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Abstract—Feedforward control is essential for achieving high
accuracy for nonlinear mechatronic systems. The aim of this
paper is to develop a kernel-based iterative learning control (ILC)
approach that enables the specification of parameters through
suitable kernels. The developed kernel-based iterative learning
control (KILC) framework employs basis functions to facilitate
task flexibility and nonlinear and non-causal feedforward as
function of the reference signal. Experimental results on a
printer motion system subject to nonlinear friction demonstrate
that the developed framework is capable of achieving improved
performance for systems with non-minimum phase and higher-
order dynamics compared to preexisting feedforward methods.

I. INTRODUCTION

Feedforward control is essential in mechatronic systems,
including printers [1] and semiconductor wire bonders [2]
that perform varying motion tasks with extreme accuracy
requirements. Data-driven methods, such as inverse model
feedforward and iterative learning control, can meet these
high performance requirements, since they can effectively
compensate the reference-induced error. Key requirements are
1) high accuracy, and 2) applicability for a wide range of tasks.

The requirements of high accuracy and task flexibility have
led to the development of approaches that bridge model-based
feedforward and data-driven learning. Standard ILC enables
high performance for repeating motion tasks by iteratively
optimizing the feedforward signal [3]. However, it requires
identical tasks and leads to a performance degradation for
varying tasks. In [4], a signal library of discrete elements
with ILC is exploited. This enables a broad class of tasks,
but requires tasks to be in the library. In [5], [6], iterative
learning control with basis functions (ILCBF) is introduced,
parameterizing the feedforward signal by a polynomial basis
function (BF). These BFs represent the dynamic behavior of
the system, such that extrapolation of the motion tasks is
enabled. However, polynomial parameterizations are limited
in describing flexible system dynamics, hence do not meet
the performance requirements. In [7], a similar approach is
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presented for estimating FIR models, however, the estimated
FIR models are used as learning filters, which is not the goal
here.

Substantial improvements have been made to extend the
model structure to deal with rational systems and nonlinear
elements. Extensions to rational feedforward using norm-
optimal ILC are made in [8]–[10], enabling higher perfor-
mance at the cost of a non-convex optimization problem. This
approach is a direct extension of joint input shaping and feed-
forward, see, e.g., [11]. Non-causal rational orthonormal basis
functions (ROBFs) [12] are employed in [1] and use the poles
of the system to construct ROBFs, enabling convex optimiza-
tion using ILC, accurate description of rational systems, and
infinite pre-actuation and post-actuation. Further, optimization
of the poles using non-convex optimization is exploited in
[9], [13]. Despite substantial performance improvements, the
model-order selection is challenging and requires substantial
user experience or dedicated optimization approaches, see,
e.g., [14]. Furthermore, ILCBF allows incorporation of non-
linear basis functions to compensate for nonlinear dynamics,
such as Coulomb friction and nonlinear rigid-body dynamics.

Parallel to the developments in learning control, other
techniques have focused on another key step in feedforward
control, namely identification of inverse systems. In particular,
advancements using concepts of machine learning [15], such
as, Gaussian processes (GPs) and kernels, are made. In [16],
the dynamic system is represented as a GP, essentially replac-
ing the model structure and order selection by a prior that is
encoded in a suitable kernel. The use of such regularization
techniques has enabled a different specification of the model
complexity in system identification, see, e.g., [17], [18]. In
[16], the inverse model of a non-minimum phase (NMP)
system is viewed as a non-causal and bounded operator. Non-
causality is crucial for the compensation of NMP dynamics in
feedforward control [19]. However, only LTI, albeit possibly
non-causal, feedforward is considered in [16], and extensions
to nonlinear elements and closed-loop systems are not straight-
forward.

Although important developments have been made in iter-
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Fig. 1. Control scheme with feedback and feedforward input fj . High tracking
performance ej = −Svj , is achieved for fj = P−1r.

ative learning control for general tasks, at present the use of
kernel-based approaches has not been exploited yet. The aim
of this paper is to develop a kernel-based approach to ILC,
and present a specific approach for non-causal and nonlinear
basis functions arising in motion feedforward control. The
contributions are:

I a kernel-based regularization framework for iterative
learning control with convergence analysis,

II feedforward parameterization and kernel design for flex-
ible non-causal feedforward for nonlinear systems, and

III experimental validation on a printer motion system.

