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Control design for high-performance sampled-data systems with continuous time performance

specifications is investigated. Direct optimal sampled-data control design explicitly addresses

both the digital controller implementation and the intersample behaviour. The model that is

required for direct optimal sampled-data control should evolve in continuous time. Accurate

models for control design, however, generally evolve in discrete time since they are obtained by

means of system identification techniques. The purpose of this paper is the development of a

control design framework that enables the usage of models delivered by system identification

techniques, while explicitly addressing both the digital controller implementation and the

intersample behaviour aspects. Thereto, the incompatibility of the models delivered by system

identification techniques and the models used in sampled-data control is analysed.

To use models delivered by system identification techniques in conjunction with optimal

sampled-data control, tools are employed that stem from multirate system theory. For the

actual control design, key theoretical issues in sampled-data control, which include the linear

periodically time-varying nature of sampled-data systems, are addressed. The control

design approach is applied to the H1-optimal feedback control design of an industrial

high-performance wafer scanner. Experimental results illustrate the necessity of addressing the

intersample behaviour in high-performance control design.

List of abbreviations

CT Continuous time
DT Discrete time

DOF Degree-of-freedom
IC Integrated circuit

LPTV Linear periodically time varying
LTI Linear time invariant

MIMO Multi-input multi-output
MR Multirate
SD Sampled-data

SISO Single-input single-output
ZOH Zero-order hold

1. Introduction

Industrial high-precision six degrees-of-freedom (DOFs)

positioning systems are subject to increasing demands

regarding speed and accuracy. An example of such a

system is a wafer stage that is part of a wafer scanner.

These scanners are used for the production of integrated

circuits (ICs); see Stix (1995). The market position of a

wafer scanner is mainly determined by the accuracy of

the produced ICs and by the throughput of the machine

(Mack 2004). The accuracy translates into typical

requirements of the wafer stage position accuracy in

the order of nanometers, whereas the throughput

translates into high scan velocities and accelerations

of approximately 0.5m/s and 10m/s2, respectively.

Besides a nearly perfect electromechanical design, a*Corresponding author. Email: t.a.e.oomen@tue.nl
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state-of-the-art control system is indispensable for the
satisfaction of these ever-increasing demands.
Optimal model-based control is a rigorous and

systematic approach for designing high-performance
controllers for multi-input multi-output (MIMO) sys-
tems. To achieve high performance, (i) the designed
controller should be implemented accurately, (ii) the
model should contain those aspects of the true system
that are relevant for feedforward and feedback control
design, and (iii) the performance and robustness
requirements should be reflected in a suitably chosen
criterion.
The performance of the controlled system is naturally

evaluated in continuous time (CT). The controller,
however, is implemented in a digital environment to
enable high implementation flexibility and accuracy.
The controlled system is thus a sampled-data (SD)
system. In SD control design, three approaches can be
distinguished:

(I) continuous time (CT) control design with a
posteriori controller discretization;

(II) plant discretization and subsequent discrete time
(DT) control design;

(III) direct SD control design.

In the first approach, the digital controller implementa-
tion is neglected during control design, whereas in the
second approach intersample behaviour is ignored.
Approaches I and II are standard in control design
(Åström and Wittenmark 1990, Franklin et al. 1998)
and result in satisfactory performance if the sampling
frequency is well beyond the frequency of the dynamics
to be controlled. In state-of-the-art motion control,
however, the trend is that closed-loop bandwidth
requirements increase due to increasing performance
specifications, whereas the sampling frequency does not
increase accordingly. In fact, the sampling frequency
may even decrease due to the implementation of more
complex control algorithms. Direct SD control design
(Bamieh et al. 1991, Chen and Francis 1995) formally
resolves these shortcomings of the classical approaches
by explicitly addressing both the digital controller
implementation and intersample behaviour issues.
The model that is used for control design should

contain those aspects of the system that are relevant
for closed-loop performance. In high-performance
electromechanical motion systems, flexible dynamics
limit the achievable performance of the controlled
system and can even endanger closed-loop stability
(Doyle and Stein 1981, Steinbuch and Norg 1998).
System identification (SI) techniques are essential for
the accurate and fast identification of these flexible
dynamics. The experimental data that are used for SI are
processed on a digital computer, hence the resulting
model evolves in DT.

A standard assumption in direct SD control is that a
CT model of the system is available. The discrepancy
between the model that SI delivers and the model used in
direct SD controller synthesis restricts the combination
of the two in a control design procedure. Indeed, in
previous applications of direct SD control to industrial
systems (Kimura et al. 1996, Hirata et al. 2000),
simplistic models were used that are not suitable for
high-performance motion control design. The purpose
of this paper is to develop a design framework that
enables the usage of models from SI, while explicitly
addressing both the digital controller implementation
and the intersample behaviour aspects.

One approach to address the intersample behaviour
without the need for a CT model is to consider the SD
control problem as the limiting case of a multirate (MR)
control problem (Chen and Francis 1995, Yamamoto
et al. 1999). In an MR control problem (Kranc 1957,
Vaidyanathan 1993) a DT plant is controlled by a DT
controller that operates at a lower sampling frequency.
The intersample behaviour is still addressed to a certain
extent if a direct MR control problem is pursued,
although the requirement of a CT model is avoided.
Hence, the MR approach is an intermediate approach
that falls between Approach II and Approach III,
above.

Another design approach that is closely related to
direct SD control design is digital controller redesign
(Keller and Anderson 1992, Anderson 1993, Cantoni
and Vinnicombe 2004). Digital redesign is a refinement
of Approach I, above, where the open-loop approxima-
tion step is replaced by a closed-loop approximation
involving an SD performance criterion. The requirement
of a CT plant model can be relaxed by considering an
MR digital redesign problem (Anderson 1993).

Independent of the control design approach pursued,
the resulting controller is only useful if the control goal
is accurately quantified by means of a suitable criterion.
For linear time invariant (LTI) feedback systems, the
control goal is often quantified in the frequency domain.
The main motivation is that the frequency domain
gives clear insight into the benefits and trade-offs that
are present in control design. MR and SD systems,
however, are linear periodically time varying (LPTV)
(Chen and Francis 1995), and hence the notion of
frequency response is not defined uniquely.
The main reason for this non-uniqueness is the aliasing
of signals in SD and MR systems. Alternative defini-
tions of frequency response functions for SD systems
include

. fundamental transfer function (FTF) (Goodwin and
Salgado 1994, Freudenberg et al. 1995),

. performance frequency gain (PFG) (Cantoni and
Glover 1997, Lindgärde and Lennartson 1997),

920 T. Oomen et al.



D
ow

nl
oa

de
d 

B
y:

 [T
ec

hn
ic

al
 U

ni
ve

rs
ity

 o
f E

in
dh

ov
en

] A
t: 

15
:3

6 
3 

Ju
ly

 2
00

7 

. robust frequency gain (RFG) (Araki et al. 1996,
Yamamoto and Khargonekar 1996).

