input-output map is denoted as Σ(ρ) ∶ u(t) ↦ y(t), i.e. y(t) = Σ(ρ(t))u(t),
where the dependence on t is omitted when no ambiguity occurs. For a constant
scheduling sequence, i.e. ρ(t) = ρ̄ ∈ D, ∀t, (8.1) describes an LTI system, which
is called the frozen behavior of the LPV system at ρ̄ (Tóth, 2010). Moreover,
the l2 -induced norm of Σ(ρ(t)), for a given sequence ρ(t), is defined as
∥y(t)∥2
∥Σ(ρ(t))∥2,2 ≜ sup
,
u∈l2 ∥u(t)∥2

¿
Á ∞
À ∑ s⊺ (t)s(t).
∥s∥2 = Á
k=−∞
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The symbols ∥.∥L∞ ≜ ∥.∥2,2 and ∥.∥H∞ ≜ ∥.∥2,2 denote the L∞ and H∞ -norm of
systems operating on l2 (Z) and l2 (Z+ ) signals, respectively. If Σ(ρ) is such that
∥Σ(ρ)∥2,2 < ∞ for every possible signal ρ(t), the system is called Bounded-Input
Bounded-Output (BIBO) stable in the l2 -norm (Leith and Leithead, 2000a). In
the remainder of this chapter, stability refers to BIBO stability. Moreover, let
the plant to be controlled be given by the l2 -BIBO stable LPV system G(ρ)
with static parameter dependence, i.e. it depends only explicitly on ρ(t) and not
on the shifted signals ρ(t + n), n ∈ Z 0. Moreover, define the tracking error as
e ≜ r − y, where r is a bounded reference signal.

8.2 ILC and feedforward control of LPV systems by
inverse matching
ILC is typically employed to improve the tracking performance of systems that
perform repeating tasks. The aim of this section is to extend the ILC framework
to LPV systems for tasks of infinite duration. This is achieved by proposing an
input update law and by deriving a corresponding convergence criterion. The
resulting conditions pose an optimal left inverse matching problem for the ILC
learning filter, and it is shown that optimal feedforward control leads to a similar
right inverse matching problem. These developments constitute contribution C1.

8.2.1

Iterative learning control for LPV systems

For a system G(ρ) with input ui (t) and scheduling signal ρi (t), the tracking
error during the ith trial is given by
ei (t) = r(t) − G(ρi )ui (t),

(8.2)

where the initial condition is assumed to be zero without loss of generality (Moore,
2012), i.e., x(t0 ) = 0. ILC aims to decrease ei (t) by iteratively updating ui (t)
based on errors that were made during past trials. The following LPV ILC the
update law is considered
ui+1 (t) = Q(ui (t) + L(ρi )ei (t),

(8.3)

where Q is a stable, possibly noncausal LTI robustness filter, and L(ρ) is an
LPV learning filter. The update law (8.3) includes the well-known LTI variant
(Bristow et al., 2006) as a special case, which is obtained by freezing the learning
filter L(ρ̄) for a specific value of the parameter. The benefit of the proposed
extension compared to the LTI case is illustrated in Section 8.6. The updated
input generated by (8.3) can indeed increase the tracking performance iteratively
as is presented in the following theorem.

8.2. ILC and feedforward control of LPV systems by inverse matching
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Theorem 8.1 Given G(ρ) as defined by (8.1), a reference r ∈ l2 , and an admissible scheduling signal ρ(t), i.e., ρ(t) ∈ D, ∀t. If the scheduling is trial invariant,
i.e., ρi (t) = ρ∞ (t), ∀i, and if
∥Q(I − L(ρ∞ )G(ρ∞ ))∥L∞ < 1,

(8.4)

then the sequence {ui (t)}∞
i=0 , governed by (8.2), converges to
u∞ (t) = (I − Q(I − L(ρ∞ )G(ρ∞ )))

−1

QL(ρ∞ )r(t),

in a monotonic fashion, i.e., ∥ui+1 (t) − u∞ (t)∥2 < ∥ui (t) − u∞ (t)∥2 .
A proof of this theorem is provided in Appendix 8.8.1. The convergence criterion
(8.4) can be interpreted as an inverse matching problem since convergence is
ensured if L(ρ) accurately approximates G−1 (ρ). In LTI methods, L is commonly
constructed based on a model of G and the robustness filter Q is used to enforce
convergence if the mismatch with the true inverse system is too large. Note that
for Q = I, e∞ (t) = r(t) − G(ρ∞ )u∞ (t) = 0, such that perfect tracking is obtained
asymptotically if (8.4) is satisfied for Q = I. Furthermore, the convergence speed
is inversely proportional to the left-hand side of (8.4) (Moore, 2012), such that
fast convergence is achieved if L(ρ) accurately approximates G−1 (ρ). In the
remainder, it is assumed that G(ρ) is exactly known, and the aim is to design
learning filters for fast convergence that achieve perfect tracking, i.e., Q = I,
which is formalized as follows.
Problem 8.1 (Left inverse matching) Given G(ρ), obtain
L∗ (ρ) = arg min max ∥I − L(ρ)G(ρ)∥L∞
L(ρ) ρ(t)∈D

subject to

∥L(ρ)∥L∞ < ∞. (8.5)

If Problem 8.1 admits a nonzero solution, i.e., L∗ (ρ) ≠ 0, then the obtained
learning filter typically satisfies (8.4) for a range of scheduling signals ρ∞ (t) and
offers significant flexibility compared to the LTI variant. Optimization problem
(8.5) explicitly considers noncausal stable learning filters. However, existing LPV
H∞ -optimal approaches only facilitate the synthesis of causal stable filters, and
these methods can thus not be applied to solve Problem 8.1. In the next section,
an LPV extension of fixed lag smoothing (Mirkin, 2003) is developed to provide
a suitable approach to Problem 8.1. First, it is shown that feedforward control
leads to a similar right inverse matching problem.

8.2.2

Feedforward control for LPV systems

In feedforward control, the system G(ρ) is pre-compensated by a filter L(ρ)
to reduce the tracking error as is schematically shown in Figure 8.1. A normoptimal approach to feedforward design for LPV systems that allows for noncausal
controllers is formulated as follows.
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r

e
L(ρ)

G(ρ)

Figure 8.1: The LPV plant G(ρ) is pre-compensated by the feedforward controller L(ρ) to
achieve tracking of r(t), as is quantified by the tracking error e(t).

Problem 8.2 (Right inverse matching) Given G(ρ), obtain
L∗ (ρ) = arg min max ∥I − G(ρ)L(ρ)∥L∞
L(ρ) ρ(t)∈D

subject to

∥L(ρ)∥L∞ < ∞.

Note that in the Single-Input Single-Output (SISO) LTI case Problem 8.1 and
8.2 are identical. However, for LPV systems this is not the case since L(ρ) and
G(ρ) do not commute. The implication of this difference is made apparent in the
next section where a solution is provided by extending the concept of preview
control (Tomizuka, 1975) to LPV systems.

8.3 Optimal preview-based LPV inverses
The aim of this section is to obtain a method for solving Problem 8.1 and
8.2. First, an analytic solution is developed that enables perfect inversion but
that does not guarantee stability. The apparent trade-off between stability and
causality is addressed by proposing an optimal H∞ -synthesis approach with
four key recommendations on the structure of L(ρ) that follow from the perfect
inversion solution. These results collectively constitute contribution C2. For the
sake of exposition, the results in this subsection are derived for SISO systems,
yet are readily extended towards MIMO systems as is indicated where relevant.

8.3.1

Inverting LPV systems of relative degree zero

Problem 8.1 and 8.2 are solved by taking L∗ (ρ) = G−1 (ρ) if the latter is stable.
In this section, the state-space realization of G−1 (ρ) is considered for systems
with relative degree zero to analyze the structure of L∗ (ρ), where the relative
degree is defined as follows.
Definition 8.1 A system Σ(ρ) is said to have relative degree κ ∈ N, where κj is
the lowest number such that u(t) appears explicitly in y(t + κ) for some admissible
ρ(t).
A similar definition results for MIMO systems by considering each output separately. In the forthcoming analysis it is assumed that the relative degree is
constant for all admissible ρ(t). For systems G(ρ) with κ = 0, G−1 (ρ) allows the
following state-space realization which applies identically to MIMO systems.
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Lemma 8.1 Let G(ρ) ∶ u ↦ y be represented by (8.1) with κ = 0. Then, G−1 (ρ) ∶
y ↦ u is given by
G−1 (ρ) ∶ [

A(ρ) − B(ρ)D−1 (ρ)C(ρ)
−D−1 (ρ)C(ρ)

B(ρ)D−1 (ρ)
].
D−1 (ρ)

(8.6)

The proof follows by inverting (8.1b) and substituting it in (8.1a). In practice,
this direct approach only provides a solution for a limited class of systems due to
the following challenges.
(I1) If κ > 0, G−1 (ρ) is noncausal and cannot be described by a state-space
realization as given by (8.1).
(I2) Forward recursion of (8.6) does not necessarily result in a bounded response.
If the frozen system G(ρ̄) is NMP, i.e., G−1 (ρ̄) has poles outside the unit
disc, then the forward response is unbounded. Bounded solutions can be
obtained for NMP LTI systems (Chapter 2) and LPTV systems (Zundert
and Oomen, 2017b) by transforming (8.6) into a realization that admits
backward recursion of the unstable modes and forward recursion of the
stable modes, resulting in a noncausal yet bounded response. For general
LPV systems, such an approach currently does not exist.
Challenge I1 is tackled in the next subsection by shifting the input or output
of the system forward in time, which is referred to as previewing. In sections
8.4 and 8.5, this preview-based approach is combined with H∞ -optimization to
tackle challenge I2 and to provide a complete solution to Problem 8.1 and 8.2.

8.3.2

Achieving relative degree zero with preview

Challenge I1 can be overcome through the following procedure.
(i) Apply κ samples input or output preview to G(ρ) to obtain Ḡ(ρ) = G(ρ)q τ
or Ḡ(ρ) = q τ G(ρ), such that Ḡ(ρ) has relative degree zero.
(ii) Determine L̄(ρ) = Ḡ−1 (ρ) by means of Lemma 8.1.
(iii) If input preview is applied to G(ρ) at step (i), then apply κ samples output
preview to L̄(ρ) by constructing the noncausal filter L(ρ) = L̄(ρ)q κ . If
output preview is applied to G(ρ) instead, then apply input preview to
L̄(ρ) by constructing L(ρ) = q κ L̄(ρ).
In step (iii), the distinction between input and output preview is made to maintain
input-output equivalence, since q τ does not commute with LPV systems, as is
also shown in Figure 8.2 and 8.3. Step (i) can be performed using state-space
manipulations, as is presented by the following Lemma.
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Lemma 8.2 Let G(ρ) ∶ u(t) ↦ y(t) be a system with relative degree κ. Then,
Ḡ(ρ) ∶ u(t + κ) ↦ y(t), whose input is previewed by κ samples with respect to the
input of G(ρ), is given by
Ḡ(ρ) ∶ [

A(ρ(t))
C(ρ(t))

Aκ (ρ(t))B(ρ(t))
],
C(ρ(t))Aκ−1 (ρ(t))B(ρ(t))

and has relative degree zero. Similarly, the realization of the output-previewed
system Ḡ(ρ) ∶ u(t) ↦ y(t + κ) has relative degree zero and is given by
Ḡ(ρ) ∶ [

A(ρ(t))
C̄(ρ(t), ..., ρ(t + κ))

B(ρ(t))
],
D̄(ρ(t), ..., ρ(t + κ))

κ−1

C̄(ρ) = C(ρ(t + κ)) ∏ A(ρ(t + j)),
j=0
κ−1

D̄(ρ) = C(ρ(t + κ)) ∏ A(ρ(t + j))B(ρ(t)).
j=1

A proof of this lemma is provided in Appendix 8.8.2. Lemma 8.2 shows that
when input previewing is used Ḡ(ρ) only depends on ρ(t), whereas for output
previewing, Ḡ(ρ) also depends on its time shifts ρ(t + 1), ..., ρ(t + κ). This insight
plays a crucial role in the H∞ -synthesis approach developed in the next section,
which is developed to design causal stable filters to overcome challenge I2.

8.4 Optimal preview-based ILC
The direct preview-based approach in combination with forward recursion of
the resulting state-space realization only provides a solution for a limited class
of systems, since it does not address challenge I2. For Problem 8.1, this is
overcome by recognizing that previewing of the input is equivalent to delaying
the reference as is shown in Figure 8.2.ii. This reformulation is especially useful
since both Ḡ(ρ) and L̄(ρ) have a relative degree of zero, and consequently, an
H∞ -optimization problem can be formulated whose solution results in a stable
controller L̄(ρ).
Problem 8.3 (Left inverse matching with preview) Given G(ρ) and a certain number of preview samples τ , obtain
L̄∗ (ρ) = arg min max ∥q −τ − L̄(ρ)G(ρ)∥H∞ ,
L̄(ρ) ρ(t)∈D

∥L̄(ρ)∥H∞ .

(8.7)

This problem can be solved using existing techniques (Apkarian and Gahinet,
1995; Apkarian et al., 1995; Scherer, 2001) and this approach overcomes challenges
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uj+1 − u∞

uj − u∞
(i)

qτ

G(ρ)

L̄(ρ)

Ḡ(ρ)
uj − u∞
(ii)

uj+1 − u∞

q −τ

G(ρ)

L̄(ρ)
uj+1 − u∞

uj − u∞
(iii)

G(ρ)

L̄(ρ)

qτ

L(ρ)
Figure 8.2: (i) For G(ρ) with relative degree κ the input is previewed by τ = κ samples, reducing
its relative degree to zero. Consequently, the inverse L̄(ρ) also has relative degree zero. (ii) This
is equivalent to delaying the upper path, which enables H∞ -synthesis techniques to compute
L̄(ρ). Additional preview can be added to compensate NMP dynamics, i.e., τ ≥ κ. (iii) The
noncausal filter L(ρ) is obtained by previewing the output of L̄(ρ).

I1 and I2 related to the direct approach. The complete solution to Problem 8.1
is depicted in Figure 8.2, where all three schemes are equivalent mappings. In
Figure 8.2.ii, the causal filter L̄(ρ) is obtained by solving Problem 8.3, whereas
in Figure 8.2.iii the noncausal filter L(ρ) is obtained by previewing the output
of L̄(ρ). Realizing that the structure of L̄(ρ) is revealed by applying Lemma
8.1 to the realization of Lemma 8.2, leads to the following recommendations for
synthesizing learning filters for LPV systems by means of solving Problem 8.3.
(R1) It is sufficient for L̄(ρ) to only depend explicitly on ρ(t), and not on its
time shifts ρ(t + 1), ..., ρ(t + κ), in order to include the perfect inverse in
the set of feasible solutions.
(R2) Care should be taken that L̄(ρ) allows for a sufficiently rich description of
the functional dependence on ρ to match G−1 (ρ). For example, when G(ρ)
depends on ρ in an affine or polytopic fashion, Ḡ−1 (ρ) generally depends
on ρ in a rational way. Consequently, methods for solving Problem 8.3 that
allow rational dependence in L̄(ρ) are recommended, e.g., Linear Fractional
Representation (LFR) synthesis tools, such as those developed in Apkarian
and Gahinet, 1995 and Scherer, 2001.
(R3) The number of preview samples must satisfy τ ≥ κ to include the case of
perfect tracking, where κ is the relative degree of G(ρ). Taking τ ≫ κ may
be necessary when G(ρ̄) has NMP dynamics for some frozen parameter
ρ̄ ∈ D in order to obtain a satisfying solution.
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r

e

(i)

G(ρ)

L̄(ρ)

qτ

Ḡ(ρ)
r

q −τ

(ii)

e

G(ρ)

L̄(ρ)
r

e

(iii)

qτ

L̄(ρ)

G(ρ)

L(ρ)
Figure 8.3: (i) For G(ρ) with relative degree κ, the output is previewed by τ ≥ κ samples,
reducing its relative degree to zero. Consequently, the inverse L̄(ρ) also has relative degree
zero. (ii) This is equivalent to delaying the upper path, which enables H∞ -synthesis techniques
to compute L̄(ρ). Additional preview can be added to compensate NMP dynamics, i.e., τ ≥ κ.
(iii) The noncausal filter L(ρ) is obtained by previewing the input of L̄(ρ).

