Identification for Control of
Complex Motion Systems
Optimal Numerical Conditioning using
Data-Dependent Polynomial Bases

Robbert van Herpen

Identification for Control of
Complex Motion Systems
Optimal Numerical Conditioning using
Data-Dependent Polynomial Bases

The research reported in this thesis is part of the research program of the Dutch Institute of Systems and Control (DISC). The author has successfully completed the
educational program of the Graduate School DISC.

This research is supported by ASML Research, Veldhoven, The Netherlands.

A catalogue record is available from the Eindhoven University of Technology Library.
ISBN: 978-90-386-3540-8
Typeset using LATEX
Reproduction: Ipskamp Drukkers, Enschede, the Netherlands.
Cover Design: Oranje Vormgevers, Eindhoven, The Netherlands.
c 2014 by R.M.A. van Herpen. All rights reserved.

Identification for Control of
Complex Motion Systems
Optimal Numerical Conditioning using
Data-Dependent Polynomial Bases

PROEFSCHRIFT

ter verkrijging van de graad van doctor
aan de Technische Universiteit Eindhoven,
op gezag van de rector magnificus, prof.dr.ir. C.J. van Duijn,
voor een commissie aangewezen door het College voor Promoties,
in het openbaar te verdedigen
op maandag 27 januari 2014 om 16.00 uur

door

Robertus Martinus Alphonsus van Herpen
geboren te ’s-Hertogenbosch

Dit proefschrift is goedgekeurd door de promotoren en de samenstelling van de
promotiecommissie is als volgt:
voorzitter:
promotor:
copromotor:
leden:

prof.dr.ir. D.H. van Campen
prof.dr.ir. M. Steinbuch
wijlen prof.ir. O.H. Bosgra
dr.ir. T.A.E. Oomen
prof.dr.ir. P.M.J. Van den Hof
prof.dr.ir. R.A. de Callafon (University of California, San Diego)
dr. habil. M. Gilson
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Chapter 1

Introduction
1.1

Highly accurate and fast positioning

Accurate and fast positioning is of key importance in a multitude of high-tech
manufacturing equipment. Lithographic wafer scanners that are used for integrated circuit (IC) manufacturing form a striking example. Nanometer accuracy
needs to be achieved during rapid motions, which is challenging.
Lithography is one of the core steps in the manufacturing of ICs, see, e.g.,
Martinez and Edgar (2006). ICs are produced on top of a silicon disc called a
wafer. Such a wafer, which forms the substrate, is first covered with a photosensitive coating. Subsequently, the desired IC pattern is etched onto this coating
by means of lithography. Finally, through a sequence of chemical processing
steps, the etched IC pattern is further developed.
The lithographic step in IC manufacturing is performed in a wafer scanner
(Pease and Chou, 2008). In such equipment, the wafer is mounted on top of
a stage that enables its positioning with respect to the light source. This is
depicted in Fig. 1.1. A high positioning accuracy has to be achieved by the wafer
stage, to facilitate production of ICs consisting of extremely small features. In
particular, typical feature sizes, also known as critical dimensions, are currently
moving down from 50 nanometer (Hutcheson, 2004) towards 20 nanometer and
beyond (Wagner and Harned, 2010); (Bourzac, 2012).
Besides the capability to produce ICs with extremely small features, another
success factor that determines market viability of wafer scanners is the machine
throughput. Herein, two aspects play a role. First, to increase the productivity
of the IC manufacturing process as a whole, the industry is presently investigating a transition from wafers with a diameter of 300 millimeter towards 450
millimeter, see Pettinato and Pillai (2005), Van den Brink (2013). Essentially,
since more ICs can be produced on a single wafer, the production overhead is
reduced. Second, to enhance the productivity of wafer scanners, it is desired to
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Figure 1.1: Illustration of flexible dynamics of a wafer stage.
increase the speed at which the lithographic process is performed. At present,
the typical scanning speed of the wafer stage is in the order of 1 m/s, which is
fast in view of the nanometer accuracy that has to be achieved. Furthermore,
to make a transition between individual scanning lines, see Fig. 1.1, the wafer
stage currently accelerates and decelerates with 40 m/s2 : a significantly higher
acceleration than that of a formula 1 car.
The trends that have been outlined above have implications for the design of
next-generation wafer stages. On the one hand, the dimensions of these wafer
stages will increase, in order to handle silicon wafers with a diameter of 450
millimeter. On the other hand, the mass of future wafer stages is bound to
decrease. To motivate this, consider Newton’s second law of motion F = ma,
where F is the force that acts of the stage, m is its mass, and a is the acceleration
of the stage. The forces that can be exerted on the wafer stage are bounded, e.g.,
due to constraints on the size of the actuators and thermal constraints. Hence, a
lightweight wafer stage design is indispensable in view of the large accelerations
that are required to achieve a high machine throughput.
A consequence of a large and lightweight design of wafer stages is that flexible dynamical behavior will become more pronounced. In particular, resonance
phenomena associated with structural deformations of the wafer stage tend to
manifest themselves at lower frequencies, as can be understood from elementary physical models, see, e.g., Meirovitch (2001). This leads to the following
observation that is important towards fast, highly accurate positioning.
Lightweight stages enable the large accelerations that are needed for a high
throughput. At the same time, lightweight stages typically exhibit more
pronounced flexible behavior. Associated with this behavior are structural
deformations of the stage that hinder nanometer positioning accuracy.

1.2 Control paradigm for lightweight positioning devices

1.2

3

Control paradigm for lightweight positioning devices

Through active control of lightweight positioning devices, it is possible to deal
with structural deformations that endanger a nanometer positioning accuracy.
However, this necessitates the development of a new control paradigm, since
state-of-the-art motion control approaches are unsuited for lightweight motion
systems.
Traditionally, wafer stages have predominantly been modelled as rigid-bodies,
while resonance phenomena have been considered as high-frequency parasitic
behavior, see, e.g., Van de Wal et al. (2002, Sect. 2.1, Assumptions 1–3) and
Butler (2011). However, for lightweight motion systems, these assumptions are
inadequate. Instead of representing parasitic behavior, the flexible dynamical
behavior of future-generation lightweight wafer stages leads to structural deformations that can potentially cause a significant deterioration of performance.
Therefore, it is essential to account for this behavior by means of control.
The need to explicitly account for flexible dynamical behavior forms an impetus for a new control design philosophy for lightweight motion systems. It
is envisaged that by equipping lightweight motion systems with many actuators and sensors to actively control flexible dynamical behavior, it is possible to
achieve the desired positioning accuracy. This motivates the following control
design goal.
Achieve highly precise, fast positioning with lightweight motion systems
through active control of flexible dynamical behavior by means of a large
number of actuators and sensors.

1.3

Challenges imposed by a large system complexity

The system’s complexity is the key difficulty in the design of high-performance
controllers for lightweight motion systems. On the one hand, a large number of
flexible phenomena is relevant for control (Hughes, 1987). On the other hand,
these flexible phenomena are manipulated by means of a large number of actuators and sensors. As a result, the system has a large complexity. In addition,
the system behavior is intrinsically multivariable, since the flexible dynamical
behavior of the system couples the individual control inputs and outputs.
Due to the complexity involved in the design of a highly multivariable controller for a large-dimensional system, manual controller tuning quickly becomes
intractable. In contrast, model-based optimal control provides a systematic approach towards multivariable control design for complex systems. Previously,
model-based control has been considered for traditional (predominantly rigid)
motion systems in, e.g., Steinbuch and Norg (1998), De Callafon and Van den
Hof (2001), Van de Wal et al. (2002). In addition, model-based control has been
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applied to mechanical systems with lightly damped flexible dynamical behavior, see, e.g., Balas and Doyle (1994a,b), Bayard and Chiang (1998), Preumont
(2002). Recently, robust control has been considered for lightweight motion systems in Oomen et al. (2013). Although promising results are achieved, in all of
these approaches it is recognized that a key limiting factor on the achievable control performance is the limited accuracy to which the true system is described by
the models. For lightweight motion systems, obtaining highly accurate models
is likely to be even more challenging, due to an increase of modeling complexity.
Research Challenge I Enable identification of high-fidelity models for lightweight motion systems from experimental data. These systems are characterized
by a large input-output dimensionality, as well as a large number of flexible phenomena that lead to intrinsically multivariable behavior.
Next to modeling aspects, control design aspects require further research as
well. Conceptually, it is clear that the introduction of additional inputs and
outputs for control provides freedom to achieve performance enhancements that
are beyond the possibilities of a rigid-body control configuration. Indeed, this is
supported by the experimental investigations in Schroeck et al. (2001) and Huang
et al. (2006). Yet, a systematic approach in which accurate multivariable models
are exploited to design controllers that exploit the large number of actuators and
sensors that is available to achieve the limits of performance is largely lacking.
Research Challenge II Design a framework for the synthesis of model-based
controllers, which exploits the freedom provided by additional control inputs and
outputs to achieve performance beyond the limits of a conventional rigid-body
configuration.
In the forthcoming sections, the limitations of pre-existing modeling and control approaches in resolving the challenges related to lightweight motion systems
are discussed in more detail.

1.4

Present limitations of frequency-domain parametric
system identification algorithms

A broad spectrum of system identification techniques has been developed over
the past decades. These include the main stream approaches of prediction error
identification, see, e.g., Söderström and Stoica (1989) and Ljung (1999), subspace identification, see, e.g., Van Overschee and De Moor (1996) and Katayama
(2005), and the frequency-domain system identification approach in Pintelon and
Schoukens (2001), see also McKelvey (2002). For motion systems in particular,
frequency-domain system identification has proven to be successful in view of
control, as is confirmed by De Callafon and Van den Hof (2001), Van de Wal
et al. (2002), Oomen et al. (2013).

