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Chapter 1

Towards Next-Generation Motion Control

1.1 From Micro-Scale to Nano-Scale

In the last decades, humankind’s progress has entered the information era. Technologies

such as the internet have enabled the worldwide distribution of information in the blink

of an eye, whereas the global system for mobile communications (GSM) has enabled

vocal communication between individuals at any time and on almost any location on

the globe. These technologies have a major impact on all aspects of society, ranging

from the personal life of individuals to the global economy. The invention that spurred

all these technological developments is the integrated circuit (IC) in 1958.

The lithographic process has enabled mass production of ICs. This mass production

has resulted in a widespread use in mobile phones, personal computers, transporta-

tion systems, manufacturing systems, healthcare equipment, etc. An IC consists of a

sequence of electronic components. To produce ICs, light-sensitive materials, called

photoresist, are placed on a silicon disc, called a wafer. Next, in the lithographic imag-

ing process, the image of the desired IC patterns is projected onto the photoresist. By

removing the exposed photoresist by means of a solvent, further chemical reactions en-

able an etching process of the patterns. These lithographic procedures are repeated for

successive layers. Typically, more than twenty layers are required for the components

that constitute the IC.

Nowadays, wafer scanners are the state-of-the-art equipment for exposing the pho-

toresist. Such a wafer scanner is schematically depicted in Figure 1.1. Light is emitted

and passes through a reticle that contains an image of the desired pattern. The light

then passes through a sophisticated lens system and is projected onto the wafer. Typi-

cally, 200 or more ICs are produced on a single wafer, which is achieved by sequentially

exposing an area of the wafer.

Although the manufacturing of ICs is a lucrative business, it is also hard and

competitive. On the one hand, a high throughput, i.e., the production of many wafers

per hour, is essential for market viability of a wafer scanner. On the other hand, the
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Figure 1.1: Schematic illustration of a wafer stage system, where À: light source, Á: reticle, Â: reticle
stage, Ã: lens, Ä: wafer, Å: wafer stage.

ICs are rapidly evolving to provide more computing power and more memory storage.

In fact, in 1964 it was observed by Gordon E. Moore that the number of transistors

on an IC doubles every year and he predicted a similar growth in the subsequent

years, see, e.g., Moore (1975). Indeed, the last decades the IC industry has achieved

a doubling of the number of transistors every one and a half year, which is not only a

remarkably accurate prediction, but also an amazing achievement of the IC industry.

To keep up with the growth, the dimensions of the transistors have to decrease to

avoid an increase of IC dimensions, which is essential for use in certain applications.

In addition, a dimension reduction of the transistors enables a faster switching that

increases the overall speed of the IC.

To keep up with Moore’s law, a technological breakthrough is required that enables

a further reduction of the patterns on the ICs, also called minimum feature size or

critical dimension. A key factor that determines the critical dimension is the wavelength

of light, see Martinez and Edgar (2006). More precisely, the critical dimension is

approximately proportional to the wavelength. In present IC production equipment,

deep ultraviolet (DUV) light is used with wavelengths of 248 nm or 193 nm. Through

many enhancements in the production process, ICs with a critical dimension of 70 nm

and 50 nm have been produced, respectively, as is reported in Hutcheson (2004). A

reduction of the wavelength would significantly contribute to the achievable minimal

critical dimension.

Although the concept of reducing the wavelength is appealing and may seem to be

straightforward, it requires a drastic change of present lithographic production lines.
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In Stix (2001), it is reported that extreme ultraviolet (EUV), also known as soft x-

rays in other disciplines of science, with wavelengths in the range of 1 nm to 40 nm,

was considered as the least attractive for next-generation lithography out of four al-

ternatives in 1997. In contrast, already in December 1998, EUV was reconsidered to

be the most promising technology for future lithographic IC production after certain

problems, e.g., with respect to the required imaging optics, had already been resolved,

see Voss (1999). Further developments with respect to EUV lithography, including an

operational prototype wafer scanner that employs light with a wavelength of 13.5 nm,

are reported in Hutcheson (2004) and Arnold (2009).

Albeit EUV lithography seems roughly similar to DUV lithography at a first glance,

the reduction of the wavelength has far-reaching consequences for the lithographic

production process. For instance, light with a wavelength in the EUV range does not

transmit through any known materials. As a consequence, not only the lenses need to

be replaced by reflective optics, the entire exposure has to be done in vacuum since even

air absorbs the EUV light beam. Indeed, the unavoidable reduction of the wavelength

into the EUV range requires drastic developments in wafer scanner equipment.

1.2 Next-Generation High Precision Motion Systems

The developments in lithography have resulted in extreme requirements with respect

to high precision motion systems. One of the key motion systems in wafer scanners

is the wafer stage, which positions the wafer with respect to the imaging optics and

enables the sequential exposure of approximately 200 ICs on a single wafer. Indeed,

such wafer stage systems are among the most expensive and advanced motion systems

nowadays available. The wafer has to be positioned extremely accurately, since each

layer should be properly aligned with respect to the adjacent layers to create a func-

tional IC. These accuracy requirements are ever-increasing to enable the continuing

dimension reduction of ICs. Additionally, more aggressive movements are desired to

increase the throughput performance of the equipment. Finally and most revolution-

ary, the technological breakthrough of EUV light requires next-generation wafer stages

to operate in vacuum.

Vacuum operation of motion systems requires contactless operation. Indeed, the

use of, e.g., roller bearings will pollute the vacuum due to mechanical wear and the

use of lubricants. Although air bearings provide a contactless operation, their use is

nontrivial in a vacuum environment. This has led to drastic developments with respect

to the actuation system, resulting in novel so-called planar motors. A planar motor

consists of an array of magnet coils and a movable part with permanent magnets or

vice versa, see, e.g., Compter (2004) for a detailed explanation. The key advantage

of planar motors is that these enable contactless operation in a vacuum environment.

Moreover, contactless operation results in the absence of friction effects, which may

increase linearity and reproducibility of the overall dynamical behavior. A drawback

of contactless operation is that gravity forces have to be compensated to ensure that the
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movable part of the wafer stage floats. To avoid excessive power consumption and the

associated thermal problems, a lightweight stage design is crucial in next-generation

lithographic applications.

Besides vacuum operation, market viability of the wafer scanner equipment requires

a high machine throughput. A key factor that determines the throughput is the speed

of movement of the motion system. Essentially, the speed of movement for such motion

systems is determined by Newton’s law, which states that

F (t) = ma(t), (1.1)

where F (t) is the force that is delivered by the actuators as a function of the time t,

m denotes the mass that corresponds to the movable part of the motion system, and

a(t) denotes the acceleration of the movable part of the motion system. Here, a(t) =
dv(t)

dt
and v(t) = dx(t)

dt
, where v(t) and x(t) denote the velocity and position of the

motion system, respectively. Clearly, for a given actuator, the achievable acceleration

is reciprocal to the movable mass m. Since the maximal actuator force is limited,

e.g., due to restricted dimensions of the actuator or because of thermal aspects, (1.1)

directly implies that for increasing accelerations, mass reduction and hence lightweight

motion system designs are inevitable.

1.3 Next-Generation Motion Control

Control is essential for high performance operation of motion systems. In particular,

feedback control is crucial for contactless stages, since these are inherently unstable and

hence need to be stabilized. Roughly speaking, the control system determines the re-

quired force F in (1.1) that is needed to accurately position the motion system. Hereto,

the actual position of the motion system, which directly relates to the acceleration a

in (1.1), is measured. It is emphasized that both the actuation and measurement of

the motion system are performed in at least six degrees-of-freedom, i.e., three transla-

tional directions and three rotational directions. In the case that the motion system

approximately behaves as a rigid body, then the dynamical behavior of the system in

the translation directions can be represented by (1.1) after static transformation ma-

trices are used to decouple the system. As a result, each component of the input only

affects one output, i.e., each input only affects the acceleration and thus position of

the wafer stage in a single direction. Similar results can be obtained for the rotational

degrees-of-freedom, in which case the mass m in (1.1) is replaced by a mass moment

of inertia. This decoupling effectively reduces the control design problem to a set of

single-input single-output control problems. Indeed, in Van de Wal et al. (2002), it is

confirmed that at present commercially available motion systems are typically being

controlled by multiple single-input single-output controllers.

As argued in Section 1.2, next-generation motion systems are inevitably lightweight,

leading to a pronounced flexible dynamical behavior. When considering the motion

system as a flexible structure, physical modeling techniques, see, e.g., Kelly (2000),
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confirm that mass reduction leads to the occurrence of resonance phenomena at lower

frequencies. When the mechanical structure is modeled as a continuum, mass reduction

can be achieved by a dimension reduction. For relatively simple geometric structures,

analytic results are available with respect to the dynamical behavior. For instance, in

the case of a beam, analysis reveals that the natural frequencies are proportional to

the height and thus also to the mass. Hence, weight reduction generally implies the

manifestation of flexible dynamical behavior at lower frequencies. Besides the mass

of the system, other factors, including the mechanical design and the specific material

properties, not in the least a reduced stiffness, also affect the flexible dynamical behav-

ior of the motion system. However, the material properties are restricted to available

materials and are largely determined by other considerations, including economic and

thermal aspects. Hence, a decrease of the mass inevitably leads to exceedingly more

pronounced flexible dynamical behavior at lower frequencies when compared to the

present motion system designs.

The ever-increasing demands with respect to the positioning accuracy give rise to

the need for an increasing closed-loop bandwidth of the control system, which is the

frequency for which the control system is effective. Indeed, increasing the bandwidth

generally leads to an improved tracking behavior for rapid movements and enhanced

disturbance attenuation properties in the low frequency ranges.

Combining the inevitable flexible dynamical behavior appearing at lower frequencies

and increasing control bandwidth reveals that next-generation motion systems exhibit

a pronounced flexible dynamical behavior in frequency ranges that are relevant for

control. The impact on the control design procedure is at least twofold.

1. The flexible dynamical behavior results in deformations that are not aligned with

the motion degrees-of-freedom, leading to an inherently multivariable control

problem.

2. Dynamical behavior is present in between the measured variables and perfor-

mance variables.

Regarding the first aspect, it is expected that single-input single-output controllers

cannot achieve optimal control performance. Instead, multivariable controllers are

required for high performance control. Regarding the second aspect, it is remarked

that position measurements are typically performed at the edge of the motion system,

e.g., by means of laser interferometers or encoders. In contrast, for the wafer stage

application as an example, the performance variable is defined on the spot where

exposure occurs somewhere at the center of the wafer stage. In the case that the motion

system does not internally deform, a static transformation directly relates the measured

variables and the performance variables. However, in the case that the motion system

internally deforms due to flexible dynamical behavior, then the relation between the

measured variables and performance variables becomes increasingly complex.

Although next-generation motion systems exhibit a pronounced flexible dynamical

behavior, it is expected that the resulting system behavior will be highly reproducible

due to a high quality design. Hence, it is expected that a high performance compen-
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sation is possible when the phenomena that are introduced by the flexible dynamical

behavior are appropriately addressed. Taking into account the expected developments

in next-generation motion control, the general goal in the research presented here is

defined as follows.

Given the expected developments in next-generation high precision motion systems,

develop a control framework for investigating and achieving the limits of control per-

formance for multivariable motion systems with pronounced flexible dynamical behav-

ior and unmeasured performance variables.

The pursued control approach is inherently based on mathematical models due to

the following reasons.

• Multivariable controllers are required, since single-input single-output controllers

cannot achieve the limit of control performance due to the inherently multivari-

able nature of the system. However, the design of multivariable controllers is in

general too complicated to be achieved by means of manual tuning. Indeed, a

model-based control design is indispensable for a systematic design of optimal

multivariable controllers.

• In the case that the performance variables are not available for feedback control,

these variables have to be estimated. Such estimations based on the measured

signals resort to a model of the relevant dynamical behavior.

• The use of a model is crucial for any statement with respect to the achievable

performance of the system. For instance, certain fundamental limitations in con-

trol are well-established for nominal models, e.g., in Seron et al. (1997), whereas

robust control methodologies provide a transparent tradeoff between performance

and robustness for uncertain models, see Doyle et al. (1992) and Skogestad and

Postlethwaite (2005).

Hence, in view of the application demands and performance limitations, an inherently

multivariable model-based control design approach is essential.

Once a model is available, a large variety of control design methodologies can be em-

ployed, see, e.g., Maciejowksi (1989), Doyle et al. (1992), Skogestad and Postlethwaite

(2005), Zhou et al. (1996), and Goodwin et al. (2001). The key difficulty, however, is

to obtain an accurate model such that the designed controller that performs optimal

when evaluated on the model also achieves high performance when implemented on

the true system. Indeed, it is widely recognized that obtaining the model is the single

most time consuming task in many model-based control application fields. In fact, it

is reported in Saelid (1995) that 80 − 90% of the control implementation in process

control applications is completed once the model is obtained.

Related control design methodologies for mechanical systems with lightly damped

flexible dynamical behavior are presented, e.g., in Balas and Doyle (1994b), Balas

and Doyle (1994a), and Gawronski (2004). These developments have been motivated

by, e.g., large space structures, where it is desired to attenuate vibrations in certain

frequency ranges. Although the presented procedures in these references are promising
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for the vibration control goal, the model quality of the involved physically motivated

models is inadequate for motion control on a nanometer level. In fact, even for the

vibration control goal, it is acknowledged in Balas and Doyle (1990, Page 51) that

modeling techniques are the limiting factor in achieving control performance.

Attempts to improve the performance of motion systems by means of model-based

control have also revealed the need for more reliable modeling procedures, as is reported

in Steinbuch and Norg (1998a) and Van de Wal et al. (2002). In the next sections, it is

argued that present state-of-the-art experimental modeling and control design results

do not provide a solution that enables control performance to the achievable limit

for the considered class of high performance motion systems, which is defined more

precisely in the next section.

1.4 Requirements for System Identification in View of Next-

Generation Motion Control

A large number of modeling and control design methodologies are available in the liter-

ature. The preference for a certain methodology hinges on the considered application.

Therefore, the properties of the class of considered systems are specified in the following

definition.

Definition 1.4.1. The properties of the considered class of systems are

1. the system is inherently multivariable;

2. sensors and actuators are already implemented and available, in addition, these

are generally not located on the position where performance is required;

3. the system mainly exhibits a reproducible, linear, and time invariant behavior,

consisting of complex flexible mechanical behavior;

4. small parasitic effects may be present, including nonlinearities and non-repeatable

and hence unpredictable behavior;

5. a large experimental freedom is available;

6. the system needs to be operated under closed-loop to enable proper working con-

ditions.

Regarding Item 1 in Definition 1.4.1, the flexible dynamical behavior introduces

an inherently multivariable dynamical behavior, as is motivated in Section 1.3. Here,

inherently refers to the situation where the multivariable system cannot be reduced to

a diagonal system by means of static input-output transformations. In addition, the

number of inputs and outputs can be larger than the number of rigid-body motion

degrees-of-freedom. The freedom introduced by the additional inputs and outputs

can be used to further enhance the control performance, as is already experimentally

confirmed in Schroeck et al. (2001) and Huang et al. (2006). Regarding Item 2, it is

assumed that the actuators and sensors are already implemented and therefore these

can be used when modeling the system. As is motivated in Section 1.3, it is generally

not possible to actuate or sense directly on the location where performance is desired.
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Regarding Item 3, the system is constructed to exhibit dominantly linear behavior, since

this significantly facilitates a systematic control design. However, as Item 4 suggests,

there will always be small parasitic effects present, including nonlinear effects, and

non-reproducible, unpredictable behavior. With respect to Item 5, experimentation is

inexpensive for the considered class of systems. Besides the fact that actuators and

sensors are already implemented, high sampling frequencies, small time constants, and

reproducible system behavior enable an abundant data collection. In addition, the

cost of electrical energy for the actuation system is negligible. However, as Item 6

suggests, the system has to be in closed-loop for operation, since the system is open-

loop unstable. For instance, for contactless operation as discussed in Section 1.2, the

current through the magnet coils needs to be continuously adapted to ensure that the

wafer stage remains floating.

Two approaches can be distinguished for the modeling of systems:

• physical modeling, also known as white-box modeling, where the model is based

on laws of nature or on generally accepted relationships, and

• experimental modeling, also known as system identification or black-box model-

ing, where the model results from certain systematic relations that are present

in the measured data.

For the considered class of systems, system identification is a reliable, fast, and

inexpensive methodology to construct accurate models due to the large freedom in

experiment design and highly reproducible linear dynamical behavior. In contrast,

physical modeling techniques for the considered class of systems are generally more time

consuming and result in less accurate models. In fact, it is expected that a procedure

solely based on physical models cannot be used to achieve control performance on a

nanometer level. It is remarked that the above division of modeling techniques is not

strict. In fact, in grey-box modeling a combination of these techniques is employed,

e.g., in the case where certain physical parameters are estimated from measured data.

In the next section, system identification for next-generation motion control is further

investigated. Although the discussion is restricted to system identification, i.e., black-

box modeling, similar arguments apply to the grey-box and even to the white-box

modeling approach.

1.5 Present Limitations of System Identification for Robust

and Inferential Feedback Control

As is argued in Section 1.4, high performance control hinges on the identification of

accurate models. In this section, system identification approaches are evaluated from

the perspective of high performance control design for the class of systems in Defini-

tion 1.4.1. Specifically, the class of systems in Definition 1.4.1 leads to the following

requirements.

Requirement 1. The methodology should be able to deliver models that can be used as

a basis for high performance control design. For the considered class of systems,
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this implies that the approach should be able to deal with significant model errors

and parasitic effects.

Requirement 2. The approach should be computationally feasible.

With respect to Requirement 1, it is remarked that the to be controlled system is

mainly linear, multivariable, and exhibits flexible dynamical behavior, in addition to

the presence of certain parasitic phenomena. Although the most important phenom-

ena can be represented by a linear model, systematic modeling errors, sometimes also

called bias errors, are inevitably present. As an example, it is remarked that for the

considered class of systems infinitely many resonance phenomena may be present, as

is also discussed in Hughes (1987). However, only a finite number of these resonance

phenomena 1. can be modeled accurately from finite time data and 2. will affect the

control performance. In contrast to these systematic errors, for the considered class of

systems, highly accurate sensors and actuators are present and a large experimental

freedom is available. Consequently, model errors introduced by finite time noisy obser-

vations, sometimes also referred to as variance errors, can be made negligible by means

of a suitable experiment design. Summarizing, for the considered class of systems in

Definition 1.4.1,

• systematic modeling errors are inevitably present, and

• errors introduced by finite time noisy observations can be made negligible.

The key challenge is to appropriately address both errors from a high performance

control objective.

With respect to Requirement 2, it is essential that the algorithms that are used

in the methodology are computationally tractable using state-of-the-art techniques. A

critical aspect here it that the system in general is multivariable with many inputs and

outputs, large data sets are available, and high model orders are present.

Here, limitations of state-of-the-art system identification techniques for robust con-

trol are investigated in light of the above requirements. In Section 1.5.1, the connection

between system identification and robust control is further investigated. An essential

ingredient here is that only certain phenomena of the true system need to be included

in the model. In this chapter, only a rough idea about the notion of control-relevance is

given. A formal mathematical treatment of control-relevance is deferred to Chapter 2.

Then, in Section 1.5.2, system identification and robust control methodologies that

can deal with unmeasured performance variables are investigated in view of the above

requirements. Finally, in Section 1.5.3, model validation for robust control techniques

are investigated from the perspective of the above requirements.

1.5.1 The Need for an Improved Connection between System Identification

and Robust Control

Although the majority of mainstream system identification methodologies is capable

of delivering accurate models that are highly suitable for prediction, simulation, etc.,

the resulting model is often inadequate to be used as a basis for high performance

feedback control design. Indeed, system identification methodologies such as prediction
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error identification, see, e.g., Ljung (1999b) and Söderström and Stoica (1989) for an

overview, subspace identification, see, e.g., Van Overschee and De Moor (1996) and

Katayama (2005) for an overview, and the frequency domain system identification

approach in Pintelon and Schoukens (2001), mainly consider systems that operate

in open-loop. As a result, the model provides an accurate prediction of the open-

loop response of the system. However, this generally does not imply that the model

accurately predicts the true system behavior in the case that the system is feedback

controlled. This observation has resulted in the field of identification for control, see,

e.g., Schrama (1992b) and Gevers (1993) for initial results in this field. For the sake

of a clear exposition, these observations are now briefly discussed. For the considered

class of systems in Definition 1.4.1, the open-loop response is generally dominated

by rigid-body behavior, see (1.1), since the flexible dynamical behavior generally has

a small contribution to the open-loop system response. However, if the system is

under suitable feedback control, then the rigid-body behavior is stabilized. In case the

flexible dynamical behavior is within the control bandwidth, as is argued in Section 1.3

to be expected in the considered class of next-generation motion systems, then these

system dynamics crucially determine the closed-loop response. Summarizing, since

models are simplifications of physical systems, their quality hinges on the purpose of

the model. Since mainstream system identification methodologies deliver models that

are especially accurate with respect to the open-loop behavior, these methodologies

often fail to deliver suitable models for the specific control application.

To illustrate the above discussion, consider the following example.

Example 1.5.1. Let the true continuous time system Po be given by

Po(s) =
−0.1s+ 1

s+ 1
(1.2)

and consider the model

P̂ (s) =
1

s+ 1
, (1.3)

where s is an indeterminate that denotes the Laplace variable. When evaluating the

impulse response of the open-loop systems, see Figure 1.2, where the impulse is applied

after 0.1 s, it is observed that the responses of P̂ and Po are close. Hence, P̂ is

considered to be an accurate open-loop model of Po. After applying feedback, the closed-

loop responses 1

1+P̂C
and 1

1+PoC
are evaluated for P̂ and Po, respectively. Using different

static controllers, i.e.,

C ∈ {1, 6, 10.01} , (1.4)

it is observed in Figure 1.2 that increasing the gain results in a faster response for P̂ .

However, the impulse response when C is evaluated on Po reveals that an increase of

the gain results in a significantly larger response, which even leads to instability for

C = 10.01. Hence, it is concluded that although P̂ accurately predicts the open-loop

system behavior, it is a poor model when evaluated under high gain feedback.
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Figure 1.2: Impulse response at 0.1 s for Po (black solid) and P̂ (gray solid): top-left: open-loop,
top-right: closed-loop using K = 1, bottom-left: closed-loop using K = 6, bottom-right:
closed-loop using K = 10.01.

The arguments above, which are restricted to linear dynamical system behavior,

are strengthened in case nonlinearities are considered. Indeed, any physical system

is in general nonlinear, although these nonlinearities are assumed to be small for the

considered class of systems in Definition 1.4.1. In the case that the nonlinear sys-

tem is modeled using a linear model, the operating conditions crucially determine the

characteristics of the linear model, as is also analyzed in detail in, e.g., Pintelon and

Schoukens (2001, Chapter 3). For the considered class of systems, it is shown in Smith

(1998) that nonlinear damping behavior manifests itself differently under open-loop or

closed-loop operating conditions. To increase the predictive power of the model under

the desired operating conditions, i.e., under closed-loop operation with a high perfor-

mance controller, it is essential to mimic the desired operating conditions as good as

possible during the system identification experiment. Hence, closed-loop system iden-

tification is desirable. As a result, the system identification methodology also fulfills

the requirement imposed by Property 6 in Definition 1.4.1.

In view of the above discussion, the approximate nature of models of physical

systems has at least two important consequences with respect to system identification

for control:

1. the system identification methodology should deliver models that enable high

performance control design, and

2. the model quality should be quantified during system identification and should be
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addressed during a robust control design to ensure that the resulting controller

that is based on the model also performs well when implemented on the true

system.

With respect to Item 1, the observation that system identification has to deliver models

that accurately reflect the relevant dynamical system behavior that is to be controlled

has led to control-relevant system identification methodologies already proposed in

Schrama (1992b) and Gevers (1993). However, the resulting algorithms generally are

not capable of achieving ultimate performance for the considered class of systems.

Specifically, the resulting control-relevant system identification methodologies com-

monly involve iterative algorithms, where system identification and control design are

alternated, see Schrama (1992b), Schrama (1992a), Gevers (1993), and Albertos and

Sala (2002) for representative examples. A key advantage is that these techniques

both address the required closed-loop operation of the system, see Property 6 in Defi-

nition 1.4.1, and increase the predictive power of the model with respect to the desired

operating conditions in view of nonlinear behavior. Although the iterative idea indeed

is appealing, systematic modeling errors, which are in fact the reason for existence of

such algorithms, can result in a nonconvergent algorithm. This is confirmed by an ex-

plicit analysis in Hjalmarsson et al. (1995) and by the introduction of ad hoc robustness

margins in, e.g., Schrama and Bosgra (1993) and Lee et al. (1995). In fact, robustness

properties are crucial in the case where modeling errors are present. Thereto, formal

robust control design methodologies are investigated next, together with compatible

system identification techniques.

With respect to Item 2 above, it is already exemplified in Example 1.5.1 that a con-

troller that performs well on the nominal model may result in deteriorated performance

or even closed-loop instability when implemented on the true system. To guarantee

that the designed controller not only stabilizes the true system Po but also achieves

a certain performance, a robust control design can be considered. Many alternative

robust control design methodologies have been presented in the literature, for instance,

robust control based on H∞-optimization, where initial results are published in Zames

(1981) and Doyle (1984), and further developments are documented in, e.g., Francis

(1987), Doyle et al. (1992), Zhou et al. (1996), Skogestad and Postlethwaite (2005).

When combining the requirements Item 1 and Item 2, there is clearly a need for

system identification methodologies for robust control. Initial research on system iden-

tification for robust control is reported in the survey papers Ninness and Goodwin

(1995), Hjalmarsson (2005), and Gevers (2005). The goal of system identification for

robust control is to estimate a model set that

1. encompasses the true system behavior,

2. is compatible with the desired robust control methodology, and

3. enables high performance control design.

Several system identification approaches that are directly compatible with robust

control methodologies have been presented in the literature. Although identification in

H∞, as is presented in, e.g., Helmicki et al. (1991) and Chen and Gu (2000), directly
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delivers a nominal model and a bound on the model uncertainty that are compatible

with robust control, these approaches result in overly large model sets and consequently

an unnecessarily conservative control design is obtained, as is confirmed in Vinnicombe

(2001, Section 9.5.2). In Gevers et al. (2003), extensions of the prediction error frame-

work are presented that enable the system identification of certain control-relevant

model sets. Basically, a full-order model is identified and all model imperfections are

assumed to be the result of finite time noisy observations. However, as is discussed

above, systematic modeling errors are expected to be dominant for the considered class

of systems in Definition 1.4.1, hence the system identification methodology should fo-

cus on these aspects. In addition, as is discussed in, e.g., Vinnicombe (2001), control

can perfectly cope with large systematic errors in certain frequency ranges and conse-

quently the full-order model requirement is also too severe from a control perspective.

Finally, the adopted definition of control-relevance, which is based on robust stability

considerations, does not guarantee that the design of a high performance controller is

immediate. Another line of research includes two-stage procedures, where system iden-

tification of a nominal model and model uncertainty quantification are separated. Such

two-stage approaches are commonly adopted in control applications and are explicitly

proposed in, e.g., De Callafon and Van den Hof (1997) to identify model sets in view

of robust control. In view of Requirement 2 on page 11, such procedures are suitable

for the class of systems in Definition 1.4.1, since these typically lead to a computation-

ally tractable procedure. However, as will be shown in Chapter 2, an untransparent

connection between the system identification of a nominal model, model uncertainty

quantification, and the control criterion generally leads to overly large model sets and

hence conservative control designs.

When separating the system identification of a nominal model and the subsequent

model uncertainty quantification, an appropriate model uncertainty structure has to be

selected. Basically, the model uncertainty structure selection can be independent of the

actual model uncertainty estimation technique that is employed. The need to evaluate

model quality in view of closed-loop operating conditions has also led to developments

in model uncertainty structures. Specifically, coprime factorization-based model uncer-

tainty structures, especially based on normalized coprime factorizations due to their

intrinsic connection with the (ν-) gap metric, see, e.g., Georgiou and Smith (1990),

Vinnicombe (2001) for details, have extended standard additive and multiplicative

structures to deal with closed-loop operation of the system. A further refinement of

these coprime factorization-based model uncertainty structures has resulted in the dual-

Youla-Kučera parameterization, see Anderson (1998), Niemann (2003), and Douma and

Van den Hof (2005), which is the most parsimonious model uncertainty structure in

view of robust control. The development of these model uncertainty structures based on

coprime factorizations has spurred the development of system identification techniques

that directly deliver these coprime factorizations, especially normalized ones, see, e.g.,

Georgiou et al. (1992), Gu (1999), Date and Vinnicombe (2004), Van den Hof et al.

(1995), Zhou (2005), Zhou and Xing (2004). These normalized coprime factorizations
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seem to have advantageous properties due to their connection with certain robustness

metrics, see Georgiou and Smith (1990) and associated control design methodologies,

see, e.g., McFarlane and Glover (1990), Vinnicombe (2001).

Although normalized coprime factorizations have a dominant role in certain ro-

bustness metrics and associated robust control methodologies, the use of normalized

coprime factorizations for more general H∞-norm-based performance criteria and more

refined model uncertainty structures, including the dual-Youla-Kučera structure, seems

arbitrary and generally leads to overly large model sets. Especially for multivariable

systems, an inappropriate selection of coprime factorizations, as is generally the case

if normalized coprime factorizations are used, commonly leads to highly conservative

results due to an arbitrary scaling of the different model uncertainty channels.

Summarizing, in view of the goal defined in Section 1.3, present state-of-the-art

system identification and control design tools cannot achieve the required ultimate

performance for the considered class of systems in Definition 1.4.1. In the above dis-

cussion, it has become clear that at present, the intrinsic connection between 1. nominal

model identification, 2. quantification of model uncertainty, and 3. robust control has

to be further clarified to ensure that the combined system identification and robust

control design approach results in high performance. Specifically, for further progress

in system identification for robust control

Research Item I. the connection between nominal model identification in a control-

relevant setting and coprime factorization-based system identification needs to

be clarified, in addition, the dominant use of normalized coprime factorizations

needs to be re-evaluated; and

Research Item II. the connection between model uncertainty and the control criterion

needs to be clarified.

1.5.2 Dealing with Unmeasured Performance Variables via Inferential Sys-

tem Identification and Control

In certain control applications, the performance variables cannot be measured directly,

hence there is a need to distinguish between these variables during control design. For

the considered class of next-generation motion systems, it is argued in Section 1.3 that

dynamical behavior will inevitably be present between the measured variables and the

performance variables. Hence, an explicit distinction between the set of performance

variables and the set of measured variables is essential to guarantee high performance

control.

The explicit distinction between performances variables and measured variables re-

sults in the requirement for highly accurate models, since these can be used to infer the

performance variables from the measured variables. This explicit distinction between

variables, also referred to as inferential control, see Doyle (1998), has far-reaching con-

sequences for modeling and control design. In addition, model quality and thus robust

control design is crucial, since the performance of the resulting controller hinges on the

quality of the predicted performance variables.
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Although there are many successful implementations of inferential control, espe-

cially in the area of process control, see Parrish and Brosilow (1985) and Doyle (1998),

system identification presently does not deliver the required models for inferential con-

trol. Indeed, system identification methodologies, as discussed in Section 1.5.1, are

generally restricted to the situation where the set of performance variables is equal

to the set of measured variables. Although the identification of models in view of

inferential control is considered in Amirthalingam and Lee (1999), the presented pro-

cedure aims at model predictive control. In contrast, in the research presented here,

system identification in view of subsequent robust control based on H∞-optimization

is considered.

Albeit the distinction between performance variables and measured variables natu-

rally fits in the standard plant, which is at the basis of mainstream optimal and robust

control design methodologies, including Zhou et al. (1996) and Skogestad and Postleth-

waite (2005), at present the design of optimal inferential controllers has received in-

adequate attention. Specifically, many optimal and robust control design methodolo-

gies adopt a single-degree-of-freedom feedback controller structure. However, in the

case that the performance variables are not measured, the use of the single-degree-of-

freedom controller is infeasible to perform servo tasks, since an error signal cannot be

directly computed. Although suitable controller structures, including Albertos and Sala

(2004, Section 5.5.1), have been designed that indirectly determine an error signal and

hence can be used for the inferential control problem, these controller structures cannot

be used in conjunction with common H∞-optimization algorithms such as Doyle et al.

(1989). On the one hand, extensions to handle two-degrees-of-freedom controllers in

robust control design methodologies have been developed in Hoyle et al. (1991), Lime-

beer et al. (1993), Dehghani et al. (2006), and Yaesh and Shaked (1991). However,

these extensions aim at improving the tracking response in terms of the measured vari-

ables through a combination of feedback and feedforward control and do not address

the situation where the performance variables are not measured. On the other hand,

H∞-optimal inferential control has been considered in Grimble (1998). However, the

approach resorts to a specific optimization algorithm. In view of system identifica-

tion for control, an approach for optimal and robust inferential control that resorts to

common H∞-optimization algorithms is desired in view of Requirement 2 on page 11.

The extension of H∞-optimal control design has far-reaching consequences for the

system identification methodology. Indeed, the restriction to single-degree-of-freedom

controller structures in control methodologies has resulted in a similar restriction in

system identification approaches that are aimed at delivering models for control design.

To identify models that enable subsequent high performance inferential control, control-

relevant system identification methodologies need to be enhanced to deal with extended

controller structures and inferential control goals. In addition, system identification

algorithms based on coprime factorizations, as are discussed in Section 1.5.1, do not

apply directly and need to be re-evaluated.

The use of the dual-Youla-Kučera-parameterization leads to the most parsimonious
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representation for model uncertainty, as is argued in Section 1.5.1. However, it only

enables an incorporation of model uncertainty in the measured variables. Although

model uncertainty in terms of the measured variables is essential to guarantee closed-

loop stability, model uncertainty in the performance variables is crucial for the quality

of the predicted performance variables. Hence, to enable high performance robust

inferential control, a parsimonious model uncertainty structure that can deal with

unmeasured performance variables is essential. In addition, similar arguments as in

Section 1.5.1 apply with respect to the connection of the size of model uncertainty and

the inferential control criterion. Hence a transparent connection is crucial to enable

high performance control.

Summarizing, system identification presently does not deliver the models that are

required for high performance robust inferential control. As is argued above, the fol-

lowing aspects are considered relevant and will be studied in the sequel:

Research Item III. control goals and controller structures have to be extended to enable

optimal inferential control;

Research Item IV. control-relevant system identification techniques that are compati-

ble with the inferential control problem have to be developed, in addition, the role

of coprime factorizations and their identification methods need to be investigated;

Research Item V. parsimonious model uncertainty structures for robust inferential con-

trol are required to guarantee high performance inferential control, in addition,

the connection between the size of model uncertainty and the inferential control

criterion needs to be clarified.

1.5.3 The Need for Model Validation in View of Robust Control

Model Validation

Any model of a physical system is inexact, hence it should always be accompanied by

a quality certificate. This is especially important in view of robust control design, as is

discussed in Section 1.5.1, where the model quality is explicitly addressed during control

design, and in inferential control, as is discussed in Section 1.5.2, where the predictive

power of the model directly determines the control performance. Irrespective of the

modeling procedure that resulted in the model, the predictive power of the model

should be tested by confronting it with measured data. In the case that the model can

reproduce the data, then the model is not invalidated. In this respect, a model cannot

be actually validated, since future measurements may invalidate it. It is remarked that

confronting the model with more and more data that do not invalidate it generally

leads to increased confidence in the model.

Model validation for robust control involves two important aspects: 1. additive

signals that represent disturbances and 2. perturbation models that represent model

uncertainty, which in turn account for systematic modeling errors. In fact, distur-

bances are accounted for in almost all system identification methodologies, since any

measurement is inexact and any physical system is subject to unmeasured inputs. In
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the case that the purpose of the model is control design, then the model uncertainty is

essential to represent systematic modeling errors, since systematic modeling errors can

result in performance degradation or even closed-loop instability when the model-based

controller is implemented on the true system. Indeed, in contrast to perturbation mod-

els, additive signals generally cannot destabilize a feedback loop. In this respect, it is

mentioned that the discussion on model uncertainty in Section 1.5.1 and Section 1.5.2

was restricted to the structure of model uncertainty, which gives a certain shape to the

model, while in this section the focus is on the actual size of model uncertainty. The

actual size of model uncertainty should be the result of measured data.

Although both systematic modeling errors and disturbances are well-recognized in

mainstream system identification methodologies, including the methodologies in Ljung

(1999b), Söderström and Stoica (1989), Pintelon and Schoukens (2001), and the exten-

sions of these methodologies that are reviewed in the next section, these methodologies

are incompatible with norm-bounded perturbation models that account for system-

atic modeling errors, such as the model uncertainty description used in robust control

based on H∞-optimization. A key reason for this incompatibility is that disturbances

are typically characterized in a stochastic framework, whereas robust control generally

involves deterministic perturbation models, i.e., it pursues a worst-case approach.

Related Developments in System Identification for Robust Control

The observation that many mainstream system identification methodologies are unable

to deliver model sets that are required by robust control has lead to the development

of enhanced system identification methodologies and model uncertainty quantification

procedures that deliver model sets that can be used for robust control design. A key

property of model uncertainty estimation procedures is that by definition these result in

a not invalidated model set under the same assumptions and for the same data. Due to

the apparent close connection of model uncertainty estimation procedures with model

validation, these developments are investigated next in light of the class of systems in

Definition 1.4.1 and the discussion in Section 1.5.1. More extensive overviews from

a broader perspective and a comparison of these approaches can be found in, e.g.,

Ninness and Goodwin (1995), Hjalmarsson (2005), Reinelt et al. (2002).

In stochastic embedding, see Goodwin et al. (2002) and references therein, model

uncertainty is represented as a realization of a stochastic process. Hence, both sys-

tematic modeling errors and disturbances are represented in a stochastic framework.

Although stochastic embedding thus can deal with model uncertainty, the resulting

stochastic description of model uncertainty is incompatible with deterministic robust

control design methodologies, e.g., based on H∞-optimization.

In contrast, in set membership approaches, see, e.g., Milanese and Vicino (1991),

disturbances are characterized in a deterministic framework as unknown-but-bounded

signals. These set membership approaches have been extended to deal with under-

modeling, e.g., in Wahlberg and Ljung (1992). Although such approaches deliver a not

invalidated model set, this set is characterized by a polytope in the parameter space.
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As a result, this polytopic description generally results in intractable computations for

moderate data lengths and incompatibility with robust control design methodologies

based on H∞-optimization.

Extensions to the prediction error framework, which is based on stochastic de-

scriptions of disturbances, are considered in Ljung (1999a), Hakvoort and Van den

Hof (1997), Gevers et al. (2003), etc. Here, the model residual either is directly re-

identified from data, enabling an evaluation of bias and variance errors, or a full order

model structure is assumed in conjunction with a characterization of variance errors.

However, as is motivated in Section 1.5.1, full order models do not exist for physical

systems. In fact, even the identification of high order models is generally impossible

for the class of systems in Definition 1.4.1, e.g., due to numerical infeasibility. This is

especially true for multivariable systems, where model order selection is cumbersome.

In addition, many assumptions are generally imposed besides the required model order,

e.g., linearity and time invariance of the true system. Moreover, in the case of such an

optimization approach, where the systematic model error is explicitly parameterized,

it may be more useful to extend the model with this knowledge instead of considering

it as model uncertainty.

Finally, the need for models that are compatible with robust control based on H∞-

optimization has spurred the development of system identification methodologies that

directly deliver the required uncertain model sets, i.e., a nominal model and an H∞-

norm bound on the uncertainty. Typically, such approaches lead to overly conservative

and pessimistic results, as is analyzed in, e.g., Hjalmarsson (1993) and discussed in

Vinnicombe (2001, Section 9.5.2). In addition, the resulting model uncertainty is a

direct consequence of certain a priori assumptions and do not result from the data.

Moreover, in Ljung et al. (1991) and Friedman and Khargonekar (1995), it is pointed

out that the required assumptions are not straightforward to select for physical systems.

Refinements of these approaches, including a frequency dependent upper bound for

the H∞-norm and the inclusion of stochastic disturbance assumptions are presented

in Bayard (1993) and De Vries and Van den Hof (1994), see also Bayard and Chiang

(1998), Bayard and Hadaegh (1994), De Vries and Van den Hof (1995), and De Vries

(1994), and aim at removing the conservatism to a certain extent.

Desiderata for a Model Validation Approach for Robust Control

Although model uncertainty quantification approaches result by definition in a not-

invalidated model set, from a model validation perspective there are significant disad-

vantages of such approaches. This is especially true for the considered class of systems

in Definition 1.4.1, i.e., systems that are multivariable, exhibit high-order flexible dy-

namical behavior, have small parasitic dynamics, and enable abundant data collection

possibilities.

Firstly, from a model validation perspective, it is desirable to postulate as few

properties of the true system as possible. Indeed, in model validation it is desirable to

verify the model assumptions that were imposed when the modeling was obtained. For
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instance, it is undesirable to require a model order selection procedure in the case that

the desired result is an H∞-norm bounded operator. Indeed, identification of the resid-

ual in fact amounts to a full-order system identification problem. However, it is argued

in Section 1.5.1 that no model can exactly represent a physical system. In addition,

parasitic effects can be present in the data, hence the requirement of linear unmod-

eled dynamics is restrictive. The presence of parasitic effects also has a significant

influence on the model order selection procedure, since deviations in the input signal

result in linearizations around different trajectories, hence a different linear model is

obtained, as is argued in Pintelon and Schoukens (2001, Chapter 3). In fact, as is con-

firmed in, e.g., Shamma (1994), typical robust control design methodologies involving

H∞-norm bounded operators also address certain time-varying and nonlinear model

perturbations, see also Mazzaro and Sznaier (2004) for a model validation perspective.

Secondly, model uncertainty quantification procedures generally include the effect

of disturbances in the model uncertainty description. From a model validation per-

spective, it is questionable whether this is a desirable property. Indeed, disturbances

generally limit the ability to discriminate between two systems, i.e., the nominal model

and the true system in this case. As a result, in the case that validation data is used,

the presence of disturbances should not increase the distance between these systems

in terms of a larger model uncertainty, since in this case insufficient information to

discriminate between systems is available. This is especially relevant in the case where

each data set is investigated independently. In this case, a large disturbance in one

data set implies that the data set is not informative with respect to the input-output

behavior. Hence, this data set should not inflate the model uncertainty.

To further illustrate this point, note that a similar mechanism is present in maxi-

mum likelihood estimation, where increasing the amount of data can only result in a

decrease of variance errors. Such estimation problems involve an actual optimization.

In contrast, in the model validation approaches considered here, only feasibility of the

model with respect to certain data sets is investigated. In addition, that the fact that

noisy disturbances should not increase distances between systems is also considered as

a desirable property in other application fields, including Georgiou et al. (2009).

Note that whether to consider the effect of disturbances as model uncertainty largely

hinges on the considered application, see also the related discussion in Section 1.5. For

the considered class of systems in Definition 1.4.1, there is a large freedom in the se-

lection of input signals and there is almost no restriction on the allowed measurement

time. As a result, abundant informative data can be collected. In contrast, in other

applications, e.g., in the process industry, there can be severe restrictions on the ex-

perimental freedom, both due to the fact that the use of an external excitation signal

is prohibited and due to the fact that small measurement times compared to the time

constants of the system are allowed for measurement. In the latter case, often the same

data set is used for identification and validation. As a result, the main source of model

uncertainty can indeed be due to disturbances, in which case a different approach to

model uncertainty quantification may be preferable.
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Limitations of Present Model Validation for Robust Control Approaches

Model validation approaches in view of robust control design that aim to resolve the

shortcomings of the above approaches are developed in Poolla et al. (1994) and Davis

(1995) in the time domain, extensions to sampled-data systems have been presented in

Smith and Dullerud (1996) and Smith et al. (1997), and extensions to linear parameter

varying systems have been proposed in Sznaier and Mazzaro (2003). Frequency domain

approaches are presented in, e.g., Smith and Doyle (1992), Newlin and Smith (1998),

Chen (1997), Boulet and Francis (1998), Lim and Giesy (2000), Mazzaro and Sznaier

(2004), Crowder and de Callafon (2003), mainly differing in structure and size of the

uncertainty and disturbance models. The key question in model validation for robust

control is to determine whether there exists an admissible realization of the perturba-

tion model and the additive disturbance in a certain predefined set that can explain the

measured data. These disturbances are typically assumed to be in a deterministic set,

e.g., an `2- or `∞-norm-bounded set. Since both the model uncertainty and the distur-

bance are defined as deterministic sets, such model validation approaches are referred

to as deterministic model validation approaches. In the existence question referred to

above, only a feasibility problem is solved. In contrast, many uncertainty modeling

approaches involve an optimization, since the model uncertainty is explicitly param-

eterized and identified. As a result, these deterministic model validation approaches

directly test for the existence of an H∞-norm bounded operator, hence less assump-

tions are required with respect to the true system, e.g., with respect to model order

or even linearity and time invariance. In addition, no embedding of the model uncer-

tainty is required that potentially introduces conservatism. Besides the less restrictive

assumptions, model validation does not increase the uncertainty when disturbances are

present in the validation data, which is a desirable property from a model validation

perspective. A natural application of these validation approaches is to determine the

minimum norm-validating model uncertainty such that there exist realizations that

can explain the data. Determining the minimum norm-validating model uncertainty

is referred to as validation-based uncertainty modeling for obvious reasons and is also

proposed, e.g., in Davis (1995).

Although deterministic model validation approaches are 1. directly compatible with

robust control, 2. require minimal assumptions with respect to the true system, and

3. do not increase the model uncertainty if disturbed observations are present, these

deterministic model validation approaches are generally ill-posed. In particular, in the

case that a validation-based uncertainty modeling approach is pursued, i.e., when the

minimum norm-validating model uncertainty and additive disturbance are determined,

then it appears that any nominal model residual can be attributed to both model

perturbations and additive disturbances. The resulting nonuniqueness of the optimal

solution classifies the problem as ill-posed, see Tikhonov and Arsenin (1977) for a

definition of ill-posed problems. Ill-posedness is also supported by the presence of

tradeoff curves in the optimal solutions to the model validation problem, as is illustrated

in Kosut (1995) and Kosut (2001). From a robust control perspective, ill-posedness
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of the model validation problem is undesirable. On the one hand, if too much of the

nominal model residual is attributed to disturbances, then the resulting model set

may be too small to encompass the true system behavior. As a result, a model-based

controller may suffer from performance degradation or even closed-loop instability when

implemented on the true system. On the other hand, if too much of the nominal model

residual is attributed to model uncertainty, then an overly conservative controller will

result.

Another consequence of the ill-posedness of the model validation problem formula-

tion is the overly optimistic outcome of the model validation procedure for appropriate

selections of the model validation procedure. To resolve this, in Ozay and Sznaier

(2007), it has been suggested to pursue a pessimistic approach based on identifica-

tion in H∞, see Chen and Gu (2000) and references therein for an overview of such

methods. However, as is argued in Vinnicombe (2001, Section 9.5.2), this results in an

overly conservative result. In fact, the presence of two opposite extremal approaches

for the model validation for robust control problem implies that the model validation

problem is not yet solved properly.

Analysis of deterministic model validation approaches for robust control reveals

that the main cause of the ill-posedness is in the poorly defined notion of disturbances.

Conceptually, exogenous disturbances are signals that are independent of the input

to the system. In the case that the nominal model residual contains signals that are

dependent on the input to the system, then these signals are a part of the input-output

behavior and should be considered as model uncertainty. However, independence is not

enforced in typical model validation procedures. In fact, the additive disturbance is

allowed to perfectly reproduce a part of the nominal model residual that is actually the

result of an incorrect input-output model, which in turn results in the claimed overly

optimistic outcome of the model validation procedure. Similarly, the approaches re-

ferred to as identification in H∞, see Helmicki et al. (1991) and Chen and Gu (2000),

allow the disturbance to work perfectly against the input, leading to overly pessimistic

results. However, in this case the disturbance is still dependent on the input and

hence the approach in Ozay and Sznaier (2007) does not resolve the ill-posedness of

the model validation problem. It should be remarked that in any system identification

methodology, the measured output can always be attributed to both disturbances or to

input-output behavior if no suitable prior assumptions, e.g., with respect to the distur-

bances, are imposed. In a stochastic framework, independence between disturbances

and input signals is straightforward to enforce. The key property that is employed is the

covariance between disturbances and input signals, see Hjalmarsson and Ljung (1993)

for a discussion on this issue. This observation has led to similar definitions of the

notion of disturbance in a deterministic setting, e.g., as in Hakvoort and Van den Hof

(1995) for set membership approaches and in Liu and Chen (2005) and Paganini (1996)

in relation to deterministic model validation for robust control. Although this appar-

ently addresses the ill-posedness issue in deterministic model validation, the required

computational load for these approaches implies that these are infeasible for moderate
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data lengths, especially for multivariable systems, as is required by Requirement 2 on

page 11.

Research Item with Respect to Model Validation for Robust Control

Summarizing, model validation is a crucial step in any modeling procedure to assess the

quality of models. However, at present no well-posed and computationally tractable

model validation procedure for robust control is available. To enable a reliable and

non-conservative robust control design for the class of systems in Definition 1.4.1, it is

crucial to

Research Item VI. develop a well-posed and computationally tractable model valida-

tion procedure for robust control that can deal with many and large data sets.

Note that whereas Research Items I-V involve the identification of a nominal model

in conjunction with the structure of model uncertainty, Research Item VI involves the

actual size of model uncertainty, typically based on validation data sets. The structure

and size together constitute the actual model uncertainty.

1.5.4 Summary

In this section, present limitations that prevent the design of nonconservative con-

trollers via system identification are discussed. These aspects are further investigated

in Section 1.7 and Section 1.8. First, feedforward control design is investigated in the

next section.

1.6 Present Limitations of Iterative Learning Control

1.6.1 Iterative Learning Control for Performance Improvement

The focus of the discussion in the preceding sections is on feedback control design,

which is crucial to stabilize systems and to deal with uncertainty, both with respect

to the input-output behavior of the true system and with respect to disturbances.

The role of feedforward control is to compensate for known disturbances that affect

the system. Iterative learning control (ILC), see, e.g., Bien and Xu (1998), Bristow

et al. (2006), Gorinevsky (2002), and Moore (1999) for a historical perspective and

an overview of presently available approaches, is a digital control design strategy that

enables the performance enhancement of batch repetitive processes by iteratively up-

dating the command signal from one experiment, also called trial, to the next experi-

ment. Indeed, many systems repeatedly perform the same task, e.g., the wafer stage

in Section 1.2 repeatedly positions the wafer with respect to the imaging optics for

sequential exposure of the photoresist. Basically, ILC can provide a command signal

that compensates for trial-invariant disturbances in the discretized error signal, even

in case imperfect models are used in the computation of the optimal command signal.

Indeed, when comparing ILC with standard feedback control, then in principle ILC can
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attenuate disturbances up to the Nyquist frequency. In contrast, the bandwidth, i.e.,

the frequency up to which control is effective, in standard feedback control is limited

by the Bode sensitivity integral as is discussed in Sung and Hara (1988). Essentially,

this performance limitation is introduced by the fact that feedback controllers are re-

stricted to be causal, whereas feedforward control can exploit future information of

disturbances that are known to affect the system.

1.6.2 Intersample Behavior in Sampled-Data Control

In the discussions in the preceding sections, both system identification and control

design are tacitly assumed to be performed in the discrete time domain. Indeed, the

initial step of data collection as well as the resulting step of the controller implementa-

tion are nowadays generally performed in a digital computer environment. As a result,

it is most straightforward to perform all intermediate steps, including modeling and

controller synthesis, in the discrete time domain. However, the true physical system

evolves in the continuous time domain. Hence, it is most natural to define the per-

formance also in the continuous time domain. This motivates a direct sampled data

controller synthesis, where the performance is defined in the continuous time domain

and an optimal discrete time controller is computed, see, e.g., Bamieh and Pearson

(1992), Yamamoto (1994), and Chen and Francis (1995). However, as is argued in

Oomen et al. (2007b), not only the modeling for sampled-data control is impossible

without restrictive assumptions, also the specification of an H∞-norm based perfor-

mance criterion and model uncertainty lose their usual frequency domain interpretation

when compared to the situation where either continuous time or discrete time system

interconnections are considered. Indeed, sampled-data systems are generally linear pe-

riodically time varying due to the presence of the sampler and hold function, even if

both the continuous time system model and the discrete time controller are linear time

invariant. These observations have led to an iterative approach for feedback control

design in Oomen et al. (2007b), where a discrete time control design is performed,

followed by an intersample behavior analysis in conjunction with a possible retuning of

the controller. This approach is supported by the fact that the control bandwidth gen-

erally remains well below the Nyquist frequency due to the Bode sensitivity integral,

see Sung and Hara (1988) for a definition. Only in certain specific situations, e.g., due

to aliased disturbances, as is illustrated in Oomen et al. (2007b), it appears that the

intersample behavior is significantly deteriorated due to the fact that it is neglected

during the discrete time control design.

Although the procedure in Oomen et al. (2007b) supports the design of a discrete

time feedback controller with a posteriori intersample behavior considerations, for feed-

forward control design, including ILC, the situation is completely different. Indeed, as

is motivated in Section 1.6.1, ILC can attenuate disturbances up to the Nyquist fre-

quency. As a result, intersample behavior in ILC generally is significantly deteriorated

when compared to the feedback controlled situation only. Indeed, good at-sample

behavior is a necessary, but not a sufficient condition for good continuous time perfor-
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mance in sampled-data systems. The analysis of intersample behavior in ILC is further

investigated next.

1.6.3 The Need for Addressing Intersample Behavior in Iterative Learning

Control

Although ILC for discrete time LTI systems based on discretized error signals has been

well developed, see, e.g., Bien and Xu (1998), Bristow et al. (2006), Gorinevsky (2002),

and Moore (1999), a systematic ILC approach for sampled-data systems is lacking. In

Chien (1998) and Sun and Wang (2001), an ILC approach is presented that is suitable

for nonlinear sampled-data systems. The approach essentially deals with the fact that

nonlinear systems do not have equivalent discrete time representations as is the case for

LTI systems, see, e.g., Åström and Wittenmark (1990) and Chen and Francis (1995),

and does not address the intersample behavior. In contrast, in view of the class of

systems in Definition 1.4.1, a systematic ILC approach for sampled-data systems is

desirable that extends discrete time ILC approaches by addressing both the at-sample

performance and intersample behavior.

In Longman and Lo (1997) and LeVoci and Longman (2004), it is shown that

sampling zeros, see Åström et al. (1984) for a definition, can indeed deteriorate the

intersample response in ILC and ad hoc solutions are provided for performance im-

provement. In Hara et al. (1990), repetitive control, which is closely related to ILC, for

sampled-data systems is considered. The proposed solutions to handle the intersam-

ple behavior require modifications to the sampler and hold function. However, these

functions commonly are unalterable in practice. In Langari and Francis (1994) and

Ishii and Yamamoto (1998) repetitive control of sampled-data systems is considered

by employing lifted system descriptions. Although intersample behavior is addressed

in the approach, these methods do not directly extrapolate to ILC due to its batch

repetitive behavior.

Sampled-data systems can be considered as the limiting case of multirate systems,

see Vaidyanathan (1993) and Chen and Francis (1995) for basic definitions of such

systems. In Zhang et al. (2007) and Zhang et al. (2008), multirate ILC is employed

to ensure that an Arimoto-type ILC controller has desired properties, including an ex-

ponential decay rate of the tracking error and effective handling of initial state errors.

Though multirate aspects are used in Zhang et al. (2007) and Zhang et al. (2008), the

signals are sampled before learning. Hence, the intersample behavior in the signals

is essentially discarded and instead a downsampled, discrete time ILC problem is ob-

tained. In Moore (1993, Section 5.3), a multirate ILC approach is presented that uses

a faster input rate to avoid unbounded input signals in case of nonminimum phase

systems. However, an analysis of the intersample behavior is not provided. In Xu

et al. (2005), a multirate ILC approach with a faster input rate in conjunction with

an estimator is presented to enable the ILC algorithm to exploit the fast input rate.

However, the approach does not guarantee a satisfactory intersample behavior.

In view of the above discussion, ILC at present cannot guarantee high performance
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for systems that evolve in the continuous time domain. Hence, a systematic iterative

learning control design approach for sampled-data systems is presently lacking. In view

of the goal in Section 1.3, to achieve control performance to the limit, it is of crucial

importance to

Research Item VII. develop a systematic framework for sampled-data iterative learning

control that addresses the intersample behavior.

1.6.4 System Identification for Low-Order Iterative Learning Control

Any ILC algorithm requires model knowledge to update the command signal. In-

deed, robustness analysis of ILC controllers in, e.g., Ahn et al. (2006) and Tayebi and

Zaremba (2003), has confirmed that large model errors can result in an unstable inter-

connection of the ILC controller and the true system, resulting in a divergent learning

process.

The identification of models in view of ILC has at present not been adequately

dealt with in the literature. Although the procedure in Phan and Frueh (1998) enables

the identification of models for subsequent use in ILC, the identification procedure is

restricted to nonparametric modeling that significantly limits the true potential and

applicability of system identification. Improved experiment design in system identifica-

tion using ILC has been considered, e.g., in Longman and Phan (2006) and Hjalmarsson

(2005). However, this does not resolve the system identification problem of models in

view of ILC.

In view of the discussion in Section 1.6.3, the intersample behavior should be ex-

plicitly addressed in ILC methodologies. Consequently, also the models used for ILC

should represent the intersample behavior. As a result, system identification should be

able to deliver models that encompass the intersample behavior. In addition, system

identification should be able to deal with the time-varying nature of the system, as

is discussed in Section 1.6.2. Moreover, system identification should be able to deal

with the closed-loop operation of the system, since a feedback controller is generally

required prior to the implementation of an ILC controller to stabilize the system, for

safety reasons, to improve linearity of the system, and to attenuate trial-varying dis-

turbances.

Specific classes of linear time varying (LTV) systems, including sampled-data sys-

tems, can be represented as equivalent linear time invariant (LTI) systems via lifting,

see Bamieh et al. (1991), Yamamoto (1994), Kranc (1957), and Chen and Francis (1995)

for the alluded definition of lifting. The concept of lifting has been explored in system

identification, e.g., in Ding and Chen (2005) and Li et al. (2001). In these references,

open-loop sampled-data systems are investigated and system identification techniques

are considered that incorporate certain causality constraints. However, these causality

issues do not arise in the system identification for ILC problems. In addition, in con-

trast to the approaches in Ding and Chen (2005) and Li et al. (2001), ILC commonly

requires closed-loop operation of the system.

Model structure selection is an essential aspect in connecting system identification



28 Chapter 1. Towards Next-Generation Motion Control

and ILC. In the literature, ILC seems to resort mainly to nonparametric models such

as impulse responses, see, e.g., Phan and Longman (1988), Frueh and Phan (2000),

and Tousain et al. (2001). However, when employing such nonparametric models, ILC

algorithms based on optimization result in a significantly increasing computational

load for increasing number of inputs and outputs in multivariable systems, increasing

trial lengths, increasing sampling frequencies, and an increasing amount of considered

intersample behavior. This restricts the use of such ILC algorithms to small-scale

examples and prohibits their implementation for the class of systems in Definition 1.4.1.

In addition, from a system identification perspective, the use of parametric models

generally results in a parameter variance reduction when compared to nonparametric

models.

Summarizing, besides the need to address the intersample behavior in ILC, as is

argued in Section 1.6.3, at present ILC algorithms cannot deal with complex systems,

including systems in the class of Definition 1.4.1. For the reliable synthesis and imple-

mentation of ILC controllers, it is essential that

Research Item VIII. the optimal ILC synthesis algorithms are improved to enable com-

putationally tractable computations for complex systems, and

Research Item IX. a system identification approach for sampled-data ILC is developed

that is compatible with the ILC synthesis algorithm.

1.6.5 Summary

In this section, present limitations of iterative learning control are discussed. These

present limitations, in conjunction with the present limitations of system identifica-

tion discussed in Section 1.5, give rise to the research questions and approach that is

discussed next.

1.7 Research Plan

In the previous sections, it is argued that model-based control design is essential for

next-generation motion control in view of the goal in Section 1.3. The required model

accuracy can in principle be obtained by means of system identification. However, in

the procedure from experimental data to robust feedback performance, as is required

to achieve the goal in Section 1.3, the aspects mentioned in Section 1.5 are at present

not solved appropriately for systems that include the class in Definition 1.4.1. These

key research issues are the subject of the research reported here. Specifically,

Research Item I. the connection between nominal model identification in a control-

relevant setting and coprime factorization-based system identification needs to

be clarified, in addition, the dominant use of normalized coprime factorizations

needs to be re-evaluated;

Research Item II. the connection between model uncertainty and the control criterion

needs to be clarified;
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Research Item III. control goals and controller structures have to be extended to enable

optimal inferential control;

Research Item IV. control-relevant system identification techniques have to be devel-

oped that are compatible with the inferential control problem, in addition, the

role of coprime factorizations and their identification methods need to be inves-

tigated;

Research Item V. parsimonious model structures for robust inferential control are re-

quired to guarantee high performance inferential control, in addition, the connec-

tion between the size of model uncertainty and the inferential control criterion

needs to be clarified; and

Research Item VI. a well-posed and computationally tractable model validation pro-

cedure for robust control needs to be developed.

In addition, it is argued in Section 1.6 that although feedback is crucial to stabilize

the system and deal with uncertainty, feedforward control is essential to achieve the

limits of control performance. Iterative learning control is able to compensate for all

reproducible system behavior without restrictions on causality in the physical time

domain and using only approximate knowledge of the true system. However, as is

argued in Section 1.6, the following key research aspects related to iterative learning

control have to be resolved:

Research Item VII. a systematic framework for sampled-data iterative learning control

that addresses the intersample behavior needs to be developed,

Research Item VIII. optimal ILC synthesis algorithms have to be improved to enable

computationally tractable computations for complex systems, and

Research Item IX. a system identification approach for sampled-data ILC has to be

developed that is compatible with the ILC synthesis algorithm.

In Section 1.5 and Section 1.6.3, it is argued that research aspects I - IX are rele-

vant and open issues in the field of system identification and robust control and require

novel solutions. In view of the goal in Section 1.3, these aspects have to be resolved

to enable a successful system identification and robust control design procedure from

experimental data to high performance and robust control. A fundamental investiga-

tion of these research aspects I - IX is performed in the subsequent chapters, leading

to new solutions. In addition, it is shown that these solutions enhance prior results.

In addition to a thorough mathematical treatment of the methodology, the obtained

results are illustrated through a confrontation with relevant applications as well.

1.8 Research Approach and Contributions

In view of the goal that is formulated in Section 1.3, certain open problems need to be

addressed, as is argued in Section 1.5 and Section 1.6, and summarized in Section 1.7.

As a whole, the solutions to these problems constitute a coherent system identification

and control design framework that enables a compensation of systems, including those

of the class defined in Definition 1.4.1, to the limit of performance. Independently,
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the solutions to these problems contribute to the fields of system identification, robust

control, and iterative learning control. These problems, as well as applications of

the complete framework, are considered in the subsequent chapters. The content and

contribution of each of these chapters is as follows, see also Figure 1.3.

Part II-A: System Identification for Robust and Inferential Control - Theory

In Part II-A, theoretical contributions with respect to system identification in view of

robust and inferential control are presented. This part includes the following chapters.

Chapter 2: Connecting System Identification and Robust Control through

a Common Coordinate Frame

In Chapter 2, system identification for robust control is thoroughly analyzed and

I. a new connection between control-relevant system identification and system iden-

tification of coprime factorizations is presented, leading to a new coprime factor-

ization of the system, and

II. a new transparent connection between a novel model uncertainty structure and

the control criterion is presented.

As a result, new contributions with respect to the aspects mentioned in Section 1.5.1

are obtained, enabling the identification of model sets that are particularly aimed at

high performance robust control. In addition, the model uncertainty is scaled with

respect to the control criterion, enabling a conceptually straightforward application for

multivariable systems. Indeed, using previously available results, model uncertainty

channels may be arbitrarily scaled, leading to arbitrarily conservative results. Hence,

the new developments enable a reduction of conservatism, which in turn enables an

enhanced control performance. Preliminary parts of this chapter are published as

Oomen and Bosgra (2008b) and Oomen et al. (2009d).

Chapter 3: System Identification for Robust Inferential control

In Chapter 3, system identification and control design with unmeasured performance

variables is investigated and

III. it is shown that although the commonly used standard plant in optimal and

robust control design naturally encompasses this situation where the set of per-

formance variables is not equal to the set of measured variables, this situation

requires a thorough reconsideration of the control goal and controller structure, as

a result, new controller goals and controller structures for H∞-optimal inferential

control design are presented;

IV. a new control-relevant system identification methodology is presented that aims

at high performance inferential control design, in addition, a connection with

coprime factorization-based system identification is established;

V. new parsimonious model uncertainty structures are presented that enable high

performance robust inferential control.
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As a result, new contributions with respect to the open problems in Section 1.5.2 are

presented. Preliminary results of this chapter are published as Oomen et al. (2009a).

Chapter 4: A Well-Posed Deterministic Model Validation Framework for

Robust Control by Design of Validation Experiments

In Chapter 4, model validation for robust control is investigated and

VI. a novel procedure for model validation is presented that results in correct asymp-

totical model uncertainty that can be used directly in robust control and in correct

asymptotical deterministic disturbance models.

As a result, a well-posed and computationally tractable model validation proce-

dure for robust control is obtained, that can be used in a validation-based uncertainty

modeling procedure. Preliminary versions of this chapter are published as Oomen and

Bosgra (2008a) and Oomen and Bosgra (2009).

Part II-B: System Identification for Robust and Inferential Control - Ap-

plications

In Part II-B, the theoretical results in Part II-A are confronted with several industrial

and prototype applications, which are reported in the following chapters.

Chapter 5: Next-Generation Industrial Wafer Stage Motion Control via

System Identification and Robust Control

In Chapter 5, motion control of an industrial prototype multivariable wafer stage is

improved by means of a system identification and robust control design approach. By

exploiting the results in Chapter 2 and Chapter 4, improved robust performance is

achieved without unnecessarily introducing conservatism. Hence, it is confirmed that

the independent contributions in this thesis constitute a coherent system identification

and robust control design framework that enables high performance robust motion

control design, as is formulated as general goal in Section 1.3. A preliminary version

of this chapter is presented in Oomen et al. (2009d), related results obtained with

the involved experimental setup are reported in Van Herpen et al. (2010), Oomen

et al. (2007b), Oomen et al. (2007a), Oomen et al. (2006), Gysen (2006), Denie (2008),

Van Herpen (2009), Quist (2010).

Chapter 6: Continuously Variable Transmission Control through System

Identification and Robust Control Design

In Chapter 6, system identification in view of robust control of a multivariable continu-

ously variable transmission system for a vehicle is presented. The continuously variable

transmission system is a significantly different system when compared to the wafer stage

application in Chapter 5. Specifically, poor signal-to-noise ratios are generally present

and nonlinear dynamical behavior is typically more pronounced. In Chapter 6, it is
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shown that for this class of systems, the presented system identification and robust

control design procedure is also applicable and can result in a significant performance

improvement. A preliminary version of this chapter is presented in Oomen et al. (2010),

related results may be found in Elfring (2009).

Chapter 7: Dealing with Unmeasured Performance Variables in a Prototype

Motion System via System Identification and Robust Control

In Chapter 7, a system identification and robust control design approach is applied to

achieve high performance for a next-generation prototype motion system with unmea-

sured performance variables. It is confirmed that standard control design approaches

that aim at good responses in terms of the measured variables, e.g., by using the ap-

proach of Chapter 2, may lead to a poor performance in the sense of the performance

variables. In addition, it is shown that the presented approach in Chapter 3 enables

a high performance robust inferential control design. Related results are reported in

Hendriks (2009), Verhoeven (2010), and Grassens (2010).

Part III: System Identification for Sampled-Data Iterative Learning Control

In Part III, iterative learning control for sampled-data systems and system identifica-

tion for sampled-data iterative learning control is investigated. This part includes the

following chapters.

