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Abstract

Tracking of a desired pressure profile is key in mechanical ventilation to sufficiently support a patient. The aim of this paper is
to improve pressure tracking performance of mechanical ventilation systems. This is achieved by explicitly taking into account
the nonlinear hose characteristics and delays in the control strategy. Through an experimental case study it is shown that this can
significantly improve tracking performance.
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1. Introduction

Mechanical ventilation is used in Intensive Care Units
(ICUs) to support breathing of patients. The main goals of me-
chanical ventilation are to ensure oxygenation and carbon diox-
ide elimination (Warner & Patel, 2013). In the past decades,
demand for ventilation has increased rapidly and is prospected
to increase further in the coming years (Needham et al., 2005).
Especially during the flu season or a world-wide pandemic such
as the COVID-19 pandemic that started in 2019, demand for
mechanical ventilation is high. Improved ventilation is desired
to reduce overall ventilation time.

Mechanical ventilators are a life-saving device. A schematic
overview of a mechanical ventilator, with a single-hose setup
and a patient is depicted in Fig. 1. In this paper, a blower-driven
single-hose setup as depicted in Fig. 1 and Pressure Controlled
Ventilation (PCV) of sedated patients are considered. In PCV,
the mechanical ventilator aims to track a pressure profile near
the patient’s mouth as determined by the clinician, see Fig. 2.
The Inspiratory Positive Airway Pressure (IPAP) and Positive
End-Expiratory Pressure (PEEP) induce flow in and out of the
lungs, respectively. This alternating flow of air allows the lungs
to exchange CO2 for O2 in the blood. The objective of the con-
trol system is to achieve accurate tracking of the desired target
pressure profile and therewith to achieve the desired ventilation
of the patient.

Accurate tracking of the target pressure is important to
achieve sufficient support for the patient, especially in cases
of large flows as a result of large lungs and/or unintentional
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Fig. 1: Schematic representation of the blower-hose-patient system, with the
corresponding resistances, lung compliance, pressures, and flows.
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Fig. 2: Airway pressure paw and patient flow Qpat during one breathing cycle
of pressure controlled ventilation.

leaks during non-invasive ventilation. Furthermore, accurate
pressure tracking results in better patient-ventilator synchrony
(Hunnekens et al., 2020). According to Blanch et al. (2015),
asynchrony between patient and machine is associated with
high mortality.
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A large number of control strategies have been investigated
to improve the performance of mechanical ventilators. In Bor-
rello (2005), an overview of modeling and control techniques
for mechanical ventilation is presented. In Van de Wouw et al.
(2018) and Hunnekens et al. (2020), variable-gain control is
proposed to overcome the trade-off between fast pressure rise
times and limited overshoot in patient flow. This variable-gain
control strategy shows a reduction in patient flow overshoot.
However, still some overshoot remains and the measured pa-
tient flow is used in this control strategy. The patient flow is typ-
ically not available for control in practice. In Borrello (2001),
an adaptive control strategy is applied to mechanical ventila-
tion. A patient model is estimated and the obtained parameters
are used to adapt the controller parameters to achieve the de-
sired closed-loop behavior. In practice, it is challenging to ob-
tain accurate patient models, deteriorating performance of such
strategies. Also funnel-based control is applied to mechanical
ventilation (Pomprapa et al., 2015). However, the improvement
in tracking performance is limited. In Scheel et al. (2017) and
Li & Haddad (2012), model-based control and model predic-
tive control are applied, respectively. Also these methods re-
quire accurate patient models, which are typically not available
in practice. Furthermore, iterative learning control is applied in
Scheel et al. (2015) and repetitive control is applied in Reinders
et al. (2020b). These methods achieve superior performance
in case of a fully sedated patient, i.e., the reference is repeti-
tive. However, in case a patient starts breathing spontaneously,
performance of these methods degrades. Finally, in Reinders
et al. (2019) and Reinders et al. (2020a), an adaptive control
scheme is proposed. This control scheme estimates a linear
hose-resistance model during ventilation and uses this model to
compensate the pressure drop over the hose. In an experimental
study, it is shown to improve performance significantly. How-
ever, overshoot and long settling times are observed in case of
large flow variations. These performance limitations are mainly
due to delays and nonlinearities in the system which are ne-
glected.

Although the mentioned control approaches show a signifi-
cant improvement in tracking performance, most of them are
neglecting system delays and the nonlinear characteristics of
the hose. The aim of this paper is to develop a control method
that automatically estimates the nonlinear characteristics of the
hose while taking the relevant system delays into account. The
estimated hose model is used to improve tracking performance.
The control method in Reinders et al. (2020a) is recovered as a
special case of the method proposed in this paper in case of no
system delays and nonlinearities of the hose.

The main contribution of this paper is a control strategy that
improves pressure tracking performance by explicitly taking
into account delays and the nonlinear hose characteristics of
ventilation systems. Specific contributions include the follow-
ing. First, a control strategy with a linear hose-resistance es-
timator is presented that compensates the measurement delays
in the system. Second, an input-to-state stability proof of the
closed-loop dynamics with this control strategy is provided.
Third, a control strategy that takes into account the nonlinear
characteristics of the hose-resistance is developed. Fourth, an

experimental case study evidences a significant improvement in
tracking performance.

The outline of this paper is as follows. In Section 2, the de-
tailed problem definition is given. Then, in Section 3, a high-
level description of the proposed control strategy is given. In
Section 4, linear models of the open-loop and closed-loop plant
with delays are presented. Thereafter, in Section 5, the lin-
ear resistance estimator with delay compensation is presented.
Then, in Section 6, the nonlinear estimator with delay compen-
sation and the nonlinear pressure drop compensation are pre-
sented to cope with the nonlinear hose characteristics. In Sec-
tion 7, a simulation case study of the linear estimator is pre-
sented to show the effectiveness of delay compensation. There-
after, in Section 8, the results of an experimental case study
are presented. This experimental case study shows a clear per-
formance improvement by taking measurement delays and the
nonlinear hose characteristics into account. Finally, in Section
9, the main conclusions of this work are given.

2. Problem formulation

2.1. Control goal
The control goal in PCV is to achieve accurate pressure track-

ing of a time-varying pressure target ptarget(t) for a wide variety
of patients. In Fig. 2 an example of such target pressure profile
is shown. The controlled variable is the airway pressure paw,
i.e., the pressure near the patient’s mouth. The airway pressure
is measured using the pilot line and a pressure sensor inside the
module, see Fig. 1. The goal is to ensure that the tracking error

e(t) B ptarget(t) − paw(t), (1)

is small.

2.2. System description
The blower-patient-hose system is depicted in Fig. 1. The

main components in the system are the blower, the hose-filter
system, and the patient. The blower compresses ambient air
to change the blower outlet pressure pout, such that the airway
pressure paw tracks the desired target pressure. The difference
between the outlet pressure pout and the airway pressure paw

results in a flow through the hose Qout, related by the hose re-
sistance model Rhose(Qout). Rhose(Qout) can refer to different
hose models, in this paper Rhose(Qout) refers to the considered
linear and a quadratic hose model. The change in airway pres-
sure paw results in two flows, namely, the leak flow Qleak and
the patient flow Qpat. The leak flow is used to flush exhaled
CO2-rich air from the hose and is modeled using a linear leak
resistance Rleak. The patient flow is a result of the linear resis-
tance Rlung and the difference between the airway pressure and
the lung pressure plung, i.e., the pressure inside the lungs. The
patient flow results in a change in the lung pressure. The re-
lation between patient flow and lung pressure is given by the
linear lung compliance Clung. This patient model, defined by
Clung and Rlung, is referred to as the linear one-compartmental
lung model, analyzed in Bates (2009, pp. 37–60). Note that for
notational convenience all pressures are defined relative to the
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ambient pressure, i.e., pamb = 0. A mathematical description of
the system dynamics is derived in Section 4.