1.4 Limitations of frequency-domain parametric identification algorithms
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Frequency-domain system identification consists of two steps, viz.
1. non-parametric identification, where a frequency response function (FRF)
is constructed from measurement data that is obtained during experiments
on the true system, see Pintelon and Schoukens (2001, Chap. 3), and
2. parametric identification, where a low-order transfer function model is fitted on the FRF data, see Pintelon and Schoukens (2001, Chap. 7).
An advantage of the non-parametric identification step is that it facilitates
data reduction. From a potentially very large amount of measurement data,
a highly accurate FRF of the system can be determined at a frequency grid
of interest. It then remains to capture the observed behavior in an accurate
parametric model of low complexity. However, fitting an accurate model to
the FRF data is not straightforward. Herein, both algorithmic and numerical
aspects play a role, as is argued in more detail in the forthcoming sections.
1.4.1

Parametric identification algorithms

Common techniques for parametric frequency-domain system identification involve the optimization of a weighted nonlinear least-squares criterion, see Pintelon et al. (1994) for an overview. Here, the nonlinearity results from the
parametrization of the poles in the denominator polynomial. In Levy (1959),
the nonlinear optimization problem is approximated by a single linear leastsquares problem. However, this requires the selection of an a priori unknown
weighting function. The SK-algorithm (Sanathanan and Koerner, 1963) mitigates the effect of the selection of a weighting function by performing iterations,
in each of which a refined linear least-squares problem is solved. Generalizations
of the SK-algorithm towards multivariable systems are given in Bayard (1994)
and De Callafon et al. (1996).
The SK-algorithm is widely applied for parametric frequency-domain system
identification. Indeed, typically, the SK-algorithm has several stationary points
and converges to one of them, see, e.g., Söderström and Stoica (1988), Fan
and Nayeri (1990), and Regalia et al. (1997). Moreover, upon convergence,
the stationary point of the algorithm is often in the proximity of the global
minimum. This is a remarkable property, which is enabled by the fact that, in
contrast to commonly applied alternative optimization algorithms, the iterative
procedure does not search the error surface. However, in case of undermodeling
or in the presence of colored noise, the stationary point of the SK-iterations
does not correspond exactly to a minimum of the nonlinear cost criterion, as is
discussed elaborately in Whitfield (1987). Therefore, the SK-iteration is often
succeeded by a Gauss-Newton iteration (Bayard, 1994) to enforce convergence
to a minimum. Clearly, this goes at the cost of algorithmic efficiency.
Recently, an alternative frequency-domain identification algorithm has been
formulated in Douma (2006, Sect. 3.5.3 and 3.5.8), in which fixed points of the
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iterations correspond to an optimum of the objective function. Hence, since
a Gauss-Newton iteration is rendered superfluous, the algorithmic efficiency is
potentially increased. In essence, the new algorithm, which takes the form of
an instrumental variable method, is built upon elementary ideas presented in
Steiglitz and McBride (1965), see also Stoica and Söderström (1981). The algorithm is extended towards multivariable systems in Blom and Van den Hof
(2010). However, a direct implementation of the new algorithm exhibits poor
numerical properties, which hinders the identification of highly accurate models.
1.4.2

Numerical aspects in frequency-domain identification

Independently of algorithmic properties, numerical aspects play an important
role in frequency-domain system identification. In essence, the iterative algorithms for parametric frequency-domain identification that are discussed in
Sect. 1.4.1 rely on solving a system of linear equations in each iteration. Since
systems with a large complexity are considered, these systems of equations are
very large. As a consequence, a direct formulation of parametric system identification algorithms typically leads to a system of equations that is severely
ill-conditioned, which obstructs the computation of accurate models. The severity of this problem is underlined by the existence of a large number of partial
solutions, including:
i) discarding the least-relevant part of the system of equations, e.g., by means
of a singular-value decomposition (Wills and Ninness, 2008),
ii) amplitude scaling (Hakvoort and Van den Hof, 1994),
iii) frequency scaling (Pintelon and Kollár, 2005),

and

iv) conversion from the continuous-time domain to the discrete-time domain
and vice-versa using a Möbius transformation (Oomen et al., 2007, Sect. 5.1).
Although these methods can improve the numerical conditioning to a certain extent, they typically require heuristic tuning and do not lead to optimal numerical
properties of the identification algorithm, see also Bultheel et al. (2005).
An essential observation is that the numerical conditioning that is encountered in frequency-domain system identification is strongly connected to the
polynomial basis that is used to formulate the identification problem. A standard choice is the monomial basis, see, e.g., Bayard et al. (1991), De Callafon
et al. (1996). However, this choice of basis is prone to lead to a numerically
ill-conditioned identification problem. The numerical conditioning can be enhanced by the use of an alternative classical polynomial basis such as Chebyshev polynomials (Dailey and Lukich, 1987); (Adcock, 1987), the use of basis
functions that are orthonormal with respect to the standard inner product in the
Hilbert space RH2 (De Vries and Van den Hof, 1998); (Ninness and Hjalmarsson,
2001); (Heuberger et al., 2005), or the use of frequency localising basis functions
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(FLBFs) that have been proposed by Welsh and Goodwin (2003). Nevertheless, the specific data of the identification problem determines the numerical
conditioning that is achieved by the use of preselected basis functions.
In classical approximation theory, basis polynomials that are orthonormal
with respect to a data-dependent inner product underlie many fundamental results (Grenander and Szegö, 1958); (Rice, 1964); (Akhiezer, 1965). By formulating the traditional SK-algorithm in terms of such a data-dependent polynomial
basis, optimal numerical conditioning (κ = 1) of the system of equations at
the heart of the algorithm is obtained, see Reichel et al. (1991), Van Barel and
Bultheel (1995), Faßbender (1997). Applications of this approach to frequencydomain identification of motion systems are reported in, e.g., Bultheel et al.
(2005), Van Herpen et al. (2012b), Oomen et al. (2013). Although the resulting algorithm is numerically reliable, the outlined solution applies to the
traditional SK-algorithm only. As motivated in Sect. 1.4.1, shortcomings of the
SK-algorithm regarding its convergence behavior have motivated the development of an enhanced identification algorithm. However, the classical theory on
orthogonal polynomials does not apply to this algorithm, as explained next.
1.4.3

Towards reliable, accurate identification for complex motion
systems

Although the algorithm in Douma (2006) and Blom and Van den Hof (2010)
yields advantageous convergence properties for parametric frequency-domain
system identification, a straightforward implementation suffers from severe illconditioning. In fact, the encountered condition numbers turn out to be quadratic
compared to the conventional SK-algorithm, which is due to the fact that the
new approach is an instrumental-variable (IV) type of algorithm. As a further
consequence of using a different type of identification algorithm, which is not
directly connected with an inner product, the solution proposed in Reichel et al.
(1991), Van Barel and Bultheel (1995), Faßbender (1997) does not apply here.
The severe ill-conditioning of the system of equations at the heart of the IValgorithm obstructs a reliable and accurate computation of the optimal model.
In conclusion, there is an increased need for enhancement of numerical implementations for this class of algorithms.
The need for improvement of the numerical properties of frequency-domain
IV-algorithms has been confirmed in recent studies, see Welsh and Goodwin
(2003) and Gilson et al. (2013). In addition, enhancements of the numerical
conditioning have been obtained through the use of so-called frequency localising basis functions. However, despite of the successful improvements, the challenge of identifying high-fidelity models of increasingly complex motion systems
demands for the development of identification algorithms with optimal numerical properties. In this thesis, it is aimed to obtain a fundamental solution for
the potential ill-conditioning in frequency-domain IV-identification algorithms.
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Essentially, the pursued philosophy is aligned with the results in Reichel et al.
(1991), Van Barel and Bultheel (1995), Faßbender (1997), albeit that a principally different mechanism is introduced. This leads to the following contribution.
Contribution I A new iterative algorithm for frequency-domain system identification based on a nonlinear least-squares criterion is proposed that
i) combines advantages of a recent iterative system identification algorithm
that achieves an optimum of the identification criterion upon convergence,
with
ii) a new theory that achieves optimal numerical conditioning (κ = 1) in the
essential computational step during all of the iterations.
The crucial new step that enables the optimal numerical properties of the new
identification algorithm is the introduction of bi-orthonormal polynomials with
respect to a data-dependent bi-linear form in system identification. For this
purpose, use is made of extensions of the classical theory on orthonormal polynomials with respect to a data-dependent inner product, see, e.g, Simon (2005),
towards indefinite and asymmetric bi-linear forms, see, e.g., Brezinski (1997),
Bultheel and Van Barel (1997), Gutknecht (1997), Gohberg et al. (2005), Saad
(2003). As such, powerful ideas from approximation theory and numerical mathematics are merged with recent developments in system identification.
Contribution I encompasses a variety of aspects, ranging from the development of a theory on polynomials, the connection of this theory to system identification algorithms, and the actual implementation of a reliable and efficient
numerical algorithm. The following contributions are distinguished.
Contribution I.A A new polynomial theory is developed for solving a general
class of frequency-domain system identification problems that hinge on accurately
solving large systems of equations with asymmetric and indefinite matrices.
Contribution I.B It is shown that through the use of bi-orthonormal polynomial bases, optimal numerical conditioning can be achieved for instrumentalvariable type identification algorithms.
Contribution I.C A numerically reliable and efficient algorithm is developed for the construction of bi-orthonormal polynomial bases with respect to an
identification-data-dependent bi-linear form.
The contributions presented above lead to new results that address Research
Challenge I, i.e., the development of high-fidelity models for lightweight motion
systems, which are characterized by a large dynamical complexity.