Chapter 8: Suppressing Intersample Behavior in Iterative Learning Control

In Chapter 8, intersample behavior in iterative learning control is investigated and it

is shown that although common iterative learning control design approaches result in

good at-sample behavior, these commonly result in a poor intersample behavior and

hence poor performance in view of the goal in Section 1.3. To resolve this,

VII. a novel iterative learning control framework for sampled-data systems is presented

that explicitly addresses the intersample behavior.

As a result, high performance control design for physical systems that evolve in the

continuous time domain can be attained. Preliminary versions of this chapter are

published as Oomen et al. (2008) and Oomen et al. (2009c).

Chapter 9: Parametric System Identification in View of Sampled-Data It-

erative Learning Control

In Chapter 9, system identification for sampled-data iterative learning control is in-

vestigated. A thorough analysis of model structures reveals that both from a system

identification perspective and optimal control perspective, the use of parametric models

is superior compared to nonparametric models. As a result,
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VIII. optimal iterative learning control algorithms are presented that are attractive

from a computational point of view and enable the explicit incorporation of in-

tersample behavior, and

IX. the system identification for sampled-data iterative learning control problem is

posed and solved via parametric models that are directly compatible with the

presented optimal iterative learning control approach.

Preliminary versions of this chapter are published as Oomen et al. (2009b).

Part IV: Closing

In Part IV, conclusions and recommendations for future research are presented. This

part contains the following chapter.

Chapter 10: Conclusions and Recommendations

In Chapter 10, all contributions of the separate chapters are summarized and the devel-

oped coherent system identification and robust control design framework is compared

to pre-existing approaches. In addition, directions for future research are presented.

Addenda

In the addenda, the following material is included.

Appendix A: Numerically Reliable Transfer Function Estimation

In Appendix A, a numerically reliable algorithm for fitting transfer functions to fre-

quency response data is presented. This algorithm is used in conjunction with the

theoretical results in Chapter 2 and Chapter 3, and is applied in Chapter 5, Chapter 6,

and Chapter 7. A preliminary version of this appendix is published as Oomen and

Bosgra (2008b).

Appendix B: Robust Controller Synthesis using the Skewed Structured Sin-

gular Value

In Appendix B, robust controller synthesis using a skewed structured singular value is

presented. This is used in Chapter 5, Chapter 6, and Chapter 7 to appropriately scale

the model uncertainty perturbation and the fictitious performance uncertainty during

robust controller synthesis.

Appendix C: Dealing with Subsample Delays in System Identification of

Sampled-Data Systems

In Appendix C, an approach is presented that reveals how to deal with subsample

delays in system identification and control design.
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Figure 1.3: Research approach and thesis outline, where the related chapters and appendix are indi-
cated in circles.
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Chapter 2

Connecting System Identification and

Robust Control through a Common

Coordinate Frame

2.1 The Interrelation between System Identification, Model

Uncertainty, and Robust Control

Although robust control provides a certain performance guarantee when the result-

ing controller is implemented on the true system, the guaranteed performance level

crucially depends upon the utilized model set. At present, the intimate connection

between the size of the model set and the control performance is untransparent. The

aim in this chapter is to connect the system identification of a model set, consisting

of nominal model identification and a characterization of model uncertainty, on the

one hand and robust control on the other hand. As a consequence, the results in this

chapter aim to resolve the shortcomings of pre-existing approaches, as is elaborated on

in Section 1.5.1.

The main findings of the present chapter are twofold and contribute to research

items I and II in Section 1.7. The first contribution is the result of a thorough analysis

of the freedom in coprime factorizations that reveals a connection between control-

relevant system identification on the one hand and coprime factorization identification

on the other hand. Specifically, a new coprime factorization, which is called a robust-

control-relevant coprime factorization for reasons that will become clear later on, is

obtained that 1. generally is not normalized and 2. is directly identifiable from data

in a control-relevant manner. In addition to the advantages that this specific coprime

factorization has with respect to representing model uncertainty, the advantages from

a computational perspective are twofold. Firstly, the complexity of typical control-

relevant identification schemes is reduced from a four-block problem to a two-block

problem. Secondly, it renders superfluous the required iteration in Van den Hof et al.
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(1995) over coprime factorizations to satisfy a normalization condition. The second

contribution of the present chapter is a new coordinate frame for representing model

uncertainty that transparently connects to the control criterion. Indeed, an analysis

of the unexplored freedom in coprime factorizations in the dual-Youla-Kučera model

uncertainty structure reveals that certain coprime factorizations exist that have advan-

tageous properties. Specifically, by using the identified robust-control-relevant coprime

factorizations, in conjunction with a new coprime factorization of the controller that

is used during closed-loop system identification, a transparent connection is obtained

between the size of model uncertainty and the robust control criterion.

As a result of the new connection between control-relevant system identification and

robust-control-relevant coprime factor identification on the one hand, and the model

uncertainty coordinate frame and the control criterion on the other hand, robust-

control-relevant model sets can be identified that are aimed at subsequent high per-

formance robust control design. Due to the transparent connection between nominal

model identification, model uncertainty quantification, and the control criterion, the

resulting approach is applicable to multivariable systems using any model uncertainty

quantification procedure without introducing conservatism.

The chapter is organized as follows. In Section 2.2, robust-control-relevant system

identification of model sets is defined and basic definitions are presented. In Sec-

tion 2.3, a new robust-control-relevant coprime factorization is presented that connects

control-relevant system identification of nominal models and coprime factor identifica-

tion. In fact, this constitutes the first contribution of the chapter, which is given by

Theorem 2.3.4 and Theorem 2.3.8. Then, in Section 2.4, a new coordinate frame for

representing model uncertainty is presented that transparently connects to the con-

trol criterion. This transparent connection, introduced in Theorem 2.4.6, constitutes

the second contribution of this chapter. In Section 2.5, a simulation example is pre-

sented that illustrates the theoretical results in the chapter and confirms improved and

less conservative results compared to prior art. Finally, conclusions are provided in

Section 2.6.

2.2 Problem Formulation

2.2.1 Control Goal Definition

Throughout, optimal control is considered, where the goal is to minimize the control

criterion J (P,C) over C for the true system Po, i.e., determine

Copt = arg min
C
J (Po, C). (2.1)

A norm-based criterion is considered, which is defined as

J (P,C) = ‖WT (P,C)V ‖∞ , (2.2)
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Figure 2.1: Feedback configuration.

where

T (P,C) :

[
r2
r1

]
7→
[
y

u

]
=

[
P

I

]
(I + CP )−1

[
C I

]
, (2.3)

see also Figure 2.1, where W = diag(Wy,Wu), V = diag(V2, V1) satisfy W,W−1, V, V −1

∈ RH∞. The requirement W,W−1, V, V −1 ∈ RH∞ is nonrestrictive, since it can be

relaxed by absorbing the weighting filters in the feedback control loop, see, e.g., Krause

(1992). Throughout, W and V are assumed to be block-diagonal, i.e.,

W =

[
Wy 0

0 Wu

]
(2.4)

V =

[
V2 0

0 V1

]
. (2.5)

The motivation to consider the H∞-norm is threefold. Firstly, the H∞-norm enables

the design of weighting filters based on classical loopshaping design techniques, see,

e.g., Doyle and Stein (1981) and McFarlane and Glover (1990), i.e., the weighting

filters can be used to specify the desired shape of certain transfer function matrices.

Secondly, the H∞-norm is an induced norm. Hence it satisfies the multiplicativity

property and thus enabling a representation of model uncertainty through H∞-norm-

bounded operators. Thirdly, the four-block criterion, see (2.3), in conjunction with the

criterion in (2.2), enforces both well-posedness and internal stability.

2.2.2 Robust Control Design

To perform the actual optimization in (2.1), knowledge regarding the true system Po

is required. In a model-based control design, knowledge regarding the true system is

represented by a mathematical model. However, any realistic system is too complex to

be represented exactly by a single model. Consequently, uncertainty with respect to

the dynamical behavior is always present when modeling a certain system. Thereto, a

model set P of candidate models, presumably containing the true system Po is consid-

ered, i.e.,

Po ∈ P . (2.6)

Associated with the set P is the worst-case performance measure

JWC(P , C) = sup
P∈P

J (P,C). (2.7)
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The definition in (2.7) in conjunction with the constraint in (2.6) immediately reveals

that

J (Po, C) ≤ JWC(P , C) (2.8)

for a certain C. Hence, if the controller satisfies a certain worst-case performance

bound, then the controller is guaranteed to yield at least the same level of performance

when it is implemented on the true system Po. This motivates the robust control design

CRP = arg min
C
JWC(P , C) (2.9)

for a certain set P .

2.2.3 Robust-Control-Relevant System Identification

The model set P is determined from measured data, i.e., it is the result of a system

identification problem. By virtue of (2.6), the true system Po should be in the model

set. In addition, inspection of (2.9) reveals that the shape of the model set P directly

influences CRP and consequently the worst-case performance bound JWC(P , CRP). To

ensure that the model set enables the design of a high performance robust controller,

a connection between the shape of the model set and the control criterion is essential.

Hereto, in the modeling of the set P , the dual problem to (2.9) is considered, i.e.,

min
P
JWC(P , C), (2.10)

such that (2.6) holds. It is remarked that (2.10) will be defined more precisely below.

Conceptually, (2.10) implies that the size of the set P should be small in terms of the

performance criterion.

Observe that P is an undefined set in (2.9), whereas C is an undefined variable

in (2.10). Typically, a stabilizing non-optimal controller Cexp is already implemented

prior to performing the identification experiment1, in which case (2.10) and (2.9) may

be solved iteratively. In contrast to iterative identification and control design schemes

that are solely based on a nominal model, including Schrama (1992b), Gevers (1993),

and Albertos and Sala (2002), an iterative system identification and control design

approach that accounts for model uncertainty straightforwardly leads to a monotonous

performance improvement, as is also shown in De Callafon and Van den Hof (1997).

Prior to defining robust-control-relevance, the model set P has to be defined appro-

priately. Throughout, it is assumed that the true system dominantly exhibits a linear

dynamical behavior in addition to some relatively small parasitic phenomena. This

supports the use of linear models in conjunction with model uncertainty. To enable a

direct connection with robust control based on H∞-optimization, a norm-bounded per-

turbation around a nominal model P̂ is considered. The perturbation represents model

1If Po is stable, then Cexp = 0 is a stabilizing controller, hence the procedure also applies to
open-loop stable systems.
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uncertainty and is connected to the model using a certain interconnection structure,

which can be represented by

P =
{
P
∣∣P = Fu(Ĥ,∆u),∆u ∈ ∆u

}
, (2.11)

where ∆u is a norm-bounded set, possibly subject to additional structural constraints;

Ĥ contains P̂ , the uncertainty structure, and optional weighting filters to shape the

uncertainty over frequency; and Fu denotes the upper linear fractional transformation

(LFT).

The involved robust-control-relevant model set identification problem is formalized

in the following definition.

Definition 2.2.1. The robust-control-relevant model set identification with respect to

an existing controller Cexp is the result of the optimization problem

PRCR = arg min
P
JWC(P , Cexp), (2.12)

subject to the constraint in (2.6), where P is defined in (2.11).

To perform the actual optimization in Definition 2.2.1, the model set P has to be

the result of data. Clearly, it is desired that P̂ = Po. However, for any physical system,

the nominal model P̂ is necessarily an approximation. Hence, the use of a model set

is crucial for any physical system.

2.2.4 System Identification Procedure

Throughout, the model set PRCR is constructed by

1. identifying a nominal model, followed by

2. a quantification of model uncertainty.

As a result, both the nominal model (Step 1) and model uncertainty (Step 2) should be

aimed at identifying robust-control-relevant model sets in the sense of Definition 2.2.1.

The reason for considering a separate estimation of nominal model and model uncer-

tainty is at least twofold. Firstly, a direct identification of a model set generally is

computationally intractable or leads to overly conservative results. Secondly, such an

approach enables the use of independent validation data, see Chapter 4. These steps

are investigated in detail in the next sections.

The considered signals and systems are assumed to either evolve in the continuous

time domain or in the discrete time domain. In the continuous time case, a continuous

time system is identified, e.g., by imposing bandlimited assumptions on the signals,

see also Garnier and Wang (2009) and references therein, and subsequently synthesiz-

ing a continuous time controller. In the discrete time case, a discrete time model is

identified, e.g., by imposing a zero-order-hold interpolation assumption, and synthe-

sizing a discrete time controller. For a discussion on sampled-data systems, i.e., the

identification of a continuous time model in conjunction with a discrete time control

design, the reader is referred to Oomen et al. (2007b) and Chen and Francis (1995).
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In addition, as discussed in Oomen et al. (2007b), the results presented in this chapter

can be applied to both the continuous time and the discrete time case by employing

the Möbius transformation.

2.3 Robust-Control-Relevant Coprime Factor Identification

In this section, it is shown that control-relevant system identification can be recast

as a coprime factor system identification problem. This leads to a new connection

between control-relevant system identification and coprime factor system identifica-

tion, as well as a new coprime factorization. First, in Section 2.3.1, control-relevant

system identification is defined, whereas Section 2.3.2 contains a motivation for a co-

prime factorization-based approach. In Section 2.3.3, specifically in Theorem 2.3.4 and

Theorem 2.3.8, the main result of this section is presented, i.e., the control-relevant

system identification problem in Section 2.3.1 is recast as an equivalent coprime factor

identification problem. In Section 2.3.4, a frequency domain system identification algo-

rithm is presented that enables the actual optimization, whereas Section 2.3.5 contains

a state-space realization of the new coprime factorization with a bounded McMillan

degree.

2.3.1 Control-Relevant Identification of a Nominal Model

Due to the inevitably approximate nature of models, the purpose of models should

be taken into account when evaluating model quality. As discussed in Section 2.2, a

nominal model P̂ is identified first. The nominal model P̂ is used as a basis to construct

the model set P , hence P̂ ∈ P . The performance of any candidate model with respect

to the nominal model can be bounded by means of the triangle inequality, i.e.,∣∣∣J (P̂ , C)−
∥∥∥W(T (P,C)− T (P̂ , C)

)
V
∥∥∥
∞

∣∣∣
≤ J (P,C) ≤

J (P̂ , C) +
∥∥∥W(T (P,C)− T (P̂ , C)

)
V
∥∥∥
∞
,

(2.13)

see, e.g., Schrama (1992b). By virtue of (2.6), the true system will be in the model

set, hence (2.8) holds. Clearly, since both P̂ ∈ P and Po ∈ P , it is sensible to select P̂

close to Po in the sense of the control criterion J (P,C), see (2.2), to obtain a robust-

control-relevant model set PRCR in view of Definition 2.2.1. Evaluating the bounds in

(2.13) for Po reveals that if ∥∥∥W(T (Po, C)− T (P̂ , C)
)
V
∥∥∥
∞

(2.14)

is small, then J (P̂ , C) → J (Po, C) and also the upper and lower bounds in (2.13)

converge to each other. Indeed, the expression
∥∥∥W(T (P,C)− T (P̂ , C)

)
V
∥∥∥
∞

in fact is

a metric, see, e.g., Kreyszig (1978), that represents the distance between P and P̂ from
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a control criterion perspective. Thus, from a system identification point of view, the

criterion in (2.14) can be minimized to ensure that the model is suitable for high per-

formance control. As motivated in Section 2.2.3, a pre-existing experimental controller

is used in (2.13), leading to the following control-relevant identification criterion.

Definition 2.3.1. The control-relevant identification of a nominal model P̂ with respect

to an existing controller Cexp is the result of the optimization problem

min
P̂

∥∥∥W(T (Po, C
exp)− T (P̂ , Cexp)

)
V
∥∥∥
∞
. (2.15)

Note that the criterion (2.15) also arises in common iterative identification and

control design approaches, including Schrama (1992b), Gevers (1993), and Albertos

and Sala (2002), that are solely based on nominal models, where the two terms on the

right hand side of (2.13) are minimized alternately by updating the model and the

controller, respectively. However, such schemes typically do not converge since in the

application of the triangle inequality in (2.13), it is assumed that the controller does not

change. Clearly, in iterative procedures a change of the controller does happen when the

controller is updated during the control design step. In contrast, in the present chapter,

specifically in Section 2.4.3, it is shown that by the use of a new model uncertainty

coordinate frame, control-relevant identification of the nominal model in (2.15) indeed

aims at identifying robust-control-relevant model sets in view of Definition 2.2.1.

2.3.2 Motivation for a Coprime Factorization-Based Approach

The constraint in (2.6) imposes requirements on the model uncertainty structure, es-

pecially in the case where control-relevant models are identified under closed-loop op-

erating conditions using a certain experimental controller Cexp, as is considered in this

chapter. This is illustrated by means of the following example.

Example 2.3.2. Let

Po(z) =
0.98

z − 1.1
(2.16)

P̂ (z) =
1

z − 0.9
(2.17)

Cexp = 0.8, (2.18)

denote the true discrete time system, discrete time model, and discrete time feedback

controller, respectively. Here, z is a complex indeterminate. From (2.16) and (2.17),

it is immediate that Po is unstable, whereas P̂ is stable. Straightforward computations

reveal that Cexp internally stabilizes both Po and P̂ , which is a necessary condition for

P̂ to be control relevant. Next, if P, see (2.11), is structured as an unweighted additive

perturbation model, i.e.,

PA = {P |P = P̂ + ∆, ‖∆u‖∞ < γ}, (2.19)
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then it can easily be verified that Po /∈ PA∀γ ∈ R+.

In contrast, to ensure Po ∈ P for some ∆ ∈ RH∞, coprime-factor-based uncertainty

models can be considered. In this case, the model P̂ is represented by an RCF {N̂ , D̂}.
In addition, consider stable perturbations on the stable coprime factors, i.e.,

PCF = {P |P = (N̂ + ∆N)(D̂ + ∆D)−1, ‖
[
∆N

∆D

]
‖∞ < γ}. (2.20)

Next, observe that one such coprime factorization of P̂ is given by{
1

z − 0.9
, 1

}
. (2.21)

In this case, the perturbation [
∆N

∆D

]
=

[
1

z−0.9
z−1.3
z−0.9

]
∈ RH∞, (2.22)

which generates the unstable Po via (2.20). As a result, in case of coprime factor

perturbations, ∃γ ∈ R+ such that Po ∈ PCF.

The example, above, clearly illustrates that if the perturbation ∆ is connected

to coprime factors of the nominal model, then the constraint in (2.6) is guaranteed

to hold for a certain perturbation ∆ that is H∞-norm-bounded by γ. This is an

essential requirement for the identification of a robust-control-relevant model set in

Definition 2.2.1.

Although the internal structure of the model P̂ based on coprime factorizations is

essential to guarantee that the constraint in (2.6) holds for the model set PRCR, the

control-relevant identification only involves the input-output behavior of the model.

To show this, let {N̂ , D̂} be any RCF of P̂ . Then, the set of all RCFs of P̂ is given by{
{N̂Q, D̂Q}

∣∣Q,Q−1 ∈ RH∞

}
, (2.23)

hence infinitely many coprime factorizations of P̂ exist and, as a result, coprime fac-

torizations are non-unique. In addition, note that the control-relevant identification

criterion in (2.15) for a coprime factorization in the set (2.23) is given by

‖W (T (Po, C
exp)− T (N̂Q(D̂Q)−1, Cexp))V ‖∞. (2.24)

Then, straightforward computations reveal that the set of all coprime factorizations

constitutes an equivalence class for the control-relevant identification criterion in (2.24).

As a result, there is an infinitely large freedom in coprime factorizations when the

control-relevant identification criterion in Definition 2.3.1 is minimized over a coprime

factorization of P̂ . The freedom in these coprime factorizations is exploited in the next

section.



2.3. Robust-Control-Relevant Coprime Factor Identification 45

2.3.3 Robust-Control-Relevant Coprime Factorizations

In this section, the control-relevant identification problem of a nominal model, see

Section 2.3.1, is recast as an equivalent identification problem of reduced dimensions

involving coprime factorizations, see Theorem 2.3.4 and Theorem 2.3.8 for the main re-

sults. The advantages are at least twofold. Firstly, as is motivated in Section 2.3.2, the

identified coprime factorizations facilitate the construction of a robust-control-relevant

model set in the sense of Definition 2.2.1. Secondly, the dimensions of the matrices

that are involved in the optimization problem reduce from a four-block problem to a

two-block problem, which is advantageous from a computational point of view.

The following auxiliary result is essential for the subsequent derivations.

Lemma 2.3.3. Let H(z) ∈ RLp×q
∞ with minimal state-space realization (A,B,C,D),

and assume that D has full row rank. Then, there exists an LCF {Ñ , D̃} of H such

that Ñ is co-inner, i.e., ÑÑ∗ = I, if and only if H(ejω)H(e−jω) > 0 ∀ω ∈ [0, 2π].

For a proof of Lemma 2.3.3 and state-space formulas for computing an LCF with

co-inner numerator of a certain system, see Lemma 2.A.1 and Remark 2.A.2 on page 67.

The following theorem constitutes the main result of this section in conjunction

with Theorem 2.3.8.

Theorem 2.3.4. Let {Ñe, D̃e} be an LCF of
[
CV2 V1

]
with co-inner numerator, where

Ñe =
[
Ñe,2 Ñe,1

]
is partitioned accordingly. Then, (2.15) is equivalent to

min
N̂,D̂

∥∥∥∥∥W
([

No

Do

]
−

[
N̂

D̂

])∥∥∥∥∥
∞

, (2.25)

where [
No

Do

]
=

[
Po

I

]
(D̃e + Ñe,2V

−1
2 Po)

−1 (2.26)[
N̂

D̂

]
=

[
P̂

I

]
(D̃e + Ñe,2V

−1
2 P̂ )−1. (2.27)

Proof. Let {Ñe, D̃e} be any LCF of
[
CV2 V1

]
. Then,

WT (P,C)V = W

[
P

I

]
(I + CP )−1D̃−1

e Ñe (2.28)

= W

[
P

I

]
(D̃e + D̃eCV2V

−1
2 P )−1Ñe (2.29)

= W

[
P

I

]
(D̃e + Ñe,2V

−1
2 P )−1Ñe (2.30)
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Substitution of (2.30) into (2.15), in conjunction with (2.26) and (2.27), and rearrang-

ing yields

min
N̂,D̂

∥∥∥∥∥W
([

No

Do

]
−

[
N̂

D̂

])
Ñe

∥∥∥∥∥
∞

. (2.31)

Employing ‖XY ‖∞ = ‖X‖∞ if Y is co-inner, and considering an LCF with co-inner

numerator {Ñe, D̃e} of
[
CV2 V1

]
immediately yields the desired result in (2.25). Note

that an LCF with co-inner numerator of
[
CV2 V1

]
exists by the assumption that

V, V −1 ∈ RH∞.

Next, it will be shown that {No, Do} and {N̂ , D̂} are in fact coprime factorizations

of Po and P̂ , respectively. Hereto, the following auxiliary result is required.

Lemma 2.3.5. Let
[
CV2 V1

]
have full row rank and let {Ñe, D̃e} be an LCF of[

CV2 V1

]
, where Ñe =

[
Ñe,2 Ñe,1

]
. Then, Ñe,2 and Ñe,1 are left coprime if and

only if
[
CV2 V1

]
has no non-minimum phase zeros.

Proof. Suppose that zo is a non-minimum phase zero of
[
CV2 V1

]
. Then, ∃uo such

that

u∗o
([
CV2 V1

])
(zo) = 0. (2.32)

Since {Ñe, D̃e} is an LCF of
[
CV2 V1

]
, D̃e ∈ RH∞, hence (2.32) is equivalent to

u∗oÑe(zo) = 0. (2.33)

To show that Ñe,2 and Ñe,1 are not left coprime, recall that left coprimeness implies

that ∃Yl, Xl ∈ RH∞ such that

Ñe,2Yl + Ñe,1Xl = I. (2.34)

However,

u∗o

(
Ñe,2Yl

)
(zo) + u∗o

(
Ñe,1Xl

)
(zo) = 0, (2.35)

since the condition Yl, Xl ∈ RH∞ implies that Yl(zo) and Xl(zo) are finite. Hence, no

Yl, Xl ∈ RH∞ exists that satisfy the Bézout identity (2.34), and hence Ñe,2 and Ñe,1

are not left coprime if
[
CV2 V1

]
has a non-minimum phase zero.

To show the converse, suppose that
[
CV2 V1

]
does not have any non-minimum

phase zeros. Then, by left coprimeness of {Ñe, D̃e}, Ñe does not have any non-minimum

phase zeros, i.e., there does not exist a non-minimum phase zero zo and a vector uo

such that

u∗o
([
Ñe,2 Ñe,1

])
(zo) = 0. (2.36)

Since such zo and uo do not exist, ∃Yl, Xl ∈ RH∞ such that[
Ñe,2 Ñe,1

] [Yl

Xl

]
= I, (2.37)

see, e.g., Vidyasagar (1985), hence Ñe,2 and Ñe,1 are left coprime.
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Remark 2.3.6. Lemma 2.3.5 holds for both the continuous time case and the discrete

time case by adopting an appropriate definition of non-minimum phase zeros. Addi-

tionally, a connection in view of Lemma 2.3.5 between the continuous time and discrete

time domain is established by the bilinear transformation, as is done in, e.g., Oomen

et al. (2007b).

Remark 2.3.7. Under the assumption that V −1 ∈ RH∞, {Ñe,2, Ñe,1} is a normalized

LCF of V −1
1 CV2, which is the coprime factorization used in Oomen and Bosgra (2008b).

The advantage of directly using an LCF with co-inner numerator is that it facilitates

the derivation of minimal state-space realizations of {N̂ , D̂}.

The following proposition reveals that {No, Do} and {N̂ , D̂} are in fact coprime

factorizations of Po and P̂ , respectively, if a certain stability condition is satisfied.

Theorem 2.3.8. Let T (P,C) ∈ RH∞ and let {Ñe, D̃e} be an LCF of
[
CV2 V1

]
.

Then,

{P (D̃e + Ñe,2V
−1
2 P )−1, (D̃e + Ñe,2V

−1
2 P )−1} (2.38)

is an RCF of P , where Ñe =
[
Ñe,2 Ñe,1

]
.

Proof. Suppose that T (P,C) ∈ RH∞ and V, V −1 ∈ RH∞. Then, V −1 ∈ RH∞ implies

that V is invertible and thus
[
CV2 V1

]
has full row rank. In addition, V −1 ∈ RH∞

implies that V1 does not have any non-minimum phase zeros, hence by virtue of

Lemma 2.3.5, Ñe,2 and Ñe,1 are left coprime, i.e., ∃Yl, Xl ∈ RH∞ such that Ñe,2Yl +

Ñe,1Xl = I. Hence,

T (P,C) ∈ RH∞ (2.39)

⇔ T (P,C)V ∈ RH∞ (2.40)

⇔
[
P

I

]
(D̃e + Ñe,2V

−1
2 P )−1

[
Ñe,2 Ñe,1

]
∈ RH∞ (2.41)

⇒
[
P

I

]
(D̃e + Ñe,2V

−1
2 P )−1

[
Ñe,2 Ñe,1

] [Yl

Xl

]
∈ RH∞ (2.42)

⇔
[
P

I

]
(D̃e + Ñe,2V

−1
2 P )−1 ∈ RH∞, (2.43)

revealing that (2.38) is a stable factorization of P .

The factorization of P in (2.38) is an RCF if, in addition to stability of the factors,

∃Xr, Yr such that the Bézout identity holds. Let Xr = Ñe,2V
−1
2 and Yr = D̃e, hence

Xr, Yr ∈ RH∞. In addition,

[
Xr Yr

] [P
I

]
(D̃e + Ñe,2V

−1
2 P )−1 = I, (2.44)

completing the proof that the factorization in (2.38) indeed is an RCF of P .
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Thus, Theorem 2.3.4 and Theorem 2.3.8 reveal that the control-relevant identi-

fication in Definition 2.2.1 can be recast as an equivalent optimization of a specific

coprime factorization. The specific coprime factorization in Theorem 2.3.4 is referred

to as a robust-control-relevant coprime factorization, for reasons that will become clear

in Section 2.4.3. Still, there is freedom left in the robust-control-relevant coprime

factorization, which is revealed in the following proposition.

Proposition 2.3.9. The coprime factorization {No, Do} in Theorem 2.3.4 is unique

up to a right multiplication by a constant unitary matrix Q.

Proof. Let {No, Do} be defined as in Theorem 2.3.4. Then, all coprime factorizations

are generated by {NoQ,DoQ}, where Q,Q−1 ∈ RH∞. Substitution of the coprime

factorization {NoQ,DoQ} into WT (P,C)V yields[
No

Do

]
QQ−1D̃e. (2.45)

Clearly, (2.45) can only be reduced from a four-block problem into a two-block prob-

lem if Q−1D̃e is co-inner. If D̃e is co-inner, this implies that Q−1D̃e

(
Q−1D̃e

)
=

Q−1 (Q−1)
∗

= I, hence Q is a constant unitary matrix.

Corollary 2.3.10. The coprime factorization {N̂ , D̂} in Theorem 2.3.4 is unique up

to a right multiplication by a constant unitary matrix Q.

In the following remarks, the obtained results regarding the robust-control-relevant

coprime factorizations are compared with the case of normalized coprime factoriza-

tions, see Vidyasagar (1985, Section 7.3) for a definition. These normalized coprime

factorizations have a dominant role in certain robust control design methodologies, see

McFarlane and Glover (1990) and Vinnicombe (2001).

Remark 2.3.11. If the robust-control-relevant coprime factorizations in Theorem 2.3.4

are not normalized, then these cannot be normalized by exploiting the freedom in co-

prime factorizations in Proposition 2.3.9 and Corollary 2.3.10. Indeed, let N̂ , D̂ be as

defined in Theorem 2.3.4, then N̂∗N̂+D̂∗D̂ = Z, and assume that {N̂ , D̂} are not nor-

malized, i.e., Z 6= I. Since Q in Proposition 2.3.9 and Corollary 2.3.10 is a constant

unitary matrix, it is clearly not a stable and minimum phase spectral factor of Z. As

a result, the freedom in Q cannot be exploited to normalize {N̂ , D̂}.

Remark 2.3.12. In the case that it is desired that the resulting coprime factorization

of P̂ is normalized, a similar dimension reduction as in Theorem 2.3.4 can be employed.

Although this reduces the dimensions of the problem and hence is advantageous from a

computational viewpoint, this does not resolve the shortcomings of normalized coprime

factorizations, see also Section 1.5.1. Indeed, observe that if the pair {N̂ , D̂} is a

robust-control-relevant coprime factorization of P̂ , then ∃Q̄, Q̄−1 ∈ RH∞ such that[
N̄

D̄

]
=

[
N̂

D̂

]
Q̄ (2.46)
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is a normalized right coprime factorization of P̂ , where Q̄ is in view of Proposition 2.3.9

and Corollary 2.3.10 also unique up to a constant unitary matrix. In this case, the

criterion in (2.25) can be written as

min
N̄,D̄

∥∥∥∥W ([
No

Do

]
Q̄−

[
N̄

D̄

])
Q̄−1

∥∥∥∥
∞
, (2.47)

where the role of Q̄−1 should be interpreted as a weighting filter. Although the com-

plexity of the problem can seemingly also be significantly reduced in case of normalized

coprime factorizations, the identification of robust-control-relevant coprime factoriza-

tions as in Theorem 2.3.4 has two clear advantages. Firstly, in Section 2.4, it will

be shown that robust-control-relevant coprime factorizations are required to construct

a coordinate frame that transparently connects to the control criterion. Secondly, the

weighting filter Q̄ in (2.47) is unknown prior to system identification, hence it requires

an iterative procedure as in Van den Hof et al. (1995), which besides the obvious com-

putational disadvantage compared to robust-control-relevant coprime factorizations, is

not guaranteed to be convergent.

2.3.4 A Frequency Domain System Identification Procedure

Towards a Frequency Domain System Identification Problem

The system identification problems in (2.15) and (2.25) are not straightforward due to

the involved H∞-norm. The main idea to obtain a tractable optimization problem is

to exploit the frequency domain interpretation of the H∞-norm. If G(z) is analytic

outside the unit disc, then

‖G(z)‖∞ = sup
ω∈[0,2π)

σ̄
(
G(ejω)

)
. (2.48)

Similarly, the H∞-norm for continuous time systems that are analytic in the right half

plane can be determined by an evaluation of the system over the imaginary axis.

To solve the optimization problems in (2.15) and (2.25), knowledge regarding Po

is required. This knowledge is obtained by means of a frequency domain system iden-

tification procedure for ωi ∈ Ω. System identification is generally performed using

finite time data sets, hence Ω corresponds to a discrete frequency grid. In contrast, the

H∞-norm in (2.48) is defined over a continuous frequency grid.

Minimization of the H∞-norm, which is defined over a continuous frequency grid,

can be performed when data is only available on a discrete frequency grid if suitable

prior assumptions regarding the true system are imposed as is, e.g., done in Chen and

Gu (2000). However, in this case the outcome of the system identification procedure

hinges on the validity of these assumptions, which is generally hard to confirm from

actual measured data, as is also discussed in Friedman and Khargonekar (1995).

To avoid the unreliable prior assumptions regarding the true system, an alternative
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procedure is considered, where the lower bound

sup
ωi∈Ω

σ̄
(
G(ejωi)

)
(2.49)

for the H∞-norm in (2.48) is considered on the given discrete identification grid Ω, i.e.,

sup
ωi∈Ω

σ̄
(
G(ejωi)

)
≤ ‖G‖∞. (2.50)

This leads to the following result.

Proposition 2.3.13. The optimization problem

min
N̂,D̂

sup
ωi∈Ω

σ̄

(
W

([
No

Do

]
−

[
N̂

D̂

]))
, (2.51)

subject to T (P̂ , C) ∈ RH∞. (2.52)

minimizes a lower bound of the H∞-norm in (2.25).

Proof. Follows immediately from (2.50).

The frequency response of the coprime factorization {No(ωi), Do(ωi)} is required in

Proposition 2.3.13 for ωi ∈ Ω. Hereto, the following procedure is suggested.

1. Identify T (Po, C
exp) for ωi ∈ Ω;

2. Append T (Po, C
exp) with weighting filters V , as a result T (Po, C

exp)V is obtained

for ωi ∈ Ω;

3. Right multiply T (Po, C
exp)V by

[
Ñe,2(ωi) Ñe,1(ωi)

]∗
, which gives the desired

result [
No(ωi)

Do(ωi)

]
(2.53)

for ωi ∈ Ω.

The identification of T (Po, C
exp) for ωi ∈ Ω in Step 1, above, involves an open-

loop type of frequency domain system identification procedure, see, e.g., Pintelon and

Schoukens (2001) for an overview of relevant system identification procedures. The

suggested procedure mainly addresses modeling errors from approximating high order

linear time invariant systems, the effects of finite time disturbed measurements are not

explicitly addressed. Such a procedure that focusses on systematic modeling errors is

especially suitable for systems including the class of systems in Definition 1.4.1, as is

argued in Section 1.4.

Identification Algorithm

A suitable parameterization of the coprime factorization {N̂ , D̂} is required to perform

the actual optimization in Proposition 2.3.13. In view of the specific optimization
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algorithm, a parameterization by means of polynomial matrices is adopted. Specifically,

let

P̂ (θ) = B(θ)A(θ)−1, (2.54)

where A(θ) ∈ R[ξ]nu×nu , B(θ) ∈ R[ξ]ny×nu , and θ is a real-valued parameter vector.

Here, R[ξ]p×q denotes a polynomial matrix of dimension p × q with real coefficients.

Note that the indeterminate ξ can be substituted for s, z, and δ, corresponding to the

continuous, discrete, and δ-operator case, respectively. For details on the δ-operator,

see, e.g., (Goodwin et al., 2001, Section 12.9). In addition, for clarity of exposition,

the argument ξ is omitted when clear from the context.

One suitable parameterization of the polynomial matrices A(θ) and B(θ) in view

of the optimization algorithm is by means of the full matrix fraction description, see

Söderström and Stoica (1989, Appendix C.6.1). This parameterization can be used to

represent strictly proper systems. In addition, it is straightforward to select a poly-

nomial basis such that the polynomial matrices are linear in the resulting coefficients,

as will turn out to be useful in the numerical algorithm in Appendix A. In addition,

if A(θ) and B(θ) are coprime polynomial matrices, then the McMillan degree of P̂ (θ)

equals deg detA(θ). In many practical cases, these polynomial matrices A(θ) and B(θ)

are indeed coprime.

Substitution of (2.54) into (2.27) yields the coprime factor parameterization[
N̂(θ)

D̂(θ)

]
=

[
B(θ)

A(θ)

]
(D̃eA(θ) + Ñe,2V

−1
2 B(θ))−1. (2.55)

In the next section, it is shown that N̂ and D̂ are proper. As a result, the param-

eterization in (2.55) reveals that the McMillan degree of the coprime factorization

{N̂(θ), D̂(θ)} can be larger than or equal to deg detA(θ), since Cexp, V2, V1 can also

contribute to the McMillan degree of the coprime factorizations. As will be shown in

Section 2.4.3, this is actually required to construct a coordinate frame for representing

model uncertainty that transparently connects to the control criterion.

The main advantage of explicitly introducing the knowledge of the weighting filters

V1, V2 and the experimental controller Cexp, which is defined in Section 2.2.3, in the

parameterization in (2.55) is that it enables a connection between 1. the stability

condition in (2.52) that is required for control-relevance of the resulting model P̂ , and

2. stability of the factorization {N̂(θ), D̂(θ)}, as is required for a coprime factorization

over RH∞, as is formalized in the following proposition.

Proposition 2.3.14. Consider the parameterization in (2.55). Then, the following

statements are equivalent:

1. T (P̂ (θ), C) ∈ RH∞.

2.

[
N̂(θ)

D̂(θ)

]
∈ RH∞.
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Proof. Let {Ñe, D̃e} be an LCF of
[
CV2 V1

]
, where Ñe =

[
Ñe,2 Ñe,1

]
and Ñe,2 and

Ñe,1 are right coprime by virtue of Theorem 2.3.8. Hence, ∃Yl, Xl ∈ RH∞ such that

Ñe,2Yl + Ñe,1Xl = I. To show 1 ⇒ 2, suppose that T (P̂ (θ), C) ∈ RH∞. Substituting

(2.54), this is equivalent to[
B(θ)

A(θ)

]
(A(θ) + CB(θ))−1

[
CV2 V1

]
∈ RH∞ (2.56)

⇒
[
B(θ)

A(θ)

]
(D̃eA(θ) + Ñe,2V

−1
2 B(θ))−1

[
Ñe,2 Ñe,1

] [Yl

Xl

]
∈ RH∞ (2.57)

⇔

[
N̂(θ)

D̂(θ)

]
∈ RH∞, (2.58)

which is the desired result.

Next, to show 2 ⇒ 1, suppose that[
N̂(θ)

D̂(θ)

]
∈ RH∞, (2.59)

implying that [
N̂(θ)

D̂(θ)

] [
Ñe,2 Ñe,1

]
∈ RH∞, (2.60)

which is in fact equivalent to

T (P̂ (θ), C) ∈ RH∞. (2.61)

Since V, V −1 ∈ RH∞, the result is immediate.

Use of the suggested parameterization (2.55) in the control-relevant system identifi-

cation problem (2.51) results in an optimization problem that is generally nonlinear in

the parameters, not guaranteed to be smooth, and non-convex. Consequently, no ana-

lytic solution is available and efficient gradient-based optimization algorithms cannot

be used directly. Therefore, an iterative algorithm is essential to solve the optimization

problem in (2.51) over the parameter vector θ. This is further discussed in Appendix A.

2.3.5 State-Space Formulas for Robust-Control-Relevant Coprime Factor-

izations

The results regarding the identification of robust-control-relevant coprime factoriza-

tions in the preceding sections are stated in terms of matrix fraction descriptions. For

robust control, however, common algorithms, including Doyle et al. (1989), resort to

state-space realizations of the involved systems. In this section, a state-space realiza-

tion of
[
N̂T D̂T

]T
is presented that exploits the specific structure in (2.27) to enable

the derivation of minimal state-space realizations.
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The following proposition is the main result of this section, for a proof the reader is

referred to the Appendix 2.A. For the computation of LCFs with co-inner numerator us-

ing output injection and output transformations, see Lemma 2.A.1 and Remark 2.A.2.

Proposition 2.3.15. Given minimal state-space realizations (Ac, Bc, Cc, Dc) of C,

(A2, B2, C2, D2) of V2 and (A1, B1, C1, D1) of V1, let Le and Me denote the output

injection and output transformation matrix, respectively, that are used in the compu-

tation of the LCF with co-inner numerator of
[
CV2 V1

]
as in Lemma 2.3.3, and let

(Ap, Bp, Cp, Dp) be a state-space realization of P̂ . Then, a state-space realization of[
N̂T D̂T

]T
is given by (AND, BND, CND, DND), where

AND =

[
Ap +Bp(I −Dz,2Dp)

−1Dz,2Cp Bp(I −Dz,2Dp)
−1Cz

Bz,2(I −DpDz,2)
−1Cp Az +Bz,2(I −DpDz,2)

−1DpCz

]
(2.62)

BND =

[
Bp(I −Dz,2Dp)

−1Dz,1

Bz,1 +Bz,2(I −DpDz,2)
−1DpDz,1

]
(2.63)

CND =

[
(I −DpDz,2)

−1Cp (I −DpDz,2)
−1DpCz

(I −Dz,2Dp)
−1Dz,2Cp (I −Dz,2Dp)

−1Cz

]
(2.64)

DND =

[
(I −DpDz,2)

−1DpDz,1

(I −Dz,2Dp)
−1Dz,1

]
, (2.65)

and [
Az Bz,1 Bz,2

Cz Dz,1 Dz,2

]
=


Ac BcC2 0

0 A2 0

0 0 A1

 −LeM
−1
e −

Bc

0

0


[
Cc DcC2 C1

]
M−1

e −Dc

 . (2.66)

Proposition 2.3.15 reveals that the McMillan degree of
[
N̂T D̂T

]T
is bounded by

the sum of the McMillan degrees of P̂ , C, V2, and V1. In the next section, it is shown

that the incorporation of the dynamics in C, V2, and V1 leads to a robust-control-

relevant coordinate frame in view of Definition 2.2.1. Note that due to the specific

parameterization in Section 2.3.4, the additional dynamics that are introduced by C,

V2, and V1 cancel when computing P̂ = N̂D̂−1. Hence, the additional dynamics do not

affect the order of P̂ .

Remark 2.3.16. Methods for computing minimal state-space realizations of P̂ in

Proposition 2.3.15 from the polynomial matrix description in (2.54) are available, e.g.,

in Kailath (1980).

2.4 Towards Robust-Control-Relevant Model Sets

In this section, a new model uncertainty coordinate frame is presented that directly

connects to the control criterion. As required technical background, the dual-Youla-

Kučera model uncertainty structure is presented in Section 2.4.1. Then, Section 2.4.2
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contains a new coprime factorization of the controller. Finally, Section 2.4.3 contains

the main result of this section. Specifically, Theorem 2.4.6 provides a new upper bound

for the worst-case performance of the uncertain model set that is directly related to

the size of model uncertainty.

2.4.1 Dual-Youla-Kučera Model Sets

The nominal control-relevant model P̂ , which is discussed in the previous section,

has to be extended with model uncertainty ∆u to construct a model set P that is

robust-control-relevant in the sense of Definition 2.2.1. As motivated in Section 2.3.2,

a coprime factorization-based model uncertainty description is essential in case control-

relevant models are identified in the sense of Definition 2.3.1. In addition to satisfying

the constraint in (2.6), robust-control-relevance of the model set in Definition 2.2.1

requires that the experimental controller Cexp achieves high performance for all can-

didate systems in the model set. As a result, a necessary condition is that a robust

stability condition is satisfied for the model set, which is closely related to the nominal

stability requirement in (2.52). However, if both the coprime factors N̂ and D̂ are

perturbed by independent norm-bounded operators, e.g., as in Example 2.3.2, then the

robust stability condition is not satisfied for all possible operators in H∞. To resolve

the lack of robust stability, the perturbations on the coprime factors are connected

through the experimental controller Cexp. This leads to the following model uncer-

tainty structure, also known as the dual-Youla-Kučera-parameterization, see Anderson

(1998), Niemann (2003), and Douma and Van den Hof (2005), which is a refinement

of the coprime factorization-based model uncertainty structures in Section 2.3.2.

Theorem 2.4.1. Let P̂ be internally stabilized by C and let {N̂ , D̂} and {Nc, Dc} be

an RCF over RH∞ of P̂ and C, respectively. Then, all systems P that are internally

stabilized by C are given by

P =
(
N̂ +Dc∆u

)(
D̂ −Nc∆u

)−1

, (2.67)

where ∆u ∈ RH∞.

The proof of Theorem 2.4.1 is dual to the proof of the Youla-Kučera parameteriza-

tion of all controllers that stabilize a certain system, see, e.g., Zhou et al. (1996), by

interchanging P and C as is suggested in Ma (1988). As a result, the parameterization

in (2.67) is called dual-Youla-Kučera-parameterization, see also Figure 2.2 for a block

diagram.

The parameterization in Theorem 2.4.1 can be used to represent model uncertainty.

Specifically, by using the feedback controller Cexp in Theorem 2.4.1 and by selecting

an appropriate norm-bound for admissible perturbations ∆u, it can be guaranteed

that 1. the constraint in (2.6) holds, 2. the robust stability condition is satisfied when

evaluating all candidate systems in P in feedback with the controller Cexp. As a result,
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r2

r1 u

y
D̂−1C− N̂

Nc Dc

∆u

Figure 2.2: Dual-Youla-Kučera model uncertainty structure.

the dual-Youla-Kučera-parameterization is the most parsimonious representation for

model uncertainty from a control-relevant perspective.

To construct the dual-Youla-Kučera model uncertainty structure, coprime factoriza-

tions are required of both P̂ and Cexp. In Section 2.3, a procedure for the identification

of a specific coprime factorization is presented. In the next section, a specific coprime

factorization of the experimental controller Cexp is presented. In Section 2.4.3, it is

shown that these coprime factorizations lead to a coordinate frame for representing

model uncertainty that directly connects to the control criterion.

2.4.2 (Wu,Wy)-Normalized Coprime Factorizations

In this section, a new coprime factorization, which is referred to as a (Wu,Wy)-

normalized coprime factorization, is presented. This result is required to construct

a coordinate frame for representing model uncertainty that directly connects to the

control criterion. These (Wu,Wy)-normalized coprime factorizations are defined as

follows.

Definition 2.4.2. The pair {Nc, Dc} is a (Wu,Wy)-normalized RCF of C if it is an

RCF of C and, in addition, the condition[
WuNc

WyDc

]∗ [
WuNc

WyDc

]
= I (2.68)

holds.

Given a certain controller C and weighting filters Wu and Wy, the following propo-

sition enables the computation of a (Wu,Wy)-normalized RCF of C for discrete time

systems.

Proposition 2.4.3. Given the discrete time systems Wu,Wy, and C, where Wu, W
−1
u ,

Wy, W
−1
y ∈ RH∞ and minimal state-space realizations (Au, Bu, Cu, Du) of Wu, (Ayi,

Byi, Cyi, Dyi) of W−1
y , and (Ac, Bc, Cc, Dc) of C, then a (Wu,Wy)-normalized RCF

{Nc, Dc} of C is given by the state-space realization[
Dc

Nc

]
=

[
A+ BF BG
C +DF DG

]
, (2.69)
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where

G = Z−
1
2 (2.70)

F = −Z−1(B∗XA+D∗C) (2.71)

Z = R + B∗XB, (2.72)

X is the unique, symmetric, positive semi-definite solution to the algebraic Riccati

equation

Ã∗XÃ −X − Ã∗XB(B∗XB +R)−1B∗XÃ+Q = 0, (2.73)

and

Ã = A− BR−1D∗C (2.74)

Q = C∗R̃−1C (2.75)

R = I +D∗D > 0 (2.76)

R̃ = I +DD∗ > 0 (2.77)

A =

Au BuCc BuDcCyi

0 Ac BcCyi

0 0 Ayi

 (2.78)

B =

BuDcDyi

BcDyi

Byi

 (2.79)

C =

[
0 0 Cyi

0 Cc DcCyi

]
(2.80)

D =

[
Dyi

DcDyi

]
. (2.81)

Proof. First, consider the interconnected system in Figure 2.3, where a state-space

realization of the operator uyi 7→
[
yyi

yc

]
is given by[
A B
C D

]
, (2.82)

with state vector x =
[
xT

u xT
c xT

yi

]T
, where xu, xc, and xyi are the state vectors

corresponding to Wu, C, and W−1
y , respectively. Next, define a new input uND that

satisfies

uyi = GuND + Fx, (2.83)

where F and G are matrices of appropriate dimensions, where F is in fact a state

feedback gain. Then, a state-space realization of the operator[
Dc

Nc

]
: uND 7→

[
yyi

yc

]
(2.84)
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is given by [
A+ BF BG
C +DF DG

]
. (2.85)

Clearly, by the specific choice of F in (2.71), A+ BF is stable by construction, hence

Nc, Dc ∈ RH∞ and obviously C = NcD
−1
c . It remains to be shown that the pair

{Nc, Dc} indeed constitutes a (Wu,Wy)-normalized RCF of C. Hereto, consider the

operator uyi 7→ yu as defined in Figure 2.3, which has a state-space realization[
A B[

Cu DuCc DuDcCyi

]
DuDcDyi

]
. (2.86)

With the new input (2.83), the operator[
Dw

Nw

]
: uND 7→

[
uyi

yu

]
(2.87)

has a state-space realization A+ BF BG
F G[

Cu DuCc DuDcCyi

]
+DuDcDyiF DuDcDyiG

 , (2.88)

hence the pair {Nw, Dw} in fact constitutes a normalized RCF of WuCW
−1
y , see, e.g.,

Zhou et al. (1996, Theorem 21.25) for such coprime factorizations. Specifically, observe

that using (2.76), (2.73) can be written as

Ã∗XÃ −X − Ã∗XBR−1(I + B∗XBR−1)−1B∗XÃ+Q = 0 (2.89)

Ã∗XÃ −X − Ã∗XBR−1B∗(I +XBR−1B∗)−1XÃ+Q = 0 (2.90)

Ã∗(I +XBR−1B∗)(I +XBR−1B∗)−1XÃ −X

− Ã∗XBR−1B∗(I +XBR−1B∗)−1XÃ+Q = 0
(2.91)

Ã∗(I +XBR−1B∗)−1XÃ −X +Q = 0 (2.92)

Ã∗X(I + BR−1B∗X)−1Ã −X +Q = 0, (2.93)

which is equal to the result of Zhou et al. (1996, Theorem 21.25). Hence, by virtue of

Zhou et al. (1996, Theorem 21.25), a unique, symmetric, positive semi-definite solution

to the algebraic Riccati equation exists. Since Nw, Dw are right coprime, let Xr,w and

Yr,w denote the corresponding Bézout factors that satisfy Xr,w, Yr,w ∈ RH∞ and

Xr,wNw + Yr,wDw = I. (2.94)

To show that Nc and Dc are right coprime, it remains to be shown that ∃Xr,c, Yr,c ∈
RH∞ such that

Xr,cNc + Yr,cDc = I. (2.95)
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C

yc

W−1
y

yyi

Wu
yuuyi

Figure 2.3: Interconnected system for the proof of Proposition 2.4.3.

Noting that Nc = W−1
u Nw and Dc = W−1

y Dw reveals that

Xr,c = Xr,wWu (2.96)

Yr,c = Yr,wWy (2.97)

satisfies (2.94). Since Xr,c, Yr,c ∈ RH∞, the pair {Nc, Dc} indeed is an RCF. To show

that it is a (Wu,Wy)-normalized RCF of C, note that[
WuNc

WyDc

]
=

[
Nw

Dw

]
, (2.98)

hence (2.68) indeed is satisfied, completing the proof that {Nc, Dc} is a (Wu,Wy)-

normalized RCF of C.

In the next corollary, the equivalent result of Proposition 2.4.3 for continuous time

systems is presented.

Corollary 2.4.4. Given the continuous time systems Wu,Wy, and C, where Wu,

W−1
u , Wy, W

−1
y ∈ RH∞ and minimal state-space realizations (Au, Bu, Cu, Du) of Wu,

(Ayi, Byi, Cyi, Dyi) of W−1
y , and (Ac, Bc, Cc, Dc) of C, then a (Wu,Wy)-normalized RCF

{Nc, Dc} of C is given by the state-space realization[
Dc

Nc

]
=

[
A+ BF BG
C +DF DG

]
, (2.99)

where

G = R−
1
2 (2.100)

F = −R−1(B∗X +D∗C) (2.101)

X is the unique, symmetric, positive semi-definite solution to the algebraic Riccati

equation

Ã∗X +XÃ −XBR−1B∗X −Q = 0, (2.102)

where Ã, Q, R, R̃, A, B, C, and D are defined in (2.74) - (2.81).

In the next section, it is shown that the specific (Wu,Wy)-normalized RCF of C in

conjunction with the identified coprime factorization {N̂ , D̂} of P̂ results in a coordi-

nate frame for model uncertainty that transparently connects to the control criterion.
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2.4.3 Robust-Control-Relevant Dual-Youla-Kučera Model Sets

In this section, it is shown how to construct a coordinate frame for representing model

uncertainty that directly connects to the control criterion. Hereto, the robust-control-

relevant coprime factorization of P̂ , see Section 2.3, and the (Wu,Wy)-normalized co-

prime factorization of C, see Section 2.4.2, will be used in the dual-Youla-Kučera

parameterization, see Section 2.4.1. The following lemma is used in the subsequent

derivations.

Lemma 2.4.5. Consider a certain ∆u. Then, the performance of the candidate system

P , induced by (2.67), is given by J (P,C) = ‖WT (P,C)V ‖∞, where

WT (P,C)V = Fu(M̂,∆u) (2.103)

and

M̂ =

[
M̂11 M̂12

M̂21 M̂22

]
(2.104)

=

 0
[
Ñe,2 Ñe,1

][
WyDc

−WuNc

]
W

[
P̂

I

]
(I + CP̂ )−1

[
C I

]
V

 . (2.105)

Proof. The result for M̂22 is immediate, since this equals the performance for the nom-

inal model J (P̂ , C) = ‖WT (P̂ , C)V ‖∞. The result for M̂11, M̂12, and M̂21 follow

directly if (2.67) is interconnected with the experimental controller Cexp as in Fig-

ure 2.1. Note that with respect to M̂12

M̂12 = (D̂ + CN̂)−1
[
C I

]
V (2.106)

= D̂−1(D̃e + Ñe,2V
−1
2 P̂ )−1Ñe =

[
Ñe,2 Ñe,1

]
, (2.107)

where the latter equality follows from (2.27).

The following theorem is the main result of this section.

Theorem 2.4.6. Let ∆u ∈ ∆u, where ∆u is a norm-bounded set

∆u = {∆u | ‖∆u‖∞ < γ}, (2.108)

and let P denote all such candidate models induced by (2.67), where the robust-control-

relevant coprime factorization {N̂ , D̂} of P̂ in Theorem 2.3.4 and (Wu,Wy)-normalized

coprime factorization of Cexp as defined in Definition 2.4.2 are used. Then, the bound

JWC(P , Cexp) < J (P̂ , Cexp) + γ (2.109)

holds.
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Proof. Let P be the induced candidate model, see (2.67). Then, by Lemma 2.4.5, the

performance corresponding to the candidate model P is given by

‖Fu(M̂,∆u)‖∞ = ‖M̂22 + M̂21∆uM̂12‖∞ (2.110)

≤ ‖M̂22‖∞ + ‖M̂21∆uM̂12‖∞, (2.111)

where the triangle inequality is employed in the latter step. Observing that M̂21 and

M̂12 are inner and co-inner, respectively, implies that ∃M̂⊥
21, M̂

⊥
12 such that

[
M̂21 M̂⊥

21

]
,

[
M̂12

M̂⊥
12

]
∈ RH∞ (2.112)

are all-pass transfer function matrices. Next, observing that (2.111) equals

‖M̂22‖∞ +

∥∥∥∥∥[M̂21 M̂⊥
21

] [∆ 0

0 0

][
M̂12

M̂⊥
12

]∥∥∥∥∥ , (2.113)

and employing the norm-preserving property of all-pass matrices and noting that

‖∆u‖∞ < γ for all ∆u ∈ ∆u immediately reveals the desired result in (2.109).

The result in Theorem 2.4.6 enables a sharp statement with respect to the relation

between the size of model uncertainty on the one hand and the worst-case performance

criterion on the other hand. Specifically, in the case of robust-control-relevant coprime

factorizations of P̂ , see Section 2.3, and (Wu,Wy)-normalized coprime factorizations

of C, see Section 2.4.2, an upper bound is obtained in Theorem 2.4.6 that bounds the

worst-case performance criterion. This upper bound is directly related to the size of

model uncertainty γ and, in addition, this upper bound is tight. The resulting upper

bound is in sharp contrast to the case where other coprime factorizations are used, as

is investigated next.

In the following remark, the new robust-control-relevant and (Wu, Wy)-normalized

coprime factors are compared with arbitrary coprime factors, such as normalized co-

prime factors used in Vidyasagar (1985). In addition, it is shown that for arbitrary

coprime factors no upper bound exists that relates the size of model uncertainty with

the control criterion.

Remark 2.4.7. The result for robust-control-relevant and (Wu,Wy)-normalized co-

prime factorizations is stronger than any other coprime factorization of P̂ and C,

respectively, in which case the upper bound is arbitrary. To show this, observe that the

upper bound in (2.111) holds for any coprime factorization. Employing the submulti-

plicativity property of the H∞-norm reveals that (2.111) is upper bounded by

‖M̂22‖∞ + ‖M̂21‖∞‖∆u‖∞‖M̂12‖∞ (2.114)

Using the result of Lemma 2.4.5, it can be verified directly that the norm of M̂12 de-

pends on the particular coprime factorization of P̂ and the norm of M̂21 depends on the
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u
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m3
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k2
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Figure 2.4: True system Po corresponding to the example in Section 2.5.

particular coprime factorization of C. For any coprime factorization, including nor-

malized coprime factorizations, this norm is finite but arbitrary. As a result, no tight

bound exists for any other coprime factorization, except for robust-control-relevant and

(Wu,Wy)-normalized coprime factorizations. Hence, the use of any other coprime fac-

torization may lead to arbitrarily conservative results in general.

As a result of Theorem 2.4.6, a stronger and more transparent connection between

1. control-relevant identification of a nominal model P̂ as a certain coprime factoriza-

tion, 2. quantification of model uncertainty ∆u in a robust-control-relevant coordinate

frame, and 3. robust control design for the resulting model set, is obtained when com-

pared to previously used coprime factorizations. To establish a further connection with

the upper bound in (2.13), which was used to determine a control-relevant model in

Definition 2.3.1, observe that the expression∥∥∥W (
T (P,C)− T (P̂ , C)

)
V
∥∥∥
∞

(2.115)

for each P as defined in (2.67), is given by∥∥∥Fu(M̂,∆u)− M̂22

∥∥∥
∞

=
∥∥∥M̂21∆uM̂12

∥∥∥
∞

= ‖∆u‖∞ . (2.116)

Clearly, (2.116) provides a further connection between the control-relevant identifica-

tion criterion for a nominal model and the robust-control-relevant coordinate frame for

representing model uncertainty.

2.5 Example

In this section, the results of this chapter are illustrated by means of a simulation

example. Specifically, both robust-control-relevant coprime factors are identified and a

robust-control-relevant model set is constructed. Thereto, the true system Po system

in Figure 2.4 is considered that is discretized using zero-order-hold interpolation and a

sampling frequency of 2000 Hz. The Bode diagram of Po is depicted in Figure 2.9.

Since the open-loop system Po is unstable due to the fact that the system is not sus-

pended, a stabilizing controller Cexp resulting in a bandwidth, defined as the crossover

frequency as in Skogestad and Postlethwaite (2005, Page 33), of approximately 10 Hz

is used during the experiments, see the Bode diagram in Figure 2.5. Subsequent closed-

loop identification leads to an identified T (Po, C
exp) for a certain frequency grid ωi ∈ Ω,
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Figure 2.5: Experimental controller Cexp (black solid) and weighting filter V1 (gray solid) correspond-
ing to the example in Section 2.5.

see Figure 2.6. In addition, also weighting filters are designed, see Figure 2.5 for a Bode

diagram of V1. In addition, Wu = V −1
1 , Wy = V2 = 1. These weighting filters aim at a

bandwidth of approximately 25 Hz.

As is discussed in Section 2.3.4, given the identified T (Po, C
exp) for ωi ∈ Ω and

weighting filters W,V , the coprime factor frequency responses {No, Do} can be com-

puted for ωi ∈ Ω. The resulting {No, Do} for ωi ∈ Ω are depicted in Figure 2.7.

The parametric coprime factors {N̂ , D̂} of the nominal model P̂ , which are obtained

using the optimization algorithm in Section 2.3.4, are also depicted in Figure 2.7. Al-

though the true system Po has a McMillan degree equal to six, the parametric model

is restricted to have a McMillan degree of four. As a direct result of the connection

between the coprime factors and the control-relevant identification criterion in Theo-

rem 2.3.4, these coprime factors are identified in a control-relevant manner. The result-

ing identified model P̂ = N̂D̂−1 is depicted in Figure 2.9. Clearly, the first resonance

phenomenon around 50 Hz is control-relevant and is modeled accurately, whereas the

second resonance phenomenon around 200 Hz is less relevant and consequently not in-

corporated in the model. The resulting performance when the experimental controller

Cexp is evaluated on the model P̂ equals

J (P̂ , Cexp) = 16.4. (2.117)

To construct a robust-control-relevant model set, a (Wu,Wy)-normalized coprime

factorization of Cexp is computed, see Section 2.4.2. As a result, all ingredients for
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Figure 2.6: Identified T (Po, C
exp) (×), true closed-loop system T (Po, C

exp) (gray solid) corresponding
to the example in Section 2.5.
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Figure 2.7: Coprime factors: No, Do (×), N̂ , D̂ (gray solid), N̄ , D̄ (black dashed) corresponding to
the example in Section 2.5.
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constructing the model uncertainty structure in Section 2.4 are available, hence it

remains to estimate the size of ∆u to guarantee that the constraint in (2.6) holds. Since

Po is known in the simulation example, the dual-Youla-Kučera parameter corresponding

to the true system, i.e., the ∆u,o that induces Po in (2.67), can straightforwardly be

computed. As a result, the bound

γRCR = ‖∆u,o‖∞ = 0.2, (2.118)

guarantees that the constraint in (2.6) holds. As a result, the model set PRCR is ob-

tained. Using a skewed structured singular value analysis, see, e.g., Fan and Tits (1992),

the worst-case performance associated with the model set PRCR can be computed, i.e.,

JWC(PRCR, Cexp) = 16.6. (2.119)

Clearly, (2.117), (2.118), and (2.119) reveal that the bound in (2.109) holds and is

tight. Hence, the model uncertainty indeed is estimated in a robust-control-relevant

coordinate frame and consequently also a robust-control-relevant model set PRCR is

obtained.

Next, to enable a comparison with the commonly used case of normalized coprime

factorizations, see Vidyasagar (1985), Vinnicombe (2001), and McFarlane and Glover

(1990), and the related system identification algorithms, normalized coprime factoriza-

tions {N̄ , D̄} and {N̄c, D̄c} of P̂ and Cexp are computed, see, e.g., Zhou et al. (1996) for

details on the computation. Again, these coprime factorizations are used to construct

a dual-Youla-Kučera model uncertainty structure, see (2.67), in which case

γNORM = 0.9 (2.120)

is the minimum norm-bound on the model uncertainty that guarantees that the con-

straint in (2.6) holds. As a result, the model set PNORM is obtained. However, since

JWC(PNORM, Cexp) = 31.6, (2.121)

the bound in (2.109) clearly is not satisfied and consequently the model set PNORM is

not robust-control-relevant in view of Definition 2.2.1. This is a direct result of the

untransparent connection between the size of model uncertainty on the one hand and

the control criterion on the other hand if a coprime factorization of P̂ is used that

is not robust-control-relevant, or if a coprime factorization of Cexp is used that is not

(Wu,Wy)-normalized. Indeed, the normalization conditions in Figure 2.8 confirm that

an additional weighting is present in the normalized coprime factor case, whereas M̂21

and M̂12 are norm-preserving in case robust-control-relevant coprime factorizations of

P̂ are used in conjunction with a (Wu,Wy)-normalized coprime factorization of Cexp.

To visualize the model sets PRCR and PNORM, bounds on the Bode magnitude

diagram are generated using generalizations of the structured singular value, see Fig-

ure 2.9 for the results. Clearly, the bounds for the model set PRCR are tight in the

region that corresponds to the cross-over region of both the experimental controller
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Figure 2.8: Normalization condition: using robust-control-relevant coprime factorization {N̂ , D̂}
and (Wu,Wy)-normalized controller (black solid), using normalized coprime factorization
{N̄ , D̄} and normalized coprime factorization {N̄c, D̄c} (gray solid) corresponding to the
example in Section 2.5.

Cexp and the desired cross-over region, which corresponds to control design experience,

see, e.g., Skogestad and Postlethwaite (2005). In fact, due to the specific selection of

γRCR and γNORM, the true system Po is equal to either the upper or the lower bound

for at least one frequency. For PRCR, this happens at approximately 50 Hz at the first

resonance phenomena, which was considered as control-relevant during identification

of the nominal model. In contrast, Po equals the upper bound of PNORM at approxi-

mately 200 Hz, which corresponds to the second resonance phenomenon. However, as

is indicated by the large gap between the upper and lower bounds corresponding to

PRCR around 200 Hz, the second resonance phenomenon barely affects the worst-case

performance criterion.

To confirm that the resulting control design indeed enables a high performance

control design, robust optimal controllers are computed using a skewed structured sin-

gular value synthesis, see Fan and Tits (1992) for a definition of the skewed structured

singular value. Regarding the robust-control-relevant model set, the optimal robust

controller is given by

CRP,RCR = arg min
C
JWC(PRCR, C) (2.122)

leading to a worst-case performance

JWC(PRCR, CRP,RCR) = 2.8. (2.123)

Similarly,

CRP,NORM = arg min
C
JWC(PNORM, C) (2.124)

leads to a worst-case performance

JWC(PRCR, CRP,NORM) = 21.2 (2.125)
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Figure 2.9: Model P̂ (black solid), true system Po (gray solid), bounds on candidate model set PRCR

(black dashed), bounds on candidate model set PNORM (gray dashed) corresponding to
the example in Section 2.5.

when evaluated on the model set PRCR, which is in fact deteriorated compared to the

experimental controller Cexp. Note that since JWC(PRCR, CRP,RCR) is very close to the

true optimal performance, i.e.,

J (Po, C
opt) = 2.5, (2.126)

where Copt is defined in (2.1), the model set indeed is robust-control-relevant.

2.6 Concluding Remarks

In this chapter, the unexplored freedom in coprime factorizations in both control-

relevant system identification and model uncertainty structures is explored and ex-

ploited. Two key contributions are presented that address research aspects I and II

in Section 1.7. The first contribution is the identification of a new robust-control-

relevant coprime factorization that provides a new connection between control-relevant

identification of a nominal model and coprime factor identification. The second con-

tribution involves the exploitation of the freedom in coprime factorizations in model

uncertainty structures. Specifically, by using the robust-control-relevant coprime fac-

torizations in conjunction with a new (Wu,Wy)-normalized coprime factorization of

the controller that is used during closed-loop system identification, a new coordinate

frame for representing model uncertainty is obtained that transparently connects to

the control criterion.
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As a result of the transparent connection between 1. the control-relevant identifi-

cation of a nominal model as a robust-control-relevant coprime factorization, 2. model

uncertainty quantification in a robust-control-relevant coordinate frame, and 3. the ro-

bust control criterion, high performance robust control can be achieved. Any model

uncertainty quantification procedure can be used to quantify model quality, since the

model uncertainty is shaped towards the control goal by means of the specific model

uncertainty coordinate frame. In addition, the robust-control-relevant model set sys-

tem identification and associated robust control design procedure is directly applicable

to multivariable systems. Indeed, as a result of the robust-control-relevant coordinate

frame, all model uncertainty channels are appropriately scaled with respect to the

control goal.

