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Connecting System Identification and
Robust Control for Next-Generation Motion
Control of a Wafer Stage
Tom Oomen, Robbert van Herpen, Sander Quist, Marc van de Wal, Okko Bosgra, and Maarten Steinbuch

Abstract— Next-generation precision motion systems are lightweight to meet stringent requirements regarding throughput
and accuracy. Such lightweight systems typically exhibit lightly
damped flexible dynamics in the controller cross-over region.
State-of-the-art modeling and motion control design procedures
do not deliver the required model complexity and fidelity to
control the flexible dynamical behavior. The aim of this paper is
to develop a combined system identification and robust control
design procedure for high performance motion control and apply
it to a wafer stage. Hereto, new connections between system
identification and robust control are employed. The experimental
results confirm that the proposed procedure significantly extends
existing results and enables next-generation motion control
design.
Index Terms— Control applications, model uncertainty, model
validation, motion control, motion systems, multivariable control,
robust control, system identification for control.

I. I NTRODUCTION
A. Developments in Lithography
The mass production of integrated circuits (ICs) has enabled
the development of a wide variety of technologies that have
a key role in today’s society, including transportation systems, manufacturing systems, personal computers, and mobile
phones. Wafer scanners (Fig. 1) are the state-of-the-art equipment for the automated production of ICs. During the production process, a photoresist is exposed on a silicon disc, called
a wafer. During exposure, the image of the desired IC patterns,
which is contained on the reticle, is projected through a lens
on the photoresist. The exposed photoresist is then removed
by means of a solvent. Subsequent chemical reactions enable
etching of these patterns, which is repeated for successive
layers. Typically, more than 20 layers are required for each
wafer. Each wafer contains more than 200 ICs that are sequentially exposed. During this entire process, the wafer must
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Fig. 1. Schematic illustration of a wafer scanner system, where ➀ light
source, ➁ reticle, ➂ reticle stage, ➃ lens, ➄ wafer, and ➅ wafer stage.

extremely accurately track a predefined reference trajectory in
six motion degrees-of-freedom (DOFs). This precision motion
task is performed by the wafer stage, which is investigated in
detail in this paper.
In the last decades, increasing demands with respect to
computing power and memory storage have led to an ongoing
dimension reduction of transistors. The minimum feature size
associated with these transistors is called the critical dimension
(CD) and is determined by the wavelength of light, see [1], [2].
In [2], CDs of 50 nm have been achieved using deep ultraviolet (DUV) light with a wavelength of 193 nm through
many enhancements of the production process. However, a
technology breakthrough is required to reduce the wavelength
of light and consequently improve the achievable CD.
Extreme ultraviolet (EUV) is a key technology for
next-generation lithography [3], [4]. At present, experimental prototypes with a 13.5 nm wavelength are reported in
[2] and [5] and the first production systems are presently being
installed [6].
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The introduction of EUV light sources in lithography has
far-reaching consequences for all subsystems of the wafer
scanner, including the wafer stage. EUV does not transmit
through any known material, including air. Hence, lenses used
in DUV have to be replaced by mirrors. Moreover, the entire
exposure has to be performed in vacuum.
B. Developments in Precision Motion Systems
Due to the developments in lithographic production
processes, next-generation precision motion systems are
expected to be lightweight for several reasons. First, vacuum
operation requires these systems to operate contactless to
avoid pollution due to mechanical wear or lubricants. In
addition, contactless operation reduces parasitic nonlinearities,
such as friction and thus potentially increases reproducibility.
Since contactless operation requires a compensation of gravity
forces, a lightweight system is essential. Second, market
viability requires a high throughput of the wafer scanner.
This requires high accelerations in all six motion DOFs. The
accelerations a of the wafer stage are determined by Newton’s
law F = ma. Here, the forces F that the electromagnetic
actuators can deliver are bounded, e.g., due to size requirements and thermal reasons, and are proportional to a 2 . Hence,
a high acceleration a requires a reduction of the mass m,
again motivating a lightweight system design. Third, the wafer
diameter is expected to increase from 300 to 450 mm to
increase productivity. This requires increased dimensions of
the wafer stage, which again underlines the importance of a
lightweight system design.
As a result of a lightweight system design, next-generation
motion systems predominantly exhibit flexible dynamical
behavior at lower frequencies. This has important consequences for control design, as is investigated next.
C. Toward Next-Generation Motion Control: The Necessity of
a Model-Based Approach
On the one hand, the increasing accuracy and performance
demands lead to the manifestation of flexible dynamical
behavior at lower frequencies. On the other hand, due to
these increasing demands, the controller has to be effective
at higher frequencies. Combining these developments leads to
a situation where flexible dynamical behavior is present within
the control bandwidth. This is in sharp contrast to traditional
positioning systems where the flexible dynamical behavior can
be considered as high-frequency parasitic dynamics, as is, e.g.,
the case in [7, Sec.. 2.1, Assumptions 1–3].
The presence of flexible dynamical behavior within the
control bandwidth has significant implications for motion
control design in comparison to the traditional situation as
follows.
1) Next-generation motion systems are inherently multivariable, since the flexible dynamical behavior is generally not aligned with the motion DOFs.
2) Next-generation motion systems are envisaged to
be designed with many actuators and sensors to
actively control flexible dynamical behavior, whereas
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traditionally the number of inputs and outputs equals
the number of motion DOFs.
3) A dynamical relation exists between measured and performance variables, since the sensors generally measure
at the edge of the wafer stage system, while the performance is required on the spot of exposure on the wafer
itself. In contrast, the flexible dynamical behavior is
often neglected in traditional motion systems, leading to
an assumed static geometric relation between measured
and performance variables.
These implications of lightweight motion systems on the
control design motivate a model-based control design, since:
1) a model-based design provides a systematic control
design procedure for multivariable systems;
2) a model is essential to investigate and achieve the limits
of performance. Specifically, fundamental performance
limitations are well-established for nominal models,
see [8], and robust control provides a transparent tradeoff
between performance and robustness, see [9];
3) a model-based design procedure enables the estimation
of unmeasured performance variables from the measured
variables through the use of a model.
As pointed out in [7], a model-based control design is far
from standard in state-of-the-art industrial motion control,
since the majority of such systems is controlled by manuallytuned single-input single-output (SISO) proportional-integralderivative (PID) controllers in conjunction with rigid-body
decoupling based on static input–output transformations.
D. Modeling for Precision Motion Control
The success of a model-based control design hinges on the
model quality. For the considered class of motion systems,
system identification provides an inexpensive, fast, and accurate methodology to obtain a model. This is especially due
to the fact that these motion systems are designed such that
the system dynamics are essentially linear, enabling the use
of well-developed system identification techniques for linear
systems. The resulting linear model is an approximation of the
true system, since:
1) motion systems generally contain many resonance
modes [10] of which a limited number is included in
the model;
2) parasitic nonlinearities are present, e.g., nonlinear damping [11];
3) identification experiments are based on finite time disturbed observations of the true system.
Robust control design [9], [12], explicitly addresses these
model errors by considering a model set that encompasses
the true system behavior. This model set has to be chosen
judiciously, since the resulting robust controller has to achieve
performance for all candidate models in this set in the sense of
an appropriately defined control objective. This leads to two
requirements on the model set.
R1) The model set should enable a high performance robust
control design, i.e., all candidate models should achieve
high performance with a single controller.
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R2) The model set should enable a nonconservative synthesis of a robust controller that has a low-order for
real-time implementation.
In Requirement 2, low-order refers to the order of magnitude
of the number of states, where 101 and 102 states are typically
considered low-order for multivariable motion applications.
In [13], a combined system identification and robust
control design approach for SISO systems are presented. This
approach is further extended toward multi-input multioutput
(MIMO) motion systems in [7], whereas related approaches
for lightly damped mechanical structures are presented in
[14] and [15]. However, as is also argued in [7], the achievable
performance for MIMO systems is hindered by inadequacies
in the system identification procedure.
In [16], a first important step is taken to connect the system
identification criterion and the control criterion. However,
similar to the approach in [7], the actual procedure involves
the use of highly structured model uncertainty descriptions.
As a result, the robust controller synthesis step is generally
conservative since it is based on upper bounds that are known
to be conservative for highly structured model uncertainty
descriptions [17, Sec. 9]. Hence, such an approach violates
Requirement 2, above. The aim of this paper is to develop an
approach that employs unstructured uncertainty during system
identification in a nonconservative manner. As a result, robust
control can also directly be performed in a non-conservative
manner. Thus, such an approach extrapolates well to
next-generation motion control applications where a high
number of inputs and outputs are expected, which is in sharp
contrast to existing approaches, including [7], [16].