8.5 Optimal preview-based feedforward control
Along the same lines as in the previous section, challenge I2 is overcome for Problem 8.2 by means of preview control, which results in the following formulation.
Problem 8.4 (Right inverse matching with preview) Given G(ρ) and a
number of preview samples τ , obtain
L̄∗ (ρ) = arg min max ∥q −τ − G(ρ)L̄(ρ)∥H∞ ,
L̄(ρ) ρ(t)∈D

∥L̄(ρ)∥H∞ .

(8.8)

In this case, the reference can only be equivalently delayed by applying outputpreviewing as is shown in Figure 8.3. Lemma 8.2 shows that the optimal solution
L̄∗ (ρ) depends on ρ(t), ..., ρ(t + τ ), which leads to the following recommendations
for LPV feedforward controllers by means of Problem 8.4.
(R4) In addition to recommendations R2 and R3, L̄(ρ) should depend explicitly
on ρ(t), ..., ρ(t + τ ) to include the perfect inverse in the set of feasible
solutions and thereby facilitate the possibility of perfect tracking. This
can be achieved by using parameter-dependent Lyapunov function-based
synthesis (Wu and Dong, 2006).
In this section, an approach to Problem 8.1 and 8.2 is developed by formulating
Problem 8.3 and 8.4 in combination with recommendations R1 to R4, which
followed from analyzing the structure of inverted LPV state-space realizations in
the previous section. These approaches can be viewed as the LPV extensions of
fixed-lag smoothing and preview control, and are demonstrated next.
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Figure 8.4: The frozen dynamics G(ρ̄) display a parameter-varying resonance.

ρ

u(t)

y(t)

y(t)

u(t)

Figure 8.5: Flexible bending of the gantry results in position-dependent dynamics making the
print head position y(t) dependent on the carriage position along the gantry ρ. A simplified
model of this behavior is used in this example.

8.6 Simulation example
ILC and feedforward control are applied to an example system with positiondependent dynamics by applying the procedure as outlined in Section 8.3 to
obtain the noncausal filters L̄(ρ). A comparison is made with an LTI approach
which shows the relevance of this work and constitutes contribution C3.

8.6.1

Plant description

Consider the positioning system as shown in Figure 8.5. Accurate positioning of
the carriage in the y-direction is hampered by a resonance mode that varies as a
function of its x-position as is schematically shown in Figure 8.5. A symmetric
force is applied to the beam, i.e., u = ul = ur , and the output is the average of the
collocated sensors, i.e., y = 12 (yl + yr ). A simplified polytopic LPV model with
κ = 1 is given by
G(ρ) ∶ [

(1 − ρ(t))A1 + ρ(t)A2
C

B
],
0

D = [0, 1],
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0.99
0 ⎥⎥
⎢
⎢
⎥
⎢ 0
⎢ 50 ⎥
3.969
0
0.9901 ⎥⎦
⎣
⎣
⎦
⎤
⎡ −1 ⎤
⎡0.9875
0
−0.001
0
⎥
⎥
⎢
⎢
⎢ β ⎥
⎢ 0
0.9875
0
−0.001⎥⎥
⎥
⎢
⎢
⊺
⎥,
⎥, C = ⎢
A2 = ⎢
⎢ 0 ⎥
⎢ 0
0
0.9875
0 ⎥⎥
⎥
⎢
⎢
⎢0.001⎥
⎢ 0
6.2016
0
0.9876 ⎥⎦
⎣
⎦
⎣
where the parameter β, located in the C-matrix, is used to illustrate the effect
of MP and NMP dynamics by taking β ∈ {−1, 1}. The frozen behavior of G(ρ̄)
is shown in Figure 8.4 for β = 1, which resembles the dynamics of a positiondependent motion system sampled at 1 kHz. The aim is to accurately track r(t),
while the ρ(t) varies as shown in the bottom plot of Figure 8.6.

8.6.2

Feedforward control

Recommendations R2 and R4 as given in Section 8.5 state that L̄(ρ) should be
adequately parametrized in terms of its dependence on ρ. The structure of the
optimal L̄(ρ) is revealed by applying Lemma 8.2 to G(ρ) with output preview
for κ = 1, followed by applying Lemma 8.1. This results in
Ḡ(ρ) ∶ [

(1 − ρ(t))A1 + ρ(t)A2
(1 − ρ(t))CA1 + ρ(t)CA2

B
],
CB

and subsequent application of Lemma 8.1 to Ḡ(ρ) yields
Ḡ−1 ∶ [

(1 − ρ(t))Â1 + ρ(t)Â2
−1
(CB) C((1 − ρ(t))A1 + ρ(t)A2 )

Â1 = [I − B(CB)−1 C]A2 ,

B(CB)−1
],
(CB)−1

Â2 = [I − B(CB)−1 C]A2 .

This realization shows that Ḡ−1 also depends on ρ in a polytopic fashion and that
it only depends explicitly on ρ(t). Hence, the approach developed in Apkarian
et al. (1995) can be used to solve Problem 8.4. The solution obtained for β = 1
and τ = 1 yields an upper bound on the H∞ -norm in (8.8) of γ = 5.62 ⋅ 10−4 .
Applying the obtained feedforward controller, as shown in Figure 8.1, leads to
u(t) as shown at the top in Figure 8.6, which is significantly affected by the
parameter variations induced by ρ(t). The resulting tracking error e(t) is shown
in Figure 8.7, which shows that the computed controller indeed achieves near
perfect tracking. This result is compared to the feedforward controller that results
by applying the direct inversion method discussed in Section 8.3.1. It turns out
that this analytically determined Ḡ−1 (ρ) is quadratically stable (Hoffmann and
Werner, 2015), and thus provides the exact solution to Problem 8.2 for this
specific example.
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Figure 8.6: The top plot shows the feedforward input u(t) = L∗ (ρ)r(t) (
) where L∗ (ρ) is
the H∞ -optimal right inverse of G(ρ) for τ = 1, and is obtained as described in Section 8.3.
The bottom plots show the scheduling trajectory ρ(t) (
), which significantly affects the
input u(t).
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Figure 8.7: The reference r(t) (
) and the error e(t) (
) that results by applying the
input u(t), as shown in Figure 8.6, to G(ρ). Near perfect tracking is achieved, and the residual
error is attributed to nonzero tolerances in the synthesis process of L∗ (ρ).

8.6.3

Iterative learning control

Next, the system is considered for β = −1 which results in frozen NMP dynamics
∀ρ̄ ∈ D. Consequently, the inverse determined using the direct approach is not
stable in a causal sense, making the procedure described in Section 8.4 key to
computing convergent learning filters. Along the same lines as in the previous
subsection, it is concluded that a polytopic parametrization of L̄(ρ(t)) suitable.
Following recommendation R3, Problem 8.3 is solved for increasing values of τ .
This indeed results in an upper bound γ on the H∞ -norm in (8.7) that decreases
as τ increases, as is shown in Figure 8.8. The controller obtained for τ = 35 is
used for ILC by updating the input as given by (8.3) with Q = 1. The progression
of ∥e∥2 is shown as a function of the iterations in Figure 8.9. This shows that ∥e∥2
converges to zero at a steady pace and results in excellent tracking performance
after 20 iterations.
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Figure 8.8: The achievable performance bound γ as a function of the number of preview samples
τ . This shows that the convergence rate can be increased by increasing τ , since γ is inversely
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Figure 8.10: The ILC input u20 (t) (
) after 20 iterations with the LPV filter displays
substantial pre-actuation, since it is nonzero before the reference (
) is nonzero.

8.6.4

Comparison to ILC for LTI systems

To highlight the relevance of this work, an LTI learning filter is implemented
and compared to the LPV case. Since ρ(t) averages around 12 , the LPV learning
filter L(ρ̄) is frozen at ρ̄ = 12 to obtain a sensible LTI filter. It turns out that
application of this filter does not lead to a convergent ILC due to the varying
resonance. This can be visualized by considering the LTI convergence criterion
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Figure 8.11: Visualization of (8.9) for the LTI filter L(ρ̄) with ρ̄ = 12 , i.e., ∣1−L(ejω , 21 )G(ejω , ρ̄)∣
(
). This shows that the criterion is violated due to parameter-varying resonant dynamics. To
satisfy (8.9), robustness is added, resulting in ∣Q(ejω ) (1 − L(ejω , 12 )G(ejω , ρ̄)) ∣ (
). Perfect
asymptotic performance is sacrificed by adding robustness, which is the main drawback of
applying LTI techniques to LPV systems.

(Bristow et al., 2006) for frozen dynamics, i.e., considering (8.4) ∀ρ̄ ∈ D where
ρ(t) = ρ̄, ∀t
∣Q(ejω )(1 − L(ejω , ρ̄)G(ejω , ρ̄))∣ < 1,

∀ω ∈ [0, 2π).

(8.9)

This condition is necessary but not sufficient in case ρ(t) is time varying. For
the considered LTI filter with Q = 1, is (8.9) is violated as is shown in Figure
8.11. To satisfy (8.9), robustness is introduced by taking Q as a second order
low-pass filter with a cut-off frequency of 14 Hz. Even though satisfying (8.9)
is not sufficient, the ILC converges as is shown in Figure 8.9. However, the
achieved performance is not as good as for the LPV case. The latter did not
require any robustness since the parameter-varying dynamics are explicitly taken
into account by the learning filter. This example illustrates the main reason for
adopting the LPV ILC method developed in this chapter.

8.7 Conclusion
An LPV learning control strategy is developed to enable high-performance control
for parameter-varying systems. It is shown that fast convergence can be achieved
by designing LPV learning filters that closely approximate the inverse plant
dynamics. Inversion-based filter design is facilitated by developing an analytic
inversion approach based on previewing the input or output, and this approach
reveals the parametric structure of inverted LPV state-space realizations. Since
the analytic approach cannot guarantee stability in a causal sense, an H∞ optimal synthesis approach is developed that yields stable filters that allow for
noncausal finite-preview control, and this approach significantly benefits from the
obtained insights regarding the parametric state-space structures. This approach
is similarly applied to design LPV feedforward controllers, and the effectiveness
of these methods is shown by application to a simulated motion system.
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8.8 Proofs
8.8.1

Proof of Theorem 8.1

The following definition and lemma (Moore, 2012, Chap. 3) play a crucial role in
the proof of Theorem 8.1.
Definition 8.2 Let (X , d) be a complete metric space. A map T ∶ X ↦ X is
called a contraction mapping on X if there exists a κ ∈ [0, 1) such that
d(T (x1 ), T (x2 )) ≤ κ d(x1 , x2 ),

∀x1 , x2 ∈ X .

Lemma 8.3 Let (X , d) be a non-empty complete metric space. If T ∶ X ↦ X
is a contraction mapping, then T admits a unique fixed-point x∞ in X , i.e.,
x∞ = T (x∞ ). If {xi }∞
i=0 is a sequence defined by xi+1 = T (xi ) for i ≥ 0, starting
with an arbitrary element x0 ∈ X , then xi → x∞ .
Proof : Substituting (8.2) this into (8.3) yields
ui+1 = Q(I − L(ρi )G(ρi ))ui + QL(ρi , r)r,

(8.10)

Given that ρi+1 = ρi = ρ∞ , a fixed point u∞ can be determined from the relation
u∞ = Q(I − L(ρ∞ )G(ρ∞ ))u∞ + QL(ρ∞ )r,
−1

yielding u∞ = (I − Q(1 − G(ρ∞ )L(ρ∞ ))) QL(ρ∞ )r. To show that the ILC update law (8.3) results in convergence to this fixed point under the posed conditions,
consider (8.10) for ρi = ρ∞ and subtract u∞ , which readily yields
ui+1 − u∞ = F(ui − u∞ ),

F(x) = Q(I − L(ρ∞ )G(ρ∞ ))x.

(8.11)

Define X ≜ l2 (Z) and let the 2-norm induce the metric, i.e., d(x1 , x2 ) ≜ ∥x1 −x2 ∥2 ,
such that (X , d) is a complete metric space. Noting that
∥F(u1 ) − F(u2 )∥2 ≤ ∥Q(I − L(ρ∞ )G(ρ∞ ))∥2,2 ∥u1 − u2 ∥2 ,

∀u1 , u2 ∈ X ,

and given that (8.4) holds, i.e.,
κ ≜ ∥Q(I − L(ρi )G(ρi ))∥2,2 < 1,
shows that F(x) is a contraction mapping as per Definition 8.2 since κ ∈ [0, 1).
Lemma 8.3 states that the fixed point u∞ ∈ X is unique, and that it is obtained by
iterating as described by (8.11), which is identical to the ILC update law (8.3). ∎
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8.8.2

Proof of Lemma 8.2

First consider the following Lemma that is required to prove Lemma 8.2.
Lemma 8.4 Given an LPV system Σ(ρ) with realization (8.1). If the relative
degree of Σ(ρ) is constant for all admissible scheduling signals ρ(t) and given by
κ ≥ 0, then it holds that ∀t,
κ=0

⇔

D(ρ(t)) ≠ 0,

κ=1

⇔

D(ρ(t)) = 0 ∧ C(ρ(t))B(ρ(t)) ≠ 0,

κ=n

⇔

D(ρ(t)) = 0 ∧ C(ρ(t)) ∏ A(ρ(t + j))B(ρ) = 0,

κ−2
j=1

κ−1

∧ C(ρ) ∏ A(ρ(t + j))B(ρ) ≠ 0.
j=1

A proof of this lemma follows by explicitly formulating y(t) and imposing the
definition of relative degree as given by Definition 8.1.
Proof : Consider the case with input preview for τ > 0 by replacing u(t) with
u(t + κ) in realization (8.1), which yields
x(t + 1) = A(ρ(t))x(t) + B(ρ(t))u(t + κ),

(8.12)

y(t) = C(ρ(t))x(t) + D(ρ(t))u(t + κ).

(8.13)

Now define the state transformation,
κ

x̂(t) = x(t) + ∑ Rj (t)u(t + j − 1).

(8.14)

j=1

Rewriting and substitution into (8.12) yields,
x̂(t + 1) = A(ρ(t))x̂(t) − A(ρ(t))R1 u(t) + (R1 − A(ρ(t))R2 )u(t + 1) + ...+
(Rκ−1 − A(ρ(t))Rκ )u(t + κ − 1) + (B(ρ(t)) + Rκ )u(t + κ).
By choosing Rκ (t) = −B(ρ(t)) and Rκ−j (t) = A(ρ(t))Rκ−j+1 , j = 1, ..., κ − 1,
it follows that all the terms with u(t + j), j = 1, ..., κ are equal to zero and
B̂(ρ(t)) = −A(ρ(t))R1 (t) = Aκ (ρ(t))B(ρ(t)). Rewriting and substituting (8.14)
into (8.13) yields
κ

y(t) = C x̂(t) + (D(ρ(t)) − C(ρ(t))R1 )u(t) − ∑ C(ρ(t))Ri u(t + j − 1),
j=2

where D(ρ(t)) and the terms in the summation are equal to zero by virtue of
Lemma 8.4. Consequently, D̂(ρ(t)) = C(ρ(t))Aκ−1 B(ρ(t)), which completes the
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proof for input previewing. Considering case with output preview for κ > 0 results
in
y(t + κ) = C(ρ(t + κ))x(t + κ) + D(ρ(t + κ))u(t + κ),

(8.15)

where the state x(t + κ) is obtained by iteratively evaluating (8.12), i.e.,
κ−1 ⎛ κ−1

⎞
∏ A(ρ(t + l)) B(ρ(t + j))u(t + j).
⎝
⎠
j=0 l=j+1

κ−1

x(t + κ) = ∏ A(ρ(t + j))x(t) + ∑
j=0

Substituting the latter into (8.15) and by applying Lemma 8.4 leads to
y(t + κ) = C̄(ρ(t), ..., ρ(t + κ))x(t) + D̄(ρ(t), ..., ρ(t + κ))u(t),
κ−1

C̄(ρ) = C(ρ(t + κ)) ∏ A(ρ(t + j)),
j=0
κ−1

D̄(ρ) = C(ρ(t + κ)) ∏ A(ρ(t + j))B(ρ(t)),
j=1

which completes the proof for output previewing.

∎

9

Learning Feedforward Control for
Linear Parameter-Varyings Systems

Many control applications are inherently nonlinear and are required to perform a
range of different tasks. Traditional Iterative Learning Control (ILC) enables high
performance when a specific task is performed repeatedly, but severe performance
loss ensues when variations in the tasks occur. The aim of this chapter is to develop
an ILC framework that accommodates trial-varying tasks for a class of nonlinear
systems. This is achieved by exploiting parameter varying basis functions such
that perfect tracking is enabled for Linear Parameter Varying (LPV) systems,
which is a class that encompasses many nonlinear systems. The proposed approach
is demonstrated by application to a printer sheet positioning unit, which shows
that the tracking performance can be significantly enhanced compared to existing
approaches. The results in this chapter constitute contribution C7 of this thesis.