The outline of this paper is as follows. In Section II, the
problem definition is stated. The kernel-based ILC frame-
work with convergence analysis is presented in Section III.
In Section IV, non-causal and nonlinear basis functions are
presented and a suitable kernel is developed. In Section V,
the experimental validation of the proposed method is given
on a printer motion system. Section VI contains conclusions
and future work.

II. PROBLEM FORMULATION

In this section, the learning problem for kernel-based ILC
is formulated.

Consider the closed-loop system shown in Fig. 1. The
system and feedback controller are denoted by P and C,
respectively. Both are considered to be discrete-time, single-
input, single-output, and linear time-invariant (LTI). The sys-
tem can be NMP, i.e., have zeros both inside and outside
the unit disk, denoted by D = {z ∈ C : |z| < 1} and
E = {z ∈ C : |z| > 1}, respectively. An experiment, also
called trial, has index j, length N ∈ N, reference rj ∈ RN ,
that is possibly trial-varying, and measured output yj ∈ RN
which is subjected to measurement noise vj ∈ RN . Here, vj is
assumed to be Gaussian with zero mean and variance σ2IN ,
i.e., vj ∼ N (0, σ2IN ).

From Fig. 1 it follows that the error at trial j, in this so-
called lifted representation, is given by

ej = S(rj − Pfj)− Svj , (1)

where S = (I +PC)−1 is the sensitivity and SP the process
sensitivity. The controller C is assumed to be internally
stabilizing, i.e., S, SP, SC, SPC ∈ H∞. The index j is often
omitted for brevity.

Using (1), the error for trial j + 1 is derived,

ej+1 = S(rj+1 − Pfj+1)− Svj+1, (2)

and under the assumption of the same motion tasks for every
iteration, i.e., assuming rj+1 = rj = r, the error propagation
is derived from trial j to j + 1, i.e.,

ej+1 = ej − J(fj+1 − fj)− S(vj+1 − vj), (3)

where J = SP is the impulse response matrix of the process
sensitivity.

To allow for flexibility in the motion task, the feedforward
signal fj is parameterized by a set of basis functions, denoted
by Ψ(rj) ∈ RN×nθ , and feedforward parameters θj ∈ Rnθ×1,
i.e.,

fj = Ψ(rj)θj . (4)

By selection of Ψ(rj) as a function of the reference, the
feedforward signal becomes invariant under the motion task,
i.e., if the reference changes the feedforward signal changes
accordingly, see (1). For brevity purposes (r) in Ψ(r) is
often omitted. In [5], [6], polynomial basis functions of the
reference are employed. However, in both of the above cases,
the performance is limited by how well Ψ(r)θ describes the
inverse system P−1.

Remark 1. Traditional ILC is recovered as a special case:
Ψ = IN , hence, fj+1 = θj+1. �

Note that ej+1, given by (3), is linear in the parameters
θj+1 with the feedforward parameterization of (4). As such,
ej+1 of (3), under the assumption of rj+1 = rj = r, becomes

ej+1 = ej − JΨ(r) (θj+1 − θj)− S(vj+1 − vj). (5)

The objective of feedforward control in the ILC context is
to minimize the tracking error of the next trial, ej+1 of (5),
by designing θj+1 based on measured data of the previous
trial, i.e., ej and θj . The optimization problem is formulated
by describing the performance criterion, or cost function, as
follows:

J (θj+1) = ‖ej+1‖2 + γ‖θj+1‖2K , (6)

where γ‖θ‖2K = γθ>K−1θ is the user-defined regularization
term with positive definite matrix K ∈ Rnθ×nθ and positive
weight γ ∈ R. The former can serve as a prior on the param-
eters and the latter balances the penalty on the feedforward
parameters with the error signal, i.e., the prior with respect
to the data. The regularization decreases the variance, at the
cost of introducing bias. Moreover, it also admits a Bayesian
interpretation of the feedforward parameters [15].