Fig. 2. Experimental wafer stage system, where ➀: metrology frame, ➁
mover, and ➂ airmount. Only the wafer stage is shown, i.e., without the
imaging optics in Fig. 1.

E. Contribution and Outline of This Paper
The main contribution of this paper is the development and
implementation of a joint system identification and robust control design framework for high performance next-generation
motion control that satisfies requirements 1) and 2) in
Section I-D. Hereto, a design framework is proposed that
exploits a new connection between system identification and
robust control. The consequence of the resulting model set is
that it allows both nonconservative model set identification and
nonconservative robust controller synthesis. In this respect, the
approach significantly extends earlier contributions in system
identification and robust control for motion systems, including
[7], [13], [14], [16].
In this paper, theoretical, design, and algorithmic aspects are
appropriately addressed to obtain a practically implementable
control design procedure for next-generation motion systems.
The resulting framework is experimentally demonstrated on
an industrial wafer stage system. The outline of this paper
is as follows. In Section II, the considered wafer stage is
introduced and the wafer stage control problem is stated.
Then, in Section III, the general framework that connects
system identification and robust control for wafer stage motion
is presented. In Section IV, a procedure for identification
of a wafer stage model for robust control is presented and
applied to the experimental wafer stage system. This model is
subsequently used in Section V to design a robust controller

Fig. 3.
Close-up of experimental wafer stage system in Fig. 2, where
➀ mirror block, ➁ mover, ➂ guardrail, ➃ current coil, and ➄ magnet stator.

and to implement it on the wafer stage system. Conclusions
and a discussion are provided in Section VI.
II. WAFER S TAGE C ONTROL P ROBLEM
A. Experimental Setup
The considered industrial wafer stage system is especially
designed for vacuum operation and is depicted in Figs. 2 and 3.
The system is equipped with moving-coil permanent magnet
planar motors that enable contactless operation, see [18] for
the underlying principle. The motion system consists of two
parts: a stator, which is a plate consisting of an ordered array
of permanent magnets, and a mover, which constitutes the
moving part of the wafer stage.
Four actuators are connected to the mover to provide the
necessary force, each consisting of three coils, which are
powered by a three-phase power source. By means of an
appropriate position-dependent commutation of the coils, each
actuator delivers a well-defined and reproducible force in two
directions. As a result, eight independent forces are available.
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Fig. 5.
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Generic wafer stage feedforward and feedback control problem.

whereas the system is partitioned as
 xx xy
P P
.
P=
P yx P yy
o (ωi ), ωi ∈ id
An identified frequency response function P
is depicted in Fig. 4. This frequency response function is
obtained using the approach in Appendix A, and id is a
suitably chosen discrete frequency grid. From Fig. 4, the
following observations are made. Below 200 Hz, the system
is decoupled, revealing a rigid-body behavior in the diagonal
elements, corresponding to translations in the x-direction
and y-direction, respectively. The first resonance phenomena
o (ωi ). Since
appear at 208 and 214 Hz in all elements of P
these flexible dynamics are not aligned with the motion DOFs,
the interaction between the x-direction and y-direction is high,
o (ωi ) have an approximately equal
i.e., the four elements of P
gain beyond 200 Hz.
B. Wafer Stage Control Goal
Fig. 4.
scanner.

Identified frequency response function 
Po (ωi ), ωi ∈ id of wafer

Laser interferometers in conjunction with a mirror block,
which are connected to the metrology frame and the wafer
stage, respectively, enable a high accuracy position measurement in all six motion DOFs, i.e., three translations and three
rotations. Specifically, subnanometer measurement accuracy is
available for the translational DOFs. Throughout, all signals
and systems operate in discrete time with a sampling frequency
of 2.5 kHz. Consequently, the performance criteria are defined
in discrete time. In addition, the entire system identification
and controller synthesis are performed in discrete time. For
extensions of the presented framework toward sampled-data
aspects, including intersample behavior, see [19].
It is emphasized that the presented approach in this paper
is aimed to deal with a large number of actuators and sensors,
possibly more than the number of motion DOFs. However, to
facilitate a clear exposition, the controller design in this paper
is performed for a two-input two-output subsystem. The other
DOFs are controlled by low performance PID controllers.
The translational x and y DOFs1 in the horizontal plane are
considered in this paper. Hence, the input u and output y to
the system are given by
 x
 x
y
u
u= y , y= y
u
y
1 The variable y is used to denote both a translational direction and measured
variable, it should be clear from the context which one is referred to.

1) Bandwidth Definition: The key performance indicator
for wafer stage systems is the closed-loop bandwidth. The
considered wafer stage system in this paper is decoupled up to
approximately 200 Hz, see Section II-A. In case, the controller
 xx xy
C C
C=
C yx C yy
is (approximately) diagonal in the low frequency range,
then the bandwidth can be defined for the x-direction and
y-direction separately. In this paper, the bandwidth for each
separate direction is defined as the gain crossover frequency
f BW [9, Section 2.4.3], which is defined as the smallest
frequency for which
|P x x C x x | = 1 and |P yy C yy | = 1
for the x-direction and y-direction, respectively. By diagonality of P and C, this in turn corresponds to the frequencies
where the singular values σ (PC) equal one and hence σ (C P)
equal one.
2) Motivation for Bandwidth Specifications: The concept of
bandwidth as defined in Section II-B1 is particularly useful for
wafer stages that have to perform a servo task, i.e., to track
a predefined trajectory with high accuracy. Assuming that the
performance variables are measurable for feedback, the general control problem can be represented as in Fig. 5. Herein,
r2 is the reference signal that should be accurately tracked,
i.e., e = r2 − ỹ should be kept small, where ỹ is the system
output. In addition, r1 has the role of feedforward command
signal, whereas d1 and d2 represent unknown disturbances at
the system input and output, respectively. Finally, v represents
measurement noise.
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To illustrate the notion of bandwidth, notice that direct
manipulations reveal that the servo error e equals
e = So (r2 − Por1 ) − So d − So v

(1)

C)−1

and d = d2 + Po d1 . For the considered
with So = (I + Po
wafer stage system, analysis of the three terms in (1) leads to
the following observations.
1) The term So (r2 − Por1 ) can be made small by an
appropriate feedforward control design, i.e., setting r1 =
Fr2 with F ≈ Po−1 . Suitable techniques to design F
for motion systems are available in [20] and references
therein. For the considered class of motion systems, the
resulting setpoint-induced error (I − Po F)r2 generally
has dominant frequency content in the low-frequency
range.
2) The disturbance term d generally has dominant lowfrequency content.
3) Due to sub-nanometer measurement accuracy, the measurement noise v is orders of magnitude smaller than the
effect of the disturbance d and setpoint-induced error
and is typically negligible.
After appropriate feedforward design F and neglecting
measurement noise v, the resulting error signal is then

Fig. 6.