2.3. Control relevant system properties
As mentioned in Section 1, previously developed control

strategies for mechanical ventilation often neglect several es-
sential system properties. The properties addressed in this pa-
per are 1) time delays and 2) nonlinear hose characteristics.
Another challenge for mechanical ventilation is that it should
achieve the desired performance for a wide range of patients.

Several components depicted in Fig. 1 introduce time delays.
Two delays are caused by the propagation speed of a pressure
wave through air as mentioned in Borrello (2005). The first
pressure propagation delay is the hose delay τh from pout to paw.
This delay is defined as the time it takes for a pressure wave to
propagate through the hose, i.e., from the blower outlet to the
patient’s airway. The second pressure propagation delay is the
pilot-line delay τp from paw to the paw sensor, which represents
the time it takes for a pressure wave to propagate through the
pilot line. For simplicity τh and τp, are lumped into one output
delay from paw to the paw-sensor called the sensor delay τs =

τh +τp. The third delay is a delay in the blower dynamics. More
specifically, it is a delay from the control input pcontrol to the
blower outlet pressure pout. A method to partially compensate
for these delays is presented in Section 5.

In Fig. 3, the measured hose resistance characteristics clearly
shows a quadratic relation between the flow through the hose
Qout and the pressure drop over the hose ∆p := pout − paw.
These nonlinear hose characteristics are often approximated by
a linear hose-resistance model. In Fig. 3 it is shown that the
linear models accurately describe the hose-characteristics for a
small flow range, in particular in the low flow regime. However,
for a large flow range a quadratic model is significantly more
accurate. Therefore, in Section 6, a control strategy is presented
that incorporates a nonlinear hose-resistance model.

Concluding, a control strategy for mechanical ventilation
should achieve accurate pressure tracking performance for a
wide range of patients. In previous work, the system delays and
nonlinear hose characteristics are often neglected. Therefore,
in this paper a control strategy is presented that takes these sys-
tem properties into account to improve pressure tracking per-
formance for a variety of patients.

3. Proposed high-level control strategy

A controller for mechanical ventilation has to ensure that the
airway pressure paw tracks the target pressure ptarget. The main
cause of a difference in these pressures is the pressure drop
over the hose ∆p = pout − paw. By increasing pout, such that
pout = ptarget + ∆p, paw will be equal to ptarget. In the devel-
oped control strategy a hose-resistance model is used to esti-
mate ∆p as a function of the measured flow through the hose
Qout and hose-resistance parameters. The hose-resistance pa-
rameters can be obtained using an estimator. Because Qout is
measured and used in the control loop, this strategy is indepen-
dent of the attached patient type as long as the hose-resistance
parameters are obtained correctly.
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Fig. 3: Calibration curve of the hose with two linear resistance models and a
quadratic resistance model. This figure clearly shows the nonlinear nature of
the hose resistance.

A block diagram of the developed control strategy is depicted
in Fig. 4. The blower, patient-hose, and delay block denote the
ventilation system dynamics. The estimator, R̂hose(Qout), and
delay blocks with τ̂s denote the proposed control strategy. The
estimated hose-resistance model R̂hose(Qout) and the measured
flow through the hose Qout are used in a feedback loop to esti-
mate the pressure drop over the hose. By adding this estimated
pressure drop ∆p̂ to the target pressure ptarget, the airway pres-
sure converges to the desired target pressure if the estimated
hose model is correct. Because the hose characteristics are typ-
ically unknown in practice an estimator is used to estimate the
parameters of the hose-resistance model during ventilation.

The block diagram in Fig. 4 has two dashed arrows; these
dashed arrows distinguish between two different phases. Esti-
mation of the hose-resistance model and compensation for the
pressure drop are separated in two phases. In the estimation
phase, the ventilator is controlled in open loop while estimating
the hose parameters. After convergence, estimation is stopped
and the obtained parameters are used in the compensation strat-
egy, i.e., the compensation phase. In other words, only one of
the two dashed lines is active simultaneously.

The delays in the system and the nonlinear hose characteris-
tics are explicitly taken into account in this control strategy. The
output delay τs is compensated by delaying the estimator inputs
that are unaffected by the delay τs. This is achieved by choos-
ing τ̂s appropriately, this is described in detail in Section 5. To
take the nonlinear hose characteristics in account a quadratic
hose model is used for R̂hose(Qout) of which the parameters are
estimated by the estimator, this is described in detail in Section
6. The control method presented in Reinders et al. (2020a) is
retrieved as a special case of the strategy presented in the cur-
rent paper. In an experimental case study, it is shown that the
method in the current paper outperforms the control strategy in
Reinders et al. (2020a).
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Fig. 4: Schematic representation of the proposed closed-loop system with an
estimator for the hose resistance estimation. Furthermore, delay compensation
for estimation is included. Only one of the dashed lines is active simultaneously.
This means that either the hose model is estimated during open-loop control or
the estimated hose model is used in the control loop.

4. Linear closed-loop dynamics

In this section, the linear system dynamics with delays are
presented. First of all, the open-loop system dynamics are pre-
sented in Section 4.1, i.e., the system dynamics in the esti-
mation phase. Thereafter, in Section 4.2 the closed-loop sys-
tem dynamics with a constant hose-resistance estimate are pre-
sented, i.e., the system in the compensation phase. The hose
resistance is assumed to be linear throughout this section.

4.1. Open-loop system dynamics

To obtain the open-loop system dynamics, the patient is mod-
eled using the linear one-compartmental lung model described
in (Bates, 2009, pp. 37–60), i.e.,

ṗlung(t) =
paw(t) − plung(t)

ClungRlung
. (2)

Furthermore, the hose, leak, and lung resistance are assumed
linear, hence

Qout(t) =
∆p
Rlin

=
pout(t) − paw(t)

Rlin
, (3)

Qleak(t) =
paw(t)
Rleak

, and (4)

Qpat(t) =
paw(t) − plung(t)

Rlung
(5)

with Rlin the linear hose resistance, note that Rhose(Qout) be-
comes RlinQout in case of the linear hose model.

Moreover, it is assumed that the internal blower controller
achieves a blower transfer function from pcontrol(t) to pout(t) of
magnitude one. The presence of the blower delay τb results in
the following relation between the blower outlet pressure pout

and the control pressure pcontrol:

pout(t) := pcontrol(t − τb). (6)

Combining (2), (3), (4), (5), and (6), using conservation of flow,
i.e., Qout = Qpat + Qleak, results in the following open-loop
system dynamics with blower delay:

ṗlung(t) = Ah plung(t) + Bh pcontrol(t − τb)
paw(t) = Ch plung(t) + Dh pcontrol(t − τb)

(7)

with

Ah = −
Rlin + Rleak

ClungR̄
, Bh =

Rleak

ClungR̄
,

Ch =
RlinRleak

R̄
, and Dh =

RleakRlung

R̄

(8)

with R̄ := RlinRleak + RlinRlung + RleakRlung.
Furthermore, the lumped output delay τs, in the measurement

of paw, results in

p̃aw(t) := paw(t − τs) (9)

with p̃aw the measured airway pressure.