The aim of this paper is twofold. First, to present an ILC
framework with convergence conditions as the solution of (6).
Second, to design for task flexibility in nonlinear and non-
causal feedforward motion control. Specifically, design Ψ in
(4) in conjunction with K, such that J (θ) is minimized.

III. KERNEL-BASED ILC

In this section, a kernel-based regularization approach to
ILC, called KILC onward, is developed. A Bayesian approach
is followed and monotonic convergence conditions are derived.
This approach is a solution to the problem formulated in
Section II and constitutes contribution I.
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To achieve kernel-based regularization in ILC, the feed-
forward parameters are regarded as a random variable of a
Gaussian distribution with zero mean and covariance matrix
K, i.e.,

θ ∼ N (0,K) , (7)

see, e.g., [15, Section 2.1] and [18, Section 4]. Here, K ∈
Rnθ×nθ is the covariance matrix, or kernel matrix, and is a
measure of the complexity, i.e., smoothness over the space of
θ [20], and forces desired properties, e.g., non-causality and
decay. Suitable kernels are constructed in Section IV.

Recall (5), by defining the measurement data of the last
experiment as Y = ej + JΨθj , we obtain

ej+1 = Y − JΨθj+1, (8)

where Y is subject to measurement noise vj . Under the
assumption vj to be Gaussian and independent of θ and r,
Y and θj+1 will be jointly Gaussian variables, see, e.g., [18,
Section 4]:[
θj+1

Y

]
∼ N

([
0

0

]
,

[
K KΨ>J>

JΨK JΨKΨ>J> + σ2IN

])
. (9)

The posterior distribution from conditioning θj+1 on the data
Y = ej + JΨθj yields

θj+1|Y ∼ N
(
θ∗j+1,K

∗
j+1

)
(10)

where the mean θ∗j+1 is given by

θ∗j+1 = KΨ>J>
(
JΨKΨ>J> + σ2IN

)−1
(ej + JΨθj) ,

(11)
and follows from the representer theorem [18, Section 11.3].

The mean of the posterior distribution (11) is equal to the
regularized least squares estimate of (6), with γ = σ2 [18,
Section 4]. Since (5) is linear in the parameters θj+1, (6) is
quadratic in θj+1, (11) is obtained again as the regularized
least squares solution.

Note that a parametric model of the process sensitivity is
required to determine the impulse response matrix J . In addi-
tion, the noise variance γ = σ2, i.e., regularization parameter,
is typically not known, hence it needs to be estimated. It can
be optimized by marginal likelihood optimization, see, e.g.,
[18, Section 4.4].

A. Convergence analysis

A convergence analysis of KILC is provided. The solution
(11) can be written in the form

θ∗j+1 = Qθj + Lej , (12)

with

Q = KΨ>J>
(
JΨKΨ>J> + γIN

)−1
JΨ, (13)

L = KΨ>J>
(
JΨKΨ>J> + γIN

)−1
, (14)

where Q ∈ Rnθ×nθ and L ∈ Rnθ×N . The system (5) with the
solution (12) is monotonically convergent with respect to the
2-norm of the error if

σ̄ (Q− LJΨ) < 1, (15)

and follows directly from [6, Lemma 3.4].

Theorem 1 Monotonic convergence. The system (5) with
the solution (12) is guaranteed to be monotonic convergence
with respect to the 2-norm of the error if

JΨKΨ>J> + γIN � 0. (16)

Proof. Substitute (13)-(14) in (15) and use auxiliary result
σ̄(A−1) < 1 for A � 0, hence JΨKΨ>J> + γIN � 0. �

In the case that the monotonic convergence condition of
Theorem 1 does not hold, i.e., if JΨKΨ>J> is not full rank,
γ can be increased to enhance the regularization.

To conclude, θ∗j+1 is obtained from closed-loop data ej and
θj using kernel-based regularization. Next, special cases are
recovered.

B. Special cases

The presented KILC approach is different from kernel-based
identification [16]. Additionally, special cases of ILCBF [5],
[6] and traditional ILC are recovered from KILC.