1.5 Limitations on control design for lightweight motion systems

1.5

9

Present limitations in control design for lightweight
motion systems using many actuators and sensors

Structural deformations of lightweight positioning stages lead to limitations on
the achievable motion performance. Fundamental performance limitations for
feedback control are formulated in terms of sensitivity integrals, which depend
on right-half plane poles and zeros of the system, Freudenberg and Looze (1985),
Middleton (1991). Extensions of these classical results towards the generalized
plant framework for model-based control are provided in, e.g., Hong and Bernstein (1998), Freudenberg et al. (2003). In turn, the generalized plant framework
encompasses two degree-of-freedom control configurations, as for example used in
inferential control to account for unmeasured performance variables Oomen et al.
(2011). Fundamental performance limitations for such two degree-of-freedom
control are derived in Havre and Skogestad (2001).
Although fundamental performance limitations are well-understood, the standard formulation does not immediately indicate that performance restrictions in
motion control result from structural deformations. For example, flexible dynamical behavior does not necessarily induce right-half plane poles and zeros, to
which bandwidth limitations have been associated, see Skogestad and Postlethwaite (2005, Sect. 5.7, 5.9). Nevertheless, it is known from practical experience
that the attainable bandwidths in motion control are dominantly restricted by
flexible dynamical behavior, see, e.g., de Callafon and Van den Hof (1997), van de
Wal et al. (2002), Schönhoff and Nordmann (2002). To formalize this restriction, it is essential to explicitly involve model uncertainties when investigating
performance limitations, see Goodwin et al. (2003) and Skogestad and Postlethwaite (2005, Sect. 5.3.2). This motivates a robust control perspective, in which
performance-robustness trade-offs can be addressed systematically.
In this thesis, limitations on robust performance of lightweight motion systems are further investigated. It is confirmed that flexible dynamical behavior
causes fundamental limitations on performance. This observation forms a motivation for the use of additional actuators and sensors compared to a conventional
control configuration, by means of which flexible behavior can be counteracted.
Conceptually, it is clear that the introduction of additional inputs and outputs
for control provides freedom to achieve performance enhancements that are beyond the possibilities of a rigid-body control configuration. Indeed, this is supported by the experimental investigations in Schroeck et al. (2001) and Huang
et al. (2006). Yet, a systematic approach in which accurate multivariable models
are exploited to design controllers that exploit the large number of actuators and
sensors that are available to achieve the limits of performance is missing. This
leads to the second contribution of this thesis.
Contribution II A systematic design framework for robust control design is
developed that exploits the additional actuators and sensors to achieve performance enhancement beyond the conventional limits.
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The new control design philosophy is based on active compensation of internal
deformations of the system, to which end insight into the physical behavior of
flexible motion systems is exploited. As a result of this active compensation
of deformations, fast high-precision motions of the lightweight system become
feasible.
From a mechanical point of view, structural properties of the flexible motion system such as damping and stiffness are modified through active control.
In that aspect, the proposed framework is related to combined optimization of
system and controller dynamics as considered in, e.g., Camino et al. (2002), Lu
and Skelton (2000), Iwasaki et al. (2003), Meisami-Azad et al. (2010). The proposed framework is beyond state-of-the-art robust performance optimization of
systems with lightly damped modes in the controller cross-over region, see, e.g.,
Balas and Doyle (1994a), Moheimani et al. (2003), Gawronski (2004). These
previous results are mainly directed towards attenuation of structural deformations. However, in motion control of nano-positioning devices, attenuation of
structural deformations is merely a means to enable performance enhancements
that facilitate a high machine throughput and nanometer positioning accuracy.

1.6

Research plan: outline of the thesis

In this section, it is described how the two research challenges formulated in
Sect. 1.3 are addressed in this thesis. For this purpose, it is indicated in which
chapters the individual contributions of this thesis, cf. Sect. 1.4 and Sect. 1.5, are
addressed. This also illustrates how the individual contributions constitute a coherent approach that addresses the considered research challenges for lightweight
motion control. An overview of the thesis is depicted in Fig. 1.2.
The individual chapters of this thesis are submitted for publication.
Chapter 2
Under review for journal publication as: R. van Herpen, T. Oomen, O. Bosgra, “BiOrthonormal Polynomial Basis Functions for Improved Frequency-Domain System
Identification.”
Chapter 3
Submitted for journal publication as: R. van Herpen, T. Oomen, M. Steinbuch, “Optimally Conditioned Instrumental Variable Approach for Frequency-Domain System
Identification.”
Early results have appeared as: R. van Herpen, T. Oomen, O. Bosgra, “Bi-Orthonormal
Basis Functions for Improved Frequency-Domain System Identification’”, Proc. 51st
IEEE Conference on Decision and Control, Maui, HI, USA, pp. 3451–3456, 2012.
Chapter 4
In preparation for publication.
Appendix A
In preparation for publication.
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Chapter 5
Published as: R. van Herpen, T. Oomen, O. Bosgra, “Numerically Reliable FrequencyDomain Estimation of Transfer Functions: A Computationally Efficient Methodology”,
Proc. 16th IFAC Symposium on System Identification, Brussels, Belgium, pp. 595–600,
2012.
Chapter 6
Submitted for journal publication as: R. van Herpen, T. Oomen, E. Kikken, M. van de
Wal, W. Aangenent, M. Steinbuch, “Exploiting Additional Actuators and Sensors for
Nano-Positioning Robust Motion Control.

Lightweight
motion systems

Chapter 1

Introduction

Chapter 2

A theory on bi-orthonormal polynomials for a general
class of identification algorithms, hinging on large systems of equations with asymmetric, indefinite matrices.

Contribution I.A

Connection of bi-orthonormal polynomials with
oblique projections defined on Krylov subspaces.

Contribution I.B
Research
Challenge I:

Chapter 3

Optimal numerical conditioning in instrumental variable
identification using bi-orthonormal polynomials.
Polynomial recurrence relations for data-dependent
bi-orthonormal polynomial bases.

Identification
Contribution I.C
• Numerically reliable multivariable identification:

Chapter 4

Construction of bi-orthonormal block-polynomials on
the basis of elementary zeroing operations.

• Computationally efficient identification algorithms:

Chapter 5

Retrospect on traditional orthonormal polynomials
with respect to a data-dependent inner product on
the unit circle — exploiting the problem structure.

Contribution II

Research
Challenge II:
Control

Chapter 6

A systematic design framework for robust control, exploiting additional actuators and sensors for performance enhancement.

Achievements
& Outlook

Chapter 7

Conclusions

Figure 1.2: Overview of the thesis: research challenges and contributions.
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Complementary research not included in the thesis

During the course of the PhD research project that has led to this thesis, several
lines of research have been explored that are not incorporated in the thesis itself.
Nevertheless, valuable results have been obtained that are complementary to this
thesis.
Firstly, contributions have been achieved within the domain of identification
for control. In particular, the role of the experimental controller in robustcontrol-relevant modeling has been investigated (Van Herpen et al., 2010). Furthermore, model order selection has been studied in the context of identification
for robust control (Van Herpen et al., 2011). This has led to new insights towards the construction of a model set of limited complexity, which requires a
trade-off between the complexity of the nominal model and the complexity of
the uncertainty description.
Secondly, exploratory investigations into control of lightweight motion systems have been presented in Termaat (2011). Using extensive multisine experimentation, see also, e.g., Pintelon and Schoukens (2001, Chap. 3), it has been
confirmed that industrial wafer stages have highly reproducible, dominantly linear behavior. Hence, robust-control-relevant identification enables the synthesis
of robust controllers with high performance. However, it has also been shown
that a strive after high-bandwidths at the sensor locations may lead to a deterioration of performance at different locations on the flexible structure. This has
motivated the need for a new control design philosophy for lightweight motion
systems, elaborated upon next.
Thirdly, control strategies for lightweight motion systems have been investigated. Complementary to the research presented in Chap. 6, see also Kikken
(2013), it has been investigated how to deal with performance-limiting flexible phenomena using a conventional rigid-body control configuration. Two approaches have been investigated. On the one hand, H∞ -control design with
damping constraints has been investigated in Van Wijk (2012). On the other
hand, a new approach for multivariable weighting filter design in which flexible
dynamical behavior is explicitly addressed has been presented in Boeren (2012),
see also Boeren et al. (2013).

Chapter 2

Bi-Orthonormal Polynomial
Basis Functions for Improved
Frequency-Domain System Identification