4.2. Closed-loop error dynamics for a constant resistance esti-
mate

In this section, the open-loop system dynamics defined in (7)
and (8) are combined with the control strategy depicted in Fig.
4 for a constant linear hose model estimate R̂lin. Note that the
hose-resistance estimate is considered constant; therefore, the
measured airway pressure p̃aw and the delay τs do not appear in
these error dynamics.

From Fig. 4 it is obtained that

pcontrol(t) = ptarget(t) + ∆ p̂(t)

= ptarget(t) + R̂linQout(t),
(10)

where the estimated pressure drop ∆p̂ is computed using (3).
Next, Qout(t) is rewritten using conservation of flow, the patient
model in (2), and the resistance models (4) and (5). This gives

Qout(t) = Qpat + Qleak (11)

=
paw(t) − plung(t)

Rlung
+

paw(t)
Rleak

(12)

= Clung

(
1 +

Rlung

Rleak

)
ṗlung(t) +

1
Rleak

plung(t). (13)

Substitution of (13) in (10) results in the control law

pcontrol(t) = ptarget(t)

+ R̂lin

(
Clung

(
1 +

Rlung

Rleak

)
ṗlung(t) +

1
Rleak

plung(t)
)
.

(14)

Next, (14) is substituted in the open-loop dynamics of (7) and
(8). This results in the closed-loop dynamics in terms of the
state plung:

d
dt

(
plung(t) − R̂linBhClung

(
1 +

Rlung

Rleak

)
plung(t − τb)

)
= Ah plung(t) +

R̂linBh

Rleak
plung(t − τb) + Bh ptarget(t − τb).

(15)

The patient model in (2) is rewritten to obtain:

paw(t) = ṗlung(t)ClungRlung + plung(t). (16)
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Substituting (16) in the error definition in (1) and differentiating
with respect to time results in

ė(t) = ṗtarget(t) − p̈lung(t)ClungRlung − ṗlung(t). (17)

From (15),

ṗlung(t) =R̂linBhClung

(
1 +

Rlung

Rleak

)
ṗlung(t − τb)

+ Ah plung(t) +
R̂linBh

Rleak
plung(t − τb) (18)

+ Bh ptarget(t − τb)

and its time derivative are obtained and substituted in (17). Fi-
nally, rewriting gives the closed-loop error dynamics:

d
dt

(
e(t) − R̂linBhClung

(
1 +

Rlung

Rleak

)
e(t − τb)

)
= Ahe(t) +

R̂linBh

Rleak
e(t − τb) + w(t)

(19)

with

w(t) = ṗtarget(t) −ClungRlungBh ṗtarget(t − τb)

− Bh ptarget(t − τb) − Ah ptarget(t) −
R̂linBh

Rleak
ptarget(t − τb)

− R̂linBhClung

(
1 +

Rlung

Rleak

)
ṗtarget(t − τb).

(20)

These closed-loop error dynamics are described by a Neu-
tral Delay Differential Equation (NDDE), i.e., the delay τb is
present in both e and ė.

5. Output delay compensation and linear estimator design

In this section, a method to compensate the effect of the out-
put delay τs on the estimator is presented. Thereafter, a linear
resistance estimator is presented. Finally, stability of the con-
trolled system is analyzed. In other words, the first and second
contribution of this paper are addressed in this section.

5.1. Output delay compensation
As mentioned in Section 2, the lumped output delay τs is

considered. This delay represents the time it takes for the actual
paw(t) to propagate to the paw-sensor in the ventilation module.
The actual measured airway pressure is p̃aw(t), see (9). In Fig.
4, a timing mismatch between the estimator inputs can be rec-
ognized when no delay compensation is included, i.e., τ̂s = 0.
Namely, Qout(t), pout(t), and p̃aw(t) = paw(t − τs) are used by
the estimator. This mismatch in timing results in oscillations of
the estimated hose resistance parameters R̂hose(Qout) when the
ventilation dynamics are in a transient phase. If the ventilation
system is in steady state paw(t) = p̃aw(t), hence, the delay does
not affect the estimator inputs.

This mismatch in timing is solved by delaying pout(t) and
Qout(t) before using them in the estimator, such that they match
the timing of p̃aw(t) = paw(t− τs). This is achieved by choosing

the delay estimate τ̂s ≈ τs in Fig. 4. Choosing this estimate cor-
rectly, i.e., τ̂s = τs, results in matching timing of the estimator
inputs. Several methods from literature can be used to identify
the time delay τ̂s experimentally (Bjorklund & Ljung, 2003). In
the remainder of this paper it is assumed that the parameter τs is
known; hence, it can be compensated exactly in the estimator.

5.2. Linear estimator design

In this paper, a Recursive Least Squares (RLS) estimator
with exponential forgetting factor, see Ioannou & Sun (1996, p.
200), is used to estimate the linear hose resistance Rlin. Other
estimators can be used with the same method to compensate for
the output delay τs. The RLS estimator with delay compensa-
tion is designed as follows:

˙̂Rlin(t) =P(t)
pout(t − τ̂s) − paw(t − τs)

m2 Qout(t − τ̂s)

− P(t)
R̂lin(t)Qout(t − τ̂s)

m2 Qout(t − τ̂s),
(21)

Ṗ(t) = βP(t) − P(t)2 Q2
out(t − τ̂s)

m2 , (22)

where the outlet flow Qout is the exciting variable, P(t) is called
the covariance, m is a normalization parameter, and β is an ex-
ponential forgetting factor.

If the sensor delay estimate is exact, i.e., τs = τ̂s, the signals
used by the estimator are matched in time. Such exact delay
compensation leads to:

˙̂Rlin(t) = P
∆p(t − τs) − R̂linQout(t − τs)

m2 Qout(t − τs)

= P
RlinQout(t − τs) − R̂linQout(t − τs)

m2 Qout(t − τs)
(23)

Ṗ(t) = βP(t) − P(t)2 Qout(t − τs)2

m2 . (24)

Because all estimator inputs are delayed by τs, this delay re-
mains present in the estimator dynamics. Because τs is very
small compared to the convergence time, its effect on the con-
vergence time is considered negligible. Finally, the estimator
dynamics can be expressed in terms of the estimation error
eLS (t) B Rlin − R̂lin(t), resulting in

ėLS (t) = −P(t)
Q2

out(t − τs)
m2 eLS (t). (25)

A proof of convergence of this estimator with delay com-
pensation in open-loop ventilation, i.e., the calibration phase, is
presented in the next section.

5.3. Stability analysis

In this section, stability of the mechanical ventilation sys-
tem with the control strategy proposed in Section 4.2 and 5.2
is analyzed. The stability analysis in this section consists of
two parts. In Section 5.3.1, stability of the open-loop dynam-
ics in (7) and (8), and convergence properties of the estimator
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in (23) and (24) are analyzed; these dynamics represent the es-
timation phase. Thereafter, input-to-state stability (ISS) of the
closed-loop system with a constant hose-resistance estimate in
(19) and (20), i.e., compensation phase, is proved in Section
5.3.2. In these dynamics w(t) is considered the external input,
which depends on ptarget(t).

Throughout this paper, the follow definition of persistence of
excitation is adopted.

Definition 1. A piece-wise continuous scalar signal φ(t) is Per-
sistently Exciting (PE) if there exist constants α0, α1,T0 ∈ R>0
such that

α1 ≥
1
T0

∫ t+T0

t
φ2 (τ) dτ ≥ α0,∀t ≥ 0. (26)

Furthermore, it is assumed that the RLS estimator in (23) and
(24) satisfies Assumption 1.