In the simulation example, it is shown that the improved connection between system

identification on the one hand and robust control on the other hand leads to an im-

proved performance, both compared to the initial control design and to the case where

normalized coprime factorizations are used in the dual-Youla-Kučera model uncertainty

structure. In addition, successful experimental implementations of the presented pro-

cedure are reported in Chapter 5 and Oomen et al. (2009d).

2.A Proof of Proposition 2.3.15

In this section, a proof of Proposition 2.3.15 is presented. First, several auxiliary

technical results are presented.

Lemma 2.A.1. Given minimal state-space realizations (Ac, Bc, Cc, Dc) of C, (A2, B2,

C2, D2) of V2 and (A1, B1, C1, D1) of V1, then a state-space realization of
[
D̃e Ñe,2V

−1
2

]
is given by [

Ae + LeCe Le LeDc + B̃c

MeCe Me MeDc

]
, (2.127)

where D̃e, Ñe,2 are defined in Lemma 2.3.3, Le and Me denote the output injection and

output transformation matrix, respectively, and

B̃c =

Bc

0

0

 . (2.128)

Proof. Consider the interconnected system in Figure 2.10. Then, a state-space realiza-

tion of the operator

[
u2

u1

]
7→ e is given by

[
Ae Be

Ce De

]
=


Ac BcC2 0 BcD2 0

0 A2 0 B2 0

0 0 A1 0 B1

Cc DcC2 C1 DcD2 D1

 , (2.129)
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V2

V1

u2
C

u1

u∗2 y

e ẽ

Figure 2.10: Interconnected system for the proof of Lemma 2.A.1.

with corresponding state vector x =
[
xT

c xT
2 xT

1

]T
, where xc, x2, and x1 are the

corresponding state vectors of C, V2, and V1, respectively.

Next, consider an output injection, resulting in

ẋ = Aex+Beu+ Le(e+ y) (2.130)

and define the transformed output

ẽ = Me(e+ y). (2.131)

Observe that by an appropriate selection of Le and Me,

[
D̃e Ñe

]
:

 yu2

u1

 7→ ẽ (2.132)

corresponds to an LCF with co-inner numerator of
[
CV2 V1

]
, see Lemma 2.3.3. Specif-

ically, a state-space realization for (2.132) is given by[
Ae + LeCe Le Be + LeDe

MeCe I MeDe

]
. (2.133)

Considering Figure 2.10 again in conjunction with (2.132) and (2.133) reveals that[
D̃e Ñe,2V

−1
2

]
corresponds to the operator

[
y

u∗2

]
7→ ẽ, see Figure 2.10, hence the desired

state-space realization in (2.127) follows immediately.

Remark 2.A.2. For continuous time systems, let

R̃e = DeD
∗
e > 0, (2.134)

then

Le = (−BeD
∗
e + YeC

∗
e )R̃e

−1
, (2.135)

where Ye is the unique, symmetric, positive semi-definite solution to the algebraic Ric-

cati equation (
Ae −BeD

∗
eR̃e

−1
Ce

)
Ye

+ Ye

(
Ae −BeD

∗
eR̃e

−1
Ce

)∗
− YeC

∗
e R̃e

−1
CeYe +Be

(
I −D∗

eR̃e
−1
De

)
B∗e = 0,

(2.136)
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and

Me = R̃e
− 1

2 , (2.137)

see Zhou et al. (1996, Theorem 13.34) for a proof, leads to a coprime factorization

with co-inner numerator in (2.132). The discrete time case can either be obtained

directly as in Chu (1988) or indirectly by using the continuous time result, see Chu

and Doyle (1984), in conjunction with the bilinear transformation as has been done in,

e.g., Oomen et al. (2007b).

The following lemma enables the computation of a state-space realization of an

inverse system.

Lemma 2.A.3. Let H = (A,B,C,D) with D full rank and square. Then, H−1 is

given by the state-space realization[
A−BD−1C −BD−1

D−1C D−1

]
. (2.138)

For a proof of Lemma 2.A.3, see, e.g., Zhou et al. (1996, Lemma 3.15).

Lemma 2.A.4. Given the state-space realization of
[
D̃e Ñe,2V

−1
2

]
, see Lemma 2.A.1.

Then, a state-space realization of
[
D̃−1

e D̃−1
e Ñe,2V

−1
2

]
is given by[

Ae −LeM
−1
e −B̃c

Ce M−1
e −Dc

]
. (2.139)

Proof. Observe from Lemma 2.A.1 that a state-space realization of
[
I −Ñe,2V

−1
2

]
is

given by [
Ae + LeCe 0 −LeDc − B̃c

MeCe I −MeDc

]
. (2.140)

In addition, by virtue of Lemma 2.A.3, a state-space realization of D̃−1
e is given by[

Ae −LeM
−1
e

Ce M−1
e

]
. (2.141)

Next, a state-space realization of the series connection of
[
I −Ñe,2V

−1
2

]
and D̃−1

e is

given by  Ae + LeCe 0 0 −LeDc − B̃c

−LeM
−1
e MeCe Ae −LeM

−1
e LeM

−1
e MeDc

M−1
e MeCe Ce M−1

e −M−1
e MeDc

 (2.142)
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Next, applying a state-transformation [
I 0

I I

]
(2.143)

to the state-space realization in (2.142) yields Ae + LeCe 0 0 −LeDc − B̃c

0 Ae −LeM
−1
e −B̃c

0 Ce M−1
e −Dc

 . (2.144)

Finally, removing the nonobservable states in (2.144) yields the desired result in (2.139).

Proposition 2.3.15. Consider the feedback interconnection in Figure 2.11. Then, it is

straightforward to verify that
[
N̂T D̂T

]T
, see (2.27), corresponds to the operator

s 7→
[
yT uT

]T
.

Next, let xz denote the state vector corresponding to the state-space realization of[
D̃−1

e D̃−1
e Ñe,2V

−1
2

]
, in (2.139), and let xp denote the state vector corresponding to the

state-space realization of P̂ , see Proposition 2.3.15. Then, the feedback interconnection

in Figure 2.11 can be described by the equations

ẋp = Apxp +Bpu (2.145)

y = Cpxp +Dpu (2.146)

and

ẋz = Azxz +Bz,1s+Bz,2y (2.147)

u = Czxz +Dz,1s+Dz,2y (2.148)

Substitution of (2.146) into (2.148) yields

u = Czxz +Dz,1s+Dz,2Cpxp +Dz,2Dpu, (2.149)

hence

u = (I −Dz,2Dp)
−1Czxz+

(I −Dz,2Dp)
−1Dz,2Cpxp

+ (I −Dz,2Dp)
−1Dz,1s.

(2.150)

Similarly, substitution of (2.148) into (2.146) yields

y = Cpxp +DpCzxz +DpDz,1s+DpDz,2y, (2.151)

hence

y = (I −DpDz,2)
−1Cpxp

+ (I −DpDz,2)
−1DpCzxz

+ (I −DpDz,2)
−1DpDz,1s.

(2.152)
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[
D̃−1

e −D̃−1
e Ñe,2V

−1
2

]s

P̂

u

y

Figure 2.11: Interconnected system for the proof of Proposition 2.3.15.

Substitution of (2.150) and (2.152) into (2.145) and (2.147), respectively, yields

ẋp = Apxp +Bp(I −Dz,2Dp)
−1Dz,2Cpxp

+Bp(I −Dz,2Dp)
−1Czxz

+Bp(I −Dz,2Dp)
−1Dz,1s

(2.153)

ẋz = Azxz +Bz,2(I −DpDz,2)
−1DpCzxz

+Bz,2(I −DpDz,2)
−1Cpxp

+Bz,1s+Bz,2(I −DpDz,2)
−1DpDz,1s,

(2.154)

which in conjunction with (2.150) and (2.152) yields the desired result in (2.62) - (2.65).





Chapter 3

System Identification for Robust

Inferential control

3.1 Unmeasured Performance Variables in System Identifica-

tion and Robust Control

In many control applications, the performance variables cannot be measured directly

during normal operation of the system. As a result, these performance variables have

to be inferred from the measured variables. This requires system identification to

deliver models that are suitable for high performance inferential control. As is argued

in Section 1.5.2, at present system identification does not deliver the required models.

In this chapter, new results are presented that aim to resolve the limitations of present

system identification methodologies, as listed in Section 1.5.2.

The main contributions of this chapter are threefold and address research aspects

III - V in Section 1.7. Firstly, a methodology for inferential control design based on

H∞-optimization is presented, including a thorough analysis and selection of controller

structures. Secondly, the control-relevant system identification problem for inferential

control is posed and solved via a new approach that is based on a certain factorization of

the system. Thirdly, a new model uncertainty structure is presented that transparently

connects to the inferential control criterion and consequently enables high performance

robust inferential control.

This chapter is organized as follows. In Section 3.2, the inferential servo problem

is defined and a motivating example is presented. In Section 3.3, a suitable exten-

sion of the single-degree-of-freedom controller structure for robust inferential control is

presented and analyzed. Then, an inferential-control-relevant identification approach

that results in a specific coprime factorization of the model is proposed in Section 3.4.

In Section 3.5, the identified coprime factorization of the model is employed to con-

struct control-relevant uncertainty structures for robust inferential control. Finally,

concluding remarks are presented in Section 3.6.
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m1 m2
up

k1

d1yp

k2

d2zp

C
zref

True system

Controller

Figure 3.1: Inferential servo control depicted as a mechanical control problem.

3.2 Problem Formulation

3.2.1 Inferential Servo Control Problem

Throughout, the linear time invariant system[
zp

yp

]
= Pup, (3.1)

where

P =

[
Pz

Py

]
, (3.2)

is considered, where zp denotes the unmeasured performance variables, yp are the

measured variables, and up is the system input. The goal of the inferential servo

problem is the minimization of zref − zp given measurements yp and reference signal

zref by the design of an appropriate controller

up = C(zref , yp). (3.3)

As an example, the inferential servo problem for a mechanical system is depicted in

Figure 3.1. Here, the control goal is to ensure that the position of massm2 is close to the

desired reference trajectory zref , given the reference signal and position measurements

of mass m1. To highlight the difference with the standard servo problem, assume that

the dimensions of zp and yp are identical. Then, requiring mass m1 to track zref , as is

the case in the standard servo problem, does not imply that m2 appropriately tracks

zref , i.e., zref − yp small does not imply zref − zp to be small. This will be further

discussed in Section 3.3.

3.2.2 Identification for Robust Control

The following control goal is considered.

Definition 3.2.1. Given the true system Po and interconnection defined by (3.2)

and (3.3), determine

Copt = arg min
C
J (Po, C), (3.4)

where J (P,C) is the inferential control criterion, which is a function of the system P

and controller C.
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In (3.4), J (P,C) denotes the inferential control criterion, which will be defined

in detail in Section 3.3.5. Since the true system Po is unknown, system knowledge is

reflected by a model set P(P̂ ,∆), such that Po ∈ P , where P̂ is the nominal model and

∆ ∈ ∆ is a norm-bounded operator that represents model uncertainty. This model set

P is structured as

P =
{
P
∣∣P = Fu(Ĥ,∆),∆ ∈ ∆

}
, (3.5)

Associated with P is the worst-case performance cost

JWC(P , C) = sup
P∈P

J (P,C). (3.6)

As in Chapter 2, the following definition for robust-control-relevant uncertain model

set estimation is adopted.

Definition 3.2.2. The inferential-robust-control-relevant model set identification with

respect to an existing controller Cexp is the result of the optimization problem

PRCR = arg min
P
JWC(P , Cexp) (3.7)

subject to Po ∈ P , (3.8)

where P is defined in (3.5).

The problem in Definition 3.2.2 is dual to Definition 3.2.1 and exploits the knowl-

edge of a stabilizing feedback controller Cexp, which is generally required to stabilize

the system prior to performing the identification experiment. Since robust-control-

relevance in Definition 3.2.2 depends on the particular controller, the robust-control-

relevant model set identification problem in Definition 3.2.2 and robust controller syn-

thesis may be performed alternately to monotonously improve the performance of the

model set P(P̂ ,∆). As a consequence, this iterative procedure also improves the guar-

anteed performance for the true system Po.

In this chapter, first the control goal in Definition 3.2.1 is investigated in more

detail. Subsequently, the identification of a model set in Definition 3.2.2 is investi-

gated. Firstly, a nominal model P̂ is identified, followed by a characterization of model

uncertainty ∆. By casting the model uncertainty in a specific coordinate frame, it

is shown that the separate steps of nominal identification and uncertainty modeling

indeed address the problem in Definition 3.2.2.

The following assumption is imposed throughout.

Assumption 3.2.3. During identification, both zp and yp are measured, whereas the

controller only has access to yp during normal operation of the system.

Assumption 3.2.3 is required for system identification, since the model used to infer

the performance variables should either be based on prior knowledge or on measured

data from the true system. Assumption 3.2.3 is supported by the fact that the true

system may be equipped with additional sensors during the identification experiment.

It is emphasized that the resulting controller does not use measurements of zp, since it

relies only on the identified model and measurements of yp.
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3.3 Optimal Inferential Control

In this section, a framework for inferential control design is presented. It is remarked

that the notion of the standard plant, see, e.g., Zhou et al. (1996, Section 1.1), natu-

rally encompasses the inferential control situation. For the inferential control situation,

however, specific choices have to be made to pose a suitable control problem that are

different from common choices in case the set of performance variables is also measur-

able. Thereto, in Section 3.3.1, certain requirements for the inferential control situation

are formulated. Then, in Section 3.3.2, Section 3.3.3, and Section 3.3.4 controller struc-

tures in view of inferential control design are discussed. In Section 3.3.5, inferential

control design based on H∞-optimization is presented. Finally, in Section 3.3.6, the

inferential control problem is cast into the standard plant framework.

3.3.1 Requirements for Optimal Inferential Control

In this section, requirements for inferential control design are formulated. In view of

robust control design, specific attention is devoted to enable controller synthesis based

on H∞-optimization. As specific requirements,

1. the framework should enable the design of controllers that result in internal sta-

bility of the closed-loop system,

2. high performance inferential servo control should be achievable,

3. the controller should be the minimizer of a certain criterion, and

4. the optimal controller should be computable using standard optimization algo-

rithms, e.g., Doyle et al. (1989), which is implemented in commercially available

software, see Balas et al. (2007).

Besides the fact that Item 3 facilitates Item 4, a well-defined control criterion is

also important to enable a connection between system identification and control, as

is discussed in Section 3.2.2 and Chapter 2. In the next section, shortcomings of the

single-degree-of-freedom controller structure in view of the requirements for inferential

control, above, are discussed.

3.3.2 Limitations of Single-Degree-of-Freedom Controller Structures

In this section, the limitations of the single-degree-of-freedom controller structure are

discussed. First, attention to the controller structures is restricted to the single-input

single-output case, since the particular single-degree-of-freedom controller structure

cannot be used in the general case where dim zp 6= dim yp. Consider the controller

structure in Figure 3.2, where

C =
bc
ac

(3.9)

and

P =

[
Pz

Py

]
=

1

a

[
c

b

]
, (3.10)
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r2

r1 u

ypPyC−

Pz
zp

Figure 3.2: Single-degree-of-freedom controller structure for inferential servo control.

where a, ac, b, bc, c ∈ R[ξ] are polynomials. In this case, the closed-loop transfer function

Tz : r2 7→ zp is given by

Tz =
cbc

aac + bbc
=
c

b
T, (3.11)

where T : r2 7→ yp. Note that T coincides with the complementary sensitivity function,

see Skogestad and Postlethwaite (2005), which is subject to certain constraints, as is

discussed in, e.g., Seron et al. (1997). In addition, in (3.11), c
b

is a property of the

true system. As a result, the single-degree-of-freedom controller may have insufficient

freedom for obtaining satisfactory control performance, as is exemplified next.

Example 3.3.1. Consider the system in Figure 3.1. A state-space realization is given

by 

0 1 0 0 0

− k1

m1
− d1

m1

k1

m1

d1

m1

1
m1

0 0 0 1 0
k1

m2

d1

m2
−k1+k2

m2
−d1+d2

m2
0

0 0 1 0 0

1 0 0 0 0


. (3.12)

Two situations are distinguished.

1. Suppose that the controller is designed to achieve good responses in terms of yp.

Then, it is well-known from the internal model principle that an integrator in

the controller is essential to guarantee zero steady-state tracking errors for a step

reference in r2 and for step input disturbances in r1. Indeed,

yp = Tr2 + PySr1, (3.13)

where

T =
PyC

1 + PyC
(3.14)

S =
1

1 + PyC
. (3.15)

In the case that C is internally stabilizing and contains an integrator, then ap-

plication of a step input on r2 yields

yp = r2 for t→∞, (3.16)
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since T (0) = 1. Similarly, application of a step disturbance on r1 yields

yp = 0, (3.17)

since Py(0)S(0) = 0. Clearly, the controller can achieve good responses in terms

of yp, both with respect to reference tracking and disturbance attenuation. In

terms of zp, the response is given by

zp = Tzr2 + PzSr1, (3.18)

where

Tz =
k1

k1 + k2

T. (3.19)

In the case that C is internally stabilizing and contains an integrator, then ap-

plication of a step input at r2 yields

zp =
k1

k1 + k2

r2 for t→∞. (3.20)

Hence, for k2 > 0, a steady-state error remains after application of a step refer-

ence input. Still, the response to a step disturbance in r1 can be perfectly attenu-

ated, since application of a step in r1 yields

zp = 0 for t→∞, (3.21)

which is obtained by the fact that Pz(0)S(0) = 0. Concluding, incorporation of an

integrator in the feedback controller in general does not result in perfect reference

tracking in the case that the performance output is not measured. Also, a small

sensitivity S thus does not imply good inferential servo performance.

2. To resolve the above deficiencies of the single-degree-of-freedom controller with

integral action, one may attempt to modify C. Indeed, suppose that C is still

a single-degree-of-freedom and satisfies C(0) = −k1, i.e., it does not contain an

integrator. Then, the result Tz(0) = 1 follows immediately. Application of a step

reference input at r2 results in

zp = r2 for t→∞. (3.22)

Hence, perfect tracking of a step reference signal in case of unmeasured perfor-

mance variables seems to be achievable using a single-degree-of-freedom controller

structure. However, application of a step disturbance in r1 yields

zp = Pz(0)S(0) =
1

k2

k2

k2 + k1 + k2

=
1

k1 + 2k2

. (3.23)

Hence, in the case that the performance variable is not measured, good tracking

and disturbance attenuation properties cannot be achieved simultaneously if the

single-degree-of-freedom controller structure in Figure 3.2 is used.
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zref

r1 u

ypPyCa
1−

Pz
zp

Ca
2

Figure 3.3: Two-degrees-of-freedom controller structure for inferential servo control.

zref

r1 u

ypPyCb
1−

Pz
zp

Cb
2

Figure 3.4: Alternative two-degrees-of-freedom controller structure for inferential servo control.

Although only steady-state errors are considered in Example 3.3.1, similar results

can be derived for other frequencies. The example reveals two important aspects with

respect to inferential control:

1. standard closed-loop transfer functions, including the sensitivity function S and

complementary sensitivity function T , which are suitable performance indicators

in case zp = yp, are inadequate for evaluating inferential performance, and

2. the single-degree-of-freedom controller structure is inadequate for high perfor-

mance inferential servo control, since good tracking and disturbance attenuation

properties cannot be achieved simultaneously.

To resolve the deficiencies of single-degree-of-freedom controller structures, more ex-

tended controller structures are considered next.

3.3.3 Extended Controller Structures for Inferential Servo Control

As revealed in Example 3.3.1, the single-degree-of-freedom feedback controller is inad-

equate for high performance inferential servo control. Controller structures with more

degrees of freedom are depicted in Figure 3.3 and Figure 3.4. The following example

reveals that these structures can resolve the deficiencies of the single-degree-of-freedom

controller structures in Example 3.3.1.

Example 3.3.2. Again, two cases are distinguished.

1. Consider the situation in Example 3.3.1 again and consider the controller struc-

ture in Figure 3.3. Let Ca
1 contain a factor 1

s
, as in Example 3.3.1, and let

Ca
2 =

k1 + k2

k1

, (3.24)
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in which case it can easily be verified that Tz : zref 7→ zp satisfies Tz(0) = 1.

Hence, application of a step reference in zref yields

zp = zref for t→∞. (3.25)

In addition, the response to a step disturbance in r1 is given by

zp =
Pz

1 + PyCa
1

r1. (3.26)

Hence, application of a step disturbance in r1 yields

zp = 0 for t→∞, (3.27)

since Pz(0)
1+Py(0)Ca

1 (0)
= 0.

2. Similarly, consider the controller structure in Figure 3.4. Let Cb
1 contain a factor

1
s
, as in Example 3.3.1, and let

Cb
2 =

k1

k1 + k2

, (3.28)

in which case it can easily be verified that Tz : zref 7→ zp satisfies Tz(0) = 1. As a

result, application of a step reference in zref yields

zp = zref for t→∞. (3.29)

Similarly, the response to a step disturbance at r1 is given by

zp =
Pz

1 + PyCb
2C

b
1

r1. (3.30)

Hence, application of a step disturbance in r1 yields

zp = 0 for t→∞, (3.31)

since Pz(0)

1+Py(0)Cb
2(0)Cb

1(0)
= 0.

Clearly, both controller structures in Figure 3.3 and Figure 3.4 can appropriately

deal with the inferential servo control situation, both in terms of reference tracking and

disturbance attenuation. It is remarked that both Example 3.3.1 and Example 3.3.2

considered only a single frequency, namely the zero frequency. More extended infer-

ential controllers that perform well over a certain frequency range can be obtained by

considering a dynamic controller Ca
2 or Cb

2 for the situation in Figure 3.3 and Figure 3.4,

respectively. In this case, Ca
2 in Figure 3.3 can be given the interpretation of a trans-

formation of the reference zref for the zp-variable to a reference yref for the y-variable, a

situation which is also referred to as indirect control, see Skogestad and Postlethwaite

(2005, Section 10.4). In contrast, Cb
2 in Figure 3.3 can be given the interpretation of a
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zref

r1 u

ypPy

[
C1 C2

] Pz
zp

−

Figure 3.5: Two-degrees-of-freedom controller structure for optimal inferential control.

reconstruction1 of the zp-variable from the measured yp-variable, which is also referred

to as inferential control in Parrish and Brosilow (1985).

It should be remarked that in contrast to the single-degree-of-freedom controller

structure in Section 3.3.2, the two-degrees-of-freedom controller structures in Figure 3.3

and Figure 3.4 can deal with the general multivariable situation. Indeed, the single-

degree-of-freedom controller structure cannot deal with the case where dim zp 6= dim yp.

3.3.4 Towards Controller Structures for Optimal Inferential Control

Although the controller structures in Figure 3.3 and Figure 3.4 can be used for infer-

ential servo control and are intuitive, which facilitates their design, e.g., by manual

tuning, these structures are less suitable for optimal inferential control design. Indeed,

these controller structures involve structured controllers. To satisfy the imposed re-

quirements in Section 3.3.1, the more extended controller structure in Figure 3.5 is

considered, where

C =
[
C1 C2

]
(3.32)

is implemented as a single system. Although the structure is less intuitive, it encom-

passes the controller structures in Figure 3.2, Figure 3.3, and Figure 3.4 as special

cases, i.e., [
C1 C2

]
=
[
C C

]
(3.33)[

C1 C2

]
=
[
Ca

2C
a
1 Ca

1

]
(3.34)[

C1 C2

]
=
[
Cb

1 Cb
2C

b
1

]
, (3.35)

respectively.

It is emphasized that the controller structures in Figure 3.3 and Figure 3.4 are not

equivalent. Indeed, for the indirect control situation in Figure 3.3, Ca
2 should be stable

for Ca
2zref to be bounded. In contrast, using the parameterization in (3.32), there is no

stability requirement on C1, as long as the complete controller
[
C1 C2

]
is stabilized

by the system P , which is enabled by the fact that
[
C1 C2

]
is implemented as a single

system, i.e., C1 and C2 share the same state vector.

1Access to up may be essential for the design of an observer.
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3.3.5 H∞-Optimal Inferential Control Goal

Having developed the controller structure in (3.32) that enables high performance op-

timal inferential control, it remains to specify the control criterion J (P,C) in Defini-

tion 3.2.1 that reflects the control goal. This requires a sensible selection of exogenous

inputs and outputs. A selection of these exogenous inputs and outputs is presented in

Figure 3.6. This specific selection enables

1. a general weighting filter selection, and

2. an enforcement of internal stability of the closed-loop system.

Regarding the general weighting filter selection, the exogenous signals can be given the

following interpretation. Specifically, r1 represents disturbances at the system input

that have to be attenuated, r2 represents measurement noise that should not be tracked,

and r3 represents the reference signal. In addition, ez is the tracking error, yp is the

system output, which should be bounded to enforce internal stability, and up is the

system input, which should also be bounded to enforce internal stability.

The choice of exogenous signals in Figure 3.6 results in the mapping M : w 7→ z,

where

M =

Pz

Py

I

 (I + C2Py)
−1
[
C1 C2 I

]
−

Tr 0 0

0 0 0

0 0 0

 (3.36)

w =

r3r2
r1

 , (3.37)

z =

ezyp

up

 . (3.38)

In (3.36), Tr ∈ RH∞ is a reference model, which is generally required to ensure a sensi-

ble problem formulation. In (3.36), M is a nine-block problem, thereby extending the

well-known four-block problem in robust control design approaches such as McFarlane

and Glover (1990).

To formulate internal stability requirements, let

[
Pz

Py

]
=

 A B

Cz Dz

Cy Dy

 , (3.39)

and [
C1 C2

]
=

[
Ac Bc,1 Bc,2

Cc Dc,1 Dc,2

]
(3.40)

be minimal realizations of P and C, respectively, and assume that the feedback loop

of P and C is well-posed. Internal stability is now characterized as follows.
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Proposition 3.3.3. The system given by the interconnection (3.2) and (3.32) is inter-

nally stable, i.e., for zref = 0 the states corresponding to P and C in (3.39) and (3.40),

respectively, tend to zero for all initial states, if and only if M ∈ RH∞.

Proof. A proof follows along similar lines as in Zhou et al. (1996, Lemma 5.3) and

employing the fact that Tr ∈ RH∞.

Remark 3.3.4. The formulation of Proposition 3.3.3 in terms of the specific choice

of M in (3.36) is made to facilitate the design of weighting filters and to enable the

design of efficient identification algorithms in Section 3.4.3. Note that the pair (Cy, A)

should be detectable for the existence of an internally stabilizing controller, in which

case ez can be omitted from (3.36) for the condition on internal stability. Similarly,

in case the pair (Cz, A) is observable, then yp can be omitted for the internal stability

condition. Note also that no open-loop stability requirement for Pz is imposed, which

is enabled by the common system matrix for Pz and Py in (3.39).

3.3.6 Standard Plant H∞-Optimal Inferential Control Formulation

To systematically formulate the inferential control problem such that it can be dealt

with using standard algorithms, the standard plant formulation is employed. By ex-

tracting the controller from the setup in Figure 3.6, the (unweighted) standard plant[
z

y

]
= Ḡ(P )

[
w

u

]
, (3.41)

is obtained, see Figure 3.7. In addition, the weighting matrices

W =

We 0 0

0 Wy 0

0 0 Wu

 (3.42)

and

V =

V3 0 0

0 V2 0

0 0 V1

 , (3.43)

where W,W−1, V, V −1 ∈ RH∞ such that

z = Wz, (3.44)

w = V w, (3.45)

are introduced to specify the performance specifications. Next, the operator

M(P,C) : w 7→ z = WFl(G(P ), C)V (3.46)

is introduced, leading to the control criterion, see Definition 3.2.1,

J (P,C) = ‖M(P,C)‖∞ . (3.47)
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C P

r2

r3

r1 up

yp

zp

ez

−

−

Tr

Figure 3.6: Unweighted exogenous inputs and outputs.

C

P

r2

r3

r1 up

yp

zp

ez

−Tr

−
u

}z

} y

{w

Ḡ(P )

Figure 3.7: Recasting the setup of Figure 3.6 into the standard plant configuration.

It is remarked that the arguments Tr, W , and V in (3.46) are omitted to facilitate

the notation. Clearly, employing an H∞-norm in (3.4) enforces C to be internally

stabilizing. Additionally, it enables the incorporation of model uncertainty in the design

procedure, as is discussed in Section 3.5. The specific choice of controller structure

in (3.32) enables the use of standard controller synthesis algorithms to perform the

minimization in (3.4).

3.4 Inferential-Control-Relevant Identification

3.4.1 Identification Criterion

Since the true system Po is unknown, the optimization in (3.4) cannot be performed

directly. This knowledge is reflected by a model P̂ . The performance of a controller

C that is optimal for P̂ can degrade when this controller is implemented on Po. In

the case of inferential control, the performance degradation can be caused by model

errors both in the dynamical behavior in the feedback path determined by Py and in

the dynamical behavior corresponding to the performance variables that is determined

by Pz. This performance degradation is upper bounded in the following proposition.

Proposition 3.4.1. The criterion ‖M(Po, C)‖∞ is upper bounded by

‖M(Po, C)‖∞ ≤ ‖M(P̂ , C)‖∞ + ‖M(Po, C)−M(P̂ , C)‖∞ (3.48)
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Proof. Follows directly by application of the triangle inequality, see also Schrama

(1992b).

The first term on the right-hand-side of (3.48) represents a nominal control design,

whereas the second term represents performance degradation. For a given internally

stabilizing controller Cexp, this term represents a control-relevant identification crite-

rion.

Definition 3.4.2. The control-relevant identification criterion is defined as

‖M(Po, C
exp)−M(P̂ , Cexp)‖∞, (3.49)

which should be minimized over P̂ .

In (3.49), M(Po, C
exp) depends on the true system and can be identified from data2.

In contrast to the case where all performance variables (z) are also measured variables

(y), the inferential case inevitably requires a (temporary) measurement of the inferen-

tial variables during the identification step.

It is emphasized that, in contrast to common iterative identification and control

design techniques, see Section 1.5.1, Definition 3.4.2 involves a nine-block problem

to guarantee internal stability using the two-degrees-of-freedom controller (3.32) as is

shown in Proposition 3.3.3.

Remark 3.4.3. In case a single-degree-of-freedom feedback controller is available dur-

ing identification, then the criterion (3.49) can be employed directly by recasting the

controller in the formulation of (3.32). Specifically, suppose Cexp
2 = (A2, B2, C2, D2).

Then, Cexp = (A2, [B2 B2], C2, [D2 D2]). This controller is internally stabilizing iff

the pair (Cy, A) is detectable and Cexp
2 is internally stabilizing in the sense of a single-

degree-of-freedom feedback configuration.

3.4.2 Recasting as Coprime Factorization

In this section, the control-relevant identification criterion (3.49) is recast as an op-

timization over coprime factorizations. These coprime factorizations are essential for

the construction of control-relevant uncertainty models in Section 3.5. Additionally, it

significantly reduces the complexity of the optimization problem.

Throughout, LCFs with co-inner numerator are used occasionally, see Lemma 2.3.3

for a definition. The following proposition is the main result of this section.

Proposition 3.4.4. Consider the control-relevant identification criterion (3.49), where

W and V are defined in (3.43), and let {Ñe, D̃e} be an LCF with co-inner numerator

of
[
C1V3 C2V2 V1

]
, where Ñe =

[
Ñe,3 Ñe,2 Ñe,1

]
. Then, the H∞-norm in (3.49) is

equal to ∥∥∥∥∥∥∥W

Nz,o

No

Do

−
N̂z

N̂

D̂



∥∥∥∥∥∥∥
∞

, (3.50)

2In the sequel, the superscript exp is often omitted to facilitate the notation.
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where Nz

N

D

 =

Pz

Py

I

 (D̃e + Ñe,2V
−1
2 Py)

−1. (3.51)

Proof. Firstly, observe that by substituting (3.36) in (3.49) yields∥∥∥∥∥∥∥W

Pz,o

Py,o

I

 (I + C2Py,o)
−1 −

P̂z

P̂y

I

 (I + C2P̂y)
−1

 D̃−1
e Ñe

∥∥∥∥∥∥∥
∞

, (3.52)

where the reference model Tr cancels out. In virtue of co-innerness of Ñe, Ñe is norm-

preserving, hence (3.52) directly yields the desired result (3.50).

The following intermediate result is required to prove that (3.51) contains an RCF

of Py, where transmission zeros are defined in Zhou et al. (1996, Definition 3.14).

Proposition 3.4.5. Let {Ñe, D̃e} be an LCF of
[
C1V3 C2V2 V1

]
, where Ñe is parti-

tioned accordingly as Ñe =
[
Ñe,3 Ñe,2 Ñe,1

]
and assume that

[
C2V2 V1

]
has full row

rank. Then, Ñe,2 and Ñe,1 are left coprime if and only if
[
C2V2 V1

]
has no transmission

zeros outside the unit disc.

Proof. Suppose zo is a zero of
[
CV2 V1

]
that is outside the unit disc. Then, ∃uo

such that u∗o
([
CV2 V1

])
(zo) = 0. By employing the fact that {Ñe, D̃e} is an LCF of[

C1V3 C2V2 V1

]
,

u∗o
[
Ñe,2 Ñe,1

]
(zo) = 0, (3.53)

since D̃e ∈ RH∞. To show that Ñe,2 and Ñe,1 are not left coprime, observe that left

coprimeness implies ∃Y̆l, X̆l ∈ RH∞ such that

Ñe,2Y̆l + Ñe,1X̆l = I. (3.54)

However,

u∗o

(
Ñe,2Y̆l

)
(zo) + u∗o(Ñe,1X̆l)(zo) = 0, (3.55)

since X̆l(so) and Y̆l(so) are finite since Y̆l, X̆l ∈ RH∞. Hence, no Y̆l, X̆l ∈ RH∞ exist

that satisfy the Bézout identity and hence Ñe,2 and Ñe,1 are not left coprime.

To show the converse, suppose that
[
CV2 V1

]
does not have any zeros outside the

unit disc. Then, by left coprimeness of {Ñe, D̃e}, D̃e ∈ RH∞, hence
[
Ñe,2 Ñe,1

]
does

not have any zeros outside the unit disc, i.e., there does not exists a zo, R(zo) > 0 and

a vector uo ∈ C such that

u∗o
[
Ñe,2 Ñe,1

]
(zo) = 0. (3.56)

Since such uo and zo do not exist, it can be shown that ∃Y̆l, X̆l ∈ RH∞ such that

[
Ñe,2 Ñe,1

] [ Y̆l

X̆l

]
= I, (3.57)

hence Ñe,2 and Ñe,1 are left coprime.
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Proposition 3.4.5 states that Ñe and D̃e are left coprime under a certain rank condi-

tion on
[
CV2 V1

]
. Under the assumption V −1

1 ∈ RH∞ in Section 3.3.6, V −1
1 exists and

hence
[
CV2 V1

]
indeed has full row rank. Furthermore, since V −1

1 ∈ RH∞,
[
CV2 V1

]
does not have any transmission zeros outside the unit disc. Hence, under the assump-

tions in Section 3.3.6, Ñe,2 and Ñe,1 are left coprime in virtue of Proposition 3.4.5.

Proposition 3.4.6. Consider M(P,C) in (3.46) and assume that M(P,C) ∈ RH∞
and let {Ñe, D̃e} be an LCF of

[
C1V3 C2V2 V1

]
. Then, {N,D} in (3.51) is an RCF

of Py and in addition Nz ∈ RH∞.

Proof. Suppose M(P,C) ∈ RH∞ and denote

R =

Pz

Py

I

 . (3.58)

In virtue of (3.36), this implies that

R(I + C2Py)
−1
[
C2 I

]
∈ RH∞ (3.59)

⇔ R(I + C2Py)
−1
[
C2V2 V1

]
∈ RH∞ (3.60)

⇔ R(D̃e + Ñe,2V
−1
2 Py)

−1
[
Ñe,2 Ñe,1

]
∈ RH∞ (3.61)

⇒ R(D̃e + Ñe,2V
−1
2 Py)

−1
[
Ñe,2 Ñe,1

] [ Y̆l

X̆l

]
∈ RH∞ (3.62)

⇔ R(D̃e + Ñe,2V
−1
2 Py)

−1 ∈ RH∞, (3.63)

where (3.62) follows from the Bézout identity, see also (3.54). Thus, (3.63) reveals that

Nz is stable and that N , D are a stable factorization of Py. The factorization N and D

is coprime if ∃Xr, Yr ∈ RH∞ such that the Bézout identity holds. Let Xr = Ñe,2V
−1
2

and Yr = D̃e, hence Xr, Yr ∈ RH∞. In addition,

[
Xr Yr

] [Py

I

]
(D̃e + Ñe,2V

−1
2 Py)

−1 = I, (3.64)

hence the factorization is indeed an RCF.

The specific coprime factorization of P in Proposition 3.4.4 is unique up to right

multiplication by a constant unitary matrix, see also Proposition 2.3.9. Control-

relevance of the specific coprime factorization is twofold. Firstly, the specific coprime

factor realization uniquely reduces the nine-block problem control-relevant criterion in

(3.49) into a three-block problem (3.50) under preservation of norms. Secondly, as will

be shown in Section 3.5, the specific coprime factor realization leads to a coordinate

frame for representing model uncertainty that is robust-control-relevant in the sense of

Definition 3.2.2.
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3.4.3 Frequency Domain Identification Algorithm

Frequency Domain Identification

The identification of coprime factors in (3.50) cannot be solved directly from measured

data, since calculation of the H∞-norm requires knowledge of the true system. The

frequency domain interpretation of the H∞-norm is exploited to formulate a tractable

identification problem. Since identification in practice is always performed over a finite

time interval, a discrete frequency grid Ω is used in frequency domain identification.

Proposition 3.4.7. Consider the discrete frequency grid Ω. Then, the identification

criterion (3.49) is lower bounded by

max
ωi∈Ω

σ̄

W

Nz,o

No

Do

−
N̂z

N̂

D̂





subject to M(P̂ , C) ∈ RH∞

(3.65)

Proof. Follows by considering the H∞-norm.

The identification criterion in (3.65) ensures that the resulting optimization problem

is tractable, since under Assumption 3.2.3,
[
NT

z,o NT
o DT

o

]T
can be identified from

data by employing frequency domain identification techniques.

Coprime Factor Parameterization

A suitable parameterization of N̂z, N̂ , D̂ is required to 1. satisfy the stability constraint

in (3.65); 2. ensure stable and low-order factors N̂z, N̂ , and D̂; 3. enable the use of

efficient optimization algorithms. In this section, an extension of the algorithm in

Appendix A towards inferential control is proposed, where P is parameterized as a

right matrix fraction description that is linear in the parameters θ, i.e.,

P =

[
C(θ)

B(θ)

]
A(θ)−1, (3.66)

which in conjunction with (3.51) yields the expressionN̂z

N̂

D̂

 =

C(θ)

B(θ)

A(θ)

 (D̃eA(θ) + Ñe,2V
−1
2 B(θ))−1. (3.67)

In case P is internally stabilized by C, then expression (3.67) contains a parametrization

of coprime factors, see also Proposition 2.3.14. The minimization over θ in (3.65) is

achieved by employing Lawson’s algorithm in conjunction with a generalization of the

Sanathanan-Koerner and Gauss-Newton iterations, as is described in Appendix A.

The parameterization (3.67) exploits prior knowledge of the stabilizing controller

Cexp and weighting filter V . As a consequence, the resulting coprime factors enable the
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construction of a model uncertainty coordinate frame that is robust-control-relevant

in the sense of Definition 3.2.2. Clearly, this may increase the McMillan degree of

the coprime factors compared to the system P , and thus also compared to normalized

coprime factorizations. However, the additional complexity is essential to construct

robust-control-relevant model sets.

3.5 Model Uncertainty Structures for Robust Inferential Con-

trol

The identified model in Section 3.4 is not an exact representation of reality. Especially

in the case of inferential control, where the performance variables z are only measured

during the identification experiment and inaccessible during normal operation of the

system, model quality is a crucial aspect during control design. In this section, control-

relevant uncertainty model structures are presented that are suitable for inferential

servo control.

In view of robust control based on H∞-optimization, a necessary requirement re-

garding perturbation models is that the true system should be in the model set for a

certain norm-bounded perturbation. Additionally, a desirable property of the model

set is that it enables a high performance control design, i.e., the model set should not

include candidate models that have unnecessarily low performance. The observation

that both Po and P̂ are stabilized by C during the identification experiment leads to

the following result, which is the main result of this section.

Proposition 3.5.1. Let C internally stabilize P , and consider Nz, N,D ∈ RH∞ in

(3.51), where N̂ , D̂ are coprime, and let {Nc,2, Dc,22} be an RCF of C2. Then, all

systems P that are stabilized by C are given by

P =

[
Nz +W−1

e ∆z

N +Dc,22∆u

]
(D −Nc,2∆u)

−1, (3.68)

where

∆ =

[
∆z

∆u

]
∈ RH∞ (3.69)

See Appendix 3.A for a proof of Proposition 3.5.1. The novelty of Proposition 3.5.1

is that it generalizes the well-known dual-Youla-Kučera parameterization, see, e.g.,

Douma and Van den Hof (2005), to systems with unmeasured performance variables

and two-degrees-of-freedom controllers.

Several remarks are appropriate with respect to the proof on page 91. Firstly, the

lower triangular Hermite form in (3.80) is used to ensure {Nc,2, Dc,22} is an RCF of

C2, hence C1 completely drops out of the formulation, as is expected. Indeed, only C2

can stabilize P since it is in the feedback path. In this respect, C1 need not be stable,

since it may share unstable dynamics with C2, which are stabilized by P in case the
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feedback interconnection is internally stable. Secondly, the upper triangular Hermite

form in (3.86) is introduced to enable the specific inverse in (3.95).

The purpose of W−1
e in (3.68) is to enforce control relevance of the uncertainty

structure, see Proposition 3.5.3. In addition, to show that the factorization in Propo-

sition 3.4.4 leads to a control-relevant structure, the following coprime factorization of

C2 is required.

Definition 3.5.2. The pair {Nc,2, Dc,22} is an (Wu,Wy)-normalized RCF of C2 if it is

an RCF of C2 and in addition,[
WuNc,2

WyDc,22

]∗ [
WuNc,2

WyDc,22

]
= I. (3.70)

State-space formulas for computing the factorizations in (3.70) are provided in

Section 2.4.2.

Next, suppose that a certain norm-bound γ is selected, e.g., as the result of the

model validation procedure in Chapter 4. Then, the set of candidate models is given

by

Pγ =

{
P
∣∣P =

[
N̂z +W−1

e ∆z

N̂ +Dc,22∆u

]
(D̂ −Nc,2∆u)

−1,

∥∥∥∥[∆z

∆u

]∥∥∥∥ < γ

}
. (3.71)

Associated with Pγ is the worst-case performance measure

JWC(Pγ, C) = sup
P∈Pγ

J(P,C) (3.72)

The following proposition reveals control-relevance of the previously presented co-

prime factorization.

Proposition 3.5.3. Consider the perturbation model structure (3.71), where N̂z, N̂ ,

D̂, Nc,2, Dc,22 are as proposed in Proposition 3.4.4 and Definition 3.5.2. Then,

JWC ≤ J(P̂ , C) + sup
∆∈∆

∥∥∥∥[∆z

∆u

]∥∥∥∥
∞

(3.73)

Proof. Using the definition of (3.71), JWC in (3.72), can be written as

JWC(P , C) = sup
‖∆‖∞<γ

‖Fu(N,∆)‖∞ , (3.74)

where

N =


[
0 0

]
D̂−1(I + C2P̂y)

−1
[
C1 C2 I

]
V

W

W−1
e 0

0 Dc,22

0 −Nc,2

 M(P̂ , C)

 . (3.75)
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By rewriting N12,

N12 = (D̃e + Ñe,2V
−1
2 Py)(D̃e + Ñe,2V

−1
2 Py)

−1Ñe, (3.76)

it is clear that N12, is co-inner, hence ∃N⊥
12 such that

[
N12

N⊥
12

]
is all-pass. Similarly, N21

is inner, hence ∃N⊥
21 such that

[
N21 N⊥

21

]
is all-pass. Substituting (3.75) into (3.74)

and applying the triangle inequality yields

JWC(P , C) ≤ ‖N22‖∞ +

∥∥∥∥[N21 N⊥
21

] [∆ 0

0 0

] [
N12

N⊥
12

]∥∥∥∥
∞
, (3.77)

which should be evaluated for all ∆ ∈ ∆. Utilizing the norm-preserving property of

all-pass matrices in (3.77) yields the desired result (3.73).

The coordinate frame that is obtained by the robust-control-relevant and (Wu,Wy)-

normalized factorizations in Proposition 3.4.4 and Definition 3.5.2, respectively, result

in a transparent connection between nominal model identification, model uncertainty

quantification, and robust control design. Specifically, the norm of ∆ directly affects

the worst-case performance in (3.73), resulting in a robust-control-relevant model set

in the sense of Definition 3.2.2. In contrast, other coprime factorizations generally

lead to an overly large candidate model set and, as a result, also to an unnecessarily

conservative control design. To quantify the remaining model uncertainty such that

(3.8) holds, any model uncertainty quantification procedure may be applied.

3.6 Concluding Remarks

Control-relevant identification and uncertainty model structures based on coprime fac-

torizations are presented for robust inferential control. The presented results enable

the design of robust controllers in the case where the set of performance variables (zp) is

not equal to the set of measured variables (yp). The presented framework thus extends

previous results in identification for control and uncertainty model structures for robust

control to the inferential control case. In addition, in this chapter, controller structures

are presented for inferential control design approaches based on H∞-optimization. As

a result, research items III, IV, and V as mentioned in Section 1.7 are resolved.

3.A Proof of Proposition 3.5.1

Proof. The first step is to recast the mapping r3 7→
[
zp

yp

]
into the setup of Figure 3.8,

where

P̄ =

Pz

0

Py

 (3.78)

C̄ =
[
0 C1 C2

]
(3.79)
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[0 C1 C2]

Pz

0
Py

 0
r3

0


−

Figure 3.8: Rearranged two-degrees-of-freedom control loop.

are auxiliary transfer function matrices. Next, consider an RCF {N̄c, D̄c} of C̄, where

{N̄c, D̄c} =

[0 Nc,1 Nc,2

]
,

I 0 0

0 Dc,11 0

0 Dc,21 Dc,22

 , (3.80)

where the nonuniqueness of the denominator matrix is partially exploited to bring D̄c

into a lower triangular Hermite form, see Vidyasagar (1985). Next, consider an RCF

{N̄ , D̄} of P̄ , which is given by

{N̄ , D̄} =


N̂z

0

N̂

 , D̂
 , (3.81)

and uncertainty structure

∆̄ =

∆z

0

∆u

 . (3.82)

Next, by applying the standard dual-Youla-Kučera parameterization of stabilizing con-

trollers for the single-degree-of-freedom configuration, see, e.g., Douma and Van den

Hof (2005), and general stabilizing controllers see, e.g., Zhou and Ren (2001), all ex-

tended systems P that are stabilized by C̄ are generated by(
N̄ + D̄c∆̄

) (
D̄ − N̄c∆̄

)−1
(3.83)

=


N̂z

0

N̂

+

I 0 0

0 Dc,11 0

0 Dc,21 Dc,22

∆z

0

∆u



D̂ −

[
0 Nc,1 Nc,2

] ∆z

0

∆u

−1

(3.84)

=


 N̂z + ∆z

0

N̂ +Dc,22∆u


(D̂ −Nc,2∆u)

)−1

(3.85)

Finally, it remains to be shown that {Nc,2, Dc,22} is an RCF of C2. If {N̄c, D̄c} is an

RCF of C̄ and { ˜̄N, ˜̄D} is an LCF of P̄ , where

{ ˜̄N, ˜̄D} =


Ñz

0

Ñ

 ,
D̃11 0 D̃12

0 I 0

0 0 D̃22

 . (3.86)
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Here, the freedom in coprime factorizations is partially exploited to obtain an upper

triangular Hermite form, and if C̄ internally stabilizes P̄ , then

˜̄DD̄c + ˜̄NN̄c = Λ, (3.87)

where

Λ,Λ−1 ∈ RH∞. (3.88)

Further manipulation yields

˜̄DD̄c + ˜̄NN̄c (3.89)

=

D̃11 0 D̃12

0 I 0

0 0 D̃22

I 0 0

0 Dc,11 0

0 Dc,21 Dc,22

 (3.90)

+

Ñz

0

Ñ

 [0 Nc,1 Nc,2

]
(3.91)

=

D̃11 D̃12Dc,21 + ÑzNc,1 D̃12Dc,22 + ÑzNc,2

0 Dc,11 0

0 D̃22Dc,21 + ÑNc,1 D̃22Dc,22 + ÑNc,2

 (3.92)

Next, taking the inverse of the matrix in (3.92) yields

Λ−1 =

D̃11 D̃12Dc,21 + ÑzNc,1 D̃12Dc,22 + ÑzNc,2

0 Dc,11 0

0 D̃22Dc,21 + ÑNc,1 D̃22Dc,22 + ÑNc,2

−1

(3.93)

=

 D̃−1
11 ?

0

0

[
Dc,11 0

D̃22Dc,21 + ÑNc,1 D̃22Dc,22 + ÑNc,2

]−1

 (3.94)

=


D̃−1

11 ?

0

0

[
D−1

c,11 0

?
(
D̃22Dc,22 + ÑNc,2

)−1

]  , (3.95)

where two inversion formulas in Zhou et al. (1996, Section 2.3) are subsequently applied.

Clearly, if

D̃22Dc,22 + ÑNc,2 = Λ33 ∈ RH∞, (3.96)

then by virtue of (3.88), (3.95) implies that(
D̃22Dc,22 + ÑNc,2

)−1

= Λ−1
33 ∈ RH∞. (3.97)
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Next, observe from (3.96),

Λ−1
33 D̃22Dc,22 + Λ−1

33 ÑNc,2 = I, (3.98)

since Λ−1
33 D̃22,Λ

−1
33 Ñ ∈ RH∞, Nc,2 and Dc,22 are right coprime by the Bézout iden-

tity (3.98). From (3.80), it is clear that Nc,2 and Dc,22 are a factorization of C2, hence

{Nc,2, Dc,22} is an RCF of C2. In addition, since We is unimodular, the equivalence

between (3.85) and (3.68) is obtained.



Chapter 4

A Well-Posed Deterministic Model

Validation Framework for Robust Control

by Design of Validation Experiments

4.1 Model Validation in View of Robust Control

Model validation involves the evaluation of the predictive power of models by con-

fronting these with measured data. In model validation approaches for robust control,

such as the approaches presented in Poolla et al. (1994) and Smith and Doyle (1992),

existence of an admissible realization of model uncertainty and disturbances that can

explain the measured data is determined. In the case that the model is not invali-

dated, then such model validation techniques should lead to a certain confidence in

themodel to use it in subsequent control design. However, as is argued in Section 1.5.3,

existing deterministic approaches are ill-posed and overly optimistic. These aspects

are discussed next.

Firstly, ill-posedness leads to a situation where model uncertainty and disturbances

cannot be effectively be separated. Indeed, the nominal model residual can be fully

attributed to both model uncertainty and disturbances. On the one hand, if too much

of the nominal model residual is attributed to model uncertainty, then the resulting

controller will be overly conservative. On the other hand, if too much of the nominal

model residual is attributed to disturbances, then the uncertain model may not be

large enough to encompass the true system behavior. As a consequence, the resulting

robust controller may lead to performance degradation or even closed-loop instability

when implemented on the true system.

Secondly, independent of the ill-posedness aspect, such deterministic model valida-

tion frameworks for robust control typically lead to an overly optimistic outcome of the

model validation test. The main cause is the fact that the disturbance is often allowed

to be best-case in a deterministic framework.
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The key issue that is addressed in this chapter is a reliable model validation problem

using validation data and H∞-norm bounded perturbation models. Specific attention

is devoted to ill-posedness and overly optimism. An additional requirement, see also

Section 1.5, is the involved algorithm is computationally tractable for systems in the

class as specified in Definition 1.4.1.

The model validation problem for robust control is addressed as follows. Firstly, ill-

posedness is addressed by determining a suitable deterministic disturbance model. In

contrast to the actual model validation test, this involves an estimation problem, since

such disturbance models are commonly not available prior to model validation. Hereto,

the property that additive disturbances are signals that should be independent of the

input is exploited. In the proposed approach, a periodic input signal is selected. Hence,

there is no reason for the disturbance to be periodic with the same period time. In fact,

there is no reason for disturbances to have a purely periodic character. As a result, a

proper separation between disturbances and model uncertainty is enabled. Specifically,

by exploiting the freedom in the design of experiments, the obtained validation data

leads to a characterization of disturbances that are present during the experiments and

a novel, accurate, and nonparametric disturbance modeling procedure is presented that

is directly compatible with model validation for robust control. The proposed modeling

procedure applies to multivariable systems and is closely related to the single-variate

approaches suggested in Loh et al. (1987), Bayard (1993), and De Vries and Van den

Hof (1995). The novelty of the approach presented here is that it can deal with the

multivariable situation without restrictive assumptions on the disturbance model as

in Bayard and Hadaegh (1994). As a result of the obtained disturbance model, ill-

posedness in model validation for robust control is remedied.

Secondly, after specifying an appropriate disturbance model, the resulting well-

posed deterministic model validation problem commonly results in overly optimistic

outcomes. By again exploiting the freedom in the design of validation experiments, the

typical underestimation of model uncertainty in a model validation approach for robust

control is also resolved. Specifically, the model uncertainty asymptotically converges

to the underlying model error by the use of a periodic input signal. Advantageous

properties of these periodic inputs are well-established in a stochastic framework, see,

e.g., Pintelon and Schoukens (2001). In the present chapter, advantageous properties

of these periodic disturbances are derived in a deterministic framework.

Thirdly, the model validation approach for robust control directly resorts to H∞-

norm bounded perturbation models. Model validation for physical systems is always

performed using finite time measurement data, hence for a finite number of frequencies.

However, H∞-norm-bounded operators are defined on a continuous frequency grid.

Clearly, model validation thus gives a sufficient condition for model invalidation. By

employing a result from interpolation theory, both sufficient and necessary conditions

are provided for H∞-norm-based model validation using a discrete frequency grid. In

contrast to identification in H∞, where the uncertainty in between the frequency points

is inflated based on a certain prior assumption, e.g., as in Chen and Gu (2000) and
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De Vries and Van den Hof (1994), the proposed approach also provides statements

with respect to a continuous frequency grid. However, the presented approach does

not require debatable prior assumptions with respect to the true system, nor does it

result in unnecessarily conservative results, as is argued in Section 1.5.

Finally, it is remarked that the presented frequency response-based approach is

computationally superior to comparable time domain approaches. Particularly, the

computations can be decomposed into independent constant matrix problems at each

frequency, where the matrix dimensions are invariant under an increase of the mea-

surement length. In contrast, in time domain approaches, the matrix dimensions sig-

nificantly increase for increasing measurement length. As a consequence, the proposed

approach is applicable to multiple, large, and multivariable data sets, possibly collected

under closed-loop operating conditions, as is required in Section 1.5.

The chapter is organized as follows. In Section 4.2 the model validation prob-

lem is stated. In Section 4.3, a frequency response-based model validation problem is

proposed and ill-posedness of existing model validation approaches is analyzed. Sec-

tion 4.4 presents an approach for nonparametric deterministic disturbance modeling.

Mild stochastic assumptions are imposed that are appropriate for many realistic sys-

tems. Section 4.5 establishes the independence properties between input signals and

disturbances by suitable input design. Section 4.6 describes the validation test and pro-

vides necessary and sufficient conditions for model validation using H∞-norm bounded

perturbation models. Section 4.7 and Section 4.8 contain simulation examples, illus-

trating the results in the chapter. Finally, conclusions are drawn in Section 4.9.

4.2 Model Validation Problem

4.2.1 Problem Formulation

In this section, the model validation problem is formulated. Model validation usingH∞-

norm bounded perturbation models is considered. The reason is threefold. Firstly, H∞-

norm bounded perturbation models correspond to stable and causal operators, see Zhou

et al. (1996) and Weiss (1991), respectively. Secondly, H∞-norm bounded perturbation

models are compatible with the robust control design methodologies presented in, e.g.,

Francis (1987), Doyle et al. (1992), Zhou et al. (1996), Skogestad and Postlethwaite

(2005). Finally, theH∞-norm has a frequency domain interpretation, which is exploited

in the remainder of this chapter.

The model validation setup considered in this chapter is depicted in Figure 4.1.

The true system Mo is assumed to be given by

zm = Mow + vtrue, (4.1)

where zm ∈ `nz
2 is the measured output, w ∈ `nw

2 is the manipulated input, and vtrue ∈
`nz
2 represents a disturbance term, e.g., measurement noise. Here, `2 denotes the space

of square summable signals. It is remarked thatMo itself is not used during the analysis,
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only measured signals zm and w are employed. The uncertain model is represented by

z = Fu(M̂,∆u)w + v, (4.2)

where z ∈ `nz
2 is the uncertain model output, v ∈ `nz

2 represents the disturbance model,

and M̂ ∈ RH(np+nz)×(nq+nw)
∞ contains the nominal model, which is possibly under

closed-loop operating conditions, and the model uncertainty structure. Structured

H∞-norm bounded perturbations are considered, i.e.,

∆u :=
{
∆u ∈ RH∞

∣∣∆u(e
jω) ∈ ∆c

u, ω ∈ [0, 2π)
}
, (4.3)

∆c
u := diag

{(
δ1Ir1 , . . . , δSIrS

,∆S+1, . . . ,∆S+F

)∣∣
δi(z) ∈ C,∆S+j ∈ Cpj×qj , i = 1, . . . , S, j = 1, . . . , F

}
,

(4.4)

where δi and ∆j represent repeated scalar perturbations and full block perturbations,

respectively, and are norm-bounded as

σ̄(δi) < γ, i = 1, . . . , S, (4.5)

σ̄(∆S+j) < γ, j = 1, . . . , F. (4.6)

For the sake of exposition, assume that

v ∈ v, (4.7)

where the set of possible disturbances v is discussed in further detail in Section 4.4.

Finally, the uncertain model residual ε is given by

ε = zm − z. (4.8)

The Model Validation Decision Problem (MVDP) is defined as follows.

Problem 4.2.1 (MVDP). Let the uncertain model (4.2), a norm-bound γ, and mea-

surements w, zm be given. Then, the MVDP amounts to verifying whether ∃∆u ∈ ∆u,

v ∈ v, where ∆u is defined in (4.3) and v is a certain disturbance set, such that ε = 0.

The uncertain model is said to be invalidated if it is inconsistent with the measured

data, i.e., if there does not exist ∆u ∈ ∆u, v ∈ v such that ε = 0. Otherwise, the

model is not invalidated by the data. Strictly speaking, it is not possible to actually

validate a model, since future measurement data can invalidate it.

Several assumptions are imposed to ensure that the model validation problem can

become well-posed. Well-posedness of the model validation problem requires well-

posedness of the LFT Fu(M̂,∆u), which is assumed throughout and formalized in the

following assumption.

Assumption 4.2.2. det(I − M̂11∆u) 6= 0 ∀∆u ∈ ∆u, ‖∆u‖∞ < γ.

Assumption 4.2.2 is satisfied if the perturbation model structure is selected appro-

priately, which is addressed in more detail in the next section.
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Mo

vtrue

∆u

M̂w

v

z

ε−
model

true system

Figure 4.1: Model validation setup.

4.2.2 Perturbation Model Structure

In this section, the uncertain model (4.2) is described in more detail. Indeed, the

structure of the model uncertainty is an essential aspect to properly pose the model

validation problem. A model uncertainty structure is employed that is suitable for

closed-loop model validation; the open-loop model validation problem turns out to be

a special case. An important requirement regarding the model uncertainty structure is

that the true system should be in the model set for a finite value of γ. This requirement

is not trivially solved, since ∆u is constrained to be in H∞.

A suitable model uncertainty structure can be devised if the properties

1. Po is internally stabilized by C and

2. P̂ is internally stabilized by C

hold, where Po and P̂ denote the true open-loop system and nominal model, respec-

tively. Property 1, above, is a suitable assumption since during the validation exper-

iment it can be observed that the true system indeed was stabilized by a certain C.

Then, it is clearly desirable that the model P̂ is also stabilized by C, which is generally

enforced in the modeling procedure, see, e.g., (2.52). A model uncertainty structure

that satisfies the above properties is given in Theorem 2.4.1, which is known as the

dual-Youla-Kučera model uncertainty structure. Indeed, (2.67) parameterizes all sys-

tems that are stabilized by the controller, the true system corresponds to a certain

∆u ∈ RH∞, hence Property 1, above, holds. In addition, the parameterization (2.67)

does not introduce any systems that are not stabilized by the controller. This is a

desirable property, since candidate systems that are not stabilized by the controller are

immediately invalidated. The variables in (4.2) are given by

z =

[
y

u

]
, w =

[
r2
r1

]
, (4.9)

M̂ =

 0 (D̂ + CN̂)−1
[
C I

][
Dc

−Nc

] [
P̂

I

]
(I + CP̂ )−1

[
C I

]
 . (4.10)
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The following remarks are relevant.

Remark 4.2.3. In (4.10), M̂11 = 0, hence the robust stability condition corresponding

to Assumption 4.2.2 indeed is satisfied. In contrast, coprime factor perturbations, e.g.,

as used in Vinnicombe (2001), do not satisfy Assumption 4.2.2 for all γ ∈ R+.

Remark 4.2.4. The open-loop case is recovered if C = 0.

Remark 4.2.5. The coprime factorization in Theorem 2.4.1 is not unique. In Chap-

ter 2, the freedom in the coprime factor realizations is exploited to formulate a control-

relevant model validation problem.

Remark 4.2.6. The approach presented here can be applied directly to the situation

with unmeasured performance variables by employing the model uncertainty structure

in Chapter 3. In this case, (4.9) and (4.10) have to be appropriately modified.

Remark 4.2.7. Throughout this chapter, C is assumed to be known exactly and noise

free, hence u is omitted from (4.9).

4.3 A Frequency Domain Approach to Finite Time Model Val-

idation

4.3.1 Motivation for a Frequency Domain Approach

In practice, model validation is performed using finite time signals, i.e., all signals

are in `2[1, T ]. In case the MVDP is solved in the time domain, e.g., as in Poolla

et al. (1994), then the computational complexity grows significantly for increasing T .

Intuitively, this can be understood by the fact that for a specific value of t, all past

values of w should be taken into account, hence the computational complexity increases

with the time length.

In this section, a frequency domain approach to finite time model validation is

proposed. The motivation for a frequency domain approach is threefold. Firstly, a

frequency domain approach leads to constant matrix problems that result in a lower

numerical complexity compared to the operator-based time domain case. In fact, by

appropriate input design, the computational complexity of the actual validation step

does not increase with increasing T . Secondly, a frequency domain approach pro-

vides a necessary and sufficient test for model validation using H∞-norm bounded

perturbations, see Section 4.6.1. Thirdly, a frequency domain approach to finite time

model validation requires a disturbance model merely at a finite number of frequencies.

Hence, a nonparametric disturbance model suffices, see Section 4.4, which is typically

more straightforward to obtain. In particular, a parameterization and numerical opti-

mization step are not required in case a nonparametric model is estimated, and as a

consequence no undermodeling error is introduced.
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4.3.2 Frequency Domain Model Validation

A frequency response-based formulation of the model validation problem is obtained if

the finite time signals w ∈ `nw
2 [1, T ] and zm ∈ `nz

2 [1, T ], where T ∈ Z+ is the validation

data length, are transformed using the DFT, resulting in W (ω) and Zm(ω), where

ω ∈ Ω. In analogy to (4.8), the frequency domain uncertain model residual is given by

E = Zm − Z, (4.11)

where Z is the DFT of z. To anticipate on the results in Section 4.5, the frequency

grid Ωval is introduced, which is given by

Ωval =
{
ωi ∈ Ω

∣∣W (ωi) 6= 0
}
. (4.12)

This leads to the following Frequency Domain Model Validation Decision Problem

(FDMVDP).

Problem 4.3.1 (FDMVDP). Let the uncertain model (4.2), a norm-bound γ(ωi), and

measurements W (ωi), Zm(ωi), ωi ∈ Ωval be given. Then, the FDMVDP amounts to

verifying whether ∃∆u(ωi) ∈ ∆c
u, V ∈ V(ωi), where ∆c

u is defined in (4.4) and V is a

certain disturbance set, such that E(ωi) = 0.

To ensure that the model validation problem is sensible, the following additional

assumptions are imposed. To facilitate the notation, the argument ωi is omitted.

Firstly, it is ensured that the model uncertainty affects the relevant model outputs.

Assumption 4.3.2.

Zm − M̂22W ∈ Im
(
M̂21∆u(I − M̂11∆u)

−1M̂12

)
for a certain ∆u ∈ ∆u.

Assumption 4.3.2 requires an appropriate selection of the perturbation model struc-

ture, see Section 4.2.2. Finally, the following assumption ensures that the model vali-

dation problem is not trivially solved.

Assumption 4.3.3. Enom := Zm − M̂22W 6= 0.

4.3.3 Ill-Posedness of the Model Validation Problem

In this section, it is shown that the discussed model validation problem can be classified

as an ill-posed problem. In addition, the basic steps that aim at remedying the ill-

posedness are briefly explained and it is shown by means of an example that this leads

to a well-posed problem formulation.

Hereto, well-posedness in the sense of Hadamard is considered as in, e.g., Tikhonov

and Arsenin (1977).

Definition 4.3.4. Consider the problem y = M(x), where y and x are in appropriate

metric spaces. Then, the problem of determining y from x is well-posed if it satisfies

the conditions
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0 1
0

1

γ
σ̄(V )

Invalidated

Not invalidated

Figure 4.2: Example 4.3.5: invalidated models.

1. the solution exists for all x (existence),

2. the solution is unique (uniqueness),

3. the solution depends continuously on the input (stability),

otherwise the problem is ill-posed.

Next, consider the following example, where the deterministic disturbance model

is characterized by the maximum singular value, as is also done in, e.g., Boulet and

Francis (1998) and Crowder and de Callafon (2003).

Example 4.3.5. Consider the setup in Figure 4.1 and the frequency domain model

validation decision problem for a certain ωi ∈ R. Given the measurement

W (ωi) = 1, Zm(ωi) = 3 + 2j, (4.13)

and the uncertain model

M̂(ωi) =

[
0 1

1 3 + 3j

]
, (4.14)

i.e., a SISO system equipped with an additive perturbation model. In Figure 4.2, the

result of the FDMVDP is depicted for different norm-bounds of ∆u and V , i.e., γ

and σ̄(V ), respectively. A trade-off curve between the disturbance V and model un-

certainty can clearly be observed. In case σ̄(V ) = 1, then the nominal model residual

Enom(ωi) can be fully attributed to additive disturbances. In contrast, in case γ = 1,

then Enom(ωi) can be fully attributed to model uncertainty.

Define the operator M1 that corresponds to minimum values of the model uncer-

tainty and additive disturbance sets, parameterized by the maximum singular value,

for a certain ωi ∈ Ωval, i.e., [
σ̄(V )

γ

]
= M1(E

nom). (4.15)

Thus, the operator M1 in (4.15) yields the minimum value of model uncertainty and

additive disturbances that results in a not invalidated model for a certain nominal

model residual Enom, where Enom is defined in Assumption 4.3.3.
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In the case of Example 4.3.5, the solution set is given by[
σ̄(V )

γ

]
=

[
1− α

α

]
, α ∈ [0, 1]. (4.16)

Clearly, the solution to the model validation problem is non-unique. Hence, by virtue

of Definition 4.3.4, the model validation problem is ill-posed.

The practical implication of the ill-posedness is that the model validation prob-

lem fails to effectively separate model uncertainty and additive disturbances. This

deficiency is undesirable if the resulting uncertain model is used in subsequent robust

control design. Specifically, an underestimated size of ∆u can lead to performance

degradation and even closed-loop instability of the true system, whereas an overesti-

mated size of ∆u may lead to an overly conservative control design.