The FTF and PFG are most useful for performance
quantification, but are not directly suitable for con-
troller synthesis. Though the RFG is suitable for
controller synthesis, it is more difficult to interpret.
Thus, handling the LPTV aspects in the control design
for MR and SD systems is not straightforward.
The contribution of this paper is the development of a

design framework combining SI techniques with the
advantages of direct SD control, i.e., the digital
controller implementation and the intersample beha-
viour are both explicitly addressed. The key idea is to
identify the plant at a higher sampling frequency than
the frequency at which the resulting controller should
operate. This is motivated by the fact that for real-time
control the sampling time is lower bounded by the
computational time required to determine a new
controller input. This bound is not present for SI that
can be performed off-line. The resulting control design
problem is an MR problem, which resembles the direct
optimal MR approach in Chen and Francis (1995).
Whereas in Chen and Francis (1995) a direct MR
approach is pursued to solve the direct SD optimal
control problem, the present paper employs an MR
approach for connecting SI with SD control and focuses
on the LPTV aspects in MR control design. In the
present approach, the difficulties with LPTV aspects
in MR control are overcome by treating the digital
controller implementation and intersample behaviour
issues separately. In particular, the following points
apply.

. The control design is performed in a standard LTI
framework. An approach, which resorts to a Möbius
transformation (Brown and Churchill 1996), for DT
loopshaping using an H1 criterion is presented.
Though the application of a Möbius transformation
has been used before to solve the DT H1-optimal
control problem (Iglesias and Glover 1991), the main
contribution of the presented approach is the quanti-
fication of both the performance and robustness
specifications in an auxiliary domain.

. Analysis of the resulting intersample behaviour is
performed using new frequency domain MR analysis
tools. The MR analysis tools are based on the
developments in SD frequency response functions,
i.e., the FTF, PFG, and RFG. Their definition and
usage in an MR setting is new.

. Clear guidelines for the iterative improvement of the
LTI control design are provided. The iterative design
gives the control designer full control over the
resulting closed-loop intersample behaviour without
introducing any unnecessary approximations during
the control design cycle. The explicit iterative

approach to optimal SD control has not been
attempted before in a frequency domain setting.
In addition, the approach is experimentally demon-
strated on an industrial wafer stage.

The paper is organized as follows. In x 2, optimal
sampled-data control design is reviewed. Modelling for
SD control is elaborated on and extensions to MR
systems are presented in x 3. The quantification of the
control goal is discussed in x 4, which leads to a control
design procedure in x 5. In x 6, the proposed approach is
demonstrated on a wafer stage. The experimental results
illustrate the importance of intersample behaviour
in an industrial application. Finally, conclusions are
drawn in x 7.

2. Direct optimal SD control

In this section, the SD control design problem is defined.
Also, the feasibility of the SD problem for electro-
mechanical motion systems, such as wafer scanners, is
evaluated.

Consider the setup of figure 1 (CT and DT signals are
indicated by solid and dashed lines, respectively), where
Pc is a CT plant model and Kd is a DT controller.
Furthermore, w2R

nw denotes the weighted exogenous
signals that enter the control system, e.g., reference
signals and disturbances, and z2R

nz denotes the
weighted exogenous outputs, e.g., tracking errors and
actuator inputs that are defined such that they are
ideally zero. Fictitious exogenous inputs and outputs
can be incorporated to represent model uncertainty. The
standard plant Gc is defined as

Gc ¼ WF uðJ,PcÞV, ð1Þ

where W and V are appropriate weighting filters, J is an
interconnection matrix having only �1, 0, or 1 entries,
and F u is the upper linear fractional transformation

G

H

J

Kd

Pc

S

V W

up

n ψ

yp

u

w

y

z

Figure 1. SD standard plant.

Design framework for high-performance optimal sampled-data control 921



D
ow

nl
oa

de
d 

B
y:

 [T
ec

hn
ic

al
 U

ni
ve

rs
ity

 o
f E

in
dh

ov
en

] A
t: 

15
:3

6 
3 

Ju
ly

 2
00

7 

(LFT) (Zhou et al. 1996). Sampled measurements

 2R
nv are provided by the ideal sampler S from the

measured signal y2R
ny . Quantization effects (Bamieh

2003) are not addressed since the discrete time signals

are assumed to take values in R. The control signal

u2R
nu that is applied to the plant is reconstructed from

the discrete time control signal �2R
nu by a zero-order-

hold (ZOH) reconstructor H. Furthermore, it is

assumed that S and H are synchronized and operate

equidistantly in time with fixed period h ¼ ð2�=!sÞ 2Rþ,

where !s is the sampling frequency in (rad/s).
The SD controller synthesis problem (Chen and

Francis 1995) is defined as follows.

Definition 1: Given the SD standard plant in figure 1,

containing a CT plant model, appropriate weighting

filters, and a prespecified sampling frequency !s, the SD

controller synthesis problem amounts to computing

Kd ¼ arg min
stabilizingKd

kF lðGc,HKdSÞk, ð2Þ

where k�k denotes a suitable norm and F l denotes the

lower LFT.

The first question that arises is whether there exists a

stabilizing controller in the SD problem of Definition 1,

since stabilizability and detectability can be lost by

sampling. From a control perspective, the plant is fixed

and the weighting filters W and V can be chosen freely.

Therefore, restrictions on admissible sampling frequen-

cies, for which a stabilizing controller exists, are only

imposed by the plant. Let Pc be LTI and represented by

the state-space model

Pc ¼
Ap

c Bp
c

Cp
c Dp

c

" #
:¼ Cp

cðsI� Ap
cÞ

�1Bp
c þDp

c , ð3Þ

where Ap
c 2R

nx�nx , Bp
c 2R

nx�nu , Cp
c 2R

ny�nx , Dp
c 2R

ny�nu

and the complex indeterminate s is the Laplace variable

in case of continuous time systems. Let the ith

eigenvalue lpi ðA
p
cÞ of A

p
c be given by

lpi ðA
p
cÞ ¼ �pi þ j!p

i , i ¼ 1, . . . , nx: ð4Þ

Definition 2: If Ap
c has two eigenvalues lpi , l

p
j , i 6¼ j that

satisfy

lpi , l
p
j j�

p
i ¼ �pj and !p

i ¼ !p
j þ l!s, l2Znf0g

n o
, ð5Þ

then the sampling frequency !s is pathological with

respect to Ap
c . If A

p
c does not have two eigenvalues that

satisfy (5), then the sampling frequency is non-

pathological.

The notion of pathological sampling enables the

derivation of the following well-known result.

Theorem 1: Consider the system (3) and let the
sampling frequency be non-pathological with respect to
Ap

c for all lpi satisfying �pi � 0. Then, there exists a DT
controller Kd that stabilizes Pc.

For a proof of Theorem 1; see Kalman et al. 1963 or
Chen and Francis 1995. The implications of Theorem 1
are investigated for electromechanical motion systems.
Electromechanical motion systems are mechanical
structures that are electrically actuated and the output
is a position or a derivative thereof. Generally, such
systems have nrb rigid-body modes, corresponding to the
motion DOFs. In addition to the rigid-body dynamics,
parasitic dynamics are present in any realistic system,
e.g., due to mechanical flexibilities, actuator dynamics,
or sensor dynamics.

Assumption 1: The true electromechanical system Pt

evolves in CT and is assumed to be LTI. Moreover, it has
a state-space realization

Pt ¼

Arb 0 Brb

0 Af Bf

Crb Cf 0

2
664

3
775, ð6Þ

where Arb 2R
2nrb�2nrb corresponds to the rigid-body

dynamics and satisfies liðArbÞ ¼ 0, i ¼ 1, . . . , 2nrb,
(Arb,Brb) controllable, and (Arb,Crb) observable.
Furthermore, Af satisfies Re(li(Af))<0.