Assumption 1. The RLS estimator in (23) and (24) is designed
and initialized such that the following properties hold:

• P(0) is initialized to be positive, i.e., P(0) > 0.

• R̂lin is initialized to ensure 0 ≤ R̂lin(0) ≤ Rlin.

• β is designed to be positive, i.e., β > 0.

Assumption 2 states that the target pressure profile is always
positive and bounded. Practically, this is a non-restrictive as-
sumption because PCV requires a strictly positive and bounded
pressure target.

Assumption 2. ptarget(t) is bounded and positive by design; in
particular, ε1 < ptarget(t) < ∞, ∀t ≥ 0, with ε1 > 0 a positive
constant.

Finally, Assumption 3 states that the estimated sensor delay,
used for delay compensation, is exactly equal to the true sensor
delay, i.e., the sensor delay is perfectly compensated.

Assumption 3. The estimated sensor delay τ̂s is exactly equal
to the true sensor delay τs, i.e., τ̂s = τs.

Next, these assumptions are used to show that the hose-
resistance estimate converges to the true parameter in Section
5.3.1 and that the closed-loop dynamics with hose compensa-
tion are ISS in Section 5.3.2.

5.3.1. Convergence of the linear estimator
During the calibration phase, the system is controlled in open

loop, i.e., pcontrol(t) = ptarget(t). The open-loop system dynam-
ics are described by (7) and (8) and the linear estimator dynam-
ics with delay compensation are given by (24) and (25). In this
section, the following properties of the system in the calibration
phase are proved under Assumption 1-3:

• exponential stability of the open-loop dynamics in (7) and
(8), see Lemma 1;

• exponential convergence of the estimation error eLS (t) in
(25) to zero; and

• R̂lin(t) remains in the set [0, Rlin] for all t ≥ 0.

Exponential stability of the open-loop dynamics, i.e., the sys-
tem dynamics in the calibration phase, is proved in Lemma 1.

Lemma 1. The open-loop dynamics in (7) and (8) are expo-
nentially stable.

Proof. The blower delay τb in (7) and (8) is a pure input de-
lay, hence, it does not affect stability of these linear dynam-
ics. Therefore, the open-loop dynamics are stable iff Ah =

−
Rlin+Rleak

ClungR̄ < 0. This holds because all physical parameters in
Ah are strictly positive.

Next, the PE property of the exciting variable Qout(t) is
proved in Lemma 2.

Lemma 2. Consider the open-loop dynamics in (7) and (8),
i.e., the system in estimation phase, and Assumption 2. Then,
the output Qout(t) is PE according to Definition 1.

Proof. The PE upper bound is ensured by showing that Qout(t)
is bounded. According to (3), Qout =

pout−paw
Rlin

. Since Rlin is
bounded, Qout(t) is bounded if pout and paw are bounded. In
open loop pout(t) := pcontrol(t − τb) = ptarget(t − τb), invoking
Assumption 2 it is ensured that pout(t) is bounded. The airway
pressure is defined as paw(t) = Ch plung(t)+Dh pcontrol(t−τb), see
(7). Because the dynamics in (7) are exponentially stable ac-
cording to Lemma 1 and the target pressure is bounded, paw(t)
is bounded as well. Hence, Qout(t) is bounded and its PE upper
bound is ensured.

The proof of the PE lower bound is a special case of the proof
presented in Reinders et al. (2020a, Lemma 1). In Reinders
et al. (2020a, Lemma 1), patient effort (ṗpat) is considered and
R̂lin is not equal to zero, i.e., not in open-loop ventilation. By
following the same strategy but considering ṗpat = 0 and R̂lin =

0, the PE lower bound α0 is ensured. Therewith both PE bounds
for Qout(t) are proved, hence Qout(t) is PE.

Theorem 1. Consider the estimator dynamics with delay com-
pensation in (24) and (25), and adopt Assumptions 1, 2, and
3. Then, R̂lin(t) converges exponentially and monotonically to
Rlin(t) and 0 ≤ R̂lin(t) ≤ Rlin holds for t ≥ 0.

Proof. First, Corollary 4.3.2 in Ioannou & Sun (1996) is in-
voked. This corollary guarantees that if the exciting variable,
i.e., Qout(t), is PE and β > 0, then the estimated parameter R̂lin(t)
converges exponentially to the true parameter Rlin. These condi-
tions are met by invoking Lemma 2 and Assumption 1. There-
with, the least-squares estimation error eLS (t) = Rlin − R̂lin(t)
converges to zero exponentially, i.e., R̂lin(t) converges to Rlin ex-
ponentially.

Next, it is proved that R̂lin(t) converges monotonically and
therewith remains in the set 0 ≤ R̂lin(t) ≤ Rlin for t ≥ 0. First,
it is shown that P(t) remains positive if the estimator design
ensures Assumption 1. For an arbitrary small positive P(t)
in (24) it is seen that Ṗ(t) > 0, because β > 0. Therefore,
P(t) > 0 for all t ≥ 0. Next, (25) is used to show mono-
tonic convergence of R̂lin(t). The estimation error dynamics are
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ėLS (t) = −P(t) Q2
out(t−τs)

m2 eLS (t), with P(t) > 0, Q2
out(t − τs) > 0,

and m > 0. Therefore, eLS (t) is converging monotonically to
zero and never changing sign. Furthermore, R̂lin(0) is chosen
as defined in Assumption 1, hence, 0 ≤ R̂lin(t) ≤ Rlin for all
t ≥ 0.

Concluding, it is shown that the system is exponentially
stable during the calibration phase. Furthermore, the hose-
resistance estimate converges to the true parameter exponen-
tially and monotonically, and 0 ≤ R̂lin(t) ≤ Rlin,∀t ≥ 0.

5.3.2. ISS of the closed-loop system with linear compensation
In this section, ISS of the closed-loop tracking error dynam-

ics as presented in (19) with respect to the input w(t) is ensured.
In other words, ISS of the controlled system in the compensa-
tion phase is guaranteed. This is achieved by using Theorem 2
below, the proof of this theorem is appended in Appendix A.

Theorem 2. Consider a scalar NDDE

d
dt

(e(t) − γe(t − τ)) = ae(t) + be(t − τ) + w(t) (27)

with an external input w(t), a state e(t), a positive real delay
τ, and real scalar system parameters γ, a, and b. The given
neutral delay differential equation is input-to-state stable if

• 0 ≤ γ < 1;

• a < 0;

• b ≥ 0;

• |a| > |b|.

Theorem 2 states that the scalar NDDE (19), representing the
error dynamics in the compensation phase, is ISS with respect
to the input w(t) if the parametric bounds in Theorem 2 are satis-
fied. Substituting the system parameters of (19) in the inequali-
ties in Theorem 2 results in the following inequality conditions
on the system parameters:

0 ≤ R̂linBhClung

(
1 +

Rlung

Rleak

)
< 1, (28)

Ah < 0, (29)

R̂linBh

Rleak
≥ 0, (30)

|Ah| > |
R̂linBh

Rleak
|. (31)

Assuming that all system parameters, i.e., resistances and com-
pliance, are positive, bounds on R̂lin are obtained such that the
inequalities are satisfied. From these bounds a single bound for
the resistance estimate R̂lin is obtained that ensures all bounds
(28)-(29):

0 ≤ R̂lin < Rlin +
RleakRlung

Rleak + Rlung
. (32)

If the bound in (32) is ensured, then the NDDE in (19) is
ISS according to Theorem 2. In Theorem 1 it is ensured that

0 ≤ R̂lin(t) ≤ Rlin in the estimation phase. Therefore, R̂lin in the
compensation phase always satisfies (32). Therewith, the sys-
tem is ISS in the compensation phase. Therewith, the second
contribution of this paper is complete.