An essential step that is taken in the present chapter to remedy the ill-posedness

is to select an appropriate bound σ̄(V ) by estimating a suitable disturbance model

via the design of validation experiments, see Section 4.4. By fixing σ̄(V ), the model

validation optimization problem can be written as an operator

γ = M2(E
nom). (4.17)

In the specific case of Example 4.3.5, the solution as a function of the selected bound

on the additive disturbance is given by

γ =

{
σ̄(Enom)− σ̄(V ) for σ̄(Enom) ≥ σ̄(V )

0 for σ̄(Enom) < σ̄(V ).
(4.18)

Hence, the model validation optimization problem has a solution that is existent,

unique, and continuously dependent on the data Enom. In this perspective, a well-posed

model validation problem is obtained, satisfying the conditions in Definition 4.3.4.

An important observation regarding the optimal solution (4.18) is that it always

corresponds to the situation where the contribution of the disturbance is maximized

within its tolerable bounds. As a consequence, the model uncertainty is generally un-

derestimated and hence the outcome of the model validation optimization problem is

overly optimistic. In Section 4.5, the freedom in the design of validation experiments is

exploited to enforce averaging of disturbances in a deterministic framework. These de-

terministic averaging properties result in correct asymptotically estimated uncertainty

models.

4.3.4 Model Validation Optimization Problems: An Approach to Valida-

tion-Based Uncertainty Modeling

In the preceding sections, model validation decision problems are presented. In this

case, a sufficiently large bound on the model uncertainty always yields a not invalidated

uncertain model. However, this model set is likely to result in an overly conservative

controller if it is used in a subsequent robust control design. Hence, it is desirable
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to determine the minimum required uncertainty bound for a given disturbance model,

as is also done in Section 4.3.3. In fact, the trade-off curve contains the minimum

solutions to the model validation problem for different sets V. If this minimum bound

is obtained using many suitable data sets and averaging properties of disturbances are

enforced, then sufficient confidence in the uncertain model may be obtained to rely on

it in a subsequent robust control design.

The Model Validation Optimization Problem (MVOP) aims at determining the

minimum bound on model uncertainty that can explain the measurement data. The

MVOP is defined as follows.

Problem 4.3.6 (MVOP). Let the uncertain model (4.2) and measurements w, zm be

given. Then, the MVOP amounts to determining the minimum value of γ such that

∃∆u ∈ ∆u, v ∈ v, where ∆u is defined in (4.3) and v is a certain disturbance set,

yielding ε = 0.

Similar to the MVOP, the Frequency Domain Model Validation Optimization Prob-

lem is introduced.

Problem 4.3.7 (FDMVOP). Let the uncertain model (4.2), a norm-bound γ(ωi), and

measurements W (ωi), Zm(ωi), ωi ∈ Ωval be given. Then, the FDMVOP amounts to

determining the minimum value of γ(ωi) such that ∃∆u(ωi) ∈ ∆c
u, V ∈ V(ωi), where

∆c
u is defined in (4.4) and V is a certain disturbance set, such that E(ωi) = 0.

In this chapter, a solution to the FDMVOP is provided. In the pursued approach,

the solution to the FDMVOP is obtained by performing a bisection over γ(ωi) and

solving the corresponding FDMVDPs.

4.4 Disturbance Modeling

As discussed in Section 4.3.3, an essential step in remedying the ill-posedness of the

model validation problem is the determination of a suitable disturbance model. A

deterministic model validation procedure requires a deterministic disturbance model.

Estimating a deterministic disturbance model from data requires deterministic prior

assumptions regarding the data. Selection of accurate deterministic assumptions re-

garding signals is often considered difficult, e.g., outliers are not allowed in such cases.

Indeed, in many realistic situations, stochastic disturbance models are appropriate de-

scriptions for disturbances, as is shown in Ljung (1999b) and Pintelon and Schoukens

(2001), especially if the measurement length is large.

The nonparametric disturbance model is estimated based on mild stochastic as-

sumptions regarding the time domain signals. These assumptions lead to a frequency

domain disturbance model with certain favorable properties. In particular, the stochas-

tic disturbance model can be converted nonconservatively into a deterministic distur-

bance model by selecting a suitable confidence interval. This approach is based on

standard concepts from probability theory. A related approach for the single-variate
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situation can be found in Bayard (1993), see also De Vries and Van den Hof (1995).

The novelty of the proposed approach in this chapter is that it can deal with the

multivariate situation without restrictive assumptions on the disturbance model as in

Bayard and Hadaegh (1994). In addition, the disturbance model is directly compat-

ible with model validation for robust control. In this respect, the disturbance model

addresses an important gap in model validation procedures, since deterministic distur-

bance models have received inadequate attention in model validation procedures, even

though these are an essential ingredient in any model validation procedure that resorts

to measurement data from a physical system.

The entire estimation procedure involves nonparametric disturbance models. The

motivation for considering nonparametric disturbance models is twofold:

1. the model validation problem is performed at a discrete frequency grid ωi ∈ Ωval,

hence a nonparametric model suffices, and

2. nonparametric models can be estimated straightforwardly and accurately from

data, since a parametrization, model order selection, and numerical optimization

step are not required.

In the case of a parametric disturbance model is available prior to the validation ex-

periment, it can straightforwardly be converted into a nonparametric model, in which

case the proposed validation procedure can directly be applied.

In Section 4.4.1, a stochastic disturbance model is presented for the asymptotic case,

which is converted into a deterministic disturbance model in Section 4.4.2. Estimating

disturbance models from finite time data is discussed in Section 4.4.3.

4.4.1 Asymptotic Stochastic Disturbance Model

Consider the stochastic disturbance model

vs = Hoe, (4.19)

where e ∈ `nz
2 is a sequence of independent, identically distributed random vectors

with zero mean, unit covariance, and bounded moments of all orders, Ho ∈ RHnz×nz
∞ ,

and vs ∈ `nz
2 represents a stochastic disturbance assumed additive to the true system

output. Under this assumption, the following theorem applies, where Vs,N(ejωi) denotes

the DFT of vs, see Section 4.1.

Theorem 4.4.1. Consider vs given by (4.19). Then, for N →∞, Vs,N(ejωi) converges

in distribution to {
Nc(0, Cvs(ωi)) ωi 6= kπ, k ∈ Z,
N (0, 2Cvs(ωi)) ωi = kπ, k ∈ Z.

(4.20)

In addition, Vs,N(ejωi) and Vs,N(ejωj) are asymptotically independent for i 6= j, ωi, ωj ∈
[0, π].

Proof. The proof is based on the central limit theorem, see Brillinger (1975, Theo-

rem 4.4.1) and Pintelon and Schoukens (2001, Theorem 14.25).
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Throughout this chapter, only the case ωi 6= kπ, k ∈ Z is considered for notational

convenience. The derivation of the case ωi = kπ, k ∈ Z follows along similar lines. In

(4.20), Nc(0, Cv(ωi)) denotes the circular complex normal distribution, which is defined

next.

Definition 4.4.2 (Circular complex normal distribution). (Miller, 1974) For a com-

plex random vector z, the circular complex normal distribution Nc(mz, Cz) is defined

by its mean mz = E{z}, covariance matrix Cz = E{(z −mz)(z −mz)
∗}, Cz = C∗z ≥ 0,

and the property

E{(z −mz)(z −mz)
T} = 0. (4.21)

Throughout, the nondegenerate case is considered, i.e., Cz > 0. To interpret the

circularity property (4.21), let z = zr + jzi and assume mz = 0. Then, (4.21) becomes

E{zrz
T
r − ziz

T
i + j(zrz

T
i + (zrz

T
i )T )} = 0, (4.22)

implying that the auto-covariance of the real and imaginary part of z are equal and the

cross-covariance between the real and imaginary part of z is skew-symmetric. Skew-

symmetry implies that the real and imaginary parts of each element z are uncorrelated.

However, correlation between the real and imaginary part of distinct elements of z may

be present. Due to the circularity property (4.21), correlation between the elements of

z may be removed by introducing the coordinate transformation

z̃ = T ∗z z. (4.23)

In (4.23), Tz follows from the eigenvalue decomposition

Cz = TzΣzT
∗
z , (4.24)

where TzT
∗
z = T ∗z Tz = I and Σz is a diagonal matrix. As a result,

E{z̃} = T ∗zmz, (4.25)

E{(z̃ −mz̃)(z̃ −mz̃)
∗} = T ∗zCzTz = Σz, (4.26)

hence z̃ ∼ Nc(mz̃,Σz) and thus the elements of z̃ are independent, circularly com-

plex normally distributed random variables. Subsequently, introduce the coordinate

transformation

¯̃z = Σ
− 1

2
z z̃, (4.27)

yielding

E{(¯̃z −m¯̃z)(¯̃z −m¯̃z)
∗} = Σ

− 1
2

z T ∗zCzTzΣ
− 1

2
z = Inz , (4.28)

hence

¯̃z ∼ Nc(m¯̃z, Inz). (4.29)

The following result is useful in further derivations.
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Lemma 4.4.3. Let zi ∈ N (0, 1), i = 1, . . . , k. Then,
∑k

i=1 z
2
i ∼ χ2(k).

The result of Lemma 4.4.3, where χ2(k) denotes the χ2 distribution with k degrees

of freedom, is standard and can be found, e.g., in Ljung (1999b). The following propo-

sition regarding circularly complex normally distributed random vectors is useful for

converting the stochastic disturbance model into a deterministic disturbance model in

Section 4.4.2.

Proposition 4.4.4. Let ¯̃z be a circularly complex normally distributed random vector

with unit covariance, i.e., ¯̃z ∈ Nc(0, Inz) and α ∈ [0, 1). Then,

P(σ̄(¯̃z) <
√

1
2
cχ) = α, (4.30)

where cχ denotes the α-probability level of the χ2(2nz)-distribution, i.e., α = χ2
cχ

(2nz).

See Appendix 4.A for a proof of Proposition 4.4.4.

The result of Proposition 4.4.4 can be applied for each ωi ∈ Ω. Specifically, intro-

duce the coordinate transformation

Ṽs,N(ejωi) = T ∗V (ωi)Vs,N(ejωi), (4.31)

where T ∗V (ωi) is obtained from an eigenvalue decomposition of Cvs(ωi) for each ωi. As

a result of the transformation,

Ṽs,N(ejωi) ∈ Nc(0,Σs,N(ωi)), (4.32)

where Σs,N = diag(σ2
1, σ

2
2, . . . , σ

2
nv

). Next, define the transformation

¯̃Vs,N = Σ
− 1

2
s,N Ṽs,N , (4.33)

hence

¯̃Vs,N ∼ Nc(0, I). (4.34)

In the next section, this transformation is exploited for each ωi ∈ Ω in conjunction

with the result of Proposition 4.4.4 to convert the stochastic disturbance model into a

deterministic one.

4.4.2 Deterministic Disturbance Model

Circularity of the theoretical stochastic disturbance model in Theorem 4.4.1 in conjunc-

tion with Proposition 4.4.4 provides an opportunity to accurately convert the stochastic

model into a deterministic one.

The first step is to select a certain probability level α ∈ [0, 1). Next, let

¯̃Vq(ωi) :=
√

1
2
σ2

q (ωi)cχ (4.35)
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and

¯̃V (ωi) :=


¯̃V1(ωi) 0

¯̃V2(ωi)
. . .

0 ¯̃Vnz(ωi)

 . (4.36)

In addition, define the perturbation structure

∆c
v,d =

{
∆c

v,d|∆
c
v,d ∈ Cnz×1

}
(4.37)

and the set

Ṽd(ωi) =
{

¯̃V (ωi)∆
c
v,d|∆

c
v,d ∈ B∆c

v,d

}
, (4.38)

in which case

Ṽd(ωi) ∈ Ṽd(ωi) (4.39)

constitutes a deterministic L∞ norm-bounded disturbance model in the transformed

coordinates. In the original coordinates,

Vd(ωi) ∈ Vd(ωi) (4.40)

constitutes a deterministic L∞ norm-bounded disturbance model, where

Vd(ωi) =
{
TV (ωi)

¯̃V (ωi)∆
c
v,d|∆

c
v,d ∈ B∆c

v,d

}
. (4.41)

This disturbance model (4.40), (4.41) is computed for each frequency ωi ∈ Ωval and is

employed in the model validation procedure as discussed in the subsequent sections.

Note that due to the conversion from stochastic to deterministic bounds, V (ωi) ∈ V(ωi)

with probability α. In contrast to the approach in Oomen and Bosgra (2008a) and

Oomen and Bosgra (2009), the results in this section exclude correlation between the

different elements of the disturbance vector. This is due to the fact that Proposi-

tion 4.4.4 is stated for a complex vector instead of complex variables that are subse-

quently applied elementwise in Oomen and Bosgra (2008a) and Oomen and Bosgra

(2009). As a consequence, the perturbation (4.37) becomes unstructured, which will

turn out to be advantageous from an algorithmic perspective in Section 4.6. Note that

correlation between different frequencies of V (ωi) is allowed. However, in Section 4.5,

it is shown that the disturbance contribution vanishes. Hence, the optimism decreases

with increasing validation measurement length.

4.4.3 Estimating Nonparametric Disturbance Models

The development of the disturbance model in the preceding sections requires knowledge

of Cvs(ωi), ωi ∈ Ωval. Assuming vs is additive to the output of Mo, zm is given by

zm = Mow + vs. (4.42)
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The approach to obtain statistical properties of vs is to keep w constant during repeated

experiments. Then, the deterministic contribution Mow in (4.42) is constant, whereas

vs will vary. Specifically, let nexp measurements be performed, each with validation

data length N . Applying the DFT for each period results in

Wr(ωi) = W (ωi), Zm,r(ωi), (4.43)

where r = 1, . . . , nexp and ωi ∈ Ω. In virtue of Theorem 4.4.1, E{Vs(ωi)} = 0, leading

to the unbiased estimator

Ĉvs(ωi) =
1

nexp − 1

nexp∑
r=1

(
(Zm,r(ωi)− m̂Zm(ωi)) · (Zm,r(ωi)− m̂Zm(ωi))

∗
)

(4.44)

m̂Zm(ωi) =
1

nexp

nexp∑
r=1

Zm,r(ωi), (4.45)

see Pintelon and Schoukens (2001, Section 14.3). The estimates in (4.44) and (4.45) can

be used in the results of the previous section, which were developed for the asymptotic

case for nexp → ∞. In the nonasymptotic finite time case, the distribution of the

estimated covariance matrix Ĉvs(ωi) should be incorporated in the derivations, as is

discussed in more detail in Appendix 4.B.

To obtain an efficient procedure for model validation, a periodic input signal w is

applied with periodN . Then, the estimator of (4.44) can be applied, where nexp := nper,

nper denoting the number of periods that have been measured. The same data set can be

used for nonparametric disturbance modeling and model validation. Transient effects

are outside the observation interval, which is formalized in the following assumption.

Assumption 4.4.5. If a periodic input w is applied with period N , then it is assumed

that Mow is periodic with period N .

4.5 Averaging in a Deterministic Framework

Model validation in a deterministic framework requires precautions to enforce indepen-

dence properties of the disturbance and the input. Specifically, irrespective whether a

deterministic or stochastic approach is pursued, the concept of a disturbance prohibits

a dependence of the disturbance on the applied input. Optimal solutions to determinis-

tic problems, however, typically correspond to situations where disturbances perfectly

correlate with the input, see, e.g., Hjalmarsson (1993). Building on the developments

in Section 4.4, a frequency response based approach enables a distinction between dis-

turbances and the deterministic response due to input signals. In particular, under

the mild assumptions that are required for the disturbance model in (4.41), it directly

results that v cannot contain periodic components. In fact, this is a direct consequence

of the stochastic model (4.19), where Ho ∈ RHnz×nz
∞ . This property is preserved when

the stochastic model is converted into a deterministic model, as is described in Sec-

tion 4.4.2. Hence, since v is nonperiodic, a distinction between v and u is obtained
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when u is periodic. This idea is developed further in this section. All developments

in this section rely on the deterministic disturbance model in Section 4.4.2 and are

independent of the possibly underlying stochastic model in Section 4.4.1.

Using (4.11) and (4.2), the uncertain model residual is given by

E(ωi) = Zm(ωi)−
(
Fu(M̂,∆u)W (ωi) + V (ωi)

)
, (4.46)

V (ωi) ∈ V(ωi). (4.47)

In the FDMVOP, the goal is to determine the minimum value of γ such that the

uncertain model is consistent with the data, i.e.,

E(ωi) = 0 ∀ωi ∈ Ωval. (4.48)

The argument ωi is omitted in further derivations for notational convenience. Hence,

all equations involve constant matrices. Assuming consistency, substituting (4.48) in

(4.46), and rearranging yields

Enom = M̂21∆u(I − M̂11∆u)
−1M̂12W + TV

¯̃V∆v, (4.49)

where the nominal model error is defined as

Enom := Zm − M̂22W. (4.50)

A key issue is that the nominal model error Enom depends on both the size and the

input direction of W . For a constant direction of W , a normalization is useful to assess

the model error for different input signals. In particular,

Ēnom :=
Enom

‖W‖2

=
M̂21∆u(I − M̂11∆u)

−1M̂12W

‖W‖2

+
TV

¯̃V∆v

‖W‖2

.

(4.51)

The interpretation of (4.51) is that for each set of validation data, the normalized

nominal model residual Ēnom has to be explained by the model uncertainty term

M̂21∆u(I − M̂11∆u)
−1M̂12W

‖W‖2

(4.52)

and the disturbance term

TV
¯̃V∆v

‖W‖2

. (4.53)

Although the disturbance contribution is essential, since it accounts for the fact that the

measurement Zm is contaminated by disturbances, it can result in an incorrect asymp-

totic estimation of the model uncertainty. Specifically, as is illustrated in Section 4.3.3,

the deterministic additive disturbance model as defined in (4.38) can explain a part of
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Ēnom that is actually caused by a systematic model error, leading to an underestimated

model uncertainty.

To show that averaging of disturbances can be enforced in a deterministic frame-

work, it is useful to transform the normalized nominal model error Ēnom into another

coordinate frame. Indeed, in general ∆u and ∆v are matrices. Hence, (4.51) involves

matrix multiplications. The structure of ∆v is exploited to decompose the computa-

tions into scalar components. Specifically, let

Ēnom
T ∗V

= T ∗V Ē
nom (4.54)

=
T ∗V M̂21∆u(I − M̂11∆u)

−1M̂12W

‖W‖2

+
¯̃V∆v

‖W‖2

. (4.55)

Hence the qth element of Ēnom
T ∗V

equals

Ēnom
T ∗V ,q =

aq(∆u)W

‖W‖2

+
¯̃Vqδv,q

‖W‖2

, (4.56)

where aq(∆u) equals the qth row of

T ∗V M̂21∆u(I − M̂11∆u)
−1M̂12 (4.57)

and ¯̃Vq is defined in (4.36), which is nonzero by the assumed nondegenerate distri-

bution in Section 4.4, and δv,q denotes the qth element of ∆v. Clearly, since matrix

compressions are norm non-increasing,

‖δv,q‖ ≤ ‖∆v‖ < 1, (4.58)

for q = 1, . . . nz. The following proposition is the main result of this section and reveals

that the model uncertainty contribution in the normalized nominal model error Ēnom

is invariant under change of the input, whereas the disturbance contribution is not.

Proposition 4.5.1. Consider the normalized nominal model error in transformed co-

ordinates (4.56) for a certain input W. If the input is changed to αW , α ∈ R+, then

this results in

Ēnom
T ∗V ,q =

aq(∆u)W

‖W‖2

+
¯̃Vqδv,q

α‖W‖2

. (4.59)

Hence, the model uncertainty contribution is invariant under change of α, whereas the

disturbance contribution is not.

Proof. Let the input W be changed to αW , α ∈ R+. Then,

Ēnom
T ∗V ,q =

aq(∆u)αW

‖αW‖2

+
¯̃Vqδv,q

‖αW‖2

. (4.60)

Applying the homogeneity property of norms to (4.60) yields (4.59). Clearly, the first

term in the right-hand-side of (4.59) that represents model uncertainty is invariant

under a change of α. Using the fact that δv,q is norm-bounded, i.e., σ̄(δv,q) < 1, the

second term in the right-hand-side of (4.59), i.e., the additive disturbance contribution,

decreases under an increase of α, completing the proof.
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Proposition 4.5.1 reveals that the freedom in the design of validation experiments

can be exploited to enforce averaging properties of deterministic disturbance models.

To illustrate this, assume that Assumption 4.3.3 holds. Then, by selecting an α > 1, it

is clear from (4.59) that the nominal model residual that can be attributed to distur-

bances decreases. Hence, for the model not to be invalidated, γ has to be increased.

In the asymptotic case, this leads to a correct quantification of the model error.

Finally, it is shown how the variable α can be increased in a frequency response-

based approach. Besides increasing the amplitude of the signals in the time domain,

the use of periodic input signals has a similar effect as is revealed by the following

lemma.

Lemma 4.5.2. Consider the periodic signal w(t) with period N and DFT of one period

WN(ωi). Then, the DFT for a measurement length of nperN , nper ∈ Z+, is given by

WnperN(ωi) =
√
nperWN(ωi), (4.61)

for ωi = 2πp
N

, p = 0, 1, . . . , N − 1.

Proof. The definition of the DFT directly yields

WN(ωi) =
1√
N

N∑
t=1

w(t)ejωit. (4.62)

Similarly,

WnperN(ωi) =
1√
nperN

nperN∑
t=1

w(t)ejωit (4.63)

=
nper√
nper

1√
N

N∑
t=1

w(t)ejωit (4.64)

=
√
nperWN(ωi), (4.65)

for ωi = 2πp
N

, p = 0, 1, . . . , N −1, which immediately gives the desired result (4.61).

Proposition 4.5.1 in conjunction with Lemma 4.5.2 reveals that the admissible con-

tribution of the disturbance term v in the normalized nominal model error Ēnom
T ∗V ,i de-

creases with a factor
√
nper if nper periods of the periodic signal w are applied. In this

sense, the deterministic disturbance averages out with a factor
√
nper if the validation

data length is increased with a factor nper.

4.6 Model Validation Test

4.6.1 Model Validation using H∞-Norm Bounded Operators based on Fi-

nite Time Data

Model validation on a discrete frequency grid, as is considered in the FDMVDP and

FDMVOP, does not directly yield a necessary and sufficient condition for model valida-

tion using H∞-norm bounded perturbations. In particular, if a model is invalidated for
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a certain ωi and γ(ωi), then clearly no ∆u, ‖∆u‖∞ < γ(ωi) exists, hence the FDMVDP

is a sufficient condition for model invalidation.

Necessity of the FDMVDP is straightforward if only one frequency ωi is considered,

since if for γ(ωi) the model is not invalidated, then clearly a certain constant matrix

∆u exists that satisfies ‖∆u‖∞ < γ(ωi), because a constant matrix is clearly in H∞. In

case a finite time data set containing multiple frequencies is used for model validation,

then model validation can be performed for a discrete set of frequencies. The issue

that is not addressed up to this point is how model validation over a finite number

of frequencies relates to H∞-norm-bounded operators that are defined over a contin-

uous frequency grid. To connect model validation over a discrete frequency grid and

H∞-norm-bounded operators, an interpolation may be invoked. Interpolation in the

frequency domain commonly leads to Nevanlinna-Pick interpolation problems. In fact,

the necessity part of the model validation for the robust control problem hinges on

the following Nevanlinna-Pick interpolation result, which characterizes the existence of

solutions to the right tangential Nevanlinna-Pick interpolation problem. This interme-

diate result is required for both sufficient and necessary conditions for model validation

over a discrete frequency grid in conjunction with H∞-norm-bounded operators, as will

be presented in Proposition 4.6.2.

Theorem 4.6.1. Given vectors Q(zi) ∈ Cnq×1, P (zi) ∈ Cnp×1, zi ∈ D, i = 1, . . . , N ,

where zi distinct and D denotes the open unit disc. Then, there exists an interpolating

function ∆̂u that is analytic in D satisfying

Q(zi) = ∆̂u(zi)P (zi), i = 1, . . . , N (4.66)

and supz∈∂D σ̄(∆̂) < 1, if and only if the Pick matrix with element (i, j) equal to

P (zi)
∗P (zj)−Q(zi)

∗Q(zj)

1− ziz̄j

(4.67)

is positive definite.

Proof. This result is well-known and is a special case of the Nudelman interpolation

problem, a proof of which can be found in Ball et al. (1990, Chapter 18).

Theorem 4.6.1 involves the tangential Nevanlinna-Pick interpolation problem, which

is a matrix generalization of the classical Nevanlinna-Pick interpolation result. Theo-

rem 4.6.1 refers to a right tangential problem due to the structure of (4.66).

Theorem 4.6.1 is not directly applicable to the model validation problem discussed

above for two reasons. Firstly, the space H∞ is defined as the space of functions

that are bounded on the unit circle and are analytic outside the unit circle instead

of inside, as is considered in Theorem 4.6.1. Secondly, the interpolation conditions in

frequency response-based model validation are given on the boundary of the region of

analyticity, i.e., zi = ejωi , ωi ∈ Ωval, which is a different case than the one considered

in Theorem 4.6.1.
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Figure 4.3: Transformation w = r
z decomposed as elementary mappings.

To deal with the model validation problem, consider the conformal mapping

w =
r

z
, (4.68)

where

r < 1. (4.69)

The transformation (4.68) is a special case of the bilinear or linear fractional trans-

formation, see Brown and Churchill (1996). The transformation is bijective, hence

a unique inverse transform exists. The key point is that the transformation can be

decomposed as two elementary mappings, as is illustrated in Figure 4.3. Specifically,

first the exterior of the unit disc is mapped onto the interior, i.e., the transformation
1
z
, see Figure 4.3 (a) and (b). Then, the unit disc is shrunk to a circle with radius r,

see Figure 4.3 (b) and (c).

Theorem 4.6.1 and (4.68) lead to the main result of this section, which is given by

the following proposition.

Proposition 4.6.2. A ∆u ∈ ∆u ⊆ RH∞ exists that satisfies the model validation

problem if and only if the FDMVDP results in a not invalidated model for all ωi ∈ Ωval,

where γ(ωi) = γ ∈ R.

Proof. (⇒) Observe that from the maximum modulus theorem, e.g., Zhou et al. (1996),

the H∞-norm can be evaluated on the boundary of analyticity, i.e.,

‖∆u‖∞ = sup
z∈∂D

σ̄ (∆u(z)) . (4.70)

From (4.70), it is clear that if ‖∆u‖∞ < γ, then σ̄ (∆u(ωi)) < γ, ∀ωi ∈ Ωval.

(⇐) First, define ∆̃u = 1
γ
∆, hence σ̄(∆̃u(ωi)) < 1, implying that there exist vectors

Q(ωi), P (ωi) such that

Q(ωi) = ∆̃u(ωi)P (ωi) (4.71)

and

‖Q‖2

‖P‖2

< 1. (4.72)
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Employing the nonnegativity property of norms yields

‖P‖2
2 − ‖Q‖2

2 > 0. (4.73)

The corresponding interpolation points are given by zi = ejωi . Application of the

transform (4.68) yields the interpolation points

wi = re−jωi , (4.74)

hence

wi ∈ D ∀ωi ∈ Ωval. (4.75)

In virtue of (4.75), the right tangential Nevanlinna-Pick interpolation problem applies

in the transformed domain. The corresponding Pick matrix, see (4.67), has diagonal

elements equal to

P (zi)
∗P (zi)−Q(zi)

∗Q(zi)

1− r2
. (4.76)

Using (4.73) in (4.76) and letting r → 1, the diagonal elements of the Pick matrix tend

to positive infinity. In contrast, the off-diagonal elements remain bounded. As a result,

the Pick matrix is positive definite. By virtue of Theorem 4.6.1, a ∆̃(w), analytic in

D, such that supw∈D σ̄
(
∆̃(w)

)
< 1, exists for a sufficiently large r. Using the inverse

transform of ∆̃u(w) using (4.68) implies that ∆̃u(z) is analytic outside the circle with

radius 1
r

and σ̄
(
∆̃u(z)

)
< 1 for z on this circle. Hence, ∆̃u(z) ∈ RH∞, ‖∆̃u(z)‖∞ < 1.

As a consequence, ∆u(z) ∈ RH∞, ‖∆u(z)‖∞ < γ exists, which completes the proof.

Proposition 4.6.2 implies that frequency response-based model validation on a dis-

crete frequency grid provides a necessary and sufficient test for model validation using

H∞-norm based perturbation blocks, which are defined on a continuous frequency grid.

Note that the interpolating function need not be explicitly constructed for the model

validation problem, hence the result of Proposition 4.6.2 does not introduce computa-

tional requirements.

The following remarks are appropriate.

Remark 4.6.3. Proposition 4.6.2 is stated for the case γ is a constant. The result

can be generalized directly to the case of a frequency-dependent γ, as is generally the

outcome of the FDMVOP. In particular, in case a frequency dependent bound γ(ωi)

is obtained on a discrete frequency grid ωi ∈ Ωval, then a bistable weighting filter can

be constructed that overbounds these values for each block of ∆u, see (4.3) and (4.4),

e.g., using the approach in Scheid and Bayard (1995). Subsequently absorbing these

weighting filters into M̂ implies that the result of Proposition 4.6.2 applies directly.

Remark 4.6.4. Interpolation on ∂D is also called boundary Nevanlinna-Pick interpo-

lation, see Ball et al. (1990, Chapter 21). The implications for model validation have
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already been observed in Boulet and Francis (1994), Boulet and Francis (1998), Chen

(1997), and Chen and Gu (2000). The formulation in this section is different in the

sense that a strict inequality is considered, see (4.5) and (4.6). If this is not assumed,

the existence of an interpolating function that is analytic in D requires additional work,

since the diagonal elements of the Pick matrix (4.67) depend on angular derivatives,

see Sarason (1998) and Ball et al. (1990). In fact, a relation between the strict and

nonstrict inequality case can be established, see, e.g., Vidyasagar (1985, Page 203).

4.6.2 Solution to the FDMVDP

In this section, a solution to the FDMVDP is provided. The FDMVDP amounts

to verifying consistency of the model with the data at each frequency ωi ∈ Ωval. The

argument ωi is omitted to facilitate the notation. The consistency equation, i.e., E = 0,

using (4.11), (4.2), and (4.41), becomes

0 = Zm −Fu(M̂,∆u)W − TV
¯̃V∆v, (4.77)

where

∆u ∈ ∆u, (4.78)

∆v ∈ B∆v, (4.79)

see Figure 4.4. Next, selecting a scalar input equal to one and rearranging yields the

implicit LFT of Figure 4.5, i.e., an LFT with an input equal to one and an output

equal to zero.

By linearity, Figure 4.5 corresponds to the implicit LFT

Fu(M̄, ∆̄)α = 0, (4.80)

where

M̄ =

 0 0 1

0 γM̂11 M̂12W

−TV
¯̃V −γM̂21 Zm − M̂22W

 , (4.81)

∆̄ ∈ B∆̄, (4.82)

∆̄ =

{[
∆v 0

0 ∆u

] ∣∣∆v ∈ ∆v,∆u ∈ ∆u

}
, (4.83)

and α ∈ C\0. In (4.81) and (4.82), the norm of ∆u, i.e., γ, is absorbed into M̄ . By

manipulating the consistency equation (4.77) to the block diagram in Figure 4.6, the

FDMVDP is recast as the existence condition of signals that satisfy the LFT (4.80).

This resembles the structured singular value, see Packard and Doyle (1993) for a defi-

nition, which involves the existence of nonzero signals that satisfy the loop equations of

an autonomous feedback system. The existence analysis of nonzero signals that satisfy

the loop equations of the implicit LFT in Figure 4.6 motivates a generalization of the

structured singular value. The structured singular value, see, e.g., Packard and Doyle

(1993), is summarized next.
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Figure 4.4: Consistency in the FDMVDP.
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Figure 4.6: Implicit LFT.
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Intermezzo 4.6.5 (Structured Singular Value). Consider the Ms,∆s interconnection

in Figure 4.7, where ∆s ∈ ∆s, and ∆s is defined in analogy to (4.3) and (4.4). In

addition, let the structured singular value µ∆s(Ms) be defined as

µ∆s(Ms) :=
1

min{σ̄(∆s)|∆s ∈ ∆s, det(I −∆sMs) = 0}
, (4.84)

unless no ∆s ∈ ∆s results in det(I −∆sMs) = 0, in which case µ∆s(Ms) := 0.

Next, observe that the loop equations in Figure 4.7 equal

ps = Msqs (4.85)

qs = ∆sps (4.86)

hence

qs = ∆sMsqs. (4.87)

Rearranging yields

(I −∆sMs)qs = 0. (4.88)

Clearly, if ∆s ∈ ∆s, σ̄(∆s) <
1

µ∆s (Ms)
, then

det(I −∆sMs) 6= 0 ⇒ (4.89)

Ker(I −∆sMs) = 0,∀∆s ∈ ∆s, σ̄(∆s) <
1

µ∆s(Ms)
, (4.90)

in which case the only solution that satisfies the equations corresponding to Figure 4.7

is the trivial solution qs = 0. In contrast, if σ̄(∆s) ≥ 1
µ∆s (Ms)

, then there exists a

∆ ∈ ∆s such that

det(I −∆sMs) = 0 ⇒ Ker(I −∆sMs) 6= 0. (4.91)

Hence, infinitely many signals qs exist for which the equations are satisfied for some

∆s ∈ ∆s, σ̄(∆s) ≥ 1
µ∆s (Ms)

. This interpretation of the structured singular value enables

its use in stability analysis. In particular, if Ker(I − ∆sMs) 6= 0, then there exist

infinitely large signals, e.g., measured in `2 norm, satisfying the loop equations, which

is related to instability.

Similar to the autonomous feedback system of Figure 4.7, the existence of nonzero

signals that satisfy the loop equations is relevant in case of the implicit LFT of Fig-

ure 4.6. This motivates the following generalization of the structured singular value

for implicit systems, as is defined in Paganini and Doyle (1994).

Definition 4.6.6 (Generalization of the structured singular value). Given complex

matrices M,N of appropriate sizes, µ̄∆̄(M,N) is defined as

µ̄∆̄(M,N) :=

(
min

∆̄
{σ̄(∆̄)|∆̄ ∈ ∆̄,Ker

(
I − ∆̄M

N

)
6= 0}

)−1

, (4.92)

unless Ker

(
I − ∆̄M

N

)
6= 0,∀∆̄ ∈ ∆̄, in which case µ̄∆̄(M,N) := 0.
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∆s

Ms

psqs

Figure 4.7: LFT: Structured Singular Value.

The definition of µ̄∆̄(M,N) leads to the main result of this section, which is a

necessary and sufficient test for the FDMVDP.

Proposition 4.6.7. In the FDMVDP, the model is not invalidated if and only if

µ̄∆̄(M̄11 − M̄12X̄22M̄21, M̄21 − M̄22X̄22M̄21) > 1, where X̄22 is a matrix that satisfies

X̄22M̄22 = I.

For a proof, see Appendix 4.C. The following remarks are relevant.

Remark 4.6.8. Assumption 4.3.3 and (4.81) imply that X̄22 exists.

Remark 4.6.9. Assumption 4.2.2 implies that the LFT (4.80) is well-posed.

Remark 4.6.10. The implicit LFT (4.80) can be recast as an autonomous feedback

interconnection, in which case certain blocks of ∆̄ are lower-bounded in norm, whereas

other blocks are upper-bounded in norm. This leads to a different generalization of the

structured singular value, e.g., as obtained in Newlin and Smith (1991) and Newlin

and Smith (1998).

Remark 4.6.11. The result of Proposition 4.6.7, which relies on an extension of the

structured singular value, is valid for MIMO systems. In contrast, the approach in Ku-

mar and Balas (1994), also taken in Crowder and de Callafon (2003), requires invert-

ibility of a certain linear fractional transformation, resulting in a standard structured

singular value test and applicability to MISO systems only. In fact, the approach in

Kumar and Balas (1994) and Crowder and de Callafon (2003) is recovered as a special

case of Proposition 4.6.7 by observing that in the MISO case, M̄21 − M̄22X̄22M̄21 = 0.

Hence, in this case the generalized structured singular value µ̄ coincides with the struc-

tured singular value µ.

Remark 4.6.12. The computational complexity of µ̄ is comparable to µ, which is

proven to be NP-hard, see Toker and Özbay (1998). Upper and lower bounds for µ̄

have been suggested in Paganini and Doyle (1994) and are implemented in Balas et al.

(2007). Let µ̄u denote an upper bound of µ̄. Then, testing whether the upper bound µ̄u ≤
1 is a sufficient but not necessary condition for model invalidation. Hence, replacing

µ̄ in Proposition 4.6.7 by its upper bound µ̄u generally leads to a slight increase of the

optimism in the approach. Similar to the structured singular value, see Doyle (1982),

it can be shown that the upper bound of µ̄u > 1 is exact in certain cases. Specifically, if
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the uncertainty block has limited complexity, including the case where ∆̄ contains two

complex blocks, then the test using the upper bound is both necessary and sufficient. The

latter case arises in the model validation problem, e.g., when unstructured perturbations

∆u are considered, see (4.83).

4.7 Example 1

In this section, an example is provided to illustrate 1. the estimation of nonparametric

disturbance models, 2. the FDMVOP, and 3. the averaging properties in an optimistic,

deterministic model validation.

The considered true system Mo and model M̂ , see (4.42) and (4.2), are given by

Mo =

[
1 0.1

−0.1 1

]
, M̂ =

[
02×2 I2
I2 I2

]
, (4.93)

respectively, i.e., both are static MIMO systems and M̂ is equipped with an unweighted,

unstructured additive perturbation model, see Skogestad and Postlethwaite (2005, Sec-

tion 8.2.3) for details. The true disturbance system Ho, see (4.19), is dynamic and is

defined by the state-space realization

Ho =

 0.1 1 1

0.45 0.5 0.5

0.225 0.25 1.25

 . (4.94)

The FDMVOP, i.e., Problem 4.3.7, is considered for one frequency, i.e., ωi = 0.4π,

and one input direction. Hence, the input w is defined as

w(t) = 0.4
[
1 1

]T
sin (ωit) . (4.95)

To illustrate accuracy of the estimator (4.44), validity of the circularity condition (4.21),

and averaging properties of the deterministic disturbance model, see Section 4.5, the

model validation problem is considered for nper = {10, 100, 1000, 10000}.
The first step in the model validation problem is the estimation of the nonpara-

metric disturbance model for frequency ωi. The 2-norm of the difference between the

estimator (4.44) and the theoretical limit for N → ∞ of Cvs(ωi), which is given by

Cvs(ωi) = Ho(ωi)H
∗
o (ωi), is depicted in Figure 4.8. It is concluded that the error of

the estimator converges to zero for increasing nper. Additionally, a similar estimator

as (4.44) is used to verify the circularity condition (4.21). The 2-norm of the estimate

is depicted in Figure 4.8. Clearly, the circularity condition is satisfied for sufficiently

large nper.

Next, the estimate Ĉvs(ωi) is used to construct a deterministic disturbance model

as described in Section 4.4.2. Then, the minimum value of γ is determined such that

the uncertain model is not invalidated by the data using the approach in Section 4.6.

The results for varying nper are depicted in Figure 4.9. For nper = 10, γ = 0, implying
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Figure 4.8: Simulation results corresponding to the example in Section 4.7: ‖Ĉvs(ωi) − Cvs(ωi)‖2
(black solid, ×), circularity condition (gray solid, ◦).

10
1

10
2

10
3

10
4

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

σ̄
(∆

(ω
))

nper

Figure 4.9: Simulation results corresponding to the example in Section 4.7: true model error (black
solid), γ (gray solid, ◦).



122 Chapter 4. A Well-Posed Deterministic Model Validation Framework

that there are no indications in the data set that the nominal model is incorrect,

i.e., the nominal model error can be fully attributed to disturbances. By increasing

nper, γ converges to the value σ̄(Mo − M̂22) = 0.1 for this input direction. Hence,

by an appropriate input design in conjunction with a nonparametric, deterministic

disturbance model, averaging properties of disturbances are achieved in a deterministic

framework, leading to a correct asymptotic estimation of model uncertainty.

4.8 Example 2

In this section, the theory of the preceding sections is illustrated by means of a sim-

ulation example. Specifically, nonparametric estimation of deterministic disturbance

models is illustrated, averaging properties of deterministic disturbance signals with

respect to the input are shown, and the FDMVOP is illustrated.

4.8.1 Setup

Consider the unstable true SISO system

y = Pou+Hoe, Po =
0.98

z − 1.1
Ho =

0.98

z − 0.7
, (4.96)

which is operating in feedback by the stabilizing controller C = 0.8. The goal is to

validate the stable model

P̂ =
1

z − 0.9
, (4.97)

i.e., to determine the minimum size of ∆ such that the uncertain model is consistent

with the data. Since both P̂ and C are stable and minimum phase, {P̂ , 1} and {C, 1}
are an RCF of P̂ and C, respectively. Hence, M̂ can be computed directly using (4.10).

The input signal is equal to [
r2(t)

r1(t)

]
=

[∑nω

ωi=1 sin(ωit)

0

]
, (4.98)

where ωi ∈ Ωval, N = 100, and

Ωval =

{
2π20

N
,
2π25

N
,
2π30

N
,
2π35

N
,
2π40

N
,
2π45

N

}
. (4.99)

The first 1000 measurement periods are discarded such that Assumption 4.4.5 is valid.

4.8.2 Results

In this section, the results of the model validation procedure are presented. To interpret

the results, different validation data lengths are compared, i.e., nper ∈ {100, 1000,

10000}, which are compared with the true value, see (4.96).
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Figure 4.10: Simulation results corresponding to the example in Section 4.8: true model error (black
solid), estimated deterministic disturbance model ¯̃V1(ωi) for nper = 100 (gray solid, ◦),
validation result for nper = 1000 (black dashed, �), validation result for nper = 10000
(gray dashed, �).

The first step in the model validation procedure is the estimation of the deter-

ministic disturbance model, as described in Section 4.4. The results are depicted in

Figure 4.10. Clearly, the deterministic disturbance model converges to the true value

for increasing values of nper.

In Figure 4.11, the results of the FDMVOP are depicted for different values of nper.

In addition, the true systematic modeling error is depicted, which is given by the dual-

Youla-Kučera parameter. At frequencies ωi ∈ Ωval, an increase of the validation data

length results in an increased norm bound of the uncertainty and converges from below

to the true value. This is exactly the expected averaging of deterministic disturbances

in an optimistic model validation setting.

4.9 Concluding Remarks

In this chapter, research item VI as mentioned in Section 1.7 is addressed. A model val-

idation procedure for robust control is presented that resolves ill-posedness in existing

approaches, see Section 1.5.3 for an overview of such approaches, and delivers cor-

rect asymptotic disturbance and uncertainty models. Analysis of existing procedures

reveals that the notion of a disturbance should be appropriately defined to enable a

separation of disturbances and model uncertainty in a systematic manner.
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Figure 4.11: Simulation results corresponding to the example in Section 4.8: true model error (black
solid), results of model validation optimization problem for nper = 100 (gray solid, ◦),
validation result for nper = 1000 (black dashed, �), validation result for nper = 10000
(gray dashed, �).

The proposed approach relies on the assumption that the disturbance has a non-

periodic character, which is a suitable assumption in many real-life systems. In this

case, a novel, multivariable, nonparametric, deterministic disturbance model can be

identified from data by exploiting the freedom in the design of validation experiments,

particularly by selecting a periodic input signal.

Averaging properties of disturbances are established in a deterministic framework,

which are again obtained by exploiting the freedom in the design of validation exper-

iments. These averaging properties are established in a deterministic framework and

do not rely on stochastic models, as is encountered, e.g., in the prediction error frame-

work, to enforce independence of signals. As a result of these averaging properties, the

presented model validation for robust control procedure results in correct asymptotic

results.

The presented frequency response based approach that uses finite time data and

hence a discrete frequency grid, provides necessary and sufficient conditions for H∞-

norm bounded perturbation models that are defined over a continuous frequency grid.

This is achieved by exploiting a result from interpolation theory. As a result, the in-

volved computations require the solution of several matrix problems, the dimensions

of which are invariant under a change of the measurement length. This leads to a

computationally tractable procedure for large data lengths. In addition, the approach

is applicable to closed-loop systems, enabling implementation in, e.g., iterative identi-
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fication and control design approaches, see Albertos and Sala (2002) for an overview

of such methods.

The presented approach is illustrated in two simulation examples, revealing that it

yields correctly estimated disturbance and uncertainty models. In addition, in Chap-

ter 5, Chapter 6, and Chapter 7, it is shown that the presented model validation

procedure delivers useful disturbance and uncertainty models in several representative

control applications.

For a successful implementation of the presented procedure, the following aspects

are relevant. In the derivation of the deterministic disturbance model, a parameter

α is present that results from a certain confidence bound. The resulting freedom in

the choice of this parameter commonly appears in approaches that derive deterministic

bounds based on stochastic assumptions, see, e.g., Hjalmarsson (2005) for an overview

of such methods. In practical applications, it is suggested to choose α close to 1, e.g.,

by choosing a 95 % or 99 % confidence interval. In this case, a poor data set will gener-

ally not result in an overestimated model uncertainty, which is desirable from a model

validation perspective. A high quality data set in turn typically corresponds to a large

time interval, allowing the disturbance to average out, resulting in a realistically esti-

mated systematic model uncertainty. In this context, it should be remarked that there

is always a leap of faith in system identification and model validation as is discussed in

Hjalmarsson (2005), since one can never guarantee that a realistic system is in a model

set based on finite time data. In this respect, the proposed model validation approach

can be employed to increase confidence in the uncertain model and hence reduce the

involved leap of faith.

The model validation procedure provides necessary and sufficient conditions for

validation of H∞-norm bounded operators using only finite time data. Although the

model validation procedure thus provides conclusions for a continuous frequency grid,

the model quality is only investigated for a discrete frequency grid. In case these fre-

quencies correspond to the frequencies that are used for identification, then the model

error in between these frequencies can be significantly worse. Therefore, it is recom-

mended to investigate different frequency grids in model validation. Essentially, in a

frequency response-based validation approach, a data set containing different frequen-

cies constitutes an independent data set.

As is discussed in the example, model validation for multivariable systems results

in a validated model for a particular input direction. To validate the entire model,

multiple validation experiments have to be performed such that the entire input space

is spanned. A similar condition arises in the frequency domain identification of mul-

tivariable systems, e.g., as is shown in Pintelon and Schoukens (2001). In addition,

the structure of ∆ in the multivariable situation requires further research. In fact,

imposing structure implies that uncertainty can be attributed to different blocks of the

perturbation model, hence introducing a trade-off.

The resulting frequency dependent value of the FDMVOP can be used for uncer-

tainty modeling by overbounding it for each block of ∆u by a bistable transfer function,
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e.g., Scheid and Bayard (1995). In addition, the disturbance model that is the result

of the model validation procedure is useful to design controllers with improved distur-

bance rejection properties.

4.A Proof of Proposition 4.4.4

Proof. Define [
¯̃zr

¯̃zi

]
=

[
<(¯̃z)

=(¯̃z)

]
∈ R2nz×1, (4.100)

i.e., ¯̃z = ¯̃zr + j ¯̃zi. Due to the circular complex normal distribution,

E{zrz
T
r } = E{ziz

T
i } =

1

2
E{zz∗} =

1

2
Inz , (4.101)

in addition, ¯̃zr and ¯̃zi are independent. Hence,[
¯̃zr

¯̃zi

]
∼
(

0,
1

2
I2nz

)
, (4.102)

in which case the probability that[
¯̃zr

¯̃zi

]T

2I2nz

[
¯̃zr

¯̃zi

]
< cχ (4.103)

is given by α, where cχ denotes the α-probability level of the χ2(2nz)-distribution, i.e.,

α = χ2
cχ

. Equation (4.103) is equal to

nz∑
q=1

( ¯̃zr,q)
2 + ( ¯̃zi,q)

2 <
1

2
cχ, (4.104)

where ¯̃zr,q and ¯̃zi,q denote the qth element of ¯̃zr and ¯̃zi, respectively. Next, observe that

a vector ¯̃z can be written as the singular value decomposition[
¯̃zr

¯̃zi

]
= U

[
σ̄

0

]
v, (4.105)

where UUT = UTU = I, v2 = 1, and σ̄ ∈ R+, where the argument of σ̄ is omitted since

σ̄

([
¯̃zr

¯̃zi

])
= σ̄(¯̃z). (4.106)

Hence, [
¯̃zr

¯̃zi

]T [ ¯̃zr

¯̃zi

]
= v

[
σ̄

0

]T

UTU

[
σ̄

0

]
v = σ̄2. (4.107)
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Substitution of this result in (4.104) yields

σ̄2 <
1

2
cχ, (4.108)

hence

σ̄ <

√
1

2
cχ, (4.109)

which completes the proof.

4.B Estimating Nonparametric Disturbance Models: Finite

Time Results

In the nonasymptotic finite time case, the estimates in (4.44) and (4.45) should be

reconsidered, since these estimates were developed for the asymptotic case for nexp →
∞. In the nonasymptotic finite time case, the distribution of the estimated covariance

Ĉvs(ωi) matrix should be incorporated in the derivations. Specifically, the estimated

covariance matrix Ĉvs(ωi) is distributed as in Goodman (1953):

Ĉvs ∼ Wc
nz

(
nexp − 1,

1

nexp − 1
Cvs

)
, (4.110)

where Wc
n(k, C) denotes the complex Wishart distribution of dimension n, degrees-of-

freedom k, and covariance matrix C. In addition, the estimates in (4.44) and (4.45) are

statistically independent. To show that for a sufficiently large nexp, the distribution of

Ĉvs(ωi) can be ignored, the following lemma is useful.

Lemma 4.B.1. Consider a complex vector Vs ∈ Nc(0, Cv) and estimates (4.44) and

(4.45). Then,

P(|Vs,i| <
√
Ĉvs,iicF ) = α, (4.111)

where cF denotes the α-probability level of the F (2, 2(nexp − 1))-distribution and Vs,i

denotes the ith element of Vs.

Proof. Let Ui denote the vector

Ui =
[
0 . . . 1 . . . 0

]
, (4.112)

where the ith element is equal to 1. Then,

Ĉvs,ii = UiĈvsU
T
i ∼

1

2

1

nexp − 1
Cvs,iiχ

2(2(nexp − 1)), (4.113)

where use is made of the results in Capon and Goodman (1970) and Brillinger (1975).

Next, proceeding along similar lines as in Proposition 4.4.4 for the scalar case,

V 2
s,i,r + V 2

s,i,i

1
2
Cvs,ii

∼ χ2(2), (4.114)
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where the additional subscripts i and r denote real and imaginary, respectively. Next,

observe that when Cvs,ii in (4.114) is replaced by its estimate Ĉvs,ii and scaled by a

factor 2, it yields

V 2
s,i,r + V 2

s,i,i

Ĉvs,ii

=

1
2

V 2
s,i,r+V 2

s,i,i
1
2
Cvs,i

1
2(nexp−1)

2(nexp−1)Ĉvs,i

Cvs,i

(4.115)

∼ F (2, 2(nexp − 1)), (4.116)

where use is made of the fact that if x ∼ χ2(d1), y ∼ χ2(d2), x, y independent, then

x/d1

y/d2

∼ F (d1, d2), (4.117)

where F (d1, d2) is the Fisher F distribution with d1 degrees-of-freedom in the numerator

and d2 degrees-of-freedom in the denominator. Finally, selecting a certain probability

α and rearranging yields the desired result (4.111).

Next, the following lemma is useful.

Lemma 4.B.2. Let z ∼ F (d1, d2), then limd2→∞ d1z ∼ χ2(d1).

Lemma 4.B.2 reveals that for nexp →∞, (4.116) becomes

2
V 2

s,i,r + V 2
s,i,i

Ĉvs,ii

∼ χ2(2), (4.118)

which is identical to (4.114). Hence, for sufficiently large nexp, as is typically encoun-

tered in model validation, the distribution of the covariance matrix can be discarded

for the elements of the vector Vs and the use of a χ2 distribution leads to accurate

results.

4.C Proof of Proposition 4.6.7

Proof. (⇒) First, observe that the equations corresponding to Figure 4.6 are given by

Q̄ = ∆̄P̄ , (4.119)

P̄ = M̄11Q̄+ M̄12α, (4.120)

0 = M̄21Q̄+ M̄22α, (4.121)

eliminating P̄ by substituting (4.120) into (4.119) yields

Q̄ = ∆̄M̄11Q̄+ ∆̄M̄12α, (4.122)

0 = M̄21Q̄+ M̄22α. (4.123)

From (4.123),

α = −X̄22M̄21Q̄. (4.124)
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Substitution in (4.122) and (4.123) yields(
I − ∆̄(M̄11 − M̄12X̄22M̄21)

)
Q̄ = 0, (4.125)(

M̄21 − M̄22X̄22M̄21

)
Q̄ = 0. (4.126)

Next, suppose that the model is not invalidated. Then, ∃Q̄, α 6= 0 that satisfy (4.125)

and (4.126). Since Q̄ 6= 0 by assumption, (4.125) and (4.126) imply that

Ker

[
I − ∆̄(M̄11 − M̄12X̄22M̄21)

M̄21 − M̄22X̄22M̄21

]
6= 0 (4.127)

for some ∆̄ ∈ B∆̄, which is equivalent to µ̄∆̄(M̄11−M̄12X̄22M̄21, M̄21−M̄22X̄22M̄21) > 1.

(⇐) Suppose µ̄∆̄(M̄11 − M̄12X̄22M̄21, M̄21 − M̄22X̄22M̄21) > 1. Then,

Ker

[
I − ∆̄(M̄11 − M̄12X̄22M̄21)

M̄21 − M̄22X̄22M̄21

]
6= 0 (4.128)

for a certain ∆̄ ∈ B∆̄. Fix ∆̄ to the particular value for which (4.128) holds. Then,

this implies that ∃Q̄ 6= 0 such that[
I − ∆̄(M̄11 − M̄12X̄22M̄21)

M̄21 − M̄22X̄22M̄21

]
Q̄ = 0 (4.129)

for the specific ∆̄ ∈ B∆̄. It remains to be shown that Q̄ 6= 0 ⇒ α 6= 0. From

(4.124), for a nontrivial Q̄, α = 0 if Q̄ ∈ Ker
(
X̄22M̄21

)
. Now suppose that indeed

Q̄ ∈ Ker
(
X̄22M̄21

)
. Then, (4.129) implies that Q̄ ∈ Ker

(
I − ∆̄M̄11

)
for this particular

∆̄ ∈ ∆̄. However, using (4.81) and Assumption 4.2.2, Ker(I − ∆̄M̄11) 6= 0, which is a

contradiction. Hence, Q̄ 6= 0 ⇒ α 6= 0, which completes the proof.
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Chapter 5

Next-Generation Industrial Wafer Stage

Motion Control via System Identification

and Robust Control

5.1 High Performance Wafer Stage Motion Control

Wafer stages are high precision motion systems that are used to position the wafer

with respect to the imaging optics in wafer scanner equipment, as is discussed in

Chapter 1. Besides the ever-increasing demands with respect to speed and accuracy,

next-generation wafer stages have to operate contactless due to the required vacuum

operation as is argued in Section 1.1.

In this chapter, feedback control design for a next-generation industrial wafer stage

system is investigated. The system has six motion degrees-of-freedom and is actuated

by means of a planar motor, as is explained in Section 1.2. The system contains

dominant flexible dynamical behavior in frequency ranges that are relevant for control

design.

The contributions of this chapter are fourfold. As a first contribution, feedback

performance is obtained through a model-based robust control design. Motion control

for the translational degrees-of-freedom in the horizontal plane is considered, i.e., two

inputs and two outputs in the x-direction and y-direction are used in the control design.

The system is inherently multivariable. As a consequence, a multivariable dynamical

model is identified of reproducible, hence certain, relevant linear dynamical behavior.

In addition, the model is complemented by a description of model uncertainty. Specif-

ically, a control-relevant nominal model with model uncertainty structure is identified

using the results in Chapter 2. The predictive power of the model is subsequently

investigated using the validation-based uncertainty modeling procedure in Chapter 4.

As a consequence of the fundamental results in Chapter 2 and Chapter 4, the resulting

control design is not unnecessarily conservative and high performance control can be
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achieved.

The second contribution involves a thorough analysis of numerical aspects in the

nominal model estimation step. Indeed, it is confirmed that the numerical conditioning

is a crucial aspect for the system identification of complex systems. Specifically, the

iterative algorithm suggested in Appendix A.1 is employed in this chapter. It is shown

that a commonly used monomial polynomial basis results in a numerically nonconver-

gent algorithm. The claim that the cause of this nonconvergence in the algorithm is

originated from the choice of basis functions is supported by the fact that the use of

data-based basis functions with respect to a weighted discrete inner product, as sug-

gested in Appendix A.2, results in convergence of the algorithm. In fact, the condition

number with this data-based basis remains close to one, leading to an almost optimal

conditioning throughout the iterations.

The third contribution of this chapter is an approach for performance monitoring in

a control-relevant setting. Indeed, a common problem with industrial high performance

motion systems is that these are subject to wear and aging. Using an approach based on

the results in Chapter 2 and Chapter 4, it is shown that the condition of the system can

be monitored in a control-relevant framework. Specifically, an approach is presented

that detects structural changes to the system and evaluates these with respect to the

control performance.

As a fourth contribution, a thorough analysis of position dependent dynamical be-

havior is presented. Indeed, positioning systems inherently have movable parts. This

can result in different mass distributions of the system, or different observation or ac-

tuation of the flexible dynamical behavior. In fact, this impact of position dependent

dynamics on the control design is tacitly omitted from the list of control design im-

plications in Section 1.3. Although position dependent controllers have already been

reported for high precision motion systems in Steinbuch et al. (2003) and Groot Wassink

et al. (2003), at present a thorough analysis of relevant performance limiting position

dependent dynamical behavior is lacking. Using a robust-control-relevant system iden-

tification in conjunction with a robust control design procedure, specifically using the

results in Chapter 2 and Chapter 4, the relevance of position dependent dynamics on

control performance is investigated and possible performance improvement is analyzed

when a position dependent controller is implemented.

This chapter is organized as follows. In Section 5.2, the experimental setup is elab-

orated on in detail and the general system identification and robust control design

approach that is pursued in this chapter is defined. In Section 5.3, a nominal model

in view of robust control design is identified. By confronting the model with new mea-

surements, its quality is quantified in Section 5.4, leading to a robust-control-relevant

model set. In Section 5.5, robust controllers are designed and it is experimentally con-

firmed that models of flexible dynamics enable a significant performance improvement.

In Section 5.6, a robust-control-relevant approach to performance monitoring is pre-

sented and evaluated on the experimental wafer stage setup. In addition, it is shown

that structural system changes that affect the system performance are effectively de-
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tected. In addition, the model is re-identified and the controller redesigned to adapt to

the structural change in the system. Then, in Section 5.7, a thorough analysis of po-

sition dependent behavior from a control perspective is presented. Finally, the results

obtained in this chapter are discussed in Section 5.8.

5.2 Problem Definition

5.2.1 System Description

The developed system identification and robust control design approach in Chapter 2

and Chapter 4 is confronted with the industrial prototype wafer stage system that is

depicted in Figure 5.1 and Figure 5.2. To enable a contactless operation, a moving-coil

synchronous permanent magnet planar motor is used. As a result, the motion system

consists of two parts. The first part is called the stator, which is a plate consisting of

an ordered array of permanent magnets. The second part is called the mover, which

constitutes the moving part of the wafer stage. Four so-called forcers are connected

to the mover, each consisting of three coils that are powered by a three-phase power

source. By means of an appropriate position dependent commutation of the coils,

well-defined and reproducible forcers are exerted on the wafer stage in all six motion

degrees-of-freedom. In view of (1.1), this results in an acceleration of the wafer stage.

Laser interferometers that are connected to a metrology frame in conjunction with a

mirror on the wafer stage enable a high accuracy position measurement in all six motion

degrees-of-freedom. Specifically, subnanometer measurement accuracy is available in

the translational degrees-of-freedom. Note that static input/output transformations

are implemented as part of the actuation and sensing system such that all six inputs

and outputs to the system correspond to the motion degrees-of-freedom. The feedback

controllers in this chapter are all implemented with a sampling frequency of 2.5 kHz.

In this chapter, only the translational degrees-of-freedom in the horizontal plane

are considered, hence the to-be-controlled system is multivariable with two inputs and

two outputs. These translational degrees-of-freedom correspond to the x-direction and

y-direction and are indicated in Figure 5.3. The other degrees-of-freedom are controlled

by low performance feedback controllers.

To enable experimentation with the wafer stage system, an initial stabilizing con-

troller Cexp with a bandwidth of approximately 40 Hz has already been implemented

for the relevant translational degrees-of-freedom. A Bode diagram of this controller is

provided in Figure 5.18 on page 158.

5.2.2 Towards Wafer Stage Robust Motion Control

The control goal in this chapter is the design of a feedback controller that results

in improved control performance. Hereto, consider, as in Chapter 2, the feedback

interconnection in Figure 5.4. Here, all signals have a component in x-direction and
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À

Â

Á

Figure 5.1: Experimental wafer stage system, where À: granite block, Á: mover, Â: airmount.

À
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Á
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Ä

Figure 5.2: Close-up of experimental wafer stage system, where À: mirror block, Á: mover, Â:
guardrail, Ã: magnet coil, Ä: stator.
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z

Figure 5.3: Schematic illustration of the wafer stage system.
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Figure 5.4: Feedback configuration for wafer stage application.

y-direction, i.e.,

r2 =

[
rx
2

ry
2

]
(5.1)

r1 =

[
rx
1

ry
1

]
(5.2)

y =

[
yx

yy

]
(5.3)

u =

[
ux

uy

]
. (5.4)

Similarly, the error signal e is defined as

e =

[
ex

ey

]
=

[
rx
2 − yx

ry
2 − yy

]
. (5.5)

Performance is quantified using the norm-based criterion

J (P,C) = ‖WT (P,C)V ‖∞ , (5.6)

where W and V are bistable and biproper weighting filters and T (P,C) is defined as

T (P,C) :

[
r2
r1

]
7→
[
y

u

]
=

[
P

I

]
(I + CP )−1

[
C I

]
. (5.7)

Besides the fact that the criterion in (5.6) enables the design of weighting filters that

closely resembles classical loopshaping techniques, the use of the H∞-norm enables the

explicit incorporation of model uncertainty to enforce robustness during the control

design, as is motivated in Section 2.2.1. Indeed, since the true system is unknown, the

optimal controller

Copt = arg min
C
J (Po, C) (5.8)

cannot be computed. Since the wafer stage application is too complex to be represented

exactly by means of a model, it is represented by a model set that satisfies

Po ∈ P , (5.9)
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see also Section 2.2.2. Throughout this chapter, the model set P is constructed by

considering a certain model perturbation ∆u around the nominal model P̂ , i.e.,

P =
{
P
∣∣P = Fu(Ĥ,∆u),∆u ∈ ∆u

}
. (5.10)

In this chapter, Ĥ contains the nominal model P̂ with two inputs and two outputs

in addition to the model uncertainty structure and associated weighting filters that is

elaborated on in detail in Section 5.4.1. In addition,

∆u =
{
∆u ∈ RH∞

∣∣∆u(e
jω) ∈ C2×2, ω ∈ [0, 2π)

}
, (5.11)

i.e., an unstructured model perturbation is employed. This is motivated by the fact

that the model uncertainty channels are scaled with respect to the control criterion

due to the specific choice of model uncertainty structure in Section 5.4.1. Associated

with P is the worst-case performance criterion JWC(P , C) which is defined in (2.7).

By minimizing the worst-case performance, i.e.,

CRP = arg min
C
JWC(P , C), (5.12)

it is guaranteed that

J (Po, C
opt) ≤ J (Po, C

RP) ≤ JWC(P , CRP), (5.13)

hence CRP is guaranteed to result in a certain performance when implemented on the

wafer stage system, which is the essence of robust control design. In contrast, the

worst-case performance for a nominal control design, i.e.,

CNP = arg min
C
J (P̂ , C), (5.14)

in which case the controller performs optimally for the nominal model P̂ , is arbitrary

and may even become unbounded, as will be shown later in this chapter.

5.2.3 System Identification for Robust Control

In the previous section, it is argued that the design of a robust controller for a certain

model set P is crucial to guarantee a certain performance when implementing a model-

based controller on the true system Po. Clearly, the actual shape of the model set P
crucially affects the guaranteed performance level, i.e., the achievable norm-bound in

(5.13). Indeed, although P is subject to the constraint in (5.9), there is freedom in the

choice of the nominal model P̂ and model uncertainty ∆u. The key question is which

properties the model set P should have to guarantee a nonconservative control design

CRP, i.e., to guarantee that the norm-bound in (5.13) is tight. Hereto, the problem

dual to (5.12) is formulated in Section 2.2.3, i.e., a robust-control-relevant model set is

obtained as the result of the optimization problem

min
P
JWC(P , Cexp), (5.15)

subject to the constraint in (5.9). In addition, Cexp in (5.15) is already introduced in

Section 5.2.1. As a result, the robust controller synthesis in (5.12) is guaranteed to

result in equal or improved worst-case performance compared to (5.15).
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5.2.4 Approach

In view of the developments in the previous section, a system identification and robust

control design approach is pursued for performance improvement of an experimental

wafer stage system. Thereto, robust-control-relevant model sets as discussed in Sec-

tion 5.2.3 are identified using the procedure in Chapter 2. Specifically, the following

steps are taken.

1. Identification experiments are performed while Cexp is implemented on the true

system Po.

2. A control-relevant nominal model P̂ is identified under closed-loop operating

conditions. The resulting model P̂ is internally structured as a certain coprime

factorization.

3. Model uncertainty ∆u is quantified in a particular robust-control-relevant coordi-

nate frame that is introduced in Chapter 2. As a result, a model set is constructed

that aims at minimizing JWC(P , Cexp) over P , see (5.15).

4. A robust controller is synthesized in (5.12), which is guaranteed to improve the

worst-case performance when compared to the identified system set P in Step 2

and Step 3.

The advantages of considering the specific model uncertainty structure of Chapter 2

in Step 3 are at least twofold. Firstly, it transparently connects the size of model un-

certainty and robust control, leading to a significantly lower worst-case performance

bound in (5.15) compared to prior results, as is exemplified in Section 2.5. Secondly,

it appropriately scales the model uncertainty channels in the multivariable case, which

enables the use of an unstructured model uncertainty block ∆u in (5.11) without in-

troducing an arbitrary amount of conservatism.

Note that the identified model set that results from Step 2 and Step 3 depends

on Cexp. In the case that the resulting performance is not satisfactory, then these

steps may be applied iteratively such that monotonous performance improvement is

obtained, see Section 2.2.3. By employing the results in Chapter 2, unnecessary con-

servatism is avoided. Consequently, a large performance improvement in one step can

be realized, typically rendering an extensive iterative procedure superfluous. Through-

out, the model set P will be constructed around nominal models of various orders to

investigate the potential performance improvement by explicitly modeling the flexible

dynamical behavior.

5.3 System Identification of a Nominal Model

5.3.1 Control-Relevant System Identification

In this section, a nominal model is identified. This nominal model P̂ in conjunction

with model uncertainty ∆u constitute a model set P(P̂ ,∆u). Robust-control-relevance

of this model set is obtained in case the model set aims at minimizing (5.15). As is

argued in Section 2.4.3, a suitable choice of a nominal model in this case is obtained
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as the minimizer in Definition 2.3.1, i.e.,

min
P̂

∥∥∥W(T (Po, C
exp)− T (P̂ , Cexp)

)
V
∥∥∥
∞
. (5.16)

In analogy to Proposition 2.3.13, the norm in (5.16) can be lower-bounded to formulate

a system identification criterion that enables the use of finite time data. Specifically,

determining

min
P̂

max
ωi∈Ωid

σ̄
(
W
(
T (Po, C

exp)− T (P̂ , Cexp)
)
V
)

(5.17)

subject to T (P̂ , Cexp) ∈ RH∞ (5.18)

involves the maximization of the lower bound of (5.16) for a certain discrete frequency

grid Ωid.