2.1

Introduction

Numerical aspects play an essential role in frequency-domain system identification. Many frequency-domain identification problems resort to a weighted leastsquares criterion, see Pintelon and Schoukens (2001) for an overview. Common
iterative algorithms for weighted least-squares estimation of a rational transfer function model, such as the SK-iteration (Sanathanan and Koerner, 1963)
or Gauss-Newton iteration (Bayard, 1994), require the least-squares solution of
a linear system of equations. Although conceptually straightforward, the numerical conditioning associated with frequency-domain identification problems
is typically extremely poor, which prohibits computation of an accurate solution
and convergence of the algorithm. This is evidenced by a number of algorithmic
advancements that aim to improve numerical conditioning, including Bayard
(1994), Hakvoort and Van den Hof (1994), Pintelon and Kollár (2005), Welsh
et al. (2012), Wills and Ninness (2008). However, a systematic solution for
appropriate conditioning of frequency-domain identification problems requires
exploitation of existing freedom in the underlying polynomial approximation
problem associated with the linear system of equations. As proposed in Reichel
et al. (1991), Van Barel and Bultheel (1995), and further developed in Van Herpen et al. (2012b), it is possible to achieve optimal numerical conditioning of
This chapter is under review for journal publication as: R. van Herpen, T. Oomen,
O. Bosgra, “Bi-Orthonormal Polynomial Basis Functions for Improved Frequency–Domain
System Identification”.
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the least-squares problem by using a polynomial basis that is orthonormal with
respect to a data-dependent inner product. This facilitates the development of
highly reliable identification algorithms.
Besides enhancements with respect to numerical aspects, refinements of identification algorithms have also been developed from a system identification standpoint. A well-known drawback of algorithms of the type in Sanathanan and Koerner (1963) is that the stationary point of the iterations does not correspond to
a minimum of the cost criterion, see Whitfield (1987). In other words, this class
of algorithms yields non-optimal estimates. This deficiency is resolved in Blom
and Van den Hof (2010), where an iterative identification algorithm is proposed
that has the interpretation of an instrumental variable method (Söderström and
Stoica, 1983). Essentially, this algorithm relies on a generalization of conventional weighted least-squares criteria. From the perspective of the underlying
polynomial approximation problem, the approach in Blom and Van den Hof
(2010) is a generalization of the polynomial approximation problem associated
with the algorithm in Sanathanan and Koerner (1963), which is recovered as special case.
Whereas the more general polynomial approximation problem associated
with the approach in Blom and Van den Hof (2010) is highly relevant in frequencydomain identification, the numerically optimal solution proposed in Reichel et al.
(1991), Van Barel and Bultheel (1995), Van Herpen et al. (2012b) is not applicable. Typically, the general polynomial approximation problem has an asymmetric and indefinite form. As a consequence, the concept of tailoring the polynomial
basis specific to a relevant inner product cannot be used directly to achieve a
simplified system of equations with inherent optimal conditioning, as forms the
essence of the approach in Reichel et al. (1991), Van Barel and Bultheel (1995),
Van Herpen et al. (2012b). In this chapter, it is aimed to develop a generalized theory for the selection of polynomial bases that explicitly accounts for
possible asymmetry and indefiniteness of the approximation problem, hereby enabling optimal numerical conditioning for the more general class of polynomial
approximation problems. The key step taken in this chapter is to replace the
conventional inner product by a new bi-linear form.
The main contribution of this chapter is to develop a new polynomial theory
for solving a general class of frequency-domain system identification problems,
whereby the computation of highly accurate solutions is enabled. It will be shown
that to deal with the typical asymmetric and indefinite character of general
system identification problems, the polynomial basis has to be extended towards
a double set. Specifically, it is proposed to use two distinct polynomial bases, one
for the model and one for the instrumental variable. By selecting bi-orthonormal
polynomial bases with respect to a data-dependent bilinear form associated with
the identification criterion, i) the optimal approximant of a certain degree is equal
to a scaled version of the right basis polynomial of corresponding degree, which
has as an immediate effect that ii) the linear system of equations that results
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after substitution of the polynomial bases has optimal numerical conditioning.
This chapter is organized as follows. In Sect. 2.2, the polynomial approximation problem and corresponding linear algebra formulation associated with the
algorithm in Blom and Van den Hof (2010) is given, which includes the conventional polynomial approximation problem corresponding with the algorithm in
Sanathanan and Koerner (1963) as special case. The main result of this chapter
is given in Sect. 2.3, which explains the role of bi-orthonormal polynomials in
the computation of highly accurate solutions to the general polynomial approximation problem. In Sect. 2.4, it is shown that bi-orthonormal polynomials can
be constructed efficiently using three-term-recurrence relations. In Sect. 2.5, an
algorithm to construct real-valued bi-orthonormal polynomials is provided. In
Sect. 2.6, an example is given that confirms optimal numerical conditioning for
the general class of polynomial approximation problems. Conclusions are drawn
in Sect. 2.7.

2.2
2.2.1

Polynomial approximation and associated projection
methods
Problem formulation

The aim of this chapter is to determine the solution f (ξ, θ) to the polynomial
equality
m
H
X
∂g(ξk , θ)
H
w2k
w1k f (ξk , θ) = 0,
(2.1)
∂θT
k=1

1×q

where w1k , w2k ∈ C
are weights and f (ξ, θ), g(ξ, θ) ∈ Cq×1 [ξ] are q-dimensional
vector-polynomials, viz.
n
X
f (ξ, θ) =
ϕj (ξ) θj ,
(2.2)
j=0

g(ξ, θ) =

n−1
X

ψj (ξ) θj .

(2.3)

j=0

Here, ϕj (ξ), ψj (ξ) ∈ Cq×q [ξ] are q-dimensional block-polynomials in the variable
ξ ∈ C, which has nodes ξk , k = 1, . . . , m. Both ϕj (ξ) and ψj (ξ) are of strict
degree j, with upper triangular leading coefficient matrix, i.e.,
ϕj (ξ) = ξ j sjj + . . . + ξ sj1 + sj0 ,
j

ψj (ξ) = ξ tjj + . . . + ξ tj1 + tj0 ,

(2.4)
(2.5)

sj0 , sj1 , . . . , sjj , tj0 , tj1 , . . . , tjj ∈ Cq×q , where sjj , tjj are non-singular upper
triangular matrices. A special choice of block-polynomial basis is the monomial
basis
φmon,j (ξ) = ξ j Iq ,
(2.6)
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which is commonly encountered in literature. It is immediate to express general
block-polynomials ϕj (ξ), ψj (ξ) in terms of φmon,i (ξ), i = 0, 1, . . . , j.
Three non-restrictive assumptions are imposed throughout.
Assumption 2.1 The nodes ξk , k = 1, . . . , m, are distinct.
Assumption 2.2 The weights w1k , w2k , k = 1, . . . , m, are assumed to be nonzero. Note that in the presence of weights that are zero, (2.1) can be reformulated
as an equivalent sum of non-zero elements representing a smaller set of nodes.
Assumption 2.3 The degree n of the vector polynomial f (ξ, θ) that forms the
solution to (2.1) is assumed to be smaller than the number of nodes m.
Given certain polynomial bases ϕj (ξ), ψj (ξ), the parameter vectors θj ∈
Cq×1 , j = 0, 1, . . . , n in (2.2)–(2.3) form the variable θ in (2.1) that is to be
determined. To avoid the trivial solution θ = 0, additional constraints need to
be imposed. Typically, these constraints follow naturally from the associated
system identification problem. In particular, it is common to enforce a subset of
the polynomials to be monic, as is explained in De Moor et al. (1994). In this
chapter, this type of constraint is also adopted to facilitate the notation. By
setting
θn = s−1
1 ·{z
· · 1} |0 ·{z
· · 0} ] T,
(2.7)
nn [ |
q1

q2

where q = q1 + q2 , the sum in (2.2) reduces to
f (ξ, θ) =

n−1
X

ϕj (ξ) θj + fn (ξ),

(2.8)

j=0

with pre-determined vector-polynomial
fn (ξ) := ϕn (ξ)θn = [ ξ n · · · ξ n 0
|
{z
} |
q1

n−1
X
i=0

···
{z
q2

ξ i sni s−1
1 ·{z
· · 1} 0|
nn [ |
q1

0]T +
}
·{z
··
q2

(2.9)

0} ] T.

It is emphasized that a generalization to other constraints is conceptually straightforward.
Remark 2.4 In common frequency-domain polynomial approximation problems,
nodes are selected on the imaginary axis, i.e., ξk = jωk , ωk ∈ (0, ∞), or unit
circle, i.e., ξk = ejθk , θk ∈ (0, π). Typically, it is then desired to determine a

2.2 Polynomial approximation and associated projection methods

17

real polynomial solution f (ξ, θ) ∈ Rq×q [ξ] to (2.1). Hereto, real basis polynomials ϕj (ξ), ψj (ξ) ∈ Rq×q [ξ] should be selected. Furthermore, (2.1) should be
extended with the conjugate nodes ξk∗ , k = 1, . . . , m and corresponding weights
∗
∗
w1k
, w2k
. It is then possible to convert (2.1) to an isomorphic problem that yields
q×1
θj ∈ R , j = 0, 1, . . . , n, hence, f (ξ, θ) ∈ Rq×q [ξ], cf. Pintelon and Schoukens
(2001, Sect. 13.8) for details.
The general class of polynomial approximation problems (2.1) is encountered
in, e.g., frequency-domain instrumental variable type system identification, see
Blom and Van den Hof (2010). This is explained in more detail in Appendix B.1,
Alg. B.3.
Remark 2.5 A special case of (2.1) is the conventional least-squares polynomial
approximation problem
2
min k w1 f (ξ, θ) k2 ,
(2.10)
θ

where

2

kw1 f (ξ, θ)k2 :=

m
X

H
f (ξk , θ)H w1k
w1k f (ξk , θ).

(2.11)

k=1

The first order necessary and sufficient condition for optimality in (2.10) reads
m
H
X
∂f (ξk , θ)
H
w1k
w1k f (ξk , θ) = 0.
∂θT

(2.12)

k=1

As before, the degree constraint (2.7) is imposed, i.e., (2.8) holds. Then, (2.12)
is a special case of (2.1), where ψj (ξ) = ϕj (ξ), j = 0, 1, . . . , n−1 and w2k = w1k ,
k = 1, . . . , m.
Least-squares polynomial approximation forms the essence of frequently applied identification algorithms, such as Levy (1959), the SK-iteration (Sanathanan
and Koerner, 1963). More details on the connection between the SK-iteration
and least-squares polynomial approximation are given in Appendix B.1, Alg. B.4.
In addition, parallels can be drawn with the Gauss-Newton iteration, see also
Bayard (1994).
In this chapter, the general polynomial approximation problem (2.1) is considered, which includes (2.10) as special case.
2.2.2

Reformulation as a linear algebra problem

Since the polynomial equality (2.1) is formulated in terms of a set of distinct
nodes ξk , k = 1, . . . , m, it can be reformulated as the linear system of equations
(ΨH W2H W1 Φ) θ = − ΨH W2H W1 Φn θn ,

(2.13)
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with polynomial matrices








ϕn (ξ1 )
ϕ0 (ξ1 ) ϕ1 (ξ1 ) . . . ϕn−1 (ξ1 )
 ϕn (ξ2 ) 
 ϕ0 (ξ2 ) ϕ1 (ξ2 ) . . . ϕn−1 (ξ2 ) 
, Φn = . ,
Φ =
..
..
 .. 

 ...
.
.
ϕn (ξm )
ϕ0 (ξm ) ϕ1 (ξm ) . . . ϕn−1 (ξm )



(2.14)



ψ0 (ξ1 ) ψ1 (ξ1 ) . . . ψn−1 (ξ1 )
 ψ0 (ξ2 ) ψ1 (ξ2 ) . . . ψn−1 (ξ2 ) 
,
Ψ =
..
..
 ...

.
.
ψ0 (ξm ) ψ1 (ξm ) . . . ψn−1 (ξm )

(2.15)


T
T
parameter vector θ = θ0T θ1T . . . θn−1
, and weight matrices



w21

w11


W1 = 

w12

..

.



, W2 = 

w22

..

.

w1m




.