The contents of this chapter are based on:
R. de Rozario, R. Pelzer, S. Koekebakker, and T. Oomen. (2018). Accommodating trial-varying
tasks in iterative learning control for LPV systems, applied to printer sheet positioning. In
Proceedings of the 2018 IEEE American Control Conference, pages 5213-5218. Milwaukee, WI,
USA.
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9.1 Introduction
Iterative Learning Control (ILC) enables high performance by learning a dedicated
input sequence to perform a specific task (Bristow et al., 2006). This is shown to
be an effective strategy for systems that perform identical tasks such as additive
manufacturing systems (Barton et al., 2011), industrial robots (Wang et al.,
2016), printing systems (Duan et al., 2018), and wafer stages (Heertjes and
Molengraft, 2009; Meulen et al., 2008).
ILC typically exhibits poor extrapolation properties with respect to trialvarying tasks or dynamics. A fundamental assumption in ILC is that both the
disturbances and the system dynamics remain identical during each task (Moore,
2012). Consequently, the learned input signal is only optimal for a specific
task and the corresponding dynamic response of the system. The performance
typically deteriorates significantly when this input is applied for the completion
of a different task (Boeren et al., 2016), or when the dynamics are different (Altın
et al., 2017; Hoelzle and Barton, 2012).
ILC has been extended to increase flexibility with respect to varying tasks in
case the system dynamics are Linear Time-Invariant (LTI) and trial-invariant.
A segmentation approach is suggested in (Mishra et al., 2007) and is extended
in (Hoelzle et al., 2011c), where the tasks are assumed to consist of standard
subtasks that are learned individually and that can be retrieved from a signal
library as building blocks for different tasks. ILC with basis functions provides
an alternative method to parametrize the ILC input in terms of the task and can
be interpreted as a way to learn a parametrized feedforward compensator from
the previous trials (Bolder et al., 2014; Heertjes et al., 2010; Phan and Frueh,
1996; Wijdeven and Bosgra, 2010).
Various control systems exhibit trial-varying dynamics and ILC is extended
in several ways to accommodate this. In (Butcher and Karimi, 2010b), the case
is treated where changing system parameters result in different LTI dynamics
from one trial to the next. This is accounted for by using an ILC update law that
exploits all previous trials. Trial-varying Linear Time-Varying (LTV) dynamics
arise when a nonlinear system is linearized along a specific trajectory, and the
linearized dynamics change when a different task is performed. In Altın et al.
(2017) a robust approach is suggested to achieve convergence to a neighborhood
of a nominal solution that is bounded by bounding the variation in the dynamics.
Alternatively, the nonlinear dynamics are explicitly considered in Chen and
Wen, 1999 to achieve global convergence with respect to a specific trial-invariant
reference.
ILC methods for nonlinear systems typically impose severe requirements on
system identification and controller synthesis. The Linear Parameter-Varying
(LPV) systems framework provides a suitable alternative by modeling the nonlinear system as a family of LTV systems (Leith and Leithead, 2000a). By relating
each LTV system to a specific realization of a measurable scheduling signal, a
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linear description is obtained that facilitates identification (Bamieh and Giarre,
2002), and optimal data-driven and model-based controller synthesis (Formentin
et al., 2016; Hoffmann and Werner, 2015). The latter is exploited for infinite-time
ILC for LPV systems in in Chapter 8.
Although many nonlinear control systems perform varying tasks, at present,
the performance of these systems cannot be improved through iterative learning.
This chapter aims to fill this gap by developing an ILC framework for LPV systems
that explicitly accommodates trial-varying tasks. This is achieved through the
following contributions.
(C1) An ILC with basis functions framework is developed for LPV systems from
which the LTI case is recovered as a special case (Section 9.3).
(C2) LPV basis functions are derived that enable perfect tracking for both
general tracking and point-to-point motion tasks (Section 9.4).
(C3) The proposed approach is applied to a sheet positioning system, which
shows that performance enhancement and increased flexibility are obtained
compared to existing approaches (Section 9.5).
Contribution C1 extends the approaches in Phan and Frueh, 1996 and Boeren
et al., 2014 to LPV systems, and is closely related to data-driven feedback design
Formentin et al., 2012. The proposed linear parametrization in C2 enables
perfect tracking for rational LPV systems while enabling an explicit solution
to the proposed ILC optimization problem. This parametrization provides an
input-output alternative to the state-space methods presented in Chapter 8
to explicitly describe LPV compensators that enable perfect tracking by using
noncausal dependence on the scheduling parameter. Contribution C3 shows that
the proposed method addresses a key challenge in sheet positioning control (Cloet
et al., 2001; Sanchez et al., 2010) as is elaborated in Section 9.2.

9.1.1

Preliminaries

A matrix A ∈ Rn×n is positive definite, i.e. A ≻ 0, if ∥x∥2A > 0, ∀x ∈ Rn , where
∥x∥2A ≜ x⊺ Ax. Throughout, Discrete Time (DT) signals s ∶ Z ↦ R are considered.
A Single-Input Single-Output (SISO) DT-LPV system G(ρ) ∶ u ↦ y refers to
the following recurrence relation (Bamieh and Giarre, 2002) between the input
sequence u(t) and the output y(t)
G(ρ(t), q) =

nb
−j
B(ρ(t), q) ∑j=κ bi (ρ(t))q
= na
,
A(ρ(t), q) ∑j=0 aj (ρ(t))q −j

(9.1)

where q is the shift operator, i.e., q −τ s(t) = s(t − τ ), ρ(t) is a scheduling signal
that is said to be admissible if ρ(t) ∈ D ⊂ Rnρ , ∀t, and κ ∈ N is the relative
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degree, which is said to be constant if bκ (ρ) ≠ 0, ∀ρ̄ ∈ D (Rozario et al., 2017).
Alternatively, G(ρ) is represented as
∞

G(ρ(t), q) = ∑ gj (ρ(t))q −j ,
j=0

and is asymptotically stable if ∣gj (ρ(t))∣ ≤ ḡj ∈ R, ∀t, and ∑∞
j=0 ḡj < ∞, for all
admissible ρ(t) (Butcher and Karimi, 2010a). Moreover, G(ρ) is at rest at t = tr
if y(t) = 0, t ∈ [tr − na − 1, tr ]. A length-N sequence s(t) is lifted and related to
the ith trial as follows
s⟨i⟩ ≜ [s⟨i⟩ (0)

...

⊺

s⟨i⟩ (N − 1)] ∈ RN ,

and y = G(ρ)u denotes the lifted signal of y(t) = G(ρ)u(t), t = 0, ..., N − 1, where
G(ρ) is at rest at t = 0, unless stated otherwise.

9.2 Problem formulation
The general tracking and point-to-point tracking problem are formally introduced
in this section, and it is shown how these descriptions arise in a printer sheet
positioning case study.

9.2.1

The control problem

The aim of general tracking is to achieve the desired output r(t) at all times,
which is formulated as follows.
Problem 9.1 (General tracking) Given an LPV system G(ρ) represented by
(9.1) that is at rest at t = 0. Find u(t) such that y(t) = r(t), ∀t ∈ [0, N − 1], for
all admissible ρ(t).
In contrast, the aim of point-to-point tracking is to steer the output of a system
G(ρ) from rest to a desired end value rf ∈ R within finite time and to keep it at
this constant value (Boeren et al., 2014).
Problem 9.2 (Point-to-point tracking) Given an LPV system G(ρ) represented by (9.1) that is at rest for t = 0. Find u(t) such that y(t) = rf ∈ R,
∀t ∈ [tp , N − 1], for all admissible ρ(t).
Compared to general tracking, the requirement that y(t) should equal an arbitrary
signal is relaxed to requiring that y(t) should be equal to a constant value rf
after a given number of samples tp . This allows for more design freedom since
the output can follow a less demanding trajectory prior to t = tp .
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d
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⇢
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⇢

vx

Actuated
pinches

m

Figure 9.1: The angular offset dφ needs to be corrected within finite time by using actuated
pinches, while it moves with velocity vx . During this motion, ρ(t), the distance between the
mass-center and the pinches, is assumed to change exogenously, which is modeled as LPV
dynamics.

9.2.2

Motivating case study

In this chapter, solutions to Problem 9.1 and 9.2 are developed which apply to
a wide range of applications, including the sheet positioning unit considered in
this chapter, as is shown in Figure 9.1. The objective of this control system is
the following. At time t = 0, a sheet enters the correction area with a constant
velocity vx and is clamped between two actuated pinch wheels. At this point,
the sheet has an angular offset dφ , which is assumed to be known. The aim is to
correct the angular offset using the actuated pinches, while the sheet is moving
in the longitudinal x-direction. This can be achieved with general tracking
or point-to-point tracking, where r(t) is a predetermined correcting reference
trajectory based on dφ .
Since the offsets are different for each sheet, the control system has to perform
a similar, but trial-varying task (Cloet et al., 2001), as is shown in Figure 9.2.
Moreover, the inertia of the sheet depends on the distance between the mass
center of the sheet and midpoint between the pinches, which is denoted by ρ(t).
Since ρ(t) changes rapidly due to longitudinal velocity vx , the system dynamics
are nonlinear. Throughout, vx is considered to be an exogenous variable, hence,
the system can be modeled as an LPV system with scheduling parameter ρ (Leith
and Leithead, 2000a). In addition, since sheets of several different dimensions
should be handled at various velocities, the scheduling trajectories ρi (t) are
similarly trial varying, as is shown in Figure 9.2.
In the next section, an ILC framework is developed with the required extrapolation flexibility to solve the class of problems presented in this section.
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Figure 9.2: Top: The point-to-point reference r⟨i⟩ (t) varies in a certain class, resulting in trialvarying tasks. Bottom: The scheduling signal ρ⟨i⟩ (t) varies similarly, resulting in trial-varying
LPV dynamics. These signals are the ones as used example in Section 9.5 and reflect the
varying desired sheet correction (top) and the mass-center position during each trial (bottom).
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Figure 9.3: General control architecture of the plant G(ρ) with feedback Cf b (ρ), feedforward
Cf f (ρ, θ⟨i⟩ ) and input-shaping Cy (ρ, θ⟨i⟩ ). The proposed ILC solution to Problem 9.1 and 9.2
is to iteratively reduce the error e⟨i+1⟩ by updating θ⟨i+1⟩ based on e⟨i⟩ , r⟨i⟩ and ρ⟨i⟩ .

9.3 ILC with basis functions for LPV systems
In this section, an ILC framework for LPV systems is developed that accommodates trial-varying tasks, which constitutes contribution C1. This is achieved by
combining parametrized LPV feedforward and input shaping controllers whose
parameters are iteratively updated by using ILC.

9.3.1

Combined feedforward and input-shaping control

To solve Problem 9.1 and 9.2, the control architecture as shown in Figure 9.3
is proposed, where G(ρ) is the plant, Cf b (ρ) is a feedback controller, Cf f (ρ, θ)
is the feedforward controller, and Cy (ρ, θ) is the input shaper. Moreover, r(t)
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rf
ρ(t)
Rest

Settling
interval

r(t)

Performance
interval

y(t) = r̃(t)
0
na − 1

0

ts

tp

N −1

Figure 9.4: Schematic representation of point-to-point tracking. The system starts at rest and
y should be equal to rf in the performance interval. Before this interval, y may differ from r,
for example by following the shaped reference r̃.

is a known reference, which for Problem 9.2 ends in the desired point rf , as
is shown in Figure 9.4. Input shaping is included to exploit the freedom in
Problem 9.2, where y(t) may differ from r(t) prior to tp . It is shown in Section
9.4 that this configuration enables perfect tracking when Cf f (ρ) and Cy (ρ) are
parametrized as Finite Impulse Response (FIR) filters. Such a parametrization
yields inherently stable filters and allows for an explicit solution in norm-optimal
ILC, as is shown next.

9.3.2

Norm-optimal ILC

Optimizing the parameters θ⟨i⟩ of Cf f (θ⟨i⟩ , ρ) and Cy (θ⟨i⟩ , ρ) can be achieved by
minimizing the norm of the predicted error during the next trial ê⟨i+1⟩ , based on
the measured tracking error e⟨i⟩ of the previous task. To this end, consider e⟨i⟩
when G(ρ) starts from rest
e⟨i⟩ = S(ρ⟨i⟩ ) (Cy (ρ⟨i⟩ , θ⟨i⟩ ) − G(ρ⟨i⟩ )Cf f (ρ⟨i⟩ , θ⟨i⟩ )) r⟨i⟩ ,

(9.2)

where S(ρ) ≜ (1 + G(ρ)Cf b (ρ))−1 is the sensitivity function. The predicted lifted
error during the next trial can be written as
ê(θ⟨i⟩ , ρ⟨i⟩ , r ⟨i⟩ ) ≜ Ŝ(ρ⟨i⟩ ) (Cy (ρ⟨i⟩ , θ⟨i⟩ ) − Ĝ(ρ⟨i⟩ )Cf f (ρ⟨i⟩ , θ⟨i⟩ )) r ⟨i⟩ , (9.3)
where Ĝ(ρ) and Ŝ(ρ) are based on a model of the system. Note, convergence
can still be achieved with a model of moderate accuracy, as is made explicit in
Lemma 9.2. In Chapter 7, a framework is developed to estimate nonparametric
LPV models from data, and Remark 7.4 describes how these models can be used
for output simulation. The parameters θ⟨i+1⟩ are determined using the predicted
error during trial i + 1
ê⟨i+1⟩ (θ⟨i+1⟩ , ρ⟨i,i+1⟩ , r ⟨i,i+1⟩ ) = e⟨i⟩ − ê(θ⟨i⟩ , ρ⟨i⟩ , r ⟨i⟩ ) + ê(θ⟨i+1⟩ , ρ⟨i+1⟩ , r ⟨i+1⟩ ),
(9.4)
where the measured lifted error e⟨i⟩ is introduced to enable learning from past
data. The flexible ILC problem for LPV systems is formulated as follows.
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Problem 9.3 (ILC with basis functions for LPV systems) Let e⟨i⟩ be the
true lifted tracking error during trial i and define ê⟨i+1⟩ as in (9.4). Determine
the updated parameters θ⟨i+1⟩ as
θ⟨i+1⟩ = arg min J (θ⟨i+1⟩ ),
J (θ⟨i+1⟩ ) ≜ ∥ê

⟨i+1⟩

(9.5)

(θ⟨i+1⟩ , ρ⟨i,i+1⟩ , r ⟨i,i+1⟩ )∥2We + ∥θ⟨i+1⟩ ∥2Wθ + ∥θ⟨i+1⟩ − θ⟨i⟩ ∥2W∆θ ,

where We , Wθ and W∆θ are predefined weighting matrices.
The nature of optimization problem (9.5) depends on the way in which Cf f (θ)
and Cy (θ) are parametrized in terms of θ. Next, a linear parametrization is
adopted and an explicit solution to Problem 9.3 is derived.

9.3.3

Explicit ILC for linear parametrizations

Consider the following linear parametrization of Cf f (θ) and Cy (θ),
n

Cf f (ρ, θ) = ∑ φj (ρ)ψj (q)θjf f ,

(9.6a)

m
⎛
⎞
Cy (ρ, θ) = ϕ0 (ρ) + ∑ ϕj (ρ)ψj (q)θjy q −τ ,
⎝
⎠
j=1

(9.6b)

j=0

ψj (q) = (1 − q −1 )j Ts−j ,

θjf f , θjy ∈ R,

τ ∈ N,

where ϕj (ρ) and φj (ρ) = φj (ρ(t), ..., ρ(k + γ)), γ ∈ N, are bounded scheduling
functions on Dγ , τ is the number of input-shift samples, and Ts ∈ R+ is the
sampling time. The basis function ψ1 (q) is equivalent to the delta operator,
which is preferred over q for its reduced loss of numerical accuracy (Middleton
and Goodwin, 1986). Furthermore, ψ1 (q) represents a continuous derivative for
Ts → 0, such that the parameters allow a physical interpretation, and ψj (q) is
stable ∀j, such that Cf f and Cy are inherently stable. Substituting (9.6a) and
(9.6b) in (9.3) results in a linear parametrization of the predicted lifted error
ê(θ, ρ, r) = ê○ (ρ, r) + Φ̂(ρ, r)θ,
θ = [θy ⊺

θ

⊺
ff ⊺

] ,

θf f = [ θ1f f

...