Feedback configuration for wafer stage application.

below approximately 100 Hz (Fig. 19). This motivates a
bandwidth of at least 100 Hz. On the other hand, it is known
from practical experience that such a bandwidth is difficult to
obtain due to the presence of resonance phenomena around
200 Hz. Hence, a bandwidth of 90 Hz is challenging.
In the next section, a model-based optimal controller design
is pursued for achieving the bandwidth requirements that
enable the direct design of a multivariable controller that takes
into account the inherent coupling in the system. In addition,
by explicitly taking model uncertainty into account, a robust
controller can be designed that provides certain performance
guarantees when implemented on the true system. Notice
that an alternative design approach could be to extend a
manually tuned PID controller with notch filters to suppress
the resonance phenomena around 200 Hz. However, this is not
straightforward due to the inherent coupling in the system.

e = So (I − Po F)r2 − So d.
The aim of this paper is to design a feedback controller C
that leads to a small error signal. Hereto, observe that by the
results of [21]
1
(2)
σ̄ (So ) ≈
σ (Po C)
for frequencies where σ (Po C)  1. In (2), σ̄ (.) and σ (.) refer
to the largest and smallest singular value, respectively.
By noting that increasing the bandwidth increases the frequency range for which σ (Po C)  1 and increases σ (Po C)
at low frequencies, it is observed from (2) that σ̄ (So ) is
reduced in that case. Hence, additional disturbance attenuation
regarding the setpoint-induced error (I − Po F)r2 and the
disturbance d is achieved at low frequencies.
3) Bandwidth Specification: High bandwidth is desirable for
high performance motion control. However, flexible dynamics
and their uncertainty generally impose an upper bound on the
achievable bandwidth. Hence, robustness should be appropriately taken into account. In this paper, robustness is addressed
by means of a formal robust controller design in the next
section.
When designing a manually tuned PID controller without
using any notch filters, the bandwidth is limited to approximately 40 Hz. The PID controller that achieves the 40 Hz
bandwidth while maintaining good robustness margins is
denoted C exp (Fig. 15).
The aim of this paper is to achieve a bandwidth of 90 Hz.
To anticipate on the next section, the presented robust control design framework requires the specification of a target
bandwidth. The controller synthesis procedure then aims to
achieve this target bandwidth. The motivation for selecting a
bandwidth equal to 90 Hz is twofold. On the one hand, the
exogenous disturbances have a dominant frequency content

III. G ENERIC I DENTIFICATION AND ROBUST
C ONTROL F RAMEWORK
A. Optimal Controller Design
1) Control Criterion: In Section II-B, it is argued that the
wafer stage control goal imposes requirements on the loopgain in terms of the bandwidth. A systematic manner to attain
these requirements is by formulating a certain criterion using
the H∞ -norm.
In this paper, the criterion
J (P, C) = W T (P, C)V ∞

(3)

is considered, where the goal is to compute the optimal control
design given by
C opt = arg min J (Po , C).
C

(4)

Besides the fact that the H∞ -norm enables the specification
of requirements on the loop-gain, including bandwidth, the
H∞ -norm in (3) has important advantages compared to alternative system norms. First, the H∞ -norm is an induced norm
and enables a suitable representation of model uncertainty as
H∞ -norm bounded perturbations. This property will be used
to formulate robustness objectives in Section III-B. Second,
the required synthesis algorithms are commercially available.
To specify the criterion (3), the feedback interconnection in
Fig. 6 is considered. As a result, T (P, C) is defined as
   
 


y
r
P
(5)
T (P, C): 2 →
=
(I + C P)−1 C I
r1
u
I
and the weighting functions are partitioned accordingly as




Wy 0
V 0
W =
, V = 2
0 Wu
0 V1
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Finally, direct algebraic computations reveal that the
designed weighting filters W1 and W2 correspond to W and
V in (3) as


 −1

W2 0
W2
0
W =
,
V
=
.
0 W1−1
0 W1

(a)

(b)

Fig. 7. (a) Singular values of weighting filters: W1 (solid blue), W2 (dashed
red). (b) Singular values of the nonparametric frequency response function
estimate 
Po (ωi ) for ωi ∈ id (solid blue), shaped system W2 
Po (ωi )W1 for
ωi ∈ id (dashed red).

The four-block problem (5) guarantees internal stability of
the resulting feedback loop and is sufficiently general to
encompass many common robust control design approaches,
including the approach in Section III-A2 that specifies the
loop-gain in terms of bandwidth requirements.
2) Loop-Shaping Weighting Functions W and V : In
this paper, a loop-shaping-based weighting function design
approach is adopted that resembles the approach in
[21] and [22]. Such a loop-shaping approach can be effectively used to specify the bandwidth requirements for motion
systems, as is also evidenced by the related successful motion
control design applications in [7], [13], [16], and [23].
In the design approach of [21] and [22], weighting filters W2
and W1 are specified such that W2 PW1 has a certain desired
open-loop shape PC. Note that prior applications of the loopshaping procedure in [21] and [22] require knowledge of
the nominal parametric model P̂ for designing the weighting
filters. Since such a model is not yet available, it is proposed
to employ the identified frequency response function estimate
o (ωi ), see Fig. 4.
P
To specify the open-loop shape, note that σ (Po C) has to be
made large at low frequencies in view of (2). Besides setting
the bandwidth f BW , as defined in Section II-B1, equal to 90 Hz
for both the x-direction and the y-direction, additional lowfrequency disturbance attenuation can be achieved. Hereto,
W1 is designed to enforce integral action to attenuate lowfrequency disturbances. The cut-off frequency for the integral
action is set to fBW /5, see Fig. 7.
A bound similar to (2) can be derived to make σ̄ (PC)
small at high frequencies, which effectively attenuates the
(small) contribution in (1) due to v at high frequencies. Hereto,
W2 is designed to enforce controller roll-off to attenuate highfrequency measurement noise. In addition, W2 is designed to
have a slope of approximately +1 around the target such that
the loop-gain W2 PW1 has a gain of approximately −1. This
facilitates achieving good gain and phase margins. Finally,
the multivariable gain of the shaped system is adjusted using
a modified align algorithm, see [24], such that the singular
values equal unity at the target bandwidth fBW = 90 Hz. As
a result, the weighting filters W1 and W2 are non-diagonal
transfer function matrices. The designed weighting filters and
o W1 are depicted in
the resulting desired loop-shape W2 P
Fig. 7.

Note that for the controller synthesis, the weighting filters can
equally be absorbed into the feedback loop as in [21] and [22]
to enable the use of standard H∞ -optimization algorithms,
e.g., [12], that require bistable weighting functions.
The criterion J (P, C) is an indicator showing whether
the designed loop-gain PC mimics the specified loop-gain
W2 PW1 , as is proved by the bounds in [21]. For instance,
a common guideline in such loop-shaping techniques is that
the desired loop-shape is accurately matched if J (P, C) < 4.
In this paper, the criterion J (P, C) is considered an auxiliary
value in the sense that a smaller value implies that the target
bandwidth is achieved closer.
B. Robustness Specification
The optimal controller in (4) cannot be computed directly
since Po is unknown. To perform the actual controller synthesis, a parametric model of the system is required. As is
argued in Section I-D, enforcing robustness is essential for
such model-based control design approaches. However, the
criterion J (P, C) in (6) only reflects performance objectives
and does not necessarily guarantee robustness with respect to
model errors.
In view of robustness requirements, a model set P is considered. This model set is constructed such that it encompasses
the true system behavior, i.e., it satisfies
Po ∈ P.

(6)

Throughout, the model set P is constructed by considering a
perturbation u around a nominal model P̂

(7)
P = P P = Fu ( Ĥ , u ), u ∈ u
where the upper linear fractional transformation (LFT) is given
by
Fu ( Ĥ , u ) = Ĥ22 + Ĥ21u (I − Ĥ11u )−1 Ĥ12.
Here, Ĥ contains the multivariable nominal model P̂ and the
model uncertainty structure. Specifically, P̂ is recovered if
 = 0, i.e., P̂ = Fu ( Ĥ , 0). In addition, the perturbation set
is a norm-bounded subset of H∞
u = u ∈ RH∞

u ∞ ≤ γ

(8)

where u is of suitable dimensions in view of the LFT in (7).
In principle, u can be subject to additional structural constraints, e.g., (block-) diagonality. However, as is argued in
Section V, this leads to conservatism in the robust controller
synthesis step.
Associated with P is the worst-case performance criterion
JWC (P, C) = sup J (P, C).
P∈P
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Model set P = P P = Fu ( Ĥ , u ), u ∈ u .

By minimizing the worst-case performance
C RP = arg min JWC (P, C)
C

(9)

it is guaranteed that
J (Po , C RP ) ≤ JWC (P, C RP )

(10)

hence C RP is guaranteed to result in a certain performance
when implemented on the true wafer stage Po . In contrast,
for a controller design that is solely based on the nominal
model
(11)
C NP = arg min J ( P̂, C)

Fig. 9.

Identification and robust control design procedure.