First, KILC is different from kernel-based identification
methods for open-loop systems, i.e., C = 0, where identifica-
tion of the inverse system u(t) = P−1y0(t)+vu is performed
with open-loop data {y(t), u(t)}Nt=1, see, e.g., [16]–[18]. Here,
the solution of the regularized least-squares problem is

θ̂ = argmin
θ
‖uN − ΦNθ‖2 + γ‖θ‖2K (17)

= KΦ>N
(
ΦNKΦ>N + γIN

)−1
uN (18)

where ΦN is the regression matrix where the ith row is
described by ΦN (ti, ·)θ =

∑nc
τ=−nac θτy(ti − τ). This result

looks similar to the KILC solution in (11) with output uN =
ej , regression matrix ΦN = JΨ, and previous parameter
estimate θj = 0. However, note that the ILC approach is
conceptually different from the estimation-based approach,
since the KILC solution of (11) uses a model J in the
regression matrix and does not necessarily assume θj = 0,
i.e., no previous estimate of the parameters. In [8], ILC versus
estimation-based approaches are further investigated.

Second, norm-optimal ILC with basis functions (ILCBF) is
recovered from KILC by setting K = Inθ , i.e., regularization
that is constant over the parameters, hence no smoothness
is specified by the kernel and ridge regression, or Tikhonov
regularization, in ILC is obtained. Indeed, no regularization is
obtained for γ = 0, i.e., standard least-square regression. This
corresponds to inverse model ILC since no weighting on the
parameters is placed. This results in reduced robustness with
respect to model uncertainty and may lead to no convergence
in the absence of basis functions [2]. Indeed, ILCBF can be
viewed as a special case of KILC.

Last, traditional ILC without basis functions is recovered
from KILC for Ψ(r) = IN , i.e., θ = f . The interpretation of
the kernel K is then that it specifies the smoothness over the
feedforward signal f .

Next, a feedforward parameterization and a suitable kernel
structure are developed for KILC.
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Fig. 2. Control scheme with feedforward structure consisting of non-causal
FIR and nonlinear basis functions. Note that the feedforward structure is a
function of r, hence extrapolation to different motion tasks is possible.

IV. BASIS AND KERNEL DESIGN FOR NON-CAUSAL
NONLINEAR FEEDFORWARD

The aim of this section is to design basis Ψ(r) in con-
junction with kernel K, to achieve flexible feedforward for
non-causal and nonlinear systems. First, a feedforward param-
eterization is presented, whereafter a suitable kernel design is
presented, both constitute contribution II.

A. Feedforward parameterization

The feedforward signal is parameterized as a function of
the reference to enable extrapolation capabilities and consists
of two parts, as depicted in Fig. 2.

The first part is a linear equation of r, e.g., a polynomial
finite impulse response (FIR) basis describing the non-causal
impulse response. This allows for compensation of the high-
order flexible dynamics and enables pre-actuation necessary
for NMP systems, i.e., P (z) with zeros in E, see, e.g., [16].
The second part is a prescribed nonlinear part in r, e.g., a
basis describing Coulomb friction, which is given by ψ(r) =
sign(ṙ).

Now, the feedforward signal fj = Ψ(r)θj is the sum of the
linear and nonlinear parameterizations and is specified as

fj =
[
Ψl(r) Ψnl(r)

] [ θl
θnl

]
, (19)

=

nc∑
τ=−nac

θτ,lr(t− τ) +

nnl∑
i=1

ψi(r)θi,nl, (20)

where Ψ(r) =
[
Ψl(r) Ψnl(r)

]
∈ RN×nθ are the polynomial

FIR basis and the nonlinear basis functions, ψi denotes the

ith nonlinear basis function, and θ =
[
θl θnl

]>
, with

θ ∈ Rnθ×1, with nθ = nac + 1 + nc + nnl, is the sum of the
number of anti-causal and causal impulse response parameters
and the number of nonlinear basis functions, respectively. Gen-
eralization to other linear and nonlinear parts is conceptually
straightforward. Note that the main idea of this feedforward
parameterization is that the error (1) in iteration domain is
invariant under changes of the motion task r, i.e., rj 6= rj+1,
which can be concluded from substitution in (1). Moreover,
note that (20) is linear in parameters θ, hence optimization
problem (6) is convex.