⊺

θnf f ] ,

(9.7)

θy = [ θ1y

...

ê○ (ρ, r) = Ŝ(ρ)ϕ0 (ρ)q −τ r,
Φ̂(ρ, r) = [−Ŝ(ρ)Ψn (ρ)r

⊺

y
θm
] ,

(9.8)
−τ

Ŝ(ρ)Ĝ(ρ)Γm (ρ)q r ] ,

Ψn (ρ) = [φ1 (ρ)ψ1 (q)

...

φn (ρ)ψn (q)] ,

Γm (ρ) = [ϕ1 (ρ)ψ1 (q)

...

ϕn (ρ)ψn (q)] ,

(9.9)

where Φ̂ ∈ RN ×nθ with nθ = n+m+1 and where ê○ ∈ RN is the error corresponding
to θ = 0. The linear parametrization enables an explicit solution to Problem 9.3.
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Lemma 9.1 Considering Problem 9.3 with parametrization (9.6). If
X ⟨i+1⟩ ≻ 0,

⊺

X ⟨i+1⟩ ≜ Φ̂⟨i+1⟩ We Φ̂⟨i+1⟩ + Wθ + W∆θ ,

(9.10)

then the following parameter update is the global optimizer of (9.5)
θ⟨i+1⟩ = L(ρ⟨i+1⟩ , r ⟨i+1⟩ ) (∆(ρ⟨i,i+1⟩ , r ⟨i,i+1⟩ ) − e⟨i⟩ ) + Q(ρ⟨i,i+1⟩ , r ⟨i,i+1⟩ )θ⟨i⟩ ,
(9.11)
where L ∈ Rnθ ×N , Q ∈ Rnθ ×nθ and ∆ ∈ RN are given by
⊺

L(ρ⟨i+1⟩ , r ⟨i+1⟩ ) ≜ (X ⟨i+1⟩ )−1 Φ̂⟨i+1⟩ We ,
⟨i,i+1⟩

Q(ρ

,r

⟨i,i+1⟩

) ≜ (X

⟨i+1⟩ −1

) (Φ̂

⟨i+1⟩ ⊺

We Φ̂

(9.12)
⟨i⟩

+ W∆θ ),

(9.13)

∆(ρ⟨i,i+1⟩ , r ⟨i,i+1⟩ ) ≜ ê○ (ρ⟨i+1⟩ , r ⟨i+1⟩ ) − ê○ (ρ⟨i⟩ , r ⟨i⟩ ),
with ê○ (ρ, r) given by (9.8) and Φ̂(ρ, r) given by 9.9.
A proof of this lemma is presented in Section 9.7.1. This lemma provides the
explicit expression of the LPV learning and robustness matrices L and Q that
are used to update Cf f (ρ) and Cy (ρ) based on the measured error e⟨i⟩ and the
known signals r ⟨i⟩ , ρ⟨i⟩ , r ⟨i+1⟩ , and ρ⟨i+1⟩ . Practically, r ⟨i+1⟩ and ρ⟨i+1⟩ may be
unknown at the time of updating. In this case, the optimization can be similarly
performed under the assumption that r ⟨i+1⟩ = r ⟨i⟩ , and ρ⟨i+1⟩ = ρ⟨i⟩ , such that
∆ = 0, and L and Q depend only on the data during trial i. If this assumption is
satisfied, convergence of θ can be achieved under the following conditions.
Lemma 9.2 Consider the update law given by (9.11), the matrices L and Q
as given by (9.12) and (9.13), and let Φ represent (9.9) with the true system
transfers S(ρ) and G(ρ). If r ⟨i+1⟩ = r ⟨i⟩ = r ⟨∞⟩ and ρ⟨i+1⟩ = ρ⟨i⟩ = ρ⟨∞⟩ , ∀i, and
if
σ̄ (Q(ρ⟨∞⟩ , r ⟨∞⟩ ) − L(ρ⟨∞⟩ , r ⟨∞⟩ )Φ(ρ⟨∞⟩ , r ⟨∞⟩ )) < 1,

(9.14)

then θ⟨i⟩ converges monotonically in the 2-norm to θ⟨∞⟩ , i.e., ∃κ ∈ [0, 1) such
that ∥θ⟨i+1⟩ − θ∞ ∥2 ≤ κ∥θ⟨i⟩ − θ∞ ∥2 , where
−1

θ⟨∞⟩ = (I − Q(ρ⟨∞⟩ , r ⟨∞⟩ ) + L(ρ⟨∞⟩ , r ⟨∞⟩ )Φ(ρ⟨∞⟩ , r ⟨∞⟩ ))
⟨∞⟩

and the asymptotic error is given by e⟨∞⟩ = e○

L(ρ⟨∞⟩ , r ⟨∞⟩ )e⟨∞⟩
○ ,

− Φθ⟨∞⟩ .

A proof of this lemma is presented in Section 9.7.2. This lemma shows how
convergence and a satisfactory asymptotic error e∞ can be achieved achieved.
Specifically, if We = I and Wθ = 0 are admissible under condition (9.10), and
if Φ has full column rank, then Q = I, and L = Φ̂+ , where (.)+ denotes the
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pseudo-inverse. In this case, condition (9.14) and the asymptotic error evaluate
to
σ̄ (I − Φ̂+ Φ) < 1,

e⟨∞⟩ = (I − Φ(Φ̂+ Φ)−1 Φ̂+ )e⟨∞⟩
○ .

Consequently, convergence is achieved if Φ̂ ≈ Φ, i.e., if the model Ĝ(ρ) is of
⟨∞⟩
sufficient accuracy. In addition, and a small error is obtained if e○ is spanned
by the column space of Φ, i.e., if the basis functions are suitably selected.
In this section, a norm-optimal ILC method is developed for LPV systems
that enables improved tracking performance for systems with variable dynamics
that perform non-repeating tasks. The next section treats the selection of basis
functions to enable high performance.

9.4 Selecting LPV basis functions
In this section, scheduling basis functions φi (ρ) and ϕi (ρ) are derived that solve
Problem 9.1 and 9.2, which constitutes contribution C2. It is shown that these
functions are distinctly different from what would result by ad hoc extension of
LTI results. For clarity of the exposition, the results in this section are presented
in terms of the following FIR description
na

Cf f (ρ) = ∑ αj (ρ)q −j ,

nb

Cy (ρ) = ∑ βj (ρ)q −j ,

j=0

(9.15)

j=κ

from which the basis functions φj (ρ) and ϕj (ρ) are obtained as follows.
Lemma 9.3 Parametrization (9.6) and (9.15) are equivalent if τ = κ, θjf f = 1,
θjy = 1, ∀j, and if
[φ0 (ρ)

...

φn (ρ)] = [α0 (ρ)

...

αna (ρ)] Tn−1
,
a

[ϕ0 (ρ)

...

ϕm (ρ)] = [βκ (ρ)

...

βnb (ρ)] Tn−1
,
b −κ

⎡1
⎢
⎢0
⎢
Tn ≜ ⎢
⎢⋮
⎢
⎢0
⎣
where eA = ∑∞
j=0

1 j
A
j!

0
Ts−1
0

...
⋱
...

⎡0
⎢
0 ⎤⎥
⎢1
⎥
⎢
⎥ −Dn
⎢
⎥e
, Dn ≜ ⎢ 0
⎢
⋮ ⎥⎥
⎢⋮
⎢
Ts−n ⎥⎦
⎢0
⎣

0
0
2
⋮
0

...
...
...
⋱
...

0
0
0
⋮
n

0⎤⎥
0⎥⎥
⎥
0⎥ ,
⎥
⋮ ⎥⎥
0⎥⎦

is the matrix exponential.

Proof : A proof follows by recognizing that [ψ0

...

⊺

ψn ] = Tn [1

...

⊺

q −1 ] . ∎

The aim of the next subsections is to obtain explicit expressions of αj (ρ) and βj (ρ)
given G(ρ) that provide a solution to the general tracking and point-to-point
tracking problems, as specified by Problem 9.1 and 9.2, respectively.
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9.4.1

General tracking

The general tracking problem formulated in Problem 9.1 does not allow shaping
of the reference, i.e., r̃(t) = r(t), such that the input shaper must be set to unity,
i.e., Cy (ρ) = 1. Considering e⟨i⟩ as given by (9.2) shows that Problem 9.1 is
solved under this condition if Cf f (ρ) = G−1 (ρ). The following theorem presents
an explicit expression of G−1 (ρ).
Theorem 9.1 For any G(ρ) given by (9.1) with constant relative degree κ, the
right-inverse G−1 (ρ) of G(ρ), which is such that r(t) = G(ρ)G−1 (ρ)r(t) for any
r(t) and ρ(t), is given by
a
aj (ρ(t + κ))q −j+κ
∑j=0
.
nb
bj (ρ(t + κ))q −j+κ
∑j=κ

n

G−1 (ρ(t + κ), q) =

A proof of this theorem is presented in Section 9.7.3. This theorem shows that if
the relative degree of G(ρ) is nonzero, i.e., κ > 0, then G−1 (ρ) is noncausal in
both r and ρ. Furthermore, Theorem 9.1 yields a linear parametrization for the
following subclass of systems.
Corollary 9.1 Let G(ρ) be given by (9.1) and have a constant relative degree κ.
If B(ρ) = bκ (ρ)q −κ , i.e., bj (ρ) = 0 ∀j > κ, then Cy (ρ) and Cf f (ρ) as given by
(9.15) result in perfect tracking with the follow coefficients
αj (ρ(t)) =

aj (ρ(t + κ))
,
bκ (ρ(t + κ))

βκ = 1,

βj = 0

∀j > κ.

Proof : A proof follows by evaluating Theorem 9.1 under the given conditions. ∎
Combining this corollary with Lemma 9.3 shows that perfect tracking is
readily achieved for the class of systems G(ρ) whose numerator consists of a
single term. Note that for constant scheduling, i.e. ρ(t) = ρ̄, ∀t, this corresponds
to the LTI case in which G has no nonzero zeros.

9.4.2

Point-to-point tracking

Problem 9.2 is solved by the proposed control configuration as shown in Figure
9.3 under the following requirements.
(R1) The shaped error is zero, i.e., e(t) = 0, ∀t, ∀r(t), and for all admissible
ρ(t).
(R2) The shaped reference equals rf in the performance interval, i.e.,
r̃(t) = Cy (ρ, q)r(t) = rf ,

∀t ∈ [tp , N − 1].

(9.16)
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Requirement R1 can be reformulated as a condition on the relation between
Cy (ρ), Cf f and G(ρ), as is presented in the following theorem.
Theorem 9.2 Let G(ρ) be given by (9.1), and let it be controlled as shown in
Figure 9.3, such that e(t) is given by (9.2). If S(ρ) is defined and S(ρ) ≠ 0
identically for all admissible ρ(t), then e(t) = 0, ∀t, for all r(t) and for all
admissible ρ(t), if and only if for all admissible ρ(t)
A(ρ, q)Cy (ρ, q) − B(ρ, q)Cf f (ρ, q) = 0.

(9.17)

A proof of this theorem is presented in Section 9.7.4. In the LTI case, (9.17)
results in Cy (q) = B(q) and Cf f (q) = A(q), thereby recovering the case developed
in Boeren et al., 2014. In the LPV case, the latter is generally not a solution since
the time-varying filters do not commute, i.e. A(ρ, q)B(ρ, q) ≠ B(ρ, q)A(ρ, q).
Moreover, it is readily seen that in the LTI case, (9.16) is satisfied by taking
nb
βj = 1, whereas in the LPV case, (9.17) and (9.16) need to be solved
∑j=κ
simultaneously to yield αj (ρ) and βj (ρ), as can be achieved as follows.
Lemma 9.4 Let G(ρ) be given by (9.1) and let Cf f (ρ) and Cy (ρ) be given by
(9.15). Condition (9.17) is satisfied if
α
Υ [ ] = 0,
β
where Υ = [Υb

⎡ α (t) ⎤
0
⎢
⎥
⎢
⎥
⋮
⎥,
α=⎢
⎢
⎥
⎢αna (t + na )⎥
⎣
⎦

⎡ β (t + κ) ⎤
⎢ κ
⎥
⎢
⎥
⋮
⎥,
β=⎢
⎢
⎥
⎢βnb (t + nb )⎥
⎣
⎦

(9.18)

−Υa ], and where the rows of Υb and Υa are given by,

[Υb ]i+1 = [bκ (ρ(t + i + κ))

...

nb +1−κ
bnb (ρ(t + i + κ))] Ii+1
,

[Υa ]i+1 = [a0 (ρ(t + i + κ))

...

na +1
ana (ρ(t + i + κ))] Ii+1
,

i = 0, ..., na + nb + 1 − κ, where Ijn ∈ Rn×n is the matrix whose jth anti-diagonal
elements equal 1, e.g.,
⎡1 0 . . . 0⎤
⎡0 1 . . . 0⎤
⎢
⎥
⎢
⎥
I1n = ⎢⎢0⋮ 0⋮ . ⋱. . 0⋮ ⎥⎥ , I2n = ⎢⎢1⋮ 0⋮ . ⋱. . 0⋮ ⎥⎥ .
⎢0 0 . . . 0⎥
⎢0 0 . . . 0⎥
⎣
⎦
⎣
⎦
If r(t) is equal to a constant rf after ts samples, i.e., r(t) = rf ∈ R, ∀t ∈ [ts , N −1],
with ts ≤ tp − nb . Condition (9.16) is satisfied
(i) for any ρ(t) if
nb

∑ βj (ρ(t)) = 1,

∀t ∈ [tp , N − 1],

(9.19)

j=κ

(ii) for any ρ(t) such that ρ(t) = ρf ∈ Rnρ , ∀t ∈ [tp , N − 1] if
nb

∑ βj (ρ(t + j)) = 1,
j=κ

∀t,

(9.20)
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(iii) for any ρ(t) and any βj (ρ(t)) if rf = 0.
A proof of this lemma is presented in Section 9.7.5. This lemma provides the
means to determine αj (ρ) and βj (ρ) by constructing a square system of linear
equations by combining (9.18) with one of constraints on βj (ρ(t)) specified by
statement (i), (ii), or (iii), depending on the nature of ρ(t) and r(t) in the
performance interval. An explicit example is provided in Section 9.8, which
illustrates that if (9.20) is used, which applies when ρ(t) is constant in the
performance interval, then αj (ρ) and βj (ρ) can be determined as functions that
depend explicitly on ρ, and are independent of the specific realization of ρ(t). In
contrast, if (9.19) is used, which applies for arbitrary scheduling, then αj (ρ(t))
and βj (ρ(t)) are explicit functions of time, and depend on the specific realization
of ρ(t), and must thus be recomputed for every relevant scheduling signal ρ(t).
Consequently, R1 and R2 cannot be simultaneously satisfied for arbitrary ρ(t)
by using Cf f (ρ) and Cy (ρ) that depend explicitly on ρ and are given by (9.15)
as is illustrated in Section 9.5.

9.4.3

Causal scheduling functions

Corollary 9.1 and Lemma 9.4 show that perfect tracking for LPV systems requires
knowledge about future values of ρ. In some situations this information may not
be available and a causal parametrization is desired. Such a parametrization
is obtained by assuming commutativity to rewrite (9.17) as Cy (ρ) = B(ρ) and
Cf f (ρ) = A(ρ), while satisfying (9.16) by enforcing (9.19), which results in
[α0 (ρ)

...

αna (ρ)] = γ −1 (ρ) [a0 (ρ)

...

ana (ρ)] ,

[βκ (ρ)

...

βnb (ρ)] = γ −1 (ρ) [bκ (ρ)

...

bnb (ρ)] ,

nb

γ(ρ) = ∑ bi (ρ)

if γ(ρ) ≠ 0 ∀ρ ∈ D.

(9.21)

i=κ

Although these basis functions do not enable perfect tracking, significant performance improvement is enabled if ρ(t) varies sufficiently slowly.
In this section, guidelines are developed for the selection of scheduling functions
to enable perfect tracking, or to yield functions that depend on ρ(t) in a causal
fashion. These variations are compared by application to a sheet positioning
system in the next section.

9.5 Application to a printer sheet positioner
In this section, the ILC method for LPV systems, as presented in Section 9.3, is
applied to a simulated printer sheet positioning system to achieve point-to-point
tracking as discussed in Section 9.4.2. This shows that a significant improvement
is enabled by using the LPV basis functions as discussed in Section 9.4, which
constitutes contribution C3.
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Figure 9.5: The magnitude plot of the set of frozen plants G(ρ̄, ejω ), ρ̄ ∈ [0, 2], which displays
relatively large variations in both the resonance and anti-resonance behavior.