C

no such performance guarantees can be given, since
JWC (P, C NP ( P̂)) is arbitrary and may be unbounded. This
is confirmed in Section V-B.
C. Toward a Joint System Identification and Robust Control
Approach
A key observation is that the guaranteed performance bound
(10) highly depends on the model set P. To illustrate this,
note that by making P large, it is generally easy to satisfy
the constraint (6). However, the controller C RP has to achieve
performance with all candidate models in P, hence the worstcase performance bound in (10) is large and performance is
poor.
To ensure that P is small, the experimental conditions
should be taken into account. As argued in Section II, the
wafer stage system is open-loop unstable due to contactless
operation. Hence, a stabilizing controller is needed. This
controller is denoted C exp . In this paper, the PID controller
with a bandwidth of 40 Hz, as described in Section II-B3
is used as C exp . It is emphasized that C exp is relatively
straightforward to tune using manual PID tuning, but does not
meet the performance requirements for normal wafer stage
operation. The crucial step in obtaining a small P lies in
exploiting the knowledge of this controller that stabilized the
system during the identification experiment.
The key idea in this paper is to identify the model set P such
that it explicitly addresses the control objective JWC (P, C)
and takes into account the experimental conditions. In particular, the robust-control-relevant identification criterion
min JWC (P, C exp )
P

subject to (6)

(12)

is considered. Hence, besides connecting to the control criterion, the identification criterion (12) explicitly takes into
account the fact that the wafer stage system is stabilized by
C exp during the identification experiment.
The main motivation for considering the robust-controlrelevant identification criterion (12) is that this provides an
upper bound for the resulting robust controller synthesis step,
since it is directly verified that
JWC (P, C RP ) ≤ JWC (P, C exp ).
D. Proposed Design Procedure
The resulting procedure is summarized in Fig. 9. Herein,
Step 1 and Step 2 have already been performed in Sections IIA and III-A, respectively. In the next section, Step 3 and Step
4 are performed that jointly lead to the model set P in (25).
Then, Step 5, the robust controller synthesis and subsequent
controller implementation are performed in Section V.
IV. ROBUST-C ONTROL -R ELEVANT I DENTIFICATION
In this section, the robust-control-relevant identification
problem (12) is addressed. Hereto, the general LFT-based
uncertainty description (7) is used, which encompasses many
relevant uncertainty structures in robust control theory. The
resulting model set depends on several choices:
1) the nominal model P̂ that equals Ĥ22;
2) the uncertainty structure that determines Ĥ11, Ĥ21, and
Ĥ12;
3) the norm-bound γ in (8).
Since the goal is to solve (12), these choices are highly
coupled. To arrive at a tractable identification problem, the
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identification of the nominal model P̂ and the uncertainty
modeling step are separated.
In this section, the following steps are taken. First, in
Section IV-A, preliminary steps are taken regarding the choice
of the uncertainty structure. This leads to a specific approach
for identifying a nominal model P̂ in Section IV-B. The
internal representation of the nominal model yields a new
model uncertainty structure in Section IV-C that leads to
a transparent separation of nominal model performance and
uncertainty modeling. The application to the wafer stage is
presented in Section IV-D.
A. Model Uncertainty Structures in Identification for Robust
Control
As is argued in the previous section, an uncertainty structure
should be selected that facilitates minimization of (12). Hereto,
notice that the LFT-based description of P, see Fig. 8, can be
adopted to express JWC (P, C exp ) as an LFT. This involves
the construction of a generalized plant as in [9, Sec. 3.8].
The uncertain model in Fig. 8 is appended with C exp and the
weighting functions, leading to Fig. 10. As a result
JWC (P, C exp ) = sup

u ∈u

Fu ( M̂, u )
∞

M̂22 + M̂21 u (I − M̂11 u)−1 M̂12

= sup

u ∈u

.
∞

(13)
The LFT (13) is a complicated function of u . As a result, it is
not immediately clear how to actually minimize JWC (P, C exp )
over P. To simplify this, a model set P is constructed around
a nominal model P̂ through a coprime-factor-based approach.
Hereto, the nominal model P̂ is internally structured as a
factorization of two coprime factors, i.e., P̂ = N̂ D̂ −1 , where
{ N̂ , D̂} should satisfy [22]:
1) N, D ∈ RH∞ ;
2) ∃X, Y ∈ RH∞ such that X N + Y D = I
to be a right coprime factorization (RCF). Similarly, an RCF
{Nc , Dc } of the controller C exp is considered.
Next, consider the following dual-Youla-Kučera uncertainty
structure [25]–[27]:




−1
DY
P = P|P = N̂ + Dc u D̂ − Nc u
, u ∈ u .
(14)
The model set (14) can also be cast in the LFT representation
(7) by


−1 N
−1
D̂
D̂
c
Ĥ DY =
Dc + P̂ Nc P̂
and direct computations reveal that the transfer function matrix
M̂ in Fig. 10 is given by the partitioned matrix
⎡
 exp  ⎤
exp
−1
M̂ DY ( P̂, C exp ) = ⎣



W

0

Dc
−Nc



( D̂ + C

N̂ )

C

I V

W T ( P̂, C exp )V

⎦.

JWC (P

DY

,C

exp

) = sup

u ∈u

M̂22 + M̂21 u M̂12

Fig. 10. Worst-case performance JWC (P, C exp ) in generalized plant setting.

Hence, in contrast to the general LFT description in (13),
JWC (P DY , C exp ) in (15) always is bounded.
The underlying mechanism is that the dual-Youla-Kučera
uncertainty structure (14) parameterizes all candidate systems
that are stabilized by C exp . Besides the fact that this guarantees
that JWC (P DY , C exp ) is bounded for any γ , it also ensures that
the constraint (6) is satisfied for a certain γ .
Remark 1: Alternative uncertainty structures, including the
additive and multiplicative uncertainty structure, in general
do not have the favorable properties associated with (14).
These uncertainty structures lead to M̂11 = 0, in which case
boundedness of JWC (P, C exp ) is not guaranteed. In addition,
in that case also restrictive assumptions regarding the openloop poles and zeros of P̂ are required to satisfy (6), as is
confirmed in [12, Table 9.2].
Although the parameterization (14) leads to a bounded
performance JWC (P DY , C exp ), the actual minimization of
JWC (P DY , C exp ) over the model set P DY , see (12), is still
not directly tractable. The key reason is that M̂21 and M̂12
are frequency-dependent and multivariable transfer function
matrices that influence the connection between the normbound γ in (8) and the worst-case performance criterion
JWC (P DY , C exp ).
In the forthcoming sections, two steps are taken to solve
(12). The key idea is to observe that the pairs { N̂ , D̂}
and {Nc , Dc } in (14) are any RCF of P̂ and C exp , respectively. Notice that infinitely many coprime factorizations
exist, i.e., coprime factorizations are not unique. In the next
Section IV-B, a new coprime factorization { N̂ , D̂} of the
nominal model P̂ is defined. Then, in Section IV-C, it
is shown that this coprime factorization leads to a new
model uncertainty coordinate frame that enables a new
solution to (12).
B. Nominal Model Identification P̂
As is argued in Section IV-A, two steps are taken to identify
the model set in (12). First, a nominal model P̂ is identified,
which is the aim of this section. Second, the nominal model is
extended with model uncertainty in Section IV-C. Both these
steps are jointly aimed at solving (12).
1) Control-Relevant Identification: To ensure that the nominal model P̂ is suitable to address (12), observe that the
closed-loop performance of any candidate model P̂ is related
to the true system through
J (Po , C) ≤ J (P, C) + W (T (Po , C) − T (P, C)) V ∞

As a result, (13) reduces to an affine function in u
∞

.

(15)
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(16)

which directly results by application of the triangle inequality
to (3). By evaluating (16) for the controller C exp and minimizing over P, the following control-relevant identification
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criterion is formulated:


P̂ = arg min W T (Po , C exp ) − T (P, C exp ) V
P

∞

.

