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Abstract

The ongoing need for miniaturization and an increase of throughput in IC-manufacturing is obstructed by performance limitations
in motion control of nano-positioning wafer stages. These limitations are imposed by flexible dynamical behavior, associated with
structural deformations of the nano-positioning stages. The aim of this research is to investigate limits on achievable performance
in a conventional control configuration and to mitigate these limits through the use of additional actuators and sensors. To this end,
a systematic framework for control design using additional actuators and sensors in the generalized plant configuration is presented,
which leads to a well-posed H∞-control optimization problem that extends conventional design approaches in a natural way and
exploits physical insight to address structural deformations in weighting filter design. Through an experimental confrontation of the
design framework with a prototype next-generation nano-positioning motion system, successful performance enhancement beyond
the conventional limits is demonstrated.
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1. Introduction

In the near future, the demand for high machine through-
put of nano-positioning systems necessitates explicit control
of flexible dynamical behavior. An important application do-
main where positioning with nanometer accuracy plays a cen-
tral role is the lithography step in IC-manufacturing, see, e.g.,
[1]. Herein, a desired IC-pattern is etched into a photosen-
sitive layer on a substrate, using a device known as a wafer
scanner [2]. For this purpose, the substrate, a silicon wafer, is
placed on top of a wafer stage that facilitates the positioning
with respect to the light source, see Fig. 1. On the one hand,
a nanometer positioning accuracy has to be achieved in view
of the required feature size of current ICs. On the other hand,
it is vital for market viability of wafer scanners to achieve a
high machine throughput. Since a high throughput demands for
large accelerations of the wafer stage, next-generation stages
are designed to be lightweight, as is further motivated in [3].
However, lightweight stages tend to undergo structural defor-
mations upon large accelerations, which obstruct the intended
positioning accuracy. Therefore, it is essential to explicitly ad-
dress the flexible dynamical behavior that induces structural de-
formations in control design.

Flexible dynamical behavior of lightweight positioning
stages leads to limitations on the achievable motion perfor-
mance. Fundamental performance limitations for feedback
control are formulated in terms of sensitivity integrals, which
depend on right-half plane poles and zeros of the system, [4],
[5]. Extensions of these classical results towards the general-
ized plant framework for model-based control are provided in,
e.g., [6], [7]. In turn, the generalized plant framework encom-
passes two degree-of-freedom control configurations, as for ex-
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Figure 1: Schematic illustration of flexible dynamics in a wafer stage.

ample used in inferential control to account for unmeasured per-
formance variables [8]. Fundamental performance limitations
for such two degree-of-freedom control are derived in [9].

Although fundamental performance limitations are well-
understood, the standard formulation does not immediately in-
dicate that performance limitations in motion control result
from structural deformations. For example, flexible dynami-
cal behavior does not necessarily induce right-half plane poles
and zeros, to which bandwidth limitations have been associated,
see [10, Sect. 5.7, 5.9]. Nevertheless, it is known from practical
experience that the attainable bandwidths in motion control are
dominantly restricted by flexible dynamical behavior, as is also
observed in [11], [12], [13]. To formalize this limitation, it is
essential to explicitly involve model uncertainty, see [14] and
[10, Sect. 5.3.2]. This motivates a robust control perspective,
in which performance-robustness trade-offs can be addressed
systematically.

The goal of this paper is i) to further investigate limitations
on robust performance for a traditional control configuration,
and ii) to develop a systematic robust control design approach
to go beyond these limits through active control of flexible dy-

Preprint submitted to Elsevier February 19, 2014

*Manuscript
Click here to view linked References

http://ees.elsevier.com/mech/viewRCResults.aspx?pdf=1&docID=3753&rev=1&fileID=128052&msid={4649E401-E256-4B47-B264-138A9AD5698B}


namical behavior by means of additional actuators and sensors.
Specifically, the main contributions are the following.

(C1) Using the generalized plant framework, it is supported
that an extension of the conventional (rigid-body) control
configuration with additional control inputs and outputs
facilitates performance enhancements.

(C2) The classical performance-robustness trade-off is
analyzed for the class of lightweight motion systems,
revealing that flexible dynamical behavior limits the
achievable performance.

(C3) Based on physical insight, it is revealed that through ac-
tive control of flexible dynamical behavior, new freedom
for improvement of motion performance beyond conven-
tional limits is obtained.

(C4) A novel weighting filter design framework for H∞ con-
trol design is proposed, that exploits the freedom provided
by additional actuators and sensors in an automated robust
performance optimization.

(C5) The design framework is applied to an industrial high-
precision motion system.

Throughout, the system’s inputs and outputs are assumed to be
pre-selected, see Sect. 9.2 for further discussion.

This paper shows that active compensation of flexible dy-
namical behavior through control yields opportunities for en-
hancement of motion performance in terms of bandwidths. In
fact, from a mechanical point of view, structural properties of
the flexible motion system such as damping and stiffness are
modified. In that aspect, the proposed framework is related to
combined optimization of system and controller dynamics as
considered in, e.g., [15], [16], [17], [18]. The proposed frame-
work extends existing approaches for robust performance op-
timization of systems with lightly damped modes in the con-
troller cross-over region, see, e.g., [19], [20], [21]. These earlier
results are mainly directed towards damping of flexible dynam-
ics to prevent undesired vibrations. However, in motion control
of nano-positioning devices, attenuation of structural deforma-
tions is merely a partial solution that enables an increase of mo-
tion control bandwidths to facilitate a high machine throughput
and nanometer positioning accuracy.

The paper is organized as follows. In Sect. 2, the general-
ized plant framework is used to show that additional actuators
and sensors potentially yield performance enhancement (C1).
Then, in Sect. 3, performance limits for motion systems, asso-
ciated with flexible dynamical behavior, are derived (C2). To
address these limits in an extended control configuration, theo-
retical aspects of the generalized plant are addressed in Sect. 4.
Moreover, based on physical insight, an approach is proposed
that exploits the additional actuators and sensors to counteract
undesired deformations on the system (C3). In Sect. 6, this de-
sign approach is formalized in a loop-shaping framework for
weighting filter design in H∞ control (C4). Subsequently, this
framework is confronted with an industrial high-precision posi-
tioning device in Sect. 8, where performance enhancement be-
yond conventional limitations is successfully shown (C5). Con-
clusions are drawn in Sect. 9.
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Figure 2: A prototype lightweight wafer stage, enabling high accelerations.

