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Identification and Visualization of Robust-Control-Relevant Model Sets
with Application to an Industrial Wafer Stage
Tom Oomen, Sander Quist, Robbert van Herpen, and Okko Bosgra
Abstract— The performance of robust controllers hinges on
the underlying model set. However, at present it is unclear
which properties of the physical system should be accurately
identified to enable high performance robust control. The aim of
this paper is to clarify the intimate relation between quality of
certain physical system properties and the resulting control performance. Hereto, an extended robust-control-relevant system
identification methodology and a new visualisation approach
is developed that is applicable to multivariable systems. The
developed methodology is applied to an industrial wafer stage
system. Experimental results indeed confirm that the developed
techniques contribute to clarifying the complex relation between
system identification and robust control.

I. I NTRODUCTION
The quality of approximate models hinges on their purpose. This observation has led to the development of controlrelevant system identification techniques, including [1], [2],
that aim at identifying nominal models that accurately represent those phenomena that are relevant for subsequent
control. A typical characteristic of such schemes is their
inherently iterative nature [3].
Iterative identification and control design approaches that
are solely based on nominal models have resulted in various
outcomes [4]. In fact, discrepancies between the true system
and the model may result in divergence of these iterative
schemes. An approach to enhance convergence properties
is to explicitly incorporate robustness to modeling errors
through robust control.
In the case that robustness is explicitly addressed during
control design, then identification techniques should deliver a
model set that enables the design of a high performance controller. Several approaches have been pursued to characterize
and identify such model sets for robust control. In [5], the
identification of model sets for robust control is investigated
in a prediction error framework, where uncertainty is quantified in the parameter space, and control-relevance has been
related to the size of the class of stabilizing controllers. An
alternative definition of robust-control-relevance of a model
set has been adopted in, e.g., [6], which is directly related
to the ability of the model set to indeed deliver a high
performance robust controller. In the latter case, extensive
use is made of the dual-Youla-Kučera parameterization [7],
[8]. However, due to an untransparent connection between
the size of model uncertainty and the control criterion, the
results in [6] seem to be mainly useful for SISO perturbation
blocks and may lead to unnecessarily conservative results.
Although several aspects of iterative identification and
robust control design schemes have been thoroughly investigated, including the influence of weighting filters [9]

and the experimental controller [10], a systematic approach
that leads to nonconservative multivariable robust-controlrelevant model sets is lacking. In addition, the desired robustcontrol-relevant shape of the open-loop physical system
has not been investigated yet, especially for multivariable
systems. Specifically, robust-control-relevant model sets typically exploit the dual-Youla-Kučera parameterization which
has advantageous properties from a closed-loop perspective.
However, the required techniques to investigate the uncertain
model set from an open-loop perspective, i.e., corresponding
to the physical domain of the system, are lacking.
The main contributions of this paper are 1) the development of a new model uncertainty coordinate frame that
transparently connects nominal model identification, quantification of model uncertainty, and the control criterion
through the use of a novel coprime factorization, thereby
enabling a nonconservative control design for multivariable
systems; 2) a novel approach to generate Bode diagrams of
multivariable uncertain model sets; and 3) an investigation
of robust-control-relevant model sets for a multivariable
industrial wafer stage system.
Notation: the pair {N, D} is a right coprime factorization
(RCF) of P if D is invertible, N, D ∈ RH∞ , P = N D−1 ,
and ∃Xr , Yr ∈ RH∞ such that Xr D + Yr N = I. Dual
definitions hold for left coprime factorizations (LCFs). The
prefix B denotes the closed unit ball in a normed space.
II. P ROBLEM F ORMULATION
A. Control Goal
The considered control goal is given by
J (P, C) = kW T (P, C)V k∞ ,

where W = diag(Wy , Wu ) and V = diag(V2 , V1 ) are
bistable weighting filters. Here,
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see Figure 1. The goal is to compute the controller
C opt = arg min J (Po , C),

(3)

C

where Po denotes the true system.
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B. Robust Control
Since Po is unknown, C opt in (3) cannot be computed.
Thereto, knowledge of Po is reflected by a model. Since any
physical system is too complex to be represented exactly
by means of a single model, a model set is considered that
encompasses the true system behavior, i.e.,
Po ∈ P.