(17)

The key idea behind the control-relevant identification criterion in (17) is that the nominal model is evaluated with
respect to closed-loop control objectives, which are specified
by the control weighting filters W and V in (3). Note that
the use of the triangle inequality in (16) is at the basis of
many iterative identification and control techniques based on
nominal models, including [28], and [29]. In this paper, the
nominal model that minimizes the metric in (17) is shown to be
especially useful in identification for robust control based on
model sets, see also (12). This will be shown in Section IV-C.
The underlying technical result is a new connection between
(17) and the identification of coprime factorizations, as is
discussed in subsequent sections.
2) Coprime Factor Identification: As is discussed in
Section IV-A, the nominal model P̂ should be internally
structured as a coprime factorization to construct the model
set (14). These coprime factorizations are nonunique, since an
infinite amount of such factorizations exist. The key novelty
of this paper is the derivation of a new coprime factorization
that uniquely connects control-relevant identification, see (17),
and the identification of coprime factors. The key and unique
advantage of these specific coprime factorizations compared
to pre-existing coprime factorizations is that these facilitate
direct minimization in (12), as is shown in Section IV-C.
To proceed, let { Ñe , D̃e } be a left coprime factorization
(LCF),
see [22]
 for a definition, with co-inner numerator

of C exp V2 V1 , i.e., { Ñe , D̃e } is an LCF and satisfies the
additional condition that Ñe Ñe∗ = I . Given C exp , V2 , and V1 ,
such a coprime factorization can directly be computed, see [12]
for details. Next, algebraic manipulations reveal that (17) is
equivalent to
   
No
N̂
−
Ñe ∞
min W
Do
D̂
N̂ , D̂
subject to N̂ , D̂ ∈ RH∞
where

(18)

   
−1
N
P
D̃e + Ñe,2 V2−1 P
(19)
=
D
I


and Ñe = Ñe,2 Ñe,1 . In addition, the pairs {No , Do } and
{ N̂ , D̂} are coprime factorizations of Po and P̂, respectively,
as is proved in [30, Theorem 2]. It is emphasized that the pairs
{No , Do } and { N̂ , D̂} constitute a new robust-control-relevant
factorization, and are not equivalent to normalized coprime
factors, e.g., as used in [21] and [22].
The important aspect in (18) is that Ñe is co-inner and does
not influence the H∞ -norm. Consequently, it can be removed
directly, see (20), below. As a result, the four-block controlrelevant identification problem (17) is recast as a two-block
coprime factor identification problem.
3) Frequency Domain Algorithm: Solving the identification
problem (18) is not immediate and several steps are required
to arrive at a suitable identification algorithm. First, notice

that (18) involves an H∞ norm. By employing the frequencydomain interpretation of the H∞ -norm, (18) is recast as
    
No
N̂
−
min max σ̄ W
id
D
D̂
o
N̂ , D̂ ωi ∈
subject to N̂ , D̂ ∈ RH∞ .

(20)

Second, {No , Do } is unknown. The key idea is that
T (Po , C exp ) can be directly identified using frequency
response estimation, see Appendix A for details, leading to an
(Po , C exp ) for ωi ∈ id . A nonparametric estimate
estimate T
of {No , Do } is subsequently obtained by
 
o
N
(Po , C exp )V Ñe∗ for ωi ∈ id .
(21)
=T

Do
Finally, it remains to determine the optimal model { N̂ , D̂} in
(18). Hereto, the model is parameterized as

 

N̂ (θ )
B(θ )
=
( D̃e A(θ ) + Ñe,2 V2−1 B(θ ))−1 .
(22)
A(θ )
D̂(θ )
This parameterization exploits knowledge of C exp and effectively connects stability of the factors { N̂ , D̂} and closedloop stability of the model, see [30, Th. 4] for a proof. In
addition, the dynamics that are introduced by the experimental
controller C exp and weighting filters V2 and V1 in (22) cancel
out exactly when constructing P̂, since
P̂(θ ) = N̂ (θ ) D̂(θ )−1 = B(θ )A(θ )−1 .

(23)

Here, B, A ∈ R2×2 [z], i.e., polynomial 2 × 2 matrices in the
complex indeterminate z, see [31, Sec. 7.21] for more details.
Hence, P̂(θ ) in (23) is parameterized as a matrix fraction
description (MFD). By using a so-called full polynomial form,
see [32, Ch. 6], the common dynamics between different
input–output channels are taken into account. This leads to
models with a low McMillan degree. Due to the one-toone correspondence between MFDs and state-space models,
this directly leads to state-space models with a small state
dimension.
The actual minimization of (20) is performed using the
Lawson algorithm in [33]. This algorithm is specifically
tailored toward complex multivariable motion systems to
provide a numerically optimal conditioning during the
iterative algorithm.
C. Robust-Control-Relevant Model Set P
In the previous section, a new coprime factorization of P̂
has been introduced that can be directly identified from data
in a control-relevant manner. In this section, the model uncertainty coordinate frame is further defined, such that P̂ and
the model uncertainty jointly aim at solving (12). Hereto, the
specific robust-control-relevant coprime factorization { N̂ , D̂}
of P̂, see Section IV-B is considered in conjunction with a new
(Wu , W y )-normalized RCF of C exp . Here, the pair {Nc , Dc } is
a (Wu , W y )-normalized RCF of C exp if it is an RCF of C exp
and, in addition

∗ 

Wu Nc
Wu Nc
= I.
(24)
W y Dc
W y Dc
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The computation of such a (Wu , W y )-normalized RCF of
C exp follows directly from the solution of a Riccati equation,
see [30] for details. Next, let the model set P RCR be defined
as


P RCR = P|P ∈ P DY , { N̂ , D̂} satisfies (19), {Nc , Dc } satisfies (24) .
(25)
Essentially, P RCR in (25) is constructed as in (14) with a

specific choice of coprime factorizations { N̂ , D̂} and {Nc , Dc }
of P̂ and C exp , respectively.
The main result associated with P RCR is the result
JWC (P RCR , C exp )
RCR
RCR
RCR
+ M̂21
u M̂12
∞
= sup  M̂22
≤

u ∈u
RCR
∞
 M̂22

= J ( P̂, C

exp

(26)

RCR
RCR
+ sup  M̂21
u M̂12
∞ (27)
u ∈u

) + γ.

(28)

Here, (27) follows by application of the triangle inequality.
RCR  =
Moreover, (28) follows from the observation that  M̂22
∞
RCR and M̂ RCR are norm-preserving by the
J ( P̂, C exp ) and M̂21
12
specific coprime factorizations of C exp and P̂, respectively.
See [30, Theorem 9] for a detailed proof of (28).
The key point in regarding the model set P RCR in (28) is
that the size of model uncertainty γ directly relates to the
worst-case performance criterion JWC (P, C exp ) in (12). As a
result, the uncertainty structure (25) reduces solving (12) to
determining the value of γ such that (6) holds.
To corroborate the statement that the separate nominal
model identification in Section IV-B and uncertainty modeling
procedure in this section jointly minimize (12), notice that
(17) is minimized during nominal model identification. This
term exactly corresponds to γ in (28). Hence, the nominal modeling procedure in Section IV-B and an uncertainty
modeling approach using the structure (25) jointly aim at
minimizing (12).
Remark 2: In the case where the uncertainty structure (14)
is adopted, but different coprime factorizations are used than
the ones for P RCR in (25), the resulting worst-case performance bound (15) is obtained. This holds for instance
in the situation where commonly used normalized coprime
factorizations, see [21], [22], are adopted. In such a situation,
M̂21 and M̂12 are frequency-dependent multivariable transfer
function matrices. As a result, a finite γ can lead to an
arbitrarily large, yet bounded, JWC (P DY , C exp ). This has the
following important implications.
1) If unstructured model uncertainty is used in conjunction
with the model set P DY , i.e., using arbitrary coprime
factorizations, then the resulting JWC (P DY , C exp ) may
be arbitrarily large, leading to conservatism in the identification step.
2) The effects of M̂21 and M̂12 can be mitigated by considering highly structured perturbations, as is proposed in
[7, Sec. 2.4] and also applied in [16]. Such a procedure
reduces conservatism in the identification step. However,
it leads to a highly structured perturbation model consisting of n y × n u scalar perturbation blocks. As a result,
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such a procedure leads to conservatism in the robust
controller synthesis (9), as is shown in Section V.
D. Wafer Stage Nominal Model Identification: Step 3 in Fig. 9
In view of Step 3 in Fig. 9, a nominal parametric model is
identified that is internally structured as a coprime factorization { N̂ , D̂}. Hereto, the weighting functions in Section III-A2
are employed together with a frequency response function
(Po , C exp ) that is obtained using the procedure in
estimate T
Appendix A. Next, the coprime factor frequency response
o , D
o } is computed for ωi ∈ id using (21). The
function { N
results are depicted in Fig. 11. Due to the dedicated multisine
experiment design in conjunction with a high signal-to-noise
ratio, the variance error is negligible and consequently not
shown in Fig. 11.
Subsequently, the identification problem (20) is solved using
the algorithm in [33]. The model order is selected using the
results in [34]. The McMillan degree of the optimal model
equals 8.
The resulting identified coprime factors { N̂ , D̂} are depicted
in Fig. 11. In addition, the open-loop frequency response
function Po and model P̂ = N̂ D̂ −1 = B A−1 are compared
in Fig. 12, which facilitates the interpretation of the model
in terms of physical system properties. Note that due to the
specific parameterization (23) in terms of a matrix fraction
description, a minimal state space model of P̂ has state
dimension 8.
Analysis of the identified model in Fig. 12 that has minimal
state dimension 8 reveals that it is of low order for two reasons.
First, the model only represents a limited number of resonance
o that are observed in Fig. 12. This is a direct
phenomena of P
consequence of the control-relevant identification criterion in
(17). This can also be observed from the identified coprime
factors in Fig. 11 that directly connect to control-relevance in
terms of (17). In particular, system dynamics that have a high
gain in the coprime factor domain are important for control
and should be modeled accurately, which is clearly the case
in Fig. 11. Finally, these results in Fig. 12 confirm control
design experience for the wafer stage system, since the first
resonance phenomena indeed limit the performance of typical
PID control designs, see also Section II-B3.
Second, the identification procedure directly identifies a
multivariable model that takes into account common dynamics
between the different inputs and outputs. This is enabled by
the multivariable parameterization in (23). In the multivariable
model, four states correspond to the two rigid-body modes
in both the x-direction and the y-direction. The other four
states correspond to two resonance phenomena at 208 and
214 Hz, which each consists of a complex pair of eigenvalues.
Interestingly, these resonance phenomena correspond to multivariable system behavior, since both these resonances appear
in all four transfer functions in Fig. 12, yet only require two
states each.
E. Wafer Stage Uncertainty Modeling: Step 4 in Fig. 9
The identified coprime factorization in Section IV-D is used
to construct the robust-control-relevant model set P RCR in
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Fig. 12. Bode magnitude diagram: nonparametric estimate (dot), nominal
model P̂ (solid blue), model set P dyn (yellow shaded), and P sta (cyan
shaded).