Figure 3: Bottom view of the stage.

Notation Matrices are tacitly assumed to be partitioned in ac-
cordance with signal dimensions. A unified theory is developed
that applies to both continuous-time and discrete-time systems.

2. Problem formulation and basic concept

2.1. Experimental setup

The experimental setup consider in this paper is a prototype
lightweight wafer stage depicted in Fig. 2. The purpose of
this device is to position a wafer, on top of which ICs are to
be produced, with respect to a light source, see again Fig. 1.
To increase productivity, the IC manufacturing industry is cur-
rently moving towards the use of wafers with a diameter of
450 mm. Therefore, the wafer stage shown in Fig. 2 has di-
mensions 600 × 600 × 60 mm, such that it can actually hold
a 450 mm wafer. At the same time, the system has been de-
signed to be lightweight, as it weighs 13.5 kg only. Although
lightweight system design is important to enable very fast ac-
celerations of the wafer stage in production machines, it also
makes active control of structural deformations indispensable.

2.2. Problem formulation

The first goal of this paper is to systematically analyze per-
formance limitations that are induced by flexible dynamical be-
havior. This is relevant in traditional control configurations, in
which the rigid-body motion degrees-of-freedom (DOFs) of the
wafer stage are controlled.

The second goal of this paper is to go beyond the limits of
a traditional control configuration by explicitly accounting for
flexible dynamical behavior in control design. In particular, to
counteract undesired structural deformations of the wafer stage,
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Figure 4: Generalized plant configuration.

control using a large number of actuators and sensors is investi-
gated. Therefore, the system has been designed such that there
are abundant opportunities for actuator placement. In particular,
Lorentz-actuators can be easily mounted at 81 distinct locations
underneath the stage, see Fig. 3. With respect to sensors, linear
encoders with nanometer resolution are available for position
measurements at all four corners of the stage. Indeed, the use
of additional control inputs and outputs provides freedom for
performance enhancement, as is formalized next.

2.3. Extra inputs-outputs enable performance improvement
In this section, the merits of adding extra inputs and outputs

for control are analyzed systematically, which forms Contri-
bution C1. To this end, the generalized plant configuration in
Fig. 4(a) is considered, see, e.g., [22], [10]. Herein, w are ex-
ogenous inputs and z exogenous outputs of the generalized plant
G. The controller C is designed by minimizing a certain norm
between w and z.

Definition 1 (Standard configuration). Consider Fig. 4(a).
The performance J achieved by a controller C is given by

J(C) := ‖ F`(G,C)‖. (1)

In addition, the optimal nominal controller C? is defined as

C? = arg min
C
J(C). (2)

Next, the generalized plant is extended with additional inputs
uext and outputs yext for control, see Fig. 4(b).

Definition 2 (Extended configuration). Consider Fig. 4(b),
where for Gext it holds that[

I 0 0
0 I 0

]
Gext

I 0
0 I
0 0

 = G. (3)

The performance Jext that is achieved by a controller Cext in
the extended configuration is given by

Jext(Cext) := ‖ F`(Gext,Cext)‖. (4)

Conceptually, it is straightforward that increasing the number
of control inputs and outputs provides new freedom for perfor-
mance optimization, as shown in the following almost trivial
result.

Lemma 3 (Performance enhancement). Consider the gener-
alized plant configurations in Def. 1 and Def. 2. The bound

min
Cext
Jext(Cext) ≤ J(C?) (5)

holds.

Proof: By virtue of (3), for Cext =

[
C? 0
0 0

]
it holds that

Jext(Cext) = J(C?), which proves (5). �

Although conceptually straightforward, the design of a norm-
based controller that actually achieves performance enhance-
ment beyond conventional limits is non-trivial and requires the
formulation of a well-posed H∞ synthesis problem, in which
the freedom provided by additional inputs and outputs is ex-
ploited in judicious weighting filter design. In Sect. 4 and 5,
these aspects are further addressed through the development of
a framework for control synthesis in which additional actuators
and sensors are exploited. This framework is based on the setup
shown in Fig. 4(c). First, however, performance limitations for
flexible motion systems are investigated using the standard con-
figuration in Fig. 4(a).

3. Motivating example: flexible dynamics induce limits on
achievable motion performance

In this section, performance limitations for lightweight mo-
tion systems induced by flexible dynamical behavior are inves-
tigated. This constitutes contribution C2. To facilitate the ex-
position, a simplified representation of Fig. 1 is considered, viz.
the benchmark motion system in Fig. 5, see also [23]. A Bode
magnitude diagram of the collocated plant Pcol : F 7→ x1 and the
non-collocated plant Pncol : F 7→ x2 is shown in Fig. 6. For both
plants, an optimal controller is synthesized using the standard
configuration in Fig. 4(a).

x1 x2

k
m2m1F

b

Figure 5: A simplified representation of the flexible wafer stage in Fig. 1: two
masses m1, m2 connected through a spring k and damper b.
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Figure 6: Collocated plant Pcol (dashed), non-collocated plant Pncol (solid).
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Figure 7: Feedback configuration with controller C for (uncertain) plant P.
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Figure 8: Control sensitivity functions S iCcol for the collocated (dashed) and
S iCncol for the non-collocated (solid) control configuration.

3.1. Performance requirement for high-precision motion
To apply H∞ synthesis, a suitable performance requirement

for motion control needs to be selected. Consider the nominal
feedback configuration in Fig. 7, i.e., let ∆ = 0. The tracking
error is given by

e = S o (r2 − Pr1) − S o d − S o v, (6)

where S o = (I + PC)−1 and

• (r2−Pr1) reflects the error that remains after applying feed-
forward r1 := Fr2, with F ≈ P−1,

• d reflects external disturbances to the closed-loop,

• v reflects measurement noise at the sensor outputs.

By making σ(S o) small, the tracking error is reduced. Since

σ(S o) ≈ 1 /σ(PC) if σ(PC) � 1, (7)

cf. [24], the following performance requirement follows.

Requirement R1 Achieve σ(PC) � 1 to obtain high perfor-
mance through attenuation of disturbances.

Clearly, for practical systems there are limits on the achiev-
able performance in terms of the loop-gain PC. In particular,
flexible dynamical behavior induces a performance limitation.
To illustrate this, it is aimed to achieve a loop-gain that yields
a 0 dB cross-over frequency fBW = 250 Hz, i.e., a bandwidth
beyond the resonance frequency, see Fig. 6.