(4)

criterion, ensuring that the resulting model set does not
lead to unnecessarily conservative control designs. These
model sets have favorable properties from a closed-loop
perspective in terms of system norms. However, there is
a poor understanding of desirable properties of uncertain
models from an open-loop perspective. This open-loop perspective is crucial to understand the underlying physical
properties of the system. In Section IV, an approach is
presented to visualize the identified, multivariable model sets,
addressing Question 2. Indeed, for multivariable systems
with structured perturbations blocks, such visualizations are
not straightforward. The results of Section III and Section IV
are applied to an experimental setup in Section V, enabling
an investigation of the typical shape of such uncertain model
sets, thereby addressing Question 3. Finally, conclusions are
provided in Section VI.
III. ROBUST-C ONTROL -R ELEVANT I DENTIFICATION

The model set P is structured as
P := {P |P = Fu (Ĥ, ∆u ), ∆u ∈ ∆u }

(5)

∆u := {∆u ∈ RH∞ |∆u (ejω ) ∈ ∆cu , ω ∈ [0, 2π)}
∆cu := {diag(∆u1 , . . . , ∆uF )|∆ui ∈ Cnqi ×npi , i ∈ I}
I := {1, . . . , F }.
In this paper, only complex perturbation blocks ∆ui are
considered. Extensions to more general uncertainty blocks
are conceptually straightforward. By virtue of (4), the robust
control design
C RP = arg min JWC (P, C),
C

(6)

where JWC = supP ∈P J (P, C), yields the bound
J (Po , C opt ) ≤ J (Po , C RP ) ≤ JWC (P, C RP ).

(7)

C. Robust-Control-Relevant Identification
The performance of the robust controller C RP crucially
depends on the shape and size of the model set P. To
ensure that the model set does not lead to an unnecessarily
conservative control design, the problem dual to (6) is
considered, see also [11] and [6].
Definition 1: Given a certain stabilizing C exp , the robustcontrol-relevant system identification problem amounts to
minJWC (P, C exp ).
P

(8)

subject to (4)
To solve (8), a moderately performing controller C exp that
is already implemented on the true system may be used.
D. Problem Formulation and Outline
In this paper, the identification of robust-control-relevant
model sets for multivariable systems is investigated. Specific
questions that are addressed are
Q1. How to identify robust-control-relevant model sets in
Definition 1?
Q2. How can the identified model sets be visualized?
Q3. What are typical characteristics of such model sets?
Question 1 is addressed in Section III, and new results are
presented that transparently connect nominal model identification, model uncertainty quantification, and the control

In this section, the identification of robust-control-relevant
models in view of Definition 1 is investigated, thereby
addressing Question 1 in Section II-D. In this paper, first
a nominal model is identified, followed by the quantification
of model uncertainty. Key advantages of this two-stage
approach include 1) the possibility to use validation data
for quantifying model quality, and 2) numerical tractability
for complex systems. In Section III-B, it will be shown that
these steps jointly aim at identifying robust-control-relevant
model sets as defined in Definition 1.
A. Identification of a nominal model
To ensure that the identification of a nominal model P̂
aims at the construction of a robust-control-relevant model
set P in Definition 1, a control-relevant nominal model is
identified as in [1].
Definition 2: Given a controller C exp , then the controlrelevant identification criterion is defined as
min W (T (Po , C exp ) − T (P̂ , C exp ))V
P̂

∞

.