sets that are collected under closed-loop operating conditions
with C exp implemented on the wafer stage system Po .
The result of the considered validation-based uncertainty
modeling procedure is the minimum-norm bound
γ̃ (ωi ) = σ̄ (u (ωi )),

Fig. 11.
Coprime factorization: identified frequency response function
No , Do for ωi ∈  (solid blue, dotted), eighth-order parametric model
coprime factorizations N̂ , D̂ (dashed red).

(25). As a result, the important result (28) applies
JWC (P RCR , C exp ) ≤ J ( P̂, C exp ) + γ .
The nominal model P̂ = N̂ D̂ −1 is already identified and
leads to J ( P̂, C exp ) = 18.17. Hence, it now remains to
estimate γ such that (6) holds. The estimation of γ using
a validation-based uncertainty modeling approach is the aim
of this section.
1) Validation-Based Uncertainty Modeling Approach: The
aim of this section is to determine γ by using the model
validation procedure in [35], which is an extension of the
approach in [36]. Herein, the model quality is tested using both
the identification data set and many different independent data

for ωi ∈ id ∪ val

(29)

where u is unstructured as in (8) and val contains the
frequencies that are present in the validation data sets.
The design procedure in Fig. 9 requires validation data to
construct the model set P RCR . Hereto, data are collected under
several relevant operating conditions:
1) data sets are collected under identical conditions as in
Section IV-B3, i.e., containing frequency components
ωi ∈ id and identical phases φk as in (35);
2) data sets are collected with different frequency components than those used in Section IV-B3, i.e., the input
signal w in this case contains frequencies ωi ∈ val ,
where ωi ∈
/ id ;
3) data sets are collected where the input contains frequencies ωi ∈ id , but with random phases φk in (35).
The norm-bound γ̃ (ωi ), see (29), that results from the
different validation experiments is depicted in Fig. 13. The
rationale behind the data sets associated with Item 2) with
frequency components that are not contained in id is to
investigate possible interpolation errors due to the use of a
discrete frequency grid in the approximation (20) to (18). From
the model validation results in Fig. 13, it can be seen that
the model error on the validation frequency grid val is not
significantly larger in comparison to id .
The purpose of varying the phases φk in Item 3) is to
investigate the presence of parasitic nonlinear effects, which
is closely related to the approach suggested in [31, Ch. 3].
It appears that the use of different phases results in a
slightly larger value γ (ωi ), especially around the resonance
o (ωi ) in Fig. 7 for the corresponding
phenomena, see also P
frequencies. Similar results regarding the identification of
flexible dynamical behavior have been reported in [11].
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Fig. 13. Resulting γ (ωi ) from (29): data sets: 1) on identification grid
(blue ×); 2) on validation grid (green ); and 3) with varying phases φk
(red ◦), and parametric overbound resulting in P dyn (solid blue).
TABLE I
ROBUST-C ONTROL -R ELEVANT I DENTIFICATION AND ROBUST
C ONTROLLER S YNTHESIS R ESULTS . H EREIN , ∞ I MPLIES T HAT
THE

C RITERION I S U NBOUNDED . S EE A LSO S ECTION III-A2
FOR A

Fig. 14. Elementwise Bode magnitude diagram: nominal model P̂ (solid
blue), model set P dyn (yellow shaded), and P sta (cyan shaded).

F URTHER E XPLANATION

leading to the model set

P sta = P ∈ P RCR |u ∞ ≤ 0.43

observation holds at higher frequencies, where the uncertainty
associated with model set increases for increasing frequencies.
The particular shape of the model set P sta is attributed
to the specific choice of coprime factorization in (25).
It is emphasized that the corresponding norm-bound γ in (8)
is unstructured, hence it is constant for all frequencies and
input/output directions.
3) Further Refinements Through the Use of a Dynamic
Upper Bound: Since γ̃ (ωi ), ωi ∈ id ∪ val is frequencydependent, it can also be overbounded by a dynamic weighting
function Wγ , with Wγ , Wγ−1 ∈ RH[1×1]
∞ . The use of Wγ leads
to the model set

(30)
P dyn = P ∈ P RCR |u Wγ−1 ∞ ≤ 1

where u are unstructured perturbations. Since the model set
P sta is not invalidated by the many data sets, the true system
is expected to satisfy Po ∈ P sta .
When investigating the worst-case performance associated
with P sta , i.e., JWC (P sta , C exp ) = 18.60, see Table I, then it
is clear that the bound (26) holds and is tight in this case,
since J ( P̂, C exp ) = 18.17. The model set P sta is thus robustcontrol-relevant in the sense of (12).
2) Analysis of the Robust-Control-Relevant Model Set P sta :
To illustrate the properties of the identified robust-controlrelevant model sets, the visualization procedure that is developed in [37] is invoked. The resulting Bode diagrams in
terms of the elementwise amplitude and singular values are
depicted in Figs. 12 and 14. It is emphasized that these Bode
diagrams correspond to open-loop system dynamics. Hence,
these enable an analysis of physical system properties that are
accurately modeled in the model set P.
The Bode diagrams in Figs. 12 and 14 reveal that the model
is most accurate in the cross-over region around 90 Hz, where
the rigid-bode behavior and the two resonance phenomena
are very accurately modeled. Interestingly, at low frequencies,
where the rigid-body mode dominates the system behavior, the
model set is relatively large and hence uncertain. A similar

where it can be shown by means of a Nevanlinna–Pick
interpolation argument that Po ∈ P dyn if γ̃ (ωi ) ≤ Wγ for
ωi ∈ id ∪ val , see [35] for a proof. If the overbound Wγ is
chosen tight, i.e., it satisfies Wγ ∞ = supωi ∈id ∪val γ̃ (ωi ),
then the use of the dynamic upper bound Wγ does not affect
the bound in (28). However, there are at least three reasons
for introducing a dynamic overbound Wγ in the model set:
1) since P dyn ⊆ P sta , it always results in a nonincreasing
worst-case performance compared to a static overbound
as in P sta , hence it can only reduce possible conservatism;
2) it can reduce potential conservatism that is introduced
by the approximation in Section III-C, where C exp is
used instead of the optimal choice C RP (P), see [34] for
a detailed argumentation;
3) it can reduce conservatism that is introduced by the use
of the upper bound in the triangle inequality in (26), see
also [34].
The overbound Wγ in (30) that is used in this paper is
depicted in Fig. 13. When comparing the resulting model
set P dyn in (30) with P sta , then it is observed from Table I
that the worst-case performance associated with P dyn equals
JWC (P dyn , C exp ) = 18.21. This is a slight reduction compared