A PID-type motion controller with roll-off is designed by
means ofH∞-optimization, using the configuration in Fig. 4(a).
A general 4-block criterion J : w = [r2 r1]T 7→ z = [y u]T

is formulated, incorporating all closed-loop transfer functions.
Weighting filters are designed in view of Req. R1, applying
loop-shaping techniques along the lines of [24, Chap. 6], [3,
Sect. III-A].

Both for Pcol and Pncol, the H∞ control design is successful,
in the sense that the desired bandwidth is achieved. Importantly,

for non-collocated control a significantly larger gain is required
at high frequencies, see Fig. 8, since

i) at fBW, the plant gain of Pncol is ≈ 20 dB smaller than the
plant gain of Pcol, see Fig. 6, and

ii) due to phase requirements for stability, the roll-off rate of
the loop-gain is limited to maximally -40 dB/decade at fBW,
[25], [26]; thus, significant phase-lead is needed.

3.2. Performance-robustness trade-off
A dominant performance-limiting factor for motion systems

is the need for robustness in practical applications.

Requirement R2 Achieve robustness against uncertainties.

To formally analyze robustness of the designed nominal
control configurations, additive uncertainty ∆ is considered in
Fig. 7. Using the small-gain theorem [22, Sect. 9.2], stabiliza-
tion of all uncertain plants P + ∆ requires

‖M∆‖∞ < 1, (8)
where

M : w∆ 7→ z∆ = −S iC = −(I + CP)−1C. (9)

In Fig. 8, the control sensitivity (9) is depicted. At high fre-
quencies, ‖S iCncol‖∞ is ≈ 40 dB larger than ‖S iCcol‖∞. In view
of (8), the allowed uncertainties in non-collocated control are
100 times smaller than in collocated control.

For real mechanical systems, imperfect modeling of small
high-frequent dynamics is unavoidable. Therefore, when taking
uncertainties into account in a robust control design, in practice
it is not possible to achieve bandwidths beyond system reso-
nances in a non-collocated control configuration.

Result 4. Uncertainty puts limits on attainable bandwidths. In
a non-collocated situation, it is generally not feasible to achieve
bandwidths beyond the resonance frequency. For the bench-

mark system in Fig. 5, fBW < fres ≈

√
2k
m / (2π) Hz .

The observation that flexible dynamical behavior imposes
limitations on performance forms an impetus for the use of ad-
ditional control inputs and outputs to deal with such behavior.
However, to synthesize a controller that exploits these addi-
tional inputs and outputs systematically using the generalized
plant framework, theoretical aspects (Sect. 4) and design as-
pects (Sect. 5) need to be addressed.

4. Theoretical aspects for control synthesis in the extended
generalized plant

Although it is clear that additional actuators and sensors en-
able performance enhancement, cf. Sect. 2.3, the configuration
in Fig. 4(b) is unsuitable for the synthesis of an optimal con-
troller that exploits new control inputs and outputs in a mean-
ingful way. To further explain this, standard assumptions for
H2 and H∞ optimal control, see [27, Sect. III.A] and [22,
Sect. 16.2.3], are reviewed.
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Assumption 5. Consider the standard generalized plant con-
figuration in Fig. 4(a). Let G have a state-space realization

G =

 A B1 B2

C1 0 D12
C2 D21 0

. (10)

The following assumptions are standard in optimal control.

A1) (A, B1) is stabilizable, (C1, A) is detectable.

A2) (A, B2) is stabilizable, (C2, A) is detectable.

A3) DT
12

[
C1 D12

]
=
[
0 I
]
.

A4)
[

B1
D21

]
DT

21 =

[
0
I

]
.

Assumptions A3) and A4) ensure a bounded control effort in
optimal control design. In particular, it follows from A3) that
D12 is a tall matrix that has full column rank. Hence, the per-
formance outputs z = C1x + D12u include a nonsingular penalty
on the control signals u. Similarly, from A4) it follows that
D21 is a wide matrix with full row rank. Thus, the sensors
y = C2x + D21w are all affected by the performance inputs w.

For the extended generalized plant Gext in Fig. 4(b), typically
A3) and A4) are violated. In particular, z does not include a
penalty on the additional control signals uext, while w does in
general not affect the additional sensors yext. As a consequence,
Fig. 4(b) generally leads to an ill-posed optimal control design
problem, in which unbounded signals uext, yext may result in an
attempt to minimize the norm J of the transfer matrix from w
to z.

To obtain a well-posed optimal control problem, the setup in
Fig. 4(c) is considered, where it is assumed that

• zext includes a nonsingular penalty on uext, and

• wext affects yext in a nonsingular way.

Under these assumptions, Fig. 4(c) is effectively in the format
of the standard configuration in Fig. 4(a). Hence, this setup en-
ables well-posed optimal control synthesis in which additional
actuators and sensors are exploited.

The setup in Fig. 4(c) extends Fig. 4(b) with auxiliary per-
formance variables wext—zext that in essence serve to bound the
control effort of uext—yext in H∞ synthesis. Herein it is not
yet clear how to select wext and zext, and how to dictate suitable
performance goals for these auxiliary channels such that perfor-
mance beyond conventional limits is achieved. Next, a suitable
design philosophy is developed based on physical insight.

5. Exploiting physical insight towards control design be-
yond the conventional limits

In this section, physical insight is exploited to develop a de-
sign strategy that exploits additional actuators and sensors to
go beyond conventional performance limits for flexible motion
systems. This constitutes Contribution C3. In particular, the
benchmark flexible motion system in Fig. 5 is extended with
an additional input uext and output yext, which subsequently are
used to modify the system’s dynamical behavior such that the

x1 x2

k m2m1F1

b

kc

Fdiff

xdiff

Figure 9: Benchmark system with additional actuator and sensor, which enables
a change of the system’s stiffness through high-gain control kc.

effect of performance limits induced by the flexible phe-
nomenon is mitigated.

Consider Fig. 9, which extends the benchmark system in
Fig. 5. Here, the position xdiff := (x2 − x1) can be measured.
In addition, a force Fdiff := F2 − F1 can be applied. This leads
to the following definition of the extended plant.