(9)

The following theorem is the main result to identify such
control-relevant models as a certain coprime factorization,
which have a crucial role in the construction of robustcontrol-relevant model sets in Section III-B.
Theorem 3: Let {Ñe , D̃
 e } be an LCF with co-inner numerator of C exp V2 V1 . Then, (9) is equivalent to
   
N̂
No
,
(10)
−
min W
Do
D̂
N̂ ,D̂
∞
where
  
P
No
= o (D̃e + Ñe,2 V2−1 Po )−1
I
Do
   
N̂
P̂
=
(D̃e + Ñe,2 V2−1 P̂ )−1
I
D̂



(11)
(12)

are RCFs of Po and P̂ , respectively.
A proof of Theorem 3 is provided in [11]. In [11], a frequency domain system identification approach is presented
that addresses the coprime factor identification problem in
(10). Indeed, the frequency response functions of No (ω) and
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Do (ω) can be identified directly from data. The result of
the identification procedure are parametric coprime factors
{N̂ , D̂} of P̂ . Note that neither {No , Do } nor {N̂ , D̂}
are generally normalized. Indeed, in contrast to normalized
coprime factorizations, the identified coprime factorization
in (10) facilitate the identification of robust-control-relevant
model sets in view of Definition 1, as is shown in the next
section.
B. A New Model Uncertainty Coordinate Frame
In the previous section, a new connection between controlrelevant and coprime factor-based identification is established, enabling the identification of a control-relevant model
P̂ = N̂ D̂−1 . In this section, the nominal model P̂ is
extended with model uncertainty ∆u to construct a model set
P. Here, the internal coprime factorization-based structure
of P̂ turns out to be crucial to construct a robust-controlrelevant model set in view of Definition 1. Specifically, similar to connecting the nominal model identification criterion to
the control criterion J (P, C), the size of model uncertainty
has to be connected to the control criterion.
The first step is the use of the dual-Youla-Kučera model
uncertainty structure [7].
Theorem 4: Let P̂ be internally stabilized by C exp and
let {N̂ , D̂} and {Nc , Dc } be RCFs of P̂ and C exp . Then,
all systems stabilized by C exp are given by
P = (N̂ + Dc ∆u )(D̂ − Nc ∆u )−1 , ∆u ∈ RH∞ . (13)
The key aspect in Theorem 4 is the fact that there are
infinitely many coprime factorizations {N̂ , D̂} and {Nc , Dc }
of P̂ and C exp , respectively. The following definition is
required in the developments.
Definition 5: The pair {Nc , Dc } is an (Wu , Wy )normalized RCF of C if it is an RCF of C and, in addition,

∗ 

Wu Nc
Wu Nc
= I.
(14)
Wy D c
Wy D c
State-space formulas for the computation of (Wu , Wy )normalized RCFs are provided in [11]. The following theorem is the main result of this section.
Theorem 6: Consider the RCR {N̂ , D̂} of P̂ in Theorem 3 and (Wu , Wy )-normalized RCF of C exp in Definition 5. Furthermore, let the model set P be generated by
(13), where sup∆u ∈∆u k∆u k∞ ≤ γ. Then,
JWC (P, C) ≤ J (P̂ , C) + γ.
(15)
Proof: Substitution of (13) into (1) yields after several
manipulations


Wy D c
∆u Ñe ,
(16)
J (P, C) = J (P̂ , C exp ) +
−Wu Nc


Wy D c
and Ñe are inner and co-inner respectively.
where
−Wu Nc
Hence, evaluating JWC for all P ∈ P in (16), observing that


Wy D c
k∆u k∞ ≤ γ ⇔
∆u Ñe
≤ γ, ∀∆u ∈ ∆u ,
−Wu Nc
∞
and application of the triangle inequality yields (15).