9.5.1

The sheet positioner model

This example considers the simplified dynamics between the relative velocity of
the pinch wheels and the rotation dφ of sheet with respect to the fixed world,
which are modeled by (9.1), where the coefficients are given by
[a0

a1
[b3

a2
b4

a3 ] = [m
b5 ] = [1

d−m
( ω2z

m(ρ) = (1 + ρ2 )Ts−2 ,
ωz (ρ) = ( 15 ρ + 1)200πTs ,

− 2)

k − 2d + 3m
(1 + ωz2 −

d − k − m] ,

ωz
)] ω2kTs ,
2
z

d(ρ) = (150 + 25ρ2 )Ts−1 ,
k = (120π)2 ,

D = [0, 2].

Figure 9.5 illustrates the variation of the LTI dynamics for constant ρ̄ ∈ D in
the frequency range of interest, which shows that large variations occur in the
resonance and anti-resonance behavior due to the changing inertia.

9.5.2

Point-to-point tracking

The control objective is to solve the point-to-point tracking problem as described
in Problem 9.2, for the different tasks as shown in Figure 9.2. This is achieved
by using the ILC method as presented in Section 9.3, where the open-loop case is
considered, i.e., Cf b (ρ) = 0, S(ρ) = 1. To show the potential of using LPV basis
functions, parametrization (9.6) is used with the following basis functions,
LTI ϕi = φi = 1, τ = 3.
LPV (Causal) αi (ρ), βi (ρ) are given by (9.21).
LPV (Non-causal) αi (ρ), βi (ρ) follow from Lemma 9.4 by simultaneously solving
(9.18) and (9.20).
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Figure 9.6: The root-mean square of the error as a function of the trials j for the different set
of basis functions shows that significant performance improvement is obtained by using causal
(
) and noncausal (
) LPV basis functions with respect to LTI basis functions (
). As
a reference, the noise level (
) and the case without control are displayed (
).

For all cases n = 3 and m = 2, and for the LPV cases, ϕi (ρ) and φi (ρ) follow
from αi (ρ), βi (ρ) by using Lemma 9.3.
ILC is applied by updating the parameter θ as given by Lemma 9.1 under the
assumption that r ⟨i+1⟩ = r ⟨i⟩ , and ρ⟨i+1⟩ = ρ⟨i⟩ to illustrate the performance that
is achievable without knowing the upcoming reference and scheduling function in
9
G(ρ) to illustrate
advance. Furthermore, We = I, Wθ = W∆θ = 0, and Ĝ(ρ) = 10
that ILC can improve the tracking performance when a imperfect model of the
system is used. Moreover, the output of the system is perturbed by Gaussian
white noise with variance σ 2 = 10−8 to mimic experimental conditions.

9.5.3

Results

The trial-domain results are shown in Figure 9.6, which shows that the noncausal
LPV basis functions achieve tracking performance up to the noise floor after 6
iterations, regardless of the trial-varying r⟨i⟩ (t) and ρ⟨i⟩ (t), and the imperfect
model Ĝ(ρ). Moreover, the causal LPV basis achieves a significant performance
improvement, whereas the LTI basis performs considerably worse. Figure 9.7
shows the input u⟨20⟩ (t) and tracking error e⟨20⟩ (t) during the final task. The
top plot shows that the LPV basis introduces the flexibility to decrease the input
amplitude according to the decreasing effective inertia. The LTI basis is not
able to account for this, resulting in the large overshoot as shown in the bottom
plot. Figure 9.8 shows the error with respect to the unshaped reference in the
performance interval during the final task, i.e. r⟨20⟩ (t) − y ⟨20⟩ (t), ∀t ∈ [tp , N − 1].
The top plot shows that the causal LPV basis achieves superior performance. The
reason for this is that although it does not achieve e(t) = 0, i.e., requirement R1
of Theorem 9.2, it does guarantee that the reference is unaltered the performance
interval, i.e. R2, while ∥e(t)∥2 is minimized. The opposite holds for the noncausal
basis which does satisfy R1, but does not satisfy R2. However, when ρ(t) is kept
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Figure 9.7: (Top) The input signals during the final trial show that in contrast to the LTI
basis functions (
), the causal (
) and noncausal (
) LPV basis functions provide the
flexibility to decrease the input amplitude as the inertia decreases. (Bottom) The error signals
during the final trial show that superior performance is achieved by using LPV basis functions.
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Figure 9.8: (Top) The true error in the performance interval shows that superior performance
is achieved by using causal LPV basis (
). (Bottom) When the scheduling signal is constant
in the performance interval the noncausal LPV basis (
) yields near perfect tracking.

constant during the performance interval, R2 is indeed satisfied by the noncausal
LPV basis, which results in near perfect tracking, as is shown in Figure 9.8.

9.6 Conclusion
A framework is developed that enables tracking performance optimization for
parameter-varying systems that perform varying tasks. This is achieved by parameterizing a feedforward controller and input shaper using LPV basis functions,
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and using ILC to learning the optimal parameters based on past error data.
Guidelines are developed for the selection of suitable LPV basis functions to
enable perfect tracking in various scenarios, and an alternative approximate
approach is developed to ensure causal dependence on the scheduling signal.
Application of the developed framework shows that significant performance
improvement can be obtained with respect to existing LTI ILC.

9.7 Proofs
9.7.1

Proof of Lemma 9.1

Proof : Substituting (9.7) in (9.4) yields (omitting the dependence on r and ρ)
⟨i+1⟩
⟨i⟩ ⟨i⟩
+ Φ̂⟨i+1⟩ θ⟨i+1⟩ )
ê⟨i+1⟩ = e⟨i⟩ − (ê⟨i⟩
○ + Φ̂ θ ) + (ê○

= s⟨i,i+1⟩ + Φ̂⟨i+1⟩ θ⟨i+1⟩ ,

s⟨i,i+1⟩ = e⟨i⟩ − Φ̂⟨i⟩ θ⟨i⟩ + ∆⟨i,i+1⟩ ,

where ∆⟨i,i+1⟩ = ê⟨i+1⟩
− ê⟨i⟩
○
○ . Substituting the latter in J , and evaluating the first
order necessary condition for optimality (Bertsekas, 1997, Prop. 1.1.1) yields
⊺
∂J
=Φ̂⟨i+1⟩ We (s⟨i,i+1⟩ + Φ̂⟨i+1⟩ θ⟨i+1⟩ ) + Wθ θ⟨i+1⟩ + W∆θ (θ⟨i+1⟩ − θ⟨i⟩ ) = 0,
⟨i+1⟩
∂θ
(9.22)

where it was used that for b, A and x of compatible dimensions it holds that
∂∥b + Ax∥2W ∂(b + Ax)⊺ W (b + Ax)
=
= 2A⊺ W (b + Ax).
∂x
∂x
The second order optimality condition states that the solution to (9.22) is the
global optimizer if (Bertsekas, 1997, Prop. 1.1.3)
∂2J
= Φ̂⊺ We Φ̂ + Wθ + W∆θ ≻ 0.
∂θ⟨i+1⟩2
If this condition holds, then substituting s⟨i,i+1⟩ in (9.22) and rearranging yields
θ⟨i+1⟩ = L⟨i+1⟩ (∆⟨i,i+1⟩ − e⟨i⟩ ) + Q⟨i,i+1⟩ θ⟨i⟩ ,
with L and Q as given by (9.12) and (9.13).

∎
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Proof of Lemma 9.2

Proof : Given that r ⟨i+1⟩ = r ⟨i⟩ = r ⟨∞⟩ and ρ⟨i+1⟩ = ρ⟨i⟩ = ρ⟨∞⟩ , it holds that L, Q,
and e○ , as given by (9.12), (9.13) and (9.8) are independent of i. Considering
the update law given by (9.11) and substituting e⟨i⟩ = e○ − Φθ⟨i⟩ yields
θ⟨i+1⟩ = Le○ − LΦθ⟨i⟩ + Qθ⟨i⟩ .
The fixed point of this recursion is obtained by setting θ⟨i+1⟩ = θ⟨i⟩ = θ⟨∞⟩ , and
rewriting the result yields
θ⟨∞⟩ = (I − Q + LΦ)−1 Le○ .
The parameter θ⟨i⟩ is said to converge to θ⟨∞⟩ in the 2-norm if there exists a
κ ∈ [0, 1) such that
∥θ⟨i+1⟩ − θ⟨∞⟩ ∥2 ≤ κ∥θ⟨i⟩ − θ⟨∞⟩ ∥2 .
Since,
∥θ⟨i+1⟩ − θ⟨∞⟩ ∥2 = ∥Le0 + (Q − LΦ)θ⟨i⟩ − θ∞ ∥2
= ∥(Q − LΦ)θ⟨i⟩ − (Q − LΦ)θ⟨∞⟩ ∥2 ≤ σ̄(Q − LΦ)∥θ⟨i⟩ − θ⟨∞⟩ ∥2 ,
monotonic convergence is achieved if σ̄(Q − LΦ) < 1.

9.7.3

∎

Proof of Theorem 9.1

Proof : Since r(t) = G(ρ)G−1 (ρ)r(t) for any r(t) and ρ(t), it holds that
G(ρ)G−1 (ρ) = 1 and similarly
q κ G(ρ)G−1 (ρ)q −κ = q κ q −κ = 1
G−1 (ρ)q −κ = (G(ρ)q κ )−1
G−1 (ρ) = (G(ρ)q κ )−1 q κ .

(9.23)

Define the output-shifted recursion Ḡ(ρ) ≜ q κ G(ρ), i.e., Ḡ(ρ) ∶ y(t + κ) ↦ u(t)
which can be inverted as follows. Consider the recursion represented by G(ρ) as
given by (9.1)
na

nb

j=0

j=κ

−j
−j
∑ aj (ρ(t))q y(t) = ∑ bj (ρ(t))q u(t).
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Shifting the output yields ȳ(t) = q κ y(t) and consequently y(t) = q −κ ȳ(t). Substituting this into yields
na

nb

j=0
na

j=κ
nb

j=0
na

j=κ

−j −κ
−j
∑ aj (ρ(t))q q ȳ(t) = ∑ bj (ρ(t))q u(t)

q −κ ∑ aj (ρ(t + κ))q −j ȳ(t) = ∑ bj (ρ(t))q −j u(t)
nb

q κ q −κ ∑ aj (ρ(t + κ))q −j ȳ(t) = q κ ∑ bj (ρ(t))q −j u(t)
j=0
na

nb

j=κ

j=0

j=κ

−j
−j+κ
u(t),
∑ aj (ρ(t + κ))q ȳ(t) = ∑ bj (ρ(t + κ))q

(9.24)

where it is used that q κ (ρ(t)z(t)) = ρ(t + κ)z(t + κ). The relative degree of Ḡ(ρ)
is zero since bκ (ρ(t + κ)) ≠ 0 for all admissible ρ(t). Consequently, (9.24) can be
inverted, i.e.,
a
aj (ρ(t + κ))q −j
∑j=0
.
nb
∑j=κ bj (ρ(t + κ))q −j+κ

n

Ḡ−1 (ρ) ≜

The proof is completed by substituting G(ρ)q κ = Ḡ−1 (ρ) into (9.23).

9.7.4

∎

Proof of Theorem 9.2

Proof : The dependence on q is omitted for the sake of readability, and the
condition ”for all admissible ρ(t)” is denoted as ∀ρ. Let G(ρ) be given by (9.1),
and let it be controlled as shown in Figure 9.3, such that e(t) satisfies
e(t) = S(ρ) (Cy (ρ) − G(ρ)Cf f (ρ)) r(t).
(⇒) Given that e(t) = 0 ∀t and ∀r, ρ, and given that S(ρ) ≠ 0 identically ∀ρ,
implies
S(ρ) (Cy (ρ) − G(ρ)Cf f (ρ)) r(t) = 0
Cy (ρ) − G(ρ)Cf f (ρ) = 0
A(ρ)Cy (ρ) − B(ρ)Cf f (ρ) = 0,
∀ρ, since A(ρ) ≠ 0 per definition, and since A(ρ)G(ρ) = B(ρ). (⇐) Given that
(9.17) holds ∀ρ implies that ∀r
A(ρ)Cy (ρ)r(t) = B(ρ)Cf f (ρ)r(t).

(9.25)
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Given that (9.1) holds and that G(ρ) is controlled in the configuration shown in
Figure 9.3 implies that
A(ρ)y(t) = B(ρ)(Cf f (ρ)r(t) + Cf b e(t)).
Substituting y(t) = Cy r(t) − e(t) yields
A(ρ)Cy (ρ)r(t) − A(ρ)e(t) = B(ρ)(Cf f (ρ)r(t) + Cf b e(t)).
Substituting (9.25) and rewriting yields
(A(ρ) − B(ρ)Cf f (ρ)Cf b )e(t) = 0,
which implies that e(t) = 0, ∀t and ∀r, ρ since A(ρ) − B(ρ)Cf f (ρ)Cf b ≠ 0, since
it is given that S(ρ) = (A(ρ) − B(ρ)Cf f (ρ)Cf b )−1 B(ρ)Cf b is defined ∀ρ.
∎

9.7.5

Proof of Lemma 9.4

Proof : Consider Cy (ρ) and Cf f (ρ) as given by (9.15), and G(ρ) as given by
(9.1). The first term in (9.17) can be explicitly written as
⎛ na
⎞ nb
A(ρ(t), q −1 )Cy (ρ(t), q −1 ) = ∑ aj (ρ(t))q −j ( ∑ βl (ρ(t))q −l )
⎝j=0
⎠ l=κ
⎛ na
⎞ nb
= ∑ q −j aj (ρ(t + j)) ( ∑ q −l βl (ρ(t + l)))
⎝j=0
⎠ l=κ
na nb

= ∑ ∑ q −j ai (ρ(t + j))q −l βl (ρ(t + l))
j=0 l=0
na nb

= ∑ ∑ q −(j+l) aj (ρ(t + j + l))βl (ρ(t + l)).
j=0 l=0

Applying the same approach to the second term in (9.17) readily shows that
na nb

A(ρ, q)Cy (ρ, q) = ∑ ∑ q −(j+l) aj (ρ(t + j + l))βl (ρ(t + l)),
j=0 l=κ
nb na

B(ρ, q)Cf f (ρ, q) = ∑ ∑ q −(j+l) bi (ρ(t + j + l))αl (ρ(t + l)).
j=κ l=0

Substituting both relations into (9.17) and setting the sum of terms that share a
common factor q j to zero for j = κ, ..., na + nb results in na + nb + 2 − κ relations
that can be stacked in the linear system of equations represented by (9.18). An
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example of (9.18) is given in the next section. A proof of the remaining statements
follow by substituting (9.15) into (9.16), resulting in the following condition
nb

r̃(t) = Cy (ρ, q)r(t) = ∑ βj (t)r(t − j),

∀t ∈ [tp , N − 1].

(9.26)

j=κ

Given that r(t) = rf for t ∈ [ts , N − 1] with ts ≤ tp − nb , it is immediate that
nb

∑ βj (ρ(t)) = 1,

∀t ∈ [tp , N − 1]

nb

⇒

∑ βi (t)rf = rf ,

j=κ

∀t ∈ [tp , N − 1],

j=κ

which shows that (9.26) holds, which proves statement (i). If ρ(t) = ρf , ∀t ∈
[tp , N −1], it holds that βj (ρ(t)) = βj (ρ(t+j)), ∀j ∈ [tp , N −1], such that similarly
nb

∑ βj (ρ(t + j)) = 1,

∀t

j=κ

nb

⇒

∑ βi (t)rf = rf ,

∀t ∈ [tp , N − 1],

j=κ

which shows that (9.26) holds. Statement (iii) follows directly by noting that
(9.26) holds for any ρ(t) and any βj (ρ(t)) if rf = 0.
∎

9.8 Example application of Lemma 9.4
Example 4 In this example, denote f (t) = f (ρ(t)), i.e., the explicit dependence
on ρ is omitted from the notation. Consider the system G(ρ) as given by (9.1)
with na = 2, nb = 1, κ = 0. Evaluating (9.17) results in
a0 (t)β0 (t) − b0 (t)α0 (t)
−1

+q (a1 (t + 1)β0 (t) + a0 (t + 1)β1 (t + 1) − b1 (t + 1)α0 (t) − b0 (t + 1)α1 (t + 1))
+q −2 (a1 (t + 2)β1 (t + 1) + a2 (t + 2)β0 (t) − b1 (t + 2)α1 (t + 1) − b0 (t + 2)α2 (t + 2))
+q −3 (a2 (t + 3)β1 (t + 1) − b1 (t + 3)α2 (t + 2)) = 0.

setting each term with identical factor q i to zero results in (9.18) as presented in
Lemma 9.4
⎡ b0 (t)
⎢
⎢ b (t + 1)
⎢ 1
⎢
⎢
0
⎢
⎢
0
⎣

0
b0 (t + 1)
b1 (t + 2)
0

0
0
b0 (t + 2)
b1 (t + 3)

−a0 (t)
−a1 (t + 1)
−a2 (t + 2)
0

0
−a0 (t + 1)
−a1 (t + 2)
−a2 (t + 3)

⎡
⎤ ⎢ α0 (t)
⎥ ⎢ α1 (t + 1)
⎥⎢
⎥ ⎢ α (t + 2)
⎥⎢ 2
⎥⎢
⎥ ⎢ β0 (t)
⎥⎢
⎦ ⎢ β1 (t + 1)
⎣

⎤
⎥
⎥
⎥
⎥
⎥ = 0. (9.27)
⎥
⎥
⎥
⎥
⎦

Condition (9.16) is enforced by adding an additional constraint to the functions
βi (t). When ρ(t) is arbitrary and rf ≠ 0, then (9.19) needs to be satisfied, i.e.,
β0 (t) + β1 (t) = 1,

∀t ∈ [tp , N − 1].