The particular structure for motion systems of
Assumption 1 ensures the existence of a stabilizing
controller Kd for a given sampling frequency !s.

Lemma 1: Consider the system of Assumption 1. Then
there exists a controller that stabilizes the SD system of
figure 1 for all !s 2R, !s > 0.

Proof: The system matrix of Pt in (6) has 2nrb
controllable and observable eigenvalues l(Arb) satisfying
Re(li)� 0, i¼ 1, . . . , 2nrb and the remaining eigenvalues
l(Af) satisfying Re(li)<0, i¼ 2nrbþ , . . . ,1. By
Theorem 1, to verify the existence of a stabilizing Kd

for Pt, it is sufficient to evaluate the pathological
sampling condition with respect to Arb. Since
li(Arb)¼ 0, i¼ 1, . . . , 2nrb, the sampling frequency is
non-pathological with respect to Arb, and hence there
exists a stabilizing Kd for all !s>0. œ

Remark 1: In some cases, Assumption 1 may not be
fulfilled, i.e., the plant system matrix may contain a
finite number of eigenvalues in the closed right half
plane in addition to the 2nrb eigenvalues at zero. Let �!r

denote the maximum absolute imaginary part of the
unstable eigenvalues. Then, to achieve good perfor-
mance and robustness properties of the resulting
sampled-data control system, choose !s > �!r.

922 T. Oomen et al.
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Furthermore, there exists a stabilizing controller for the
unstable plant for all !s > �!r.

The SD control problem of Definition 1 is a meaningful
problem for the class of systems in Assumption 1, since
the true system and all exogenous signals evolve in CT.
Thus, intersample behaviour is fully addressed in (2).
Furthermore, all aspects involved in the digital con-
troller implementation, such as the aliasing of signals,
are automatically handled by the SD control problem.
In virtue of Lemma 1, a solution to the SD problem of
Definition 1 exists for the system (6) and a given
arbitrary sampling frequency !s.
Solutions for the computation of a controller that

minimizes an SD system norm are available in the lifting
framework (Bamieh et al. 1991). Particular usage of the
lifting framework in the SDH2-optimal control problem
are given in Bamieh and Pearson 1992a and Chen and
Francis 1995. For SD H1-optimal solutions, see, e.g.,
Bamieh and Pearson 1992b and Chen and Francis 1995.
The SD ‘1-optimal solution is treated in Bamieh et al.
1993. Furthermore, SD controller synthesis algorithms
are available in commercial software packages (Balas
et al. 2001).
The remaining issues are the modelling of the plant Pc

and the selection of the weighting filters W and V.
Firstly, the modelling issue is elaborated on in x 3, since
the choice of weighting filters depends on the properties
of the plant.

3. Modelling for SD control design

Standard SD controller synthesis algorithms require
a finite dimensional (FD) LTI model Pc of the true
system. No true physical system can be described exactly
by a model, hence there is always a discrepancy between
the model and the true system. Robust control enables
the explicit incorporation of an uncertainty model
into the control design procedure. In this section, the
modelling of a nominal plant model is considered.
Uncertainty modelling is briefly addressed in xx 4 and 5.
As mentioned earlier, SI techniques are indispensable

for the accurate modelling of electromechanical systems
for control design. SI should be performed in closed-
loop since the open-loop system (6) is unstable. Then,
the data used for SI are typically extracted from the DT
control loop, e.g., the plant input �p, plant output  p,
and external reference �, see figure 2. The model used in
SD control design, however, evolves in CT time, i.e., it
represents the relation between up and yp in figure 2.
This leads to the following identification problem.

Problem 1: Given sampled measurements of the
system, the SI for SD control problem amounts to

determining Pc, which is a CT model that is accurate for

SD control design.

Problem 1 can be decomposed into two subproblems.

First, identify a DT model Pd using standard SI

techniques, see, e.g., Ljung 1999. Next, compute Pc

from the relation

Pd ¼ SPcH: ð7Þ

Pd is called the ZOH discretization of Pc, with a state-

space realization given by

Pd ¼
Ad

p Bd
p

C
p
d Dd

p

" #
, ð8Þ

where the dimensions are equal to (3). A necessary

condition for reconstructing Pc uniquely from Pd is that

the eigenvalues liðAp
cÞ can be reconstructed from liðA

p
dÞ,

i¼ 1, . . . , nx. The mapping of these eigenvalues is

given by

li A
p
d

� �
¼ eliðA

p
c Þh ¼ e�ihej!ih, ð9Þ

which is definitely not an injection since it is periodic

with period (2�/h). Hence, a sufficient condition for

the unique computation of liðAp
cÞ is

j!ij <
�

h
, i ¼ 1, . . . , nx: ð10Þ

Condition (10) is not satisfied in general since the

location of the eigenvalues of the underlying CT plant is

not known a priori. Another complication in the

computation of Pc from Pd, see (7), is the mapping of

plant zeros that is significantly more involved than the

mapping of plant poles (Åström et al. 1984). Thus,

the modelling of a CT model from DT data is

not straightforward and in general does not result in a

unique model. It is impossible to decide whether a

particular model Pc satisfying (7) is suitable for SD

control design based on sampled measurements of the

true system, because each of the CT models satisfying (7)

has an identical response at the sampling instants.
The sampling frequency of the DT model is deter-

mined by the sampling frequency !s of the data used for

SI. The sampling frequency of the controller is mainly

limited by the computational time required to compute a

new controller input in between two sampling instants.

SI, however, can be performed off-line and is thus

Pd

HKd Pc S−
up ypr np ψp

Figure 2. SI for SD control.

Design framework for high-performance optimal sampled-data control 923
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computationally less expensive than high performance

control. Hence, it is often possible to extract data at a

higher sampling frequency than the frequency at which

the resulting high-performance controller is operating

at, e.g., by

. implementing a low-complexity controller that

requires less computational time and thus can be

implemented with a higher sampling frequency, or
. using dedicated data acquisition equipment.

The resulting DT model operates at a higher sampling

frequency !s,h>!s and thus represents more intersam-

ple information of the underlying CT system than the

model Pd.
In the remainder of this section tools are presented

that enable the construction of a MR standard plant

that resembles the SD standard plant, see figure 1. The

following assumption ensures that the plant model,

operating at the relatively high sampling frequency !s,h,

can be interconnected with a controller, operating at a

lower sampling frequency !s, using standard tools from

MR signal processing (Vaidyanathan 1993).

Assumption 2: Let the sampling frequencies !s,h and !s

be related by

!s, h ¼ F!s, F ¼ 2, 3, . . . : ð11Þ

The following definitions represent MR equivalents to the

SD sampler and reconstructor. Let the DT signals �h and
� be defined as

�h½k� :¼ uðkhhÞ ð12Þ

�½k� :¼ uðkhÞ ¼ uðkFhhÞ, ð13Þ

where hh :¼ (2�/!s,h).