6. Quadratic hose resistance and estimator

In this section, the quadratic hose resistance is addressed and
included in the proposed control strategy to improve perfor-
mance. This is the third contribution of this paper.

6.1. Quadratic hose resistance

In Section 2, the nonlinearity of the hose is recognized as a
relevant system property for control which is often neglected in
literature. In Fig. 3, it is clearly seen that the relation between
the flow through the hose Qout and the pressure drop over the
hose ∆p is nonlinear. This nonlinearity is accurately modeled
by the following relation:

∆p = RlinQout + RquadQout |Qout | (33)

with Rlin and Rquad the linear and quadratic resistance coeffi-
cients, respectively. Note that Rhose(Qout) in Fig. 4 is replaced
by the quadratic hose model in (33). To compensate for the
pressure drop ∆p in the control strategy of Fig. 4, estimates of
the parameters Rlin and Rquad are used to compute the estimated
pressure drop ∆p̂ = R̂linQout + R̂quadQout |Qout |.

6.2. Quadratic hose model estimation

To estimate the parameters of the quadratic hose model, Rlin

and Rquad, the estimator with delay compensation in (21) and
(22) is extended to

˙̂θ(t) =P(t)
pout(t − τ̂s) − paw(t − τs)

m2 φ0(t − τ̂s)

− P(t)
θ̂(t)φ0(t − τ̂s)

m2 φ0(t − τ̂s)
(34)

and

Ṗ(t) = βP(t) − P(t)
φ0(t − τ̂s)φT

0 (t − τ̂s)
m2 P(t), (35)

where θ̂(t) =

[
R̂lin(t)

R̂quad(t)

]
, P(t) =

[
P11(t) P12(t)
P21(t) P22(t)

]
, φ0(t) =[

Qout(t)
Qout(t)|Qout(t)|

]
, m is the scalar normalization parameters, and

β is the scalar exponential forgetting factor. To handle the out-
put delay τs in the estimator the same method as proposed in
Section 5.1 is used, i.e., pout(t) and Qout(t) are delayed by τ̂s

before entering the estimator. The performance gain with this
quadratic hose model is experimentally shown in Section 8.
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Table 1: Controller settings and the patient-hose configuration, as used in the
simulations.

Parameter Value Unit
β 0.7 s−1

P(0) 5 × 10−8 s/mL2

R̂lin(0) 0 mbar s/L
m 1 -
Rleak 24 mbar s/L
Rlung 5 mbar s/L
Rlin 4.4 mbar s/L
Clung 20 mL/mbar

7. Simulation case study

In this section, the results of a simulation case study are pre-
sented. In this case study, the dynamics with a linear hose-
resistance model from Section 4 and the linear estimator and
compensator from Section 5 are considered. The goal of this
simulation case study is threefold. First, it shows the effect of
delay compensation, proposed in Section 5.1, on the estimator
and resulting tracking performance. Second, it shows the po-
tential of the proposed control strategy. Third, it validates the
obtained analytical results of Section 5.3.2.

A test case description is given in Section 7.1 and the simu-
lation results are presented and discussed in Section 7.2.

7.1. Test case description
In this simulation case study, a sedated patient under Pressure

Controlled Ventilation (PCV) ventilation is considered. The pa-
tient and hose parameters are presented in Table 1. The consid-
ered target pressure consists of a filtered block signal where
PEEP and IPAP are 5 and 20 mbar, respectively. The breath-
ing frequency, i.e., respiratory rate, of the target pressure is 15
breaths per minute.

Three different controllers are compared in this simulation
case study. An integral feedback controller with transfer func-
tion C(s) = 6.285

s , with s ∈ C the Laplace variable, is used
as a benchmark control strategy. Furthermore, two hose-
compensation (HC) controllers are considered. The first HC
controller does not compensate the sensor delay, i.e., τ̂s = 0.
The second HC controller compensates the sensor delay ex-
actly, i.e., τ̂s = τs = 16 ms. The HC controllers are in the
estimation phase for approximately 5 breaths. Thereafter, esti-
mation is turned off and compensation is turned on with a con-
stant hose-resistance estimate R̂lin. The controller parameters
for both controllers are also presented in Table 1.

7.2. Simulation results
The results of the simulations are shown in Fig. 5 and 6. Fig.

5 shows the resulting airway pressure and the patient flow for
the considered control strategies, and the estimated resistance
R̂lin is shown in Fig. 6. The calibration phase is indicated by
the gray background in the figures and the compensation phase
is indicated by the white background.

First the control strategies are compared during the calibra-
tion phase. The airway pressure for both HC controllers does

not converge to the target pressure because hose compensation
is not active yet, see Fig. 5. Fig. 6 shows convergence of both
estimators during the calibration phase. It is clearly observed
that the timing mismatch in the signals, i.e., τ̂s = 0, causes os-
cillations in the estimate. The compensation for these delays,
i.e., τ̂s = τs, solves this problem and results in exact conver-
gence of the estimate, as supported by the analysis in Section
5.3.1. Note that the worst-case switching time is considered for
the HC controller with τ̂s = 0.

Next, performance of all three controllers is analyzed during
the compensation phase. Fig. 5 shows that the benchmark con-
troller has significant overshoot and undershoot in the airway
pressure. Another important limitation of the benchmark con-
troller is the overshoot in patient flow, as shown in Fig. 5. This
overshoot in patient flow can induce false triggering of breaths.

Both HC controllers show a significant improvement in
tracking performance. They have a small mismatch between
the airway and target pressure during the transient phases. This
mismatch is caused by the blower delay τb, which causes the
compensation to be slightly too late. These mismatches are
significantly smaller than the mismatch of the benchmark con-
troller. Fig. 5 shows that both HC controllers have zero over-
shoot in the patient flow. Finally, it is observed that the HC
controller without delay compensation is slightly overcompen-
sating, see the first zoom plot in Fig. 5. This is caused by the
fact that the constant estimate R̂lin is slightly too high.

Concluding, it is shown that delay compensation ensures
convergence of the resistance estimate to the true hose resis-
tance and improved tracking performance. Also the analytical
results of Section 5.3.2 are validated.

8. Experimental case study

In this section, an experimental case study is conducted to
show that explicitly accounting for the output delay and nonlin-
ear nature of the hose-resistance model in the control strategy
can significantly improve performance. In Section 8.1, the ex-
perimental setup and considered case are presented. The results
with the control strategy using a linear hose-resistance model
are analyzed in Section 8.2. Then, in Section 8.3, experimen-
tal results of the controller with the quadratic hose-resistance
estimator with and without delay compensation are shown.

8.1. Experimental setup and case description
The main components of the experimental setup used in

this case study are depicted in Fig. 7. This figure shows a
Macawi blower-driven mechanical ventilation module (DEM-
CON Macawi respiratory systems, Best, The Netherlands). The
ventilator is attached to a dSPACE system (dSPACE GmbH,
Paderborn, Germany), where the controls are implemented us-
ing MATLAB Simulink (MathWorks, Natick, MA) running
at a sampling frequency of 500 Hz. Furthermore, the ASL
5000TMBreathing Simulator (IngMar Medical, Pittsburgh, PA)
is used to emulate the patient.