(9.28)
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Since (9.28) defines a relation between β0 and β1 at time step t, whereas (9.27)
defines a relation between β0 and β1 at time step t and t + 1, the combination
of (9.27) with (9.28) yields a dynamic recursion relation that explicitly depends
on the time-dependent nature of Υ(ρ(t)), which is described by the particular
scheduling function ρ(t). Alternatively, when ρ(t) such that ρ(t) = ρf ∈ Rnρ ,
∀t ∈ [tp , N − 1], then (9.16) is satisfied by invoking constraint (9.20), i.e.,
β0 (t) + β1 (t + 1) = 1,

∀t.

Combining (9.27) with (9.28) yields square system of linear equations that does
not explicitly depend on the time-dependent nature of Υ(ρ(t)), and its solution
yields αj (ρ(t)) and βj (ρ(t)) as explicit functions of ρ(t + j), j ∈ [−2, 2]. For
example, setting β0 (t) = 1, β1 (t + 1) = 0, yields
β0 (t) = 1,
β1 (t + 1) = − (a0 (t)b1 (t + 1)b1 (t + 2)b1 (t + 3) − a1 (t + 1)b0 (t)b1 (t + 2)b1 (t + 3)
+ a2 (t + 2)b0 (t)b0 (t)b1 (t + 3))D−1 ,
α0 (t) =a0 (t)b0 (t)−1 ,
α1 (t + 1) = (a0 (t)a1 (t + 2)b1 (t + 1)b1 (t + 2) − a0 (t)a2 (t + 3)b0 (t + 2)b1 (t + 1)
+ a0 (t + 1)a2 (t + 2)b0 (t)b1 (t + 3) − a1 (t + 1)a1 (t + 2)b0 (t)b1 (t + 3)
+ a1 (t + 1)a2 (t + 3)b0 (t)b0 (t + 2))D−1 ,
α2 (t + 2) = a2 (t + 3)(a0 (t)b1 (t + 1)b1 (t + 2) − a1 (t + 1)b0 (t)b1 (t + 2)
+ a2 (t + 2)b0 (t)b0 (t))D−1 ,
where
D = b0 (t)(a0 (t + 1)b1 (t + 2)b1 (t + 3)
− a1 (t + 2)b0 (t)b1 (t + 3) + a2 (t + 3)b0 (t)b0 (t + 2)).
This shows that even for a relatively simple system the coefficients αj (ρ(t)) and
βj (ρ(t)) become quite involved, and depend on ρ(t) in a noncausal fashion.

10

Spatio Temporal Feedforward
Control for Flexible Motion Systems

Increasing accuracy and throughput requirements on high-precision manufacturing systems lead to a situation where the flexible dynamics hamper the positioning
performance at critical locations that are typically not measured directly. Accurate models are required to infer these positions and a suitable control strategy
is required to ensure the desired performance at these locations. In this chapter,
a system identification and feedforward controller design framework is developed
that aims to achieve accurate rigid-body motion tracking while minimizing the
effect of flexible deformations on the entire surface, thereby achieving excellent
average performance of the flexible body. The proposed method is applied to an
experimental next-generation wafer stage which shows that this global approach
indeed leads to superior results with respect to the traditional local control
approach. The results in this chapter constitute contribution C7 of this thesis.

The contents of this chapter are based on:
R. de Rozario, R. Voorhoeve, W. Aangenent, and T. Oomen. (2017). Global feedforward
control of spatio-temporal mechanical systems: with application to a prototype wafer stage.
IFAC-PapersOnLine (IFAC 2017 World Congress, Toulouse, France), 50(1):14575–14580.
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10.1 Introduction
Increasing accuracy and throughput requirements in high-precision mechatronic
systems lead to a situation where the performance of unmeasured positions cannot
be guaranteed by accurate control of measured positions (Oomen et al., 2015).
Systems with traditional high-stiffness designs behave as a rigid body, such that
a static geometric relation exists between measured and unmeasured positions.
Increased performance requirements result in light-weight system designs that
are inherently less stiff, yielding complex flexible dynamics (Boeren et al., 2015a),
as is discussed in Section 1.4.1. Consequently, the relation between measured and
unmeasured positions is instead dynamic, and needs to be accurately modeled and
accounted for by the controller in order to guarantee a satisfying performance of
the unmeasured variables. Additionally, the dynamics become position-dependent
in case the performance location changes during operation, as is shown for a
wafer stage in Figure 10.1.
Feedback control of unmeasured performance variables is facilitated by inferential methods, which received significant attention in process and motion control
(Brosilow and Joseph, 2002; Oomen et al., 2015), and resulted in various strategies
including iterative learning control (Bolder and Oomen, 2016; Hoelzle and Barton,
2016; Oomen et al., 2009; Wallén et al., 2011). For example, a control-relevant
identification and feedback controller design approach is developed in Oomen
et al. (2015) that ensures optimal robust performance at a specific unmeasured
location. However, existing inferential techniques are not directly applicable in
case the location of the unmeasured position varies over time.
An alternative approach for mechanical systems is presented in Moheimani
et al. (2003), where the deformations of an entire flexible surface are suppressed
in a globally optimal manner. This achieved by suitably defining the induced
norm of these spatial systems, which enables synthesis of Linear Time Invariant
(LTI) controllers based on spatio-temporal mechanical models.
Although important developments have been made to enhance the performance
at unmeasured positions in mechatronic systems through feedback, achieving high
tracking performance at time-varying performance locations through optimal
feedforward control has not yet been addressed. The aim of this chapter is to
develop such an optimal feedforward controller synthesis approach, which is
achieved through the following contributions.
(C1) A class of spatio-temporal models is introduced and a framework is developed for the identification of these systems (Section 10.3).
(C2) A method is developed to synthesize global optimal feedforward controllers
for spatio-temporal mechanical systems (Section 10.4).
(C3) The potential of the developed framework is demonstrated by application
to a prototype industrial wafer stage (Section 10.5).
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Point of interest

Moving
flexible stage

Measured output

Figure 10.1: A flexible wafer stage that moves with respect to stationary sensors and illuminator
results in a dynamic and position-dependent relation between the measured outputs and the
point of interest.

Contribution C1 is developed using methods related to modal analysis and
frequency domain system identification (Pintelon and Schoukens, 2012), and
multi-dimensional spline-based interpolation (Wahba and Wendelberger, 1980).
In C2, novel controller design guidelines are developed to optimize the global
performance for spatio-temporal systems that perform tracking motions, thereby
extending the work in Moheimani et al., 2003. In the next section, the specific
control problem is further elucidated.

10.2 Problem formulation
In this section, the control problem is formulated by means of the experimental
case study. The latter serves as an illustrative example of the general methods
developed here. To this end, the experimental case study is introduced first.

10.2.1

Experimental case study

The experimental setup shown in Figure 10.2 is the ASML Over-Actuated
Test rig (OAT) which serves as a case-study platform for the development of
next-generation wafer stages. In this research, only the out-of-plane dynamics
are considered. The relevant inputs and outputs are indicated by ui and yi
respectively and their locations on the wafer-stage are shown in 10.2. On top of
the stage, a wafer is located whose surface D needs to be illuminated. The point
on the wafer that is to be illuminated is indicated by ρ(t) ∈ D. To achieve the
desired pattern, the surface of the stage at ρ should levitate under the illuminator
at a predefined height rz . The actually height of the stage at ρ is indicated by
z(ρ), which is the position-dependent performance variable that should track the
reference rz . This problem can be tackled using a local or a global approach, as
is discussed next.
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(a)
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Figure 10.2: (a) Schematic layout of the OAT setup, where the inputs and outputs are indicated
by ui and yi , respectively. The performance variable z(ρ) is the height of the stage at position
ρ, which varies over the wafer surface D. (b) the location of the additional actuators (×) and
inferential sensors (●) that are used only during the system identification experiments, and are
not available for control.
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Figure 10.3: Standard plant formulation of the position-dependent global feedforward control
problem.

10.2.2

Local LPV and global spatial feedforward control

Unmeasured variables can be controlled using a global or local feedforward
approach. To show the difference, let G(ρ) be a system with position-independent
input u and output y, and a position-dependent performance variable z(ρ), and
consider the following two problem statements.
Problem 10.1 (Local parameter-varying feedforward)
For a given local reference rz (t) and time-varying location ρ(t), find an input
u(t), such that the local tracking error ez (t) ≜ rz (t) − z(ρ(t)) is small.
Problem 10.2 (Global spatial feedforward)
For a global reference rz (ρ, t), find an input u(t), such that the tracking error
ez (ρ, t) ≜ rz (ρ, t) − z(ρ, t) is small ∀ρ ∈ D.
In Problem 10.1, the performance is considered locally at a time-varying point
ρ(t) ∈ D. By considering this performance location ρ(t) as a scheduling variable,
Linear Parameter-Varying techniques (Hoffmann and Werner, 2015; Rugh and
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L(ρ)

z(ρ)
wi (ρ)

D

D
ρ
(a)

L̂

ρ̂i

ρ
(b)

Figure 10.4: (a) Approximation of the surface z(ρ) by basis functions wi (ρ) on the domain
D illustrated in one dimension. (b) The row-entries of L(ρ) are sampled on the fixed grid ρ̂
by adding local measurements resulting in L̂, which is subsequently interpolated to provide a
continuous estimate L̂(ρ).

Shamma, 2000) can be employed to solve this problem as is treated in Chapter
8 and in Rozario et al. (2017). In contrast, Problem 10.2 considers the spatial
behaviour of the entire system at once. This is reflected by the spatial signal
z(ρ, t), which is a mapping from the time-axis to a spatial function depending on
ρ, which is a coordinate variable instead of a scheduling signal. In this chapter,
Problem 10.2 is considered, since it does not require the real-time availability of
the performance location ρ(t), and since it makes for a more robust approach
since all possible positions ρ ∈ D are controlled simultaneously. Moreover, it
will be shown in Section 10.4 that Problem 10.2 can be reformulated as an
H∞ -optimal LTI feedforward problem, which can be efficiently solved using
existing techniques. This reformulation is schematically shown in Figure 10.3,
which requires that the involved signals are finite dimensional. This requirement
is satisfied by approximating the true system by a finite-dimensional model
G(ρ) and by defining rz as rz (ρ, t) ≜ L(ρ)rη (t), with L(ρ) a row vector with
spatial basis functions and rη (t) a column-vector with temporal coefficients. The
identification of such finite-dimensional models G(ρ) is key to solving either
Problem 10.1 or 10.2 and is treated first in the next section.

10.3 Identifying spatio-temporal systems
In this section, a framework is developed for the identification of positiondependent systems, which is considered to be contribution C1. To this end, the
relevant class of models is defined first by means of a first-principle approach in
section 10.3.1. Then, a two-step identification procedure is introduced in section
10.3.2. This procedure is applied to the experimental setup in section 10.5.1,
which results in a position-dependent model of the experimental setup, that will
be used in a model-based feedforward design procedure in section 10.5.2.
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10.3.1

Model structure from first-principle modeling

Structure selection and model quality assessment of flexible mechanical systems
are significantly aided when the model parameters have a physical interpretation.
To facilitate this, a first principle analysis is performed in this section that
reveals the grey-box structure of the relevant parametric model. The model of
interest describes the surface of a single unconstrained flexible body z(ρ, t). To
enable finite dimensional controller design to facilitate numerical tractability, the
following finite dimensional description of z(ρ, t) is considered
z(ρ, t) = W (ρ)q(t),

W (ρ) = [w1 (ρ)

...

wnm (ρ)] ,

where wi (ρ) are spatial basis functions wi (ρ) ∶ D ↦ R, as is illustrated for the
one dimensional case in Figure 10.4(a), and where q ⊺ (t) = [q1 (t) . . . qnm (t)]
is a vector of coefficients that determine the continuous time evolution of the
surface. Under the assumptions of linear strains, small rotations, and linear elastic
material properties, the following equations of motion are obtained by applying
Galerkin-projection to the partial differential equations of mass, momentum, and
moment of momentum balance (Eringer, 1975)
Mq̈(t) + Kq(t) = Qu(t),

(10.1)

where M, K ∈ Rnm ×nm , and Q ∈ Rnm ×nu are referred to as the mass, stiffness and
input distribution matrix, respectively. Due to the Galerkin projection, M and K
are symmetric, and it is assumed that M ≻ 0 and K ⪰ 0. These properties allow a
decoupling by solving the generalized eigenvalue problem [K − ωi2 M]φi = 0, where
ωi are the natural eigenfrequencies of the system and φi are the corresponding
undamped eigenmodes. The modes that correspond to ω = 0 span the null space
of K and are referred to as the rigid body modes since they do not impose flexible
deformation. Using mass normalization and defining the natural coordinates as
η = Φ−1 q(t), equation (10.1) can be written in modal form after pre-multiplication
by Φ⊺ , i.e.,
I η̈(t) + Dm η̇(t) + Ω2 η(t) = Ru(t)
G(ρ) ∶ {
z(ρ, t) = L(ρ)η(t)

(10.2a)
(10.2b)

where Ω2 ≜ Φ⊺ KΦ = diag(ωi2 ) ∈ Rnm ×nm , R ≜ Φ⊺ Q ∈ Rnm ×nu and L(ρ) ≜
W (ρ)Φ. The term Dm q̇(t) is added to model the damping of the system, where
Dm ∈ Rnm ×nm is full for general viscous damping and diagonal in the case of
modal damping. Equations (10.2a) and (10.2b) represent the grey-box model that
is to be estimated, where the unknown parameters are given by the matrices Ω2 ,
R and Dm and the vector of functions L(ρ). A two-step procedure to estimate
these parameters from measured data is presented next.
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10.3.2

A two-step identification procedure

First, the estimation of the continuous matrix function L(ρ) is considered. To
this end, it can readily be seen from (10.2b) that the entries of L(ρ) can be
sampled by evaluating the deflection z(ρ, t) on a set of coordinates ρ̂i ∈ D as is
shown in Figure 10.4(b). This corresponds to adding outputs that measure the
surface at the locations ρ̂i . By stacking these frozen outputs in the vector ẑ as
⎡ z(ρ̂ , t) ⎤
1
⎢
⎥
⎢
⎥
⋮
⎥ = L̂η(t),
ẑ(t) = ⎢
⎢
⎥
⎢z(ρ̂nρ , t)⎥
⎣
⎦

⎡ L(ρ̂ ) ⎤
1 ⎥
⎢
⎢
⎥
L̂ = ⎢ ⋮ ⎥ ,
⎢
⎥
⎢L(ρ̂nρ )⎥
⎣
⎦

(10.3)

then, the ith row of L̂ contains a sample of each mode at ρ̂i , whereas the jth
column of L̂ contains the samples of the jth mode on the entire grid ρ̂. Hence,
once L̂ is known, the mode shapes can be estimated by interpolating these
columns. Note that equations (10.2a) and (10.3) constitute a modal mechanical
LTI system Ĝ in the input-output variables u(t), ẑ(t) and the latent variables
η(t). Hence, the following procedure leads to an estimate of G(ρ).
(I1) Add nρ sensors that measure the surface of the system on a suitably chosen
grid ρ̂. Then identify the modal mechanical LTI model given by (10.2a)
and (10.3) by estimating the parameters, L̂, Ω2 , Dm , R.
(I2) Complete the mode shapes on D by interpolating the columns of L̂ on the
grid ρ̂ to obtain a continuous estimate of L(ρ).
Step I1 can be performed using techniques from modal analysis or system
identification approaches that can handle structured models, whereas I2 is a twodimensional regression problem. In Rozario et al., 2015; Voorhoeve et al., 2018,
a dedicated frequency domain identification framework is developed where I1 is
tackled by employing Matrix Fraction Description and modal parameterizations
to handle large input-output dimensions to enforce rigid body modes a priori and
allow the incorporation of various forms of damping. Step I2 is tackled by means
of a smoothed thin plate splines regression approach as presented in Wahba and
Wendelberger, 1980, and alternatively by applying multivariate regression using
basis functions that represent the eigenmodes of a thin plate. This framework is
applied to estimate a spatio-temporal model of the experimental setup in Section
10.5, where algorithmic details are beyond the scope of this chapter and are
presented in Rozario et al., 2015. In the next section, a method is developed to
compute a feedforward controller that optimally controls the rigid body dynamics
while minimizing the energy of the flexible modes.
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Figure 10.5: Feedforward control scheme with K and Gη LTI systems, and L(ρ) the basis of
continuous modes that result in the spatial signals z(ρ) and rz (ρ).