Definition 3 (Vaidyanathan 1993): The downsampling

operation is defined by

�½k� ¼ Sdð�h½k�Þ :¼ �h½Fk�: ð14Þ

The Fourier transforms N(ej!h) and Nhðe
j!hh Þ of � and �h,

respectively, are related by

Nðej!hÞ ¼
1

F

XF�1

f¼0

Nh ejhhð!�ðf=FÞ!s, hÞ
� �

: ð15Þ

Definition 4 (Vaidyanathan 1993): The upsampler is

defined by

�h½k� ¼ Suð�½k�Þ :¼

�
k

F

� �
for

k

F
2Z

0 for
k

F
62Z:

8>><
>>: ð16Þ

The Fourier transforms are related by

Nhðe
j!hhÞ ¼ Nðej!hÞ: ð17Þ

The upsampler inserts zeros in between the values of the

slowly sampled signal �. These values have to be

interpolated in order to obtain the MR equivalent of

the SD ZOH reconstructor as shown in figure 1.

Definition 5: The ZOH interpolator is defined as

IZOHðzÞ ¼
XF�1

f¼0

z�f, ð18Þ

where z is a complex indeterminate.

Definition 6: The MR ZOH reconstructor is defined as

Hu :¼ IZOHðzÞSu: ð19Þ

If the sampling frequency !s,h is chosen as the maximal

value that the data acquisition hardware allows, then the

model Pd,h, operating at the sampling frequency !s,h,

contains as much intersample information as can be

obtained by equidistant sampling from the underlying

CT system Pc. Furthermore, the model sampled with

sampling frequency !s,h can be downsampled to the

model operating at a low sampling frequency !s, see

also figure 2.

Lemma 2: Let a model of the system with sampling

frequency !s,h be given by

Pd, h ¼
A

p
d, h B

p
d, h

C
p
d, h D

p
d, h

" #
: ð20Þ

A state-space realization of the downsampled system, see

figure 2 and (8), is given by

A
p
d B

p
d

? ?

" #
¼

A
p
d;h B

p
d;h

0 I

" #F

ð21Þ

C
p
d ¼ C

p
d, h ð22Þ

D
p
d ¼ D

p
d, h, ð23Þ

where ? denotes an irrelevant matrix entry and F is defined

in (11).

Proof: Equations (21)–(23) follow directly from suc-

cessive substitution of the state equation �h½kþ 1� ¼

A
p
d, h�h½k� þ B

p
d, h�h½k� and using �h½kþ f� ¼ �½k=F�,

f¼ 0, . . . ,F� 1. œ

From Lemma 2, it directly follows that A
p
d, h cannot be

reconstructed uniquely from A
p
d due to the relation

A
p
d ¼ ðA

p
d, hÞ

F. By replacing the CT model of figure 1 with

924 T. Oomen et al.
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the fast sampled model Pd,h, an MR standard plant is
obtained, see figure 3, where

Gd, h ¼ Wd, hF uðJ,Pd, hÞVd, h: ð24Þ

This MR standard plant represents all intersample
behaviour that can be obtained from experimental
modelling. Hence the MR standard plant is the best
approximation of the SD standard plant in the sense of
modelling limitations. This leads to the following
definition of the MR controller synthesis problem:

Definition 7: Given the MR standard plant in figure 3,
containing a DT plant model Pd,h and appropriate
weighting filters with sampling frequency !s,h, the MR
controller synthesis problem amounts to computing

Kd ¼ arg min
stabilizingKd

kF lðGd, h,HuKdSdÞk, ð25Þ

where k�k denotes a suitable norm.

Standard system identification techniques can be applied
to obtain a unique model Pd,h. Hence, only the weighting
filters Wd,h and Vd,h need to be defined to quantify the
performance and robustness specifications in (25) and
(24). This is elaborated on in the next section.

4. Control goal quantification

The MR controller synthesis problem of Definition 7 is
the best feasible approximation of the SD control
problem in terms of modelling limitations. The perfor-
mance and robustness requirements of the control
system should be reflected in a suitably chosen criterion,
see (25). An H1-norm is particularly useful since it
resembles well-known classical loopshaping techniques
and enables the explicit incorporation of model uncer-
tainty into the control design procedure. In particular,
the weighting filters Vd,h and Wd,h for control goal
quantification can be signal-based or loopshaping-based

(Skogestad and Postlethwaite 2005). A signal-based

approach amounts to quantifying the estimated and

desired spectral contents of exogenous inputs and

outputs, respectively. Accurately identifying the distur-

bances in a realistic system, however, is generally too

time consuming. Hence, in practice a signal-based

approach to weighting filter selection is often avoided.
Often, the performance weights in H1-optimal

control are based on loopshaping techniques.

Loopshaping design amounts to shaping either open-

loop (McFarlane and Glover 1992) or closed-loop (van

de Wal et al. 2002) transfer functions. In many cases, a

clear idea is available regarding the desired loopshape.

The loopshaping procedure is based on the fact that

sinusoids are eigenfunctions of LTI systems, such as CT

or DT systems. The MR system of figure 3, however, is

LPTV with period F¼ (h/hh), see Bamieh et al. 1991.

A frequency domain analysis of the system of figure 3

is performed. The development is to a large extent

analogous to the SD frequency response functions; see

Goodwin and Salgado (1994), Freudenberg et al. (1995),

Araki et al. (1996), Yamamoto and Khargonekar (1996),

Lindgärde and Lennartson (1997), and Cantoni and

Glover (1997).

Lemma 3: Let !h[k] be a signal with DT Fourier

transform �hðe
j!hhÞ that is applied to the MR system of

figure 3. Then the DT Fourier transform of the output

�h[k] is given by

Zhðe
j!hhÞ ¼ G11d,h ej!hh

� �
�h ej!hh

� �
þ G12d,h ej!hh

� �
IZOHðe

j!hh ÞQd ej!h
� �

�
1

F

XF�1

f¼0

G21d,h ejhhð!�ð f=FÞ!s,hÞ
� �

�h ejhhð!�ðf=FÞ!s,hÞ
� �

,

ð26Þ

where

Qd ej!h
� �

¼ I� Kd ej!h
� �

G22d ej!h
� �� ��1

Kd ej!h
� �

ð27Þ

and G22d denotes the downsampled G22d,h, see Lemma 2,

with appropriate partitioning of Gd,h, i.e.,

Gd,h ¼
G11d,h G12d,h

G21d,h G22d,h

� �
: ð28Þ

The proof results from extensive but straightforward

manipulations using (15), (17), and (18). Equation (26)

reveals the LPTV nature of the MR system of figure 3

since the frequency separation principle does not hold.

By selecting the fundamental component, i.e., f¼ 0, the

MR equivalent of the FTF, denoted as Fðej!hhÞ, is

obtained.

Gd,h

Hu

J

Kd Sd

Vd,h

Pd,h

Wd,h

np,h

n

ψp,h

ψ

wh

nh ψh

zh

Figure 3. MR standard plant.
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Definition 8: The function Fðej!hh Þ for the system of

figure 3 is defined as

F ej!hh
� �

¼ G11d, h ej!hh
� �

þ
1

F
G12d, h ej!hh

� �
� IZOH ej!hh

� �
Qd ej!h

� �
G21d, h ej!hh

� �
: ð29Þ

F does not represent the full intersample behaviour

since the aliasing components f 6¼ 0 in (26) are neglected.