Clearly, (5.17) requires T (Po, C
exp) for ωi ∈ Ωid. The identification of T (Po, C

exp) is

investigated next. In addition, the frequency response function T (Po, C
exp) for ωi ∈ Ωid

also turns out to be useful for the design of weighting filters, which is the topic of

Section 5.3.3.

5.3.2 Nonparametric System Identification

The control-relevant identification in Section 5.3.1, specifically (5.17), requires the fre-

quency response function T (Po, C
exp) for ωi ∈ Ωid. Although T (Po, C

exp) constitutes

a closed-loop system, it can be identified using open-loop system identification ap-

proaches, since the input vector
[
rT
2 rT

1

]T
in fact is an external signal and is assumed

to be free of disturbances and noise. In Pintelon and Schoukens (2001), the use of

periodic, i.e., sum-of-sinusoids, signals for frequency domain identification has been

advocated. The main reason is that such input signals enable a reduction of the effect

of disturbances without introducing systematic errors. In addition, the use of periodic

inputs enables a straightforward combination of multiple measurements. Specifically,

the identification of T (Po, C
exp) for ωi ∈ Ωid for the wafer stage system is divided over

ten experiments, where the frequency grid is divided into five adjacent frequency ranges,

which are applied to each channel of r1, where r1 has dimension two, i.e., r1(t) ∈ R2×1.

For each experiment, Schroeder phases are chosen for the multisine components to

obtain a low crest factor, see Schroeder (1970).

To identify the frequency response function, the input vectors R<i>
1 ∈ C2×1 and

corresponding output vectors Y<i>
1 ∈ C2×1 and U<i>

1 ∈ C2×1 are obtained for ωi ∈ Ωid,

where the argument ωi is suppressed for notational reasons. Using periodic excitations,

an approach similar to Pintelon and Schoukens (2001, Section 2.7) can be pursued.

Specifically, by performing two experiments, i.e., i = 1, 2, and employing (5.7) yields[
Y<1> Y<2>

U<1> U<2>

]
=

[
Po

I

]
(I + CexpPo)

−1
[
R<1>

1 R<2>
1

]
. (5.19)
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As a result, a frequency response estimate for T (Po, C
exp) for a single frequency ωi ∈ Ωid

is obtained by [
Y<1> Y<2>

U<1> U<2>

] [
R<1>

1 R<2>
1

]−1 [
Cexp I

]
, (5.20)

provided that the matrix
[
R<1>

1 R<2>
1

]
indeed is invertible, which is achieved by an

appropriate experiment design. Hereto, the entire input space of r1 has to be spanned,

i.e., excitation has to be applied in both the x-direction and y-direction of r1. Due

to present limitations in the wafer stage application, the excitation in x-direction and

y-direction is applied sequentially in different experiments. In Guillaume et al. (1996),

it is shown that for the two input situation here, the elements of r1 have to be excited

simultaneously for crest factor improvement. The resulting frequency response function

is depicted in Figure 5.5. In Section 4.4.1, it is shown that the effect of disturbances on

the identified frequency response function is circularly complex normally distributed

under mild assumptions on the disturbance. It turns out that for frequencies that are

relevant for control, see Section 5.3.4, the resulting variance error is negligible. Hence,

confidence intervals, e.g., as suggested in Pintelon and Schoukens (2001), are omitted

from Figure 5.5.

5.3.3 Weighting Filter Design

The control criterion (5.6), and consequently also the control-relevant identification

criterion in (5.16) and (5.17), require weighting filters that specify the control require-

ments. As is discussed in Skogestad and Postlethwaite (2005, Chapter 9), roughly

speaking two approaches can be distinguished for weighting filter selection: 1. signal-

based and 2. loopshaping-based. In this section, a loopshaping-based procedure is

employed, where the desired loopshape is specified based on desired performance ob-

jectives while taking into account inherent tradeoffs in feedback control design, as is

discussed in, e.g., Doyle and Stein (1981) and Skogestad and Postlethwaite (2005,

Chapter 9). A loopshaping-based approach can be based either on open-loop transfer

function matrices, e.g., as in McFarlane and Glover (1990), Papageorgiou and Glover

(1999), and Vinnicombe (2001), or based on closed-loop transfer function matrices,

e.g., as in Steinbuch and Norg (1998a), Steinbuch and Norg (1998b), and Van de Wal

et al. (2002). The advantages of open-loop shaping are at least twofold. Firstly, it

explicitly addresses the fact that there is only a single degree-of-freedom in shaping

closed-loop transfer functions such as the sensitivity function S and complementary

sensitivity function T . Indeed, since S+T = I, the only degree-of-freedom is, e.g., the

loopgain L. Secondly, the open-loop loopshaping procedure enables a straightforward

incorporation of integral action and controller roll-off. Indeed, in (5.6), it is assumed

that W and V are bistable, prohibiting the direct enforcement of integral action and

controller roll-off. In contrast, to enable nonproper and unstable weights in H∞ opti-

mal control, either the weights have to be absorbed into the feedback loop as in Krause
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Figure 5.5: Nonparametric closed-loop frequency response function estimate T (Po, C
exp) for ωi ∈ Ω.

(1992), see also Meinsma (1995), or a dedicated H∞-optimization procedure has to be

employed, e.g., as in Mita et al. (2000) and references therein.

For a sensible design of the weighting filters, model knowledge is required. Hereto, a

frequency response function estimate of Po is employed. Given T (Po, C
exp) for ωi ∈ Ωid,

then for each ωi ∈ Ωid,

Po =
(
Po(I + CexpPo)

−1
) (

(I + CexpPo)
−1
)−1

. (5.21)

The result in (5.21) corresponds to a quotient of the entries in the right column of

T (Po, C
exp) for all ωi ∈ Ωid. Note that although both the identified frequency re-

sponse functions Po(I +CexpPo)
−1 and (I +CexpPo)

−1 are circularly complex normally

distributed under mild assumptions, see Section 4.4.1, Po in general has a more sophis-

ticated distribution as is discussed in Heath (2001) and Heath (2003). The singular

values of the resulting identified frequency response function of Po for ωi ∈ Ωid is

depicted in Figure 5.7.

Next, weighting filters are designed using the guidelines in, e.g., McFarlane and

Glover (1990) and Hyde and Glover (1993). These weighting filters W2 and W1 shape

the frequency response function of Po such thatW2PoW1 has the desired open-loop gain.

Here, W1 is designed to enforce integral action and W2 is designed to enforce controller
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Figure 5.6: Singular values of weighting filters: W1 (black solid), W2 (gray solid).

roll-off and a slope of approximately −1 around the target closed-loop bandwidth,

which equals 90 Hz. Subsequently, the multivariable gain of the shaped system is

adjusted using a modified align algorithm, see also Edmunds and Kouvaritakis (1979),

such that its magnitude equals one at 90 Hz. As a result, the weighting filters W1

and W2 are not diagonal transfer function matrices. The designed weighting filters

are depicted in Figure 5.6. The resulting desired loopshape W2PoW1 is depicted in

Figure 5.7 for ωi ∈ Ωid. In addition to the weighting filters, a static gain equal to 7 is

added to the weighting filter W2, since extensive experimental results have indicated

that an additional gain enforces that the target bandwidth is achieved better. As a

result, also improved performance in terms of the time domain responses is commonly

achieved.

Finally, it is remarked that in the case that the weighting filters W1 and W2 are

bistable, then these can equivalently be written as in (5.6), in which case straightfor-

ward algebraic computations yield

W =

[
W2 0

0 W−1
1

]
(5.22)

V =

[
W−1

2 0

0 W1

]
. (5.23)

In this chapter, however, the shaped systemW2PoW1 is considered similar to McFarlane

and Glover (1990) and Vinnicombe (2001) to enable the straightforward enforcement

of integral action and controller roll-off. Finally, it is remarked that (5.22) and (5.23)
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Figure 5.7: Singular values of the nonparametric frequency response function estimate Po(ωi) for
ωi ∈ Ωid (black solid), shaped system W2Po(ωi)W1 for ωi ∈ Ωid (gray solid).

reveal a close connection between open-loop and closed-loop shaping procedures. In-

deed, the open-loop weighting filters only weigh the off-diagonal terms of T (P,C) in the

single-input single-output case, which is roughly similar to the weighting filter design

approach in Steinbuch and Norg (1998a) and Steinbuch and Norg (1998b).

5.3.4 Control-Relevant Coprime Factor Identification

Having identified the frequency response function T (Po, C
exp) for ωi ∈ Ωid in Sec-

tion 5.3.2 and having designed the weighting filters in Section 5.3.3, the control-relevant

identification of a nominal model in (5.17) can be performed. By virtue of Theo-

rem 2.3.4, (5.17) is equivalent to

min
N̂,D̂

max
ωi∈Ωid

σ̄

(
W
( [No

Do

]
−

[
N̂

D̂

] ))
(5.24)

subject to N̂ , D̂ ∈ RH∞ (5.25)

where (5.25) follows from Proposition 2.3.14. Besides the dimension reduction that

results from recasting (5.17) as (5.24), the resulting minimizer in (5.24), i.e., the pair

{N̂ , D̂}, in fact is a specific right coprime factorization of P̂ . These coprime factor-

izations will be exploited in Section 5.4 to construct a coordinate frame for model

uncertainty that directly connects to the control criterion.
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The coprime factorizations are identified for different model orders to investigate

possibilities for performance improvement by modeling flexible dynamical behavior,

as is discussed in Section 1.3. Recall from (2.54) and (2.55) that the model order is

selected with respect to the open-loop system P . Hence, for the two motion degrees-

of-freedom in the translational direction, already a fourth order model is required to be

able to represent the rigid-body behavior, see also (1.1). The resulting nominal model

is denoted by the subscript 4, i.e., P̂4 with coprime factorization {N̂4, D̂4}. When in-

cluding additional flexible dynamical behavior in the model, note that these flexible

dynamics typically correspond to complex pole pairs, e.g., as is discussed in Gawron-

ski (2004) and Preumont (2004). Hence, it makes sense to increase the model order

in steps of two. For a sixth order model, however, it appears that the reduction of

the identification criterion in (5.17) and (5.24) is not substantial. However, an eight

order model results in a significant decrease of the resulting identification criterion in

(5.17) and (5.24). This eight order model is denoted by P̂8 with right coprime factor-

ization {N̂8, D̂8} resulting from (5.24). The resulting identified coprime factorizations

in Figure 5.8 and Figure 5.9 reveal why the eight order model significantly reduces

the control-relevant identification criterion. Specifically, around 208 Hz and 224 Hz,

two closely spaced resonance phenomena are present that are close to the controller

cross-over region and hence control-relevant. These flexible dynamics are explicitly

modeled in the eighth order model, see Figure 5.8, yet not in the fourth order model,

see Figure 5.9. This can be seen more clearly in the frequency response estimate of Po

and model P̂8 in Figure 5.15, Figure 5.16, and Figure 5.17 on page 155 and further.

The fact that two closely spaced resonance phenomena are present also reveals why

a sixth order model barely reduces the control-relevant identification criterion, since

both resonance phenomena seem to be almost equally important. A further increase of

the model order does not result in a significant decrease of the identification criterion,

hence only model orders four and eight are considered. A further discussion of model

order selection is presented in Section 5.6. It is remarked that in contrast to, e.g.,

Van de Wal et al. (2002), the resonance phenomena that are observed in the different

elements of the transfer function matrix correspond to a single physical phenomenon

and are modeled as such by using matrix fraction descriptions in (2.54). Indeed, the use

of matrix fraction descriptions is the key to obtaining low-order multivariable models

of flexible systems.

The identification of complex systems hinges on the use of a numerically reliable

procedure. The coprime factorizations in Figure 5.8 and Figure 5.9 have been iden-

tified using a data-based orthonormal basis with respect to a discrete inner product,

as is discussed in Appendix A. This basis has been optimized during the generalized

Sanathanan-Koerner iterations in (A.6). During the subsequent Gauss-Newton iter-

ations, the basis is kept fixed. Still, a nearly optimal condition number is obtained,

see Figure 5.10 and Figure 5.11 for the estimated condition numbers for the identified

models in Figure 5.8 and Figure 5.9, respectively. In contrast, when using the mono-

mial basis, the condition numbers during the first Lawson iteration in Figure 5.12 are
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Figure 5.8: Coprime factorization: nonparametric No, Do (black solid), eighth order parametric model
coprime factorizations N̂8, D̂8 (gray solid).
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Figure 5.9: Coprime factorization: nonparametric No, Do (black solid), fourth order parametric model
coprime factorizations N̂4, D̂4 (gray solid).
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Figure 5.10: Condition number corresponding to P̂8 with optimally conditioned algorithm.

obtained. After the first Lawson iteration the computations break down. It is claimed

that the breakdown of the algorithm is solely caused by the poor numerical condition-

ing due to the poor choice of basis functions. Indeed, the only difference with the

corresponding results in Figure 5.10 and Figure 5.11 is in the choice of basis functions.

Extensive experiments reveal that the computations typically break down during the

Gauss-Newton iterations. In contrast, the solution during the Sanathanan-Koerner it-

erations generally remains reasonable. Indeed, a poor numerical conditioning does not

necessarily imply that the solution to the linear least squares problem is inaccurate.

5.4 Constructing Robust-Control-Relevant Uncertain Model

Sets through Model Validation

The nominal models that are identified in Section 5.3 do not describe the behavior of

the wafer stage exactly. Indeed, the true dynamical behavior of any physical system

in general is too complex to be represented by means of a single mathematical model.

To guarantee that the robust controller results in a certain guaranteed performance

when implemented on the true system Po, the nominal models P̂8 and P̂4 are extended

by a perturbation model ∆u that represents model uncertainty. As a result, model

sets are obtained that should satisfy the constraint in (5.9). Extending the nominal

model with model uncertainty involves at least two important aspects: 1. the structure

of model uncertainty and 2. the size of model uncertainty. In Section 5.4.1, a specific

structure for model uncertainty is presented, whereas in Section 5.4.2 a validation-
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Figure 5.11: Condition number corresponding to P̂4 with optimally conditioned algorithm.
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based uncertainty modeling procedure is discussed. Finally, experimental results of

the wafer stage are presented in Section 5.4.3.

5.4.1 Control-Relevant Uncertain Model Descriptions

Many model uncertainty structures are available that enable an extension of a nominal

model P̂ with model uncertainty ∆u. In general, when the model P̂ is under feedback

with the initial controller Cexp, then the weighted closed-loop for a certain P ∈ P can

be written as

WT (P,C)V = Fu(M̂,∆u). (5.26)

The resulting LFT model description in (5.26) encompasses many model uncertainty

structures, including additive and multiplicative model uncertainty. The resulting

worst-case performance corresponding to the general model uncertainty description

in (5.26) is given by

JWC(P , Cexp) = sup
∆u∈∆u

‖M̂22 + M̂21∆u(I − M̂11∆u)
−1M̂12‖∞. (5.27)

A crucial aspect in (5.27) is that a finite, i.e., norm-bounded, model uncertainty ∆u

can lead to an unbounded worst-case performance. Consequently, the resulting model

set P is not robust-control-relevant by virtue of (5.15).

To ensure a robust-control-relevant model set is identified, as is desired in Sec-

tion 5.2.3, the results in Chapter 2, specifically Theorem 2.4.6, are employed. The

coordinate frame for model uncertainty in Theorem 2.4.6 results in a transparent con-

nection between the size of model uncertainty and the control criterion, i.e.,

JWC(P , Cexp) ≤ J (P̂ , Cexp) + sup
∆u∈∆u

‖∆u‖∞. (5.28)

As a consequence of (5.28), a robust-control-relevant model uncertainty structure is

obtained that connects system identification of a model set and robust control. For the

actual construction of M̂ that results in (5.28), both the identified coprime factoriza-

tions {N̂ , D̂} in Section 5.3 are required as well as a (Wu,Wy)-normalized right coprime

factorization of Cexp, see Section 2.4.2 for a definition and state-space formulas for the

computation of such a factorization.

5.4.2 Validation-Based Uncertainty Modeling

Given the model uncertainty structure in Section 5.4.1, it remains to determine the size

of model uncertainty ∆u such that the constraint in (5.9) holds. Hereto, the validation-

based uncertainty modeling approach presented in Chapter 4 is applied to the wafer

stage system. As discussed in Chapter 4, specific advantages of this approach include

• it enables a direct model validation test using H∞-norm-bounded operators,

• it enables the model validation using many data sets, and
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• it does not inflate the model uncertainty in case of noisy observations, as is

required from a model validation perspective, see also Section 1.5.3.

The result of the validation-based uncertainty modeling approach is a nonparamet-

ric bound for the minimum-norm validating ∆u. For the actual controller synthesis,

however, a parametric overbound is required, see, e.g., Skogestad and Postlethwaite

(2005), although the former bound is tighter. In addition, either a static or a dynamic

overbound can be considered. In general, a tighter overbound leads to less uncertainty,

thereby potentially improving the achievable worst-case performance for the particular

model set.

5.4.3 Experimental Results

Model validation experiments have been performed for various input signals, namely

1. a similar data set as in Section 5.3 is used, i.e., containing frequency components

ωi ∈ Ωid with identical phases as in Section 5.3;

2. data sets are collected with different frequency components than those used in

Section 5.3, i.e., the input during the validation experiment contains frequencies

ωi ∈ Ωval, where ωi /∈ Ωid; and

3. data sets are collected where the input signal contains frequencies ωi ∈ Ωid,

however, each component is given a random phase.

The main purpose of considering data sets with other frequency components in Item 2

is to investigate the possible interpolation errors due to the use of a discrete frequency

grid during nominal identification in Section 5.3. As is explained in Chapter 4, the

resulting quantified error is a direct result of the data instead of prior assumptions.

Indeed, such prior assumptions generally lead to conservative results as is discussed in

Section 1.5.1. The purpose of varying the phase in Item 3 is to investigate the presence

of nonlinearities, which is closely related to the approach suggested in Pintelon and

Schoukens (2001, Chapter 3).

To shed some light on the involved data dimensions, it is remarked that each of the

above measurements involves 6 · 106 data points. This underlines the necessity of the

validation approach to be able to reliably deal with many and large data sets.

Both the nonparametric model validation results, i.e., the minimum norm-bound

γ(ωi) = σ̄ (∆u(ωi)) , ∀∆u ∈ ∆u (5.29)

for ωi ∈ Ωid ∪ Ωval that results in a not-invalidated uncertain model, as well as a

parametric overbound are depicted in Figure 5.13 and Figure 5.14 for the eighth and

fourth order models P̂8 and P̂4, respectively. Clearly, the eighth order model results in

a significantly smaller model uncertainty.

When comparing the model validation results in Figure 5.13 and Figure 5.14 for the

different validation data sets above, the following observations are made. Firstly, the

error at the validation frequency grid Ωval, i.e., Item 2, is of comparable magnitude when

compared to the identification frequency grid. Hence, the identification frequency grid
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is sufficiently dense to avoid large interpolation errors. As a consequence, it is expected

that any uncertainty modeling quantification procedure that quantifies the interpola-

tion error based on prior assumptions results in overly conservative results. Secondly,

it appears that the different phases result in a slightly larger model error, especially

around the resonance phenomena. This is explained by the fact that a linearization of

a nonlinear system around different trajectories is obtained, as is also investigated in,

e.g., Pintelon and Schoukens (2001, Chapter 3). Similar results regarding the identi-

fication of flexible dynamical behavior have been reported in Smith (1998). Although

parasitic nonlinear effects are present, these effects are expected to be sufficiently small.

Hence, it is expected that the system is sufficiently linear to enable a reliable robust

control design based on the resulting model set.

Next, using the dynamic parametric overbounds in Figure 5.13 and Figure 5.14, the

uncertain model sets P8 and P4 are constructed. To analyze robust-control-relevance,

also tight static overbounds are considered, resulting in the model sets Psta
8 and Psta

4

for the nominal models P̂8 and P̂4, respectively. From Table 5.1, it is observed that

the upper bound in (5.28) indeed holds and in fact is tight in the case that the static

overbounds are used. The parametric overbound generally results in a nonincreasing

worst-case performance corresponding to the model set, as is observed in Table 5.1.

This decrease generally is even more pronounced after robust controller synthesis, mo-

tivating the use of a tight overbound.

To visualize the resulting uncertain model set, Bode magnitude diagrams are gener-

ated for P8 and Psta
8 . Hereto, generalizations of the structured singular value are used;

the details are outside the scope of this thesis. The results are depicted in Figure 5.15,

Figure 5.16, and Figure 5.17. Although the static overbound is conservative, it is use-

ful to illustrate robust-control-relevance of the resulting model set. Clearly, the model

uncertainty is tight around the cross-over region of the initial controller Cexp, which

equals 40 Hz, and the desired cross-over region, which equals 90 Hz. In addition, the

two resonance phenomena are accurately modeled, both with respect to the diagonal

terms and the off-diagonal terms. Indeed, these resonance phenomena are close to

the desired bandwidth and generally endanger closed-loop stability and performance.

Interestingly, all higher frequent resonance phenomena are highly uncertain and are

indeed not considered to be control-relevant. In fact, the uncertain model set has an

increasing gain for increasing frequencies. This is explained by the presence of roll-off

in the initial and the desired controller, which is expected to appropriately attenuate

the high frequent dynamical behavior.

5.5 Control Design

Given the robust-control-relevant model sets P8 and P4 that are discussed in the pre-

vious sections, the next step is to synthesize robust controllers using the approach

presented in Appendix B. The controller synthesis results are shown in Table 5.1 and

Figure 5.18. Although both nominal controllers CNP
8 and CNP

4 achieve optimal perfor-
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Table 5.1: Robust-control-relevant identification and robust controller synthesis results.
Cexp CNP

8 CNP
4 CRP

8 CRP
4

Minimized criterion − J (P̂8, C) J (P̂4, C) JWC(P8, C) JWC(P4, C)
J (P̂4, C) 89.91 88.93 15.08 145.24 40.45
J (P̂8, C) 89.91 10.94 17.45 16.38 40.45
JWC(Psta

4 , C) 106.39 ∞ ∞ ∞ ∞
JWC(P4, C) 91.47 ∞ ∞ ∞ 40.77
JWC(Psta

8 , C) 92.05 ∞ ∞ ∞ ∞
JWC(P8, C) 90.16 ∞ ∞ 16.43 ∞

mance for the nominal models P̂8 and P̂4, these controllers do not robustly stabilize

the model sets P8 and P4, and hence no guarantees are available when these controllers

are implemented on the true system.

In contrast, the robust controllers CRP
8 and CRP

4 significantly improve the worst-

case performance compared to the initial control design. As optimal robust controller,

CRP
8 achieves a worst-case performance JWC(P8, C

RP
8 ) = 16.43. By virtue of (5.13),

this is the guaranteed performance when the robust controller is implemented on the
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true system. Note that when comparing the values in Table 5.1 with typical values of

the loopshaping-based procedure in, e.g., McFarlane and Glover (1990), the additional

gain as described in Section 5.3.3 should be taken into account.

Also, it is observed in Figure 5.18 that the controller gain of the off-diagonal ele-

ments at high frequencies is of equal magnitude when compared the diagonal elements.

Hence, the controller is inherently multivariable. Clearly, compensation of the reso-

nance phenomena benefits from multivariable control.

Next, the resulting controllers are implemented on the true system and standstill

errors are measured. Since the reference signal is zero, this corresponds to a regulator

problem, in which case the performance variable is given by

e = −y. (5.30)

The resulting time domain measurements are depicted in Figure 5.19, whereas the cu-

mulative power spectral densities are depicted in Figure 5.20. In addition, the standard

deviation σx and σy and peak values px and py for the x and y direction are given in

Table 5.2. It is concluded that the robust controller CRP
4 results in a comparable per-
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Figure 5.15: Bode magnitude diagram: nonparametric estimate (dot), nominal model P̂8 (black solid),
model set P8 (shaded), and Psta

8 (dark shaded).

Table 5.2: Standard deviation and peak error signals.
σx σy px py

Cexp 25.3 13.5 129.4 60.4
CRP

4 22.4 13.8 89.3 57.6
CRP

8 12.7 6.4 54.1 27.4

formance to the initial controller Cexp. In contrast, the robust controller CRP
8 based on

the model P̂8 that incorporates the flexible dynamical behavior significantly improves

the performance. Indeed, both the amplitude in the time domain and the cumulative

power spectral density, when evaluated at the Nyquist frequency, reduce by approxi-

mately a factor two. Finally, it is remarked that the measured errors in x-direction

are significantly larger when compared to the y-direction for all three implemented

controllers. This is explained by the fact that a small cable-arm is present in the x-

direction for providing an electrical current and water cooling to the actuation system,

as is described in Section 5.2.1.
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Figure 5.16: Zoomed Bode magnitude diagram: nonparametric estimate (dot), nominal model P̂8

(black solid), model set P8 (shaded), and Psta
8 (dark shaded).

5.6 Performance Monitoring via Model Validation

5.6.1 Performance Monitoring

Typical control applications involve man-made systems that are designed to satisfy

certain requirements. However, generally all such systems are subject to wear and

aging. As a result, the dynamical behavior of the system changes over its lifetime,

possibly resulting in a deteriorated control performance. One of the possible causes in

the wafer stage application are degrading glue connections. Such systematic system

changes are especially relevant for the class of next-generation motion systems, see

Section 1.2, due to their contactless operation. Indeed, a system malfunction generally

results in a crash of the wafer stage, leading to a high impact between the stator and

the mover. As a result, the dynamical behavior of the system may abruptly change

due to structural changes of the system. Generally, after such an abrupt change of the

dynamical behavior, the system again mainly exhibits reproducible linear behavior, see

also Section 5.4.2 and Section 1.4.

For a reliable operation of the control application, a technique for performance

monitoring is required. Performance monitoring for reliable high performance feedback
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Figure 5.17: Bode magnitude diagram: nominal model P̂8 (black solid), model set P8 (shaded), and
Psta

8 (dark shaded).

control involves two important aspects: 1. changes in the dynamical behavior should

be detected and quantified and 2. the system degradation should be evaluated with

respect to the intended goal, which is the control performance.

The contribution of this section is a reliable technique for performance monitoring.

Specifically, by employing the model validation procedure in Chapter 4, the predictive

power of the model can be quantified under closed-loop operation. Indeed, when the

required model uncertainty to result in a not-invalidated model set increases, then

this may indicate a significant structural change in the physical system. Secondly,

by using the robust-control-relevant coordinate frame in Chapter 2, the performance

is monitored with respect to the control objective, hence a robust-control-relevant

performance monitoring procedure is presented.

After a few weeks of operation of the wafer stage and several severe impacts between

the mover and the stator in a test environment, the predictive power of the model has

been reinvestigated by application of the model validation techniques that are presented

in Chapter 4. To enable an unambiguous comparison with Figure 5.13 and Figure 5.14,

1. new experimental data is collected while the initial controller Cexp is in the feedback

control loop and 2. identical input signals as in Section 5.4 have been applied.

The model validation results with the eighth order model P̂8 are depicted in Fig-

ure 5.21. Comparing Figure 5.21 with Figure 5.13 reveals that the required model

uncertainty to result in a not-invalidated model set has increased from approximately

2 to almost 16. In fact, it appears that a high peak in the required model uncer-
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Figure 5.18: Bode diagram: initial controller Cexp (black solid), CRP
4 (gray solid), CRP

8 (black dashed).
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tainty, i.e., γ(ω) has appeared around 209 Hz, which is close to the modeled resonance

phenomena described in Section 5.3. This indicates a possible structural change with

respect to the flexible dynamical behavior. Comparing the results of Figure 5.21 with

Figure 5.14 reveals that the eighth order model P̂8 results in a magnitude of model

uncertainty that is of comparable magnitude with the fourth order model P̂4 when

confronted with the old model validation data. Hence, from a robust-control-relevant

perspective the model of the flexible dynamical behavior is of comparable quality as

the fourth order rigid-body model.

5.6.2 Model Improvement

After the indication of poor model quality during performance monitoring in Sec-

tion 5.6.1, a new model is identified in this section. The motivation is twofold: 1. it

enables an analysis of structural changes of the system through a model and 2. the sys-

tem appears to result in mainly reproducible, linear behavior after the abrupt system

change in Section 5.6.1, hence an improved robust control design is desired.

Throughout this section, the system after structural change is denoted by the su-

perscript ?, hence P ?
o denotes the true system after a structural change. The frequency

response function of the true system, i.e., P ?
o (ωi) for ωi ∈ Ωid is identified. The result-

ing singular values of the identified frequency response function P ?
o (ωi) are depicted
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Figure 5.21: Resulting model uncertainty norm-bound γ from (5.29) as a function of frequency from
model validation procedure for old 8th order model P̂8 when confronted with data sets
that are collected after structural change to the system: new data sets on identification
grid (×), data set with varying phase (◦), data set on validation grid (�).

in Figure 5.22. Analysis of Figure 5.22 reveals that Po, i.e., the true system before

the structural change, contained two resonance phenomena at approximately 208 Hz

and 223 Hz. After the structural change, P ?
o seems to resonate around 200 Hz. It is

claimed that these changes of the dynamical behavior are indeed caused by a structural

change of the system. Indeed, a change of natural frequency of the resonances typically

corresponds to the eigenvalues of the system matrix for a certain state-space realiza-

tion. In turn, these correspond to the poles of the transfer function matrix, which are

typically caused by structural properties of the system, as is discussed in Section 1.3

and Gawronski (2004). Such changes are not expected to be caused by actuator or

sensor modifications, since these typically affect the input and output matrices of a

certain state-space realization. Hence, actuator or sensor modifications typically affect

the zeros of the transfer function matrix and not the poles.

A key question is whether one of the resonance phenomena that were at 208 Hz and

223 Hz has disappeared or whether these have changed to have an identical natural fre-

quency. When investigating Figure 5.22, it appears that two resonance phenomena are

present around 200 Hz, since both singular values have a significantly increasing ampli-
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Figure 5.22: Nonparametric frequency response function estimate: P ?
o (ωi) after structural change

(black solid), Po(ωi) before structural change (gray solid).

tude. Since each resonance phenomena typically adds at most rank one to the transfer

function matrix of a system, see Gawronski (2004, Property 2.2) for an explanation,

this implies that two resonance phenomena have to be present around 200 Hz.

The hypothesis that two resonance phenomena are present at approximately 200 Hz

instead of only one is confirmed by the identification of control-relevant nominal models.

Indeed, when evaluating the control-relevant identification criterion in (5.16) for the

system P ?
o after the structural system change, i.e.,

min
P̂

∥∥∥W(T (P ?
o , C

exp)− T (P̂ , Cexp)
)
V
∥∥∥
∞
. (5.31)

for model orders 4, 6, and 8, it appears that the control-relevant identification criterion

reduces from 15.62 for the 4th order model, to 15.32 for the 6th order model, to 1.76 for

the 8th order model. Hence, a significant reduction of the control-relevant identification

criterion is achieved when sufficient freedom is provided for two rigid-body degrees-of-

freedom and two resonance phenomena, where each of these phenomena corresponds

to two states. Since two resonance phenomena are present around 200 Hz for the 8th

order model, the hypothesis is not rejected. This can be observed in Figure 5.23, where

the new coprime factor model {N̂?
8 , D̂

?
8} of P̂ ?

8 is compared with the model {N̂8, D̂8} of

P̂8. Here, {N?
o , D

?
o} are the coprime factor frequency response functions corresponding

to P ?
o , see also (5.24).

Similar to the approach in Section 5.4, a validation-based uncertainty modeling

approach is pursued. The results are presented in Figure 5.24. Here, the same data
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Figure 5.23: Coprime factorization: nonparametric N?
o , D?

o after structural change to the system
(black solid), eight order parametric model N̂?

8 , N̂?
8 after structural change (gray solid),

eight order parametric model N̂8, D̂8 before structural change (black dashed).
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Figure 5.24: Resulting model uncertainty norm-bound γ from (5.29) as a function of frequency from
model validation procedure for 8th order model P̂ ?

8 after structural change when con-
fronted with data sets that are also collected after structural change to the system: data
sets on identification grid (×), data set with varying phase (◦), data set on validation
grid (�), parametric overbound resulting in P?

8 (black solid).

sets used for generating Figure 5.21 have been used. Note that the different data sets

with varying phases result in a significantly larger model uncertainty around 200 Hz,

indicating the possible presence of nonlinear behavior. A possible explanation for

the seemingly increased nonlinear behavior compared to the system before structural

changes, i.e., corresponding to Figure 5.13, is that at that particular frequency two

resonance phenomena coincide, leading to more excessive deformations of the structure.

Next, using the parametric overbound in Figure 5.24, a new model set is obtained,

which is denoted by P?
8 . In view of (5.15), this model set is robust-control-relevant. The

resulting worst-case performance, see Table 5.3, is of approximately equal magnitude

compared to the model set P8 before the structural change to the system.

5.6.3 Controller Redesign

Using the model set P?
8 after the structural change to the system, a new robust con-

troller CRP?
8 is synthesized. The results are presented in Table 5.3. The robust con-
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Table 5.3: Robust-control-relevant identification and robust controller synthesis results after struc-
tural change and for varying positions.

Cexp CRP?
8 CRP?

8,posdep

Minimized criterion − JWC(P?
8 , C) JWC(P?

8posdep, C)
J (P̂ ?

8 , C) 87.06 18.71 19.52
JWC(P?

8 , C) 87.39 18.78 19.74
JWC(P?

8posdep, C) 87.40 ∞ 19.59

troller CRP?
8 attains an optimal worst-case performance of 18.71, which is only slightly

worse compared to the results of CRP
8 when evaluated on the model set P8, see Ta-

ble 5.1. Hence, a redesign of the robust controller results in comparable guaranteed

performance when compared to the situation before the structural change in the sys-

tem. A possible explanation for the slightly degraded performance is the increased

model uncertainty that is expected to be caused by nonlinear parasitic dynamics, as is

argued in Section 5.6.2.

5.7 Analysis of Position Dependent Dynamical Behavior - A

Control Perspective

As discussed in Section 5.1, the movements in wafer stages can result in position

dependent behavior. For this specific class of systems, the position dependent behavior

can for instance be introduced by the following causes:

1. due to changing mass distributions in the system,

2. due to the actuation system, e.g., due to the commutation algorithm of the coils

and possible imperfections in the magnet plate,

3. due to different observations of the mover that has mechanical deformations.

Although several attempts of explicitly modeling position dependent dynamical be-

havior of motion systems have been reported, e.g., in Steinbuch et al. (2003) and

Groot Wassink et al. (2003), at present an analysis of performance degradation due

to varying system behavior and possible improvement of controllers that adapt to the

operating conditions is lacking. The contribution of this section is an explicit analysis

of position dependent behavior for the experimental wafer stage system from a control

perspective.

To investigate the position dependent behavior, validation experiments are per-

formed at five different positions of the mover. These validation experiments are per-

formed using the input signals as defined in Item 1 in Section 5.4.3. The resulting model

validation results are depicted in Figure 5.25, together with the results of Figure 5.24.

It is observed that position dependent behavior results in an inflated model uncertainty

around 50 Hz. Comparing with Figure 5.22 reveals that the system has a −2 slope,

i.e., it exhibits dynamical behavior corresponding to the rigid-body behavior in (1.1).

Evaluating the above causes, it is expected that Item 1 does not have a significant role

due to contactless operation of the system, i.e., the moving part of the system is float-
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Figure 5.25: Resulting model uncertainty norm-bound γ from (5.29) as a function of frequency from
model validation procedure for 8th order model P̂ ?

8 after structural change when con-
fronted with data sets that are also collected after structural change to the system: data
sets for nominal position, see also Figure 5.24 (×), data sets at varying position (◦),
parametric overbound resulting in P?

8posdep (black solid).

ing. This is in contrast to, e.g., H-drive actuation systems as in Steinbuch et al. (2003)

and Groot Wassink et al. (2003), see also De Callafon and Van den Hof (2001) for a

related control design. It is expected that the increase of model uncertainty around

50 Hz is caused by variations in the planar actuation system, i.e., Item 2 above, see

also Section 1.2. The reason that the model uncertainty has a peak around 50 Hz

and does not have an equal size for the entire low-frequent behavior is explained by

the fact that model uncertainty is represented in a robust-control-relevant coordinate

frame, see Chapter 2. As a result, the cross-over region is emphasized. Here, both the

cross-over frequency of 40 Hz corresponding the initial controller Cexp and the desired

cross-over region of approximately 90 Hz affect the robust-control-relevant coordinate

frame.

Interestingly, the model uncertainty around the resonance phenomena at approx-

imately 200 Hz does not increase if the model P̂ ?
8 is confronted with measured data

collected at other positions. Hence, the cause in Item 3 above does not significantly

contribute to the position dependent system behavior. As a result, it is expected that
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the mirror block of the wafer stage does not significantly internally deform when excited

with frequencies around 200 Hz. It is also interesting to observe that new resonance

phenomena appear around 600 Hz. However, these are not control-relevant as is ob-

served in Figure 5.25. It is expected that these resonance phenomena are introduced

by Item 3 above.

Again, a parametric overbound is determined, leading to a model set P?
8posdep that

encompasses the system behavior at different positions. Clearly, the robust controller

CRP?
8 does not stabilize all candidate systems in P?

8posdep, see Table 5.3. Hence, position

dependent behavior should be explicitly addressed during control design, at least by

considering it as model uncertainty as in the model set P?
8posdep. Hereto, a new robust

controller is synthesized that performs optimally for P?
8posdep, see Table 5.3. As a result

of the position dependent behavior, the worst-case performance marginally degrades

from 18.78 to 19.59. In terms of control performance, this difference of 0.8 is not

significant. Indeed, by designing controllers that adapt to the operating conditions, an

additional increase of only 0.8 can be achieved at the expense of a significantly more

complex modeling, control design, and controller implementation.

5.8 Discussion

In this section, system identification of an industrial next-generation prototype wafer

stage system in view of robust control is performed. As a first contribution of this

chapter, it is shown that a significant enhancement of control performance is achieved

by extending rigid-body models with flexible dynamical behavior. In addition, a non-

conservative control design is made by employing an improved connection between

system identification and robust control, as presented in detail in Chapter 2, and the

validation-based uncertainty modeling procedure in Chapter 4.

The second contribution of this chapter involves the application of the algorithm in

Appendix A to multivariable experimental data of the wafer stage system. Experimen-

tal results confirm that the algorithm that is presented in Appendix A is numerically

superior to the commonly used monomial basis functions in terms of a certain condi-

tion number. In fact, the computations break down solely due to a poor numerical

conditioning in case of monomial basis functions.

The third contribution of this chapter is a robust-control-relevant approach to per-

formance monitoring of feedback-controlled systems. Indeed, it is shown that control

performance degradation due to structural changes to the system can be detected by

employing the robust-control-relevant coordinate frame in Chapter 2 in conjunction

with the validation-based uncertainty modeling procedure in Chapter 4.

As a fourth main contribution of this chapter, an explicit analysis of position de-

pendent behavior from a control perspective is presented. It is shown that position

dependent behavior for the specific wafer stage control problem does not result in a

significant performance degradation compared to a controller that performs optimally

for a single position, provided the position dependent behavior is addressed as model
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uncertainty. It is recommended that an explicit behavior of position dependent behav-

ior from a control perspective, as presented in this chapter, should always be performed

prior to attempting to model such position dependent behavior as a nonlinear or linear

parameter-varying (LPV) system.

The presented results in this chapter lead to the following recommendations for

future research. Firstly, when considering the measured error signals in Figure 5.19

and Figure 5.20, it is observed that the error signals are still colored when considered

in a stochastic framework. By explicitly taking disturbance models into account during

the control design, it is expected that the error signals can be further reduced. Indeed,

in a stochastic framework the limit of compensation is achieved in case the signals

in Figure 5.19 and Figure 5.20 are white noise. Initial attempts to take into account

such disturbance models for the single-input single-output situation are presented in

Van de Wal et al. (2000) and Oomen et al. (2007b). To extend these results, the

multivariable disturbance models that result from the validation-based uncertainty

modeling procedure in Chapter 4 can be used.

Regarding the performance monitoring in Section 5.6, several improvements can

be made with respect to the approach. Firstly, online performance monitoring tech-

niques can be developed that detect performance degradation during normal operating

conditions of the system. In this case, the robust-control-relevant coordinate frame in

Chapter 2 is crucial to enable monitoring of the system behavior from a control per-

spective. Secondly, performance monitoring can be performed with the optimal robust

controller in the feedback loop. However, it should be remarked that this requires a

well-posedness condition as a result of the performance corresponding to general un-

certainty descriptions, see also (5.27). Thirdly, instead of a redesign of the controller,

a retuning of the feedback controller can be considered in Section 5.6.3, e.g., by using

the double-Youla-Kučera representation, see, e.g., Douma et al. (2003).



Chapter 6

Continuously Variable Transmission

Control through System Identification and

Robust Control Design

6.1 Continuously Variable Transmission Control

Continuously Variable Transmissions (CVTs) are power transmission systems that are

able to provide infinitely many transmission ratios in a certain range. Advantages of

the implementation of such CVTs in passenger cars compared to manual transmissions

include improved driving comfort and more efficient use of the internal combustion

engine, see also Pfiffner and Guzella (2001).

Performance of the driveline, which includes the internal combustion engine and the

CVT, hinges on 1. the accuracy of the achieved transmission ratio, and 2. efficiency of

the CVT. Basically, the CVT consists of two pairs of conical sheaves with a metal V-belt

in between, which constitute a friction drive, see, e.g., Lechner and Naunheimer (1999).

Variation of the transmission ratio is achieved by translating two of the sheaves. The

translation of these sheaves is typically performed by means of a hydraulic actuation

system. Hence, high performance operation of the CVT requires a high quality control

design for the hydraulic actuation system.

The control design involves an inherently multivariable system, since coupling be-

tween the sheaves is introduced by the belt that connects them. Additionally, the

system dynamics significantly change when the system is operated under different op-

erating conditions, e.g., the coupling introduced by the belt varies for different trans-

mission ratios. Hence, a high quality control design should either adapt to these changes

in the system dynamics or be robust against these.

Although many control design approaches, including the approaches in Maciejowksi

(1989), Skogestad and Postlethwaite (2005), Zhou et al. (1996), are available that can

deal with this multivariable control problem, these approaches are model-based and



170 Chapter 6. Continuously Variable Transmission Control

thus require a multivariable model of the CVT hydraulic actuation system. In this

case, the control performance of the CVT crucially depends on the model that is used

during control design. Hence, a high performance model-based control design requires

a suitable model for control.

Variation of the operating conditions of the CVT leads to a change of the system

dynamics, which possibly leads to performance degradation or even closed-loop insta-

bility if these variations are not addressed during control design. The variations of the

system dynamics are complex functions of several variables that are hard to determine

from measured data. Essentially, this constitutes a nonlinear system identification

problem with unknown structure. This motivates the inclusion of these system vari-

ations in an uncertainty model, leading to a model set that is capable of adequately

representing the system dynamics over the desired operating range.

The main contribution of this chapter is an application of the system identification

and robust control design procedure, consisting of the contributions in Chapter 2 and

Chapter 4, to the design of a robust controller that is guaranteed to deliver high

performance for the hydraulic actuation system of a CVT over a range of operating

conditions. Indeed, high performance control of the multivariable CVT system hinges

on the identification of a robust-control-relevant model set. The key to identification

of these robust-control-relevant model sets is the development of a coordinate frame

for representing model uncertainty that directly connects to the control criterion, see

also Chapter 2. As a result, high performance robust controllers can be designed for

multivariable systems that are not unnecessarily conservative. Experimental results

confirm that the procedure indeed delivers model sets that enable guaranteed enhanced

control performance of the CVT hydraulic system for a range of operating conditions.

The chapter is organized as follows. In Section 6.2, the problem is defined in more

detail. Then, in Section 6.3, a control-relevant nominal model of the CVT hydraulic

actuation system is estimated under a nominal operating condition using the theory

that is presented in Chapter 2. In Section 6.4, the nominal model is confronted with

data that has been measured for a range of relevant operating conditions and the size

of the model uncertainty is determined using a validation-based uncertainty modeling

procedure that is presented in Chapter 4, leading to a robust-control-relevant model

set. In Section 6.5, a robust controller is designed using skewed-µ synthesis, revealing

that the procedure results in enhanced performance of the hydraulic CVT actuation

system for a range of operating conditions. Both simulation and experimental results

are presented. Finally, in Section 6.6, conclusions are drawn.

6.2 Problem Definition

6.2.1 Experimental Setup

The considered system is a CVT, see Figure 6.1 and Figure 6.2. The main purpose

of the CVT is power transmission, where the torque T and the angular velocity ω for
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Figure 6.1: Photograph of the experimental CVT setup, where À: primary servo valve, Á: secondary
servo valve, Â: pressure measurement at primary hydraulic cilinder, Ã: pressure measure-
ment at secondary hydraulic cilinder.
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Figure 6.2: Schematic illustration of the CVT.

the primary and secondary shaft are denoted by the subscripts p and s, respectively.

These variables corresponding to the primary and secondary shaft are related by the

transmission ratio. A certain ratio is achieved by applying forces Fp and Fs on the

sheaves. These forces are provided by a hydraulic actuation system, where these forces

are directly related to pressures pp and ps in the primary and secondary hydraulic

cilinders, respectively.

The control problem addressed in the present chapter is the design of a controller

for the hydraulic actuation system, such that it delivers a certain desired pressure.

Specifically, the measured variables y are given by

y =

[
yp

ys

]
=

[
pp

ps

]
. (6.1)
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The manipulated variables u are given by

u =

[
up

us

]
=

[
Vp

Vs

]
, (6.2)

where Vp and Vs are the voltages corresponding to the primary and secondary servo

valve, respectively. The control of the ratio is achieved by means of a cascade controller,

which is beyond the scope of the present chapter, see, e.g., Van der Meulen et al. (2009)

for results in this direction.

6.2.2 Control Goal

The system identification and robust control design approach that is presented in Chap-

ter 2 and Chapter 4 is applied to the CVT system. Hereto, the controller intercon-

nection structure in Figure 6.3 is used, where P denotes the system and C denotes

the feedback controller. In addition, r2 is the reference input and r1 is a signal that

is injected at the system input and can, e.g., be used to inject a feedforward signal.

Similar to (6.1) and (6.2), the reference signals are partitioned accordingly as

r2 =

[
rp
2

rs
2

]
(6.3)

r1 =

[
rp
1

rs
1

]
. (6.4)

In addition, the error signal e is defined as

e =

[
ep

es

]
=

[
rp
2 − yp

rs
2 − ys

]
. (6.5)

The closed-loop transfer function matrix is given by[
y

u

]
= T (P,C)

[
r2
r1

]
, (6.6)

where

T (P,C) =

[
P

I

]
(I + CP )−1

[
C I

]
. (6.7)

As in Chapter 2, the considered control criterion is defined as

J (P,C) = ‖WT (P,C)V ‖∞, (6.8)

where W and V are weighting filters. The control goal is to determine the optimal

controller

Copt = arg min
C
J (Po, C), (6.9)

where Po represents the true CVT system. As motivated in Chapter 2, the motivation

for considering the H∞-norm is twofold. Firstly, the H∞-norm directly connects to
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PC−

r2 =
[
rp
2

rs
2

] r1 =
[
rp
1

rs
1

]
u =

[
up

us

]
y =

[
yp

ys

]

Figure 6.3: Controller interconnection structure for CVT system.

loopshaping-based control design, see McFarlane and Glover (1990) and Vinnicombe

(2001). Secondly, the H∞-norm is an induced norm, hence H∞-norm-bounded op-

erators can be employed to represent model uncertainty. Note that all considered

signals and systems in the chapter evolve in discrete time using a sampling frequency

of 1000 [Hz], since all measurements and controller implementations are performed in

a digital computer environment.

6.2.3 Robust Control

Since the dynamical behavior of the CVT system is not known exactly, a model of

the CVT system is required to solve the optimization in (6.9). A single model P̂

is inevitably an approximation of the true system. This will lead to performance

degradation when a controller based on this model. More precisely, if the nominal

controller

CNP = arg min
C
J (P̂ , C), (6.10)

is implemented on the true CVT system, then the bound

J (Po, C
NP) ≥ J (Po, C

opt) (6.11)

holds. Thereto, as is motivated in Chapter 2, the model quality is explicitly addressed

during control design. Hence, a model set P is constructed such that

Po ∈ P . (6.12)

Associated with P is a worst-case performance measure, i.e.,

JWC(P , C) = sup
P∈P

J (P,C). (6.13)

The worst-case performance measure (6.13) in conjunction with the condition (6.12)

leads to the performance guarantee

J (Po, C) ≤ JWC(P , C). (6.14)

Hence, the robust control design

CRP = arg min
C
JWC(P , C) (6.15)

leads to optimal performance for the model set P and by virtue of (6.14) to guaran-

teed performance when implemented on the actual CVT system. In this chapter, the

controllers CNP and CRP will be analyzed for different model sets of the CVT system.
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6.2.4 Identification for Robust Control

As is motivated in Chapter 2, the guaranteed performance of the robust controller

CRP in (6.15) is crucially dependent on the model set P . In case the model set is

overly large, then the bound in (6.14) is not tight and the resulting controller CRP

is conservative. To enable high performance robust control, it is desired that P is

robust-control-relevant, i.e., when used for robust control design (6.15), it leads to a

tight bound in (6.14). To address this, the robust-control-relevant system identification

approach that is presented in Chapter 2 is adopted.

Specifically, in Chapter 2 the dual problem to (6.15) is considered. Thus, for a

given C, the robust-control-relevant identification problem is defined by

PRCR = arg min
P
JWC(P , C), (6.16)

subject to (6.12). In (6.16), a certain controller is required. For the CVT system, this

controller is of low performance and weakly tuned, see Figure 6.10 on page 185.

6.2.5 Procedure

A low-performance, stabilizing controller Cexp is already implemented on the experi-

mental setup, leading to the following procedure for the design of a robust controller

that achieves guaranteed enhanced performance.

The procedure starts with the identification of a robust-control-relevant model set.

This uncertain model set is structured as

P =
{
P
∣∣P = Fu(Ĥ,∆u), ‖∆u‖∞ < γ

}
, (6.17)

where ∆u can be subject to additional structural requirements, Ĥ contains P̂ and the

uncertainty structure, and Fu denotes the upper linear fractional transformation. In

this chapter, an unstructured model perturbation is adopted, i.e.,

∆u =
{
∆u ∈ RH∞

∣∣∆u(e
jω) ∈ C2×2, ω ∈ [0, 2π)

}
. (6.18)

Following the presented approach in Chapter 2, first a control-relevant nominal model P̂

is identified, see Section 6.3. Second, the nominal model is extended with an uncertainty

model in a robust-control-relevant coordinate frame, see Section 6.4. By quantifying

the model quality in this robust-control-relevant coordinate frame, a robust-control-

relevant model set is obtained in the sense of (6.16).

The identified model set is used in a robust controller synthesis, see Section 6.5.

Performance improvement compared to the initial controller is investigated by means

of nominal and robust performance analysis.
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6.3 Nominal Model Identification

6.3.1 Control-Relevant Identification

As motivated in Section 6.2.5, first a control-relevant nominal model P̂ is estimated.

Similar to (6.16), a control-relevant identification criterion is employed, which is given

by

min
P̂
‖W (T (Po, C

exp)− T (P̂ , Cexp))V ‖∞, (6.19)

see Section 2.3 for details. In Section 6.4.1, it will be shown that the resulting control-

relevant model P̂ is useful for constructing robust-control-relevant model sets in the

sense of (6.16).

Observe that (6.19) involves an H∞-norm, which is not straightforward to solve in

a system identification procedure. The main idea is to exploit the frequency domain

interpretation of the H∞-norm to formulate a solvable identification problem. Specifi-

cally, under the assumption that Cexp internally stabilizes Po, (6.19) is equivalent to

min
P̂

sup
ω∈[0,2π)

σ̄
(
W (T (Po, C

exp)− T (P̂ , Cexp))V
)

(6.20)

subject to T (P̂ , Cexp) ∈ RH∞. (6.21)

Since finite time experiments are performed, T (Po, C
exp) is only identified on a dis-

crete frequency grid. In this case, a lower-bound of the criterion in (6.19) is used

as identification criterion. A sufficiently dense frequency grid should ensure that this

lower-bound is tight.

6.3.2 Nonparametric Identification

In virtue of the control-relevant identification criterion (6.20), a frequency response

function estimate of T (Po, C
exp) is required. Besides the fact that frequency domain

identification connects well to the control-relevant identification criterion, frequency

domain identification provides the following advantages compared to a time domain

approach, see also Pintelon and Schoukens (2001):

• easy data and noise reduction;

• straightforward combination of multiple data sets, e.g., for multivariable systems.

Note that although T (Po, C
exp) is a closed-loop system, in case the entire closed-loop

operator T (Po, C
exp) is identified, then this involves a standard open-loop type of iden-

tification problem. In addition, the frequency grid Ωid is used for the identification of

a nominal model, containing frequencies in between 0.05 [Hz] and 48 [Hz].

Regarding the experiment design, two multisine experiments have been performed

under normal operating conditions, where the inputs rp
1 and rs

1 are used sequentially

for excitation. Each multisine contains the frequencies in Ωid with Schroeder-phases to

ensure a low crest factor, see Pintelon and Schoukens (2001). The main advantage of

multisine inputs is that these reduce the variance of the estimate by averaging of the

noise without introducing any bias errors.
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Figure 6.4: Identified T (Po, C
exp).

The identified T (Po, C
exp) is depicted in Figure 6.4. Since the variance errors are

negligible, confidence intervals are omitted from the figures.

6.3.3 Weighting Filter Design

From (6.20), it is observed that control-relevant identification requires the weighting

filters W and V that are used later on in the control design. Clearly, to sensibly define

weighting filters, system knowledge is required. In this section, the nonparametric

frequency response function estimate, see Section 6.3.2, is employed to design these

weighting filters. Specifically, if T (Po, C
exp) is given for ωi ∈ Ωid, then Po(ωi), ωi ∈

Ωid, is computed using straightforward constant matrix calculations. The resulting

nonparametric frequency response function estimate is depicted in Figure 6.5.

To design the weighting filters, a loopshaping design procedure is adopted, see

McFarlane and Glover (1990), Papageorgiou and Glover (1999), Vinnicombe (2001),

and Skogestad and Postlethwaite (2005), which is based on shaping the open-loop

singular values. Firstly, the system is scaled, specifically, the maximal pressures for pp

and ps are given by 20 [bar] and 40 [bar], respectively. Hence, the system output is
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Figure 6.5: Singular values of identified system W−1
sc Po (black solid), scaled system Po (gray solid),

shaped system W2PoW1 (black dashed).

weighted by the constant matrix

Wsc =

[
1
20

0

0 1
40

]
, (6.22)

see Figure 6.5 for the singular values of the scaled system. These weighting filters are

absorbed into the system, i.e., in the remainder of this chapter Po includes the scaling

matrix Wsc. Next, weighting filters W2 and W1 are defined to specify a desired loop

shape. Specifically, controller integral action and first order roll-off are incorporated.

Additionally, the singular values are aligned at approximately 6 [Hz] to enforce a de-

sired closed-loop bandwidth of 6 [Hz]. In Figure 6.5 the resulting open-loop shape

incorporating the weighting filters W2 and W1 is depicted. Given the weighting filters

W2 and W1, then straightforward algebraic manipulations directly deliver W and V .

6.3.4 Control-Relevant Coprime Factor Identification

Given T (Po, C
exp) and weighting filters W and V in Section 6.3.2 and Section 6.3.3,

respectively, a parametric control-relevant nominal model can be estimated. To antic-

ipate on the uncertainty model in Section 6.4, it is useful to appropriately specify the

internal structure of the nominal model P̂ . Specifically, in Theorem 2.3.4, it is shown
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that (6.20) is equivalent to

min
θ

max
ωi∈Ωid

σ̄

(
W

([
No(ωi)

Do(ωi)

]
−

[
N̂(θ, ωi)

D̂(θ, ωi)

]))
subject to N̂ , D̂ ∈ RH∞,

(6.23)

where the pairs {No, Do} and {N̂ , D̂} are right coprime factorizations of the true system

Po and the model P̂ , respectively. Note that given Cexp and V , No(ωi) and Do(ωi) can

be computed from T (Po, C
exp) for ωi ∈ Ωid. In Section 6.4, it will be shown that the

specific coprime factors in (6.23) are an essential ingredient for constructing robust-

control-relevant model sets in virtue of (6.16).

As in Section 2.3.4, a tailor-made parameterization is used to parameterize N̂ and

D̂. As a result, the state dimension of a minimal realization of the coprime factors N̂

and D̂ is 11, where 5 states originate from the initial controller Cexp, 4 states result

from the weighting filters, and 2 states result from the parameterization of P̂ , see

also (6.19) and Section 2.3.4. Clearly, the control-relevant coprime factorization of the

model has a higher McMillan degree than the nominal model, which is in contrast

to, e.g., normalized coprime factors that are used in certain robust control design

methodologies, see McFarlane and Glover (1990). In Section 6.4.1, it is shown that

these additional dynamics are required for constructing a coordinate frame for the

uncertainty model that is robust-control-relevant.

A Bode diagram of the identified coprime factor frequency response functions

No(ωi), Do(ωi) and the parametric estimates N̂ , D̂ is shown in Figure 6.6. The main

conclusion is that the parametric model is accurate in the region where the gain of the

coprime factors is large, which corresponds to the control-relevant region in view of

(6.23). Note that this corresponds to the desired bandwidth region around 6 [Hz].

6.4 Model Validation

6.4.1 Towards Robust-Control-Relevant Model Sets

Since the nominal model P̂ is not exact, the model quality is taken into account during

robust control design by means of an uncertainty model. In addition, the uncertainty

model is employed to represent the system variations over the relevant operating range.

Straightforward computations reveal that the worst-case performance for the general

LFT model uncertainty structure in (6.17) is given by

JWC(P,Cexp) = sup
∆u∈∆u

‖M̂22 + M̂21∆u(I − M̂11∆u)
−1M̂12‖∞, (6.24)

see Figure 6.7, where M̂ is partitioned according to the signal dimensions as

M̂ =

[
M̂11 M̂12

M̂21 M̂22

]
. (6.25)
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Figure 6.6: Identified No, Do (black solid), estimated N̂ , D̂ (gray solid).
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∆u

[
r2

r1

] [
y
u

]

Figure 6.7: M̂ -∆u interconnection structure.

From (6.24), it is concluded that the performance can become unbounded for some ∆u

in a bounded set ∆u.

As already mentioned in Section 6.3.4, the identified coprime factorizations are

used to connect the nominal model with a perturbation model that represents model

uncertainty. Following the developments in Chapter 2, a robust-control-relevant co-

ordinate frame is used to facilitate the minimization problem in (6.16). Specifically,

Theorem 2.4.6 states that the identified robust-control-relevant coprime factorization

{N̂ , D̂} in Section 6.3.4 in conjunction with a specific (Wu,Wy)-normalized coprime

factorization of Cexp, see Section 2.4.2, can bound (6.24) by

JWC ≤ J (P̂ , Cexp) + sup
∆u∈∆u

‖∆u‖∞, (6.26)

Thus, by pursuing the approach in Chapter 2, the size of the model uncertainty directly

affects the control performance. Hence, when estimating model quality, this is done in

a coordinate frame that is directly interpretable in terms of the control performance.

As a consequence, identification of a robust-control-relevant model set in virtue of

(6.16) is straightforward when compared to other coprime factor realizations and model

uncertainty structures. It remains to quantify the size of model uncertainty such that

the constraint in (6.12) holds, which is considered in the next section.

6.4.2 Validation-Based Uncertainty Modeling

The size of the model uncertainty, see (6.17) and (6.26), is estimated using a validation-

based uncertainty modeling approach, see Chapter 4. The approach is referred to as

model validation, since new, independent measurement data are used. As mentioned

in Section 4, advantages of such an approach include 1. the ability to directly deal

with multivariable H∞-norm bounded operators and 2. a straightforward combination

of multiple data sets without inflating the model uncertainty. By minimizing over the

model uncertainty bound γ, i.e.,

γ(ωi) = σ̄ (∆u(ωi)) , ∀∆u ∈ ∆u (6.27)

for ωi ∈ Ωid, see also (6.17), the minimum-norm-validating model uncertainty that

can reproduce the measured data is found. Throughout, it is assumed that ∆u is

unstructured, see (6.18).
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The result of the validation-based uncertainty modeling approach is both a non-

parametric and a parametric bound for the minimum-norm validating ∆u. Although

the nonparametric bound is tighter, the parametric bound is required in subsequent

controller synthesis.

6.4.3 Validation using Identification Data Set

Firstly, model validation is performed for the identification data set that is used in

Section 6.3. As a consequence, performance of the controller based on the resulting

model set can only be guaranteed for nominal operating conditions. The main reason

to consider model validation for only nominal operating conditions is for comparison.

Specifically, the resulting control design is compared to a controller that is robust

against system variations arising over the entire operating range. This comparison

reveals performance degradation due to the required additional robustness.

In Figure 6.8, the validation results for the frequency grid Ωid are presented. As

explained in Section 6.4.1, the model uncertainty is quantified in a robust-control-

relevant domain. Indeed, recall from Figure 6.6 and Section 6.3.4 that the nominal

model coprime factors are most accurately modeled in the desired crossover region,

i.e., a large model mismatch is allowed at low and high frequencies. In Figure 6.8, it is

observed that although the model is most accurate in the crossover frequency region,

the estimated model uncertainty is largest there. This is a direct result of quantifying

the model uncertainty in robust-control-relevant coordinates. Thus, it appears that

from the perspective of high performance control, the low and high frequency ranges

are less relevant to be modeled accurately.

To enable controller synthesis using the not-invalidated model set, the nonpara-

metric results in Figure 6.8 are overbounded by a bistable and biproper parametric

overbound, resulting in the model set P id. In Proposition 4.6.2, it is shown using a

Nevanlinna-Pick interpolation argument that the resulting model set also is not invali-

dated. The main advantage of the robust-control-relevant coordinate frame is that the

parametric overbound should be tight in the region where the nonparametric bound γ

is largest. This is exactly what is achieved by the second order bistable overbound in

Figure 6.8.

6.4.4 Validation using Many Data Sets

Next, model validation is performed at other operating conditions, at another frequency

grid Ωval, and using different input directions, i.e., the primary and secondary servo

valves are actuated simultaneously as, e.g., discussed in Pintelon and Schoukens (2001,

Section 2.7). The result using 31 data sets is depicted in Figure 6.9.

When comparing the result of Figure 6.9 with the result of Figure 6.8, it is observed

that the required model uncertainty bound γ to explain the measurement data has

significantly increased. This is expected, since the system dynamics are known to

significantly change for varying operating conditions.
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In addition, the use of a validation data set, where a different frequency grid Ωval is

adopted in comparison with the frequency grid Ωid in the identification data set, results

in significantly larger model uncertainty. The cause can be at least twofold. Firstly,

there can be an interpolation error due to the use of a discrete frequency grid in (6.20).

For the considered application, however, the identified frequency response function is

relatively smooth and this error is expected to be small. Secondly, by using another

input signal, the frequency response function may vary due to the fact that the true

system, which is nonlinear, is considered in its linearization around another trajectory.

This phenomenon also arises in the identification of a linear approximation of nonlinear

systems, see also Pintelon and Schoukens (2001, Chapter 3). It is expected that the

latter phenomenon dominates the former phenomenon for this particular application.

Similar to the validation result in Section 6.4.3, a second order overbound is com-

puted, see Figure 6.9, which will be used for controller synthesis. The resulting model

set using this upper bound is referred to as Pval.

6.5 Robust Control Design

Given the robust-control-relevant model sets P id and Pval that are obtained in the

previous sections, the next step is to synthesize robust controllers using the synthe-

sis procedure in Appendix B. The results of the controller synthesis are presented in
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Table 6.1: Robust-control-relevant identification and robust controller synthesis results.
Cexp CNP CRP,val CRP,id

Minimized criterion − J (P̂ , C) JWC(Pval, C) JWC(P id, C)
J (P̂ , C) 6.14 1.77 3.57 2.23
JWC(Pval, C) 7.98 ∞ 4.09 18.56

Table 6.1. The following observations are made.

1. Regarding the identification of a robust-control-relevant model set using Cexp,

it can be observed that the nominal model P̂ in conjunction with the feedback

controller Cexp achieves a nominal performance of J (P̂ , Cexp) = 6.14. After ap-

plication of the validation-based uncertainty modeling procedure in Section 6.4,

the worst-case performance of the initial controller Cexp over the model set equals

JWC(Pval, Cexp) = 7.98. Clearly, using the norm-bound on γ, which equals 3.02,

the bound (6.26) holds. Since the norm-bound γ that is used for model valida-

tion directly connects to the control criterion, the model uncertainty indeed is

described in a robust-control-relevant coordinate frame.

2. The controller CNP, which obtains optimal performance for the nominal model

P̂ , results in a control criterion of J (P̂ , CNP) = 1.77. Hence, the controller is

significantly improved compared to Cexp in terms of the control criterion. How-

ever, this performance increase comes at the expense of robustness. Specifically,
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the initial controller Cexp stabilizes all systems in the set Pval and achieves a

worst-case performance of JWC(Pval, Cexp) = 7.98. In contrast, the optimal con-

troller CNP does not stabilize all systems. As a result, the worst-case performance

JWC(Pval, CNP) is unbounded.

3. The controller CRP,val explicitly addresses all system variations over the desired

operating range during controller synthesis. Since it is designed to minimize

JWC(Pval, C), the bounds

JWC(Pval, CRP,val) ≤ JWC(Pval, Cexp) (6.28)

and

JWC(Pval, CRP,val) ≤ JWC(Pval, CNP) (6.29)

hold. In addition, since each candidate model P ∈ Pval is considered equally

important in a deterministic robust control design procedure, the bounds

JWC(Pval, CRP,val) ≥ J (P̂ , CRP,val) ≥ J (P̂ , CNP) (6.30)

hold.

4. For comparison, also a controller is synthesized that minimizes the worst-case

performance for the model set P id, i.e., CRP,id = arg minC JWC(P id, C). In this

case, only robustness against model errors under nominal operating conditions

is taken into account, e.g., errors caused by undermodeling. Analysis of the re-

sulting controller CRP,id indeed reveals that the performance, when evaluated

with the nominal model P̂ , slightly degrades when compared to CNP, yet is

significantly better than the performance of the robust controller CRP,val when

evaluated with the nominal model. However, when the controller is evaluated

using the entire model set Pval, it is clear that although the robustness is en-

hanced compared to the optimal nominal control design CNP, the performance

degradation to JWC(Pval, CRP,id) = 18.56 is significant.

The main conclusion of the controller synthesis and subsequent analysis results is

that when performance is desired over the entire range of operating conditions, the

controller CRP,val results in the best performance.

A Bode diagram of the obtained controllers Cexp, CNP, and CRP,val is depicted in

Figure 6.10. Clearly, Cexp is a diagonal controller. The optimal nominal controller

CNP has significantly increased the controller gain. In addition, CNP is an inherently

multivariable controller, since the off-diagonal elements are of significant magnitude.

When comparing CNP with CRP,val, it is observed that the controller gain is decreased.

Presumably, this is required for enforcing robustness.

6.5.1 Controller Results

Simulation Results

First, the synthesized controllers in Section 6.5 are evaluated using the identified nom-

inal model in Section 6.3. In Figure 6.11, closed-loop step responses are depicted using
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Figure 6.10: Controllers: initial controller Cexp (black solid), optimal nominal controller CNP (gray
solid), optimal robust controller CRP,val (black dashed).

P̂ , i.e., the transfer function r2 7→ y is considered, see also (6.7). Especially in the top

left figure, it is observed that decreasing criterion values J (P̂ , C) in Table 6.1 corre-

spond to reduced rise times, which is a desired and expected property of the control

criterion. In addition, it is observed that all synthesized controllers reduce the oscil-

lations that are especially pronounced in the bottom right figure of Figure 6.11 when

the controller Cexp is evaluated. This reduction of oscillations is expected to be caused

by the inherently multivariable character of the resulting controllers.

Experimental Results

Next, the optimal robust controller CRP,val is implemented on the true system and

compared to the initial controller Cexp. A comparison with CNP and CRP,id is not

performed, since these controllers either do not satisfy the robust stability condition

or achieve poor robust performance. The resulting step responses are depicted in

Figure 6.12 and Figure 6.13, where Cexp and CRP,val are implemented, respectively.