In model uncertainty quantification, the goal is to determine the minimum γ, k∆u k∞ ≤ γ ∀∆u ∈ ∆u , such that
the constraint (4) holds. The main result of the new model
uncertainty coordinate frame is a transparent connection between the size of model uncertainty and the control criterion,
enabling the identification of robust-control-relevant model
sets by using any model uncertainty quantification procedure.
Thus, both the identification of the nominal model P̂ and
model uncertainty ∆u jointly aim at the identification of
robust-control-relevant model sets in view of Definition 1.
Robust-control-relevance of the identified model set P as
in Theorem 6 facilitates the design of robust controllers that
are not unnecessarily conservative. Hence, the key advantage
of such model structures is a characterization of model
uncertainty from a closed-loop, control-relevant perspective.
This is especially important for multivariable systems with
multivariable model uncertainty blocks. However, the interpretation of the open-loop physical plant characteristics is
relatively complicated, e.g., when comparing (15) and (13).
In the next section an approach is presented that enables the
visualization of multivariable robust-control-relevant model
sets from an open-loop perspective, enabling a straightforward interpretation of the certainty and uncertainty of
physical plant characteristics.
IV. V ISUALIZATION OF U NCERTAIN M ODELS
In this section, an approach is presented to construct Bode
magnitude diagrams for multivariable uncertain systems. The
approach presented here applies to the general LFT system
description in (5), which as a special case recovers (13) if


D̂−1 Nc
D̂−1
Ĥ =
.
(17)
Dc + P̂ Nc
P̂
In this section, all computations involve constant matrix
problem, providing a computational procedure for a single
frequency. By performing the computations for a frequency
range, Bode magnitude diagrams can be generated.
A. SISO Systems
In the case of a SISO system with scalar complex-valued
model uncertainty ∆u , (5) and (13) are known as a Möbius
transformation. This fact has also been observed, e.g., in
[8]. It is well-known, e.g., [12], that such a transformation
maps circles into circles, yet with a possible different radius
and center. In addition, if |Ĥ| > 1, then the interior of
circles in ∆u is mapped onto the exterior of circles in
P , as is exemplified in Section IV-D. By decomposing
the Möbius transformation into elementary transformations,
analytic bounds with respect to magnitude, see, e.g., [10], and
phase can be obtained. Although such an approach performs
adequately for SISO systems with a single complex-valued
model uncertainty description, a more general approach is
required for multivariable systems and inherently multivariable uncertainty models.
B. Extensions of the Structured Singular Value
For subsequent developments, the structured singular value
[13] and the following extensions thereof are required.
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Definition 7 (Structured Singular Value): Given matrices
M and ∆u ∈ ∆u of appropriate sizes. Then,
µ∆u (M ) = (min{σ̄(∆u )|∆u ∈ ∆u , det(I − M ∆u ) = 0})

−1

,

Additionally, if Ĥ22 does not have full column rank, then
minP ∈P σ(P ) := 0.
Proof: First, define
min σ(P ) =

unless det(I − M ∆u ) 6= 0, ∀∆u ∈ ∆u , in which case
µ∆u (M ) := 0.
An equivalent definition of µ is given by
µ∆u (M ) = max {γ|kqi k2 γ ≤ kpi k2 , ∀i ∈ I}.
kuk2 =1

where qi = ∆ui pi , ∀i ∈ I, see also [14].
Throughout, the extended perturbation set



∆u 0
¯ =
∆
|∆u ∈ ∆u , ∆t ∈ ∆t
0 ∆t

(18)

=

min

σ(Fu (Ĥ, ∆u ))

(24)

kFu (Ĥ, ∆u )uk2 =: αl

(25)

∆u ∈B∆u

min

kuk2 =1,∆u ∈B∆u

Now suppose
α ≥ αl ⇒

αl
α

≤ 1.

(26)

Recall from Definition 8 that µg,∆
¯ = 1 implies that

µs,∆
¯ = min{σ̄(∆t )|∆t ∈ ∆t , ∆u ∈ ∆u , σ̄(∆u ) ≤ 1,

¯ = 0)} −1
det(I − M ∆)
(21)