Definition 6. The extended non-collocated plant is defined as

Pncol,ext :
[

u
uext

]
7→

[
y

yext

]
=

[
F1

Fdiff

]
7→

[
x2

xdiff

]
. (11)

A Bode diagram of Pncol,ext is shown in Fig. 10. Herein,

Pflex : uext 7→ yext =
2

ms2 + 2bs + 2k
(12)

describes the system’s flexible mode, see, e.g., [21], [20]. As
motivated in Sect. 3, in the conventional non-collocated control
configuration, this flexible dynamical behavior imposes perfor-
mance limitations in terms of the attainable bandwidth, cf. Re-
sult 4.

To anticipate on the design framework in Sect. 6, two steps
are taken to address conventional performance limitations using
the extra plant input and output.

i) A feedback controller Cflex is designed for the flexible
mode Pflex. The aim is to enhance the system’s stiffness
such that flexible dynamics prevail at higher frequencies.

ii) The equivalent non-collocated plant Pncol,eq is determined,
see Fig. 11. This equivalent plant provides new freedom
for enhancement of motion performance, e.g., by enabling
higher bandwidths using PID-type feedback control.

In view of i), the following result is motivated by an investiga-
tion of the physics of the benchmark motion system.

Result 7. Consider Fig. 11, with static controller Cflex = kc.
Through control, undesired structural deformations xdiff , which
result from disturbance forces Fd that excite flexible dynamics
of the system, are reduced with a factor (1+ kc

k ) for low frequen-
cies.

To support Result 7, observe that

Pflex,cont : Fd 7→ xdiff = Pflex(1 + CflexPflex)−1 (13)

=
2

ms2 + 2bs + 2(k + kc)
.

As a consequence, low-frequent disturbances of magnitude Fd

result in a deformation xdiff ≈ Fd/(k + kc), compared to xdiff ≈

Fd/k without the controller Cflex, see (12) and (13).
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Figure 10: Extended non-collocated plant Pncol,ext (solid) and equivalent plant
Pncol,eq (dash-dotted) obtained after closing feedback loop for Pflex.

Cflex

Pncol,ext

−

xdiffFdiff

x2F1

Pncol,eq

Fd

+

Figure 11: Equivalent plant Pncol,eq obtained by control of Pflex.

Remark 8. From a physical point of view, an additional stiff-
ness kc is added to the system through control, see Fig. 9.

In view of ii), in Pncol,eq, the resonance frequency manifests

itself at fres,eq ≈

√
2(k+kc)

m /(2π) Hz. From a physical point of
view, by actively counteracting internal deformations of the
system by means of control, the controlled system behaves as
a rigid-body to a much higher frequency. Indeed, this provides
additional freedom for enhancement of the control bandwidth,
see Result 4. In the next section, this concept is used to develop
a weighting filter design framework forH∞ synthesis.

6. Translation to weighting filters for multivariable H∞
synthesis

In this section, a novel weighting filter design framework
for multivariable robust control synthesis is proposed, in which
freedom provided by additional actuators and sensors is used to
go beyond conventional performance limits. Herein, the philos-
ophy of Sect. 5 is applied.

The requirements on control design for flexible motion sys-
tems, formulated in Sect. 3 and Sect. 5, have a direct interpreta-
tion in terms of a desired loop-shape PC. Indeed, loop-shaping
techniques are well-established in motion control. A natural
framework to incorporate loop-shape requirements inH∞-norm
based control synthesis is the shaped-plant framework, pro-
posed in [24, Chap. 6]. This framework is used here. Never-
theless, it is emphasized that the presented ideas carry over to a
closed-loop weighting filter design approach as pursued in, e.g.,
[28], [13], [12].

6.1. Dictating loop-shape requirements inH∞ control design
Before elaborating on loop-shaping, first it is formalized how

the conventional plant considered in rigid-body control is ex-
tended with additional inputs and outputs.

+

-

w1

PextW1 W2

w2 z2

+
+

Cs

z1

Figure 12: Feedback configuration with Ps indicated by dashed box.

Definition 9. The extended plant is defined as

Pext : ũ 7→ ỹ , ũ =

[
u

uext

]
, ỹ =

[
y

yext

]
. (14)

Assumption 10. Without loss of generality, it is assumed that
u, y ∈ Rn are the inputs and outputs that are used to control n
motion DOFs of the system, whereas uext, yext ∈ Rm are m ad-
ditional inputs and outputs that are available to control flexible
dynamical behavior of the system, see Sect. 5.

Next, the shaped plant is defined, which is obtained by ap-
pending Pext with weighting functions W1, W2.

Definition 11. The shaped plant Ps is defined as

Ps = W2 Pext W1. (15)

The shaped plant reflects a desired loop-shape that is dictated
through W1 and W2. Subsequently, an H∞-controller Cs is de-
signed that attains this loop-shape as close as possible while
stabilizing the true system. When no assumptions on the stabil-
ity of Ps or Cs are postulated, this requires the use of a 4-block
criterion, cf. [22, Sect. 5.3].

Definition 12. The performance criterion J̃, used to design the
feedback loop in Fig. 12, is given by

J̃(Ps, Cs) := ‖T (Ps, Cs) ‖∞ , (16)
where

T (Ps , Cs) : w 7→ z =

[
Ps

I

]
(I + Cs Ps)−1

[
Cs I

]
. (17)

Importantly, Def. 12 is connected with the generalized plant
configuration in Fig. 4(c). In particular,

J̃(Ps, Cs) = F`(G̃ext,Cs), (18)

where

G̃ext(Ps) =


0 Ps Ps

0 I I
I −Ps −Ps

. (19)

It is readily verified that A3) and A4) in Assumption 5 are satis-
fied for G̃ext indeed. This facilitates well-posed optimal control
synthesis in which additional control inputs and outputs are ex-
ploited, cf. Sect. 4.

Using Def. 12, the H∞-optimal controller C?
ext for the ex-

tended plant Pext is determined by

C?
ext = W1 C?

s W2 , (20)
where

C?
s = arg min

Cs
J̃(Ps, Cs), (21)

see [24, Chap. 6] for details on the shaped plant framework. In
the next section, a framework for the design of weighting fil-
ters W1 and W2 for high-performance control of flexible motion
systems is presented.
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6.2. Weighting filter design framework that exploits freedom
provided by additional actuators and sensors

In this section, the physical insight presented in Sect. 5 is
integrated into a framework for multivariable control. This
forms Contribution C4. In essence, the same two steps taken in
Sect. 5 are followed for weighting filter design, succeeded by a
full multivariableH∞ control synthesis.