To reduce the measurement noise in the experimental results, 1. the measurements

are processed by a low-pass filter, and 2. 10 measurements under identical operating
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Figure 6.11: Closed-loop step responses (r2 7→ y): initial controller Cexp (black solid), optimal nominal
controller CNP (gray solid), optimal robust controller CRP,val (black dashed), optimal
robust controller CRP,id (gray dashed).

conditions are averaged.

It is observed that the simulation results reliably predict the response obtained for

the experimental implementation of both controllers. Hence, the identified model is

indeed accurate for control and the robust controller is able to significantly improve

the performance under nominal operating conditions.

In addition, it is observed that in contrast to the simulations, the experimental

results reveal an oscillatory behavior. This behavior is attributed to disturbances

caused by centrifugal effects in the hydraulic cilinders, see Van der Meulen et al.

(2009) for an explanation. From Figure 6.12 and Figure 6.13, it is concluded that for

these specific operating conditions, the optimal robust controller CRP,val has improved

disturbance attenuation properties compared to the initial controller Cexp. Although

not presented in the present chapter, similar results have been obtained under other

operating conditions.



6.6. Discussion 187

0 0.5 1

7

7.5

8

o
u
tp

u
t

p
p

[b
a
r]

input r
p

2

0 0.5 1

7

7.5

8

input rs

2

0 0.5 1
11

11.5

12

12.5

o
u
tp

u
t

p
s

[b
a
r]

t [s]
0 0.5 1

11

11.5

12

12.5

t [s]

Figure 6.12: Closed-loop step responses (r2 7→ y) using initial controller Cexp: experimental result
(black solid), simulation result (gray solid).

6.6 Discussion

In this chapter, a high performance, robust, and multivariable controller is designed

for a CVT hydraulic actuation system through the identification of a robust-control-

relevant model set. Specifically, a new robust-control-relevant coordinate frame is em-

ployed to characterize model uncertainty, leading to a transparent connection between

the size of the uncertainty and the control criterion. As a result of the parsimonious

model set, a nonconservative control design is obtained. Model uncertainty is included

to address both undermodeling as well as changing system dynamics for various operat-

ing conditions. As a result, robust performance is significantly increased in comparison

with the initial control design Cexp. In addition, robustness is significantly increased

compared to a nominal control design, since this results in a controller that is not even

robustly stable with respect to the identified model set. The optimal (robust) control

designs are inherently multivariable, which is a result of the inherent interaction that

is present in the CVT hydraulic actuation system.

Implementation of the optimal robust controller on the true system confirms per-

formance improvement. In addition, the closed-loop measured step responses are pre-
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Figure 6.13: Closed-loop step responses (r2 7→ y) using optimal robust controller CRP,val: experimen-
tal result (black solid), simulation result (gray solid).

dicted accurately by the nominal model, which confirms control-relevance of the nom-

inal model.

Since the robust-control-relevant model set depends on the controller that is used

during the identification experiments, further performance improvement can be achie-

ved when a new model set is identified using the robust controller that is designed

in Section 6.5. As a result, an iterative identification and control design procedure is

obtained. In contrast to iterative identification and control design based on a nominal

model, see Hjalmarsson et al. (1995), this is guaranteed to lead to a monotonously

non-increasing worst-case control criterion.

In the present chapter, robustness with respect to fixed operating conditions of

the system is assumed, i.e., the model uncertainty is assumed to be linear and time-

invariant. Both theoretical, see Shamma (1994), and practical results confirm that

the resulting controller is also robust with respect to a certain time variation, e.g.,

when the operating conditions change. Explicit analysis of these robustness aspects in

both identification and control design is considered as a useful extension of the results

presented in the present chapter.

In addition to robustness with respect to parameter variations, the model validation
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results in Section 6.4 reveal that the system also exhibits a significant nonlinear behav-

ior around a single operating condition. Indeed, when the frequencies and phases of

the multisine input signal change, a significantly larger model error is obtained during

model validation. The resulting model error is closely related to the results obtained

by identifying the best linear approximation, see Pintelon and Schoukens (2001). It

is concluded that this nonlinearity error is significantly larger than the interpolation

error due to the use of a discrete frequency grid, which is an issue that has received

considerable attention in the identification for control literature, see, e.g., Chen and Gu

(2000). Thus, although these nonlinear errors have received attention in frequency do-

main identification, see Pintelon and Schoukens (2001), these are not directly suitable

for robust control design methodologies. Incorporation of these aspects in identification

for robust control should thus be further developed.

Besides robustness with respect to setpoint variations, a controller that adapts to

changes in the operating conditions can also be designed. However, reliable procedures

for the identification of such systems for control design and subsequent robust controller

synthesis procedures require further research, as is, e.g., discussed in Groot Wassink

et al. (2003).

Regarding the results in this chapter, further performance improvement can be

obtained by 1. considering two-degrees-of-freedom controller implementations of the

loopshaping controller, see, e.g., Papageorgiou and Glover (1999); 2. more accurate

overbounds of the robust-control-relevant model uncertainty, e.g., using the algorithm

in Scheid and Bayard (1995); and 3. incorporating structure in the model uncertainty

block, which is at the expense of more involved model validation and controller synthesis

algorithms.





Chapter 7

Dealing with Unmeasured Performance

Variables in a Prototype Motion System

via System Identification and Robust

Control

7.1 Unmeasured Performance Variables in Next-Generation

Motion Control

High quality control applications, including high precision motion systems, lead to

a situation that requires a distinction between performance variables and measured

variables during control design. A typical example of such a system is a wafer scanner,

which is used in the production of Integrated Circuits (ICs), see Chapter 1, where a

lightweight system design introduces flexible dynamical behavior in frequency ranges

that are relevant for control. As a consequence, dynamical behavior is present in

between the measurement location, which is typically at the edge of the wafer stage, and

the location where performance is desired, typically at the center of the wafer stage. To

achieve high performance of the wafer stage, a distinction should be made between these

measured and performance variables, which is also referred to as inferential control, see,

e.g., Parrish and Brosilow (1985) and Doyle (1998).

As argued in Section 1.3, high performance inferential control is inherently model-

based, hence the performance variables are inferred from the measured variables by

means of a model. Especially for the considered class of systems, system identification

is a reliable, fast, and inexpensive methodology to construct accurate models from ex-

perimental data. However, since no true system can be represented exactly by means

of a mathematical model, the model that is delivered by system identification is neces-

sarily inexact. Hence, addressing robustness during control design by means of model

uncertainty is essential to guarantee that the resulting controller, which performs op-
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timally for the model, also performs well when implemented on the true system. From

this perspective, the performance of inferential controllers hinges on the predictive

power of the model that is used as a basis for control design.

Although many important results have been obtained in the identification of models

for control, including Van den Hof and Schrama (1995), Hjalmarsson (2005), Albertos

and Sala (2002), and Chapter 2, these methods typically do not enable the identifica-

tion of models in view of robust inferential control. To enable an identification and

robust control approach that results in high performance inferential control, 1. con-

troller structures and control goals need to be properly defined, 2. a suitable model

for inferential control needs to be identified, and 3. a suitable model uncertainty struc-

ture needs to be adopted in conjunction with an appropriate quantification of model

quality. An intertwined system identification and robust control design approach that

deals with the above aspects is presented in Chapter 3.

The main contribution of this chapter is an application of the system identification

for robust inferential control design procedure in Chapter 3 that appropriately deals

with aspects 1 - 3, above, to a prototype flexible positioning system. The experimental

setup has been specifically developed to realistically reflect the dynamical behavior of

next-generation high precision lightweight positioning systems. The presented applica-

tion indeed reveals that control is able to deal with unmeasured performance variables

in flexible structure control, paving the way for developing new, lightweight positioning

systems. In this chapter, only the main points of the system identification for robust

inferential control procedure are discussed, see Chapter 3 for more details.

The chapter is organized as follows. In Section 7.2, the experimental setup is intro-

duced and the problem definition is stated. In Section 7.3, the H∞-optimal inferential

control design approach is presented, including the controller structure and control goal

for inferential control, which addresses Item 1, above. In Section 7.4, nonparametric

identification of the experimental system is investigated, which is required for the sub-

sequent section. In particular, in Section 7.5, weighting filters are designed based on

the nonparametric model in Section 7.4. Next, Item 2 is addressed in Section 7.6, lead-

ing to a parametric nominal model of the experimental setup. Then, in Section 7.7,

the nominal model is extended with a model uncertainty, which addresses Item 3,

above. By connecting the size of the model uncertainty with the control criterion, a

robust-control-relevant model set is obtained that does not result in an unnecessarily

conservative control design. In Section 7.8 and Section 7.9, controllers are synthesized.

Finally, conclusions are provided in Section 7.10.

7.2 Problem Definition

7.2.1 Experimental Setup and Control Goal

In this chapter, the prototype high precision motion system in Figure 7.1 is consid-

ered. This specific system has been designed to exhibit dominant flexible behavior
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Figure 7.1: Photograph of the experimental flexible beam setup, where À: sensor s1, Á: sensor s2, Â:
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Figure 7.2: Schematic top view illustration of flexible beam setup.

that is also expected to arise in next-generation motion systems. Hence, the prototype

system enables the evaluation of newly developed control strategies for the class of

next-generation motion systems. The movable part of the system consists of a steel

beam with dimensions equal to 500 × 20 × 2 mm. Although typical high precision

motion systems operate in six degrees-of-freedom, four degrees-of-freedom have been

fixed by means of five leaf springs to facilitate the control design and analysis. The

remaining degrees-of-freedom are in x and ϕ direction, as is schematically indicated in

Figure 7.2. A consequence of the use of leaf springs is that the system is asymptotically

stable, which facilitates the initialization of the system.

Although the system only has two motion degrees-of-freedom, three inputs and

three outputs are available for control purposes. The inputs consist of current-driven

voice-coil actuators, whereas the outputs are contactless fiberoptic sensors with an

accuracy of approximately 1 µm. The richness of the number of inputs and outputs

enables the evaluation of various control scenarios. The control system is implemented
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in a PowerDAQ rapid prototyping environment in conjunction with Matlab/Simulink

at a sampling frequency of fs = 1 [kHz].

To investigate the inferential control situation, a suitable input-output selection is

performed. Specifically, to facilitate the exposition, attention is restricted to the single-

input single-output case, i.e., the manipulated, measured, and performance variables

are all scalar. The goal is to control the translation of the middle of the beam, i.e., at

sensor location s2, hence

zp = s2. (7.1)

To analyse the inferential control situation, s2 is unavailable for the feedback controller.

Regarding the measured variable, the middle of the beam is determined by averaging

the outer sensors s1 and s3, i.e.,

yp =
[

1
2

1
2

] [s1

s3

]
, (7.2)

which in fact corresponds to a sensor transformation based on static geometric rela-

tions as is indicated in Figure 7.2. Consequently, a discrepancy between the measured

variable yp and performance variable zp may exist due to internal deformations of the

beam. To translate the beam, the outer actuators are used, i.e.,

a1 = a3 = up, (7.3)

a2 = 0. (7.4)

Comparing (7.2) and (7.3) reveals that up and yp are collocated. The resulting

system is given by [
zp

yp

]
= Pup, (7.5)

P =

[
Pz

Py

]
, (7.6)

where zp denotes the performance variable, yp is the measured variable, and up is the

manipulated input.

The control problem outlined above has close connections to the control design of

next-generation high precision motion systems. For instance, for the wafer stage appli-

cation, as is discussed in the introduction, measurements are performed on the edge of

a wafer stage, where also the actuation system is present. A certain performance, how-

ever, is desired somewhere at the center of the wafer stage where the wafer is exposed

to produce the ICs. The presented prototype system thus shows a clear resemblance

to the wafer stage system.

The goal of the inferential servo problem is the minimization of zref − zp, given the

reference signal zref , by the design of an appropriate controller

up = C(zref , yp). (7.7)
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In this chapter, the focus will be on the design of the feedback controller. The design

of the controller is cast as an optimization problem, which is given in the following

definition and considered throughout.

Definition 7.2.1. Given the true system Po and interconnection defined by (7.5), (7.6),

and (7.7), determine

Copt = arg min
C
J 9(Po, C), (7.8)

where J 9(P,C) is the control criterion, which is a function of the system P and con-

troller C.

7.2.2 Identification for Control Design

As is discussed in Chapter 3, the dynamical behavior of the beam system, i.e., Po, is

unknown. In addition, the performance variable zp is not measurable during normal

operation. Thereto, the required system knowledge is reflected by a model. Note that

the true beam system is too complex to be represented exactly by means of a model.

Hence, the model is necessarily inexact. In the inferential control case, the model

quality is especially crucial, since the quality of the inferred performance variables

hinges on the model quality. To guarantee that the controller, which is based on the

model, performs well when implemented on the true system, model uncertainty is taken

into account. The nominal model P̂ and model uncertainty ∆ constitute a model set

P(P̂ ,∆), where it is assumed that

Po ∈ P(P̂ ,∆). (7.9)

Associated with the model set is a worst-case control criterion

J 9
WC(P , C) = sup

P∈P
J 9(P,C), (7.10)

hence using (7.9), the performance guarantee

J 9(Po, C) ≤ J 9
WC(P , C) (7.11)

is obtained. This leads to the following robust control synthesis problem.

Definition 7.2.2. Given the model set P(P̂ ,∆), determine

CRP9 = arg min
C
J 9

WC(P , C). (7.12)

Whether the resulting controller achieves high performance heavily depends on the

model set P(P̂ ,∆). Indeed, in case the candidate model set is large in some sense, an

unnecessarily conservative control design results. Hence, the model set should be tuned

for high performance control. Thereto, as is discussed in Chapter 3 and Chapter 2, the

problem dual to the robust control synthesis problem in Definition 7.2.2, leads to the

following robust-control-relevant model set identification problem.
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Figure 7.3: Initial controller Cexp.

Definition 7.2.3. Given a controller Cexp that is used during the identification exper-

iment, determine

PRCR = arg min
P
J 9

WC(P , Cexp) (7.13)

subject to Po ∈ P . (7.14)

Several remarks are appropriate. Firstly, in Chapter 2, a related approach is pre-

sented that is restricted to the case where the set of measured variables is equal to the

set of performance variables and to the case where a single-degree-of-freedom feedback

interconnection structure is used. Secondly, in Definition 7.2.3, an initial controller

Cexp is employed. For the considered application, such a feedback controller is indeed

required, since the open-loop system is too weakly damped to perform identification

experiments. It should be remarked that the definition of robust-control-relevant model

sets in Definition 7.2.3 depends on Cexp. As a result, improved worst-case performance

can be expected in case Cexp is close to Copt, as is defined in (7.8). Since Copt is

unknown, this can be achieved through an iterative procedure of system identification

of a model set and robust control design. In fact, since model uncertainty is explicitly

accounted for, such a procedure results in a monotonous improvement of worst-case

performance. A Bode diagram of the initial controller Cexp that is employed in this

chapter is depicted in Figure 7.3, which is a single-degree-of-freedom feedback con-

troller.

As already mentioned in Section 7.1, the identification of a nominal model P̂ and
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quantification of model uncertainty ∆ will be dealt with separately. In Section 7.7,

it will be shown that these independent steps jointly minimize the criterion in Defini-

tion 7.2.3.

The following assumption is imposed.

Assumption 7.2.4. During identification, both zp and yp are measured, whereas the

controller only has access to yp during normal operation of the system.

Assumption 7.2.4 is required to obtain the part of the model that corresponds to

the performance variable zp. Indeed, without measurement, this model cannot be

determined from experimental data, since the performance location can be defined

arbitrarily on the flexible beam setup. It is emphasized that the resulting controller

does not use real-time measurements of zp, since it relies only on the identified model

and real-time measurements of yp. Hence, in this chapter, sensor s2 is only used

to construct a model and to validate the actual performance improvement when the

designed controllers are implemented on the true system.

As already mentioned, the controller is implemented in a digital computer environ-

ment. All measured signals are directly extracted from the feedback loop, hence these

signals evolve in discrete time with a sampling frequency fs = 1 [kHz]. Since the sig-

nals are interpolated using a zero-order-hold interpolator, the continuous time system

input is not bandlimited. To avoid approximation errors, a discrete time system identi-

fication and control design approach is pursued. Hence, the resulting identified model

and model uncertainty evolve in discrete time at a sampling frequency fs = 1 [kHz].

A main advantage of the discrete time model set is that the resulting H∞-optimal

robust controller, see, e.g., Iglesias and Glover (1991), is a discrete time controller at

a sampling frequency fs = 1 [kHz], hence the controller is directly implementable on

the true system. A drawback is that the approach only guarantees a certain discrete

time performance. An analysis of the intersample behavior is outside the scope of the

present research, see, e.g., Oomen et al. (2007b), for results in this direction.

7.3 H∞-Optimal Inferential Control

7.3.1 Requirements for Optimal Inferential Control Design

In this section, a framework for inferential control design based on H∞-optimization

is presented. First, the control structure is investigated and a new controller structure

for optimal inferential control is presented. Then, the control goal is defined in terms

of a suitable criterion. As basic requirements, the framework should

1. enable high inferential servo performance, and

2. enable the computation of the optimal inferential controller using standard opti-

mization algorithms.
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7.3.2 Towards Controller Structures for Optimal Inferential Control

In the inferential servo control situation, the control goal is to let performance variable

zp track a certain reference zref , given measurements yp. Note that in the typical non-

inferential control situation, where yp = zp, this is equivalent to the minimization of

zref−yp, in which case a suitable control structure is obtained by using the error signal

zref − yp as input to the controller. As a result, the single-degree-of-freedom feedback

controller in Figure 3.2 is obtained.

However, as is discussed and exemplified in Section 3.3, the single-degree-of-freedom

controller structure is inadequate for dealing with the inferential servo problem, since

1. in general dim zp 6= dim yp, e.g., both s1 and s2 can be used as measured signals,

in which case an error signal cannot be computed based on a difference between

zref and yp; and

2. even in case dim zp = dim yp, then minimization of zref − yp does not imply that

zref − zp is minimized. For example, the scaling of yp in (7.2) is arbitrary, hence

minimization of zref − yp is not sensible in general.

To resolve the limitations of the single-degree-of-freedom controller, the more gen-

eral controller structure

C =
[
C1 C2

]
(7.15)

is proposed1 in Section 3.3.4, see also Figure 3.5.

7.3.3 Control Goal Definition

The inferential servo control goal and extended controller structure in (7.15) require

a new control criterion definition. This requires a selection of exogenous inputs and

outputs. A selection of these inputs and outputs is presented in Section 3.3.5 and

repeated for clarity of exposition in Figure 7.4. The corresponding closed-loop transfer

1In some cases a single-degree-of-freedom controller is used in the present chapter. Both the
single-degree-of-freedom controller and the two-degrees-of-freedom controller in (7.15) are denoted by
C, from the context it follows which one is referred to.
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Figure 7.4: Unweighted exogenous inputs and outputs.

function matrices are given by

M(P,C) = M̃(P,C)−

Tr 0 0

0 0 0

0 0 0

 (7.16)

M̃(P,C) =

Pz

Py

I

 (I + C2Py)
−1
[
C1 C2 I

]
(7.17)

w =

r3r2
r1

 (7.18)

z =

ezyp

up

 . (7.19)

In (7.16), Tr ∈ RH∞ is a reference model, which is generally required to ensure a

sensible problem formulation. Due to the specific structure in M(P,C), the problem

is referred to as a nine-block problem. The advantages of the specific structure are

threefold.

Firstly, the condition M ∈ RH∞ is equivalent to internal stability of the closed-loop

system, which is a basic requirement for a satisfactory control system. Secondly, the

specific formulation directly fits in the standard plant formulation, enabling the use of

standard optimization algorithms. Specifically, let Ḡ(P ) be defined by[
z

y

]
= Ḡ(P )

[
w

u

]
, (7.20)

hence

M(P,C) = Fl(G(P ), C), (7.21)

see Figure 7.5.

Thirdly, the setup in Figure 7.4 enables a general weighting filter selection. Hereto,

the setups in Figure 7.4 and Figure 7.5 generally have to be extended with weighting
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Figure 7.5: Recasting the setup of Figure 7.4 into the standard plant configuration.

filters to pose a sensible control problem. Specifically, let

W =

We 0 0

0 Wy 0

0 0 Wu

 , V =

V3 0 0

0 V2 0

0 0 V1

 , (7.22)

be bistable weighting filters and define

z = Wz, w = V w (7.23)

and

M(P,C) = WM(P,C)V, (7.24)

leading to the control criterion

J 9(P,C) = ‖M(P,C)‖∞. (7.25)

The control criterion in (7.25) is considered throughout this chapter. The design of

weighting filters for inferential control is further discussed in Section 7.5.

7.4 Nonparametric Identification

In this section, frequency response functions of the flexible beam system are identi-

fied. The reason is twofold. Firstly, frequency response functions enable the design of

weighting filters, see Section 7.5, without the requirement for a parametric model. This

is essential since these weighting filters turn out to be required for the control-relevant

parametric identification procedure in Section 7.6. Secondly, the frequency response

function will be used as a basis for control-relevant parametric system identification

in Section 7.6. Closed-loop identification experiments are performed with Cexp im-

plemented on the true system, since 1. the open-loop system is too weakly damped

to perform identification experiments, and 2. closed-loop measurements are required
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for the control-relevant identification procedure in Section 7.6. In virtue of Assump-

tion 7.2.4, zp is assumed to be measured during the identification experiment, hence

a frequency response function can be identified of the closed-loop transfer function

matrix M̃(Po, C
exp).

The following system identification procedure is applied.

1. Apply an excitation signal r1.

2. Measure the signals zp, yp, and up.

3. Given the measurements r1, up, yp, zp, estimate the frequency response function

of Pz,o

Py,o

I

 (I + CexpPy,o)
−1 (7.26)

for frequencies ωi ∈ Ωid, where Ωid denotes the identification frequency grid.

4. Postmultiply the identified transfer function matrix in (7.26) by
[
Cexp Cexp I

]
,

yielding M̃(Po, C
exp) for ωi ∈ Ωid.

As an alternative to Step 4, additional identification experiments can be performed

by individually applying an excitation signal at inputs r2 and r3. Regarding the ex-

periment design, a multisine input signal is adopted. The main advantage of such a

periodic signal is that, in contrast to nonperiodic input signals, it enables a signifi-

cant reduction of variance effects without introducing bias errors, see, e.g., Pintelon

and Schoukens (2001) for details. A multisine input containing the frequencies Ωid is

applied, where

Ωid = {2π, 2 · 2π, . . . , 499 · 2π}, (7.27)

and random phases are selected. A data record is obtained with a measurement length

of 1200 s. The measured time domain signals are depicted in Figure 7.6, where the

period time of 1 s can clearly be observed.

The identified closed-loop transfer function matrix M̃(Po, C
exp) is depicted in Fig-

ure 7.7. Confidence bounds based on variance estimates, e.g., as proposed in Pintelon

and Schoukens (2001) are not depicted, since variance errors are negligible due to the

specific experiment design.

By appropriate manipulation of (7.26), frequency response function estimates of

Pz,o and Py,o are obtained for ωi ∈ Ωid, see Figure 7.8. Again, confidence bounds are

not depicted. The reason is twofold. Firstly, the errors are small due to the accurate

identification of the closed-loop transfer function matrix M̃(Po, C
exp). Secondly, these

estimates are generally not circularly complex normally distributed and hence more

difficult to determine, as is discussed in Heath (2003). The obtained nonparametric

models in Figure 7.8 lead to the following observations.

1. At approximately 4 Hz and 10 Hz, two resonance phenomena are present. These

correspond to the suspended rigid-body modes of the flexible beam system. This

conclusion is supported by the fact that Pz,o and Py,o, see (7.26) and (7.6), have an



202 Chapter 7. Dealing with Unmeasured Performance Variables

0 0.5 1 1.5 2
−0.15

0

0.15
z
p

[m
m

]

0 0.5 1 1.5 2
−0.15

0

0.15

y
p

[m
m

]

0 0.5 1 1.5 2
−0.3

−0.15
0

0.15
0.3

u
p

[V
]

0 0.5 1 1.5 2
−0.3

−0.15
0

0.15
0.3

r
1

[V
]

t [s]

Figure 7.6: Measured signals for frequency response function identification.

identical frequency response function at these frequencies, hence the beam does

not internally deform at these frequencies. Note that two resonance phenomena

at different frequencies are present due to the nonsymmetric design of the system.

2. Observe that Py,o has a −2 slope up to approximately 300 Hz where the anti-

resonances are directly followed by resonance phenomena. Except for the delay,

which is caused by the digital computer implementation, see, e.g., Franklin et al.

(1998), the resonance phenomena do not introduce phase loss. Typically, such

behavior is obtained for mechanical systems with collocated actuator and sensor

pairs, see, e.g., Preumont (2004). Hence, up to approximately 300 Hz, the behav-

ior of the frequency response function of Py,o can be explained by the collocated

actuator and sensor pair in conjunction with the flexible dynamical behavior of

the beam. Beyond 300 Hz, aliased resonance phenomena, as described in Oomen

et al. (2007a), may have a significant contribution and additional analysis is re-

quired to understand the physical system behavior.

3. The resonance phenomenon at approximately 32 Hz is observed differently for

Pz,o than it is for Py,o. Indeed, observe that the slope of the frequency response

function estimate Pz,o tends from −2 at frequencies below the resonance phenom-

ena to a slope of −4 for frequencies beyond the resonance phenomena at 32 Hz.

This type of behavior corresponds to noncollocated actuator and sensor pairs,

e.g., Preumont (2004). This is clearly the case here, since actuators a1 and a3

are used for excitation, whereas sensor s2 is used for measurement. It is hypoth-

esized that the resonance phenomenon at 32 Hz corresponds to a deformation of
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Figure 7.7: Closed-loop frequency response function estimate M̃(Po, C
exp) for ωi ∈ Ωid.
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Figure 7.8: Frequency response function estimate for ωi ∈ Ωid: Pz,o(ωi) (black solid), Py,o(ωi) (gray
solid).

the true system that can be idealized by the mode shape depicted in Figure 7.2,

since

• the resonance phenomenon causes a 180◦ phase difference between Pz,o and

Py,o, which corresponds to the deformation depicted in Figure 7.2.

• based on a first principles model of a free-free beam, this is the first mode

shape beyond the suspended rigid-body modes at 4 Hz and 10 Hz, see, e.g.,

Kelly (2000) for a first principles model of the beam.

7.5 Weighting Filter Design

In this section, weighting filter selection is considered, which is required prior to the

control-relevant parametric identification procedure in Section 7.6. The presented

framework and associated control criterion enable a large freedom in the selection

of the control goal. The presented procedure in this section is a well-founded, yet

clearly nonunique choice. Indeed, for H∞-optimal control criteria both loopshaping

and signal-based approaches to weighting filter selection can be distinguished, see Sko-

gestad and Postlethwaite (2005). Especially for high-precision motion systems, which

are considered in the present chapter, loopshaping-based approaches have proven to

deliver high performance control designs, as is confirmed in, e.g., Steinbuch and Norg

(1998a) and Van de Wal et al. (2002). Note that the considered controller structure

also enables feedforward control, as is considered in, e.g., Christen et al. (1994) and
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Grimble (1998). In this chapter, however, focus is on feedback control and thus the

weighting filters are designed such that these achieve similar control properties as in

the design of single-degree-of-freedom feedback controllers.

The following steps lead to the design of the weighting filters considered in the

present chapter. Throughout, the matrix M(P,C) is partitioned according to the

signals in (7.23), i.e.,

M(P,C) =

M11 M12 M13

M21 M22 M23

M31 M32 M33

 . (7.28)

1. The weighting filters Wy, Wu, V1, V2 are designed using standard loopshaping

techniques as in McFarlane and Glover (1990), Vinnicombe (2001), Steinbuch

and Norg (1998a), and Van de Wal et al. (2002). In addition, as illustrated in

Meinsma (1995), the weighting filters are absorbed into the system to enable the

enforcement of controller roll-off and integral action. Specifically, the choice of

weighting filters is first restricted to W1 and W2, i.e.,

Wy = W2 (7.29)

Wu = W−1
1 (7.30)

V2 = W−1
2 (7.31)

V1 = W1. (7.32)

These weighting functions are used to specify the desired loop-shape W2PW1.

Since the design of the desired loop-shape requires knowledge of the system, the

nonparametric frequency response function in Figure 7.8 is employed. Specifi-

cally, the open-loop gain is shaped such that W2Py,oW1 is the desired loop gain,

see Figure 7.10, which includes additional integral action and roll-off, see Fig-

ure 7.9. Note that the blocks M22 and M33 are already dimensionless and as a

consequence appropriately scaled. By the specific weighting filter design and for

the considered system, the blocks M32 and M23 are also scaled.

2. Due to the fact that zp and yp are defined in the same unit and have approximately

the same scaling, see (7.2) and Figure 7.8, no additional scaling of the M12 and

M13 blocks is required. Note that additional scaling can be introduced by means

of We.

3. A suitable reference model Tr is selected. To enforce similar feedback properties

of the two-degrees-of-freedom controller as for the four-block problem and the

single-degree-of-freedom controller, a reference model Tr is chosen to have a low-

pass characteristic with a bandwidth that corresponds to the desired closed-loop

bandwidth in Step 1. In addition, a sufficiently high roll-off rate is selected to

avoid a nonproper optimal C1. The designed reference model Tr is depicted in

Figure 7.11.
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4. Next, weighting filters

We = β1 (7.33)

V3 = β2 (7.34)

are defined, where β1, β2 ∈ R. These constants are set to

β1 = β2 = 1.25 (7.35)

to emphasize the importance of the block M11 in (7.28).

By the specific selection of weighting filters, all blocks are (indirectly) scaled. The

lower-right block in (7.28) represents the standard feedback controller part, whereas

the upper-left block directly affects the inferential servo part. Several remarks are

appropriate. Firstly, the inclusion of y in the problem formulation enables the use of

standard four-block weighting filters, including the absorbtion of two weighting filters

in the loop as in McFarlane and Glover (1990). Secondly, it is expected that by

the specific choice of controller structure the two blocks are not conflicting, i.e., C2

represents the fact that a satisfactory feedback loop is present, e.g., for disturbance

attenuation, whereas C1 ensures good inferential servo performance. This is enabled

by the fact that r3 is used as reference signal during normal operation instead of r2 and

supported by the examples in Section 3.3. The parameters β1 and β2 can be used to

emphasize or de-emphasize the upper-left and lower-right blocks, since the weighting

is quadratically compared to the off-diagonal blocks, see also Hoyle et al. (1991). The

off-diagonal blocks can be removed from the problem formulation by replacing the

H∞-norm by the structured singular value, which is at the expense of more complex

controller synthesis algorithms. Alternatively, a two-step procedure can be considered

similar to Yaesh and Shaked (1991).

7.6 Parametric Identification

7.6.1 Control-Relevant Identification

As motivated in Section 7.1, a control-relevant nominal model is estimated. How-

ever, control-relevant identification techniques, including the procedures in Chapter 2,

Schrama (1992b), Gevers (1993), and Albertos and Sala (2002), are restricted to single-

degree-of-freedom controller structures and to the situation where the set of perfor-

mance variables equals the set of measured variables. Thereto, control-relevant iden-

tification techniques are extended appropriately as in Chapter 3, and the inferential-

control-relevant identification criterion

‖M(Po, C
exp)−M(P̂ , Cexp)‖∞ (7.36)

is considered, which is to be minimized over P̂ . Details on the derivation of (7.36)

are provided in Proposition 3.4.1. In Section 7.7.1, it will be shown that the criterion

in (7.36) indeed is useful to determine a robust-control-relevant model set PRCR in view

of Definition 7.2.3.
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Figure 7.9: Loop-shaping weighting filters: W1 (black solid), W2 (gray solid).
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Figure 7.11: Reference model Tr.

7.6.2 Control-Relevant Coprime Factor Identification

To appropriately extend the identified nominal model P̂ of the beam system with

a perturbation model that represents model uncertainty, the internal structure of the

model P̂ should be carefully specified. To anticipate on the model uncertainty structure

in Section 7.7.1, the model is represented as a factorization

P̂ =

[
N̂z

N̂

]
D̂−1, (7.37)

where N̂z ∈ RH∞ and N̂ , D̂ constitute a coprime factorization of P̂y over RH∞.

However, substitution of (7.37) into (7.36) reveals that the control-relevant identifica-

tion criterion in (7.36) is invariant under a change of internal structure of the model

P̂ . Following the developments in Chapter 3, specifically Proposition 3.4.4, a partic-

ular coprime factorization results in a connection to the control-relevant identification

criterion in (7.36). In particular, Proposition 3.4.4 states that (7.36) is equivalent to∥∥∥∥∥∥∥W

Nz,o

No

Do

−
N̂z

N̂

D̂



∥∥∥∥∥∥∥
∞

, (7.38)

where Nz

N

D

 =

Pz

Py

I

 (D̃e + Ñe,2V
−1
2 Py)

−1. (7.39)
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In (7.39), {Ñe, D̃e} denotes a left coprime factorization with co-inner numerator of[
C1V3 C2V2 V1

]
, where Ñe =

[
Ñe,3 Ñe,2 Ñe,1

]
. As is motivated in Chapter 3, there

are several inherent advantages to this specific coprime factorization-based approach.

Firstly, the result in (7.38) uniquely specifies a particular (coprime) factorization Nz,

N , D, as is proved in Section 3.4. In Section 7.7.1, it is shown that this specific

factorization facilitates the identification of an uncertain model set PRCR, as is defined

in Definition 7.2.3. Secondly, the dimension of the criterion in (7.38) is reduced from a

nine-block problem in (7.36) to a three-block problem in (7.38), which is advantageous

from a computational point of view. Thirdly, given the identified closed-loop transfer

function matrix M̃(Po, C
exp), the coprime factor frequency response functions Nz,o,

No, and Do can directly be computed for ωi ∈ Ωid. Fourthly, in (7.39), a left coprime

factorization with co-inner numerator is required. State-space formulas for the actual

computation can be found in Chapter 2.

7.6.3 Frequency Domain Coprime Factor Identification

The control-relevant identification criterion (7.36) and consequently the related co-

prime factor identification criterion in (7.38) involve an H∞-norm. The frequency

domain interpretation of the H∞-norm is exploited to formulate a tractable identifi-

cation problem. Specifically, identification in practice is always performed using finite

time data, hence a discrete frequency grid Ωid is used during frequency domain identi-

fication. This leads to the criterion

max
ωi∈Ω

σ̄

W

Nz,o

No

Do

−
N̂z

N̂

D̂





subject to M(P̂ , C) ∈ RH∞,

(7.40)

which constitutes a lower-bound for the criterion in (7.38). The criterion in (7.40)

is considered throughout, and is to be minimized over N̂z, N̂ , and D̂. The reader is

referred to Section 3.4.3, Section 2.3.4, and Appendix A for algorithmic aspects.

7.6.4 Results

The identified nonparametric factors Nz,o, No, and Do are computed from the identified

frequency response function M̃(Po, C
exp) for ωi ∈ Ωid, see Figure 7.12. Given these

identified nonparametric factors, the criterion in (7.40) is minimized over N̂z, N̂ , and

D̂. The result of the optimization is depicted in Figure 7.12. In view of the results

in Section 7.6.2, the identification of the factors is performed in a control-relevant

domain, i.e., a high gain at a certain frequency implies that the dynamical behavior

at that particular frequency is important from a control perspective. Indeed, it is

observed that the identified parametric factors N̂z, N̂ , and D̂ accurately match the

nonparametric frequency response functions at the frequencies where the gain is large.
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In addition, N̂z, N̂ , D̂ ∈ RH∞, which is shown in Section 3.4 to be equivalent to the

condition M(P̂ , C) ∈ RH∞ in (7.40).

7.7 Validation-Based Uncertainty Modeling

7.7.1 Towards Robust-Control-Relevant Model Sets

As discussed in Section 7.2.2, the identification of a robust-control-relevant model set

PRCR is required. On the one hand, the constraint (7.9) is required to ensure that the

designed controller is guaranteed to achieve a certain performance when implemented

on the true system. On the other hand, the set has to be robust-control relevant

to ensure a high performance is achieved, i.e., the model set should not lead to an

unnecessarily conservative control design.

The uncertain model set is structured as

P =
{
P
∣∣P = Fu(Ĥ,∆),∆ ∈ ∆

}
, (7.41)

where ∆ is a norm-bounded set, possibly subject to additional structural constraints,

Ĥ contains P̂ and the uncertainty structure, and Fu denotes the upper linear fractional

transformation (LFT). Substitution of (7.41) in (7.10) and Cexp yields

J 9
WC(P , Cexp) = sup

∆∈∆
‖M̂22 + M̂21∆u(I − M̂11∆u)

−1M̂12‖∞, (7.42)

where

M̂ :


q

r3
r2
r1

 7→

p

zp

yp

up

 (7.43)

is appropriately partitioned as

M̂ =

[
M̂11 M̂12

M̂21 M̂22

]
, (7.44)

see also Figure 7.13. The worst-case performance in (7.42) holds for any model uncer-

tainty structure that can be represented as an LFT. A key issue in (7.42) is that in

general an H∞-norm-bounded ∆u can lead to an unbounded worst-case performance.

In virtue of Definition 7.2.3, this leads to a model set that is clearly not robust-control-

relevant. To resolve this, a new model uncertainty structure is presented in Proposi-

tion 3.5.1, i.e., the model uncertainty structure

P =

[
Nz +W−1

e ∆z

N +Dc,22∆u

]
(D −Nc,2∆u)

−1, (7.45)
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Figure 7.12: Coprime factorization: nonparametric Nz,o, No, and Do (black solid), parametric N̂z, N̂ ,
and D̂ (gray solid).
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Figure 7.13: M̂ -∆ interconnection structure.

where

∆ =

[
∆z

∆u

]
∈ RH∞ (7.46)

is considered, where {Nc,2, Dc,22} is any right coprime factorization of Cexp, see also

Proposition 3.5.1. The model uncertainty structure (7.45) leads to the most parsi-

monious characterization of model uncertainty in view of robust inferential control,

details of which are provided in Section 3.5. Note that the parameterization in (7.45)

applies to both two-degrees-of-freedom controllers and to the case where the set of

performance variables is not equal to the set of measured variables. Using the pa-

rameterization (7.45) in the worst-case performance criterion (7.10) simplifies (7.42)

to

J 9
WC(P , Cexp) = sup

∆∈∆
‖M̂22 + M̂21∆M̂12‖∞, (7.47)

which is affine in ∆ and holds for any right coprime factorization of P̂ and Cexp. Due to

the affine dependence of J 9
WC(P , Cexp) on ∆ in (7.47), a finite model uncertainty bound

on ∆ leads to a finite worst-case performance J 9
WC(P , Cexp). Following the develop-

ments in Section 3.5, a tighter bound can be obtained. Specifically, using the specific

factorization of P̂ that is identified in Section 7.6 in conjunction with a {Wu,Wy}-
normalized right coprime factorization of Cexp, which can directly be computed using

the state-space formulas in Section 2.4.2, the stronger result

J 9
WC(P , Cexp) ≤ ‖M̂22‖∞ + sup

∆∈∆
‖∆‖∞ (7.48)

is obtained, see Proposition 3.5.3. The result in (7.48) is induced by the specific

model uncertainty structure in conjunction with the specific factorization of P̂ and

Cexp. Clearly, the norm of ∆ directly affects the control criterion. As a consequence, a

transparent connection between nominal model identification, model uncertainty quan-

tification, and robust control is obtained. Indeed, by minimizing the upper bound in

(7.48) by separately identifying a nominal model, as is discussed in Section 7.6, and

model uncertainty quantification, a robust-control-relevant model set in view of Defi-

nition 7.2.3 is obtained.

A remaining aspect is the possible structure of ∆. For instance, the H∞-norm of[
∆z

∆u

]
(7.49)
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can be bounded, leading to an unstructured model uncertainty description. To facilitate

the design of and hence comparison with four-block control designs, the structure

∆ =

[
∆z 0

0 ∆u

]
(7.50)

is introduced, which directly fits in the M̂ -∆ interconnection in Figure 7.13 by right-

multiplication of (7.50) with the vector

1√
2

[
1

1

]
, (7.51)

where a normalization is introduced to ensure that M̂12 is norm-preserving, thereby

maintaining the result in (7.48).

7.7.2 Validation-Based Uncertainty Modeling

In Section 7.7.1, the structure of the model uncertainty frame is defined such that it

connects to the control criterion and hence aims at the identification of robust-control-

relevant model sets in view of Definition 7.2.3. It remains to determine the size of ∆

such that the constraint (7.9) holds.

The size of the model uncertainty is estimated using a validation-based uncertainty

modeling approach, see Chapter 4. The approach is referred to as model validation,

since new, independent measurement data are used. By minimizing over the model

uncertainty bound γ, i.e.,

γ(ωi) = σ̄ (∆u(ωi)) , ∀∆u ∈ ∆u (7.52)

for ωi ∈ Ω that results in a not-invalidated model, the minimum-norm-validating model

uncertainty that can reproduce the measured data is found. Here Ω corresponds to a

certain discrete frequency grid.

The result of the validation-based uncertainty modeling approach is a nonparamet-

ric bound for the minimum-norm validating ∆. For the actual controller synthesis,

however, a parametric overbound is required, see, e.g., Skogestad and Postlethwaite

(2005). Although the nonparametric bound is tighter, the parametric bound is re-

quired in subsequent controller synthesis. In addition, either a static or a dynamic

overbound can be considered. In general, a tighter overbound leads to less uncertainty,

thereby potentially improving the achievable worst-case performance for the particular

model set.

7.7.3 Experimental results

Employing the robust-control-relevant model uncertainty structure of Section 7.7.1 and

the validation-based uncertainty modeling approach of Section 7.7.2, the norm-bound

γ is determined such that the constraint in (7.9) holds. Hereto, the identified model P̂
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that is identified in Section 7.6 is confronted with new measurement data. Specifically,

four data sets are considered, where in view of Assumption 7.2.4, both zp and yp are

measured. The data sets are identified under the following operating conditions:

1. the data set that has been used for identification purposes is a multisine signal

with frequencies Ωid;

2. a new data set that has been obtained under the same operating conditions as

the identification data set 1;

3. a new data set containing identical frequencies Ωid as the identification data set,

but with different phases of the independent sinusoids;

4. a new data set containing different frequencies Ωval as the identification data set.

The purpose of validation data set 3, i.e., the data set containing sinusoids with different

phases, is to investigate nonlinear behavior of the true system. Indeed, in case the

system is nonlinear, it is expected that this will lead to a larger value for γ. This can

be interpreted as a different linear approximation, see Pintelon and Schoukens (2001,

Chapter 3) for details. A similar phenomenon can arise in case of data set 4. Besides

the nonlinear effects, data set 4 also enables an analysis of the behavior in between

the frequency grid. Alternatively, the behavior in between the frequency grid can be

quantified by imposing certain prior assumptions. However, this typically leads to

unnecessarily conservative results as is argued in Chapter 4. Hence, the behavior in

between the frequency grid is analyzed using actual measured data, which can in fact

be considered as an independent data set compared to the identification data set.

Both the nonparametric results γ(ωi) for ωi ∈ Ωid and for ωi ∈ Ωval and the para-

metric overbounds, as is discussed in Section 7.7.2, are depicted in Figure 7.14. A tight

dynamical overbound is considered, since this results in reduced conservatism in the

procedure. However, in this case control-relevance is less clear when compared to the

use of a static overbound, as has been considered in Oomen et al. (2009d), Chapter 5,

and Chapter 2.

To elucidate on the notion of control-relevance by means of the experimental re-

sults presented here, observe in Figure 7.14 that the model uncertainty ∆u, which

corresponds to P̂y, is of comparable magnitude at approximately 185 Hz and 430 Hz.

When comparing this with the identification results in Figure 7.12, it is observed that

the parametric model P̂y = N̂D̂−1 is significantly more accurate around 185 Hz than

at 430 Hz. The explanation is that control-relevance emphasizes the 185 Hz frequency

region when compared to the 430 Hz frequency region. The fact that the 185 Hz fre-

quency region is emphasized coincides with practical experiences. Indeed, resonance

phenomena that are close to the cross-over region commonly are most critical for closed-

loop stability and performance, as is confirmed in Skogestad and Postlethwaite (2005,

Section 5.12.2). In addition, in Oomen and Bosgra (2008b), it is shown that for this

specific system, the 185 Hz is already critical for controller designs that aim at a low

closed-loop bandwidth.
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The parametric overbounds in Figure 7.14 are absorbed into the model uncertainty

structure, specifically by including these in the vector in (7.51). The resulting model set

is denoted by PRCR. The shaded area in Figure 7.15, which are generated by employing

generalizations of the structured singular value, see also Packard and Doyle (1993),

contains all candidate models that are contained in the model set. It is observed that

the model set is accurate around the closed-loop cross-over region, which is essential

for feedback control design, see Skogestad and Postlethwaite (2005).

7.8 Nominal Control Design

7.8.1 Theory

In this section, control design for the nominal model P̂ is considered. The controller is

optimized for nominal performance, i.e.,

CNP9 = arg min
C
J 9(P̂ , C). (7.53)
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Figure 7.15: Bode magnitude diagram of uncertain model set: nonparametric estimate (dot), nominal
model P̂ (black solid), model set (shaded).

Hence, model uncertainty is not considered during controller synthesis. However, ro-

bust performance can be analyzed after the nominal controller synthesis (7.53). In

particular, the robust performance can be analyzed using the skewed structured singu-

lar value, see Fan and Tits (1992), i.e.,

J 9
WC(PRCR, CNP9) = sup

ω
µs,∆̃

(
M̂(CNP9, ω)

)
, (7.54)

where

µs,∆̃ =

(
min
∆̃∈∆̃

{
σ̄(∆p)| det(I − ∆̃M̂) = 0

})−1

, (7.55)

unless det(I − ∆̃M̂) 6= 0, ∀∆̃ ∈ ∆̃, in which case µs,∆̃ := 0. In addition,

∆̃ =

{[
∆p 0

0 ∆

] ∣∣∣∆p ∈ C(nz+ny+nu)×(nz+ny+nu),∆ ∈ C(nz+ny)×2nu , σ̄(∆) < 1

}
, (7.56)

where ∆ is defined in (7.50). For comparison, also four-block controllers, see, e.g.,

McFarlane and Glover (1990), Vinnicombe (2001), Steinbuch and Norg (1998a), and
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Van de Wal et al. (2002), are computed, with associated control criterion

J 4(Py, C) =

∥∥∥∥[Wy 0

0 Wu

] [
Py

I

]
(I + CPy)

−1
[
C I

] [V2 0

0 V1

]∥∥∥∥
∞

(7.57)

and

J 4
WC(PRCR, C) = sup

Py∈PRCR

J 4(Py, C) (7.58)

denotes the associated worst-case control criterion. The notation in (7.58) implies that

only the part corresponding to Py in PRCR is considered in the worst-case criterion

for the four-block case. In addition, in this case the control goal aims at achieving

high servo performance in terms of yp. This is enabled by the fact that the system is

single-input single-output, hence dim zref = dim yp. The optimal four-block controller

is given by

CNP4 = arg min
C
J 4(P̂y, C). (7.59)

Similar to controller CNP9, the worst-case performance for the controller CNP4 can be

computed using the skewed structured singular value, both for the criteria J 4
WC and

J 9
WC. Note that in the four-block case, the model set has not been optimally tuned

towards the control goal. Still, the resulting four-block controller provides a useful

comparison.

Regarding the optimization problems in (7.53) and (7.59), it should be remarked

that the optimization involves discrete time systems. However, as is shown in Oomen

et al. (2007b), H∞-optimization algorithms for continuous time systems, including

Doyle et al. (1989) and Balas et al. (2007), can be used by employing a certain bilinear

transformation.

Finally, it is pointed out that after the synthesis of the nine-block optimal controller

in (7.53), a scaling procedure is invoked. This is required to ensure that the response

r3 7→ zp has the correct steady-state gain, which cannot be enforced in typical two-

degrees-of-freedom H∞-optimal control designs. Specifically, assuming |Tr| = 1 at

ωi = 0, as is the case in Figure 7.11, then the scaling

Wsc =
(
M̃11(P̂ , C

NP9)
∣∣
ω=0

)−1

(7.60)

is applied, i.e., the appropriately scaled controller is given by

CNP9

[
Wsc 0

0 I

]
. (7.61)

It is remarked that the shaping filters W1 and W2 in (7.29) - (7.32) do not affect the

scaling in the case that y is scalar. However, it is most convenient to perform the

scaling in (7.61) prior to the inclusion of shaping filters W1 and W2 into CNP9.



218 Chapter 7. Dealing with Unmeasured Performance Variables

10
0

10
2

−20

0

20

40
|C

|
[d

B
]

10
0

10
2

−20

0

20

40

10
0

10
2

−180

−90

0

90

180

6
C

[◦
]

f [Hz]
10

0
10

2
−180

−90

0

90

180

f [Hz]

Figure 7.16: Bode diagram of controller: optimal nominal nine-block inferential controller CNP9 (black
solid), optimal nominal four-block controller CNP4 (gray solid), and initial controller Cexp

(black dashed).

Table 7.1: Robust-control-relevant identification and robust controller synthesis results.
Cexp CNP4 CNP9 CRP4 CRP9

Minimized criterion − J 4(P̂y, C) J 9(P̂ , C) J 4
WC(PRCR, C) J 9

WC(PRCR, C)
Section 7.2.2 7.8 7.8 7.9 7.9
Equation − (7.59) (7.53) (7.69) (7.12)
J 4(P̂y, C) 123.01 3.12 − 4.09 −
J 9(P̂ , C) 196.82 32.44 7.80 41.18 9.34
J 4

WC(PRCR, C) 125.50 5.37 − 4.10 −
J 9

WC(PRCR, C) 201.38 39.30 70.54 49.45 10.88

7.8.2 Controller Synthesis

Using the approach in Section 7.8.1, controllers have been synthesized that achieve

optimal nominal performance. The resulting controllers are depicted in Figure 7.16.

The corresponding values of the control criteria are given in Table 7.1.

The controller CNP4 is designed to achieve optimal performance J 4(P̂y, C
NP4),

which equals 3.12. However, when computing the performance of the controller CNP4

in the control criterion associated with the nine-block problem, i.e., J 9(P̂ , CNP4), it

is observed that the performance degrades to 32.44. In contrast, CNP9 achieves a per-

formance J 9(P̂ , CNP9) = 7.80, which is significantly better. Note that due to the

specific weighting filter selection, J 9(P̂ , CNP9) ≥ J 4(P̂y, C
NP4), which indeed holds.
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In addition, the bounds

J 4(P̂y, C
NP4) ≤ J 4(P̂y, C

exp) (7.62)

J 9(P̂ , CNP9) ≤ J 9(P̂ , Cexp) (7.63)

hold.

In case robust performance is analyzed, it is concluded that the four-block optimal

controller CNP4 achieves a worst-case performance of J 4
WC(PRCR, CNP4) = 5.37 and

J 9
WC(PRCR, CNP4) = 39.30. The controller CNP9 achieves a worst-case performance

J 9
WC(PRCR, CNP9) = 70.54, which is even worse than the four-block controller CNP4.

Of course, since model uncertainty has not been addressed during controller synthesis,

there are no guarantees with respect to the worst-case performance criteria. In fact,

experimental results have pointed out that occasionally the worst-case performance

becomes unbounded, i.e., the designed nominal controller is not robustly stable, in

which case no performance guarantees are available when the controller is implemented

on the true system. In addition, the resulting controller commonly resulted in an

unstable closed-loop behavior when implemented on the true system. Clearly, this

underlines the importance of designing robust controllers, as will be done in Section 7.9.

7.8.3 Simulation and Experimental Results

First, the controllers Cexp, CNP4, and CNP9 are evaluated using the nominal model

P̂ , see Figure 7.17 for the responses of zp and yp, respectively. Considering yp in

Figure 7.17, it is observed that Cexp has the slowest response. Clearly, the nominal four-

block control design CNP4 significantly improves the response in terms of the measured

variable yp. However, when considering the performance variable zp in Figure 7.17, it is

observed that CNP4 deteriorates the true system performance compared to the initial

control design Cexp. It is remarked that the response zp typically is not measured

in control applications. Hence, one typically does not realize from measured data in

the control loop, i.e., yp, that the designed controller in fact is performing poorly.

Additionally, it is observed that CNP4 results in an inverse response at 0.05 s, which is

explained by the presence of nonminimum phase zeros.

The optimal inferential controller CNP9 has a peculiar response with respect to the

yp variable at 0.07 s, see Figure 7.17 (bottom). In Figure 7.17 (top), the reason for this

oscillation becomes clear, since it seems to be required to ensure zp has a satisfactory,

smooth response. Indeed, since the trajectories of zp and yp are inherently related,

there is insufficient freedom with a single input, see (7.3), to give both zp and yp a

certain desired response. Similar responses have been observed in other systems where

performance variables and measured variables can be distinguished, including optimal

control of overhead cranes, see Singh and Singhose (2002). Concluding, the optimal

inferential controller CNP9 is able to enhance the system performance, i.e., the response

in terms of the variable zp.

Next, the controllers have been implemented on the true systems and the responses

have been measured, see Figure 7.18 for responses in the zp and yp variables. It is
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concluded that the simulation results reliably predict the experimental results, which

confirms that the model is control-relevant. Thus, the optimal inferential controller

CNP9 is able to enhance the performance of the experimental beam system. In contrast,

CNP4 significantly deteriorates the system performance.

7.8.4 Analysis of Inferential Control Designs

Recall that closed-loop transfer functions such as the sensitivity function and comple-

mentary sensitivity function are commonly used as performance indicators in control

designs for the case where the set of performance variables equals the set of measured

variables. In fact, the complementary sensitivity function

T 4 = Py(I + CNP4Py)
−1CNP4 (7.64)

can be used for predicting the response for the yp variable in Figure 7.17 (bottom) and

Figure 7.18 (bottom). In Figure 7.19, a Bode magnitude diagram of (7.64) is depicted,

which is based on the frequency response function of Py,o in Figure 7.8. The absence of

a high overshoot and oscillatory behavior in the time domain response of the yp variable

for CNP4 corresponds well with the absence of peaks in the Bode magnitude diagram in

Figure 7.19, as is also explained in Skogestad and Postlethwaite (2005, Section 2.4.4).

Following the developments in Chapter 3, the transfer function

Tz : r3 7→ zp = Pz(I + C2Py)
−1C1 (7.65)

is relevant for the step response performance in the inferential control situation. For

the optimal nominal four-block controller CNP4, (7.65) reduces to

T 4
z = Pz(I + CNP4Py)

−1CNP4, (7.66)

see Figure 7.19 for a Bode magnitude diagram. Clearly, the transfer function in (7.66)

contains a large peak when visualized in a Bode magnitude diagram, which explains

the highly oscillatory behavior in Figure 7.17 (top) and Figure 7.18 (top).

The relevant transfer function for the optimal nominal nine-block controller CNP9

is given by

T 9
z = Pz(I + CNP9

2 Py)
−1CNP9

1 . (7.67)

When compared to CNP4, see (7.66), there are no large peaks in the relevant transfer

function T 9
z . This results in the absence of large overshoot and oscillatory behavior in

the step responses in Figure 7.17 (top) and Figure 7.18 (top).

Finally, it is remarked that similar results can be obtained with respect to dis-

turbance attenuation properties. However, these results are beyond the scope of the

research that is presented here.
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Figure 7.17: Step responses using nominal model: optimal nominal nine-block inferential controller
CNP9 (black solid), optimal nominal four-block controller CNP4 (gray solid), and initial
controller Cexp (black dashed).
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Figure 7.18: Experimental step responses: optimal nominal nine-block inferential controller CNP9

(black solid), optimal nominal four-block controller CNP4 (gray solid), and initial con-
troller Cexp (black dashed).
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Figure 7.19: Closed-loop transfer functions: T 9
z using CNP9, see (7.67) (black solid), T 4

z using CNP4,
see (7.66) (gray solid), and T 4 using CNP4, see (7.64) (black dashed).

7.9 Robust Control Design

7.9.1 Theory

Next, robust controllers are designed that are guaranteed to perform well for the entire

model set and hence by virtue of (7.9) also when the controller is implemented on the

true system. The optimal robust controller is defined in (7.12) and can be computed

using the skewed structured singular value, i.e.,

CRP9 = arg min
C

sup
ω
µs,∆̃

(
M̂(CNP9, ω)

)
, (7.68)

see Appendix B for more details. Similarly,

CRP4 = min
C
J 4

WC(PRCR, C), (7.69)

again computations can be performed using the skewed structured singular value. For

the actual optimization, a modified version of D −K iterations has been devised that

enables the minimization of the skewed structured singular value.

7.9.2 Controller Synthesis

The resulting controllers CRP4 and CRP9 are depicted in Figure 7.20, whereas the

corresponding values of the control criteria are given in Table 7.1. When comparing



224 Chapter 7. Dealing with Unmeasured Performance Variables

10
0

10
2

−20

0

20

40
|C

|
[d

B
]

10
0

10
2

−20

0

20

40

10
0

10
2

−180

−90

0

90

180

6
C

[◦
]

f [Hz]
10

0
10

2
−180

−90

0

90

180

f [Hz]

Figure 7.20: Bode diagram of controller: optimal robust nine-block inferential controller CRP9 (black
solid), optimal robust four-block controller CRP4 (gray solid), and initial controller Cexp

(black dashed).

Figure 7.20 and Figure 7.16, it is observed that the notch-type behavior, e.g., around

30 Hz is less sharp, especially for C2, which is located in the feedback path. This is a

typical result in case the robustness properties of the controller are enhanced.

From Table 7.1, it is observed that both CRP4 and CRP9 significantly improve

the worst-case control criteria J 4
WC(PRCR, CRP4) and J 9

WC(PRCR, CRP9), respectively.

Clearly, the bounds

J 9(P̂ , CNP9) ≤ J 9(P̂ , CRP9) ≤ J 9
WC(PRCR, CRP9) ≤ J 9

WC(PRCR, CNP9) (7.70)

and

J 4(P̂ , CNP4) ≤ J 4(P̂ , CRP4) ≤ J 4
WC(PRCR, CRP4) ≤ J 4

WC(PRCR, CNP4) (7.71)

hold, as is expected.

7.9.3 Simulation and Experimental Results

Next, the robust controllers CRP4 and CRP9 are evaluated on the nominal model P̂ , see

Figure 7.21 for the responses of the zp and yp variables. The responses are remarkably

similar to Figure 7.17, see also Section 7.8.3 for the corresponding discussion. Hence,

it is concluded that the enhancement of robustness compared to the nominal control

design in Section 7.8.3 barely goes at the expense of a performance degradation. This



7.10. Discussion 225

is enabled by the fact that the system behavior is highly reproducible and the model

set is robust-control-relevant.

Finally, the robust controllers are implemented on the true system, see Figure 7.22.

The experimentally obtained responses of the robust controllers are approximately

equal to the experimentally obtained responses in Figure 7.18. In addition, the simu-

lation results in Figure 7.21 reliably predict the experimentally obtained responses in

Figure 7.22.

To further analyze the poor inferential performance corresponding to the controller

CRP4, observe from Figure 7.22 that the highly oscillatory behavior in the zp vari-

able contains a dominant frequency component that coincides with the resonance phe-

nomenon in Figure 7.8 at approximately 32 Hz. When comparing the response of

the zp and yp variables, see Figure 7.23, it is observed that the two variables are ap-

proximately in counter-phase. This confirms that the flexible dynamical behavior that

causes the poor inferential behavior can indeed be caused by the deformation that is

schematically depicted in Figure 7.2. Again, it is emphasized that from the measured

signal yp, there is no indication that the performance variable zp is highly oscillatory.

The main conclusion is that four-block controllers, including CNP4 and CRP4, can

achieve a satisfactory response in terms of the measured variable yp. However, the

results of the flexible beam system revealed that this can be at the expense of the

response of the performance variables zp. The results of the flexible beam system

confirm that a nine-block controller, i.e., CNP9 and CRP9, can achieve a satisfactory

response in the performance variable zp. In addition, CRP9 achieves high performance

robust inferential control, since model uncertainty is explicitly accounted for during

control design.

7.10 Discussion

In this chapter, a novel identification and control design approach with experimental

verification on a high precision motion system is presented that addresses the distinc-

tion between measured variables and performance variables. The experimental results

reveal that in case the performance variables are not measured control is able to achieve

high performance by exploiting model knowledge. The main conclusions are twofold.

Firstly, it is shown that although common control design methodologies, including

the loopshaping procedures that are pursued in Chapter 5 and Chapter 6, can signifi-

cantly improve the response of the system with respect to the measured variables, such

methodologies can lead to a significantly deteriorated performance in the performance

variables. This is a potentially dangerous situation, since the poor performance cannot

be detected from signals in the feedback loop. Of course, the poor performance will

be detected when the control application is used under normal operating conditions,

e.g., in case of the wafer stage application the produced integrated circuits may not

be within certain tolerances. However, in this case it is generally not clear how to

redesign the controller to actually improve the performance variables. Experimental
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Figure 7.21: Step responses using nominal model: optimal robust nine-block inferential controller
CRP9 (black solid), optimal robust four-block controller CRP4 (gray solid), and initial
controller Cexp (black dashed).
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Figure 7.22: Experimental step responses: optimal robust nine-block inferential controller CRP9 (black
solid), optimal robust four-block controller CRP4 (gray solid), and initial controller Cexp

(black dashed).
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Figure 7.23: Experimental step responses using optimal robust four-block controller CRP4: zp (black
solid), yp (gray solid).

results of the flexible beam setup confirm that a four-block H∞-loopshaping controller,

as has also been successfully designed in Chapter 5 and Chapter 6, indeed improves the

measured response, i.e., with respect to signals in the feedback loop, compared to the

initial, moderately performing controller. However, the four-block H∞-loopshaping

controller results in a significantly deteriorated response with respect to the perfor-

mance variables.

Secondly, it is illustrated that the proposed identification and robust inferential con-

trol design methodology can result in high inferential performance, which is achieved by

appropriately distinguishing between the measured variables and the performance vari-

ables during control design. Experimental results confirm that the controller achieves

high performance in terms of the performance variables. In addition, the measured per-

formance variables contain a response that is uncommon in standard control designs

that do not distinguish between measured variables and performance variables, yet

seems to be essential to achieve a satisfactory response in the performance variables.

With respect to the performance variables, the designed robust inferential controller

outperforms both the initial, moderately performing controller and the four-block H∞-

loopshaping controller, both in terms of the control criterion and the time domain

responses.

The design of high performance robust inferential controllers requires more extended

techniques compared to the previously available state-of-the-art, including the common

four-block H∞-loopshaping controllers. Indeed, model knowledge is exploited to infer
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the performance variables from the measured variables, enabling enhanced control per-

formance. As specific contributions, 1. two-degrees-of-freedom controller structures

are adopted to deal with the inferential control problem, consequently also the control

criterion is extended to a nine-block problem; 2. the identification of control-relevant

models is extended to deal with unmeasured performance variables; 3. novel model

uncertainty structures are presented for the two-degrees-of-freedom controller case and

the case where the set of performance variables is not equal to the set of measured

variables, additionally, the model uncertainty structure leads to a parsimonious model

set that does not lead to an unnecessarily conservative control design. Hence, an iden-

tification and robust control design procedure is presented where the nominal model

identification, the model uncertainty coordinate frame, and control criterion transpar-

ently connect, enabling high performance robust inferential control.

Since the presented approach is inherently model-based, the predictive power of the

identified model is the limiting factor in achieving high performance inferential control.

Due to the highly reproducible dynamical behavior of the flexible beam system, the

quantified model uncertainty in the validation-based uncertainty modeling procedure

is relatively small. Hence, the predicted performance variables, which are indirectly

estimated in the observer-based controller structure, see, e.g., Doyle et al. (1989), are

highly accurate, which in turn enables a high performance control design. The ex-

perimental results thus confirm that control can deal with unmeasured performance

variables in case of highly reproducible dynamical behavior in conjunction with an ac-

curate model. This paves the way for next-generation lightweight systems that exhibit

flexible dynamical behavior in the cross-over region.

Relevant aspects that require additional research include model order selection and

model order reduction. Specifically, a reconsideration of model order selection proce-

dures, e.g., as in Pintelon and Schoukens (2001) and Ljung (1999b), is required from

the perspective of the model set in Definition 7.2.3. In addition, the order of the syn-

thesized controller may be too high for actual implementation, e.g., due to the use of

D−K iterations, as is discussed in Appendix B. In this case, controller order reduction

can be considered, which should be considered from a robust-control-relevant point of

view.

Finally, it should be remarked that the two-degrees-of-freedom controller structure

that is used in the present chapter encompasses a feedforward control component.

In the present chapter, the focus is on feedback control design, where the weighting

filters are selected such that the resulting controller mimics a related four-block H∞-

loopshaping based control design. This should be taken into account if an additional

feedforward controller is implemented to improve the system response. Additionally, to

facilitate the design of feedforward controllers, the weights can be adjusted or structure

can be enforced in the controller to enforce a feedback control design, e.g., using a two-

stage procedure as in Yaesh and Shaked (1991) or by means of dedicated optimization

algorithms that take into account the chosen controller structure.
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Chapter 8

Suppressing Intersample Behavior in

Iterative Learning Control

8.1 Iterative Learning Control for Performance Enhancement

in Sampled-Data Systems

Iterative learning control (ILC) is a control strategy to improve the performance of

digital batch repetitive processes. Due to its digital implementation, discrete time

ILC approaches do not provide any guarantees with respect to the intersample behav-

ior. In fact, in this chapter it is shown that common discrete time ILC approaches

may deteriorate the intersample behavior, thereby reducing the actual performance of

sampled-data systems. It is remarked that the performance degradation may not be

detected from the discrete time signals in the feedback loop. However, this will defi-

nitely be detected in case the physical system is used to perform a certain task in the

continuous time domain.

The main contribution of this chapter is a systematic procedure for iterative learning

control that applies to sampled-data systems and explicitly addresses the intersample

behavior, which addresses research aspect VII in Section 1.7. By employing optimal

ILC, e.g., as in Van de Wijdeven and Bosgra (2008), the intersample behavior is explic-

itly quantified in the optimization problem. In addition, a multirate ILC approach is

pursued, where the measurement of fast sampled signals is fully exploited to generate

a command signal at a low sampling frequency. As a result of the fact that signals

operate at different sampling frequencies, the resulting ILC controller is time-varying.

In this chapter, time-variance is appropriately dealt with.

This chapter is organized as follows. In Section 8.2, the sampled-data ILC prob-

lem is formulated. In Section 8.3, the multirate ILC setup is defined and the main

theoretical issues regarding multirate systems are presented. In Section 8.4, the main

results regarding the ILC control design for multirate systems are presented. In Sec-

tion 8.5, simulation examples, which address sampling zeros, see Åström et al. (1984),
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and aliased disturbances, see Oomen et al. (2007b), illustrate the necessity of dealing

with intersample behavior in ILC. Finally, in Section 8.6, concluding remarks are given.

8.2 Problem Definition

In this section, the ILC problem for closed-loop sampled-data systems is defined. The

considered setup is depicted in Figure 8.1. Here,

y(tc) = Pu(tc), (8.1)

where P denotes the continuous time system and tc ∈ R refers to continuous time. The

system input is given by

u(tc) = Hl(wl(t) + Cd,lS le(tc)), th
l ≤ tc < (t+ 1)hl (8.2)

e(tc) = r(tc)− y(tc), (8.3)

where r is the reference signal and Cd,l is a discrete time controller operating at a

sampling frequency f l. In (8.2), the ideal sampler and zero-order-hold are defined by

Sq : e(tc) 7→ eq(t), eq(ti) = e(tih
q) (8.4)

Hq : uq(t) 7→ u(tc), u(tih
q + τ) = uq(ti), τ = [0, hq), (8.5)

respectively, where ti ∈ t, sampling frequency f q = 1
hq , and hq denotes the sampling

time. The variable q represents a low or high sampling frequency. Specifically, the

superscript l refers to the low sampling frequency f l, hence q = l⇒ f q = f l. Similarly,

the superscript h refers to the high sampling frequency fh.