C. Towards Upper and Lower Bounds for MIMO Systems
with Arbitrary Uncertainty structure
In this section, Bode magnitude bounds are established for
multivariable systems with possibly multivariable uncertainty
structures. Bode diagrams for multivariable systems are not
unique. Here, Bode magnitude diagrams are presented of
1) the multivariable singular values, and 2) the elementwise
maximum and minimum gain. With respect to the latter
approach, let Pij denote the ij th element of P, i.e.,
(22)

where uk denotes a zero vector with element k equal to 1.
The following result is the first main result of this section
and provides a lower bound on the singular values of an
uncertain model set. It is emphasized that use is made of the
generalized structured singular value µg . Hence, in contrast
¯ can be either
to µ, the norms of the involved perturbations ∆
upper or lower bounded.
Theorem 10: Consider the setup in Figure 2, where ∆u ∈
B∆u and Ĥ22 full column rank. Then, the minimum
gain of the uncertain model set P is larger than α, i.e.,
minP ∈P σ(P ) ≥ α iff


Ĥ11
Ĥ12
µg,∆
≥ 1.
(23)
¯
1
1
α Ĥ21
α Ĥ22

kpi k2 ≤ kqi k2 ∀i ∈ I

(27)

kyk2
α .

(28)

kuk2 ≥

(19)

is considered, where ∆t = {∆t |∆t ∈ Cnu ×ny }. In general
∆t may contain additional structure. However, this is not
required for the results in this paper.
A generalization of µ is developed in [14] and is given by
the following definition.
Definition 8 (Generalized Structured Singular Value):
Given complex matrices H having full column rank and
¯ of appropriate sizes. Then, µg,∆
¯ ∈∆
∆
¯ (H) is defined as


kqi k2 γ ≤ kpi k2 , ∀i ∈ I
µg,∆
γ|
. (20)
¯ (H) = " max
#
kuk2 ≥ kyk2 γ
q
=1
u 2
The skewed structured singular value is defined as in [15].
Definition 9 (Skewed Structured Singular Value): Given
¯ Then, µs,∆
¯ ∈ ∆.
a complex matrix H and ∆
¯ is defined as

Pij = {Pij |Pij ∈ ui Puj } ,

P ∈P

In (28), a scaling by α appears since this is also incorporated
in the matrix in (23). Clearly, (27) holds by the assumption
that ∆u ∈ B∆u . In addition, ∃∆u ∈ B∆u , kuk2 = 1 such
that kyk2 = αl , hence (28) holds by assumption (26).
Next, suppose that
α > αl ⇒

αl
α

> 1.

(29)

In this case, (26) clearly contradicts (28), hence µg,∆
¯ 6=
1. Since a similar conclusions holds for µg,∆
¯ > 1, clearly
µg,∆
¯ < 1 in this case as is required.
The following corollary provides a lower bound on the
elementwise singular values of an uncertain model set.
Corollary 11: Consider the setup in Figure 2, where ∆u ∈
B∆u and ui Ĥ22 uTj 6= 0. Then, the minimum gain of
the SISO uncertain model set Pij is larger than α, i.e.,
minPij ∈Pij σ(Pij ) ≥ α iff
#!
"
Ĥ11
Ĥ12 uTj
≥ 1.
(30)
µg,∆
¯
1
1
T
α ui Ĥ21
α ui Ĥ22 uj
Additionally, if ui Ĥ22 uTj = 0, then minPij ∈Pij σ(Pij ) := 0.
Remark 12: Using Theorem 10 and Corollary 11, the
minimum system gain can be determined by means of a
bisection over α. Hence, these results involve a combination
of the skewed and the generalized structured singular value.
Remark 13: In the case that dim u = dim y in (20), i.e.,
as in Corollary 11 and to square multivariable systems in the
case of Theorem 10, then the computation of µg,∆
¯ can be
recast as a standard µ problem, see [14, Theorem 7].
The following result constitutes the second main result of
this section, and provides an upper bound on the singular
values of an uncertain model set. In contrast to Theorem 10,
the results here resort to the standard structured singular
value µ, see [13].
Theorem 14: Consider the setup in Figure 2, where ∆u ∈
B∆u . Then, the maximum gain of the uncertain model P is
smaller than β, i.e., maxP ∈P σ̄(P ) < β iff
#!
"
Ĥ11
Ĥ12
< 1,
(31)
µ∆
¯
1
1
β Ĥ21
β Ĥ22
in addition, maxP ∈P σ̄(P ) := ∞ if µ(Ĥ11 ) ≥ 1.
Proof: Consider the
2 
and scale the
 in Figure
 setup