Weighting filter design for flexible motion systems

D1) Consider the flexible behavior Pflex : uext 7→ yext , see
Ass. 10. Shape the desired loop-gain of the flexible plant

Pflex,s = W2,flexPflexW1,flex (22)

by designing weighting filters W1,flex and W2,flex . Essen-
tially, W1,flex and W2,flex should incorporate a high gain,
hereby dictating a reduction of internal system deforma-
tions through active feedback control. This concept is fur-
ther explained by Result 7 in Sect. 2.

D2) First, construct the equivalent plant

Peq = F`(Pext, W2,flexW1,flex), (23)

which represents the behavior in the motion DOFs under
control of the system’s flexibilities, see Ass. 10. Subse-
quently, shape the loop-gain

Peq,s = W2,eq Peq W1,eq (24)

by designing the weighting filters W1,eq,W2,eq such that
new freedom for bandwidth enhancement is exploited.

After completing these design steps, the weights

W1 =

[
W1,eq

W1,flex

]
, W2 =

[
W2,eq

W2,flex

]
. (25)

form the shaped extended plant in Def. 11. On the basis of
this shaped plant, an H∞-norm based controller is synthesized
along the lines explained in Sect. 6.1.

Importantly, the framework in this section is tailored to-
wards a single multivariable H∞ control synthesis step for
Pext. Herein, the design philosophy with two consecutive steps,
demonstrated in Sect. 5, is merely used to specify sensible
weights for the extended generalized plant in Fig. 4(c). How-
ever, since goals from consecutive steps D1) and D2) are pur-
sued in a single control synthesis step, the presented approach
relies on the following assumption.

Assumption 13. Consider the optimal H∞ controller C?
ext

in (20). It is assumed that the control channels manipulating
the flexible dynamical behavior Pflex, i.e.,

C?
flex : yext 7→ uext =

[
0 I
]
C?

ext

[
0
I

]
, (26)

successfully achieve the high-gain as dictated in step D1). In
other words,

C?
flex ≈ W2,flexW1,flex. (27)

a2a4

a1

Rx

Ry

a3

s1

z

s3

s4
s2

(a) Actuator and sensor configuration.

(b) Torsion bending mode.

Figure 13: Inputs and outputs that can be used to counteract undesired torsion
of the wafer stage.

Indeed, it is essential for the designer to specify attainable
control gains for the flexible dynamics in step D1), such that
the intended increase of system stiffness can be achieved. Only
then, it is sensible to aim at control bandwidths that are placed
beyond conventional limits in step D2).

In Sect. 8, the proposed design framework is further dis-
cussed and illustrated on the industrial lightweight positioning
device in Fig. 2. First, a suitable control configuration for this
device is presented in Sect. 7.

7. Control configuration and dynamics of the experimental
setup

In this section, a control configuration for the lightweight
wafer stage in Fig. 2 is presented, by selecting suitable actuator
and sensor locations, cf. Fig. 3. The input-output configura-
tion is chosen in such a way, that a clear illustration of the new
concepts presented in this paper is facilitated.

7.1. Actuation principle and actuator-sensor locations

State-of-the-art wafer stages are designed to operate in a vac-
uum. To facilitate this, the system in Fig. 2 is actuated on the
basis of magnetic levitation [29]. Hereby, the wafer stage can be
positioned contactless. As a result, there are 6 motion degrees-
of-freedom (DOFs), i.e., 3 translations [x, y, z] and 3 rotations
[Rx,Ry,Rz]. By design, the stroke of the system in the x−y plane
is limited, as the primary purpose of the prototype is to investi-
gate the effect of structural deformations on high-performance
control of lightweight systems. Since structural deformations
are most manifest in the DOFs [z,Rx,Ry], see Fig. 13(a), this
restricted coordinate frame is considered for control design in
this paper.

Next, an input-output configuration is selected by placement
of actuators and sensors, see Fig. 3. In this paper, 4 actuators are
placed as indicated in Fig. 13(a). Specifically, a1, a2, and a3 are
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Pflex

Figure 14: Measured frequency response function Po,ext and control-relevant 8th order parametric model P̂ext.

placed below the corners of the stage, whereas a4 is positioned
at the middle of the line between the center and a2. Moreover,
corner sensors s1, s2, and s3 are used as indicated in Fig. 13(a).
Finally, a piezo sensor s4, which measures strain of the wafer
stage, is available at the middle of the line between the cen-
ter and s2. Since 4 actuators and sensors are used to control 3
rigid-body DOFs, there is freedom to actively control flexible
dynamical behavior of the wafer stage.

7.2. Coordinate frame for extended control design
In this section, the input-output behavior of the system is

transformed to a coordinate frame that satisfies Ass. 10.

Result 14. Let Pa,s : a 7→ s be the mapping from the sys-
tem’s actuators to sensors, where a = [a1, a2, a3, a4]T and
s = [s1, s2, s3, s4]T . The extended plant, see Def. 9, is obtained
through the decoupling

Pext = S y Ty Pa,s Tu S u, (28)
where

Ty =


1 0 1 0
0 −1 1 0
−1 1 0 0

0 0 0 1

 , Tu =


1 −1 0
0 1 −1
1 0 1
0 0 0

1
2
1
−4

 ,
and S u , S y are diagonal scaling matrices.

Using the geometry of the wafer stage, see Fig. 13(a), it is
immediate that the first three coordinates of Pext contain decou-
pled rigid-body behavior in the n = 3 motion DOFs [z,Rx,Ry].
In Fig. 14, collocated behavior is observed in the z-translation,
whereas non-collocated behavior is observed in the Rx- and Ry-
rotations.

After applying rigid-body decoupling, there is m = 1 addi-
tional input-output directionality available for control of rele-
vant flexible dynamical behavior. The first flexible mode of the
system is a torsion bending of the stage, depicted in Fig. 13(b).
This mode can effectively be controlled using the fourth input-
output direction of Pext, which is indicated by Pflex in Fig. 14.
On the one hand, the fourth output of Pext is the piezo sensor
s4, which measures strain. As a consequence, no rigid-body
displacements are observed at this output, while the structural
deformations associated with the flexible dynamical behavior of
the system are measured indeed. On the other hand, the fourth
input of Pext does not excite rigid-body behavior of the sys-
tem, since upon application of a force F = [F1, F2, F3, F4]T =

[1, 2, 1,−4]T N to the actuators a,
Fz = F1 + F2 + F3 + F4 = 0, (29)

MRx = −F1 + F2 + F3 + 1
2 F4 = 0, (30)

MRy = −F1 − F2 + F3 −
1
2 F4 = 0, (31)

i.e., the net force and rotational moments on the stage are zero
in the rigid-body coordinates, cf. Fig. 13(a).