Controller
C exp
C NP
C RP

Minimized
f BW
JWC
JWC
Criterion
J ( P̂, C) ( P̂, C) (P sta , C) (P dyn , C)
None (PID)
18.17
40.4
18.60
18.21
J ( P̂, C)
2.21
83.9
∞
∞
JWC (P dyn , C)
3.31
69.1
∞
3.32

Next, the static model uncertainty bound γ in (8) can be
obtained from
γ =

sup
ωi ∈id ∪val

γ̃ (ωi ) = 0.43
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to P sta , since JWC (P sta , C exp ) = 18.60. This small improvement is attributed to the use of the upper bounds in the triangle
inequality that is used in the result (28).
A comparison of P sta and P dyn in Figs. 14 and 12, confirms
that P dyn ⊂ P sta . Hence, the use of a dynamic overbound
in (30) leads to a reduction of possible conservatism. It is
emphasized that both model sets P sta and P dyn are constructed
using the unstructured perturbation model (8).
V. ROBUST C ONTROLLER S YNTHESIS
A. Theory
In this section, the identified robust-control-relevant model
set P dyn in Section IV is used as a basis for robust controller
synthesis in (9), where the performance objectives have been
specified in Section III-A. The optimal robust controller is then
implemented on the true system.
First, the actual robust controller synthesis (9) is recast in
terms of a structured singular value synthesis. Hereto, consider
⎡
−1
−1
−1 ⎤
Wγ D̂

0 Wγ D̂ V1 Wγ D̂
W y P̂V1
W y P̂ ⎥
Wu V1
Wu ⎦
−(Dc + P̂ Nc ) V2 − P̂ V1
− P̂
Nc

Fig. 15. Bode diagram: initial controller C exp (solid blue), C RP (dashed
red), and C NP (dash-dotted green).

⎢
G = ⎣ W y (Dc + P̂ Nc ) 0
0
0

to an optimum. However, as is also claimed in [9, Sec. 8.12.1],
the algorithm performs well in practice.

hence M̂ = Fl (G, C exp ), see also (13). Then
C RP = arg min JWC (P, C)
C

= arg

min

sup

C stabilizing ω∈[0,2π)

where

     
μs Fl G e j ω , C e j ω
(31)



q2 ≤ γ  p2
μs (.) =  max
α

αw2 ≤ z2
q
=1
w 2

(32)

q = u p, and z = Fu ( M̂, u )w.
In (32), the structured singular value arises due to the
fact that the performance channel w → z and uncertainty
channel q → p are separated. The structured singular value is
skewed due to the fact that the norm-bound on the uncertainty
channel q → p is fixed to γ , while the norm-bound on the
performance channel w → z is to be minimized.
An efficient approach to solve the skewed structured singular value problem (32) is through D − K -iterations. In
D − K -iterations, a μ-analysis (D-step) and H∞ -optimization
(K -step) are solved alternately. The key advantage of using
the unstructured perturbation model (8) is that the channels
q → p do not contain any further structure. This has
as important property that the μ-analysis step (D-step) can
be solved without conservatism. This property is known as
μ-simple [17, Sec. 9]. In contrast, if the model perturbation
in (8) contains additional structure, then the resulting skewed
structured singular value problem is not μ-simple, in which
case the robust controller C RP is unnecessarily conservative.
The underlying reason is the fact that the upper bounds that are
used in μ-analysis are tight only if the uncertainty structure is
μ-simple.
Remark 3: Although the iterative D − K -iteration involves
a sequence of convex optimization problems, the robust controller synthesis problem is non-convex and need not converge

B. Robust Controller Synthesis and Implementation: Step 5 in
Fig. 9
The identified model set P dyn is used to synthesize a
robust controller using (31). For comparison, also a nominal
controller C NP , see (11), is synthesized using P̂ and standard
H∞ -optimization [12]. The resulting controllers are depicted
in Fig. 15, whereas the resulting performance of the controllers
when evaluated on the model is given in Table I. Several
observations are made. First, the controller C NP achieves optimal performance for the nominal model P̂, i.e., J ( P̂, C NP )
= 2.21. However, the worst-case performance associated with
P dyn is unbounded, hence neither stability nor performance
can be guaranteed when implementing C NP on the true system
Po . Clearly, this underlines the necessity of a robust control
design for high performance motion control.
Second, the controller C RP achieves optimal worst-case
performance for the model set P dyn . The bounds
JWC (P dyn , C RP ) ≤ JWC (P dyn , C exp )
JWC (P dyn , C RP ) ≤ JWC (P dyn , C NP )
hold as is expected. In addition, the worst-case performance
compared to C exp is significantly reduced. Hence, C RP leads
to a significantly improved guaranteed performance when
compared to C exp . Note that this performance is measured
in terms of the performance criterion. If the criterion is small,
then this implies that the achieved loop-shape better matches
the desired loop-shape in Fig. 7, see Section III-A for an
explanation. This corresponds to the achieved closed-loop
bandwidth f BW in Table I. Here, closed-loop bandwidth of
the multivariable system refers to the smallest bandwidth for
the x-direction and y-direction, see also Section II-B1. Indeed,
note that the control goal was set to a desired bandwidth
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Fig. 16. Nyquist diagram of characteristic loci λ(C RP P). Evaluated for
robust optimal controller C RP using P̂ (solid blue) and identified frequency
o (ωi ) (dotted).
response function P

of 90 Hz, see Section III-A2. The controller C NP almost
achieves the desired bandwidth. Although the controller C RP
leads to a significant increase of f BW when compared to C exp ,
the need for robustness against modeling errors leads to a
lower bandwidth when compared to C NP . Although this is
essential to guarantee closed-loop stability when implementing
the resulting controller on the true system, the bandwidth of
69.1 Hz implies that disturbances beyond 70 Hz will not be
attenuated.
Third, in contrast to the initial controller C exp , the optimal
controllers C NP and C RP are inherently multivariable. Hereto,
notice that the inputs and outputs of the wafer stage system
have equal units and comparable magnitude. Next, in Fig. 15
it is observed that the off-diagonal elements have a magnitude
comparable to the diagonal elements in the high-frequency
range. Clearly, the compensation of the multivariable resonance phenomena benefits from a multivariable controller.
Fourth, to further interpret the behavior of the optimal robust
controller, the characteristic loci of the loop-gain λ(C RP P),
see [9, Sec. 4.9.3], are depicted in Fig. 16, both evaluated
on the nominal model P̂ and identified frequency response
o (ωi ), ωi ∈ id . Interestingly, around the resonance
function P
phenomena, the loop-gain has an amplitude that is significantly larger than one. However, the corresponding phase is
between approximately −90 and 90 degrees. Hence, in view of
closed-loop stability of a multivariable Nyquist criterion, the
loop-gain does not encircle the point −1 in the complex plane.
The diagonal entries of the closed-loop sensitivity function
(I +C RP P)−1 as depicted in Fig. 17 corroborate these results,
since their magnitude drops below 1 (0 dB) around several
resonance phenomena. Moreover, Fig. 17 reveals that the
sensitivity functions evaluated on the nominal model P̂, i.e.,
(I +C P̂)−1 , and evaluated on the identified frequency response

Fig. 17.
Bode magnitude diagram of diagonal elements of closed-loop
sensitivity function (I + C P)−1 : evaluated on nominal model P̂ (solid,
colors corresponding to Fig. 15) and identified frequency response function
o (ωi ), ωi ∈ id (red dots and dashed lines). C exp (top), C NP (middle), and
P
C RP (bottom).