Typically, the sampling time hl of the feedback controller is lower bounded, since

a new control signal has to be computed in real-time. The command signal wl is

generated by the ILC algorithm. It is assumed that wl operates at the same sampling

frequency as the feedback controller, since this is commonly encountered in digital com-

puter implementations. Finally, it is remarked that in (8.2) and (8.3) sampled values of

the reference signal r could be used, i.e., S lr, since by linearity, see Proposition 8.3.5,

S le = S lr−S ly. However, for the forthcoming sampled-data analysis, it is instructive

to consider r as a continuous time signal.

The main problem considered in this chapter is given by the optimal sampled-data

problem.

Definition 8.2.1 (Optimal sampled-data ILC). Given the criterion JSD(wl, e), then

the optimal sampled-data ILC problem involves determining

wl
SD? = arg min

wl
JSD(wl, e). (8.6)

Throughout, all criteria are assumed to be norm-based. In the optimal sampled-

data ILC problem, an optimal discrete time command signal wl is determined that
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Figure 8.1: Closed-loop sampled-data ILC setup.

achieves good continuous time performance e, see Figure 8.1. This implies that the

problem involves both continuous time and discrete time signals. This definition of

sampled-data systems is consistent with the literature on sampled-data systems, in-

cluding Chen and Francis (1995). In contrast, standard ILC algorithms, including

Moore (1999), Bristow et al. (2006), and Gorinevsky (2002), employ discrete time

measurements of the error e. In particular, the optimal discrete time ILC problem is

given by the following definition.

Definition 8.2.2 (Optimal discrete time ILC). Given the criterion JDT(wl, el), then

the optimal discrete time ILC problem involves determining

wl
DT? = arg min

wl
JDT(wl, el). (8.7)

In the discrete time ILC criterion JDT(wl, el), only the at-sample response is mini-

mized. For instance, a typical discrete time ILC criterion is given by the norm-based

criterion

JDT(wl, el) = ‖wl‖Ww + ‖el‖We , (8.8)

in which case a weighted sum of the norm of the error el and command signal wl is

minimized, both sampled at a sampling frequency f l. Hence, the intersample behavior

is not addressed. In contrast, in a sampled-data criterion JSD(wl, e) the intersample

response is explicitly accounted for. This implies that discrete time ILC approaches

may result in poor intersample behavior, which is quantified by

JSD(wl
DT? , e) ≥ JSD(wl

SD? , e). (8.9)

The gap in (8.9) depends on the particular system and exogenous signals and can

become arbitrarily large, as is illustrated in Section 8.5.

In this chapter, the sampled-data ILC problem in Definition 8.2.1 is addressed. The

sampled-data setup can theoretically be handled using lifted system descriptions, e.g.,

as in Chen and Francis (1995), Bamieh et al. (1991), and Yamamoto (1994). How-

ever, actual implementation of the resulting ILC controller requires a continuous time

measurement of e that is unavailable in a digital computer environment. In the next

section, a multirate approximation to the sampled-data ILC problem in Definition 8.2.1

is presented to enable digital computer implementation. From hereon, the arguments

are occasionally suppressed in case they are clear from the context.
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Figure 8.2: Closed-loop multirate ILC setup.

8.3 Multirate Setup

8.3.1 Multirate Iterative Learning Control Setup

To enable digital computer implementation of ILC controllers that explicitly address

intersample behavior, a multirate approximation of the sampled-data ILC problem, see

Definition 8.2.1 and Figure 8.1, is presented. The key idea is that in many applications,

it is possible to measure error signals at a higher sampling frequency fh than the

frequency f l at which Cd,l operates. Indeed, the bound on f l is caused by the fact that

in feedback control the new control input has to be computed in real-time. In contrast,

although ILC is implemented in real-time, it can exploit the time in between trials for

the actual computation of the command signal.

To enable the use of standard techniques from multirate signal and system analysis,

see Vaidyanathan (1993), the following assumption is imposed.

Assumption 8.3.1. Let the sampling frequencies f l and fh be related by

fh = Ff l, 1 < F ∈ Z. (8.10)

The multirate ILC setup is depicted in Figure 8.2. Herein, Sh and Hh are defined

in (8.4) and (8.5), respectively, where q = h, i.e., a high sampling frequency fh is

assumed. The downsampling operator Sd is defined by

Sd : eh(t) 7→ el(t), el(ti) = eh(Fti), ti ∈ t. (8.11)

In addition, the multirate zero-order-hold Hu is defined as in Oomen et al. (2007b):

Hu = IF (z)Su, (8.12)

where the upsampler Su and zero-order-hold interpolator IF (z) are given by

Su : ul(t) 7→ ũh(t), ũh(ti) :=

{
ul( ti

F
) for ti ∈ t, ti

F
∈ Z

0 for ti ∈ t, ti
F
/∈ Z.

(8.13)

IF (z) =
F−1∑
f=0

z−f . (8.14)

Remark 8.3.2. An ideal sampler is considered in (8.4), (8.11). This is not restric-

tive, since sensor dynamics and anti-aliasing filters can be incorporated in P . Signal



8.3. Multirate Setup 237

quantization is not addressed, see, e.g., Bamieh (2003) for appropriate extensions. In

addition, the multirate zero-order-hold can be defined directly instead of (8.12). How-

ever, the present definition via the upsampler, which inserts zero values, is consistent

with standard definition, see Vaidyanathan (1993), and enables a straightforward in-

corporation of general interpolators.

The multirate setup in Figure 8.2 leads to the following optimal multirate ILC

problem.

Definition 8.3.3 (Optimal multirate ILC). Given the criterion JMR(wl, eh), then the

optimal multirate ILC problem involves determining

wl
MR? = arg min

wl
JMR(wl, eh). (8.15)

The optimal multirate ILC problem is a sensible approximation of the sampled-

data ILC problem, since under appropriate technical conditions, see Kannai and Weiss

(1993),

JSD(wl, e)− JMR(wl, eh) → 0 for hh → 0. (8.16)

In practice, F and hence hh, see (8.10), are upper bounded. In the zero-order-hold

case, a low F , e.g., 2 ≤ F ≤ 5 typically suffices due to the low-pass character of the

interpolator, see Oomen et al. (2007b) and Oomen et al. (2007a). In the next section,

the multirate setup in Figure 8.2 is analyzed in detail.

8.3.2 Multirate Analysis

In this section, the multirate setup in Figure 8.2 is analyzed to enable proper formu-

lation of the multirate system description used for ILC. Initially, admissible feedback

controllers and sampling frequencies are discussed. Subsequently, linearity and time-

variance of the multirate ILC setup are investigated.

Throughout, it is assumed that the feedback system in Figure 8.1 is well-posed and

internally stable, see Zhou et al. (1996) for a definition. A nonpathological sampling

frequency is assumed, which is formalized in the following assumption, see also Kalman

et al. (1963).

Assumption 8.3.4. Let (A,B,C,D) be a minimal state space realization of P . Then,

it is assumed that A does not have two eigenvalues λp(A) = σp + jωp and λq(A) =

σq + jωq, p 6= q that satisfy

{λp, λq|σp = σq and ωp = ωq + r2πf l, r ∈ Z\{0}}. (8.17)

Assumption 8.3.4 ensures sampling preserves observability and controllability. Con-

sequently, there cannot be any unstable dynamics in the intersample behavior.

Next, linearity and time-variance of the multirate system are investigated. First,

some basic properties of multirate systems are reviewed. Then, in Proposition 8.3.9,

several results are presented that are required for the forthcoming sections. The fol-

lowing proposition reveals that sampling and hold operators are linear.
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Proposition 8.3.5. The operators Sq, Hq, Sd, and Hu, in (8.4), (8.5), (8.11), and

(8.12), respectively, are linear.

The proof of Proposition 8.3.5 follows directly from the definition of linearity, e.g.,

as is defined in Zhou et al. (1996).

To analyze time-variance, the notion of periodically time-varying operators is useful.

Definition 8.3.6. (Chen and Francis, 1995), (Bamieh et al., 1991) An operator G is

periodically time-varying with period h if it commutes with the delay operator Dh, i.e.,

DhG = GDh, where h ∈ t.

Recall that time-invariance is a special case of periodical time variance.

Definition 8.3.7. An operator G is time-invariant if it commutes with Dh for all

h ∈ t.

The following results reveal that linearity is preserved in multirate systems, yet

time-invariance may be lost, i.e., multirate systems can become linear periodically

time-varying (LPTV).

Proposition 8.3.8. Consider the sampler Sq and zero-order-hold Hq. Then,

(a) SqHq is an LTI operator

(b) HqSq is an LPTV operator with period hq.

Proof. (a): (8.4) and (8.5) yield SqHq = I that is LTI. (b): follows from (8.4) and

(8.5) and evaluating the delay operator Dτ for different values of τ .

The following results are required for the manipulation of multirate systems in the

next sections.

Proposition 8.3.9. Consider the setup in Figure 8.2 and let (A,B,C,D) be defined

as in Assumption 8.3.4. Then, the following properties hold:

(a) S l = SdSh

(b) Hl = HhHu

(c) P d,h = ShPHh has state-space realization (Ah, Bh, C,D)

(d) P d,l = S lPHl = SdP
d,hHu has state-space realization (Al, Bl, C,D)

(e) P d,h and P d,l are LTI and minimal,

where Ah = eAhh
, Bh =

∫ hh

0
eAτdτB, and Al and Bl follow from[

Al Bl

? ?

]
=

[
Ah Bh

0 I

]F

(8.18)

and ? is not used in further computations.

Proof. (a), (b): follows from (8.4), (8.11) and (8.5), (8.12), respectively. (c): follows

by integrating differential equations. (d): follows by successive substitution in the

difference equations. (e): LTI follows similarly as in Proposition 8.3.8, minimality

follows if Assumption 8.3.4 is included in (c) and (d).
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The novelty of Proposition 8.3.9 is that the sampling frequency of P d,h can be

reduced to obtain P d,l, which will be exploited in the subsequent sections.

Propositions 8.3.8 and 8.3.9 (e) also have important implications in the analysis

of multirate and sampled-data systems. To illustrate this, consider an operator that

consists of a series connection of LTI operators and samplers and holds. If the input,

the output, or both the input and output are signals operating at a higher sampling

frequency than any of the linear operators in between, then the resulting system is

LPTV. This implies that standard transfer functions do not apply and sinusoids are no

longer eigenfunctions of such operators. In contrast, if the input and output are both

signals at the lowest sampling frequency f l compared to any of the linear operators in

between, then the resulting operator is LTI and operates at a sampling frequency f l.

The LTI nature of these systems is essential in standard discrete time operations on

signals and systems based on LTI assumptions.

8.3.3 Multirate Expressions for Iterative Learning Control

ILC algoritms require a model that represents the operator between the reference r,

command input wl, and sampled versions of e. Depending on the approach, either

discrete time ILC or multirate ILC, the sampling frequency of e is f l or fh, respec-

tively. In this section, these operators are derived and analyzed using the results in

Section 8.3.2. Specifically, the operators wl 7→ el and wl 7→ eh are required for the

discrete time ILC and multirate ILC problems, respectively.

Proposition 8.3.10. Consider the closed-loop system of Figure 8.2. Then, the oper-

ators mapping wl and r to el and eh are given by

el = (I − P d,l(I + Cd,lP d,l)−1Cd,l)S lr − JDTw
l (8.19)

JDT = P d,l(I + Cd,lP d,l)−1 (8.20)

eh = (I − P d,hHu(I + Cd,lP d,l)−1Cd,lSd)Shr − JMRw
l (8.21)

JMR = P d,hHu(I + Cd,lP d,l)−1. (8.22)

In addition, the mapping −JDT : wl 7→ el is LTI, whereas the mapping −JMR : wl 7→ eh

is time-varying.

Proof. Equations (8.19) and (8.21) result from the interconnection structure in Fig-

ure 8.2 and Proposition 8.3.9. The fact that wl 7→ el is LTI follows from Proposi-

tion 8.3.9 (f). Time-variance of wl 7→ eh follows from Definitions 8.3.6 and 8.3.7.

Time-variance of wl 7→ eh is best interpreted by the fact that the delay operator

applied to wl corresponds to time steps hl, whereas the delay operator applied to eh

corresponds to time steps hh. Additionally, if a fictitious signal satisfying wl = Sdw
h

is introduced, then the mapping wh 7→ eh is LPTV, see Proposition 8.3.8 (b).

The main consequence of Proposition 8.3.10 is that discrete time ILC can resort to

standard LTI design techniques. The mapping wl 7→ eh, as required in multirate ILC,
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is time-varying, hence transfer functions in the usual sense do not apply and standard

LTI design techniques cannot be employed. In the next section, a general framework

for multirate ILC is proposed that deals with the time-varying nature of the mapping

wl 7→ eh and provides a solution to the multirate ILC problem in Definition 8.3.3.

8.4 Multirate Iterative Learning Control

In this section, the solution to the multirate ILC problem is presented. In Section 8.4.1,

appropriate finite time system descriptions of the required time-varying operators are

presented. Then, in Section 8.4.2, the optimal ILC controller is presented. Finally,

design aspects and convergence results are discussed in Section 8.4.3.

8.4.1 Finite Time System Descriptions

Consider the system P d,l with Markov parameters ml
ti
, operating over a finite time

interval ti ∈ [0, N l − 1] ⊆ t, where the state of the system is reset to zero after each

trial. Then, the input-output behavior is represented by its convolution matrix, see

also Phan and Longman (1988) and Frueh and Phan (2000):

yl = P d,lul, P d,l =

 ml
0 0

...
. . .

ml
N l−1

· · · ml
0

 . (8.23)

For causal SISO LTI systems, P d,l ∈ RN l×N l
is a square lower triangular Toeplitz matrix

that maps input vector ul ∈ RN l
into output vector yl ∈ RN l

. The signals ul and yl are

obtained by stacking the corresponding time signals for time interval ti ∈ [0, N l− 1] in

vectors.

Similar to P d,l, the finite time representation of P d,h with Markov parameters mh
ti

for ti ∈ [0, F (N l−1)] ⊆ t, is given by P d,h. In this case, system P d,h ∈ RFN l×FN l
maps

input uh ∈ RFN l
into output yh ∈ RFN l

.

Next to finite time LTI system descriptions, the presented framework can be used to

formulate finite time expressions for the downsampler Sd and multirate zero-order-hold

Hu using block Toeplitz matrices, i.e.,

Sd = IF ⊗
[
1 0F−1

]
, Sd ∈ RN l×FN l

(8.24)

Hu = IF ⊗ 1F , Hu ∈ RFN l×N l

, (8.25)

respectively, where 1F :=
[
1 · · · 1

]T ∈ RF , IF ∈ RF×F denotes the identity matrix,

and ⊗ denotes the Kronecker product, see Zhou et al. (1996, Section 2.5) for a defini-

tion. With P d,l equal to SdP
hHu, in general ml

ti
6= mh

Fti
. In addition, Sd and Hu are

non-square block Toeplitz matrices that correspond to sample rate conversions, and

hence to time-varying behavior.

The following lemmas are useful to manipulate finite time system representations.
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Lemma 8.4.1. Consider two operators A and B with finite time block triangular

Toeplitz representation A, B, respectively, and C = BA. If A and B are lower trian-

gular block Toeplitz, i.e., if A and B are linear and causal operators, then C = B A.

Lemma 8.4.2. Let A be a causal operator with causal inverse A−1 and finite time lower

triangular Toeplitz representation A . Then, A−1 has a finite time lower triangular

Toeplitz representation A−1 = (A)−1.

Lemmas 8.4.1 and 8.4.2 are proved in Böttcher and Silbermann (1999, Section 6.2),

Zimmerman (1989) and Kailath and Koltracht (1986), respectively.

8.4.2 Optimal Multirate Iterative Learning Control

To determine the ILC controllers, the finite time mapping between the command signal

and error in Proposition 8.3.10 is required, see also Van de Wijdeven and Bosgra (2008).

Proposition 8.4.3. Consider the interconnection structure in Figure 8.2. Then, the

finite time mappings −JDT : wl 7→ el and −JMR : wl 7→ eh, corresponding to (8.20)

and (8.22), respectively, are given by

JDT = P d,l(IN l + Cd,lP d,l)−1 ∈ RN l×N l

(8.26)

JMR = P d,hHu(IN l + Cd,lP d,l)−1 ∈ RFN l×N l

. (8.27)

In addition, JDT = SdJMR.

Proof. Follows by applying Lemma 8.4.1 and Lemma 8.4.2 to the results in Proposi-

tion 8.3.10.

With the relevant systems and signals for ILC defined, the optimal ILC controller

can be designed. In general, the objective in ILC control design is to minimize the error

during trial k+ 1, k ∈ Z+ in an appropriate norm by determining a suitable command

signal. In optimal ILC, additional criteria are included in the objective to bound the

command amplitude and the change in amplitude of the command signal from trial k

to trial k+ 1. Specifically, the criterion for determining the command input wl in trial

k + 1 is given by

J <k+1> = eqT
<k+1>W ee

q
<k+1> + wlT

<k+1>Www
l
<k+1>

+ (wl
<k+1> − wl

<k>)TW∆w(wl
<k+1> − wl

<k>),
(8.28)

where q = l for discrete time ILC and q = h in multirate ILC. In addition, W e, Ww,

and W∆w are weighting matrices of appropriate sizes.

The resulting optimal multirate ILC controller is the main result of this section and

is given by the following proposition.



242 Chapter 8. Suppressing Intersample Behavior in Iterative Learning Control

Proposition 8.4.4. Given a multirate system −JMR : wl 7→ eh and criterion (8.28).

Then, the optimal multirate ILC controller
(
Q

MR
, LMR

)
is given by

wl
<k+1> = Q

MR
wl

<k> + LMRe
h
<k> (8.29)

Q
MR

= (JT
MRW eJMR +Ww +W∆w)−1(JT

MRW eJMR +W∆w) (8.30)

LMR = (JT
MRW eJMR +Ww +W∆w)−1JT

MRW e. (8.31)

Proof. Define eh
<0> as the finite time error in Proposition 8.3.10 for wl

<0> = 0. Then,

using eh
<k> = eh

<0> − JMRw
l
<k> ⇒ eh

<0> = eh
<k> + JMRw

lh
<k> in eh

<k+1> = eh
<0> −

JMRw
l
<k+1>, substituting eh

<k+1> in (8.28), differentiating J with respect to wl
<k+1>,

and subsequently setting this gradient equal to zero, results in (8.30) and (8.31).

The multirate solution involves non-square matrices, enabling the multirate ILC

controller to map fastly sampled error signals, i.e., eh, into slowly sampled command

signals, i.e., wl. In contrast, the discrete time ILC problem results in square matrices,

requiring an identical sampling frequency of the error signal, i.e., el, and the command

signal wl. In fact, the discrete time result, see, e.g., Gunnarsson and Norrlöf (2001),

Frueh and Phan (2000), and Gorinevsky (2002), can directly be recovered using Propo-

sition 8.4.3, since the discrete time problem is a special case of the ILC problem for

F = 1.

8.4.3 Design Aspects

To apply the multirate ILC approach in the previous sections, a model of the system

JMR is required. Given P d,h and Cd,l, JMR can be computed by using the results of

Proposition 8.3.9, Lemma 8.4.1, Lemma 8.4.2, and Proposition 8.4.3.

In (8.28), the weighting matrices W e, Ww, and W∆w are used to emphasize the

relative importance of the different criteria. Requiring that all matrices are positive

definite is a sufficient condition for a well-posed optimization problem and guaranteed

monotonic convergence in wl, see also Gunnarsson and Norrlöf (2001), i.e.,

‖wl
<k+1> − wl

<∞>‖2 < ‖wl
<k> − wl

<∞>‖2, (8.32)

where k ∈ Z+ and wl
<∞> = limk→∞w

l
<k>. Often, the weighting filters are selected as

W e = reI, Ww = rwI, W∆w = r∆wI, (8.33)

where re, rw, r∆w ∈ R+. In case of (8.33), r∆w affects the convergence speed, yet not the

converged error for k →∞. Selecting a large r∆w is useful to attenuate the influence of

trial-varying exogenous signals, including measurement noise. The parameters re and

rw can be used to weigh the tracking error and the control effort. A large re relative to

rw results in a small tracking error, whereas a large rw results in a smaller control effort

and improved robustness against model uncertainty, see also Donkers et al. (2008) for

a discussion on this issue.
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Finally, it is noted that the discrete time criterion JDT and multirate criterion JMR

cannot be compared directly, since el and eh are defined in different function spaces.

Hence, suitable modifications should be made for comparing JDT and JMR. Specifically,

by considering Hue
l, the optimal discrete time ILC problem in Definition 8.2.2 can be

cast into the criterion in Definition 8.3.3. In this case, the weighting matrix We in

(8.33), corresponding to the criterion JDT, should be scaled appropriately by re

F
.

8.5 Example

In this section, the ILC approach of the previous sections is applied to a simulation

model of a motion system. The setup is described in Section 8.5.1. In Section 8.5.2,

both the discrete time and multirate ILC algorithms, as proposed in Section 8.4 are

applied to a situation where sampling zeros are present. Then, in Section 8.5.3, the

discrete time and multirate ILC algorithms are applied to the situation where aliased

disturbances are present.

8.5.1 Setup

The considered system is a positioning system, which is represented by the differential

equation

mẍ = ku

y =
[
x ẋ

]T
,

(8.34)

where the mass m and motor constant k are normalized, i.e., k = m = 1. In addition,

for the sake of the example, it is assumed that both the position and velocity are

measured. The system (8.34) is unstable, hence a stabilizing discrete time feedback

controller Cd,l, which is a lead-lag controller that again for the sake of the example

only uses the position measurement, is implemented with a sampling time hl = 0.01 s,

i.e., f l = 1
hl = 100 Hz. Specifically, the system and the feedback controller are given

by

P =

[
P11

P21

]
=

[
1
s2

1
s

]
(8.35)

and

Cd,l =
[

126z−123.6
z−0.8282

0
]
, (8.36)

respectively. The sampling time of the feedback controller is restricted, since at each

sample instant a new control input has to be computed. However, it is possible to

record measurement data with a sampling time of hh = 0.0025 s, hence F = 4 and

the sampling frequency fh = 1
hh = 400 Hz . The measurement data recorded with

a sampling time hh is available for the ILC algorithm. The ILC setup and feedback

interconnection are depicted in Figure 8.2, where

e =

[
e1
e2

]
=

[
r − x

ṙ − ẋ

]
. (8.37)
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In the sequel, only scalar ILC is considered, i.e., sampled measurements of either e1
or e2 are used as input for the ILC algorithm. In all cases, the considered exogenous

variables are trial invariant, except for the command signal wl. Throughout this section,

r∆wl = 10−12. In addition, the parameter re = 1 in JMR and re = 4 in JDT, see

Section 8.4.3. Finally, rl
w = 0. To compare the presented multirate ILC approach with

standard discrete time ILC, both multirate and discrete time ILC are applied, which

is indicated by the subscripts DT and MR, respectively. For instance, the resulting

error at sampling frequency f l after 10 iterations of the discrete time ILC algorithm is

denoted by el
DT<10>.

8.5.2 Example 1: Sampling Zeros

Example 1.1

In this example, the position error e1 is used in both the discrete time and multirate

ILC algorithms, where rwl = 0 in (8.33). In the first trial, i.e., k = 0, the command

input wl
<0> = 0. The corresponding errors el

1,<0> and eh
1,<0>, measured at sampling

frequencies f l and fh, respectively, are depicted in Figure 8.3 (top).

Firstly, the discrete time ILC algorithm is applied. The error after 10 iterations

is depicted in Figure 8.3 (middle), both at sampling frequencies f l and fh. The error

eh
DT<k> is not used by the discrete time ILC algorithm, only for analysis of the results.

The ILC algorithm achieves zero tracking error el
DT<10> after 10 iterations. However,

this zero tracking error is at the expense of a poor intersample behavior. These re-

sults are confirmed by evaluating the criteria JDT and JMR, see Table 8.1. The poor

intersample behavior cannot be observed from el and JDT, hence such criteria are not

suitable for analyzing the performance of sampled-data systems.

Secondly, the multirate ILC algorithm is applied, with eh
MR<k> the input to the

algorithm. Though the multirate ILC algorithm results after 10 iterations in a larger

error at the sampling frequency f l, the multirate ILC algorithm results in improved

intersample behavior compared to discrete time ILC, see Figure 8.3 (bottom) and

Table 8.1.

The poor intersample behavior in the discrete time ILC case can be attributed to

the cancellation of a sampling zero, see Åström et al. (1984) for a definition of sampling

zeros. Discretization of the system in (8.35) yields

P d,l
11 =

hl(z + 1)

2(z − 1)2
(8.38)

where a sampling zero at z = 1 appears due to the relative degree 2 of the system

P11. The discrete time ILC algorithm in fact cancels this sampling zero, resulting in

the poor intersample behavior. The location of the sampling zero in (8.38) is invariant

under a changing sampling frequency, hence modifying the sampling frequency in the

discrete time approach does not change the results.
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Figure 8.3: Example 1.1: Comparison of position errors e1 at sampling frequency fh (black solid) and
f l (◦), rwl = 0, top: initial, middle: after 10 trials discrete time ILC, bottom: after 10
trials multirate ILC.

Table 8.1: Example 1.1: resulting criterion value.
JDT(wl, el) JMR(wl, eh)

Initial k = 0 52.0 52.0
Discrete time ILC k = 10 0 10.3
Multirate ILC k = 10 0.7 0.3

Example 1.2

In Section 8.5.2, it is concluded that neglecting sampling zeros in discrete time ILC can

result in poor intersample behavior. By analyzing Figure 8.3 in conjunction with (8.34),

it can be inferred that the intersample oscillation requires a nonzero command signal

wl. Hence, an ad hoc solution to resolve the intersample behavior issue in discrete

time ILC in case of sampled zeros is to include input weighting in criterion (8.28).

In Figure 8.4 the results are depicted for rwl = 10−11. Compared to Example 1.1 in

Section 8.5.2, inclusion of input weighting in ILC results in a significantly lower error

at the higher sampling frequency fh at the expense of a slightly larger error at the

low sampling frequency f l, and hence better intersample behavior. Still, the multirate

ILC algorithm outperforms the discrete time algorithm if the error is considered at

sampling frequency fh, see Table 8.1.
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Figure 8.4: Example 1.2: Comparison of position errors e1 at sampling frequency fh (black solid) and
f l (◦), rwl = 10−11: after 10 trials discrete time ILC.

Table 8.2: Example 1.3: resulting criterion value.
JDT(wl, el) JMR(wl, eh)

Initial k = 0 4.0 1.0
Discrete time ILC k = 10 0 1.8
Multirate ILC k = 10 1.5 0.6

Example 1.3

In Section 8.5.2 and 8.5.2, it was shown that standard ILC may result in cancellation

of sampling zeros, which in turn results in poor intersample behavior. In this section,

it is shown that the poor intersample behavior can also be resolved by reducing the

relative degree of the system such that sampling zeros do not appear. To achieve this,

the velocity error e2, see (8.37), is considered in the ILC approach. The initial error

e2 at trial k = 0 is depicted in Figure 8.5 (top). The resulting errors after 10 trials

of discrete time and multirate ILC with rwl = 0 are depicted in Figure 8.5 (middle)

and Figure 8.5 (bottom), respectively. The corresponding criteria JDT and JMR are

presented in Table 8.2. Clearly, the discrete time ILC algorithm results in zero tracking

error at sampling frequency f l, whereas the intersample behavior remains acceptable.

When considering the results in Table 8.2, it is concluded that the multirate ILC

approach results in a better balanced tradeoff between the error at sampling frequency

f l and intersample behavior, evaluated at a sampling frequency fh.

8.5.3 Example 2: Aliased Disturbances

In Section 8.5.2, it was shown that ILC based upon velocity measurements, i.e., based

upon e2 does not suffer from sampled zeros that can lead to poor intersample be-

havior, both in the discrete time and multirate case. In this section, Example 1.3 of

Section 8.5.2 is investigated again with a more realistic disturbance signal.

In typical motion tasks, an identical trajectory is performed. This implies that

disturbances are commonly trial invariant. In the example, such errors are modeled

by a velocity error eh
2 at sampling frequency fh, see Figure 8.6 (top). In addition,

wl
<0> = 0.

As in Section 8.5.2, the discrete time ILC algorithm is applied using el
DT<k>. The
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Figure 8.5: Example 1.3: Comparison of errors at sampling frequency fh (black solid) and fs (◦),
rwl = 0, top: initial error, middle: error after 10 trials discrete time ILC, bottom: error
after 10 trials multirate ILC.

error after 10 iterations is depicted in Figure 8.6 (middle), both at sampling frequencies

f l and fh. In addition, the criteria JDT and JMR are given in Table 8.3. Discrete time

ILC perfectly attenuates the disturbance at the sampling frequency f l. However, this

is at the expense of a poor intersample response. In fact, the error signal has deterio-

rated compared to the initial situation, since its criterion value JMR has increased by

approximately 20% at sampling frequency fh. Though the degradation is merely 20%,

the error at sampling frequency f l leads to the wrong conclusion that discrete time

ILC performs a perfect task.

Application of the multirate ILC algorithm results in a comparable error at sampling

frequency f l and fh, see Figure 8.6 and Table 8.3. In particular, it is concluded that the

multirate ILC algorithm results in better performance at both sampling frequencies f l

and fh compared to the initial situation. In addition, the error at sampling frequency

f l, at which the command signal wl is defined, is well balanced with the error at

sampling frequency fh.

The results in Figure 8.6 and Table 8.3 are confirmed by the normalized peri-

odograms in Figure 8.7. The normalized periodogram of a discrete time signal x(t),

t ∈ [0, N − 1], is defined as

Ψ(ω) =
1

N
|XN(ω)|2. (8.39)

The periodogram is a useful measure for investigating the distribution of power of a
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Figure 8.6: Example 2: Comparison of velocity errors e2 at sampling frequency fh (black solid) and
f l (◦), rwl = 0, top: initial, middle: after 10 trials discrete time ILC, bottom: after 10
trials multirate ILC.

Table 8.3: Example 2: power norm of error signals.
JDT(wl, el) JMR(wl, eh)

Initial error k = 0 63.9 53.0
Discrete time ILC k = 10 0 64.8
Multirate ILC k = 10 38.6 36.1

signal over frequency. The normalization in (8.39) is useful for comparing signals of

different sampling frequencies.

When comparing the initial error el
<0> and eh

<0>, see Figure 8.7 (left), with the error

after discrete time ILC, i.e., el
DT<10> and eh

DT<10> in Figure 8.7 (middle), it turns out

that the ILC algorithm produces a command input wl such that the power of eh
DT<10>

increases compared to eh
<0>, yet the downsampled error el

DT<10> is perfectly zero. The

multirate ILC algorithm reduces the error compared to the initial situation at both the

low and high sampling frequency, as can be observed in Figure 8.7 (left) and Figure 8.7

(right). The main performance improvement is achieved in the low frequency band,

since these disturbances are not aliased and hence can effectively be attenuated, as is

discussed in Oomen et al. (2007b).
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Figure 8.7: Example 2: Comparison of cumulative power spectral densities of velocity errors e2 at
sampling frequency fh (black solid) and f l (gray solid), rwl = 0, left: initial, middle: after
10 trials discrete time ILC, right: after 10 trials multirate ILC.

8.6 Concluding Remarks

A novel ILC framework for sampled-data systems aiming at high continuous time per-

formance is presented, thereby addressing research aspect VII in Section 1.7. The

presented approach extends common, discrete time ILC approaches by explicitly ad-

dressing the intersample behavior in the learning algorithm. A multirate approach is

pursued to enable actual implementation in a digital computer environment. In the

limiting case, the multirate problem converges to the sampled-data problem. In prac-

tice, a small sampling frequency ratio F is sufficient to approximate the sampled-data

ILC problem due to the low-pass characteristic of the zero-order-hold interpolator. In

addition, key issues in sampled-data and multirate control, including the time-varying

nature of the multirate ILC setup, are appropriately dealt with in the optimal ILC

framework.

Two realistic simulation examples reveal that the proposed multirate ILC approach

outperforms discrete time ILC. Specifically, discrete time ILC results in poor intersam-

ple behavior, both in case of sampling zeros and aliased disturbances. Multirate ILC

deals with both these phenomena appropriately by balancing the error at the low sam-

pling frequency and the intersample behavior. The presented approach also handles

the case of aliased poles, see Oomen et al. (2007a), yet these are not expected to lead to

poor intersample behavior and therefore are not explicitly addressed in the examples.

Extensions of the framework include a noninteger sampling frequency ratio F , how-

ever, in this case Proposition 8.3.9 and the block Toeplitz results in Section 8.4 do not

apply directly.





Chapter 9

Parametric System Identification in View

of Sampled-Data Iterative Learning

Control

9.1 Modeling Aspects in Optimal Control of the Intersample

Behavior in Iterative Learning Control

In the previous chapter, it is shown that iterative learning control (ILC) can achieve

high performance for batch repetitive processes by learning from measured data using

only limited system knowledge. Although only approximate models are required, any

ILC algorithm requires a model. In addition, in view of the developments in Chapter 8,

ILC should explicitly address the intersample behavior to guarantee high performance

for sampled-data systems.

The main contributions of this chapter are twofold and address research aspects

VIII and IX in Section 1.7. Firstly, a parametric approach to system identification

in view of optimal control of the intersample behavior is presented. The intersample

behavior is encompassed in the resulting model. In addition, the proposed system iden-

tification approach can deal with closed-loop operation of the system. The feedback

controlled system is parameterized in its original dynamic form. Hence, the dynamic

order is bounded by the sum of the order of the system model and the order of the

feedback controller, irrespective of the considered intersample behavior. Secondly, a

low-order approach to optimal control of the intersample behavior in ILC is presented.

The optimal ILC controller synthesis algorithm exploits the properties of the identi-

fied parametric model. As a result, the required computations involve the solution

of a discrete time Riccati equation with matrix dimensions equal to the order of the

underlying model. These dimensions are typically significantly smaller than the trial

length and independent of the incorporation of intersample behavior or the possibly

multivariable nature of the system. In contrast, ILC algorithms based on nonpara-
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metric models as in Phan and Longman (1988), Frueh and Phan (2000), and Tousain

et al. (2001), see also Gunnarsson and Norrlöf (2001), Frueh and Phan (2000), and

Gorinevsky (2002), especially for multivariable systems as in Van de Wijdeven and

Bosgra (2007), and with inclusion of the intersample behavior as in Chapter 8, signifi-

cantly inflate the computational load by casting the problem as a linear least squares

problem, see Lawson and Hanson (1974) for a definition and computational aspects.

In fact, the involved computations when nonparametric models are employed are com-

monly untractable for typical problem sizes. Low-order ILC has been considered before

in Amann et al. (1996) and Dijkstra and Bosgra (2002). The present approach gener-

alizes and extends these results to incorporate the intersample behavior and to enable

more general optimization objectives.

This chapter is organized as follows. In Section 9.2, the sampled-data system iden-

tification and the optimal ILC problems are formulated and multirate approximations

are presented. In Section 9.3, an approach is presented that enables system identifi-

cation and optimal ILC for multirate systems, thereby appropriately dealing with the

time-varying nature. Subsequently, Section 9.4 and Section 9.5 deal with multirate

identification and optimal ILC, respectively. In Section 9.6, an example is provided,

which shows that the proposed multirate ILC algorithm outperforms common discrete

time algorithms. Finally, conclusions are given in Section 9.7.

9.2 Problem Formulation

In this section, the sampled-data ILC problem for closed-loop systems is formulated. In

practical applications, the sampling time hl of the feedback controller is lower bounded,

since a new control signal has to be computed in real-time. In typical implementations

of ILC, the command signal wl that is generated by the ILC algorithm is additive to

the control input that is generated by the feedback controller. Thus, the command

signal wl operates at the same sampling frequency as the feedback controller. In Sec-

tion 9.2.1, the system identification for optimal ILC problem and optimal sampled-data

ILC problem are defined. In view of the digital implementation of the identification

and ILC algorithms, multirate approximations are presented in Section 9.2.2.

9.2.1 System Identification and Optimal Sampled-Data Iterative Learning

Control

In this chapter, a similar problem setting is considered as in Chapter 8. Specifically,

the main goal is to solve the optimal sampled-data ILC problem in Definition 8.2.1.

However, the involved optimization in

wl
SD? = arg min

wl
JSD(wl, e) (9.1)
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requires at least approximate system knowledge. Specifically, assuming r = 0 in (8.3),

then in

e = −JSDw
l (9.2)

a model of JSD is required, which is typically obtained via system identification. Here,

JSD denotes the closed-loop operator wl 7→ −e, that maps the discrete time command

signal wl onto the continuous time error signal e. This is formalized in the following

definition.

Definition 9.2.1 (System identification for sampled-data ILC). Given the closed-loop

setup of Figure 8.2, identify a model JSD that is suitable for solving the optimal sampled-

data ILC problem in Definition 8.2.1.

Hence, solving the optimal sampled-data problem in case no model is available

requires a subsequent solution of the problems in Definition 9.2.1 and Definition 8.2.1.

Although the sampled-data problems in Definition 9.2.1 and Definition 8.2.1 solve

the ILC problem for sampled-data systems, i.e., the performance variables are defined

in the continuous time domain, measurement limitations prohibit an exact solution.

In particular, the continuous time error signal e cannot be measured using a digital

computer. Hence, the model JSD in Definition 9.2.1 cannot be identified without in-

troducing restrictive prior assumptions or approximations. In addition, solving the

optimal sampled-data ILC problem in Definition 8.2.1 also requires a continuous time

signal e, hence the optimal ILC controller cannot be implemented in a digital environ-

ment.

9.2.2 Towards an Implementable Approach to System Identification and

Optimal Control of Intersample Behavior in Iterative Learning Con-

trol

In this section, approximate solutions to the sampled-data problems in Definition 9.2.1

and Definition 8.2.1 are presented that enable a digital computer implementation. The

key idea is that in many applications, it is possible to measure error signals at a higher

sampling frequency fh than the frequency f l at which Cd,l operates. Indeed, the bound

on f l is often caused by the fact that in feedback control the new control input has

to be computed in real-time. In contrast, although ILC is implemented in real-time,

it can exploit the time in between trials for the actual computation of the command

signal. Similarly, system identification can be performed posterior to collecting the data

set. Similar as in Section 8.3, this motivates the following multirate approximation to

Definition 9.2.1.

Definition 9.2.2 (System identification for multirate ILC). Given the closed-loop setup

of Figure 8.2, identify a model JMR : wl 7→ −eh that is suitable for solving the optimal

multirate ILC problem.
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The corresponding optimal multirate ILC problem is already defined in Defini-

tion 8.3.3.

Common system identification methodologies, including the approaches in Ljung

(1999b) and Pintelon and Schoukens (2001), and optimal ILC algorithms, includ-

ing Gunnarsson and Norrlöf (2001), Frueh and Phan (2000), Gorinevsky (2002), do

not solve the problems in Definition 9.2.2 and Definition 8.3.3 due to time-variance

of the involved systems. Specifically, recall that time-(in)variance is defined in Defini-

tion 8.3.7. Time-variance of JMR in case F > 1 can be understood by realizing that eh

operates at a higher sampling frequency than wl. Note that JMR is time-varying even

in case both P and Cd,l, see (8.1), (8.2), and Figure 8.2, are time-invariant.

In the next sections, solutions to the problems in Definition 9.2.2 and Defini-

tion 8.3.3 are presented. These solutions also apply to the discrete time case, which is

recovered for F = 1, i.e., by neglecting the intersample behavior.

9.3 Low-Order Linear Time-Invariant Models for Multirate

Identification and Optimal Iterative Learning Control

Time-variance of multirate operators obstructs application of standard identification

techniques and optimal ILC algorithms to solve the problems in Definition 9.2.2 and

Definition 8.3.3, respectively. In this section, a model structure is presented that

recovers time-invariance of the model and results in norm-equivalence in the multirate

identification problem and the multirate optimal ILC problem. The lifting operator,

see Kranc (1957), Bamieh et al. (1991), Yamamoto (1994), and Chen and Francis

(1995), has a central role in the derivations.

Definition 9.3.1. The lifting operator L, ẽh = Leh, is defined by

ẽ(ti) =


eh(Fti)

eh(Fti + 1)
...

eh(Fti + F − 1)

 . (9.3)

In Definition 9.3.1, eh is an ny dimensional signal with sampling frequency fh,

whereas ẽh is an Fny dimensional signal with sampling frequency f l. The following

proposition reveals that L preserves the 2-norm, which is useful in case a certain norm-

based criterion is minimized.

Proposition 9.3.2. Consider the lifting operator L in Definition 9.3.1. Then,

‖ẽ‖2 = ‖eh‖2. (9.4)
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Proof. Using the definition of the 2-norm,

‖eh‖2
2 = ehT

(0)eh(0) + ehT
(1)eh(1) + . . .

=
[
eh(0) eh(1) . . . eh(F − 1)

]T [
eh(0) eh(1) . . . eh(F − 1)

]
+ . . .+[

eh(Fti) . . . eh(Fti + F − 1)
]T [

eh(Fti) . . . eh(Fti + F − 1)
]
+ . . .

= ‖ẽ‖2
2

Next, causality of the lifting operator L is investigated.

Definition 9.3.3. An operator G is causal if

PτGPτ = PτG, ∀τ ∈ t, (9.5)

where Pτ denotes the truncation operator.

Proposition 9.3.4. Consider the lifting operator L in Definition 9.3.1 and let F > 1.

Then, L is not a causal operator.

Proof. Follows by considering (9.5) for τ = 0.

Proposition 9.3.4 reveals that the lifting operator L is not causal. Hence ẽ is not

available for feedback control, since in this case the controller has to operate in real-

time based on past measurement data. In contrast, in Section 9.4 and Section 9.5 it is

shown that the lifting operator can be exploited in system identification and optimal

ILC, respectively.

Next, consider the setup in Figure 8.2. Here, Hh and Sh are absorbed into P to

obtain P d,h, which is an LTI system operating at sampling frequency hh, see Chapter 8.

In this case, the time-varying mapping JMR : wl 7→ −eh is given by

JMR = P d,hHu(I + Cd,lP d,l)−1. (9.6)

The following proposition reveals that JMR can be recast as an LTI system.

Proposition 9.3.5. Let (Ah
p , B

h
p , C

h
p , D

h
p ) and (Al

c, B
l
c, C

l
c, D

l
c) be a state-space realiza-

tion of P d,h and Cd,l, respectively, and assume that Dh
pD

l
c = 0, Dl

cD
h
p = 0. Then, a
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state-space realization for LP d,hHu(I + Cd,lP d,l)−1 is given by (Ã, B̃, C̃, D̃), where

Ã =

[
(Ah

p)
F −BDl

cC
h
p BC l

c

−Bl
cC

h
p Al

c −Bl
cD

h
pC

l
c

]
B̃ =

[
B

−Bl
cD

h
p

]

C̃ =


Ch

p Dh
pC

l
c

Ch
pA

h
p − Ch

pB
h
pD

l
cC

h
p Dh

pC
l
c + Ch

pB
h
pC

l
c

...
...

Ch
p (Ah

p)
F−1 −DDl

cC
h
p DC l

c



D̃ =


Dh

p

Dh
p + Ch

pB
h
p

...

D


B =

F−1∑
f=0

(Ah
p)

fBh
p , D = Dh

p +
F−2∑
f=0

Ch
p (Ah

p)
fBh

p

See Appendix 9.A for a proof of Proposition 9.3.5.

The interpretation of C̃, D̃ and thus (9.38) – (9.43) is that the multirate system is

in ‘open-loop’ in between the controller sampling instants. In Proposition 9.3.5, it is

assumed that Dh
pD

l
c = 0, Dl

cD
h
p = 0, which is a sufficient condition for well-posedness of

the feedback system and encompasses the common situation where either the system or

the controller is strictly proper. This condition can be relaxed at the expense of more

complicated state-space expressions. Proposition 9.3.5 leads to the following result that

is required to enable application of system identification tools for finite dimensional LTI

systems.

Proposition 9.3.6. Consider the system P d,h that is internally stabilized by the feed-

back controller Cd,l with minimal state space realizations (Ah
p , B

h
p , C

h
p , D

h
p ) and (Al

c, B
l
c,

C l
c, D

l
c), respectively. Then, the system LP d,hHu(I + Cd,lP d,l)−1 in Proposition 9.3.5:

a) is LTI,

b) has McMillan degree upper bounded by the sum of the McMillan degrees of P and

Cd,l

c) ∈ RHFny×nu
∞ .

Proof. To show (a), observe that

Dτ (LP d,hHu(I + Cd,lP d,l)−1) = LP d,hHu(I + Cd,lP d,l)−1Dτ ∀τ ∈ t, (9.7)

hence the system is LTI in virtue of Definition 8.3.7. To show (b), note that the

McMillan degree of a proper system equals the state dimension of a minimal state-

space realization. Next, the state-space realization of the system in Proposition 9.3.5

has a McMillan degree which is equal to the sum of the McMillan degrees of Cd,l and
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P , where the McMillan degree of P is invariant under (down)sampling, see Chapter 8.

Finally, inequality is obtained by possible nonminimality of (Ã, B̃, C̃, D̃), which can be

caused by pole/zero cancellations between Cd,l and P d,l. Part (c) directly follows from

the fact that Cd,l is internally stabilizing, hence Ã has all eigenvalues strictly inside

the unit disc and as a result LP d,hHu(I + Cd,lP d,l)−1 ∈ RHFny×nu
∞ .

In contrast to the results in Li et al. (2001) and Ding and Chen (2005), the lifted

system LP d,hHu(I + Cd,lP d,l)−1 in Proposition 9.3.5 and Proposition 9.3.6 can only

represent causal systems in the physical time domain, hence no additional causality

constraints need to be incorporated.

In the next section, it is shown how the results of Proposition 9.3.5 and Proposi-

tion 9.3.6 can be utilized to solve the system identification for the multirate optimal

ILC problem.

9.4 Identification for Multirate Iterative Learning Control

Any ILC algorithm requires at least some approximate system knowledge. The re-

quired model complexity depends on the specific ILC algorithm. In fact, especially

in case of optimal ILC, as is considered in Section 9.5, a higher model accuracy is

required compared to less complex ILC algorithms, including Arimoto gain type ILC.

In addition, in case the ILC controller should address the intersample response, then

the model should be versatile enough to represent it. A fast and inexpensive method

to obtain accurate models in case the sensors and actuators are already available, as is

common when ILC is applied, is by means of system identification.

Although system identification techniques are well-developed for both open-loop

systems, e.g., Ljung (1999b) for prediction error techniques, and closed-loop systems,

e.g., Van den Hof (1998) and Forssell and Ljung (1999), these techniques typically

assume an LTI system that obstructs the identification of LTV systems in view of

multirate ILC. As discussed in Section 9.2.2, the main reason for time-variance are

the different sampling frequencies of the involved signals, which cannot be dealt with

in standard system identification techniques. In this section, a solution to the system

identification problem for the multirate ILC problem, see Definition 9.2.2, is presented.

Throughout, it is assumed that the setup in Figure 8.2 is available for identification.

In addition, the stabilizing feedback controller Cd,l is assumed to be available during

system identification and the signal wl is available as excitation signal. In addition,

r(t) = 0, hence no reference task is applied. The output

yh(t) = −eh(t) (9.8)

is measured and used in the identification algorithm. As in the prediction error frame-

work, it is assumed that the output is contaminated by stochastic disturbances.

The key idea to deal with the time-varying nature of the identification problem is
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to lift the measured output, i.e.,

ỹ(t) = Lyh(t). (9.9)

Next, in analogy to the prediction error identification framework, the model

ỹ(t) = J̃MR(q)wl(t) + H̃(q)ṽ(t), (9.10)

is postulated, where

J̃MR = LJMR = LP d,hHu(I + Cd,lP d,l)−1 (9.11)

H̃(q), H̃−1(q) ∈ RH∞, (9.12)

and ṽ is a sequence of independent, identically distributed random variables. This

leads to the following proposition that constitutes the main result of this section.

Proposition 9.4.1. Consider the model (9.10). Then, the minimization of the predic-

tion error

ε̃(t) = H̃−1(q)
(
ỹ(t)− J̃MR(q)wl(t)

)
, (9.13)

in the criterion ‖ε̃‖2
2 is a standard LTI, multivariable, open-loop type identification

problem. In addition, let ε = L−1ε̃ denote the prediction error in the time-varying

setting, then,

‖ε‖2
2 = ‖ε̃‖2

2. (9.14)

Proof. In virtue of Proposition 9.3.5 and Proposition 9.3.6, J̃MR is LTI. In addition,

since wl and ṽ are uncorrelated, it satisfies the standard assumptions of open-loop

prediction error identification, as stated in Ljung (1999b). Finally, (9.14) follows from

Proposition 9.3.2.

Proposition 9.4.1 implies that the system identification for multirate ILC problem

can be recast as a norm-equivalent standard prediction error problem. Note that

although J̃MR and H̃ are typically closed-loop operators, the identification problem

is of an open-loop type. Thus, there is no closed-loop identification problem and no

prior knowledge regarding Cd,l is required in the identification procedure. In fact,

the approach in Proposition 9.4.1 closely resembles the so-called indirect approach to

closed-loop identification as discussed in Forssell and Ljung (1999).

Note that the result of prediction error identification, as is considered in Propo-

sition 9.4.1, results in both an input-output model J̃MR and disturbance model H̃.

In view of the subsequent ILC application of the model, the disturbance model H̃ is

not required. Hence, by employing an independent parametrization of J̃MR and H̃, a

consistency result can be established such that J̃MR can be identified correctly without

the need for a correct identification of H̃. This significantly simplifies the identifica-

tion procedure, since H̃ can be set to I, e.g., using an output error model structure.
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Next, a suitable parametrization for J̃MR has to be introduced. By virtue of the re-

sult of Proposition 9.3.6, the model order is bounded by the sum of the order of the

controller Cd,l and the order of the underlying system P , which can be exploited as

a guideline during the identification procedure. In case the parametrization of J̃MR is

selected linearly in the parameters, then the optimization problem is generally convex

in the parameters. Otherwise, it is commonly nonconvex and iterative optimization

techniques may be required, e.g., as discussed in Ljung (1999b).

The identification procedure is summarized as follows and enables utilization of

general identification techniques, e.g., the discussed prediction error identification tech-

nique, frequency domain identification, e.g., Pintelon and Schoukens (2001), and sub-

space identification.

Procedure 9.4.2. A model suitable for multirate ILC can be obtained by means of the

following subsequent steps.

1. Set r = 0 and apply a sufficiently exciting input signal wl to the closed-loop system

of Figure 8.2.

2. Measure yh(t) = −eh(t).

3. Lift the measured error signal, i.e., ỹ(t) = Lyh(t).

4. Identify the MIMO LTI system J̃MR, e.g., minimizing the prediction error ε, as

defined in (9.13).

The parametric identification approach presented in this section has advantages

over identification of a nonparametric impulse response model, as is required for ILC

algorithms such as Gunnarsson and Norrlöf (2001). In particular, since parametric

models result in a smaller number of parameters, the parameter variance is typically

reduced. Additionally, the resulting parametric model enables a more efficient optimal

ILC controller synthesis compared to nonparametric models, as is shown in Section 9.5.

In the next section, it is shown that the identified LTI model can be used to solve

the multirate ILC problem.

9.5 Optimal Multirate Iterative Learning Control

In this section, a state-space solution is presented to the optimal ILC control problem

that addresses the intersample behavior. Specifically, the proposed approach solves

the problem stated in Definition 8.3.3 by exploiting the solution to the problem in

Definition 9.2.2 that is presented in Section 9.4.

The considered criterion is a generalization of optimal ILC algorithms to explicitly

address the intersample behavior and is defined as follows.

Definition 9.5.1. The criterion for determining the optimal command input in trial
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k + 1, i.e., wl
<k+1>, is defined as

JMR<k+1> = 1
2

Nh−1∑
t=0

[
‖eh

<k+1>(t)‖We

]
+ 1

2

N l−1∑
t=0

[
‖wl

<k+1>(t)‖Ww + ‖wl
<k+1>(t)− wl

<k>(t)‖W∆

]
.

(9.15)

In (9.15), N l denotes the trial length at low sampling frequency f l, whereas Nh

denotes the trial length at the high sampling frequency fh. Additionally, We, Ww, and

W∆ are weighting matrices, which can be time-dependent, to emphasize the relative

importance of the different objectives. Guidelines for the selection of these weighting

matrices and results on monotonic convergence are presented in Chapter 8. The key

issue in (9.15) is that the signals are defined in distinct function spaces to address the

intersample behavior. The following proposition reveals that the lifting of signals can

be exploited to recast the criterion (9.15) into a form that facilitates the computation

of optimal ILC controllers.

Proposition 9.5.2. Consider the lifting operator in Definition (9.3.1) and the criterion

in (9.15), see Definition 9.5.1. Then,

JMR<k+1> =1
2

N l−1∑
t=0

[
‖ẽ<k+1>‖W̃e

+ ‖wl
<k+1>‖Ww + ‖wl

<k+1> − wl
<k>‖W∆

]
, (9.16)

where W̃e := IF ⊗We.

Proof. Follows by applying Definition 9.3.1 to (9.15).

Proposition 9.5.2 enables the use of the results of Section 9.3 and Section 9.4 in

optimal multirate ILC. Specifically, it enables the direct usage of the identified LTI

model in Section 9.4 to solve the multirate ILC problem, thereby explicitly addressing

the intersample behavior. The solution to the multirate ILC problem via the lifting

operator is the main result of this section and is given in the following proposition.

Proposition 9.5.3. Consider the criterion (9.16) and model J̃MR = (Ã, B̃, C̃, D̃).

Then,

wl
<k+1>(t) = CILC

 ẽ<k>(t)

wl
<k>(t)

g<k>(t+ 1)

 , (9.17)
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where CILC is given by the state-space realization

CILC =

[
Ã− B̃L(t) B̃Le(t) −B̃Lw(t) B̃Lg(t)

−L(t) Le(t) I − Lw(t) Lg(t)

]
L(t) = Γ−1

2 (B̃TP (t+ 1)A+ D̃WeC̃)

Le(t) = Γ−1
2 D̃TWe,

Lw(t) = Γ−1
2 Ww,

Lg(t) = Γ−1
2 B̃T

Γ1 = Ww +W∆ + D̃TWeD̃,

Γ2 = Γ1 + B̃TP (t+ 1)B̃,

and P and g<k> are given by the backward recursions

P (t) = H21 +H22P (t+ 1)(I −H12P (t+ 1))−1H11 (9.18)

g<k>(t) = (9.19)

(H22 +H22P (t+ 1)(I −H12P (t+ 1))−1H12)g<k>(t+ 1)

− (E21 +H22P (t+ 1)(I −H12P (t+ 1))−1E11ẽ<k>(t)

− (E22 +H22P (t+ 1)(I −H12P (t+ 1))−1E12w
l
<k>(t),

where P (N l) = 0, g<k>(N l) = 0, and

H11 = Ã− B̃Γ−1
1 D̃T W̃eC̃ (9.20)

H12 = −B̃Γ−1
1 B̃T (9.21)

H21 = C̃T W̃eC̃ − C̃T W̃eD̃Γ−1
1 D̃T W̃eC̃ (9.22)

H22 = ÃT − C̃T W̃eD̃Γ−1
1 B̃T (9.23)

E11 = B̃Γ−1
1 D̃T W̃e (9.24)

E12 = −B̃Γ−1
1 Ww (9.25)

E21 = −C̃T W̃e + C̃TWeD̃Γ−1
1 D̃T W̃e (9.26)

E22 = −C̃T W̃eD̃Γ−1
1 Ww (9.27)

For a proof of Proposition 9.5.3, see Appendix 9.B. The main result of Propo-

sition 9.5.3 is a state-space realization of an optimal ILC controller in the sense of

(9.15). The order of the controller is equal to the state dimension of the underlying

parametric model, see Proposition 9.3.6. Although the equations may seem compli-

cated, these can be implemented straightforwardly and efficiently in a digital computer

environment. Indeed, the main computational effort in the implementation of the re-

sults of Proposition 9.5.3 are the computation of a discrete time Riccati equation (9.18)

and backward recursion (9.19), whose dimensions depend on the state dimension of the
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model J̃MR, as well as the filtering by the time varying controller CILC, whose state di-

mension again equals the state dimension of the model J̃MR. In this respect, increasing

the trial length N l, sampling ratio factor F , or the number of inputs nu and outputs

ny of P only affects the length of the signals to be filtered. This does not seriously

obstruct numerical implementation. In contrast, the approaches in, e.g., Gunnarsson

and Norrlöf (2001), Frueh and Phan (2000), Gorinevsky (2002), Van de Wijdeven and

Bosgra (2007), and Chapter 8, resort to a linear least squares problem that involves

matrices whose dimensions scale with N l. In that case, solutions will only be feasible

for limited values of N l, F , nu, and ny. This significantly limits practical application,

since trial lengths of several thousands of samples are quite common in applications,

but accurate solutions to these linear least squares problems are difficult or impossible

to compute numerically.

Equation (9.46) reveals that the structure of the problem is related to the linear

quadratic tracking problem, see, e.g., Lewis and Syrmos (1995). The solution to the

linear quadratic tracking problem is known to be not causal, since the future reference

signal is required in the optimization. In the ILC problem, the error ẽ<k> and command

signal wl
<k> from the previous trial constitute the reference signal, resulting in a causal

control law in the trial domain. In the time domain, the resulting ILC controller is

generally not causal, as is also discussed in, e.g., Bristow et al. (2006).

In analogy to the solution to the finite time linear quadratic optimal control prob-

lem, see, e.g., Lewis and Syrmos (1995), the controller CILC is time-varying. Time-

variance results from the pursued approach to solve the involved two-point boundary-

value problem. Alternatively, a time-invariant result can be derived, followed by an

appropriate selection of boundary conditions, as is suggested in Zattoni (2008) for the

finite time LQ problem.

Although the results in Proposition 9.5.3 are related to the linear quadratic tracking

problem, see Lewis and Syrmos (1995), and the optimal ILC controllers in Amann

et al. (1996) and Dijkstra and Bosgra (2002), the derivation here is more involved due

to the more complex criterion (9.16) and the presence of a direct feedthrough D̃ in

the multirate case, even if P is strictly proper, see Proposition 9.3.5. In addition, in

Proposition 9.5.3, the terminal cost, i.e., at t = N l, is assumed to be zero. Inclusion of

a terminal cost in (9.15) is straightforward and is discussed in, e.g., Lewis and Syrmos

(1995).

9.6 Example

In this section, an example is presented that illustrates the results of the previous

sections. Firstly, in Section 9.6.1, the setup is described. Secondly, in Section 9.6.2,

a model, which incorporates the intersample behavior, is identified in view of subse-

quent multirate ILC. Thirdly, in Section 9.6.3, a low-order optimal ILC controller is

computed. This controller is computed both for F = 1, where the intersample behav-

ior is discarded, and in case F = 3, where ILC addresses the intersample behavior.
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This enables a fair comparison between standard discrete time ILC and the proposed

multirate scheme.

9.6.1 System Description

The mechanical system in Figure 9.1 is considered. Considering input u and output

y = d
dt
x1, a state-space realization of the true system is given by

Po =


− d

m1

d
m1

k
m1

1
m1

d
m2

− d
m1

− k
m2

0

−1 1 0 0

1 0 0 0

 , (9.28)

the corresponding state vector is given by x =
[

d
dt
x1

d
dt
x2 x2 − x1

]
. In addition,

m1 = m2 = 4.8 · 10−6, k = 0.22, and d = 1 · 10−4. A stabilizing feedback controller is

given by the state-space realization

Cd,l =

[
0.6859 0.0132

0.0132 10−4

]
, (9.29)

which is implemented with a sampling frequency f l = 500 [Hz], i.e., hl = 2 · 10−2 [s].

In addition, it is possible to measure the error signal with a sampling frequency fh =

1500 [Hz], hence F = 3.

9.6.2 Example 1: System identification

Throughout, is is assumed that the true system in (9.28) is unknown. To enable

application of ILC algorithms, a model is identified using the system identification

techniques that are presented in Section 9.4. The setup in Figure 8.2 is considered,

where r = 0. Multivariable prediction error identification is performed, see, e.g., Ljung

(1999b) and Ljung (2008).

The input wl, see Figure 9.2, is a normally distributed zero-mean white noise signal

with variance 1. The output yh = −eh, see Figure 9.2, is measured and is contaminated

by noise, i.e.,

yh = P d,hHu(I + Cd,lP d,l)−1wl + v, (9.30)

where v is a normally distributed zero-mean white noise signal with variance 2.5 · 103.

A total experiment length of 0.2 s is used for identification purposes. Note that wl is

sampled with sampling frequency f l, whereas yh is sampled with sampling frequency

fh.

To enable usage of standard identification approaches, the signal yh is lifted such

that the mapping wl 7→ ỹ is a finite dimensional LTI SIMO system. An output-error

model is identified that minimizes the quadratic prediction error ‖ε̃‖2
2. The reason for

considering an output-error model structure is twofold. Firstly, a consistency result
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m1 m2
u

k

d x2x1

Figure 9.1: Mechanical system.
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Figure 9.2: Example 1: signals used for system identification.

for independently parameterized disturbance models, including output-error models,

is available in the situation of an incorrectly identified disturbance model, see Ljung

(1999b, Section 8.4). Secondly, (9.30) exactly corresponds to the output-error model

structure.

To illustrate the results of Proposition 9.3.6, models of various orders are identi-

fied and subsequently validated using independent validation data. In Figure 9.3, the

corresponding trace of the covariance matrix of the prediction error tr(Cε), which is

a commonly used criterion, see, e.g., Ljung (1999b) and Ljung (2008), is depicted for

various model errors. For model order 1 up to 3, there is a large error due to undermod-

eling. Model order 4, which is the theoretically correct value, see Proposition 9.3.6,

results in the smallest value. For model orders 5 and higher, the redundant model

parameters are used to estimate the particular noise realization in the identification

experiment. Since these noise realizations vary for new experiments, this generally re-

sults in an increased criterion value when additional model parameters are estimated,

see also Ljung (1999b, Chapter 16). This phenomenon is also observed in Figure 9.3.
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Figure 9.3: Example 1: validation results.

9.6.3 Example 2: Iterative Learning Control

Using the identified fourth order model, the multirate ILC approach of Section 9.5 is

applied. To illustrate superiority of the proposed multirate techniques over present

discrete ILC algorithms, the approach is applied for both F = 3 and F = 1, the former

corresponds to the multirate case, whereas in the latter case the discrete time case is

recovered. The ILC trial length N l = 8, hence Nh = 24. A short trial length is chosen,

since this enables a clear exposition of the results. The approach is also feasible for

much longer trial lengths. Throughout this section, We = 1, Ww = 0, W∆ = 10−6.

The initial sampled tracking error e<0> is depicted in Figure 9.4 (a) and Figure 9.5

(a). In Figure 9.4, the tracking error in the time domain is shown at both sampling

frequencies f l and fh. In Figure 9.5, the cumulative normalized periodograms, as

defined in (8.39), of the error signals are depicted. Analysis of the initial tracking error

e<0> at sampling frequency fh reveals that the error contains two dominant frequency

components at 125 Hz and 437.5 Hz. Since the 437.5 Hz component is beyond the

lower Nyquist frequency f l

2
, it appears as an aliased component at 62.5 Hz when e<0>

is sampled with the lower sampling frequency f l.

Firstly, the error signal el
<0>(t) is used in the discrete time ILC control law, i.e., F =

1 and hence the intersample behavior is discarded. The error after 20 iterations eDT<20>

at both sampling frequency f l and fh is depicted in Figure 9.4 (b) and Figure 9.5 (b).

It can be observed that at the sampling frequency f l, the ILC controller performs a

perfect task, since el
DT<20> = 0. However, when investigating the intersample response,
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it can be observed that the converged error eh
DT<20> has deteriorated compared to

eh
DT<0>, i.e., the ILC controller results in performance deterioration of the sampled-

data system. Analysis of Figure 9.5 (b) reveals that the ILC controller has effectively

attenuated the 125 Hz frequency component. However, at sampling frequency fh a

62.5 Hz component has appeared, which in conjunction with the 437.5 Hz component

results in poor intersample behavior.

Next, the error signal eh
<0>(t) is used in the multirate ILC control law of Section 9.5,

where F = 3. The error after 20 iterations eMR<20> at both sampling frequency f l and

fh is depicted in Figure 9.4 (c) and Figure 9.5 (c). It is concluded that the multirate

ILC controller effectively attenuates the 125 Hz frequency component. However, it

does not attempt to attenuate the 437.5 Hz component. As a result, this component

is still present after convergence at sampling frequency fh and at sampling frequency

f l as an aliased component. Clearly, this component cannot be attenuated using wl.

The results in Figure 9.4 and Figure 9.5 are confirmed by the value of the cri-

terion JMR. Specifically, in the initial situation, JMR(wl
<0>, e

h
<0>) = 624. After

convergence of the discrete time and multirate ILC algorithms, the results become

JMR(wl
DT<20>, e

h
DT<20>) = 804 and JMR(wl

MR<20>, e
h
MR<20>) = 413, respectively. Thus,

discrete time ILC results in a degradation of performance, whereas multirate ILC im-

proves the performance of the system.

Concluding, the multirate ILC controller results in a well-balanced at-sample error

and intersample response, which both are significantly improved compared to the ini-

tial error, see Figure 9.5 (a). Although the discrete time ILC controller results in a

perfect tracking error at sampling frequency f l, it results in poor intersample behavior,

thereby decreasing the performance of the sampled-data system. Importantly, the poor

performance in case a discrete time ILC algorithm is used cannot be observed from the

slow sampled error signals.

9.7 Concluding Remarks

In this chapter, the system identification problem for ILC, taking into account the

intersample behavior, is posed and a solution is presented. Both parametric system

identification approaches in view of optimal ILC and a low-order state-space solution to

the optimal ILC problem is proposed that explicitly address the intersample behavior.

The presented procedure enables optimal control of the intersample behavior in ILC.

As a result, research aspects VIII and IX in Section 1.7 are resolved.

Technical aspects, including time-variance, in the system identification and optimal

control procedure are appropriately dealt with by considering the lifting procedure.

Specifically, it is established that system identification techniques for LTI systems can

be used for LTV multirate systems and a low-order parameterization is presented for

closed-loop systems.

In this chapter, a low-order optimal ILC controller is presented that resorts to

the identified model and explicitly addresses the intersample response. Compared to
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Figure 9.4: Example 2: Error signals at sampling frequencies fh (black solid) and f l (◦).
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Figure 9.5: Example 2: Normalized periodograms of error signals at sampling frequencies fh (black
solid) and f l (gray solid), left: initial, middle: after 20 trials discrete time ILC, right:
after 20 trials multirate ILC.

impulse-response based optimal ILC controllers, which are computationally intractable

for large trial lengths N l, large sampling frequency ratios F , and multivariable systems

with many inputs and outputs, the low-order ILC approach enables application of ILC

to large-scale systems.

The system identification for multirate ILC approach and resulting low-order opti-

mal ILC controller are illustrated in a simulation example of a mechanical system. It

is shown that the system identification approach results in low-order models that are

suitable for dealing with the intersample behavior in multirate ILC. Additionally, it is

shown that the multirate ILC controller outperforms a comparable discrete time ILC
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algorithm. Specifically, discrete time ILC may result in a poor intersample response,

whereas the multirate ILC approach results in a better balance between the at-sample

and the intersample response.

To ensure convergence of the ILC algorithm, the model error can be influenced in

the system identification procedure. For instance, appropriate experiment design can

lead to a reduced variance error as well as a tuning of the bias error of the model.

In addition, incorporation of a robust analysis or synthesis step can be included in

the procedure to enforce ILC convergence in case of modeling errors. In case the

intersample behavior is addressed in robust analysis or synthesis of ILC controllers,

time-variance of the involved uncertainty models should be appropriately addressed,

e.g., as in Dullerud (1996).