Before presenting the merits of using the additional control
input-output, the essential steps towards synthesis of a robust
controller are reviewed.

7.3. Steps towards high-performance robust control design

The framework in Fig. 15 describes the essential steps that
are followed in the next section, towards synthesis of a high-
performance robust controller. First, a frequency response func-
tion (FRF) of the true system Po is determined (Step 1). On the
basis of this FRF, the proposed weighting filter design approach

8



1) FRF identification Po

3) Nominal identification P̂

2) Weighting filter design W1, W2

4) Embedding Po in model set P

5) Robust control synthesis CRP

Identification
data

Validation
data

Figure 15: Identification and robust control design procedure, where enhanced
weighting filter design plays an important role.

in Sect. 6.2 can be applied (Step 2). Subsequently, a model set
for robust control is constructed, which requires nominal mod-
eling (Step 3) and uncertainty modeling (Step 4). Finally, the
optimal robust controller is computed (Step 5).

A joint system identification and robust control design ap-
proach is pursued along the lines of [3], see also [30], [11].
Herein, the performance criterion J̃ in Def. 12 is jointly op-
timized during the modeling step and the robust control syn-
thesis step. In particular, robust-control-relevant identification
is pursued, see [3] for further details. An important implica-
tion of this approach is that the novel weighting filter design
framework influences all subsequent design steps towards the
synthesis of a robust controller.

8. Beyond conventional bandwidth limitations using the ex-
tra actuator-sensor pair

In this section, the systematic framework for weighting filter
design in Sect. 6.2 is confronted with the prototype wafer stage.
The aim is to beat conventional limits on performance in terms
of bandwidths. This forms Contribution C5.

Step 1. Frequency response function identification

To perform nonparametric system identification on the proto-
type wafer stage in Fig. 2, an experimental controller Cexp needs
to be designed that stabilizes the system.

• In the motion DOFs [z,Rx,Ry], a manually tuned diago-
nal PID controller with high-frequent roll-off is designed,
which yields bandwidths of [10, 15, 15] Hz.

• No controller is implemented for the torsion loop, which
does not require stabilization to perform experiments.

A random-phase multisine signal, see, e.g., [31, Chap. 2],
is used to excite the closed-loop at r1, see Fig. 7. Each input
direction of Pext is excited sequentially, during which both u
and y are measured. Using this measurement data, the FRF
Po,ext of the extended plant is determined, see Fig. 14.

Result 15. The torsion bending mode of the stage manifests
itself as a lightly damped resonance phenomenon at 143 Hz,
whereas remaining flexible phenomena occur above 500 Hz.
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Figure 17: Bode diagram of the loop-gain PflexCflex.

Due to the particular actuator-sensor configuration in
Fig. 13(a), non-collocated behavior is observed beyond the tor-
sion frequency in the rotational coordinates Rx and Ry. Hence,
the torsion mode imposes restrictions on the achievable con-
trol bandwidths using conventional rigid-body control, as fur-
ther motivated in Sect. 3.

Step 2. Application of the new design framework

In this section, weighting filters are designed for robust con-
trol, following the two steps in Sect. 6. First, the stiffness of
the wafer stage in the direction of the torsion bending mode
is enlarged. Second, the equivalent plant in the motion DOFs
[z,Rx,Ry] is determined, for which the obtained freedom for
bandwidth enhancement is exploited.

◦ Design step D1
In design step D1, Sect. 6.2, the additional control input and

output available on top of the rigid-body configuration are ex-
ploited to control the flexible dynamical behavior Pflex. As ob-
served in Fig. 14, below 200 Hz,

Pflex ≈
1

m? s2 + d? s + k?
(32)

where the compliance 1/k? is approximately -145 dB, i.e., k? ≈
1.78 · 107 N/m. By controlling Pflex with a high loop-gain, the
apparent stiffness of the system can be enhanced, which reduces
internal deformations, cf. Result 7 in Sect. 2. Here, it is aimed
to double the stiffness of the torsion mode. Thus, for Pflex,s in
(22), the weights

W1,flex = W2,flex =
√

k? = 4.22 · 103, (33)

dictate the desired loop-gain for the torsion mode, see Fig. 16.
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Figure 18: Nyquist plot of PflexCflex.

Figure 19: Equivalent plant Po,eq (dotted) and parametric fit P̂eq (solid)
under active control of the torsion loop. The initial model of motion
DOFs [z,Rx,Ry] from Fig. 14 is shown for comparison (dashed).

For the considered control configuration, it is challenging to
achieve the specified gain in the torsion loop. If Pflex is mul-
tiplied with a gain k? of 145 dB, then the torsion mode at
143 Hz, as well as all parasitic higher order flexible modes be-
yond 500 Hz, will have a loop-gain that is lifted above the 0 dB
line, see Fig. 14. Hence, all these phenomena become relevant
for stability.

To achieve a stable high-gain torsion loop using robust
control synthesis, a non-conservative model set is required that
encompasses all flexible phenomena with little uncertainty.
This demands for an accurate nominal model [32] that captures
all these phenomena. Due to the involved modeling complexity,
this is beyond the scope of this paper. Instead, the torsion
feedback loop is designed on the basis of manual loop-shaping.
The resulting controller is depicted in Fig. 16. Even using SISO
manual design, it is non-trivial to generate sufficient phase-lead
around 200 Hz while at the same time achieving sufficient
suppression of higher order modes using notches and roll-off,
which is needed to enable a stable high-gain torsion loop.
Consequently, the controller has moderate stability margins
only, as can be verified from the Bode diagram of the loop-gain
in Fig. 17 and the Nyquist diagram in Fig. 18. Nevertheless,
the control design is successful and achieves the desired gain.

◦ Design step D2
In design step D2, Sect. 6.2, the FRF of the equivalent plant

under control of the torsion loop is determined. Instead of (23),

Peq = F`(Po,ext, Cflex) (34)

is determined by means of a system identification experiment,
where the manually designed controller Cflex is implemented on
the true system. The FRF is shown in Fig. 19.