(2.16)

w2m

Here, Φ, Ψ ∈ Cmq×nq , Φn ∈ Cmq×q , θ ∈ Cnq×1 , and W1 , W2 ∈ Cm×mq . Note
that in (2.13), the fact that θn is selected according to a degree constraint on
f (ξ, θ), see (2.7), is used explicitly. In terms of linear algebra, (2.13) represents an
oblique (i.e., non-orthogonal) projection, see Saad (2003, Sect. 1.12.3, Sect. 5.2.3).
Remark 2.6 For the special case of least-squares polynomial approximation,
(2.12) can be written as orthogonal projection
(ΦH W1H W1 Φ) θ = − ΦH W1H W1 Φn θn .

(2.17)

Hence, also from a linear algebra perspective (2.17) is a special case of (2.13),
where Ψ = Φ and W2 = W1 .
For a given choice of basis functions ϕj (ξ) and ψj (ξ), (2.13) is a linear system
of equations. The accuracy of the solution θ strongly depends on the numerical
conditioning of the system of equations, which is typically poor for frequencydomain polynomial approximation problems, as is investigated next.
2.2.3

Numerical accuracy of the solution

Performing computations with high numerical accuracy is of key importance in
frequency-domain system identification. In linear algebra, the condition number
of a system of equations characterizes the worst-case propagation of numerical round-off errors, which is a measure for the attainable solution accuracy,
see Golub and Van Loan (1989, Sect. 5.3.7) for a detailed explanation. Thus,
κ(ΨH W2H W1 Φ) determines the accuracy of the solution θ to (2.13).
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Since the weight matrices W1 and W2 typically follow from the considered
system identification problem, the condition number κ(ΨH W2H W1 Φ) crucially
depends on the choice of polynomial bases ϕj (ξ) and ψj (ξ). Commonly, the
monomial basis (2.6) is chosen, i.e.,
ϕj (ξ) = ψj (ξ) = φmon,j (ξ), j = 0, 1, . . . , n − 1.

(2.18)

In frequency-domain system identification, however, this choice of basis functions
H
typically leads to κ(ΦH
mon W2 W1 Φmon )  1, i.e., a severely ill-conditioned system of equations (2.13). This is confirmed in real-life identification applications,
where no accurate models can be obtained with the standard machine precision,
see Bultheel et al. (2005).
Remark 2.7 The orthogonal projection (2.17) constitutes the normal equations
associated with the system of equations
W 1 Φ θ = − W 1 Φn θ n .

(2.19)

Instead of explicitly formulating and solving (2.17), it is in general preferable to
determine the least-squares solution to (2.19) by means of a QR-factorization,
see, e.g., Golub and Van Loan (1989, Chap. 5). Since the condition number
associated with (2.19), i.e., κ(W1 Φ), is quadratically smaller than the condition
number κ(ΦH W1H W1 Φ) = κ(W1 Φ)2 associated with (2.17), this significantly
reduces the sensitivity to numerical round-off errors.
The lefthand side of the oblique projection (2.13) is not a quadratic form, in
contrast to (2.17). Consequently, there is no analogy for the step from (2.17)
to (2.19), as considered in Remark 2.7. Since typically κ(ΨH W2H W1 Φ) 
κ(W1 Φ), even more than for the special class of least-squares polynomial approximation problems (2.10), this amplifies the need to develop a solid theory on
solving polynomial equalities of the form (2.1), from which dedicated algorithms
that provide high numerical accuracy can be derived.
In the next section, it is motivated that a judicious selection of the polynomial
basis, tailored to the problem data contained in W1 and W2 , is essential to
achieve high numerical accuracy of the solution to (2.13).
2.2.4

Selection of a data-dependent polynomial basis

Any standard polynomial basis, such as the monomial basis, Chebyshev basis,
Legrendre basis, etc., can potentially lead to a badly conditioned linear system of
equations (2.13) or (2.17), respectively, for certain problem-specific data. Therefore, instead of using a standard polynomial basis, the problem data should be
used as a starting point to judiciously select a polynomial basis that leads to
appropriate numerical conditioning. This observation has also been made in
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Bultheel et al. (2005) for the special class of least-squares polynomial approximation problems, see Remark 2.5. In particular, for given problem-specific nodes
ξk and weights w1k in (2.12), the following form is considered, see also Delsarte
et al. (1978), Youla and Kazanjian (1978):
hhϕi (ξ), ϕj (ξ)ii :=

m
X

H
ϕj (ξk )H w1k
w1k ϕi (ξk ),

(2.20)

k=1

which constitutes a generalization towards block-polynomials of a data-dependent
discrete inner product for vector-polynomials (cf. Damanik et al. (2008, Sect. 1.1–
1.2) and Remark 2.12, Sect. 2.3.2, for a further explanation). It is immediate that hhϕi (ξ), ϕj (ξ)ii constitutes the q ×q -block-element (j, i) of the matrix
ΦH W1H W1 Φ in (2.17). Hence, when selecting a block-polynomial basis that is
orthonormal with respect to (2.20), the following key results are achieved.
i) The optimal approximant f (ξ, θ? ) to (2.10) immediately follows from the
highest degree basis polynomial ϕn (ξ), viz.
f (ξ, θ? ) = fn (ξ) = ϕn (ξ) θn ,
(2.21)
see also (2.9).
ii) The associated system of equations (2.19) has κ(W1 Φ) = 1. Equivalently,
κ(ΦH W1H W1 Φ) = 1 in (2.17).
For a proof of the results above, see, e.g. Bultheel and Van Barel (1995) and
Reichel et al. (1991), Faßbender (1997). Note that Result (i) implies that when
the specific polynomial basis mentioned above is given, there is in fact no longer
a need to explicitly solve the linear algebra problem associated with (2.10) to
obtain the optimal approximant.
Although highly accurate solutions to weighted least-squares problems of the
form (2.12) are obtained by using a polynomial basis that is orthonormal with
respect to the data-dependent inner product (2.20), this approach is not applicable to more general frequency-domain identification problems that rely on the
form (2.1). The fundamental difference of (2.1) compared with (2.12) is the lack
of symmetry and positive definiteness, as is discussed in detail in the forthcoming section. There, it is shown that by introducing a new bi-linear form that
replaces (2.20), it is still possible to achieve Result (i) and (ii) for the polynomial
approximation problem (2.1).

2.3

Reliable solution of oblique projections using bi-orthonormal basis polynomials

In this section, the main result of this chapter is presented. First, in Sect. 2.3.1, a
new bi-linear form is introduced that replaces the earlier considered inner product (2.20). Then, in Sect. 2.3.2, it is shown that by formulating the polynomial
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Bi-linear form
Indefinite inner product
Inner product

Figure 2.1: Venn-diagram corresponding to Def. 2.8 and Lem. 2.11, which indicates special sub-classes of a general bi-linear form.
approximation problem (2.1) using two polynomial bases that are bi-orthonormal
with respect to this bi-linear form, optimal numerical conditioning is achieved.
Finally, in Sect. 2.3.3, the relation between asymmetry and bi-orthonormal polynomials is explored.
2.3.1

Relaxations of the conventional inner product

In this section, the notion of an inner product is extended towards a more general
bi-linear form [·, ·] that plays a central role in the remainder of this chapter. The
following definition unifies related concepts in the literature.
Definition 2.8 Let V be a vector space and let F be a field of scalars. For a
mapping [·, ·] : V ×V 7→ F, consider the following four properties for all x, y, z ∈ V
and all scalars α, β ∈ F.
i) Linearity argument 1: [αx + βy, z] = α[x, z] + β[y, z].
ii) Non-degeneracy:

if [x, y] = 0 ∀ y ∈ V, then x = 0.

iii) Conjugate symmetry: [x, y] = [y, x]∗ .
iv) Non-negativity:

[x, x] ≥ 0 .

Then, [·, ·] defines
(a) an inner product
(b) an indefinite inner product
(c) a bi-linear form

if Prop.(i)-(ii)-(iii)-(iv) hold,
if Prop. (i)-(ii)-(iii) hold,
if Prop. (i)-(ii) hold.

In this chapter, the vector space V in Def. 2.8 represents either an Euclidian space or a space of polynomials. In addition, F represents either the real
numbers R or complex numbers C.
Remark 2.9 The bi-linear form includes the indefinite inner product as a special case, which in turn includes the conventional inner product, see Fig. 2.1.
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Remark 2.10 The non-degeneracy property for inner products is often defined
in a different but equivalent manner. In particular, if Prop. (iv) holds, then
Prop. (ii) can equivalently be formulated as: [x, x] = 0 ⇐⇒ x = 0. Thus, the
definition of the inner product in Def. 2.8 corresponds with, e.g., Kreyszig (1978,
Sect. 3.1). Similarly, the definition of the indefinite inner product corresponds
with, e.g., Gohberg et al. (2005, Sect. 2.1).
In order to facilitate the computation of a highly accurate solution to (2.1),
it is essential to deal with its asymmetric and indefinite character, as motivated
in Sect. 2.2.4. Hereto, the following data-dependent form is introduced.
Lemma 2.11 Let distinct nodes ξk ∈ C, k = 1, . . . , m, and corresponding
weights w1k , w2k ∈ C1×q be given. For vector-polynomials ϕ κ (ξ), ψ ` (ξ) ∈
Cq×1 [ξ], κ, ` = 0, 1, . . . , (n − 1)q, consider the data-dependent form:
[ ϕ κ (ξ), ψ ` (ξ)] :=

m
X

H
ψ ` (ξk )H w2k
w1k ϕ κ (ξk ) .

(2.22)

k=1

(a) If w2k = w1k , k = 1, . . . , m, then [ ϕ κ (ξ), ϕ ` (ξ)] defines a data-dependent
inner product.
H
H
w1k = w1k
w2k , k = 1, . . . , m, then [ ϕ κ (ξ), ϕ ` (ξ)] defines a data(b) If w2k
dependent indefinite inner product.