Remark 2. A causal FIR parameterization commonly used
in traditional ILCBF is obtained from the non-causal FIR by
setting nac = 0, see, e.g., [2], [21]. �

Because of the requirements on task flexibility and high
performance, it is critical to avoid overfitting in the presence
of noise [22], especially since the number of parameters is
typically large, i.e., nc, nac � 1. Overfitting can be avoided
by regularization, i.e., specifying a kernel that poses a prior
on the feedforward parameters, as shown in Section III. Next,
a suitable kernel for the parameterization is constructed.

B. Kernel design

A suitable kernel structure for the proposed feedforward
parameterization is developed in this section. The kernel
introduces prior information on both parts of the feedforward
parameterization, as shown in Fig. 2, i.e., the non-causal FIR
parameters and the nonlinear basis functions parameters.

The key step in the developed kernel structure is making
the kernel K block diagonal, i.e.,

K =

[
Kl 0

0 Knl

]
, (21)

where it is seen that the kernel consists of two distinct parts,
Kl is the prior on the FIR parameters and Knl the part
regularizing the nonlinear feedforward parameters.

1) Kernels for non-causal LTI systems: The kernel structure
Kl describes the complexity of the impulse response of the
inverse system. Since non-causal systems are considered with
available prior knowledge, a non-causal kernel that allows for
specifying prior knowledge should be selected. For instance
non-causal OBFs, as argued in [16], have the ability to describe
the resonant dynamics caused by the complex conjugated
poles of P−1(z). Hence, by constructing a non-causal kernel
from OBFs, prior information about the non-causal impulse
response parameters of the inverse system is encoded in the
kernel.

The non-causal OBF kernel is constructed as

kOBF(t, t′) =

nc∑
k=1

φc,k(t)φ>c,k(t′) +

nac∑
k=1

φac,k(t)φ>ac,k(t′),

(22)
where φc,k(t) ∈ `2(N) and φac,k(t) ∈ `2(Z ), with Z the set
of negative integers, and are obtained by taking the inverse
z-transform of the rational orthonormal functions

ψc,k(z) =

√
1− |ξc,k|2

z − ξc,k

k−1∏
i=1

1− ξc,iz
z − ξc,i

, (23)

ψac,k(z) =

√
1− |ξac,k|2

1− ξac,kz

k−1∏
i=1

z − ξac,i
1− ξac,iz

. (24)

The functions (23) and (24) are, respectively, defined by
the sets of poles ξc = {ξc,k}k=1,2,...,nc ∈ D and ξac =
{ 1
ξac,k
}k=1,2,...,nac ∈ E. The set {ψc,k} contains the causal

functions and direct feedthrough terms, and {ψac,k} contains
the anti-causal functions. Now, the kernel Kl is constructed
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using the elements Kl,ij = kOBF(ti, tj) with ti, tj ∈
{−nac, . . . , nc}.

Note that other kernels are suitable for Kl, such as a non-
causal first-order stable spline kernels or non-causal second-
order stable spline kernels, which relax the requirements on
knowledge of the poles of the inverse system, see [16] for
these kernels and their relative performance. In addition, [16]
shows that causal kernels are recovered as a special case from
the non-causal kernels.

2) Kernels for nonlinear feedforward: The nonlinear com-
ponent of the kernel structure of (21) enables specifying com-
plexity for the nonlinear parameters of the system. However,
in many cases, the priors from each nonlinear basis and
the linear dynamics are unrelated, hence an identity kernel
suffices, i.e., Knl = αIθnl . Here, α is a scaling factor for
normalization purposes with respect to Kl. Prior knowledge
about the nonlinearity of the system can be included in the
basis function ψ(r), as shown in (20).

To conclude, the described feedforward parameterization
of (20) with the suitable kernel structure of (21) allows for
simultaneous learning of the impulse response and nonlinear
basis parameters. In the next section, the developed framework
is tested in the presence of noise on an experimental motion
system.

V. EXPERIMENTAL RESULTS

In this section the pre-existing ILCBF method and the
proposed KILC method are analyzed on a printer motion
system. This section constitutes contribution III.