10.4 Optimal global feedforward control of
spatio-temporal systems
In this section, a method is proposed to synthesize feedforward controllers that
achieve optimal global performance of position-dependent mechanical systems
that perform tracking tasks. This constitutes contribution C2 and thereby solves
Problem 10.2 as presented in Section 10.1. First in Section 10.4.1, the global
optimal feedforward control problem is stated in detail by introducing spatial
signals and their norms. Then in section 10.4.2, the equivalent H∞ problem
is derived and suitable design guidelines are provided. In section 10.5.2, the
proposed approach is applied to the wafer stage.

10.4.1

Optimal global feedforward control

In this section, the global optimal feedforward control problem is posed. A
discrete-time approach is taken here since the systems under consideration are
assumed to be digitally controlled using a sample-and-hold implementation. This
approach can be directly applied to the continuous time models that are identified
in the section 10.3 in case a zero-order-hold implementation is used, since this
leaves the output equation unaltered (Chen and Francis, 2012).
In the global approach as presented in problem 10.2, rz (ρ) and z(ρ) are
spatial signals, where a spatial discrete time signal s of dimension ns is defined as
a mapping s ∶ Z × D ↦ Rns . Recall that z(t, ρ), given by (10.2b) is represented by
a finite sum of basis functions. To allow the same finite dimensional description
of the tracking error e(ρ), it is assumed that rz (ρ) can be equivalently described
as, rz (ρ, k) = L(ρ)rη (k), with rη a modal reference signal. This signal is fed to
the feedforward controller, which leads to the scheme as shown in Figure 10.5,
where Gη is given by equation (10.2a) with output η(k). The feedforward control
problem can now be described as the effort of finding K such that the transfer
T (ρ) = L(ρ)(I − Gη K) is small. To quantify the magnitude of the transfer T (ρ),
the weighted spatial l2 -norm of a spatial signal is defined as
¿
Á ∞
À ∑
∥s∥2(DΛ ) ≜ Á
∫ s⊺ (ρ, t)Λ(ρ)s(ρ, t)dρ,
t=−∞

D
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with Λ(ρ) = λ(ρ)I, where λ(ρ) is a positive definite spatial weighting function
on D. Then, the control problem can be formulated in terms of minimizing the
induced-norm ∥T (ρ)∥2(DΛ ),2 , as follows
K = arg min

sup ∥e(ρ)∥2(DΛ ) .

K∈RH∞ ∥rz ∥2 =1

(10.4)

This problem can be reduced to an H∞ control problem as is shown next.

10.4.2

The equivalent H∞ control problem

Problem 10.4 can be reduced to an H∞ control problem by computing an
equivalent system T̂ by extension of the approach in Moheimani et al., 2003, as
follows.
Lemma 10.1 Let T (ρ) = L(ρ)(I − Gη K), then it holds that
∥T (ρ)∥2(DΛ ),2 = ∥T̃ ∥∞ ,
with T̃ = L̃(I − Gη K), where for L̃ ∈ Rnm ×nm holds that
L̃⊺ L̃ = Υ = ∫ L⊺ (ρ)Λ(ρ)L(ρ)dρ.
D

(10.5)

The proof of this lemma is provided in Appendix 10.7.1. Note that L̃ is readily
determined from the Eigen decomposition of Υ, which always exists since Υ is
a real symmetric matrix. Applying Lemma 10.1 to (10.4) and augmenting the
problem with input-and-output weights Wr and We respectively, the following
H∞ control problem is obtained
K = arg min ∥Tw ∥∞ ,
K∈RH∞

where

Tw = We T̃ Wr .

(10.6)

At first sight, it seems that I − Gη K = 0 is the optimal solution. However, this
can generally not be achieved since Gη non-square if more modes are modeled
than there are actuators, i.e., nm > nu . Consequently, this problem can be viewed
as obtaining a pseudo inverse K of Gη , such that the weighted inversion error
matrix Tw is minimal in the H∞ -norm. The weights can be used to specify
the importance of the elements of T̃ . For example, if the system G(ρ) should
perform rigid body tracking motions, while the flexible modes are regulated,
then the modal reference signal has the following structure, rη⊺ = [r0⊺ 0⊺ ], with
r0 (t) ∈ Rn0 , with n0 the number of rigid body modes. Hence, only the first n0
columns of T̃ are of importance, which can be specified by taking for i = 1, ..., n0 ,
W
W r = [ r0
0

0
],
0

Wr0 = diag{fi },

(10.7)
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Figure 10.6: The equivalent feedforward control scheme in standard plant formulation, augmented with input-output weights Wr and We , and a τ samples delay block which results in a
controller K with preview.

where Wr ensures that the match between Gη K and I is accurate in the first
n0 columns, fi are stable weighting filters that emphasize the frequency region
where suppression is required by taking the fi similar to the spectrum of r0 .
Furthermore, We ∈ Rnm ×nm , provides additional design freedom to tune the
relative contribution of different modes to z(ρ), which may benefit certain
applications. Problem (10.6) can be solved numerically using existing techniques
as presented in Zhou et al., 1996, where the required standard plant formulation
can be read from Figure 10.6, and is given by,
r
ẽ
W L̃z −τ Wr
P ∶ [ η] ↦ [ ] , P = [ e
u
y
Wr

−We Gη
].
0

(10.8)

Note that additional τ samples of shift are introduced to obtain a finite preview
feedforward controller as is discussed in Hazell and Limebeer, 2008, which is
necessary for strictly proper systems and typically leads to significantly increased
performance for nonminimum phase systems, as is demonstrated for LPV systems
in Chapter 8. In the next section, the presented approach is applied to the wafer
stage.

10.5 Application to a wafer stage
In this section, the identification procedure as presented in Section 10.3 is used
to estimate a model of the wafer stage as is shown in Figure 10.2. This model
is used to synthesize an optimal global controller as presented in section 10.4,
whose superior performance is shown in a simulation example. Application of
the developed framework constitutes contribution C3.

10.5.1

Spatio-temporal identification of the wafer stage

A spatio-temporal model G(ρ) of the wafer stage is estimated by performing
steps I1 and I2 as presented in Section 10.3. Following I1, additional surface
sensors are put into place to enable the estimation of the continuous mode
shapes. The augmented layout is shown in Figure 10.2(b), which also shows a
number of additional actuators which are used to provide additional freedom to
excite the modes. It is remarked that the locations of the sensors are selected
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z

Figure 10.7: A subset of the measured frequency response functions of the wafer stage and the
parametric modal model that is identified in the frequency domain.

y

x

y

x

Figure 10.8: Interpolation result of 2nd and the 6th estimated discrete flexible modes (●) of
the wafer stage.

based on mechanical constraints and such that the first 6 flexible modes are
suitably sampled for subsequent interpolation. A modal model Ĝ, as given by
equations (10.2a) and (10.3), is estimated using the method developed in Rozario
et al., 2015, and the resulting Frequency Response Function (FRF) fit is shown
in Figure 10.7. Step I2 is performed by interpolating the columns of L̂ using
multivariate regression with two-dimensional Euler-Bernoulli basis functions.
Figure 10.8 shows the result for the 2nd and the 6th flexible modes, which show
close resemblance with the modes shape estimates that are obtained using Finite
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Figure 10.9: (Top) The reference rz (t) (
) is a smoothed step to bring the wafer in the focal
plane. (Bottom) The movement of the stage in the x-y plane during the scanning equals the
x-y components of the scheduling signal ρ(t) (
) at the point of interest.

Element Modeling, as are presented in Moers (2016, §7.2).

10.5.2

Optimal global feedforward control of the wafer stage

The obtained model G(ρ) is used to synthesize a global feedforward controller
for the wafer stage. As presented in Section 10.1, the aim is to have the surface
z(ρ, t) follow rz (t), at the point-of-interest ρ(t). Here, rz (t) is a fourth order
point-to-point motion as is shown in Figure 10.9. This represents the tasks of
bringing the stage into the focal plane of the illuminator, where it needs to
stay without vibrating. The point-of-interest ρ(t) moves across the surface in a
meandering motion, where the individual x and y components as are shown in
Figure 10.9. To achieve high tracking performance at the point of interest, the
global approach as presented in the previous section is applied.
The continuous time model is discretized using zero-order-hold discretization
at a sample rate of 10 kHz. Note that this discretization leaves L(ρ) unaltered
so that (10.5) can be directly evaluated. A uniform spatial weighting is used, i.e.,
Λ(ρ) = I and the integral is approximated using a two-dimensional trapezoidal
scheme. The stage only has to perform a translation in the z-direction, and
hence, only the first entry of rη is taken to be nonzero, since it corresponds to the
translational rigid body mode. For Wr in (10.7) this results in Wn0 = f1 , with f1
a second order low-pass filter with a cut-off frequency of 1 kHz. For the estimated
spatial output vector L(ρ), it turns out that Υ is positive definite, such that an
upper triangular L̃ can be determined using a Cholesky decomposition. In this
form it is relatively straightforward to emphasize the suppression of the first 4
modes, which are expected to be the most relevant, by taking We as We,ii = αi ,
with αi = 20 for i = 1, . . . , 4 and αi = 1 for i > 4. The H∞ -optimal controller K
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Figure 10.10: Snapshot of the maximum deflection of the wafer stage surface for t > 0.02. (a)
The local controller achieves extremely high tracking performance at the local outputs (●).
(b) The global controller sacrifices performance at the local outputs (●) and achieves a much
smaller overall deflection.
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Figure 10.11: The inferential error at the point of interest ez (ρ(t)) of the global controller
(
) is much smaller than for the local controller (
), since the global controller explicitly
accounts for the flexible dynamics of the entire surface.

is obtained by solving (10.6) using the Matlab routine hinfsyn.m, where the
standard plant P is given by (10.8). It is remarked here that at least τ ≥ 2
samples of preview are required to obtain a solution, due to the relative degree
of G(ρ). Moreover, the sampling zeros at the Nyquist frequency, as introduced
by the discretization, are canceled in order to avoid undesirable inter-sample
behavior and to improve the numerical conditioning of the optimization problem.
The performance of the resulting global controller is compared to that of
a classical H∞ -optimal controller that controls the local outputs yi , whose
locations ρ̄ are shown in Figure 10.2(a). This controller is computed similarly by
formulating the standard plant as is shown in Figure 10.6, where L̃ is replaced by
L̄ = L(ρ̄), Wr = fi I and We = I. For both controllers, τ = 5 samples of preview
are used.
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The main benefit of using the global approach is visualized in Figure 10.10,
which shows snapshots of the maximum deflection of the wafer stage surface
for t > 0.02 s. Figure 10.10(a) shows the result that is obtained using the
classical approach, where extremely accurate tracking is obtained at the local
outputs, and where the flexibilities induce significant deflection at the surface
center. In contrast, the global approach admits a loss of tracking performance
at the local outputs, thereby significantly reducing the flexible deflection at the
surface center, as is shown in Figure 10.10(b). This observation is confirmed
by Figure 10.11, which shows the local error at the point of interest during the
task ez (ρ(t)). Evidently, performance at the unmeasured locations achieved by
the global feedforward controller is far superior to that of the local controller.
It is remarked here that in addition to the feedforward controller, a stabilizing
feedback is applied to the plant for both cases. The bandwidth of this controller
is approximately 100 Hz which is such that its influence is negligible during the
motion task, but it does counteract the rigid body drifting due to disturbances.
This study shows that the traditional approach of controlling local outputs at
the edges of a stage does not guarantee performance at any other point. Hence,
explicit modeling and controlling of the flexible dynamics is key to achieving the
high performance at unmeasured locations.

10.6 Conclusion
In this chapter, a framework is developed for the identification and control
of spatio-temporal mechanical systems. The key step in this framework is to
describe the spatial behavior of a flexible surface using a finite number of basis
modes. This enables the use of LTI identification techniques to estimate a modal
model, and similarly enables synthesis of H∞ -optimal LTI feedfoward controllers
through an approach that involves interpolation of discrete mode shape estimates,
and the minimization of the spatial error in a suitably defined energy norm.
The developed framework is demonstrated by application to an experimental
wafer stage system, which shows that superior performance is achieved at the
unmeasured locations by explicitly accounting for the flexible deflections of the
entire wafer stage surface.
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10.7 Proofs
10.7.1

Proof of Lemma 1

Proof : Consider spatial energy norm of the error
¿
Á ∞
À ∑ ∫ e⊺ (ρ, k)Λ(ρ)e(ρ, k)dρ,
∥e(ρ)∥2(D) = Á
k=−∞

D

where from Figure 10.5 it is clear that e(ρ) = L(ρ)eη with eη ≜ (rη − η). Hence,
the spatial integral reads
⊺
⊺
⊺
⊺
∫ e (ρ)Λ(ρ)e(ρ)dρ = eη ∫ L (ρ)Λ(ρ)L(ρ)dρeη = eη Υeη ≥ 0.
D

D

If none of the entries of L(ρ) are identically zero, then equality is obtained only
if eη = 0. This implies that in this case Υ ≻ 0 and hence Υ can be factorized as
Υ = L̃⊺ L̃ using the Eigen decomposition, which always exists since Υ is a real
symmetric matrix. Consequently,
¿
¿
Á ∞
Á ∞
Á
À ∑ ∫ e⊺ (ρ, k)e(ρ, k)dρ = Á
À ∑ ẽ⊺ ẽη = ∥ẽη ∥2 ,
k=−∞

η

D

k=−∞

with ẽη = L̃eη , and thus ∥e(ρ)∥2(D) = ∥ẽη ∥2 . This in turn implies that
∥T (ρ)∥2(D),2 = ∥T̃ ∥2,2 ,
which is equal to the H∞ norm of T̃ .

∎
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Closing

V

11

Conclusion

High-precision positioning systems play a crucial role in enabling the economically
viable operation of future manufacturing systems, which are becoming increasingly
complex and produce an abundance of operational data. Traditional control
methods are expected to fall short when faced with the complex behavior displayed
by these systems. Although learning control provides an effective approach to
achieve extremely high performance in the presence of uncertainties by utilizing
the available data, traditional learning control approaches suffer from a number of
limitations that hamper their application to highly complex systems. This thesis
addressed these limitations by developing data-driven learning control methods
that offer new ways to learn from the available measurement data. In this chapter,
conclusions regarding the main results are presented, and recommendations for
future research are formulated.
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11.1 Conclusions
11.1.1

Learning using nonparametric FRF models

In Part II, a learning control framework is developed that employs nonparametric
FRF models instead of parametric models. This approach reduces the modeling
requirements in learning control and thereby potentially promotes its application
in industrial practice, since FRF models are accurate, typically readily obtained
from input-output data, and significantly less costly to obtain compared to
parametric models. In addition, the design effort is reduced considerably since
no dedicated techniques are required to ensure stable inversion, which is a
key difficulty in learning methods based on parametric models. A DFT-based
implementation of this framework is developed for single-input single-output
systems in Chapter 2 that is especially suitable for periodic and time-limited tasks.
This approach is generalized towards multivariable systems in Chapter 3, and
an alternative implementation approach is developed in Chapter 4 that extends
the framework to arbitrary tasks, thereby greatly enhancing the applicability.
Application of the developed methods to a nanopositioner, flexible beam, and
wide-format printer, reveals that tremendous performance improvements can be
achieved through FRF-based learning control for systems of industrial complexity.