To evaluate the full intersample behaviour, define the

signal spaces

WD ¼ !h½k�!h½k� ¼ cej!khh , kck2 <1
� �

ð30Þ

WMR ¼ !h½k�j!h½k� ¼
XF�1

l¼0

cle
jkhhð!�f!sÞ, kclk2 <1

( )
:

ð31Þ

Definition 9: Let !h½k� 2WD be applied to the MR

system of figure 3. Then Pðej!hh Þ is defined as

P ej!hh
� �

¼ sup
!h 6¼0

k�hkP
k!hkP

, ð32Þ

where

k � kP ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lim
N!1

1

2Nþ 1

XN
k¼�N

k � k2

vuut ð33Þ

and k�k denotes the Euclidean vector norm.

Lemma 4: Pðej!hh Þ, i.e., P evaluated at frequency !0, is

given by

P ej!hh
� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�lðAð!0ÞÞ

q
, ð34Þ

where the matrix A(!0) is defined as

Að!0Þ ¼
XF�1

f¼0

cfð!0Þ


 

2 ð35Þ

and

cfð!0Þ ¼

G11d,h ej!0hh
� �

þ 1
FG12d,h ej!0hh

� �
IZOH ej!0hh

� �
Qd ej!0h

� �
G21d,h ej!0hh

� �
, f¼ 0

1
FG12d,h ejhhð!0þð f=FÞ!s,hÞ

� �
IZOH ejhhð!0þðf=FÞ!s,hÞ

� �
Qd ej!0h

� �
G21d,h ej!0hh

� �
, f 6¼ 0

8>>>>>>><
>>>>>>>:

ð36Þ

The proof of Lemma 4 proceeds along similar lines

as the SD PFG, see Lindgärde and Lennartson 1997,

with the key difference that for the MR case no infinite

summations are required. P represents the full inter-

sample response to sinusoidal input signals in the sense

of the power norm and can be computed using

Lemma 4. However, sinusoidal signals of a single
frequency are not eigenfunctions of the system presented
in figure 3. Another definition for the frequency
response of MR systems arises from the observation
that the signal space WMR is invariant under filtering by
the MR system that is depicted in figure 3.

Definition 10: Let !h½k� 2WMR be applied to the MR
system of figure 3. Then Rðej!hhÞ is defined as

R ej!hh
� �

¼ sup
!h 6¼0

k�hk2
k!hk2

: ð37Þ

From Definition 10 it is clear that R is periodic with !s.
The computation ofR has been addressed in Yamamoto
et al. 1999, where it is used to compute the RFG for
SD systems. The peak value over frequency of R equals
the H1-norm of the MR system, i.e.,

kF lðGd, h,HuKdSdÞk1 ¼ sup
!2 ½0,!sÞ

R ej!hh
� �

: ð38Þ

For performance analysis, it is useful to study the system
response to single frequency sinusoidal input signals.
Hence, the F and P are useful for frequency domain
performance evaluation of MR systems. However, there
is no one-to-one relation between an SD system norm and
the functionsF andP, which limits their applicability for
performance quantification. Though the functionR has a
one-to-one relation with the MR H1-optimal system
norm, see (38), the function R is not suitable for
performance analysis and loopshaping-based perfor-
mance quantification since it is desirable to distinguish
input frequencies separated by !s and not to collect them,
see (31). The assertion that it is undesirable to collect
input frequencies separated by !s is justified in x 6.

Besides the quantification of the performance goals,
it is desirable to quantify model uncertainty such that
robust performance can be guaranteed. The small-gain
theorem (Zhou et al. 1996) provides a condition for
closed-loop stability robustness analysis. To illustrate
the usage of model uncertainty in robustness analysis
for MR systems, consider the MR system depicted
in figure 3. Let !h and �h be fictitious exogenous inputs
and outputs to represent model uncertainty, i.e.,
!h¼��h, where � is a bounded operator mapping ‘2
to ‘2. Then the closed-loop system is stable if and only if

k�F lðGd, h,HuKdSuÞk1 < 1: ð39Þ

If � is an LPTV operator, a necessary and sufficient
condition for robust stability is that (Chen and Francis
1995)

k�k1kF lðGd, h,HuKdSuÞk1 < 1: ð40Þ

If � is scaled, i.e., jj�jj1� 1, then robust stability is
achieved if kF lðGd, h,HuKdSuÞk1 < 1. Equation (38)

926 T. Oomen et al.
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now implies that R can be used for robust stability
analysis with respect to LPTV uncertainty. However, in
practice it is more natural to study robust stability with
respect to LTI perturbations since the CT plant Pc is
assumed to be LTI. Then, (40) is a sufficient condition
for robust stability and as such introduces conservatism.
If the plant model is downsampled using Lemma 2

before constructing a standard plant, i.e., if all
intersample behaviour information is discarded, the
DT standard plant as depicted in figure 4 is obtained.
The system of figure 4 is LTI, hence sampled sinusoids
of a single frequency are eigenfunctions of the system.
This implies that Definitions 8, 9 and 10 coincide. In this
case, D is obtained.

Definition 11 (Skogestad and Postlethwaite
2005): Consider the system of figure 4. Then Dðej!hÞ
is defined as

Dðej!hÞ ¼ ��ðF lðGd,KdÞÞ: ð41Þ

Remark 2: The functions D, F , P and R can be
evaluated for each entry of the vector valued signals !h

and �h individually to obtain an nz� nw frequency
dependent matrix, or all at once to obtain a scalar
frequency dependent function. The former is especially
useful for performance analysis.

The fact that the downsampled system is LTI signifi-
cantly simplifies the control design both with respect to
performance and to robustness specifications. This fact
is exploited in the next section, where the control design
procedure is presented.

5. Control design procedure

A design framework is presented where the digital
controller implementation and the intersample

behaviour issues are both explicitly addressed. The
setup depicted in figure 3 is used, which represents
the best feasible approximation of the SD control
problem in the sense of modelling limitations. The key
issue is that the design aspect, i.e., how to quantify
performance and robustness specifications, is not
straightforward in an MR setting. The main reason is
that the notion of frequency response is not defined
uniquely; see x 4.

If the resulting controller should achieve high-
performance, the performance specifications have be
accurately quantified and design trade-offs should be
carefully addressed. Furthermore, to avoid overly
conservative control designs, the set of candidate
plants that is introduced by the uncertainty model
should not be too large. To satisfy these demands,
the digital controller implementation and intersample
behaviour issues are addressed separately during the
control design procedure. First, the digital implementa-
tion is discussed in x 5.1. Next, the intersample
behaviour is discussed in x 5.2. The design procedure
involves six steps and is mainly focused on the feedback
control design.