I 0
¯
signal y by β. Then, σ̄ Fu
Ĥ, ∆
< 1 is by
0 β1 I

5533

TABLE I
B OUNDS CORRESPONDING TO EXAMPLE IN S ECTION IV-D.
À

γ
0.1
0.4
1

Lower bound α
2.58
1.95
0.5

Im(P )

γ = 0.1

Upper bound β
3.70
∞
∞

4

4

2

2

2

0

0

0

−2

−2

−2

−2

0
2
Re(P )

4

−4
−4

−2

0
2
Re(P )

Â

γ=1

γ = 0.4

4

−4
−4

Á

4

−4
−4

Fig. 4. Industrial wafer stage setup. À: granite block, Á: moving wafer
stage, Â: airmount.
−2

0
2
Re(P )

4

Fig. 3. Generated candidate models for varying norm-bounds γ of model
uncertainty in example in Section IV-D.

considering the fictitious uncertainty ∆t equal to a standard
robust stability test for σ̄(∆t ) ≤ 1, which yields (31).
The following corollary provides an upper bound on the
elementwise singular values of an uncertain model set.
Corollary 15: Consider the setup in Figure 2, where ∆u ∈
B∆u . Then, the maximum gain of the SISO uncertain model
set Pij is smaller than β, i.e., maxPij ∈Pij σ̄(Pij ) < β iff
#!
"
Ĥ11
Ĥ12 uTj
< 1,
(32)
µ∆
¯
1
1
T
β ui Ĥ21
β ui Ĥ22 uj
in addition, maxP ∈P σ̄(P ) := ∞ if µ(Ĥ11 ) ≥ 1.
Remark 16: The maximum gain of the system P can be
determined directly by means of Theorem 14 and Corollary 15 in conjunction with a bisection algorithm. Alternatively, the upper bound is equal to the skewed-µ test
µs,∆
¯ (Ĥ), which can be solved by iteratively computing a
standard structured singular value.
Remark 17: The results in this section involve the computation of the structured singular value. In general, only upper
and lower bounds can be computed, see [13] for details.
D. Simulation Example
Consider a model P̂ and controller C with coprime factor
frequency response function evaluated at a single frequency
ω given by N̂ = 3, D̂ = 1, Mc = − 25 , Dc = 49 . To illustrate
the results with respect to the minimum and maximum gain,
the norm-bound and the perturbation model is varied, i.e.,
∆u ∈ C, σ̄(∆u ) ≤ γ, γ = {0.1, 0.4, 1}. The resulting lower
and upper bounds on the system gain are computed using
Theorem 10 and Theorem 14 and are given in Table I.
In addition, random complex numbers ∆u are generated
that satisfy the norm-bound γ. The corresponding models
P , see (13), are depicted in Figure 3. The simulated results
confirm that the computed bounds in Table I are correct.
Figure 3 reveals that the LFT in (13) indeed maps circles
into circles, as is also discussed in Section IV-A. Interestingly, for γ = 0.1, the uncertain plant set is circular yet
centered around 3.14, which is not equal to the nominal
model response P̂ = 3, as is expected. Furthermore, for
γ = 0.4, the model set is still circularly shaped yet with an
infinite radius. Still, the lower-bound on the gain is bounded
by 1.95, whereas the upper bound has become infinite since