11.1.2

Learning using data-driven FRF models

In Part III, a learning control framework is developed that does not require an
explicit system model and that can adapt to variations in the process dynamics. This is achieved by extending the FRF-based learning control framework
developed in Part II, by estimating the required nonparametric FRF models
from previous trial data, which enables adaptive learning for slowly changing
processes, and completely removes the need for any rigorous prior system knowledge. This data-driven framework is developed for single-input single-output
systems in Chapter 5, where it is shown that the nonlinear iteration dynamics
are inherently stable under mild conditions. It is also shown that pre-existing
approaches potentially suffer from highly erratic convergence behavior, and an
approach is developed to enforce smooth convergence by incorporating nonlinear
learning-gain functions. This framework is generalized to multivariable systems
in Chapter 6, where the data from multiple past trials is used to address the
multivariable aspects. The research efforts in this part result in a learning method
that removes virtually all modeling requirements and that is inherently safe to
use, as is demonstrated on a desktop printer and a wide-format industrial printer.

11.1. Conclusions

11.1.3
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Data-driven linear parameter-varying methods

In Part IV, methods are developed that enable high-performance control of
parameter-varying systems. Position-dependent effects are inherently present
in flexible motion systems and limit achievable performance in future manufacturing systems. These effects can be addressed through a combination of LPV
identification, learning, and control approaches, as is demonstrated by applying
the developed methods in various experimental and simulation-based case studies.
In Chapter 7, a framework is developed to estimate nonparametric FRF models
of LPV systems from global experiments. This is achieved by generalizing the
classical FRF concept towards LPV systems, and by developing the required
identification techniques. The possibility to identify nonparametric LPV FRF
models effectively enables the generalization of the FRF-based learning framework, developed in Part II, towards LPV systems, and potentially benefits other
LPV control applications besides learning.
In Chapter 8, a framework is developed to enable extreme performance for
LPV systems through learning. This is achieved by generalizing the classical
infinite-time Iterative Learning Control (ILC) framework to LPV systems, and
by developing an approach to formally design noncausal LPV learning filters and
feedforward controllers. The resulting LPV filters accommodate control for an
entire class of position trajectories simultaneously, thereby removing the need to
compute a large set of local filters that facilitate individual tasks.
In Chapter 9, a framework is developed to enable high tracking performance for
LPV systems that perform different tasks during each trial. This is achieved by
developing different ways to parameterize LPV compensators in terms of the
scheduling signal, and by developing an approach to optimize the parameters by
learning from past error data.
In Chapter 10, a framework is developed to enable optimal rigid-body control
of a flexible body. This is achieved by developing a method to identify spatiotemporal models of flexible systems, and to subsequently synthesize feedforward
controllers that achieve globally optimal rigid-body tracking by minimizing the
flexible deformations caused by local actuation. This enables position-dependent
control using feedforward controllers that do not require scheduling, and that
are readily computed using existing H∞ -synthesis routines.
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11.2 Recommendations
There is significant potential to enhance and extend the methods developed in
thesis. This section aims provide an overview of the potential extensions, and of
new research directions related to learning control in general.

11.2.1

Learning using nonparametric FRF models

11.2.1 Identification of accurate FRF models
The performance that is achievable using the methods developed in Part II directly
depends on the accuracy of the used FRF model. Although FRF identification
methods are relatively well-developed for mechanical systems, there is great
merit to improving the accuracy at which the FRF models can be estimated,
especially for applications where small data records are common, such such as
thermal (Evers et al., 2019) and biological systems (Ang et al., 2011), where the
incorporation of prior knowledge through Bayesian estimation may be beneficial
(Lataire and Chen, 2016).
11.2.1 Interpolation of discrete FRF estimates
The method developed in Chapter 4 enables learning for tasks of arbitrary length
by interpolation of a sampled FRF by means of windowing functions. In FRF
identification, Local Parametric Methods (LPM) (McKelvey and Guérin, 2012;
Pintelon et al., 2010) have been considered as an alternative to windowing. Such
methods may similarly provide an alternative means for interpolation of sampled
inverse FRF models in learning control and could potentially result in a favorable
inversion error in some situations.
11.2.1 Nonparametric learning control for nonlinear systems
Many systems of practical interest are nonlinear to some degree. Although
the FRF-based learning control approach offer robustness against nonlinear
perturbations by considering these as uncertainties and disturbances, currently
there does not exist a formal framework to deal with nonlinear dynamics through
FRF-based learning control. Developing methods to enable learning control
using nonparametric nonlinear models, such as Volterra Kernels (Birpoutsoukis
et al., 2017), could enable high performance learning for a more general class of
nonlinear systems.

11.2.2

Learning using nonparametric FRF models

11.2.2 Data-driven learning without persistent excitation
One of the main results in Part III states that the data-driven learning input
converges to zero if the reference is smaller than the disturbances. This implies the
approach is not suitable in situations where the reference is identically zero. This
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result can be interpreted as a requirement on the persistence of excitation of the
(known) reference signal, and similar conditions are formulated in Janssens et al.,
2013; Liu and Alleyne, 2016. It remains an open question if this limitation is a
fundamental property of data-driven learning control, and if it is not, then there
is a great benefit to developing a data-driven learning method for disturbance
regulation without persistent excitation requirements. For example, maintaining
a constant velocity of a print belt is often plagued by unknown disturbances
while the reference is not persistently exciting.
11.2.2 Data-driven learning for varying tasks
The methods developed in Part III are not suitable for trial-varying tasks.
Traditional approaches accommodate such tasks by updating the parameters
of a parametric feedforward filter, instead of updating the feedforward signal
itself. (Blanken et al., 2017a; Boeren et al., 2015b). Such approaches rely on
prior knowledge to determine the parametric model structure. To overcome this
limitation, a nonparametric controller can be learned as in Devasia, 2017, but
it remains a key difficulty to achieve high generalizing performance, since this
inherently requires some form prior knowledge.
11.2.2 Data-driven learning with FIR implementation
The methods developed in Part III use a DFT-based implementation and the
presented analysis assumes that involved signals are periodic. Accommodating
arbitrary finite tasks using the data-driven learning framework can be achieved by
generalizing the FIR filter based method, as developed in Chapter 4, by suitably
incorporating FIR estimation methods (Blanken et al., 2018b) into the learning
process.
11.2.2 Exploiting the potential of nonlinear update laws
One of the main insights presented in Part III is that the convergence behavior
of the data-driven learning method is governed by a discrete nonlinear recursion
that has beneficial properties (stable fixed points at zero and at perfect tracking). This key insight can be used to develop new data-driven update laws by
explicitly designing recursion dynamics that represent such desirable convergence
behavior, e.g., guaranteed stability and constraint satisfaction (Romdlony and
Jayawardhana, 2016) or passivity (Jayawardhana et al., 2007).
11.2.2 Generalizing the proofs for MIMO systems
Although the results presented in Chapter 6 prove the (local) stability of the
developed MIMO data-driven learning method with respect to a trial-invariant
disturbance, empirical results indicate the algorithm is (practically) globally stable
for trial-varying disturbances. It would be beneficial to prove this hypothesis to
further motivate the application of the algorithm in practice.
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11.2.3 Reducing the complexity of LPV FRF identification
The main limitation of the identification method developed in Chapter 7 is the
computational burden associated with the matrix inversion involving the LM or
IV method, which has a complexity of roughly O(n3ρ N 3 ) with nρ the number
of scheduling parameters and N the number of frequencies. Possible ways to
overcome this are using (stochastic) gradient descent like approaches, removing
irrelevant parameters from the problem through sparse regression, or projecting
the problem to a lower-dimensional space using basis functions.
11.2.3 Nonparametric learning control for LPV systems
The identification method developed in Chapter 7 accommodates the first step
towards the generalization of FRF-based learning to LPV systems by providing
the required nonparametric LPV models. Presently, the LPV FRF learning
control framework, including the inversion of the LPV models in the presence of
uncertainty (as treated for LTI systems in Chapter 3), has not yet been developed,
yet it would enable high-performance learning for LPV systems with a relatively
low modeling cost, and it would overcome the issues related to LPV stability, as
are discussed next.
11.2.3 Reducing LPV stability requirements in open-loop synthesis
The feedforward and learning filter design methods developed in Chapter 8
formally optimize the performance of an open-loop control configuration, which
requires both the LPV plant and LPV controller to be open-loop stable for
the entire class of considered scheduling signals. This requirement may be too
restrictive in practice since the stability requirements are readily violated for
scheduling spaces of practical interest, even though the destabilizing scheduling
trajectories may not be practically relevant. Hence, it is desirable to develop
methods to formally design LPV filters that relax the stability requirements, for
example, by only requiring global frozen stability, or by resorting to nonparametric
approaches as discussed previously.

11.2.4

General learning control recommendations

11.2.4 Rejection of disturbances with varying periodicity
In conventional learning approaches it is typically assumed that the periodicity
of the disturbances is known and fixed for all time. In practice, the periodicity of
the disturbances may vary, and conventional approaches quickly lose performance
(Steinbuch, 2002). This situation requires methods that enable learning under
varying periodicities. For a preliminary investigation see Fretes, 2019.
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11.2.4 Learning in the spatial domain
Conventional learning approaches learn a signal as a function of time. However
in some practical situations, the disturbances can be directly linked to spatial
coordinates, such as in drive belts and or Piezo steppers (Mooren et al., 2020a;
Strijbosch et al., 2019). In these cases, it can prove beneficial to instead learn
spatial signals (Hoelzle and Barton, 2016), and doing so using different velocities
with which the spatial dimension is traversed requires the development of suitable
interpolation techniques.
11.2.4 Learning for sampled-data systems
Learning control is typically applied to control physical processes that evolve
continuously over time. Digital control implementations require sampling and
quantization of the continuous signals. Achieving high continuous time performance using cost effective sensors with limited resolution or low sample rates
requires dedicated approaches (Oomen et al., 2009; Strijbosch and Oomen, 2019).
11.2.4 Investigating connections with machine learning
Machine learning is gaining popularity due to its increased effectiveness in a large
number of applications, which is mainly enabled by increasing computing power
and the increasing availability of data. Machine learning methods are mostly
suitable in scenarios where prior knowledge is limited, where data is abundant,
and where learning can mostly be done offline. This is in contrast to learning
control where some prior knowledge is often available, but where experiments
need to be done a real system, making safety and speed requirements more
stringent (Oomen, 2018). Despite these differences, there is large potential for
learning control to benefit from the developments in machine learning. Examples
include using neural networks to design nonlinear learning filters (Moore, 2012,
Chap. 7), investigating the use of transfer learning to increase learning speed
and flexibility, using Gaussian Processes (Blanken et al., 2018b; Mooren et al.,
2020b; Rasmussen and Williams, 2006) to enable learning for small data sets,
investigating the use of accelerated gradient methods in gradients-based learning,
investigating the connection between reinforcement learning and ILC (Poot et al.,
2020; Sutton, Barto, et al., 1998), and to use machine learning techniques to
select suitable basis functions in ILC (Oomen and Rojas, 2017).

11.3 Learning control beyond manufacturing
Besides the control of mechatronic systems, the methods developed in this thesis
contribute in a generic way to the field of learning control, which finds widespread
application in a large range of technical fields. Interesting novel applications
include the control of fusion reactors (Felici and Oomen, 2015; Ravensbergen
et al., 2017), wind turbines (Tutty et al., 2013), lithium-ion battery charging
(Wang et al., 2019), underwater bionic propulsion (Zhou et al., 2018), marine
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vibrators for seismic acquisition (Sörnmo et al., 2016), high-speed train control
(Ji et al., 2015), traffic density regulation (Hou and Xu, 2003), task optimization
of service robots (Baßler et al., 2015), spacecraft altitude and proximity control
(Hu et al., 2018; Ulrich and Hovell, 2017), unmanned aerial vehicle maneuvering
(Purwin and D’Andrea, 2009), satellite formation flying (Ahn et al., 2010), data
encryption (Acho, 2016), human motor behavior modeling (Zhou et al., 2012),
stroke rehabilitation (Freeman et al., 2012), optimization for biological reactors
(Márquez-Vera et al., 2014), and the control of quantum mechanical systems
(Dong et al., 2015).
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Cardona, A. and Géradin, M (2001). Flexible multibody dynamics: a finite element
approach. John Wiley.
Chen, J. and Gu, G. (2000). Control-oriented system identification: an H∞
approach. John Wiley & Sons, New York.
Chen, T. and Francis, B. A. (2012). Optimal sampled-data control systems.
Springer Science & Business Media.
Chen, Y. and Wen, C. (1999). Iterative learning control: convergence, robustness
and applications. Springer-Verlag.
Chi, R., Huang, B., Wang, D., Zhang, R., and Feng, Y. (2016). Data-driven
optimal terminal iterative learning control with initial value dynamic compensation. IET Control Theory & Applications, 10(12):1357–1364.
Chi, R., Wang, D., Hou, Z., and Jin, S. (2012). Data-driven optimal terminal
iterative learning control. Journal of Process Control, 22(10):2026–2037.
Chiani, M. (2014). Distribution of the largest eigenvalue for real Wishart and
Gaussian random matrices and a simple approximation for the Tracy–Widom
distribution. Journal of Multivariate Analysis, 129:69–81.
Chien, C.-J. (1998). A discrete iterative learning control for a class of nonlinear
time-varying systems. IEEE Transactions on Automatic Control, 43(5):748–
752.
Chien, C.-J. and Tayebi, A. (2008). Further results on adaptive iterative learning
control of robot manipulators. Automatica, 44(3):830–837.
Clayton, G. M., Tien, S., Leang, K. K., Zou, Q., and Devasia, S. (2009). A review
of feedforward control approaches in nanopositioning for high-speed SPM.
Journal of Dynamic Systems, Measurement, and Control, 131(6):061101.
Cloet, C., Tomizuka, M., and Horowitz, R. (2001). Design requirements and
reference trajectory generation for a copier paperpath. In Advanced Intelligent
Mechatronics, 2001. Proceedings. 2001 IEEE/ASME International Conference
on. Volume 2. IEEE, pages 911–916.
Darwish, M. A. H., Cox, P. B., Proimadis, I., Pillonetto, G., and Tóth, R. (2018).
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Summary
Data-Driven Learning Control for Complex Multivariable and
Linear Parameter-Varying Systems
Advanced control methods are essential to meet future requirements posed
by the next-generation manufacturing paradigm. In order to be competitive in
the presence of ever-increasing global competition, it is envisioned that future
manufacturing systems need to meet extreme performance standards, and need to
facilitate flexible manufacturing by operating largely autonomously. Enabling high
performance requires next-generation machine designs that display significantly
more complex dynamic behavior, such as strong interaction between inputs and
outputs, position-dependent dynamics, and unpredictable process variations.
Facilitating a high degree of autonomy under such conditions is achieved by
incorporating many sensors and actuators, which opens up possibilities for datadriven control strategies.
The aim of this thesis is to develop control strategies that learn from past
operational data to enable high performance and flexibility in the presence of
complex dynamics. Measured data from past tasks contain a wealth of information
that can be exploited using learning control to achieve extremely high performance
during future tasks. However, existing learning control strategies typically rely on
model knowledge to achieve this. By depending on prior knowledge, significant
requirements are posed on modeling and tuning, which increases the operational
costs and limits the application of learning control methods in industrial practice
despite its large potential.
The contributions of this thesis are a number of learning control methods
that provide key improvements compared to existing approaches. Firstly, the
modeling requirements in learning control are significantly reduced by replacing the dedicated mathematical models by nonparametric Frequency Response
Function (FRF) models that result readily from measured input-output data.
Secondly, a completely data-driven learning control framework is developed that
estimates the nonparametric models from the available operational data while
learning, thereby essentially removing all modeling requirements. It is shown that
this approach removes the potential for unstable learning behavior and enables
adaptation to slow process changes, thereby increasing the safety and flexibility
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in learning control. Thirdly, a number of data-driven methods are developed to
enable learning control for a class of complex systems whose dynamics change
significantly as a function of specific time-varying parameters. These methods
include an identification approach to estimate parameter-varying FRF models,
a generalization of traditional learning control, and a method to optimize the
parameters of parameter-varying compensators.
The developed methods are successfully demonstrated on a range of industrial applications and academic examples, revealing that high performance and
flexibility can be achieved in the presence of complex dynamics with increased
operational safety, and with a significant reduction in the tuning and modeling
effort. These contributions consequently create a significant potential to satisfy
future requirements in manufacturing through learning control.
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