(c) For general w1k , w2k , k = 1, . . . , m, [ ϕ κ (ξ), ψ ` (ξ)] defines a data-dependent
bi-linear form.
Proof: Follows by verifying the properties of an inner product, indefinite inner
product, and bi-linear form in Def. 2.8.

Remark 2.12 The form hhϕi (ξ), ϕj (ξ)ii in (2.20) is a natural extension of
Lemma 2.11-(a), which is defined for vector-polynomials, towards block-polynomials
ϕi (ξ) ∈ Cq×q [ξ], i = 0, 1, . . . , n − 1 as used in (2.2). In particular, let ϕi (ξ) be
decomposed into individual vector-polynomials, i.e.,
ϕi (ξ) = [ϕ(i+0) (ξ), ϕ(i+1) (ξ), . . . , ϕ(i+q) (ξ)].

(2.23)

Then, element (e1 , e2 ) of hhϕi (ξ), ϕj (ξ)ii is given by
hϕ κ (ξ), ϕ ` (ξ)i :=

m
X

H
ϕ ` (ξ)H w1k
w1k ϕ κ (ξ),

(2.24)

k=1

where κ = i + e2 and ` = j + e1 . Indeed, (2.20) is consistent with the theory
in Damanik et al. (2008, Sect. 1.1–1.2) and Delsarte et al. (1978), Youla and
Kazanjian (1978).
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It is emphasized that in the general case in Lemma 2.11-(c), the vector–polynomial bases ϕ(ξ) and ψ(ξ) may be distinct. In the next section, it is shown that
by choosing polynomial bases that are bi-orthonormal with respect to (2.22), a
solution of the polynomial equality (2.1) similar to (2.21) is obtained, which
facilitates a highly accurate numerical computation.
2.3.2

Achieving optimal numerical conditioning through the use of
bi-orthonormal polynomial bases

The aim in this chapter is to solve the polynomial equality (2.1) through a
polynomial approach that inherently has optimal numerical conditioning. As
motivated in Sect. 2.2.4, the selection of the basis in which the problem is formulated is a key step that determines the solution accuracy. For the general
problem (2.1), there is freedom to select two polynomial bases ϕj (ξ) and ψ(ξ),
which constitute the polynomials f (ξ, θ) and g(ξ, θ) in (2.2)–(2.3), respectively.
The following definition is at the basis of subsequent developments.
Definition 2.13 Let ξk ∈ C and w1k , w2k ∈ C1×q , k = 1, . . . , m, be given. In
addition, let ϕi (ξ), ψj (ξ) ∈ Cq×q [ξ], i, j = 0, 1, . . . , n. Then, ϕi (ξ), ϕj (ξ) are
called bi-orthonormal block-polynomials (BBPs) with respect to (2.22) if:
[[ϕi (ξ), ψj (ξ)]] :=

m
X

H
ψj (ξk )H w2k
w1k ϕi (ξk ) = δij Iq.

(2.25)

k=1

A key new result of this chapter is the selection of two distinct, bi-orthonormal
polynomial bases. By formulating the polynomial equation (2.1) in bi-orthonormal
polynomial bases, the following remarkable main result is obtained.
Theorem 2.14 Consider (2.1), where f (ξ, θ), g(ξ, θ) defined in (2.2)–(2.3) are
formulated in polynomial bases ϕi (ξ), ψj (ξ) ∈ Cq×q [ξ], i, j = 0, 1, . . . , n that
satisfy (2.25). Then, the solution f (ξ, θ) to (2.1) is given by:
f (ξ, θ) = fn (ξ) = ϕn (ξ) θn ,

(2.26)

where fn is defined in (2.9).
Proof: Consider the reformulation of (2.1) as the oblique projection (2.13),
where the matrix ΨH W2H W1 Φn ∈ Cnq×q is of importance here. Since the
q × q-block-element (j, 1) of this matrix is equal to [[ϕn (ξ), ψj (ξ)]], it follows by
virtue of orthogonality of ϕn (ξ) and ψj (ξ), j = 0, 1, . . . , n − 1, that
ΨH W2H W1 Φn = 0.

(2.27)

As a consequence of (2.27), solving the system of equations (2.13) for the pa
T
T
rameter vector θ = θ0T θ1T . . . θn−1
yields θ = 0. Therefore, (2.2) reduces
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to (2.26), where θn has been selected according to (2.7) to impose a degree constraint on f (ξ, θ).

Theorem 2.14 implies that, given bi-orthonormal polynomial bases with respect to the data-dependent bi-linear form (2.22), the solution to the polynomial
equation (2.1) is immediate. In terms of the associated linear system of equations
(2.13), the following result is obtained.
Theorem 2.15 Consider (2.13). Let ϕi (ξ), ψj (ξ) ∈ Cq×q [ξ], i, j = 0, 1, . . . , n
be bi-orthonormal with respect to (2.22), cf. Def. 2.13. Then,
ΨH W2H W1 Φ = I,

(2.28)

hence, κ(ΨH W2H W1 Φ) = 1.
Proof: Follows directly from bi-orthonormality of ϕi (ξ), ψj (ξ) ∈ Cq×q [ξ], i, j =
0, 1, . . . , n, which can be rewritten in matrix form as (2.28).

In conclusion, selection of appropriate, problem specific polynomial bases
yields an optimally conditioned linear algebra problem. In contrast, the use
of different polynomial bases generally leads to κ(ΨH W2H W1 Φ)  1, see
also Bultheel et al. (2005), as well as Sect. 2.4.2 for additional explanation.
Through the use of BBPs, there is no longer a need to solve (2.13) explicitly,
as follows from Thm. 2.14. In other words, the challenge of solving the oblique
projection (2.13) with high numerical accuracy has been replaced by the challenge to construct BBPs with respect to (2.22) in a highly accurate manner.
Before presenting the construction of BBPs, the next section sheds more light
on the need to consider two distinct polynomial bases to solve (2.1) with high
numerical accuracy.
2.3.3

Connecting bi-orthonormality and asymmetry of the polynomial approximation problem

In this section, it is shown that there are fundamental relations between asymmetry of the polynomial approximation problem (2.1) and bi-orthonormal polynomials. To facilitate the presentation of the main idea, attention is restricted
to real-valued polynomial approximation problems in this section. Extensions
for complex values follow along the same lines.
Assumption 2.16 In this section, ξk ∈ R, w1k , w2k ∈ R1×q , k = 1, . . . , m.
Furthermore, ϕi (ξ), ψj (ξ) ∈ Rq×q [ξ], i, j = 0, 1, . . . , n − 1.
In essence, the mechanism behind the main result in Thm. 2.14 is bi–orthogonality of two polynomial bases, cf. Def. 2.13, which can be written in matrix form as
ΨT W2 W1 Φ = D,

(2.29)
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with D ∈ Rnq×nq a diagonal matrix. Clearly, (2.29) extends the special form
(2.28) that reflects bi-orthonormality and can be obtained through appropriate
scaling of the polynomial bases. For the developments in this section, it is insightful to take (2.29) as a starting point to explain the connection of bi-orthonormal
polynomial bases and asymmetry of the polynomial approximation problem.
Specifically, it will be shown that for general weights w1k 6= w2k , k = 1, . . . , m,
(2.29) cannot hold with ψj (ξ) = ϕj (ξ), j = 0, 1, . . . , n − 1. The following definition is used to formulate the main result.
Definition 2.17 Let nonzero ξk ∈ R and w1k , w2k ∈ R1×q , k = 1, . . . , m, be
given. For i, j = 0, 1, . . . , n − 1, with n < m, define
Sij =

m
X

k=1

(i+j)

ξk

T
T
· (w2k
w1k − w1k
w2k ) ∈ Rq×q .

(2.30)

T
w1k is symmetric for all k = 1, . . . , m, i.e.,
Remark 2.18 Evidently, if w2k
T
T
w2k w1k = w1k w2k , then Sij = 0 ∀ i, j = 0, 1, . . . , n − 1. A particular example
hereof is obtained when w1k , w2k ∈ R are scalar.

The following theorem forms the main result of this section and connects
T
asymmetry of the weights w2k
w1k to bi-orthonormal polynomials
Theorem 2.19 Let ξk ∈ R and w1k , w2k ∈ R1×q , k = 1, . . . , m, be given and
let W1 , W2 ∈ Rm×mq be defined in (2.16). Furthermore, let D ∈ Rnq×nq be
a diagonal matrix. Then, there exists a polynomial basis ϕj (ξ) ∈ Rq×q [ξ], j =
0, 1, . . . , n − 1 with corresponding matrix Φ defined in (2.14) such that
ΦT W2T W1 Φ = D

(2.31)

if and only if Sij = 0 ∀ i, j = 0, 1, . . . , n − 1.
Proof: A proof is provided in Appendix B.3.