the condition µ∆u (Ĥ11 ) = 1, where the norm-bound γ =
0.4 has been appropriately taken into account. Finally, for
γ = 1, the candidate models are located everywhere except
in a circle of radius 1 and centered at 0.5. Indeed, the circles
in terms of ∆u are still mapped onto circles in terms of P ,
however, since |Ĥ| > 1, the interior of the circles in the ∆u plane is mapped onto the exterior of circles into the P -plane.
Indeed, observe that the P s for γ = 0.1 are contained in the
set of P s for γ = 0.4, which are again contained in the set
of P s for γ = 1, as is expected. Still, the minimum gain
of the candidate models is 0.5, which is correctly computed
using Theorem 10. Note that the minimum gain is not zero
even though the maximum gain is ∞ due to the condition
µ∆u (Ĥ11 ) > 1.
V. E XPERIMENTAL E XAMPLE
A. System Description
In this section, robust-control-relevant model sets are investigated for an industrial wafer stage system, see Figure 4.
Such wafer stages are high precision positioning systems and
are used in the production of integrated circuits. Although the
wafer stage system has 6 inputs and 6 outputs, only 2 inputs
and 2 outputs corresponding to the translational degrees-offreedom in the horizontal plane are considered to facilitate
the exposition. All signals and systems evolve in discrete
time with a sampling frequency of 2.5 kHz. Furthermore, an
initial C exp , achieving a bandwidth of 40 Hz, is implemented
on the system. Weighting filters W and V , see (1), are
designed that aim at a target closed-loop bandwidth of 90 Hz.
B. Nominal Model Identification
First, the control-relevant coprime factorization {N̂ , D̂} in
Theorem 3 are identified. The resulting model P̂ = N̂ D̂−1
has McMillan degree 8 and is depicted in Figure 5 and
Figure 6. The model clearly encompasses the two rigidbody modes and two resonance phenomena around 200 Hz
corresponding to flexible dynamical behavior.
C. Model Uncertainty Quantification
Next, the quality of the nominal model P̂ is investigated
using the validation-based uncertainty modeling approach in
[16]. The result of this uncertainty modeling procedure is a
certain value of γ such that the constraint in (4) holds. Here,
∆cu := {∆u |∆u ∈ C2×2 }, i.e., an unstructured multivariable
model uncertainty block is considered.
The system has been operated under varying conditions
and, in addition, at different frequencies than the identification frequency grid used in Section V-B. The resulting
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σ(Pij ), Pij ∈ P ij [dB]

P11

−100

−100

−150

−150

−200

VI. C ONCLUSIONS
In this paper, 1) a new robust-control-relevant system identification procedure for multivariable systems is presented
that enables a robust control design that is not unnecessarily
conservative; 2) new visualization techniques for uncertain
model sets are developed; and 3) the developed identification
and visualization techniques are applied to a multivariable
industrial wafer stage system, revealing the physical system
phenomena that are required to be certain and the phenomena
that are allowed to be highly uncertain without significantly
jeopardizing control performance. The presented results thus
contribute to further clarifying the intimate relation between
system identification and robust control design.
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of uncertain models from a control perspective. Clearly, such
uncertain model sets have the shape of an hourglass that is
tightest around the desired cross-over region.
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Fig. 5. Bode diagram: nonparametric estimate (dot), nominal model P̂
(solid), model set P (shaded).
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Bode diagram: nominal model P̂ (solid), model set P (shaded).

value γ = 2.1. The resulting model set is denoted by P
and computations reveal that JWC (P, C exp ) = 92.0. Since
the nominal model P̂ achieves a performance J (P̂ , C exp ) =
89.9, the bound in (15) is satisfied.
D. Analysis of Uncertain Model Sets through Visualization
The identified model set P is subsequently visualized
using the techniques that are presented in Section IV. The
minimum and maximum gain of each element Pij is depicted
in Figure 5. The minimum and maximum gain of the
multivariable system P is depicted in Figure 6. These figures
enable a thorough analysis of the physical system properties
that are relevant from a control perspective.
Firstly, it is observed that the two resonance phenomena
around 200 Hz are very accurately modeled. Interestingly, the
rigid-body modes are accurately modeled around the desired
cross-over frequency. However, at low frequencies, where
the rigid-body mode dominates the system behavior, the
model set is relatively large and hence uncertain. A similar
observation holds at higher frequencies, where the size of
the model set increases for increasing frequencies. Thus,
from a control perspective there is no significant benefit from
modeling the high frequent resonance phenomena. Concluding, new robust-control-relevant model set identification and
visualization techniques can shed light on the desired shape
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