The patient and controller parameters used in Section 8.2 are
presented in Table 1. The control parameters of the quadratic
HC controller, used in Section 8.3, are given in Table 2.
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Fig. 5: Simulation results of the benchmark and both linear hose-compensation
control strategies. This figure shows the resulting airway pressure and patient
flow for all control strategies. It clearly shows that both hose-compensation
strategies avoid overshoot in both pressure and flow. Furthermore, it shows
that the delay compensation avoid a slight mismatch in pressure at the plateau
values as shown in the first inset.

Fig. 6: Estimated hose resistance R̂lin of both hose-compensation controllers,
showing that the delay compensation avoids oscillations and results in an exact
estimation of the hose resistance.

8.2. Sequential estimation and compensation with a linear
hose model

In this section, the control scheme as described in Sections 3,
4, and 5 is implemented in the experimental setup. The result-
ing airway pressure and patient flow are depicted in Fig. 8. Fig.
9 shows the linear resistance estimate for both HC controllers.
The gray area in these figures represents the calibration phase of
the HC controllers. The white area represents the compensation
phase of the HC control strategies.

The tracking performance of the different controllers in the
compensation phase is shown in Fig. 8. The benchmark con-
troller shows clear overshoot and undershoot in the airway pres-
sure and the patient flow. The HC control strategies show a
strong reduction in pressure overshoot. A slight overcompen-

Breathing simulator

Respiratory
module

paw sensor
tubeHose

Fig. 7: Experimental setup with the most important parts, i.e., blower-driven
ventilator, ASL 5000 breathing simulator, and the hose.

Table 2: Control parameters of the nonlinear hose-compensation controller.
Parameter Value Unit
β 0.5 s−1

P(0)
[
5 × 10−8 0

0 1 × 10−14

] [
s mL−2 s2 mL−3

s2 mL−3 s3 mL−4

]
R̂lin(0) 0 mbar s/L
R̂quad(0) 0 mbar s2/L2

sation is observed in the plateau phases, indicating an overesti-
mation of the hose-resistance in these phases. Furthermore, the
HC controllers show almost no overshoot and undershoot in pa-
tient flow. It is concluded that the HC control strategy improves
performance significantly.

Fig. 9 shows a clear difference between the two HC con-
trol strategies. It is observed that both resistance estimates are
oscillating in the calibration phase. This is caused by the non-
linear nature of the hose resistance. The linear resistance esti-
mate is oscillating with the flow because it cannot capture the
quadratic hose resistance. The dispersion of the estimate with
delay compensation is significantly smaller than without delay
compensation. Also, delay compensation results in a lower es-
timate value. This is also observed in the performance of the
controller. Fig. 8 shows that the steady-state overcompensation
is slightly smaller when compensating for the delay. Note that
the switch times represent the worst-case scenario.

From these experiments, it is concluded that the HC control
strategy significantly improves pressure tracking performance
and delay compensation improves performance even further.

8.3. Simultaneous estimation and compensation with a
quadratic hose model

In this section, the control scheme as described in Sections
3 and 6 is analyzed in an experimental case study. Note that
estimation and compensation are performed simultaneously in
this section. A significant advantage of simultaneous estima-
tion and compensation is that performance is improved imme-
diately, and that the controller adapts to changes immediately.

The results of the experiments with the nonlinear HC con-
trollers are shown in Fig. 10 and 11. The benchmark controller
is exactly the same as in the previous section; therefore, it is not
addressed separately here.
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Fig. 8: Experimental results of the benchmark and linear hose-compensation
control strategies with open-loop estimation. This figure shows the resulting
airway pressure and patient flow. It clearly shows that both hose-compensation
strategies reduce overshoot in both pressure and flow. Furthermore, it shows
that the delay compensation reduces the mismatch in pressure at the plateau
values as shown in the first zoom plot.

The HC controller without delay compensation shows signif-
icant pressure overshoot in Fig. 10. This is caused by the peak
in the hose-resistance estimate, see Fig. 11. This peak in the es-
timates is a result of the timing mismatch between the signals.
This controller shows overshoot comparable to the overshoot
of the benchmark controller; however, settling time is signif-
icantly shorter. Overshoot and undershoot in patient flow is
significantly reduced compared to the benchmark.

The HC controller with delay compensation, i.e., τ̂s = 16 ms,
shows almost no overshoot in pressure and zero overshoot in
patient flow. Considering the hose-resistance estimate, see Fig.
11, it is observed that the estimate is significantly lower and
has a smaller dispersion than the HC controller without delay
compensation. Concluding, the nonlinear HC controller with
delay compensation out performs the other control strategies
presented in this paper in terms of steady state-tracking error,
pressure overshoot, and patient flow overshoot. This case study
shows that the pressure tracking performance depends on the
accuracy of the estimated delay τ̂s. However, for τ̂s = 0, which
is a very poor delay estimate, the proposed control strategy still
outperforms the benchmark controller. This fact also underlines
the robustness of the proposed approach for a mismatch in the
delay estimate.

The estimated hose models and the actual hose model are
displayed in Fig. 12. It shows a hose-resistance curve ob-
tained through a static calibration, the dispersion of the two es-
timated models upon convergence, and a hose-resistance curve
measured during ventilation. Firstly, a clear difference between

Fig. 9: Estimate R̂lin of the hose-compensation controllers. Showing that the de-
lay compensation results in slightly lower values and smaller oscillations. The
figure shows that the delay compensation reduces oscillations in the resistance
estimate slightly.

the static calibration and the online curve is observed. Because
of the relatively low pressures during calibration, the calibra-
tion resistance is significantly lower than the resistance during
ventilation. It is clearly observed that the estimated curve with-
out delay compensation resembles the hose-resistance curve of
the static calibration the best. The HC controller with delay
compensation obtains an accurate estimate of the online hose-
resistance curve. Also, the dispersion of this estimate is much
smaller than the dispersion of the curve without delay compen-
sation. Hence, online estimation with delay compensation re-
sults in the best model of the hose resistance during ventilation.

Concluding, explicitly taking into account the nonlinearity
of the hose and compensating for the measurements delays in
the estimators can significantly improve estimation and pres-
sure tracking performance in ventilation systems.

9. Conclusions and future work

It this paper, pressure tracking performance for mechanical
ventilation is significantly improved. This is achieved by ad-
dressing two system properties of mechanical ventilation sys-
tem, namely, delays in the system dynamics and nonlinear char-
acteristics of the hose resistance. It is shown that using explicit
knowledge about these system properties in the controller im-
proves pressure tracking performance significantly.

A control strategy that estimates a hose-resistance model and
uses this estimated model to compensate the pressure drop over
the hose is presented. Then, a compensation of the output delay
is included in the estimator of this control strategy. Analyti-
cally it is proved that the estimated hose resistance with this
delay compensation converges to the true hose resistance and
that the closed-loop system is Input-to-State Stable (ISS). Fur-
thermore, it is shown in simulations and experiments that this
delay compensation improves performance.

Thereafter, the linear hose-resistance model used in this con-
trol strategy is extended to a quadratic resistance model. In an
experimental case study a significant increase in tracking per-
formance compared to the other control strategies is observed.
Concluding, this paper shows that explicitly taking into ac-
count output delays and the nonlinear hose characteristics in
the control strategy can improve pressure tracking performance.
Therewith, patient support and comfort is improved.

10



1

2

3 4

1

2

3 4

1

2

3 4

1

2

3 4

42 31

1

2

3 4

Fig. 10: Experimental results of the benchmark and the nonlinear hose com-
pensation control strategies with online estimation. This figure shows the re-
sulting airway pressure and patient flow. The figure clearly shows that the
hose-compensation control strategies reduce overshoot in both flow and pres-
sure significantly. Furthermore, it shows that overshoot in pressure is reduced
significantly by including delay compensation in the controller.