5.1 Addressing digital controller implementation

The first part of the control design procedure
amounts to the design of a controller based on a
DT plant model with the same sampling frequency !s

as the controller that is to be designed, see figure 4.
The setup of figure 4 is obtained from the MR setup
of figure 3 by application of Lemma 2. The main
motivation is that an LTI control structure is
obtained. This enables a straightforward interpreta-
tion of performance measures, e.g., using Bode
diagrams of closed-loop transfer functions, and
robustness measures, e.g., gain margins, phase mar-
gins, and robustness to LTI model perturbations.
Also, performance limitations such as the Bode
sensitivity integral (Sung and Hara 1988) can easily
be interpreted. Though the Bode sensitivity integral
also exists for LPTV systems (Sandberg and
Bernhardsson 2005), it is hard to interpret since for
performance analysis it is useful to study the closed-
loop system response with respect to sinusoidal
signals of a single frequency and not signals in the
class (31). Note that the stabilization aspect of the
control design procedure is completely addressed. In
particular, if Kd stabilizes Pd then it also stabilizes
Pd,h and the underlying CT plant Pc under the same
assumptions as in Lemma 1.

The Tustin transformation, which is a special case of
the Möbius transformation (Brown and Churchill 1996),
is employed to facilitate the design procedure since it

Gd

Kd

w z

n ψ

Figure 4. DT standard plant.
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enables the design of DT controllers using CT intuition.
The Tustin transformation is defined as

w ¼
2ðz� 1Þ

hðzþ 1Þ
, z ¼

hwþ 2

hw� 2
: ð42Þ

The motivation for using the transformation (42) is
twofold. Firstly, loopshaping-based weighting filters are
often defined in terms of cut-off frequencies and
asymptotes (van de Wal et al. 2002). Asymptotic
behaviour of frequency response functions is based on
the Bode gain-phase relation (Bode 1945). The Bode
gain-phase relation only holds for CT systems, and thus
not for Pd (z). By transforming Pd (z) to the auxiliary
w-domain using (42), a system Pd (w) with CT properties
is obtained. The frequency response is then obtained by
substituting w¼ j� and satisfies

PdðwÞjw¼j� ¼ PdðzÞjz¼ej!h , ð43Þ

where the frequency axis is rescaled by

� ¼
2

h
tan

!h

2

� �
: ð44Þ

Now the loopshaping design approach can be applied
in the w-domain with fictitious frequency � since the
frequency response is preserved and the Bode gain-phase
relation applies; see also Oomen et al. (2006). Secondly,
theH1-norm is invariant under the transformation (42).
Hence, readily available CT algorithms can be used; see,
e.g., Balas et al. (2001) for H1-optimization and
Wortelboer (1993) for model reduction tools.

Step 1: Define the control goal and control structure.
This amounts to selecting the signals !h, �h,  , and � in
figure 3. By downsampling, the setup of figure 4 is
obtained. For feedback control design it makes sense to
select the signals !, �, �, and  , as depicted in figure 5,
where � ¼ ½�T1 �

T
2 �

T and ! ¼ ½!T
1 !

T
2 �

T; see also van de
Wal et al. (2002). The weighted closed-loop transfer
function matrix (TFM) Md, determined by �¼Md!, is
given by

Md ¼ �
Wd,1SdVd,1 Wd,1SdPdVd,2

Wd,2KdSdVd,1 Wd,2KdSdPdVd,2

" #
, ð45Þ

where

Sd ¼ ðIþ PdKdÞ
�1: ð46Þ

The TFM (45) contains all relevant closed-loop transfer

functions and is a sensible control problem, see, e.g.,

Englehart and Smith 1991. A similar four-block

problem arises in the open-loop loopshaping procedure

in McFarlane and Glover 1992. In the remainder of this

section, it is assumed that

. dim( )¼ dim(�), i.e., Pd is square,

. � and  are selected such that Pd is decoupled at low

frequencies,
. the plant rolls-off at high frequencies.

Step 2: Identify the plant at the maximal frequency

!s,h that is allowed by the available hardware.

Identification should be performed in closed-loop since

the open-loop system (6) is unstable. Independent of the

particular identification method used, the resulting

nominal plant model Pd,h should be FD LTI.

Furthermore, a model of the plant with sampling

frequency !s should be obtained, either by down-

sampling the model Pd,h or by identifying the plant

with sampling frequency !s. Finally, order reduction of

both models can be performed.

Step 3: Quantify the performance goals by means of

weighting filters. The purpose of the filters is twofold.

Firstly, the static gain of the filters is used for scaling.

Scaling is particularly useful for MIMO systems.

Secondly, dynamical weighting filters are introduced to

shape the resulting closed-loop TFM. Useful weighting

filters for motion systems have been proposed in

Steinbuch and Norg 1998 and in van de Wal et al.

2002. The weighting filters are parameterized by the

target bandwidth of the control loop, by the frequency

below which the controller should have integral action,

and by the frequency beyond which the resulting

controller should exhibit roll-off. This parametrization

has a close relation with the familiar proportional-

integral-derivative (PID) type controller. By applying

the Tustin transformation to the plant model Pd, the

weighting filters of Steinbuch and Norg 1998 and van de

Wal et al. 2002 can be defined directly in the auxiliary

w-domain.

Step 4: Quantify the model uncertainty (optional).

There are always model uncertainties since no realistic

system can be described exactly by a model. Such

uncertainties are for instance introduced by changing

operating conditions, neglected nonlinearities, higher

order dynamics, or by the fact that data used for SI are

obtained in a finite time interval and are contaminated

PdKd

W1,d W2,d V2,d V1,d

ζ1 ζ2 w2

n

w1

ψ

−

Figure 5. Four-block problem used for feedback control

design.
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by noise. Let the uncertainty model be defined at the
sampling frequency !s. The H1-norm is an induced
norm that enables the explicit incorporation of model
uncertainty in the control design procedure. A practi-
cally feasible procedure is presented in van de Wal et al.
2002. This procedure can be applied directly in the
w-domain by means of the Tustin transformation.

Step 5: Compute the controller that minimizes the
H1-norm of (45). If an uncertainty model is included,
the resulting control problem is a robust performance
problem and it makes sense to minimize the �-seminorm
instead of the H1-norm, see Skogestad and
Postlethwaite 2005. Standard CT �-synthesis tools,
such as D�K-iterations, can be used if the problem is
posed in the w-plane. Then, Kd (w) is transformed back
into the z-plane using (42) to enable implementation.
This transformation does not involve any approxima-
tion, contrary to the commonly used discretization of
CT (s-domain) controllers using the Tustin transforma-
tion (Chen and Francis 1995). Specifically, if Kd (w)
satisfies certain frequency domain specifications for
Pd (w) in terms of the fictitious frequency �, then Kd (z)
satisfies the specifications for Pd (z) for the true
frequency !.

5.2 Addressing intersample behaviour

The steps in x 5.1 enable the direct design of a DT
controller using the setup of figure 4. However, the
intersample behaviour issue has not been covered in the
previous steps. In this section, the intersample behaviour
issue is addressed using frequency domain MR tools.
Given a DT controller Kd, which is operating at a
sampling frequency !s, the resulting intersample
response is determined by both the underlying plant
dynamics Pd,h and the exogenous inputs !h. Of course,
the intersample response can easily be simulated for
different exogenous inputs, but this is too time-consum-
ing in general and does not give insight into the
consequences of the digital controller implementation.
Therefore, similar to the Bode diagram, the intersample
response is analysed in the frequency domain. The main
motivation is that the intersample response to exogen-
ous inputs in a particular frequency band can easily be
predicted, which resembles evaluating closed-loop
transfer functions of LTI systems.