T
Theorem 2.19 shows that i) for asymmetric weights w2k
w1k , k = 1, . . . , m,
two distinct polynomial bases are required in order to achieve bi-orthogonality
with respect to the general bi-linear form (2.22), whereas ii) for symmetric posT
itive definite weights w1k
w1k , as encountered in the inner product (2.24), it is
possible to achieve orthogonality with a single polynomial basis, since in that
case Sij = 0 ∀ i, j = 0, 1, . . . , n − 1, see Remark 2.18. In particular, the special
case of symmetric positive definite weights has been considered in Reichel et al.
(1991), Bultheel and Van Barel (1995), Faßbender (1997), Van Herpen et al.
(2012b), where orthonormal polynomials with respect to a data-dependent inner product have been introduced to accurately solve polynomial approximation
problems of the special type (2.10).
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Finally, attention is turned to the specific class of indefinite inner products,
see Fig. 2.1. From Lemma 2.11-(b) it follows that, while the bi-linear form (2.22)
T
T
H
is symmetric in this case, i.e., w2k
w1k = w1k
w2k , the matrices w2k
w1k , k =
1, . . . , m may be indefinite. Nevertheless, for this special sub-class of the general
bi-linear form it is possible to achieve the results in Thm. 2.14 and Thm. 2.15
using a single polynomial basis. Thereto, the definition of bi-orthonormality for
block-polynomials, see Def. 2.13, needs to be extended as follows.
Definition 2.20 Let ξk ∈ R and w1k , w2k ∈ R1×q , k = 1, . . . , m, be given.
T
T
Moreover, let w2k
w1k = w1k
w2k . Finally, let [[·, ·]] be defined in (2.25). Then,
q×q
ϕi (ξ) ∈ R [ξ], i = 0, 1, . . . , n are called orthonormal with respect to the indefinite inner product (2.22) if
[[ϕi (ξ), ψj (ξ)]] = δij Dij ,

(2.32)

where Dii = diag(±1, ±1, . . . , ±1) ∈ Rq×q .
In this definition of orthonormality for indefinite inner products, see also
Gohberg et al. (2005, Sect. 2.2), the righthand side of (2.32) accounts for the fact
H
that the matrices w2k
w1k , k = 1, . . . , m may be indefinite. Indeed, by exploiting
a polynomial basis that obeys the orthonormality condition in Def. 2.20, both
Thm. 2.14 and Thm. 2.15 hold using a single basis, irrespective of the indefinite
character of (2.22).
In conclusion, the asymmetry of the polynomial equality (2.1) is the key factor that demands for the use of two distinct polynomial bases. In the remainder
of this chapter, the construction of bi-orthonormal polynomial bases is considered in detail. As illustrated in Fig. 2.1, the general class of bi-linear forms covers
the (indefinite) inner products as a special case. Therefore, all theory developed
for bi-orthonormal polynomials with respect to a bi-linear form is directly applicable to (indefinite) inner products, although for these special sub-classes the
results can often be simplified by exploiting symmetry.

2.4

A theory for bi-orthonormal polynomials

In this section, fundamental properties of bi-orthonormal polynomials are investigated that enable their construction from given problem data. First, in
Sect. 2.4.1, the oblique projection associated with the polynomial equality (2.1)
is studied in more detail. Then, in Sect. 2.4.2, it is shown that this oblique projection is characterized by two Krylov subspaces. Subsequently, in Sect. 2.4.3,
it is discussed how bi-orthonormal vector-bases of these Krylov subspaces are
related to an inverse eigenvalue problem, in which a tri-diagonal matrix is constructed from a matrix containing the data of the polynomial approximation
problem. Finally, in Sect. 2.4.4, it is shown that using this tri-diagonal matrix,
three-term-recurrence relations can be derived that enable an efficient generation
of bi-orthonormal polynomial bases.
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K

L
Figure 2.2: Illustration of two different projections of (•) onto subspace K, viz.
orthogonal projection () and oblique projection (×) with residual orthogonal
to subspace L.
2.4.1

Properties of the oblique projection

In this section, properties of the oblique, i.e., non-orthogonal, projection (2.13)
are investigated. An oblique projection, see, e.g., Behrens and Scharf (1994,
Sect. 3), Meyer (2000, Sect. 5.15), Saad (2003, Sect. 5.2), is characterized by
two subspaces that define its range and null-space. In particular, it projects
a point in space onto the subspace K, along a line that is orthogonal to the
subspace L. In other words, the residual vector is orthogonal to L. Figure 2.2
shows an illustration. In the particular situation where the subspaces K and
L coincide, an orthogonal projection is obtained, since the residual vector is
orthogonal to the subspace K in that special case.
By rewriting the oblique projection (2.13) as

ΨH W2H (W1 Φ θ + W1 Φn θn ) = 0,
it follows that, in view of (2.19),

(2.33)

1. the vector −W1 Φn θn is projected onto the subspace K := span(W1 Φ) on
which the parameter vector θ operates, and
2. the residual (W1 Φ θ + W1 Φn θn ) is orthogonal to the subspace L :=
span(W2 Ψ).
Remark 2.21 The oblique projector is given by the mapping Pobl : −W1 Φn θn
7−→ W1 Φ θ, where, using (2.13),
Pobl = W1 Φ (ΨH W2H W1 Φ)−1 ΨH W2H .
2
Clearly, Pobl
= Pobl : the defining property of a projector.

(2.34)
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As motivated in Sect. 2.3.3, the central aspect that distinguishes the polynomial equality (2.1) from the special form (2.12) is its asymmetry. This asymmetry is also recognized in the oblique projector (2.34), as further motivated
next.
Lemma 2.22 A projector is orthogonal if and only if it is Hermitian.
Proof: A proof is given in Saad (2003, Sect. 1.12.3).



Clearly, in the special situation where W2 = W1 and Ψ = Φ, cf. Remark 2.6,
the orthogonal projector
Porth = W1 Φ (ΦH W1H W1 Φ)−1 ΦH W1H

(2.35)

is obtained, which is Hermitian indeed.
The results obtained in Sect. 2.3 can now be interpreted in terms of projections. The general polynomial equality (2.1) is associated with the oblique
projection (2.13), which is characterized by two distinct subspaces. To achieve
optimal numerical conditioning of (2.13), it is required to account for this explicitly, by formulating these subspaces in terms of two distinct bases. In contrast, least-squares polynomial approximation problems are associated with the
orthogonal projection (2.17), for which the subspaces K and L coincide. As a result, in this special case, it is possible to achieve optimal numerical conditioning
of (2.13) using a single basis.
In the next section, it is shown that the subspaces K and L defined above
are Krylov subspaces. First, however, the following simplifying assumption is
made.
Assumption 2.23 To facilitate the presentation, in the remainder of this chapter it is assumed that q = 1 and ξk , w1k , w2k ∈ R, k = 1, . . . , m.
T
T
Remark 2.24 Since q = 1 is assumed, it holds that w2k
w1k = w1k
w2k ∈ R,
k = 1, . . . , m. Hence, the bi-linear form (2.22) is symmetric and defines an
indefinite inner product, cf. Lemma 2.11-(b). As shown in Sect. 2.3.3, in this
case the main results in Thm. 2.14 and Thm. 2.15 can be attained through
the use of a single polynomial basis that is orthonormal with respect to this
indefinite inner product. Yet, as presented in Sect. 2.5.1, the theory for biorthonormal polynomials is also valuable in this situation, since it provides
the desired basis in a natural way. Note that the resulting projector Pobl =
W1 Φ (ΦT W2T W1 Φ)−1 ΦT W2T is symmetric, hence, in fact represents an orthogonal projection, see Lemma 2.22.

It is emphasized that an extension of the theory to block-polynomials, i.e.,
q > 1, as well as the use of complex-valued nodes ξk and weights w1k , w2k is
conceptually straightforward and follows along similar lines as presented here.
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2.4.2

Defining the oblique projection through Krylov subspaces

In this section, it is shown that the subspaces K and L that are defined in the
previous section are Krylov subspaces.
Definition 2.25 Saad (2003, Sect. 6.1), Golub and Van Loan (1989, Sect. 7.4.5)
The nth order Krylov subspace Kn (A, b) generated by A ∈ Cm×m and b ∈ Cm×1
is defined as
Kn (A, b) = span{b, Ab, A2 b, . . . , An−1 b}.
(2.36)
The following reformulation of the polynomial matrices in terms of the monomial basis is utilized in the forthcoming.
Remark 2.26 The polynomials ϕj (ξ), ψj (ξ), j = 0, 1, . . . , n − 1, in (2.4) can
be expressed as a linear combination of the monomial polynomials φmon,j (ξ) in
(2.6) as
j
X

ϕj (ξ) =

sjk φmon,k (ξ) ,

(2.37)

tjk φmon,k (ξ) ,

(2.38)

k=0
j
X

ψj (ξ) =

k=0

where sjk , tjk ∈ R, k = 0, . . . , j. Here, sjj , tjj are non-zero by assumption,
cf. Sect. 2.2.1. As a consequence, the matrices, Φ and Ψ in (2.14)–(2.15) can be
written as
Φ = V S,

(2.39)

Ψ = V T,

(2.40)

where V ∈ Rm×n is the Vandermonde matrix

1
1
V =
 ..
.
1

ξ1
ξ2
..
.
ξm

...
...
...



ξ1n−1
ξ2n−1 
.. 
,
.
n−1
ξm

and S, T ∈ Rn×n are invertible upper triangular matrices:



s0,0 s1,0 . . . sn−1,0
s1,1 . . . sn−1,1 

S =
.. 
..

,
.
.
sn−1,n−1

(2.41)



t0,0 t1,0 . . . tn−1,0
t1,1 . . . tn−1,1 

T =
.. 
..

.
.
.
tn−1,n−1

The following lemma presents the result of this section.

(2.42)
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Lemma 2.27 Let ξk ∈ R and w1k , w2k ∈ R, k = 1, . . . , m, be given. Define the
node matrix
X = diag(ξ1 , ξ2 , . . . , ξm ) ∈ Rm×m
(2.43)

and the weight vectors


T
W 1 = w11 w12 · · · w1m
∈ Rm×1 ,

T
W 2 = w21 w22 · · · w2m
∈ Rm×1 .

Furthermore, consider the Krylov basis vectors


K := W 1 XW 1 · · · X n−1 W 1 ∈ Rm×n ,


L := W 2 XW 2 · · · X n−1 W 2 ∈ Rm×n .

(2.44)

(2.45)
(2.46)

Next, consider the matrices Φ, Ψ defined in (2.14)–(2.15) and W1 , W2 defined
in (2.16). The subspaces span(W1 Φ) and span(W2 Ψ) are Krylov subspaces, viz.:
K := span(W1 Φ) = span{K},
L := span(W2 Ψ) = span{L}.

Proof: As a consequence of (2.39)–(2.40), where the matrices S and
invertible, span(W1 Φ) = span(W1 V ) and span(W2 Ψ) = span(W2 V ).
(2.43) and (2.44), it follows that


W1 V = W 1 XW 1 · · · X n−1 W 1 = K,


W2 V = W 2 XW 2 · · · X n−1 W 2 = L,
which yields (2.47)–(2.48).