Experimental validation of the proposed control strategy on
use-cases with spontaneously breathing patients is left for fu-
ture work. The results in Reinders et al. (2020a) are promis-
ing regarding the robustness of the proposed method in case
of spontaneously breathing patients. Also, analytical stabil-
ity proofs of the controller with the quadratic hose-resistance
model is left for future work.
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Appendix A. Proof of Theorem 2

The proof of Theorem 2 consists of three main steps:

• Lemma 3 shows that the unforced scalar NDDE, i.e., (27)
with w(t) = 0 ∀ t, is exponentially stable, i.e., converging
to zero exponentially fast.

• Lemma 4 shows that the system response of (27) for a
bounded input w(t) and zero initial condition, i.e., e(t) =

0, ∀ t ∈ [−τ, 0], is bounded.

• Theorem 2 is proved using the obtained properties of the
unforced and forced solution of (27), and the fact that the
explicit solution of (27) is the sum of the unforced and
forced solution.

In Definition 2 the fundamental function k(t) for the NDDE
in (27) without input is given.

Definition 2 (Scalar version of the fundamental matrix defined
in Kharitonov (2013) and Bellman & Cooke (1963)). Let k(t)
be a solution of the equation

d
dt

[k(t) − γk(t − τ)] = ak(t) + bk(t − τ), t ≥ 0, (A.1)

that satisfies the following conditions:

• initial condition, k(t) = 0, for t < 0, and k(0) = 1;

• sewing condition, k(t) − k(t − τ)γ is continuous for t ≥ 0.

Then k(t) is known as the fundamental function of system (27)
with w(t) = 0 for all t ≥ 0.

The definition of global exponential stability of a scalar
NDDE is given in Definition 3.

Definition 3 (Based on Definition 1.21 in Michiels & Niculescu
(2014)). The null solution of the scalar NDDE in (27) with zero
input, i.e., w(t) = 0 ∀ t, is globally exponentially stable if and
only if there exist constants C > 0 and γ > 0 such that

∀ϕ ∈ C ([−τ, 0],R), ‖et(ϕ)‖ ≤ Ce−γt‖ϕ‖s, (A.2)

where the function segment ϕ is the initial condition of (27).

In Proposition 1 properties of the NDDE without input that
ensure global exponential stability of its null solution are given.

Proposition 1 (Based on Proposition 1.22 in Michiels &
Niculescu (2014)). The null solution of the scalar NDDE in
(27) with zero input, i.e., w(t) = 0 ∀ t, is globally exponen-
tially stable if and only if all characteristic roots are located in
the open left half plane and bounded away from the imaginary
axis.

The characteristic roots of an NDDE are defined in (Michiels
& Niculescu, 2014, p. 16). The characteristic roots are the
values for λ for which the characteristic equation holds. The
characteristic equation of the scalar NDDE (27) with zero input
w(t) = 0 ∀ t is

det(∆N(λ)) = 0 (A.3)

with

∆N(λ) := λ(1 − γe−λτ) − a − be−λτ. (A.4)

Next, Lemma 3 proves that the unforced scalar NDDE, i.e.,
(27) with w(t) = 0 ∀ t, is globally exponentially stable, i.e., its
solutions are converging to zero exponentially. First it is shown
that the real parts of the roots of its characteristic equations are
strictly negative. Thereafter it is shown that the spectral ab-
scissa, i.e., the asymptote to which the infinte sequence of poles
of the NDDE converge, is strictly negative. This ensures that
the infinite sequence of poles is negative and does not converge
towards the imaginary axis. Finally, Proposition 1 is invoked to
ensure exponential stability.

Lemma 3. The scalar NDDE (27) with zero input w(t) = 0 ∀ t
is globally exponentially stable if 0 ≤ γ < 1, a < 0, b ≥ 0, and
|a| > |b|.

Proof. From (A.3), the characteristic roots of (27) are given by

λ =
a + be−λτ

1 − γe−λτ
. (A.5)

Using the definition of products of exponentials, Euler’s for-
mula, c := cos(−Im(λ)τ), and s := sin(−Im(λ)τ) gives

e−λτ = e−Re(λ)τe− jIm(λ)τ

= e−Re(λ)τ(cos(−Im(λ)τ) + j sin(−Im(λ)τ))

= e−Re(λ)τ(c + js),

(A.6)
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where j is the imaginary unit. Substitution of (A.6) in (A.5)
gives

λ =

λA︷          ︸︸          ︷
a + be−Re(λ)τc +

λB︷      ︸︸      ︷
jbe−Re(λ)τs

1 − γe−Re(λ)τc︸          ︷︷          ︸
λC

+− jγe−Re(λ)τs︸         ︷︷         ︸
λD

=
λA + λB

λC + λD
, (A.7)

where λA and λC are real numbers and λB and λD are pure imag-
inary numbers. Next, this equation is rewritten by multiplying
the numerator and denominator by the complex conjugate of
the denominator:

λ =
λA + λB

λC + λD

λC − λD

λC − λD
=
λAλC − λAλD + λBλC − λBλD

λ2
C − λ

2
D

. (A.8)

Since λAλC , λBλD, λ2
C , and λ2

D are real numbers and λAλD and
λBλC are pure imaginary numbers, the real part and imaginary
parts of this equation are separated, resulting in an equation for
the real parts of the characteristic roots:

Re(λ) =
λAλC − λBλD

λ2
C − λ

2
D

. (A.9)

For λ to be an eigenvalue, it must satisfy this equation. Next,
it is shown that for non-negative real parts of lambda, i.e.,
Re(λ) ≥ 0, this equation cannot be satisfied given the bounds
on the parameters a, b, and γ. It is shown that for Re(λ) ≥ 0
the denominator of (A.9) is strictly positive and its numera-
tor is strictly negative, i.e., the right-hand side is strictly neg-
ative. Therewith, it is shown that (A.9) cannot be satisfied for
Re(λ) ≥ 0, hence, there exist no non-negative eigenvalues.

It is shown that for Re(λ) ≥ 0 the denominator of (A.9) is
strictly positive, i.e.,

1 + γ2e−2Re(λ)τ − 2γe−Re(λ)τc > 0. (A.10)

For Re(λ) ≥ 0 it holds that e−Re(λ)τ ∈ [0, 1], hence 2γe−Re(λ)τ ≥

0. Using this, the left-hand side of (A.10) is lower bounded
for c = 1 using c := cos(−Im(λ)τ) ∈ [−1, 1]. This gives an
inequality that is more strict than (A.10)

1 + γ2e−2Re(λ)τ − 2γe−Re(λ)τ = (1 − γe−Re(λ)τ)2 > 0. (A.11)

This inequality holds because 0 ≤ γ < 1 and e−Re(λ)τ ∈ [0, 1],
hence, 0 ≤ γe−Re(λ)τ < 1. Therefore, it is proved that the de-
nominator of (A.9) is strictly positive for Re(λ) ≥ 0.