Result 16. By active control of the torsion mode, the mechan-
ical stiffness of the stage is successfully modified. As a result,
the frequency at which the torsion mode manifests itself shifts
from 143 to 193 Hz.
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Theoretically, under proportional control of the torsion mode
with a gain k? = 1.78 · 107, see (33), the resonance frequency
would manifest itself at

√
2 · 143 = 202 Hz. The manually de-

signed torsion controller Cflex achieves a shift of the resonance
frequency that is slightly lower only. Also, the controller adds
damping to the torsion mode, as is clearly observed in Fig. 19.

Now that new freedom has been generated for bandwidth
enhancement in the motion DOFs [z,Rx,Ry], this freedom
should be exploited in the design of the weighting filters W1,eq
and W2,eq, see (24). These weighting filters are designed along
the lines of [3, Sect. III.A] and [24], and reflect the common
loop-shaping goals for PID-type of motion control as also
encountered in, e.g., [13], [28], [12]. To obtain a meaningful
robust performance optimization problem, it is needed to
dictate attainable control goals. On the other hand, it is desired
to achieve control bandwidths that are as high as possible. By
using a procedure similar to [33], [34], it is found that tar-
get bandwidths of [64, 55, 56] Hz for [z,Rx,Ry] are challenging.

∗ Remark on notation for 3 × 3 robust control design
As motivated in design step D1, instead of performing a for-

mal 4×4 robust control design for Pext in Fig. 14, the controller
for Pflex is designed using manual loop-shaping. It then remains
to design a 3×3 robust controller for Peq in Fig. 19. To facilitate
the exposition in the next sections, the subscript ”eq”, indicat-
ing explicitly that the equivalent plant is considered, is often
omitted. Thus, in the forthcoming,

Ps := W2,eq PeqW1,eq (35)

denotes the shaped equivalent plant. Based on Ps, the perfor-
mance criterion J(Ps,Cs) for the design of the 3 × 3 robust
controller is defined in accordance with Def. 12.

Step 3. Parametric system identification

In this section, a nominal parametric model of the equivalent
plant is identified, which constitutes Step 3 in Fig. 15. Here,
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control-relevant identification is pursued, in which the control
goal is taken into account explicitly during identification.

In model-based control, there is an inevitable mismatch be-
tween designed performance based on the model P̂, i.e.,

J(P̂s, Cs) = ‖T (P̂s, Cs)‖∞, (36)

and achieved performance on the true system Po, i.e.,

J(Po,s, Cs) = ‖T (Po,s, Cs)‖∞. (37)

Minimization of this mismatch forms the basis for a control-
relevant identification criterion, cf. [35], [36], and [30]. In par-
ticular, for a given controller Cs, a control-relevant parametric
model is obtained by solving

P̂s = arg min
Ps
‖T (Po,s, Cs) − T (Ps, Cs)‖∞. (38)

Remark 17. In (38), the controller Cs partly determines the
aspects of the true system on which a modeling emphasis is
placed, see [37] for a further analysis.

A control-relevant 12th order parametric model P̂eq is shown
in Fig. 19. This model accurately describes the system’s rigid-
body behavior, as well as the torsion bending mode under the
influence of the dynamic controller Cflex.

Step 4. Enveloping the true system behavior by a model set
No single model captures the behavior of a real system in its

entirety. To ensure robustness against model imperfections, a
model set is considered that envelops the true system behavior,
i.e.,

Po,s ∈ Ps (P̂s, ∆). (39)

By selecting a robust-control-relevant uncertainty structure, see
Appendix Appendix A, this condition is satisfied if the follow-
ing perturbations set is considered:

{∆ ∈ RH∞ | σ̄(∆(ω)) ≤ γ(ω) ∀ ω}

γ := σ̄( T (Po,s, Cs) − T (P̂s, Cs)) .
(40)

Note that γ reflects the model-reality mismatch in (38). Fig-
ure 20 shows γ, obtained using independent model validation
experiments. An 8th order parametric overbound W∆ for ro-
bust control is shown as well. Above 300 Hz, an accurate,
non-conservative overbound is achieved, which accounts for
unmodeled flexible dynamics of the wafer stage, see Fig. 19.

Remark 18. The uncertainty model does not account for the
model-reality mismatch below 300 Hz, see Fig. 20. At these
frequencies, the model describes the true system accurately,
see Fig. 19. Nevertheless, γ is relatively large. This is due
to the fact that in control-relevant modeling, the experimental
controller partly determines the modeling emphasis, cf. Re-
mark 17 and [37]. Since this controller achieves bandwidths
of [10, 15, 15] Hz, low-frequent model imperfections are em-
phasized. However, in the new robust control design, the target
bandwidths are much larger, i.e., [64, 55, 56] Hz. Thus, small
unmodeled low-frequent dynamics do not have a significant in-
fluence on stability and performance, and may be neglected.
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Now that a model set has been developed that envelops all
relevant dynamics of the equivalent plant, a robust controller
can be synthesized.

Step 5. Robust control design
Associated with the developed model set Ps : {Ps =

W2PW1 | P ∈ P} is the concept of worst-case performance. In
particular, a given controller Cs achieves a worst-case perfor-
mance JWC given by

JWC(Ps,Cs) = sup
Ps∈Ps

J(Ps,Cs). (41)

Then, the optimal robust controller for the true system Po is

CRP = W1 CRP
s W2 , (42)

where
CRP

s = arg min
Cs
JWC(Ps,Cs). (43)

Next, a robust controller is synthesized for the equivalent
plant under control of the torsion mode, with target bandwidths
of [64, 55, 56] Hz, see Step 2. To compute the optimal robust
controller in (43), the D-K iteration is used, see [22, Sect. 11.4]
and [10, Sect. 8.12], where robust performance is optimized in
terms of skewed-µ, see [10, Sect. 8.10] for further details. The
resulting robust controller is shown in Fig. 21.

To evaluate the merits of the proposed design procedure,
a comparison is made with conventional rigid-body control.
Therefore, a 3 × 3 robust controller is designed for the first 3
input-output directions of Po,ext in Fig. 14. It is emphasized that
no control of the torsion mode is applied. The same steps as
outlined in Fig. 15 are followed. In the weighting filter design,
again a procedure similar to [33], [34] is used to establish mean-
ingful target bandwidths for [z,Rx,Ry] of [54, 44, 44] Hz. The
rigid-body controller is shown in Fig. 21.