o )−1 for ωi ∈ id closely overlap for
function, i.e., (I + C P
exp
RP
o )−1
C
and C . However, the transfer function (I + C NP P
has significant peaks of approximately 40 dB, which confirms
the poor robustness properties associated with C NP . Finally,
the closed-loop sensitivity functions in Fig. 17 confirm the
increased bandwidth when comparing C exp and C RP and
improved low-frequency disturbance attenuation properties.
Next, the controllers C exp and C RP are implemented on
the true wafer stage system Po . The controller C NP is not
implemented, since it destabilizes the system, see also Table I.
In contrast, since the model set P is assumed to encompass the
true wafer stage system Po , see (6), and C exp and C RP stabilize
all candidate models in P, these controllers are guaranteed to
stabilize the wafer stage system.
The evaluation of standstill errors is an important performance indicator for wafer stage systems. Here, the reference
signal is set to zero, leading to a regulator problem with
performance variable e = −y. In this case, the key task of
the feedback controller is to attenuate exogenous disturbances
that affect the wafer stage.
The resulting time-domain measurements are depicted in
Fig. 18, whereas the cumulative power spectrum (CPS) is
depicted in Fig. 19. In addition, the standard deviation
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in the x-direction that is used to provide electrical current and
water cooling to the actuation system, see also Section II-A.
VI. C ONCLUSION

Fig. 18. Measured error signals in x-direction (left) and y-direction (right):
initial controller C exp (top), C RP (bottom).

Fig. 19. Cumulative power spectrum of the measured error signal in xdirection (left) and y-direction (right): initial controller C exp (solid blue),
C RP (dashed red).
TABLE II
S TANDARD D EVIATION AND P EAK E RROR S IGNALS IN [nm]

C exp
C RP

σx
25.3
12.7

σy
13.5
6.4

px
129.4
54.1

py
60.4
27.4

σ x and σ y and peak values p x and p y for the x-direction
and y-direction, respectively, are given in Table II. First, it
is observed from Fig. 19 that the disturbances with controller
C exp implemented are mainly present in the lower frequency
range. Hence, it is expected that increasing the bandwidth
of the controller and hence reducing the sensitivity function
at lower frequencies (Fig. 17) leads to improved disturbance
attenuation properties. This is best visible by analyzing the
spectra of the measured error signals in Fig. 19. As a result,
also the variance of the error reduces by approximately a
factor two when comparing C exp and C RP , see Table II.
In conclusion, the controller C RP significantly improves the
measured performance.
Finally, it is observed from Figs. 18, 19, and Table II that
the measured errors in the x-direction are significantly larger
than the errors in the y-direction for both controllers C exp and
C RP . This is explained by the fact that a cable-arm is present

In this paper, a novel framework for next-generation motion
control was presented and implemented on an industrial
wafer stage system. The framework was tailored toward nextgeneration motion systems that are expected to be increasingly
complex in the sense of high order flexible dynamics and
an increasing number of inputs and outputs. The framework
encompasses all steps from system identification and robust
control to controller implementation. Experimental results of
the control implementation on an industrial wafer stage system
confirmed a significant performance improvement.
The resulting framework is particularly suitable for nextgeneration motion systems with many inputs and outputs, since
the complexity of the uncertainty model does not inflate when
the number of inputs and outputs increases. This was achieved
by a multivariable model parameterization that takes into
account common dynamics between various inputs and outputs
in conjunction with the nonconservative use of unstructured
perturbation models. The key technical result that leads to the
nonconservative use of these unstructured perturbation models
involves new coprime factorization results. Subsequently, the
use of such unstructured model uncertainty descriptions has
important advantages for robust controller synthesis, since
existing μ-synthesis techniques lead to a nonconservative controller design for the proposed model set. This is in sharp contrast to pre-existing approaches, where the use of highly structured uncertainty models leads to conservatism in μ-synthesis.
Continued research focuses on the following aspects.
1) The limits of achievable control performance for the
traditional motion control situation are being investigated,
where the number of inputs and outputs equals the number of motion DOFs. Subsequently, potential performance
improvement can be achieved when additional actuators and
sensors are available, see also Section I-C. An additional
aspect involves the placement of actuators and sensors in view
of the achievable control performance.
2) The control goal definition, which in this paper is entirely
based on loop-shaping techniques (Section III-A2), should be
systematically extended. These loop-shaping techniques and
the derived bandwidth specification are based on approximate knowledge of the exogenous disturbances that affect
the true system. For improved disturbance attenuation and
thus improved control performance, the control goal should
be extended toward explicitly incorporating models of the
disturbances that affect the true system, see Fig. 19. Initial
results in this direction include the ad hoc procedure in [13,
Sec. 4.3].
3) Unmeasured performance variables, see Section I-C,
should be appropriately dealt with. Although conceptually this
fits in the standard plant formulation [9, Sec. 3.8], significant
extensions of the procedure that is presented in this paper are
required. Initial results in this direction are presented in [38].
4) Possible position-dependency of the wafer stage dynamics should be investigated. Obviously, motion systems involve
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moving parts of the system. Consequently, the dynamics of the
system generally depend on the operating conditions. Although
an initial attempt to improve the control performance through
position-dependent modeling of a similar system is presented
in [39], see also [40] for a related approach, the resulting
position-dependent controller does not significantly improve
the performance. A possible explanation for the lack of performance improvement is the fact that the position-dependent
dynamics are not important from a control perspective, which
is experimentally investigated in [41, Sec. 5.7] using the
results of this paper. These observations imply a need for also
incorporating control-relevance, as is done in this paper, in
these position-dependent identification techniques.
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To obtain a frequency response function estimate of Po ,
observe that T (P, C) in (5) can be partitioned as
  



P
T T
(I + C P)−1 C I
T (P, C) = 11 12 =
(36)
I
T21 T22
−1
(Po , C exp ) for ωi ∈
hence P = T12 T22
. As a result, given T
 −1
id
id
22
o = T
12 T
 , then for each ωi ∈  , P
.
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A PPENDIX
R EFERENCES

A. Frequency Response Function Identification
In this section, frequency response function identification is
investigated. For the sake of exposition, attention is restricted
to dim u = dim y = 2, as in Section II-A.
To identify frequency response functions, both the excitation
signal r1 and the signals u, and y are measured in the setup
of Fig. 5. These signals are transformed into the frequency
< j>
∈
domain through the Fourier transform. This leads to R1
C2×1 , U < j > ∈ C2×1 , and Y < j > ∈ C2×1 for ωi ∈ , where 
denotes the standard DFT grid and the argument ωi is omitted
for notational reasons. Furthermore, the superscript < j> refers
to experiment j . By performing two experiments, i.e., j =
1, 2, it follows from (5) that
 <1> <2>   


Y
P
Y
= o (I + C exp Po )−1 R<1>
.
R<2>
1
1
I
U <1> U <2>

(33)

Then, an estimate of T (Po , C exp ) is given by

 <1> <2> 
 <1> <2> −1  exp 
Y
(Po , C exp ) = Y
I
C
T
R1
R1
U <1> U <2>

(34)



for ωi ∈ id , id = ω ω ∈ , det R1<1> R1<2> = 0 .
Several aspects are important with respect to the experiment
design. First, under the mild assumption that v in Fig. 5 is
filtered white noise, U < j > (ωi ) and Y < j > (ωi ) are circularly complex normally distributed with zero mean. Consequently, the
estimation error introduced by the noise v can be represented
solely by the variance. Periodic input signals are employed
to reduce the variance of the estimate in (34) for increasing
measurement length. Notice that the key advantage of using
such periodic input signals is that the use of windowing is
rendered superfluous, hence no bias errors are introduced in
the estimation step. Such multisine input signals are also
highly recommended in [31, Sec. 2.8.1]. Specifically


 <1>
ak sin(ωk t + φk )
(35)
r1 (t) r1<2> (t) = Q
k

where ωk ∈
ak is the corresponding
and
 φk
 amplitude
<2> ) = 0
the phase. A necessary condition for det( R<1>
R
1
1
is that Q is of full rank. This means that an excitation has
to be applied in both the x-direction and the y-direction such
that the entire input space is spanned. In this paper, this is
achieved by sequential excitation in the x and y direction in
different experiments, leading to Q = I .
id ,
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