A. System description

The printer motion system under consideration is depicted
in Fig. 3. The system consists of a current controlled motor
with input range of ±2.5V driving a carriage that slides along
a guide. The carriage position is measured by a 600 counts per
inch optical encoder. The drive belt that connects the motor
to the carriage has finite stiffness. A discrete-time parametric
model is obtained from frequency response measurements.
The plant and feedback controller are discretized using a first-
order-hold scheme with sample time 1 ms, and are give by

P (z) =
(z + 29.8)(z + 1.46)(z − 0.141)(z + 0.0905)

3.40 · 108 · z3(z − 1)2(z2 − 1.67z + 0.886)
(25)

C(z) =
109z2 + 4.28z − 104

z2 − 1.65z + 0.704
. (26)

The inverse system, P−1(z), has two stable poles in D and
two unstable poles in E. The system has pronounced NMP
dynamics, since the input and output are non-collocated. The
scaled reference r is depicted in Fig. 4, which consists of two
third-order polynomial point-to-point motions of 0.3m with a
short rest in between.

B. KILC setup

The used feedforward parameterization for KILC, as de-
scribed in (20), consists of a non-causal FIR with nac = 100

Fig. 3. Printer motion system with: motor, drive belt, slide guide, and carriage
with printhead.

anti-causal terms and nc = 100 causal terms, and nnl = 1
nonlinear term to compensate the Coulomb friction, i.e.,

fj =
100∑

τ=−100
θτ,lr(t− τ) + sign(ṙ)θnl. (27)

The OBF kernel is used, as described in Section IV. The
hyperparameters of the kernel, i.e., the 2 poles in D and 2 poles
in E corresponding to the zeros of P (z), are selected based
on the parametric model (26), hence some model knowledge
is used. The scaling α of Knl is 1, such that K is normalized.
Furthermore, γ = 10−15 is selected and is empirically tuned
to satisfy convergence condition (15).

C. ILCBF setup

The developed approach is compared to the traditional IL-
CBF method. The ILCBF method is used to estimate the mass
and Coulomb friction of the system, i.e., Ψ(r) = [ r̈ sign(ṙ) ],
with fj = Ψ(r)θ where the weighting K = 1 with γ = 0 is
used in (11), i.e., no regularization. As described in III-B, this
directly corresponds to ILCBF [6].

D. Results

The number of trials is set to 10, starting at trial j = 0
without feedforward, i.e., θ0 = 0. The error signal and
corresponding feedforward signal after convergence of the
algorithms are depicted in Fig. 4. The error at standstill is due
to lack of an integral control action in the feedback controller
and due to insufficient feedforward control action. The root
mean square error (RMSE) and maximum error, ‖e‖∞, of
both methods are shown in Table I. As can be concluded, the
KILC algorithm achieves superior performance compared to
the ILCBF method with only two bases. The results show that
KILC automatically identifies impulse response parameters to
compensate higher-order dynamics, e.g., the snap parameter to
compensate for the low-frequent contributions of the flexible
dynamics [23].

VI. CONCLUSION

The presented kernel-based ILC framework enables accurate
control for a class of non-causal and nonlinear systems.
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Fig. 4. Time-domain error and feedforward signals of both ILCBF ( ) and
KILC using an OBF kernel ( ) for the scaled reference signal ( ). Both
methods use a nonlinear Coulomb friction component. Clearly, KILC achieves
higher accuracy by compensation of higher-order dynamics.

TABLE I
EXPERIMENTAL RESULTS OF ILC METHODS ON PRINTER.

Method RMSE [mm] ‖e‖∞ [mm]
KILC with FIR, KOBF, and sign(ṙ) 0.2515 1.0160

ILCBF with r̈ and sign(ṙ) 0.5314 2.3283

The ILC approach exploits the use of non-causal kernels to
regularize the non-causal impulse response parameters and
learns these simultaneously with prescribed nonlinear basis
functions in closed-loop. Prior knowledge about the system
is added through a developed kernel design approach, which
enforces model complexity and non-causality to deal with
NMP systems. The benefits of the developed method for
feedforward control are demonstrated on a printer motion
system. Performance improvements are most prominent for
systems with NMP and higher order dynamics.

Ongoing research focuses on application to MIMO sys-
tems, validating the extrapolation capabilities, selecting non-
linear basis functions derived from rigid-body modeling, op-
timization of the hyperparameters, and modeling position-
dependency of the feedforward parameters.
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