Result 19. The conventional robust rigid-body controller
achieves bandwidths of [50, 30, 30] Hz, which is in line with
the results in [38] on the same setup. By enhancing the stiffness
of the wafer stage through active control of the torsion mode, a
bandwidth enhancement towards [60, 39, 39] Hz is successfully
obtained.

To illustrate the significance of the proposed new control de-
sign, a disturbance signal is applied to the wafer stage setup.
Below the corner of the stage where sensor s2 is placed, see
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Figure 21: Comparison of the robust controllers in motion DOFs [z,Rx,Ry] for
the conventional plant Po (dashed) and equivalent plant Peq,o (solid).

Fig. 13(a), a broadband disturbance force with an amplitude of
2 N is applied. The resulting stand-still error of both control
configurations is shown in Fig. 22. In addition, the correspond-
ing cumulative power spectra are shown in Fig. 23. Indeed,
it is observed that in the extended configuration the stand-still
error is smaller, since i) the enhanced stiffness of the torsion
mode has enabled higher control bandwidths, which leads to
increased disturbance suppression below 100 Hz, and ii) the
increased damping of the torsion mode as observed in Fig. 19
leads to increased disturbance suppression in a region around
the torsion frequency at 143 Hz.

9. Conclusions & Recommendations

9.1. Conclusions
In this paper, a novel framework is presented to go beyond

conventional performance limitations in motion control. Every
control design is faced with a performance-robustness trade-
off. Due to robustness requirements, flexible dynamical be-
havior limits the achievable motion performance in terms of
bandwidths. To address these limits, additional inputs and out-
puts compared to rigid-body control configurations can be used.
This paper presents a novel, systematic framework to exploit
these additional inputs and outputs in non-conservative robust
control. To this end, a well-posedH∞ synthesis problem for the
extended control configuration is formulated, where a weight-
ing filter design approach is proposed that exploits the freedom
provided by additional control inputs and outputs. From a per-
spective of system mechanics, the control design framework
aims to enhance mechanical properties such as the stiffness and
damping of performance limiting flexible modes. Indeed, by
confronting the approach with an industrial nano-positioning
motion system for IC manufacturing, it is confirmed that it is
possible to enhance the stiffness of a performance-limiting tor-
sion mode. As a result, this mode manifests itself at higher
frequencies, which enables enhancement of control bandwidths
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Figure 22: Standstill error on application of a disturbance signal:
conventional (dark line) and extended (light line) control configuration.
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beyond conventional limits. As such, the proposed framework
has the potential to create a breakthrough in positioning accu-
racy and throughput for lightweight, flexible motion systems.

9.2. Recommendations for continued research

This paper demonstrates that the use of additional actuators
and sensors enables performance enhancement beyond conven-
tional limits. To illustrate the essential ideas of the paper on an
industrial motion system, a pre-selected actuator-sensor con-
figuration has been used. In general, however, the selection
of an appropriate actuator-sensor configuration is not trivial, as
witnessed by the wealth of methodologies that is available for
input-output selection, see [39] for an overview. Importantly, an
‘optimal’ input-output selection will ultimately depend on the
control goal that is being pursued. With that in mind, the new
design philosophy that is presented in this paper, in which extra
inputs and outputs are explicitly used towards optimization of a
considered performance criterion, might motivate new insights
into control-relevant input-output selection.

The use of extra actuators and sensors compared to a conven-
tional control configuration is also considered in fault-tolerant
control, see [40] for an overview. In that domain, the emphasis
is on control design that retains satisfactory performance in the
event of malfunctioning of a subset of the actuators and sensors.
The results that are presented in this paper may lead to new in-
sights into the reduction of performance that has to be accepted
upon failure of actuators and sensors, e.g., in terms of control
bandwidths.
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Appendix A. Robust-control-relevant modeling

Since model uncertainties pose fundamental limitations on
the attainable performance, see Sect. 3, it is essential to develop
a non-conservative model set P. To achieve this, the dual mod-
eling problem of (43) is considered, cf. [11].

Lemma 20. Let a controller Cs be given. Then, a robust-
control-relevant model set is obtained by

PRCR
s = arg min

Ps

JWC(Ps, Cs) s.t. Po,s ∈ Ps . (A.1)

To solve (A.1), a parametrization of Ps is required. In mod-
eling for robust control, see [22] and [10], commonly

Ps = {Ps | Ps = Fu(Ĥ,∆u), ∆u ∈ B∆}, (A.2)

where the upper LFT is given by

Fu(Ĥ,∆u) = Ĥ22 + Ĥ21∆u(I − Ĥ11∆u)−1Ĥ12. (A.3)

Hence, to obtain the robust-control-relevant model set PRCR
s , an

appropriate selection of i) the nominal model P̂s = Ĥ22, ii) the
model uncertainty structure that determines Ĥ11, Ĥ12, and Ĥ21,
and iii) the size of the uncertainty set B∆is required. In gen-
eral, the dependency ofJWC on the elements that constitute the
the model set is complicated, which renders (A.1) non-trivial.
However, a special uncertainty structure has been developed re-
cently, which leads to the following result.

Theorem 21. [41, Thm. 9] Let a controller Cs be given. Con-
sider the dual-Youla-Kučera (coprime factor) uncertainty struc-
ture [42], which parametrizes all plants Ps that are stabilized
by Cs. By selecting robust-control-relevant coprime factoriza-
tions, the bound

JWC(Ps,Cs) ≤ J(P̂s,Cs) + max
∆u∈B∆

‖∆u‖∞ (A.4)

holds. In addition, for the unstructured uncertainty set

B∆ = {∆u ∈ RH∞ | σ̄(∆u) ≤ σ̄(W∆) ∀ ω}, (A.5)

the requirement Po,s ∈ Ps is equivalent to, see also [32],

σ̄(W∆) ≥ γ := σ̄( T (Po,s, Cs) − T (P̂s, Cs)) ∀ ω. (A.6)

Using the uncertainty structure considered in Thm. 21, the
following important results are obtained, which facilitate non-
conservative modeling for robust control.

Result 22. The required size of the perturbation set B∆, see
(A.5) and (A.6), equals the nominal model-reality mismatch γ.
Thus, control-relevant identification of P̂s, see (38), in effect
minimizes the gap between designed performance J(P̂s,Cs)
and achieved worst-case performance JWC(Ps,Cs).

Result 23. In view of (A.4), the dynamic uncertainty bound
W∆, needed for robust control synthesis, should tightly over-
bound γ at its peak values, see also [32].
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