Step 6: Evaluate the control system including an
intersample behaviour analysis. First of all, verify
whether the controller that is computed in Step 5
satisfies the performance requirements for the system Pd,
i.e., at the controller sampling instants. Then, verify
whether the intersample response is satisfactory using
the MR tools F and P of x 4. The frequency content of
the exogenous signals should be known, where discrete

frequencies are distinguished in the frequency band
[0, (!s,h/2)). If the intersample behaviour is not satisfac-
tory, modify the weighting filters of Step 3
appropriately.

A remaining issue is how the weighting filters should
be modified if the intersample behaviour is not
satisfactory. Implementing a DT controller introduces
a limitation on the achievable performance compared to
a CT controller since the control signal u is restricted by
ZOH interpolation. This implies that only disturbances
below the Nyquist frequency (!s/2) can be attenuated
effectively. More specifically, compared to CT control
design, SD control design imposes an additional trade-
off in the control design between the response to signals
in the primary frequency band j!j<(!s/2) and the
response to aliased signal components, i.e., signals in the
frequency bands for which j!j � (!s/2).

The response to aliased signal components is deter-
mined by (26). The controller Kd only appears in Qd,
see (27). For the evaluation of the intersample behaviour
in the frequency domain, it makes sense to evaluate the
same transfer functions as in (45), yet unweighted and
for the MR case, see figure 3. Regarding the closed-loop
TFM Md of (45), G22,d is equal to �Pd and so

Qd ¼ �KdSd: ð47Þ

The response to aliased signal components is determined
by the transfer function KdSd. The response of the MR
system to aliased signal components is hence reduced by
decreasing the magnitude of KdSd. The transfer function
KdSd can be changed by modification of the weighting
filters in Step 2.

6. Application to a wafer stage

The design procedure of x 5 is applied to a wafer stage.
The goal of this section is to illustrate (i) the design
procedure of x 5, (ii) the purpose and use of the MR
frequency domain intersample analysis tools, and
(iii) the importance of intersample behaviour in practical
applications. In x 6.1, the experimental setup is elabo-
rated on. In x 6.2, the steps of x 5 are performed. Finally,
in x 6.3 it is shown that improving the closed-loop
performance at the controller sampling instants can
deteriorate the intersample response.

6.1 Experimental setup

The experimental setup is a prototype wafer stage. The
wafer stage is actuated and sensed in all six motion
DOFs, see figure 6. Laser interferometers with sub-
nanometer accuracy are used for sensing. By appro-
priate sensor and actuator transformations, the different

Design framework for high-performance optimal sampled-data control 929
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DOFs are rigid-body decoupled. The motion controllers

are implemented in a discrete time state-space format.

Though the design approach can handle the full MIMO

control design problem (van de Wal et al. 2002), only

the single-input single-output (SISO) control design in

the z-direction is considered here to illustrate the

intersample behaviour. The other directions are con-

trolled by low-bandwidth PID controllers to avoid large
interaction with other DOFs.

6.2 Control design

The six-step procedure of x 5 is performed. Throughout

this section, the variable f is introduced to denote

frequency, where fi¼ (!i/2�) and i denotes an index,

e.g., h or s.

Step 1: The feedback control design of the system in

figure 6 is considered in the z-direction. The intercon-

nection structure of figure 5 is used, with corresponding

TFM (45), where nu¼ ny¼ 1. The resulting controller is

implemented with a sampling frequency fs¼ 1250Hz.

However, it is possible to perform an identification

experiment at fs,h¼ 5 kHz, hence F¼ 4.

Step 2: Closed-loop SI has been performed to identify

the plant. Since identification experiments are inexpen-

sive, two identification experiments are performed at

the sampling frequencies fs¼ 1250Hz and fs,h¼ 5 kHz.

An empirical transfer function estimate (ETFE) (Ljung

1999) is computed. Then the resulting frequency

response data are approximated by a real-rational

transfer function; see Pintelon and Schoukens 2001.

The frequency points below 10Hz are discarded due to a

bad coherence. A balanced state-space realization is

computed to enable the use of state-space optimization

algorithms (Doyle et al. 1989) and to improve numerical

conditioning. The plant model Pd that operates at a

sampling frequency !s has a McMillan degree of 10,

whereas the plant model Pd,h that operates at the

sampling frequency fs,h has McMillan degree 60.

The latter model is only used for intersample

behaviour analysis and its order does not influence the

order of the resulting controller. Both identified models

and frequency response functions are depicted

in figure 7.
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Figure 7. Identified frequency response functions (solid) and models (dashed). Left: sampling frequency fs¼ 1250Hz, right:
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Step 3: The performance goals are quantified by

loopshaping-based weighting filters. These weighting

filters are used to shape closed-loop transfer functions as

suggested in van de Wal et al. 2002, Steinbuch and Norg

1998. The first step is to choose the target closed-loop

bandwidth fBW � fs. In this experiment, fBW¼ 60Hz.

To facilitate the design procedure, the plant Pd is

transformed into the auxiliary w-domain. The corre-

sponding fictitious target bandwidth frequency �BW,

resulting from substitution of w¼ j� in (44), is given by

�BW¼ (2/h) tan(�fBWh). Next, for scaling purposes,

choose Vd,1¼ 1 and Vd, 2 ¼ jðPdðwÞjw¼j�BW Þj
�1. Hence,

the resulting TFM is given by

Md ¼ �
Wd,1Sd Wd,1SdPdjðPdðwÞjw¼j�BW Þj

�1

Wd,2KdSd Wd,2KdSdPdjðPdðwÞjw¼j�BW Þj
�1

" #
,

ð48Þ

whereWd,1 is employed to enforce integral action up to a

frequency fI< fBW to achieve good low-frequent dis-

turbance attenuation properties. In the w-domain, the

corresponding frequency equals �I ¼ ð2=hÞ tanð�fIhÞ.
Below fBW the frequency response of Pd(w) approxi-

mately has a � 2 slope, see (6). In the first row of Md,

see (48), the term SdPdjðPdðwÞjw¼j�BW Þj
�1 in the second

column is dominant over the first column at low

frequencies. By defining

Wd,1ðwÞ ¼
wþ �I

w
, ð49Þ

SdPd is enforced to have a þ1 slope. If SdPd has a þ1

slope and Pd a �2 slope, the controller necessarily has a

�1 slope at low frequencies. Next, Wd,2 is defined such

that the controller exhibits roll-off beyond a frequency

fR to reduce the amplification of measurement noise and

to increase robustness against high-frequent model

uncertainty. The static gain of Wd,2 is chosen such that

the first and second row of Md in (48) have approxi-

mately the same magnitude at �BW. Next, the plant

rolls-off at high frequencies ð�� �BWÞ and jSj 	 1.

Then, KdSd dominates the KdSdPdjðPdðwÞjw¼j�BW Þj
�1

term in (48). By defining

Wd,2ðwÞ ¼ jðPdðwÞjw¼j�BW Þj�
2 w2 þ 2	R, 1�Rwþ �2R
w2 þ 2	R, 2��Rwþ �2�2R

,

ð50Þ

KdSd is enforced to roll-off with a slope �2, where

�R ¼ ð2=hÞ tanð�fRhÞ. Then, Kd also has a slope �2 at

high frequencies � since Sd ! 1 as �! 1.