9.A Proof of Proposition 9.3.5

Proof. Consider the system P d,h with state space realization (Ah
p , B

h
p , C

h
p , D

h
p ) and state

xh
p . Using the definition of the multirate zero-order-hold (8.12) and successive substi-

tution yields

xh
p(Fti + 1) = Ah

px
h
p(Fti) +Bh

pu
h(Fti) (9.31)

xh
p(Fti + 2) = (Ah

p)
2xh

p(Fti) + (Bh
p + Ah

pB
h
p )uh(Fti) (9.32)

...

xh
p(Fti + F ) = (Ah

p)
Fxh

p(Fti) + Buh(Fti). (9.33)

Using the definition of the upsampler and subsequently downsampling the state yields

xl
p(ti + 1) = (Ah

p)
Fxl

p(ti) + B(ul
c(ti) + wl(ti)). (9.34)

The output equation corresponding to (9.34) is given by

yl(ti) = Ch
px

l(ti) +Dh
p (ul

c(ti) + wl(ti)) (9.35)

and gives the exact response of P at the sampling frequency f l. Next, the controller

is given by

xl
c(ti + 1) = Al

cx
l
c(ti)−Bl

cy
l(ti) (9.36)

ul
c(ti) = C l

cx
l
c(ti)−Dl

cy
l(ti) (9.37)

Substitution of (9.35) and (9.37) in (9.34) and (9.36) yields the system matrix Ã and

input matrix B̃. Using the definition of the multirate zero-order-hold (8.12) reveals

that

yh(Fti) =yl(ti) = Ch
px

l
p(ti) +Dh

pC
l
cx

l
c(ti) +Dh

pw
l, (9.38)
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yh(Fti + 1) = Ch
px

h
p(Fti + 1) +Dh

pu
h(Fti) (9.39)

=Ch
pA

h
px

h
p(Fti) + (Dh

p + Ch
pB

h
p )uh(Fti) (9.40)

=(Ch
pA

h
p − Ch

pB
h
pD

l
cC

h
p )xl

p(ti) (9.41)

+ (Dh
pC

l
c + Ch

pB
h
pC

l
c)x

l
c(ti) + (Dh

p + Ch
pB

h
p )wl,

and thus

yh(Fti + F − 1) =Ch
p (Ah

p)
F−1xh

p(Fti) + Duh(Fti) (9.42)

=
(
Ch

p (Ah
p)

F−1 −DDl
cC

h
p

)
xl

p(ti)

+ DC l
cx

l
c(ti) + Dwl(ti),

(9.43)

completing the proof that (Ã, B̃, C̃, D̃) indeed is a state-space realization for the lifted

system.

9.B Proof of Proposition 9.5.3

Proof. First, define

∆wl
<k> = wl

<k+1> − wl
<k> (9.44)

and use

ẽ<k+1> = ẽ<k> − J̃MR∆wl
<k> (9.45)

to rewrite (9.16) as

JMR<k+1> =1
2

N l−1∑
t=0

[
‖C̃∆xk + D̃∆wl

k − ẽk‖W̃e

+ ‖∆wl
k + wl

k‖Ww + ‖∆wl
k‖W∆

]
,

(9.46)

subject to ∆x<k+1> = Ã∆x<k> + B̃∆wl
<k>. (9.47)

Define the Hamiltonian function

H<k> =‖C̃∆xk(t) + D̃∆wl
k(t)− ẽk(t)‖W̃e

(9.48)

+ ‖∆wl
k(t) + wl

k(t)‖Ww + ‖∆wl
k(t)‖W∆

+ λT
<k>(t+ 1)

(
Ã∆x<k>(t) + B̃∆wl

<k>(t)
)

Minimization of JMR<k+1> in (9.46) subject to (9.47) translates to the following con-

ditions on the Hamiltonian (9.48):

0 =
∂H

∂∆wl
<k>(t)

, (9.49)

λ<k>(t) =
∂H

∂∆x<k>(t)
, (9.50)

∆x<k>(t+ 1) =
∂H

∂λ<k>(t+ 1)
. (9.51)
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Differentiation and rearranging enables rewriting (9.49) as

∆wl
<k>(t) =Γ−1

1

(
D̃T W̃e

(
ẽ(t)− C̃∆x<k>(t)

)
−Www

l
<k>(t)− B̃Tλ<k>(t+ 1)

)
(9.52)

Substitution of (9.52) into (9.50) and (9.51) yields the Hamiltonian system[
∆x<k>(t+ 1)

λ<k>(t)

]
=

[
H11 H12

H21 H22

] [
∆x<k>(t)

λ<k>(t+ 1)

]
+

[
E11 E12

E21 E22

] [
ẽ<k>(t)

wl
<k>(t)

]
, (9.53)

with boundary conditions ∆x<k>(0) = 0 and λ<k>(N l) = 0. Next, the sweep method,

see Lewis and Syrmos (1995), is considered and the transformation

λ<k>(t) = P (t)∆x<k>(t)− g<k>(k) (9.54)

is used to remove λ from (9.53), which is subsequently solved for ∆x<k+1>(t), resulting

in (
−P (t) +H21 +H22P (t+ 1)(I −H12P (t+ 1))−1H11

)
·∆x<k>(t) + g<k>(t)

− (H22 +H22P (t+ 1)(I −H12P (t+ 1))−1H12)g<k>(t+ 1)

+ (E21 +H22P (t+ 1)(I −H12P (t+ 1))−1E11ẽ<k>(t)

+ (E22 +H22P (t+ 1)(I −H12P (t+ 1))−1E12w
l
<k>(t)

= 0. (9.55)

Since (9.55) should hold for all ∆x<k>(t), both (9.18) and (9.19) should hold, which

enable computation of P (t) and g<k>(t) via a backward recursion in time. Next,

substituting (9.54) into (9.52), subsequently substituting the state equation

∆x<k>(t+ 1) = Ã∆x<k>(t) + B̃∆wl
<k>(t), (9.56)

which follows from (9.50), and solving for ∆wl
<k>(t) yields

∆wl
<k>(t) =− L(t)∆x<k>(t) + Le(t)ẽ(t)

− Lw(t)wl
<k> + Lg(t)g<k>(t+ 1)

(9.57)

Since (9.57) depends on ∆x<k>(t), (9.57) is substituted in (9.56), resulting in

∆x<k>(t+ 1) = (Ã− B̃L(t))∆x<k>(t) (9.58)

+ B̃Lg(t)g<k>(t+ 1)− B̃Lw(t)wl
<k>(t) + B̃Le(t)ẽ(t)

enabling the computation of the optimal state trajectory ∆x<k> using the boundary

condition ∆x<k>(0) = 0. Finally, substituting the optimal state trajectory in (9.57)

and subsequently using (9.44) yields (9.17), completing the proof.
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Chapter 10

Conclusions and Recommendations

10.1 Conclusions

Control can improve the performance of systems in the presence of uncertain dynamical

behavior and disturbances. For certain systems, including the precision motion systems

that are described in Chapter 1, control is crucial for market viability. The impetus

for the research that is reported here is the desire to achieve the limits of control

performance through a procedure that applies to control applications such as precision

motion systems. As is argued in Section 1.3, a model-based control design approach

is crucial to achieve this goal. System identification is a reliable, fast, and inexpensive

methodology to construct models for the considered class of systems. The resulting

model, however, is never an exact representation of the true system, since any physical

system is too complex to be represented exactly by a single model. To deal with model

imperfections, robust control design methodologies can be employed to guarantee a

certain performance for an uncertain model set.

Although many important developments have been achieved in the fields of system

identification and robust control, system identification has not been able to deliver

model sets that result in high performance control design without unnecessarily intro-

ducing conservatism. This has led to new developments on the border of the fields of

system identification and robust control design. Specifically, in Chapter 2,

I. a system identification methodology for control-relevant nominal models is pre-

sented, where the model is internally structured as a new robust-control-relevant

coprime factorization; and

II. the identified nominal coprime factorization in conjunction with a new (Wu,Wy)-

normalized coprime factorization of the controller that is implemented during the

identification experiment are used to construct a new model uncertainty coordi-

nate frame that transparently connects to the control criterion.

As a result of the contribution of Chapter 2, a new connection between system iden-

tification on the one hand and robust control on the other hand is established that
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is nonconservative and enables high guaranteed control performance. In addition, the

specific coordinate frame appropriately scales the model uncertainty channels. As a

result, multivariable model uncertainty structures can be used in a nonconservative

manner. This paves the way towards system identification and robust control of large-

scale systems.

When evaluating the developments in precision motion systems, it is expected that

performance variables cannot be measured directly in next-generation systems. In this

case, the performance variables have to be predicted from the measured signals in

conjunction with a model. However, system identification has not been able to deliver

these models and robust control has not been able to properly deal with this situation.

Hereto, in Chapter 3,

III. controller structures for optimal inferential control are presented and suitable

control goals for inferential servo control are presented;

IV. a suitable generalization of control-relevant identification of nominal models to

the inferential case is presented and its equivalence with a new robust-control-

relevant coprime factorization is presented; and

V. novel parsimonious coprime factorization-based model uncertainty structures are

presented that enable robust inferential control design, in addition, by exploiting

these robust-control-relevant coprime factorizations in conjunction with a new

(Wu,Wy)-normalized coprime factorization of the controller that is implemented

during the identification experiment, a transparent connection between model

uncertainty and the inferential control goal is established.

As a result of the contributions of Chapter 3, high performance robust inferential

control can be achieved through a procedure of system identification and robust control.

By confronting the nominal model that results from the above procedure with new

data sets, the predictive power of the model can be evaluated and improved model

quality can be confirmed. Indeed, in the above results, only the interconnection struc-

ture of the model uncertainty are specified, it remains to determine the size of model

uncertainty. Hereto, in Chapter 4,

VI. a validation-based uncertainty modeling procedure that can reliably deal with

many, large data sets is presented.

As a result of the contribution of Chapter 4, the nominal model can be extended with

model uncertainty. The nominal model in conjunction with the model uncertainty

constitute a model set. The validation-based uncertainty modeling procedure leads to

a situation where the hypothesis that the true system is in the model set has not been

rejected after an extensive confrontation of the uncertain model with experimental

data. As a consequence, the resulting robust controller, which requires that the true

system is in the model set, generally leads to reliable results.

The above contributions I - VI constitute a coherent framework for high perfor-

mance robust feedback control design. The presented approach focusses on the fre-

quency domain, since

• the frequency domain provides a connection with the considered H∞-norm-based
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control criterion,

• a frequency domain procedure enables a straightforward noise and data reduction,

• a frequency domain procedure can reliably deal with the multivariable situation,

and

• a frequency domain approach enables a direct quantification of model uncertainty

as H∞-norm-bounded operators in a certain robust-control-relevant coordinate

frame.

As a result, high performance control can be achieved through a transparent connection

between system identification and robust control that does not result in unnecessary

conservatism.

Applicability and relevance of the developed system identification and robust con-

trol procedure is confirmed by system identification and robust control of three appli-

cations.

A1. In Chapter 5, a high performance robust control design for an industrial next-

generation wafer stage system is presented. It is shown that the presented ap-

proach in Chapter 2 and Chapter 4 results in a significantly improved control

performance. In addition, it is shown that a numerically reliable algorithm,

such as the one presented in Appendix A, is essential for convergence of system

identification algorithms. Furthermore, it is shown that the model uncertainty

coordinate frame, i.e., Item I and Item II, in conjunction with the model valida-

tion approach, i.e., Item VI, can be used for performance monitoring and analysis

of position dependent dynamical behavior.

A2. In Chapter 6, high performance robust control design for a continuously variable

transmission system is presented. Although such systems have a poor signal-to-

noise ratio and exhibit more pronounced nonlinear behavior compared to preci-

sion motion systems, a procedure based on linear models with model uncertainty

results in a reliable robust control design. In addition, the resulting controller

results in reduced interaction when compared to a diagonal controller.

A3. In Chapter 7, a high performance inferential controller is designed for a prototype

motion system that predominantly exhibits flexible dynamical behavior. In addi-

tion, it is shown that common control design strategies that aim at good responses

in terms of the measured variables can lead to poor unmeasured performance.

The applications A1 - A3 confirm that contributions I - VI lead to a coherent sys-

tem identification for high performance robust and inferential control framework. By

virtue of the results in Chapter 5 and Chapter 7, control can deal with systems that

predominantly exhibit flexible dynamical behavior, paving the road for next-generation

lightweight motion systems.

The presented results contribute to the field of identification for control, which is an

active field on the borders of system identification and robust control, as is confirmed

by recent publications that include Hjalmarsson (2005) and Gevers (2005). When

comparing the presented approach to existing results while taking into account the

experimental results in Chapter 5, Chapter 6, and Chapter 7, the following conclusions
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are drawn.

• When compared to different outgrowths of the prediction error framework, in-

cluding Ljung (1999a), Hakvoort and Van den Hof (1997), Gevers et al. (2003),

it is remarked that the nominal model error generally corresponds to complex

dynamical behavior. In addition, the applications in Chapter 5, Chapter 6,

and Chapter 7 have revealed that the control-relevant model error is dominated

by error sources such as high order flexible dynamics that cannot be modeled

parametrically due to computational limitations and parasitic nonlinear effects,

whereas noise and disturbance effects are generally negligible. The validation-

based uncertainty modeling approach using H∞-norm-bounded perturbations in

Chapter 4 can numerically reliably and straightforwardly deal with this situation.

Moreover, certain nonlinear model errors can even be addressed. Finally, the ap-

proach straightforwardly connects to robust control based on H∞-optimization.

In contrast, prediction error methods generally quantify model uncertainty in

a certain parameter space that complicates robust control design, especially for

multivariable systems.

• When compared to approaches that are known as identification in H∞, see, e.g.,

Chen and Gu (2000), Helmicki et al. (1991), it is remarked that the developed

approach is expected to result in significantly less conservatism and hence a po-

tential performance improvement. Specifically, such identification inH∞ methods

can guarantee a certain H∞-norm bounded error over a continuous frequency set,

based on frequency domain data on a discrete grid in conjunction with certain

prior assumptions. As a result, the uncertainty is generally significantly inflated

in between the frequency points. In contrast, in the approach that is presented

here, the uncertainty in between the frequency points is not inflated based on

possibly unjustifiable prior assumptions, see also, e.g., Ljung et al. (1991), for a

discussion on the involved assumptions. Still, the involved interpolation problem

is appropriately addressed in the procedure. Specifically, existence of an inter-

polating function is guaranteed by a result from interpolation theory. Hereby,

necessary and sufficient conditions for model validation using H∞-norm-bounded

operations in conjunction with validation data on a certain discrete frequency

grid are established in Chapter 4. Experimental results in Chapter 5, Chapter 6,

and Chapter 7 confirm that a sufficiently dense frequency grid avoids large inter-

polation errors. Indeed, the general philosophy in the presented approach is not

to base such errors on prior assumptions in the case that the system is available

for measurement at other frequencies. As a result, conservatism is significantly

reduced while interpolation aspects are appropriately addressed. Indeed, in the

case that the frequency grid is not sufficiently dense, interpolation errors may re-

sult, which will subsequently be detected during the validation-based uncertainty

modeling procedure. This also implies that the frequency grid should be selected

judiciously, as is further investigated in Section 10.2.

• When compared to the line of research that is commonly classified as iterative
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identification and control, e.g., Schrama (1992b), Gevers (1993), De Callafon

and Van den Hof (1997), and Albertos and Sala (2002), it is remarked that the

presented results can be seen as a generalization and enhancement of these ap-

proaches to 1. appropriately incorporate model uncertainty into the procedure

and thereby transparently connect system identification of an uncertain model

with robust control and 2. appropriately deal with the inferential control case

where not all performance variables are measurable. Monotonous convergence

in iterative identification and robust control is achieved by considering robust-

control-relevant model sets during system identification. The key advantage of

the approach that is presented here is that the guaranteed performance bound

after convergence of the iterative algorithm is tight and not unnecessarily con-

servative. As a result, feedback performance improvement to the limit can be

achieved. This is especially important in the multivariable case, where the model

uncertainty channels need to be properly scaled, which is achieved by the pre-

sented robust-control-relevant model uncertainty coordinate frame. In this re-

spect, the approach presented here also addresses the aspects related to robust-

control-relevant model sets in Gevers (2005, Section 7.3) to a certain extent.

Although feedback control design, as is discussed above, is crucial to deal with un-

certainty with respect to system dynamics and disturbances, feedback is also subject to

certain performance limitations such as the Bode sensitivity integral. In contrast, feed-

forward control is able to compensate for all certain effects and is crucial to achieve the

limits of control performance. Iterative learning control is a control design methodology

that is able to compensate for all reproducible system behavior without restrictions on

causality in the physical time domain and using only approximate model knowledge.

Hence, in contrast to feedback control, feedforward control, including iterative learning

control, is able to attenuate disturbances up to the Nyquist frequency in the discrete

time domain. When improving the performance on the sampling instants without con-

sidering the intersample behavior, it is expected that the hazard of poor intersample

behavior significantly increases. Thus, when comparing the feedback controlled situa-

tion with iterative learning control, it is expected that the intersample behavior issue

is more pronounced in the iterative learning control case. Note that many control

applications belong to the class of sampled-data systems, since the physical system

typically evolves in the continuous time domain, whereas the controller is commonly

implemented in a discrete time environment. In view of of the continuous time opera-

tion of the system, it is crucial to evaluate performance in the continuous time domain.

In Chapter 8,

VII. a novel systematic framework for sampled-data iterative learning control is pre-

sented that explicitly addresses the intersample behavior.

As a result of the contribution of Chapter 8, high performance can be achieved for

sampled-data systems.

Similar to many iterative learning control algorithms, the approach in Chapter 8 is

based on convolution matrices. As a result, the required computational load inflates for
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increasing trial lengths, increasing sampling frequencies, increasing number of inputs

and outputs, and increasing amounts of considered intersample behavior. In fact, the

required computations are computationally infeasible except for small-scale examples.

Hereto, in Chapter 9,

VIII. an optimal low-order iterative learning control approach is presented that is com-

putationally feasible for complex systems and addresses the intersample behavior,

and

IX. a system identification procedure for sampled-data iterative learning control is

presented that delivers the required parametric model for low-order iterative

learning controller synthesis with intersample behavior consideration.

As a result, iterative learning control can be implemented for complex sampled-data

systems, including next-generation motion systems.

10.2 Recommendations for Future Research Directions

Although a system identification for robust control framework is reported that is shown

to lead to enhanced control performance in a variety of applications, as well as an

application to sampled-data iterative learning control, numerous challenges remain

that include

Experiment design. In the research that is presented here, the experiment design is

not fully addressed. Taking into account the developed experience in Chapter 5,

Chapter 6, and Chapter 7, the following elements should be taken into account in

the experiment design for system identification in view of robust control design:

– in a frequency domain approach, the frequency grid should be selected

appropriately, i.e., the bound in Proposition 2.3.13 and Proposition 3.4.7

should be tight. One approach could be to employ results from identifica-

tion inH∞, see, e.g., Chen and Gu (2000) and Milanese and Taragna (2002).

Although such methods are commonly considered as conservative when it

comes to uncertainty modeling, see also the arguments in Vinnicombe (2001,

Section 9.5.2), they could form a suitable basis for the selection of frequen-

cies in experiment design. In this case, the inherent conservatism in these

approaches would manifest itself in an overestimate of required frequencies.

However, for the considered class of applications there is a large experimen-

tal freedom and such an approach may indeed lead to a judicious choice of

frequency components.

– nonlinear effects should appropriately be taken into account. Experimental

results have shown that the phase and amplitude of sinusoids heavily affect

the identified model. A thorough analysis of these aspects should be per-

formed. Initial results are available in Pintelon and Schoukens (2001) and

Mäkilä and Partington (2003).

– errors introduced by finite time noise observations should be taken into ac-

count. In Chapter 5, Chapter 6, and Chapter 7, it is shown that these errors
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are commonly negligible if a frequency domain approach is pursued. Still,

an explicit analysis is desirable and will also affect the optimal experiment

design.

When compared to recent developments with respect to input design for system

identification for robust control, including Bombois et al. (2006), Hjalmarsson

(2009), and Gevers (2005), then these approaches seem to focus on the latter

aspect, i.e., errors introduced by finite time noise observations, and its interrela-

tion with experiment length and a measure of input energy, leading to a certain

notion of inexpensive experiments. However, for the considered class of systems,

1. errors due to measurement noise and disturbances can be made negligible due

to high signal-to-noise ratios in conjunction with a large experimental freedom,

and 2. there are barely any restrictions on the actual measurement length and

input energy for the considered class of systems. From this perspective, a differ-

ent approach to experiment design for robust control of next-generation motion

systems is desirable that focusses on the aspects that are mentioned above.

Dependency of robust-control-relevant model sets. Robust-control-relevant model sets

depend by definition on the experimental controller. This dependency and the

related sensitivity should be further analyzed. In addition, this can shed light

on the possible performance improvement in the case that an iterative system

identification and robust control design procedure is applied. Initial results in

this direction are reported in Van Herpen et al. (2010). Similarly, the adopted

definition of robust-control-relevance depends equally well on the desired con-

troller through the control criterion and associated weighting filters. In many

cases, improved system knowledge becomes available if more accurate models are

identified. Hence, it may be desired to modify the performance objective accord-

ingly during the procedure, e.g., after system identification of a model set. This

should be given further attention. Initial results in this direction are available in

Graham and de Callafon (2007).

Control goal definition. In Chapter 5, Chapter 6, and Chapter 7, the control goal is

specified using a loopshaping-based approach, which is based on some general

rules-of-thumb and a nonparametric model of the system. To ensure high per-

formance control with respect to the actual disturbance situation, disturbance

models should be incorporated into the design procedure. In fact, such multi-

variable disturbance models are a side result of the validation-based uncertainty

modeling procedure that is presented in Chapter 4. Initial attempts to incor-

porate these disturbance models in control design are reported in Van de Wal

et al. (2000), Oomen et al. (2007b), Boerlage et al. (2010a), and Boerlage et al.

(2010b).

Model order selection. The identification of a model set requires a new paradigm for

model order selection. Here, both the nominal model order and the order of the

dynamic model uncertainty overbound, as is used in Chapter 5, Chapter 6, and

Chapter 7, should be addressed. In addition, the structure of model uncertainty
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in the multivariable case should be further investigated. Initial results in these

directions are reported in Van Herpen et al. (2010). For the actual selection

of dynamic overbounds for model uncertainty, see Chapter 5, Chapter 6, and

Chapter 7, an automated procedure is useful, see, e.g., Scheid and Bayard (1995)

and Kinney et al. (2007) for results in this direction.

Model and controller order reduction. The robust controller synthesis procedure in Ap-

pendix B typically results in a high controller order. In the presented applications

in Chapter 5, Chapter 6, and Chapter 7, the resulting controller could be imple-

mented directly. In case a high controller order prohibits real-time implementa-

tion, the controller order may be reduced. Alternatively, the order of the model

set, i.e., both with respect to the nominal model and the weighting filters that

are used to shape the uncertainty, may be reduced prior to controller synthesis.

In line with the results presented in this thesis, the model and controller order

reduction should be performed in a control-relevant setting.

Controller retuning. As mentioned in Section 5.8, the controller may be retuned in-

stead of being replaced entirely. An approach that enables the adjustment of

the controller is by means of the double-Youla-Kučera-parameterization, as is

discussed in, e.g., Douma et al. (2003). Initial results in this direction confirm

that the coordinate frame in Section 2 is crucial for nonconservative controller

redesigns, especially for the multivariable situation.

Inferential feedback control situation. With respect to the inferential control situation,

the inferential control design problem needs to be further investigated. Indeed, in

the research that is reported here, foundations for optimal and robust inferential

control design are developed in Chapter 3 and a proof of concept is reported in

Chapter 7. Especially the two-degrees-of-freedom controller structure requires

further attention, since in principe it also encompasses a feedforward controller.

A possible direction is the analyze the resulting optimal controller in a state-space

framework.

Inferential feedforward control. In the research that is reported here, the focus in the

inferential control case is on feedback control. The inferential control aspects ap-

ply equally well to the feedforward control situation, including iterative learning

control. Indeed, results in Chapter 7 have revealed that high gain feedback in

the measured variables may deteriorate the unmeasured performance variables

in the case that these variables are related through a dynamic model. It is ex-

pected these effects are even more pronounced in the case of iterative learning

control, since such algorithms can in principe compensate for disturbances up to

the Nyquist frequency in the discrete time domain. Hence, such algorithms are

effective over a larger frequency range compared to feedback control design.

Applications. The system identification and robust control design procedure is suffi-

ciently general to be applied to a wide range of applications. Especially for the

class of next-generation precision motion systems with flexible dynamical behav-

ior, this leads to the following expectations. Firstly, the procedure may prove
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useful to investigate and achieve possible performance improvement through the

use of additional sensors and actuators. Secondly, in case position dependent

behavior turns out to limit performance, then this behavior can be modeled ex-

plicitly. An intermediate approach in between linear time invariant models, as are

considered in the research reported here, and general nonlinear models is based

on so-called linear parameter varying models. Important aspects to address are

1. adopting the notion of control-relevance in the modeling of position dependent

behavior, 2. explicitly addressing the unmeasured performance variables in posi-

tion dependent modeling, and 3. appropriately addressing both model uncertainty

and position dependent behavior during controller synthesis.





Addenda





Appendix A

Numerically Reliable Transfer Function

Estimation

In this appendix, the control-relevant estimation of coprime factorizations in Propo-

sition 2.3.13 using the parametrization (2.55) is performed via a numerically reliable

procedure. In Section A.1, the pursued approach is briefly described, followed by nu-

merical aspects in Section A.2. Attention is restricted to the case where all performance

variables are measured variables, as is the situation in Chapter 2. Extension to the

case of unmeasured performance variables follows along similar lines

A.1 Frequency Domain Identification Involving `∞-Norms via

Lawson’s algorithm

The optimization in (2.51) and (2.52) involves an `∞-type criterion, resulting in an

optimization problem that is not guaranteed to be smooth, hence efficient gradient-

based optimization techniques cannot be used directly. In addition, the parametriza-

tion (2.55) is nonlinear in the parameters θ, resulting in a generally non-convex opti-

mization problem.

To solve the optimization in (2.51) and (2.52), Lawson’s algorithm, see Rice (1964)

and Bohn and Unbehauen (1998), is employed as follows.

Algorithm A.1.1. Set θ<o> = 0 and w<0>
i = 1

nω
, nω denoting the number of frequen-

cies in Ω. Iterate over k until convergence:

θ<k> = arg min
θ

∑
i

w<k>
i ‖εi(θ)‖2

F (A.1)

where w<k>
i =

σ̄(εi(θ
<k>))w<k−1>

i∑
i(σ̄(εi(θ<k>))w<k−1>

i )
. (A.2)

Algorithm A.1.1 iteratively solves the nonlinear least squares problem (A.1), which

is defined precisely in Section A.2. The weighting function w<k>
i is employed to min-
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imize (2.51). To anticipate on the results in the next section, convergence of Algo-

rithm A.1.1 cannot be guaranteed since the nonlinear least squares problem can result

in local minima. However, numerical experience indicates that the algorithm often

converges and the constraint T (P̂ , C) ∈ RH∞ in (2.52) is commonly satisfied.

A.2 A Numerically Reliable Approach for Solving Nonlinear

Least Squares Problems

The nonlinear least squares problem in (A.1) is equivalent to

∑
i

‖W<k>
h ◦

(
W
( [No

Do

]
−

[
N̂(θ)

D̂(θ)

] ))
‖2

F , (A.3)

where the elements of W<k>
h are equal to

√
w<k>

i and ◦ denotes the Hadamard product,

which is introduced to separate the weighting of Lawson’s algorithm and the nonlin-

ear least squares problem. Rearranging and using the following facts from Kronecker

algebra for matrices of suitable dimensions, see, e.g., Brewer (1978):

• ‖A‖F = ‖vec(A)‖2

• vec(ABC) = (CT ⊗ A)vec(B)

• vec(A ◦B) = diag(vec(A))vec(B),

reveals that (A.3) can be written as

∑
i

‖W<k>
lsq,i (θ)vec

([
B(θ)

A(θ)

])
‖2

2, (A.4)

W<k>
lsq,i (θ) = diag(vec(W<k>

h ))
([

( ¯̃DeV
−1
1 A(θ) + ¯̃NeV

−1
2 B(θ))−1

]T
⊗
[
W
([No

¯̃NeV
−1
2 No

¯̃DeV
−1
1

Do
¯̃NeV

−1
2 Do

¯̃DeV
−1
1

]
− I
)])

,
(A.5)

If both A(θ) and B(θ) are parameterized in a suitable canonical polynomial basis, then

(A.4) can be solved by iteratively solving the linear least squares problem

∑
i

‖W<k>
lsq,i (θ<f−1>)vec

([
B(θ<f>)

A(θ<f>)

])
‖2

2, (A.6)

for f , since (A.6) is linear in the parameter vector θ<f>. In fact, (A.6) constitutes a

novel generalization for the closed-loop and coprime factorization case of Sanathanan-

Koerner iterations, as introduced for open-loop systems in Sanathanan and Koerner

(1963).

Convergence of the iterative procedure (A.6) hinges on the accurate computation

of the solution at each iteration step. Hence, a necessary condition for convergence of

the iterative procedure is the computation of an accurate solution to the linear least

squares problem (A.6). If the normal equations corresponding to the least squares
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problem (A.6) are poorly conditioned, then the solution θ<f> is prone to numerical

errors and may be inaccurate, see Golub and Van Loan (1996, Section 2.7).

Employing a monomial basis in continuous time system identification leads to ex-

tremely ill-conditioned normal equations for moderate degrees of the vector polynomi-

als, see Bultheel et al. (2005). Though the discrete time monomial basis is orthonormal

with respect to a continuous inner product, the weighted evaluation on a discrete fre-

quency grid Ω may result in a poor numerical conditioning.

A high performance numerical algorithm is employed to construct a polynomial

basis with respect to the weighted discrete inner product

<f, g >Wlsq
=
∑

i

f(ωi)
∗W<k>

lsq,i (θ<f−1>)∗W<k>
lsq,i (θ<f−1>)g(ωi), (A.7)

resulting in optimally conditioned normal equations for the linear least squares prob-

lem (A.6), i.e., a condition number κ = 1. The construction of these orthonormal vector

polynomials (OVPs) is performed by a modification of the results in Van Barel and

Bultheel (1995), see also Bultheel et al. (2005), details of which will be communicated

elsewhere.

The iterative procedure in (A.6) typically converges closely to the global minimum.

This is a remarkable property of such iterations and is enabled by the fact that the

iterative procedure does not search the error surface as is the case in common op-

timization algorithms. However, in case of undermodeling and noise, the stationary

point of the iterations (A.6) need not converge exactly to a minimum of (A.3) as is

discussed in Whitfield (1987). Thereto, the solution resulting from the iterations (A.6)

is further refined using a Gauss-Newton optimization. The orthonormal basis with re-

spect to the inner product in (A.7) is retained during the Gauss-Newton optimization.

Extensive experiments reveal promising results, since the condition number during the

Gauss-Newton iterations remains close to one. Indeed, in Chapter 5, it is confirmed

that already for the two input and two output multivariable case, the orthonormal

basis with respect to the inner product in (A.7) is crucial to obtain convergence of the

iterative algorithm, since the monomial basis in discrete time results in poor condi-

tioning. As a result, the Gauss-Newton algorithm in case of a monomial basis breaks

down solely due to numerical reasons.





Appendix B

Robust Controller Synthesis using the

Skewed Structured Singular Value

Given a certain model set, a robust controller can be synthesized that minimizes the

worst case performance, see, e.g., (2.9). The actual synthesis can be performed using

a generalization of the D − K-iteration, see Zhou et al. (1996). Specifically, observe

that Figure 6.7 can be recast into Figure B.1, where the dependency of M̂ on C is

made explicit. In addition, the normalization ‖∆u‖ < 1 is obtained by the inclusion

of the parametric overbound in M̂ . As a result, the optimization problem in (6.15) is

equivalent to minimizing

min
C
‖Fu(M̂(C),∆u)‖∞, ∀∆u ∈ B∆u, (B.1)

where the prefix B denotes the open unit ball in some normed space and ∆u can be

used to incorporate structure in the model uncertainty description. By employing ∆p

as a fictitious uncertainty block to account for the performance criterion (6.8), the

optimization problem (B.1) can be written as a skewed-µ problem, i.e.,

CRP = arg min
stabilizing C

sup
ω
µs,∆̃

(
M̂(C, ω)

)
, (B.2)

where

µs,∆̃ =

(
min
∆̃∈∆̃

{
σ̄(∆p)| det(I − ∆̃M̂) = 0

})−1

, (B.3)

unless det(I − ∆̃M̂) 6= 0, ∀∆̃ ∈ ∆̃, in which case µs,∆̃ := 0. In addition,

∆̃ =

{[
∆p 0

0 ∆u

] ∣∣∣∆p ∈ C(ny+nu)×(ny+nu),∆u ∈ Cny×nu , σ̄(∆u) < 1

}
. (B.4)

The actual optimization in (B.2) can be achieved by a modification of D − K-

iterations and is closely related to the skewed-µ analysis procedure in, e.g., Fan and

Tits (1992). Additionally, the optimization in (B.2) involves discrete time systems. As
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M̂(C)

∆u

[
r2

r1

] [
y
u

]

∆p

∆̃

Figure B.1: Extended M̂ -∆u interconnection structure.

a result, the resulting discrete time controller CRP can be implemented directly in a

digital computer environment. For comparison, also the controller is computed that

minimizes the nominal performance cost in (6.10) using standard H∞-optimization

algorithms, see, e.g., Zhou et al. (1996).



Appendix C

Dealing with Subsample Delays in System

Identification of Sampled-Data Systems

C.1 Motivation

Computational delays are present in many digital controller implementations. These

delays typically are not an integer multiple of the sampling frequency. Hence, these

delays are referred to as subsample delays. As a consequence of the presence of such

delays in digital controller implementations, such delays also arise in system identifica-

tion for control. However, such subsample delays are not addressed in common system

identification references. An exception is Pintelon and Schoukens (2001, Section 6.5

and (5-29), (5-30)), which is reviewed below. However, the approach in Pintelon and

Schoukens (2001, Section 6.5 and (5-29), (5-30)) is insufficient when identifying models

for high performance control design, since it introduces an approximation error and

results in unnecessarily complicated computations. Besides Pintelon and Schoukens

(2001), subsample delays are seldomly addressed in system identification. In fact, de-

lays are commonly assumed to be an integer multiple of the sampling time, e.g., as

in Ljung (1999b) and De Callafon et al. (1996). This issue of subsample delays also

addresses an open issue in Oomen et al. (2007b, Page 933). Thereto, in this appendix,

an analysis of subsample delays in system identification is presented.

C.2 Setup

he setup for identification of sampled-data systems with subsample delays is depicted

in Figure C.1. Throughout, it is assumed that

• P (s) is a continuous time finite dimensional linear time invariant system,

• H is a zero-order-hold,

• S is an ideal sampler,

• H and S are synchronized with sampling time h,
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H SDθ P
ν u ũ y ψ

Pd

Figure C.1: Sampled-data system with subsample delay.

• Dθ represents the delay, which is an infinite dimensional operator given by e−θs,

and

• Pd(z) is the corresponding discrete time system.

A subsample delay refers to the situation where

θ

h
/∈ Z. (C.1)

C.3 Pre-existing Approaches

In Pintelon and Schoukens (2001, Section 6.5 and (5-29), (5-30)), the following ap-

proaches are suggested to handle subsample delays in frequency response based iden-

tification:

Bandlimited assumption. In this case, u and y in Figure C.1 are used for identification,

assuming a bandlimited assumption where no aliasing occurs. It is suggested to

parameterize the model as

P e(s) = P (s)e−θs. (C.2)

This approach leads to the following properties:

– a more difficult optimization problem, either in one step or in a two step

approach, where first the delay is estimated and then the model P̂ (s) is

estimated without delay.

– The resulting model Pe(s) is infinite dimensional, which prohibits the use of

standard finite dimensional and linear time invariant control design tools,

including Skogestad and Postlethwaite (2005), Zhou et al. (1996).

Zero-order-hold assumption. In this case, ν and ψ are used for identification of Pd(z)

directly. Let Pd(z) denote the step-invariant discretization as is defined in, e.g.,

Franklin et al. (1998), Åström and Wittenmark (1990), and Chen and Francis

(1995), of P (s). Then, the model is parametrized as

P e
d (z) = Pd(z)z

− θ
h . (C.3)

This approach leads to the following properties:

– a more difficult optimization problem, either in one step or in a two step

approach, where first the delay is estimated and then the model P̂d(z) is

estimated without delay.
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– The resulting model Pd(z) contains a partial power of z and as such is

infinite dimensional, which prohibits the use of standard finite dimensional

and linear time invariant control design tools, e.g., Zhou et al. (1996).

The delay θ is additional to the delay of h
2

in u compared to ν that is inherently

introduced by the zero-order-hold, as is discussed in Franklin et al. (1998).

The zero-order-hold assumption is most suitable if the purpose of the resulting

model is subsequent control design, as is discussed in, e.g., Oomen et al. (2007b). In

this appendix, it is investigated whether the extended model (C.3) is indeed the most

suitable representation for subsequent control design. In particular, it is investigated

whether subsample delays necessarily result in infinite dimensional model structures

such as (C.3).

C.4 Subsample Delays in System Identification of Sampled-

Data Systems

Consider the system in Figure C.1. In addition, suppose that

0 < θ < h. (C.4)

The zero-order-hold, delay, and sampler operators are defined by

u(tih+ τ) = ν(ti), ti ∈ Z, τ ∈ [0, h) (C.5)

ũ(tc) = (Dθu)(tc) = u(tc − θ) tc ∈ R (C.6)

ψ(ti) = y(tih), (C.7)

respectively. Then, the following results hold.

Proposition C.4.1. Let (A,B,C,D) be a minimal state-space realization for P in

Figure C.1, where y = Pũ. Then,

ψ = Pdν, (C.8)

where

Pd =

 Ad Bd,−1 Bd,0

0 0 I

C 0 D

 , (C.9)

Ad = eAh (C.10)

Bd,−1 = eA(h−θ)

∫ θ

0

eAηdηB (C.11)

Bd,0 =

∫ h−θ

0

eAηdηB. (C.12)
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Proof. Consider a time interval [tih, (ti +1)h) of length h, where tih and hence (ti +1)h

are sampling instants. Then,

x((ti + 1)h) = eA((ti+1)h−tih)x(tih) +

∫ (ti+1)h

tih

eA((ti+1)h−τ)Bũ(τ)dτ (C.13)

Observing that ũ = DθHu, i.e.,

ũ(tih+ τ) = ν(ti), ti ∈ R, τ ∈ [θ, h+ θ), (C.14)

(C.13) can be written as

x((ti + 1)h) = eAhx(tih) +

∫ tih+θ

tih

eA((ti+1)h−τ)dτBν(ti − 1)

+

∫ (ti+1)h

tih+θ

eA((ti+1)h−τ)dτBν(ti)

(C.15)

Next, defining

Bd,−1 =

∫ tih+θ

tih

eA((ti+1)h−τ)dτB, (C.16)

= −
∫ 0

θ

eA(h−θ+η)dηB, (C.17)

which is equivalent to the result in (C.11). Note that the change of variables η :=

tih+ θ − τ is used in (C.17). Additionally,

Bd,0 =

∫ (ti+1)h

tih+θ

eA((ti+1)h−τ)dτB (C.18)

= −
∫ 0

h−θ

eA((ti+1)h+η−(ti+1)h)dηB (C.19)

= −
∫ 0

h−θ

eAηdηB, (C.20)

which is equivalent to the result in (C.12). A change of variables η := (ti + 1)h− τ is

used in (C.19).

Next, noting that ν(ti− 1) = z−1ν(ti), i.e., a one sample delay and introducing the

additional equation

zν(ti − 1) = ν(ti) (C.21)

and extended state vector

ξ̃(ti) =

[
ξ(ti)

ν(ti − 1),

]
(C.22)
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yields

ξ̃(ti + 1) =

[
Ad Bd,−1

0 0

]
ξ(ti) +

[
Bd,0

I

]
ν(ti) (C.23)

ψ(ti) =
[
C 0

]
ξ(ti) +Dν(ti), (C.24)

which is the desired result.

Corollary C.4.2. Let (A,B,C,D) be a minimal state-space realization for P in Fig-

ure C.1, where y = Pũ. In addition, assume θ = 0, i.e., no delay. Then,

ψ = Pdν, (C.25)

where

Pd =

[
Ad Bd

C D

]
, (C.26)

Ad = eAh (C.27)

Bd =

∫ h

0

eAηdηB. (C.28)

The proof of Corollary C.4.2 follows similarly as in Proposition C.4.1. In fact, note

that Bd,−1 = 0 and Bd = Bd,0, in which case a minimal realization for Pd in (C.9) is

given by (C.26).

Corollary C.4.3. Let (A,B,C,D) be a minimal state-space realization for P in Fig-

ure C.1, where y = Pũ. In addition, assume θ = h, i.e., exactly one sample delay.

Then,

ψ = Pdν, (C.29)

where

Pd =

 Ad Bd 0

0 0 I

C 0 D

 , (C.30)

Ad = eAh (C.31)

Bd =

∫ h

0

eAηdηB. (C.32)

The proof of Corollary C.4.3 follows similarly as in Proposition C.4.1. Note that

Bd = Bd,−1 = 0 and Bd,0 = 0, in which case Pd is given by (C.30). Proposition C.4.1 and

Corollary C.4.3 lead to the following result, which is the main result of this appendix.

Proposition C.4.4. Consider the setup of Figure C.1, where 0 < θ ≤ h, where the

McMillan degree of P equals nx. Then, the McMillan degree of Pd, ψ = Pdν, equals

nx + nu.



296 Appendix C. Dealing with Subsample Delays in System Identification

Proof. Follows directly from Proposition C.4.1 and Proposition C.4.3.

Remark C.4.5. Proposition C.4.1, Corollary C.4.2, Corollary C.4.3, and Proposi-

tion C.4.4 can directly be extended to the case where θ > h using the results in Propo-

sition C.4.3. In particular, the order of the resulting discrete time state space model

equals nx + nunθ, where nθ is the smallest integer satisfying θ − nθh < 0.

Remark C.4.6. In the multivariable case, the delay can also be associated with the

system output, i.e., y, which could lead to a smaller state dimension if ny < nu.

The interpretation of the results in this section is as follows. Consider the continuous

time system P (s) with the minimal state-space realization

ẋ = Ax+Bũ (C.33)

y = Cx+Du. (C.34)

Recall that the purpose of the state x is to separate the past and the future: it remem-

bers the effect of past inputs on the system. If a delay is present, then in addition to

the state, the signal

u(ti), ti ∈ [ti − θ, ti) (C.35)

has to be remembered at time instant ti. Since (C.35) is a piece of a continuous

time signal, the finite, discrete state vector has to be extended by a finite piece of a

continuous time signal, which leads to an infinite dimensional system. This is similar

to the results in Bamieh and Pearson (1992).

Similarly, if the discrete time system Pd(z) is computed, see Figure C.1, the signal

u(tc) is also required. However, in this case, it can be reconstructed using ν(t). Since

ν(t) is a finite time discrete time signal and the zero-order-hold (C.5) is memoryless,

only a finite, discrete signal has to be remembered in addition to the state x, leading

to a finite dimensional discrete time system Pd.

C.5 Example

In this section, an example is provided to illustrate the results. Consider the continuous

time system

P (s) =
1

s+ 1
, (C.36)

with state-space realization

P =

[
−1 1

1 0

]
. (C.37)
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Figure C.2: Input signals: discrete time signal ν (×), zero-order-hold reconstructed signal u (black
solid), delayed signal ũ with θ = 1

2 (gray solid).

The system P is discretized using a sampling frequency h = 1. In the case without

delay, it can be verified that

Pd,θ=0 =

[
0.3679 0.6321

1 0

]
, (C.38)

see also (C.26). If a delay of θ = 1
2

is introduced, then the discrete time system mapping

ν to ψ is given by

Pd,θ= 1
2

=

 0.3679 0.2387 0.3935

0 0 1

1 0 0

 , (C.39)

The zero-order-hold reconstruction u of a certain signal ν is depicted in Figure C.2.

In addition, its delayed version ũ is shown. Note that u and ũ are only used to simulate

the continuous time systems; for the discrete time systems ν is used. In Figure C.3,

system responses are shown, both in case θ = 0 and θ = 1
2
. Clearly, the responses at

the sampling instants are identical, confirming the results of the previous section.

In Figure C.4 and Figure C.5, Bode diagrams are depicted for completeness. Ob-

serve that the approximation (C.3) matches (C.39) accurately. Still, there is a small

error at higher frequencies. Hence, (C.3) is both inaccurate and leads to a higher order.

In fact, the model in (C.3) is infinite dimensional.
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Figure C.3: Time domain responses: Pd,θ=0(z) with θ = 0 (black solid), Pd,θ= 1
2
(z) with θ = 1

2 (gray
solid).
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Figure C.4: Bode diagrams of continuous time systems: P (s) (black solid), P (s)Dθ(s) with θ = 1
2

(gray solid).
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Figure C.5: Bode diagrams of discrete time systems: Pd,θ=0(z) with θ = 0 (black solid), Pd,θ= 1
2
(z)

with θ = 1
2 (gray solid), P e

d (z) = Pd,θ=0(z)z−
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h (black dashed).

C.6 Discussion

In this appendix, subsample delays in system identification are investigated. The main

motivation for considering this is the fact that pre-existing approaches, including the

approach in Pintelon and Schoukens (2001, Section 6.5 and (5-29), (5-30)), are insuf-

ficient. The presented approach is straightforward to apply and is considered relevant

from a conceptual perspective. It is remarked that the results in the previous sections

have already been investigated from a digital control systems analysis point of view, see,

e.g., Franklin et al. (1998), Wittenmark (1985), and Åström and Wittenmark (1990),

but not in the context of system identification.

With respect to system identification, the results in the previous section imply that

(C.3) is not the most suitable discrete time representation of a continuous time systems

with delay due to the partial power of z. In particular, it is suggested to increase the

order of the discrete time system according to Proposition C.4.4 and Remark C.4.5, in

which case it is guaranteed the true system is in the model set, even in the presence of

subsample delays. With respect to control design, the suggested approach resolves an

open issue in Oomen et al. (2007b, Page 933), since subsample delays can be handled

without using approximations of infinite dimensional systems.

Finally, it is remarked that the approach presented here aims at discrete time

models. In the case where a continuous time model is desired, the delay will result in

infinite dimensional behavior. Methodologies to approximate this by finite dimensional

models are discussed in, e.g., Oomen (2005, Section 3.6).
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Mäkilä, P. M. and Partington, J. R. On linear models for nonlinear systems. Auto-

matica, 39(1):1–13, 2003.

Martinez, V. M. and Edgar, T. F. Control of lithography in semiconductor manufac-

turing. IEEE Control Systems Magazine, 26(6):46–55, 2006.

Mazzaro, M. C. and Sznaier, M. Convex necessary and sufficient conditions for fre-

quency domain model (in)validation under SLTV structured uncertainty. IEEE

Transactions on Automatic Control, 49(10):1683–1692, 2004.

McFarlane, D. C. and Glover, K. Robust Controller Design Using Normalized Coprime

Factor Plant Descriptions, volume 138 of Lecture Notes in Control and Information

Sciences. Springer-Verlag, Berlin, Germany, 1990.

Meinsma, G. Unstable and nonproper weights inH∞ control. Automatica, 31(11):1655–

1658, 1995.

van der Meulen, S., de Jager, B., van der Noll, E., Veldpaus, F., van der Sluis, F., and

Steinbuch, M. Improving pushbelt continuously variable transmission efficiency via

extremum seeking control. In Proceedings of the 2009 Multi-conference on Systems

and Control, pages 357–362. Saint Petersburg, Russia, 2009.

Milanese, M. and Taragna, M. Optimality, approximation, and complexity in set mem-

bership H∞ identification. IEEE Transactions on Automatic Control, 47(10):1682–

1690, 2002.

Milanese, M. and Vicino, A. Optimal estimation theory for dynamic systems with set

membership uncertainy: An overview. Automatica, 27(6):997–1009, 1991.

Miller, K. S. Complex Stochastic Systems: An Introduction to Theory and Application.

Addison-Wesley Publishing Company, Reading, Massachusetts, United States, 1974.

Mita, T., Xin, X., and Anderson, B. D. O. Extended H∞ control - H∞ control with

unstable weights. Automatica, 36(5):735–741, 2000.

Moore, G. E. Progress in digital integrated circuits. IEEE International Electron

Devices Meeting, pages 11–13, 1975.

Moore, K. L. Iterative Learning Control for Deterministic Systems. Springer-Verlag,

London, United Kingdom, 1993. ISBN 3-540-19707-9.

Moore, K. L. Iterative learning control an expository overview. Applied and Compu-

tational Controls, Signal Processing, and Circuits, 1:151–214, 1999.



Bibliography 311

Newlin, M. P. and Smith, R. S. Model validation and a generalization of µ. In Proceed-

ings of the 30th Conference on Decision and Control, pages 1257–1258. Brighton,

United Kingdom, 1991.

Newlin, M. P. and Smith, R. S. A generalization of the structured singular value

and its application to model validation. IEEE Transactions on Automatic Control,

43(7):901–907, 1998.

Niemann, H. Dual Youla parameterisation. IEE Proceedings Control Theory & Appli-

cations, 150(5):493–497, 2003.

Ninness, B. and Goodwin, G. C. Estimation of model quality. Automatica, 31(12):1771–

1797, 1995.

Oomen, T. and Bosgra, O. Estimating disturbances and model uncertainty in model

validation for robust control. In Proceedings of the 47th Conference on Decision and

Control, pages 5513–5518. Cancún, Mexico, 2008a.

Oomen, T. and Bosgra, O. Robust-control-relevant coprime factor identification: A nu-

merically reliable frequency domain approach. In Proceedings of the 2008 American

Control Conference, pages 625–631. Seattle, Washington, United States, 2008b.

Oomen, T. and Bosgra, O. Well-posed model uncertainty estimation by design of

validation experiments. In 15th IFAC Symposium on System Identification, pages

1199–1204. Saint-Malo, France, 2009.

Oomen, T., Bosgra, O., and van de Wal, M. Identification for robust inferential control.

In Proceedings of the 48th Conference on Decision and Control, pages 2581–2586.

Shanghai, China, 2009a.

Oomen, T., van de Wal, M., and Bosgra, O. Exploiting H∞ sampled-data control

theory for high-precision electromechanical servo control design. In Proceedings of

the 2006 American Control Conference, pages 1086–1091. Minneapolis, Minnesota,

United States, 2006.

Oomen, T., van de Wal, M., and Bosgra, O. Aliasing of resonance phenomena in

sampled-data control design: Hazards, modeling, and a solution. In Proceedings

of the 2007 American Control Conference, pages 2881–2886. New York, New York,

United States, 2007a.

Oomen, T., van de Wal, M., and Bosgra, O. Design framework for high-performance

optimal sampled-data control with application to a wafer stage. International Journal

of Control, 80(6):919–934, 2007b.

Oomen, T., van de Wijdeven, J., and Bosgra, O. Suppressing intersample behavior

in iterative learning control. In Proceedings of the 47th Conference on Decision and

Control, pages 2391–2397. Cancún, Mexico, 2008.

Oomen, T., van de Wijdeven, J., and Bosgra, O. Low-order system identification and

optimal control of intersample behavior in ILC. In Proceedings of the 2009 American

Control Conference, pages 271–276. St. Louis, Missouri, United States, 2009b.

Oomen, T., van de Wijdeven, J., and Bosgra, O. Suppressing intersample behavior in

iterative learning control. Automatica, 45(4):981–988, 2009c.



312 Bibliography

Oomen, T., van der Meulen, S., Bosgra, O., Steinbuch, M., and Elfring, J. A robust-

control-relevant model validation approach for continuously variable transmission

control. In Proceedings of the 2010 American Control Conference. Baltimore, Mary-

land, United States, 2010.

Oomen, T., van Herpen, R., and Bosgra, O. Robust-control-relevant coprime factor

identification with application to model validation of a wafer stage. In 15th IFAC

Symposium on System Identification, pages 1044–1049. Saint-Malo, France, 2009d.

Oomen, T. A. E. Optimal Digital Control of High-Precision Electromechanical Servo

Systems: Concepts and Applications. Master’s thesis, Eindhoven University of Tech-

nology, Eindhoven, The Netherlands, 2005.

van Overschee, P. and De Moor, B. Subspace Identification for Linear Systems: The-

ory - Implementation - Applications. Kluwer Academic Publishers, Boston, Mas-

sachusetts, United States, 1996. ISBN 0-7923-9717-7.

Ozay, N. and Sznaier, M. A pessimistic approach to frequency domain model

(in)validation. In Proceedings of the 46th Conference on Decision and Control, pages

4895–4900. New Orleans, Louisiana, United States, 2007.

Packard, A. and Doyle, J. The complex structured singular value. Automatica,

29(1):71–109, 1993.

Paganini, F. A set-based approach for white noise modeling. IEEE Transactions on

Automatic Control, 41(10):1453–1465, 1996.

Paganini, F. and Doyle, J. Analysis of implicitly defined systems. In Proceedings of

the 33rd Conference on Decision and Control, pages 3673–3678. Lake Buena Vista,

Florida, United States, 1994.

Papageorgiou, G. and Glover, K. H∞ loop shaping: Why is it a sensible procedure

for designing robust flight controllers? In AIAA Guidance, Navigation, and Control

Conference, pages 1–14. Portland, Oregon, United States, 1999.

Parrish, J. R. and Brosilow, C. B. Inferential control applications. Automatica,

21(5):527–538, 1985.

Pfiffner, R. and Guzella, L. Optimal operation of CVT-based powertrains. International

Journal of Robust and Nonlinear Control, 11(11):1003–1021, 2001.

Phan, M. and Longman, R. W. A mathematical theory of learning control for linear

discrete multivariable systems. In Proceedings of the AIAA/AAS Astrodynamics

Conference, pages 740–746. Minneapolis, Minnesota, United States, 1988.

Phan, M. Q. and Frueh, J. A. System identification and learning control. In Z. Bien

and J.-X. Xu, editors, Iterative Learning Control: Analysis, Design, Integration and

Applications. Kluwer Academic Publishers, Norwell, Massachusetts, United States,

1998. ISBN 0-7923-8213-7.

Pintelon, R. and Schoukens, J. System Identification: A Frequency Domain Approach.

IEEE Press, New York, New York, United States, 2001.

Poolla, K., Khargonekar, P., Tikku, A., Krause, J., and Nagpal, K. A time-domain



Bibliography 313

approach to model validation. IEEE Transactions on Automatic Control, 39(5):951–

959, 1994.

Preumont, A. Vibration Control of Active Structures: An Introduction, volume 96 of

Solid Mechanics and Its Applications. Kluwer Academic Publishers, New York, New

York, United States, second edition, 2004. ISBN 1-4020-0496-6.

Quist, S. Improving Wafer Stage Motion Performance through Robust-Control-Relevant

Model Set Identification and Multivariable Control. Master’s thesis, Eindhoven Uni-

versity of Technology, Eindhoven, The Netherlands, 2010.

Reinelt, W., Garulli, A., and Ljung, L. Comparing different approaches to model error

modeling in robust identification. Automatica, 38(5):787–803, 2002.

Rice, J. R. The Approximation of Functions, volume 2: Nonlinear and Multivari-

ate Theory. Addison-Wesley Publishing Company, Reading, Massachusetts, United

States, 1964.

Saelid, S. Process identification techniques. In R. Berber, editor, Methods of Model

Based Process Control, pages 81–97. Kluwer Academic Publishers, Dordrecht, The

Netherlands, 1995. ISBN 0-7923-3524-4.

Sanathanan, C. K. and Koerner, J. Transfer function synthesis as a ratio of two complex

polynomials. IEEE Transactions on Automatic Control, 8(1):56–58, 1963.

Sarason, D. Nevanlinna-Pick interpolation with boundary data. Integral Equations and

Operator Theory, 30:231–250, 1998.

Scheid, R. E. and Bayard, D. S. A globally optimal minimax solution for spectral over-

bounding and factorization. IEEE Transactions on Automatic Control, 40(4):712–

716, 1995.

Schrama, R. Approximate Identification and Control Design - with Application to a

Mechanical System. Ph.D. thesis, Technische Universiteit Delft, Delft, The Nether-

lands, 1992a.

Schrama, R. J. P. Accurate identification for control: The necessity of an iterative

scheme. IEEE Transactions on Automatic Control, 37(7):991–994, 1992b.

Schrama, R. J. P. and Bosgra, O. H. Adaptive performance enhancement by iterative

identification and control design. International Journal of Adaptive Control and

Signal Processing, 7(5):475–487, 1993.

Schroeck, S. J., Messner, W. C., and McNab, R. J. On compensator design for linear

time-invariant dual-input single-output systems. IEEE Transactions on Mechatron-

ics, 6(1):50–57, 2001.

Schroeder, M. R. Synthesis of low-peak-factor signals and binary sequences with low

autocorrelation. IEEE Transactions on Information Theory, 16(1):85–89, 1970.

Seron, M. M., Braslavsky, J. H., and Goodwin, G. C. Fundamental Limitations in

Filtering and Control. Springer-Verlag, London, United Kingdom, 1997. ISBN 3-

540-76126-8.

Shamma, J. S. Robust stability with time-varying structured uncertainty. IEEE Trans-

actions on Automatic Control, 39(4):714–724, 1994.



314 Bibliography

Singh, T. and Singhose, W. Tutorial on input shaping/time delay control of maneu-

vering flexible structures. In Proceedings of the 2002 American Control Conference,

pages 1717–1731. Anchorage, Alaska, United States, 2002.

Skogestad, S. and Postlethwaite, I. Multivariable Feedback Control: Analysis and De-

sign. John Wiley & Sons, West Sussex, United Kingdom, second edition, 2005.

Smith, R., Dullerud, G., Rangan, S., and Poolla, K. Model validation for dynamically

uncertain systems. Mathematical Modelling of Systems, 3(1):43–58, 1997.

Smith, R. and Dullerud, G. E. Continuous-time control model validation using fi-

nite experimental data. IEEE Transactions on Automatic Control, 41(8):1094–1105,

1996.

Smith, R. S. Closed-loop identification of flexible structures: An experimental example.

Journal of Guidance, Control, and Dynamics, 21(3):435–440, 1998.

Smith, R. S. and Doyle, J. C. Model validation: A connection between robust control

and identification. IEEE Transactions on Automatic Control, 37(7):942–952, 1992.
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Summary

System Identification for Robust and Inferential Control

with Applications to ILC and Precision Motion Systems

Feedback control is able to improve the performance of systems in the presence of

uncertain dynamical behavior and disturbances. Although a properly designed con-

troller can cope with large uncertainty, certain knowledge regarding the system be-

havior is crucial for control design. Hence, high performance control design requires a

mathematical model of the true system. System identification is a reliable, fast, and

inexpensive methodology to construct accurate models from experimentally obtained

data. The resulting model, however, is never an exact representation of the physical

system. Robust control design can be employed to deal with the model imperfections

by guaranteeing a certain performance for an uncertain model set.

In the last decades, important achievements have been obtained in the fields of

system identification and robust control. These results in these fields have mainly been

established independently of each other. As a result, the interrelation between system

identification and robust control is untransparent. To connect system identification and

robust control in a coherent methodology, the pursued approach involves 1. improved

system identification methodologies for nominal models; 2. quantification of model

uncertainty by confronting the identified model with new measurement data to test its

predictive power, as a result a model set is obtained that encompasses the true system

behavior; 3. the design of a robust controller that performs well with the entire model

set, hence also when implemented on the true system. New theoretical developments

and algorithms are presented that transparently connect Steps 1, 2, and 3.

Firstly, a new connection between control-relevant system identification and co-

prime factorization-based system identification is presented. The system identification

procedure directly delivers a model that is internally structured as a novel coprime

factorization. In addition, the resulting control-relevant model aims to accurately rep-

resent the phenomena of the true system that are to be compensated. The resulting

coprime factorization exploits the unexplored freedom in constructing a coordinate

frame for model uncertainty. As a result, a novel coprime factorization-based model
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uncertainty structure is obtained that transparently connects Steps 1, 2, and 3, above.

In many high quality control applications, including precision motion systems, the

performance variables generally cannot be measured in real-time during normal op-

eration. In this case, model-based control design is essential, since a model can be

used in conjunction with the measured variables to infer the performance variables.

Although the performance of the resulting controlled system hinges on the model qual-

ity, standard robust control design approaches, system identification techniques, and

uncertainty models cannot deal with this inferential control situation. Thereto, new

controller interconnection structures, new control criteria, new system identification

techniques, and new model uncertainty structures are presented that can deal with the

inferential control situation. In addition, these new developments enable a transparent

connection between Steps 1, 2, and 3, above.

Besides the model uncertainty interconnection structure, the actual quantification of

model uncertainty is essential for a reliable and nonconservative robust control design.

In model validation, the nominal model is confronted with independent measurement

data to test its predictive power, thereby enabling a quantification of model quality. By

exploiting the freedom in experiment design, a suitable characterization of disturbances

is obtained and averaging properties of these disturbances are enforced. As a result, a

well-posed validation-based uncertainty modeling procedure is obtained that results in

correct asymptotic results and an uncertainty model that is directly useful for robust

control design.

The new developments and algorithms further intertwine system identification and

robust control. As a consequence, a non-conservative high performance robust con-

trol design can be obtained. The developed methodology is experimentally verified

on several systems, including an industrial wafer stage, a flexible beam setup, and a

continuously variable transmission system. Experimental results confirm an improved

robust control performance and the ability of the developed algorithms to reliably deal

with multivariable systems and unmeasured performance variables.

Finally, iterative learning control for sampled-data systems is investigated. Iter-

ative learning control enables the performance improvement for batch repetitive pro-

cesses by iteratively updating the command signal from one experiment to the next.

Although many physical systems evolve in the continuous time domain, common iter-

ative learning control algorithms are implemented in a digital computer environment.

Thereto, iterative learning control algorithms for sampled-data systems are presented

that explicitly address the intersample behavior. In addition, any iterative learning

algorithm requires a certain approximate system knowledge. To obtain such models,

parametric system identification algorithms for sampled-data iterative learning control

are developed. Furthermore, low-order iterative learning control synthesis algorithms

are presented.



Samenvatting

System Identification for Robust and Inferential Control

with Applications to ILC and Precision Motion Systems

Terugkoppeling van gemeten variabelen maakt het mogelijk de prestaties van sys-

temen te verbeteren in geval van onzeker dynamisch gedrag of verstoringen. Alhoewel

een goed ontworpen regeling om kan gaan met grote onzekerheden, is bepaalde kennis

omtrent het systeemgedrag cruciaal voor regelaarontwerp. Daarom vereist het ont-

werp van een hoogwaardige regeling een wiskundig model van het te regelen fysische

systeem. Systeem identificatie is een betrouwbare, snelle en voordelige methode om

nauwkeurige modellen te construeren uit experimentele data. Echter, het resulterende

model is nooit een exacte representatie van het fysische systeem. Robuuste regelaar-

ontwerpmethodieken kunnen omgaan met dergelijke modelimperfecties door een zeker

niveau van prestaties te garanderen voor een onzekere model set.

In de laatste decennia zijn reeds belangrijke successen behaald in de vakgebieden van

systeem identificatie en robuust regelaarontwerp. De resultaten in deze vakgebieden

zijn echter hoofdzakelijk onafhankelijk van elkaar verkregen. Hierdoor is het onderlinge

verband tussen systeem identificatie en robuust regelaarontwerp onvoldoende helder.

Om deze vakgebieden te verbinden in een coherente methodologie, omvat de ontwik-

kelde methodiek 1. verbeterde systeem identificatiemethoden voor nominale model-

len; 2. kwantificatie van modelkwaliteit door het confronteren van het gëıdentificeerde

model met nieuwe meetdata om de voorspellende kracht van het model te testen,

het resultaat hiervan is een model set welke het echte systeemgedrag omvat; 3. het

ontwerpen van een robuuste regelaar die goede prestaties levert voor de gehele modelset,

dus ook indien deze gëımplementeerd wordt op het echte systeem. Nieuwe theoretische

ontwikkelingen en algoritmen zijn gepresenteerd die een transparant verband leggen

tussen Stappen 1, 2 en 3.

Allereerst is er een nieuw verband gevonden tussen regelaar-relevante en copriem

factorisatie gebaseerde systeem identificatie. De ontwikkelde identificatie procedure

levert direct een model dat intern gestructureerd is als een copriem factorisatie, waar-

voor een nieuwe keuze gemaakt is. Daarnaast is het resulterende regelaar-relevante
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model gericht op het nauwkeurig representeren van de specifieke fenomenen van het

echte systeem die geregeld dienen te worden. Het resulterende model benut de on-

verkende vrijheid in coprieme factoren om een coördinatenstelsel voor modelonzeker-

heid te construeren. Het resultaat is een nieuwe modelonzekerheidsstructuur die een

transparant verband legt tussen bovenstaande Stappen 1, 2 en 3.

In veel hoogwaarde toepassingen van de regeltechniek, zoals precisie positioneersys-

temen, kunnen de prestaties niet in real-time gemeten worden onder normaal bedrijf. In

dit geval is een modelgebaseerde regeling essentieel, aangezien een model in combinatie

met gemeten variabelen gebruikt kan worden om de prestatie-variabelen af te schatten.

Alhoewel de prestaties van het resulterende model afhangen van de modelkwaliteit,

kunnen standaard robuuste regelaar ontwerpmethodieken, systeem identificatie aan-

pakken en modelonzekerheidsbeschrijvingen niet met deze situatie omgaan. Hiertoe

zijn nieuwe regelaar interconnectiestructuren, nieuwe regelaarcriteria, nieuwe identifi-

catietechnieken en nieuwe modelonzekerheidsstructuren gepresenteerd die om kunnen

gaan met niet-gemeten prestatie-variabelen. Daarnaast maken deze ontwikkelingen een

transparant verband mogelijk tussen bovenstaande Stappen 1, 2 en 3.

Naast de interconnectiestructuur van de modelonzekerheid, is het essentieel om de

actuele modelonzekerheid te kwantificeren voor een betrouwbaar en niet-conservatief

robuust regelaarontwerp. In modelvalidatie wordt het nominale model geconfronteerd

met onafhankelijke meetdata om de voorspellende kracht van het model te testen. Door

het benutten van de vrijheid in het ontwerp van experimenten, is een geschikte karak-

terisatie van verstoringen verkregen en worden uitmiddelingseigenschappen van deze

verstoringen afgedwongen. Het resultaat is een goed gestelde validatie-gebaseerde aan-

pak voor onzekerheidsmodelering welke resulteert in asymptotisch correcte resultaten

en een onzekerheidsmodel dat direct geschikt is voor robuust regelaarontwerp.

De nieuwe resultaten en algoritmen bewerkstelligen een verdere aansluiting tussen

systeem identificatie en robuust regelaarontwerp. Hierdoor is een niet-conservatieve

robuuste regelaar ontwerp met hoge prestaties mogelijk. De methodologie is geverifieerd

op verschillende systemen, waaronder een industriële wafer stage, een flexibele balk

en een continu variabele transmissie. Experimentele resultaten bevestigen verbeterde

robuuste regelaarprestaties. Daarnaast blijkt dat de ontwikkelde algoritmen geschikt

zijn voor multivariabele systemen en niet-gemeten prestatie-variabelen.

Tot slot is iteratief lerend regelen onderzocht. Iteratief lerend regelen maakt het

mogelijk de prestaties voor systemen te verbeteren die telkens dezelfde taak uitvoeren.

Dit wordt bereikt door het stuursignaal van het ene experiment naar het volgende aan

te passen. Alhoewel veel fysische systemen in het continue tijddomein evolueren, wor-

den dergelijke algoritmen typisch in een digitale computeromgeving gëımplementeerd.

Hiertoe zijn iteratief lerende algoritmen ontwikkeld die expliciet het gedrag van het

systeem tussen de bemonstertijdstippen in beschouwing nemen. Daarnaast vereisen

iteratief lerende algoritmen bepaalde benaderende systeemkennis. Om dergelijke mod-

ellen te verkrijgen, zijn specifieke parametrische systeem identificatie algoritmen gep-

resenteerd. Daarnaast zijn lage orde iteratief lerende algoritmen gepresenteerd.
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