Next, it is shown that the numerator of (A.9) is strictly nega-
tive for Re(λ) ≥ 0, i.e.,

a + be−Re(λ)τc − aγe−Re(λ)τc − bγe−2Re(λ)τ < 0. (A.12)

Because b ≥ 0, −aγ ≥ 0, and e−Re(λ)τ ∈ [0, 1], it is known that
c = 1 gives an upper bound for (A.12). Therefore, showing that
(A.12) with c = 1 is strictly negative is sufficient. This gives

(a + be−Re(λ)τ) − (a + be−Re(λ)τ)γe−Re(λ)τ

= (a + be−Re(λ)τ)(1 − γe−Re(λ)τ) < 0.
(A.13)

Using the parameter bounds and Re(λ) ≥ 0, the first part be-
tween brackets is strictly negative, and the second part between
brackets is strictly positive. Therefore, it is ensured that the nu-
merator of (A.9) is strictly negative for Re(λ) ≥ 0. Hence, the
characteristic roots of (27) with the given parameter bounds are
strictly negative.

It remains to proof that the spectral abscissa cD are in the
open left-half plane. The spectral abscissa cD is, according to
(Michiels & Niculescu, 2014, p. 19), defined as

cD := sup{Re(λ) : det ∆D(λ) = 0} (A.14)

with ∆D(λ) = 1 − γe−λτ. The spectral abscissa is the supre-
mum of the real part of the solution of (using the definition of
products of exponentials and Euler’s formula):

1 − γe−Re(λ)τ(c − js) = 0. (A.15)

Considering the real part only gives

1 − γe−Re(λ)τc = 0. (A.16)

This gives

Re(λ) = −
1
τ

ln
(

1
γc

)
. (A.17)

For c < 0, the right-hand side is imaginary, hence, it has no
solutions. The supremum for this equation is given by c = 1,
which gives spectral abscissa cD = − 1

τ
ln

(
1
γ

)
. Since 0 ≤ γ < 1,

it is concluded that cD < 0, i.e., the spectral abscissa is strictly
smaller than zero.

Invoking Proposition 1 ensures exponential stability of the
scalar NDDE in (27) with zero input, given the bounds on the
parameters. Therewith, the proof of this lemma is completed.

In Lemma 4 it is proved that the states of the scalar NDDE
in (27) with input w(t) and zero initial condition, i.e., e(t) =

0, ∀ t ∈ [−τ, 0], remain bounded if the parameters satisfy 0 ≤
γ < 1, a < 0, b ≥ 0, and |a| > |b|. In the proof of Lemma 4 an
explicit solution of (27) with zero initial condition is derived.
Thereafter, it is shown that this expression is bounded, i.e., e(t)
is bounded, for bounded inputs w(t).

Lemma 4. The scalar NDDE in (27) with input w(t) and zero
initial condition, i.e., e(t) = 0, ∀ t ∈ [−τ, 0], remains bounded
if the parameters satisfy 0 ≤ γ < 1, a < 0, b ≥ 0, and |a| > |b|
and the input w(t) is bounded.

Proof. To obtain the explicit solution of (27) for zero initial
condition, the proof of Theorem 6.1 in Kharitonov (2013) is
followed. Let t > 0 and ξ ∈ (0, t). Using (A.1), the following
partial derivative is computed

J :=
∂

∂ξ

([
k(t − ξ) − γk(t − ξ − τ)

]
e(ξ, ϕ)

)
= −

[
ak(t − ξ) + bk(t − ξ − τ)

]
e(ξ, ϕ) (A.18)

+
[
k(t − ξ) − γk(t − ξ − τ)

]
ė(ξ, ϕ)

13



The last line in the previous equation is rewritten using the fact
that e(ξ, ϕ) is a solution of (27). This results in

J1 :=
[
k(t − ξ) − γk(t − ξ − τ)

]
ė(ξ, ϕ)

=k(t − ξ)
[
ae(ξ, ϕ) + be(ξ − τ, ϕ)

+γė(ξ − τ, ϕ) + w(t)
]

− γk(t − ξ − τ)ė(ξ, ϕ).

(A.19)

Now, (A.19) is substituted in (A.18) and terms are canceled out,
resulting in the following equality:

J :=
∂

∂ξ

([
k(t − ξ) − k(t − ξ − τ)

]
e(ξ, ϕ)

)
=k(t − ξ)γė(ξ − τ, ϕ) − k(t − ξ − τ)γė(ξ, ϕ)

+ k(t − ξ)be(ξ − τ, ϕ) − bk(t − ξ − τ)e(ξ, ϕ)
+ k(t − ξ)w(t).

(A.20)

Integrating this equality by ξ from 0 to t results in:[
k(0) − γk(−τ)

]
e(t, ϕ) −

[
k(t) − γk(t − τ)

]
e(0, ϕ)

=

∫ t

0
γk(t − ξ)ė(ξ − τ, ϕ)dξ −

∫ t

0
γk(t − ξ − τ)ė(ξ, ϕ)dξ

+

∫ t

0
bk(t − ξ)e(ξ − τ, ϕ)dξ −

∫ t

0
bk(t − ξ − τ)e(ξ, ϕ)dξ

+

∫ t

0
k(t − ξ)w(t)dξ.

(A.21)

Now, filling in the initial condition property for k(t), i.e., k(0) =

1 and k(−τ) = 0, and some rewriting (by shifting the integration
interval) gives the explicit solution of (27):

e(t, ϕ) =
[
k(t) − γk(t − τ)

]
e(0, ϕ)

+

∫ 0

−τ

bk(t − ξ − τ)e(ξ)dξ

+

∫ 0

−τ

γk(t − ξ − τ)ė(ξ)dξ

+

∫ t

0
k(t − ξ)w(t)dξ.

(A.22)

Next, the zero-initial condition values are filled in, i.e.,
e(0, ϕ) = 0 and e(ξ) = ė(ξ) = 0, ∀ξ ∈ [−τ, 0]. Filling in gives
the explicit solution of (27) with zero initial condition:

e(t, ϕ) =

∫ t

0
k(t − ξ)w(ξ)dξ, t ≥ 0. (A.23)

From Definition 2, it is known that the fundamental function
k(t) satisfies the same NDDE as the considered system (27) with
zero input, i.e., w(t) = 0. Therefore, invoking Lemma 3 shows
that k(t) is exponentially stable, i.e., ‖k(t)‖ ≤ Ce−γt for some
positive constants C and γ, see Definition 3. Using this property
of k(t) and (A.23), the following result is obtained for the scalar

NDDE with zero initial condition:

|e(t, ϕ)| ≤
∫ t

0
|Ce−γ(t−ξ)|dξ sup

s≥0
|w(s)|

=
C
γ

sup
s≥0
|w(s)|[e−γ(t−ξ)]t

0

=
C
γ

sup
s≥0
|w(s)|

(
1 − e−γt

)
≤

C
γ

sup
s≥0
|w(s)|.

(A.24)

This results ensures that the state of the NDDE in (27) is
bounded if it has a bounded input and starts with zero initial
condition, i.e., e(t) = 0 for t ≤ 0.

Finally, in the proof of Theorem 2, the results of Lemma 3
and 4 are used to show that the NDDE in (27) is ISS.

Proof of Theorem 2. The explicit expression for e(t, ϕ) in
(A.22) shows that the explicit solution of (27) is the sum of
the solution with non-zero initial condition and zero input, and
the solution with zero initial condition and non-zero input. This
ensures that the following bound on e(t, ϕ) exists (using Lemma
3 and 4, and Proposition 1):

|e(t, ϕ)| ≤ C1e−γ1t +
C2

γ2
sup
s≥0
|w(s)| (A.25)

with C1, C2, γ1, and γ2 all positive scalar values. Therewith,
the ISS proof of a scalar NDDE (27) with parameters that sat-
isfy 0 ≤ γ < 1, a < 0, b ≥ 0, and |a| > |b| is complete.

14