Furthermore, the damping ratios 	R,1 and 	R,2 are

typically chosen equal to 0.7. The parameter �, typically
chosen equal to 10, is introduced to ensure Wd,2 is

proper and hence has a state-space realization.

Furthermore, as a rule of thumb, fI <
1
4 fBW and

fR > 4 fBW, see van de Wal et al. 2002 for more details.

Step 4: No model uncertainty is considered.

Step 5: A suboptimal nominal controller Kd,nom(w) is

computed that satisfies the H1-norm bound

kMdðwÞk1 < 
, ð51Þ

where 
 is minimized using a bisection algorithm (Doyle

et al. 1989). The resulting controller Kd,nom(w) is

transformed into Kd,nom(z) using (42), see also figure 8.

Step 6: The controller Kd,nom resulting from

H1-optimization is evaluated on the plant model Pd

and the identified frequency response functions. From

the closed-loop transfer functions, e.g., Sd in figure 8, it

is concluded that Kd,nom is a satisfactory nominal
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Figure 8. Left: controllers Kd,nom (solid) and Kd,eb (dashed). Right: DT sensitivity functions Sd,nom (solid) and Sd,eb (dashed) based

on identified frequency response functions.
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control design. Next, the controller is implemented on
the experimental setup, where the reference �, see
figure 2, is equal to zero. The resulting output is
depicted in figure 9 at both the sampling frequencies fs
and fs,h. Furthermore, both the time domain responses
and cumulative power spectra (CPS) are depicted. It can
be observed that the measurement with sampling
frequency fs contains a 250Hz dominant component,
whereas the measurement with sampling frequency fs,h
contains a 1 kHz dominant component. Hence, it is
concluded that aliasing occurs. The key question is
whether the disturbance can effectively be attenuated by
redesigning the controller. This is experimentally inves-
tigated in the next section, where the multirate analysis
tools F and P are also employed.

6.3 Error-based redesign

An error-based redesign is made to account for the error
spectrum measured at the controller sampling frequency
fs, i.e., intersample behaviour is neglected at this point in
the design procedure. In particular, the weighting filters
of Step 3 are modified using the approach suggested in
van de Wal et al. 2000. The error-based controller
redesign is denoted Kd,eb. A Bode magnitude plot of the
controller is depicted in figure 8.
To evaluate disturbance attenuation properties the

transfer function from !1 to �1, see figure 5, is
considered. This is motivated by the fact that the plant
is assumed to be LTI, hence the disturbances can be
associated with the plant output. The transfer functions
corresponding to the nominal and error-based redesign
are given by Sd,nom and Sd,eb, respectively, see figure 8.
Note that Sd,nom and Sd,eb are of the form (41) and

thus give exact mappings between signals at controller
sampling instants. Sd,eb has a low gain compared to
Sd,nom at the discrete frequency of 250Hz, which implies
that the dominant disturbance will be attenuated
effectively at the controller sampling instants.
However, no conclusions can be drawn regarding the
intersample response. To evaluate the intersample
response, P is computed for both controllers Kd and
Kd,eb, denoted Pnom and Peb, respectively, see figure 10.

Figure 10 shows that the magnitude of Peb at 250Hz
is 28.4 dB lower than Pnom. At 1 kHz, however, the
magnitude of Peb compared to Pnom is 2.85 dB higher.
This implies that with the error-based redesign, the
power of the intersample response reduces by 28.4 dB
compared to the nominal design if the disturbance
frequency is 250Hz. However, the true disturbance is at
1 kHz, see figure 9. This implies that the power of the
output increases by 2.85 dB compared to the nominal
control design. This difference in gain illustrates the
additional trade-off that arises in SD control design:
below ( fs/2) disturbances can be attenuated effectively,
whereas (aliased) disturbances beyond ( fs/2) result in
deteriorated intersample behaviour.

The predictions of Sd and P are confirmed by
experimental results, see figure 11. In particular, the
disturbance is effectively attenuated at the controller
sampling instants, as predicted by Sd,eb. The response in
between the controller sampling instants is deteriorated
compared to the nominal control design, as predicted by
Pnom and Peb. No quantitative conclusions should be
drawn from figure 9 and figure 11 since the measure-
ment time is rather short.

The experimental results demonstrate the additional
trade-off in SD control design between signals in the
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Figure 9. Measured error signals at fs,h¼ 5 kHz (solid) and

at fs¼ 1250Hz (dashed) with Kd,nom implemented.
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primary frequency band !2 ð�!s=2,!s=2Þ and aliased
signals. P is a useful tool for predicting the power of the
intersample response. To motivate that R is not suitable
for performance analysis, write

cosð j!Þ ¼
1

2
ej! þ

1

2
e�j!, ð52Þ

i.e., real-valued sinusoidal signals of frequency ! can
be written as the sum of two complex sinusoids with
frequencies ! and �!. By writing the 250Hz and
1000Hz component as the sum of two complex
sinusoids, it appears that their frequencies are in fact
separated by fs. Thus, R makes no distinction between
input frequencies of 250Hz and 1000Hz. From P, see
figure 10, it is concluded that the 250Hz disturbance
can be effectively attenuated, while this is not the case
for the 1000Hz disturbance. Hence, R is not suitable
for performance analysis.

7. Conclusions

An SD design framework covering the control design
procedure from experimental modelling to digital
controller implementation has been presented. Two
problems that arise when both SI and direct optimal
SD control design are incorporated into a control design
cycle have been overcome. Firstly, the modelling
problem has been resolved by replacing the SD synthesis
problem with an MR synthesis problem. Secondly, the
difficulties regarding the design aspect of LPTV systems
have been overcome by separating the digital controller
implementation from the intersample behaviour issue.
The proposed design framework uses all intersample

behaviour that can be obtained from experimental
modelling. Furthermore, clear guidelines enable an
iterative improvement of the intersample response to
any desired extent. The proposed design framework has
been applied to the feedback controller design of a wafer
stage using H1 loopshaping. Although the presented
framework has been applied to a specific system, its
generality renders it applicable to other applications,
SI techniques, and LTI controller synthesis approaches.
The frequency domain analysis tools also provide
insight into the cases where sampling zeros are cancelled,
which is inherent to several control design approaches.

Open issues include the extension of the MR
intersample behaviour analysis tools to a non-integer
ratio of sampling frequencies, e.g., via sampling rate
conversions. This extension would increase the general-
ity of the proposed tools. Also, it is tacitly assumed that
there is no sub-sample delay in the underlying CT
system, e.g., due to computational delay. In the present
approach, the delay is approximated by a real-rational
transfer function and incorporated in the plant model.
Explicitly incorporating the delay in the MR system as
depicted in figure 3 may increase the accuracy of the
plant model. Finally, the identification of the nominal
model and uncertainty model in an MR setting require
further research. In particular, a two step identification
approach where the model is first identified at a high
sampling frequency and subsequently downsampled to a
lower sampling frequency may lead to more accurate
models than direct identification at a low sampling
frequency. The premise that a two step approach leads
to more accurate models is motivated by the fact that
more discrete frequencies are available for identification
compared to the direct identification at a lower sampling
frequency. Preliminary results in this direction can be
found in Oomen et al. (2007). Additionally, it is
worthwhile to investigating the effects of downsampling
to the size and structure of the uncertainty model.
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