(2.47)
(2.48)
T are
Using
(2.49)
(2.50)


Projection methods on Krylov subspaces have also been studied in, e.g.,
Hestenes and Stiefel (1952), Lanczos (1952), Saad (1982), Saad (2003, Chap. 67).
Remark 2.28 The Vandermonde matrix (2.41), which is an elementary Krylov
matrix, reflects the degree structure of the monomial basis in (2.6). This degree structure is retained for general bases ϕj (ξ) and ψj (ξ), since the coefficient
matrices S and T in (2.42) are upper triangular. Thus, K and L are Krylov
subspaces by definition, as formalized in Lemma 2.27.
Lemma 2.27 shows that for any choice of basis polynomials ϕj (ξ), ψj (ξ),
j = 0, 1, . . . , n − 1, the oblique projection (2.13) is characterized by the Krylov
subspaces K and L in (2.47)–(2.48), which define its range and null-space. When
the monomial basis (2.6) is used for both ϕj (ξ) and ψj (ξ), the Krylov subspaces
K and L are defined in terms of the bases K and L in (2.45)–(2.46). Since Φ
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and Ψ, see (2.14)–(2.15), are equal to the Vandermonde matrix V in this case,
(2.13) yields:
(LT K) θ = (V T W2T W1 V ) θ = V T W2T W1 Φn θn .

(2.51)

Typically, (2.51) is ill-conditioned, i.e., κ(LT K)  1. On the contrary, the use
of bi-orthonormal polynomial bases leads to optimal conditioning of the oblique
projection (2.13), as is established in Sect. 2.3. In the next section, it is shown
that the use of bi-orthonormal polynomials yields bi-orthonormal vector-bases
for the Krylov subspaces K and L.
2.4.3

On bi-orthonormal vector-bases for the Krylov subspaces —
Relations with an inverse eigenvalue problem

In this section, it is shown that the use of bi-orthonormal polynomials to formulate the oblique projection (2.13) yields bi-orthonormal vector-bases for the
Krylov subpsaces K, L. In turn, these Krylov bases connect to an inverse
eigenvalue problem for a tri-diagonal matrix that is used to derive three-termrecurrence relations for bi-orthonormal polynomials.
The following theorem connects bi–orthonormal polynomials with bi–orthonormal Krylov bases.
Theorem 2.29 Let ξk ∈ R and w1k , w2k ∈ R, k = 1, . . . , m, be given. In
addition, let ϕj (ξ), ψj (ξ) ∈ R[ξ], j = 0, 1, . . . , n − 1, be bi-orthonormal polynomials, Def. 2.13. Let S, T ∈ Rn×n be the associated coefficient matrices of these
polynomials, such that (2.39)–(2.40) hold. Now, define
K̃ := K S = W1 V S,

(2.52)

L̃ := L T = W2 V T,

(2.53)

where K, L is defined in (2.47)–(2.48), W1 , W2 is defined in (2.16) and V is
defined in (2.41). Then,
L̃T K̃ = I.
(2.54)
Proof: By virtue of Thm. 2.15 for bi-orthonormal polynomials, S and T are
such that:
L̃T K̃ = T T V T W2T W1 V S = ΨT W2T W1 Φ = I,
which proves the result.

(2.55)


Clearly, K̃ and L̃ constitute vector-bases for the Krylov subspaces K and L,
since S and T are invertible matrices, cf. Sect. 2.2.1. Moreover, as these vectorbases are bi-orthonormal, they provide optimal numerical conditioning of the
oblique projection (2.13). In fact, the bi-orthonormal basis polynomials ϕj (ξ)
and ψj (ξ) can be reconstructed from K̃ and L̃, as is confirmed in the following
lemma.
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Lemma 2.30 Consider the Krylov subspaces K = span(K) and L = span(L),
cf. (2.47)–(2.48) with (2.45)–(2.46). Let bi-orthonormal basis vectors K̃ and
L̃ for K and L be given, i.e., L̃T K̃ = I, cf. (2.54). Then, bi-orthonormal
polynomials ϕj (ξ), ψj (ξ), j = 0, 1, . . . , n − 1 with respect to (2.22) are given
by (2.4)–(2.5), where sj,k , tj,k , k = 0, 1, . . . , j, j = 0, 1, . . . , n − 1, are the
coefficients of S, T , see (2.42), where
S = (L̃T K)−1 ,
T

T = (K̃ L)

−1

.

(2.56)
(2.57)

Proof: Since L̃T K̃ = I, (2.56) follows after pre-multiplication of (2.52) with
L̃T . Similarly, (2.57) follows after pre-multiplication of (2.53) with K̃ T .

From Lemma 2.30, it follows that given bi-orthonormal Krylov vector bases K̃
and L̃, the coefficients of the bi-orthonormal polynomial bases can immediately
be computed.
Remark 2.31 The following normalization of the weight vectors W 1 and W 2
provides the first columns of K̃ and L̃:
.q
q T
|l1 k1 | = W 1
W T2 W 1 ,
(2.58)
k̃1 = k1
q

˜l1 = sign(lT k1 ) · l1
|l1T k1 |
(2.59)
1
.q
= sign(W T2 W 1 ) · W 2
|W T2 W 1 |,

Indeed, ˜l1T k̃1 = 1. It remains to construct the remaining vectors of K̃ and
L̃, for which several approaches can be pursued. A reliable algorithm for the
construction of bi-orthonormal polynomials is provided in Sect. 2.5.
The bi-orthonormal Krylov bases K̃, L̃ in (2.52)–(2.53) reflect the degree
structure of ϕj (ξ), ψj (ξ), j = 0, 1, . . . , n−1. As a result, these Krylov bases have
a remarkable connection with a well-studied matrix tri-diagonalization problem,
which forms the basis for the derivation of three-term-recurrence relations for
bi-orthonormal polynomials. The following lemmas are needed to formulate the
main result.
Lemma 2.32 Let X and W 1 , W 2 be defined in (2.43)–(2.44). Let K̃ and L̃
denote bi-orthonormal vector-bases, i.e., L̃T K̃ = I, which span the subspaces K
and L in (2.47)–(2.48), respectively, where k̃1 , ˜l1 are defined in (2.58)–(2.59).
Then,
L̃T X K̃ = H1 ,
(2.60)
where H1 denotes an upper Hessenberg matrix.
Proof: A proof is provided in Appendix B.3.
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In analogy to Lemma 2.32, the following result holds.

Lemma 2.33 Let X and W 1 , W 2 be defined in (2.43)–(2.44). Let K̃, L̃ denote
bi-orthonormal vector-bases that span K, L in (2.47)–(2.48), respectively, with
k̃1 , ˜l1 defined in (2.58)–(2.59). Then,
K̃ T X L̃ = H2 ,

(2.61)

where H2 denotes an upper Hessenberg matrix.
Proof: A proof is provided in Appendix B.3.



Together, Lemma 2.32 and Lemma 2.33 provide the basis to formulate the
following theorem, which relates bi-orthonormal Krylov bases vectors with a
matrix tri-diagonalization problem. For the following result, assume that n = m,
with m the number of nodes in (2.1), such that the Krylov subspaces K and L
in (2.47)–(2.48) span Rm×m .
Theorem 2.34 Let X and W 1 , W 2 be defined in (2.43)–(2.44). Let K̃, L̃ denote
bi-orthonormal vector-bases that span K, L in (2.47)–(2.48), respectively, with
k̃1 , ˜l1 defined in (2.58)–(2.59). Then, the pair K̃, L̃ = K̃ −T induces a similarity
transformation, which transforms an initial node-weight matrix into tri-diagonal
form as follows:


#

"

0
β0 0 1,m−1
T 
0
W
1
1
2
,
(2.62)
=
γ0
T
L̃T
K̃
W1 X
0 m−1,1
where

H1 =

H2T



α1
 γ1


= 



β1
α2
γ2

β2
..
.
..
.

..

.

γm−1

Proof: A proof is provided in Appendix B.3.


βm−1
αm



 := T .



(2.63)



Note that Thm. 2.34 provides a proof of the Lanczos algorithm (Lanczos,
1952), which converts a possibly non-symmetric matrix into a tri-diagonal matrix
under similarity. In turn, Lanczos algorithm can be considered as a special
variant of the conjugate-gradient method (Hestenes and Stiefel, 1952). Matrix
tri-diagonalization is also studied in Wilkinson (1965, Chap. 6, Sect. 35–41),
Saad (2003, Prop. 7.1).
Remark 2.35 It is emphasized that the transformation to tri-diagonal form is
possible by virtue of the fact that all nodes are taken on the real line, i.e., the node
matrix X in (2.62) is symmetric. For general ξk ∈ C, k = 1, . . . , m, the matrix
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X is non-Hermitian, which demands for the computation of the two individual
Hessenberg matrices H1 and H2 in (2.60) and (2.61) in order to construct biorthonormal polynomials.
The inverse eigenvalue problem for the tri-diagonal matrix T in (2.62) enables
the derivation of three-term-recurrence relations for bi-orthonormal polynomials,
as shown next.
2.4.4 Three-term-recurrence relations for bi-orthonormal polynomials
In this section, three-term-recurrence relations for the bi-orthonormal polynomials ϕj (ξ), ψj (ξ), j = 0, 1, . . . , n − 1, are derived. First, it is shown that the
eigenvalue decomposition (2.62) enables the derivation of three-term-recurrence
relations for the columns of the orthonormal Krylov bases K̃ and L̃, see also
Saad (1982).
Lemma 2.36 Let X and W 1 , W 2 be defined in (2.43)–(2.44). Let K̃ and L̃
denote bi-orthonormal vector-bases, i.e., L̃T K̃ = I, which span the subspaces
K, L ∈ Rm×m in (2.47)–(2.48), respectively, where k̃1 , ˜l1 are defined in (2.58)–
(2.59). Consider the eigenvalue decomposition (2.62). The columns of the matrices K̃ and L̃ satisfy the following three-term-recurrence relations:
1
((X − αj ) k̃j − βj−1 k̃j−1 ),
γj
1
((X − αj ) ˜lj − γj−1 ˜lj−1 ).
=
βj

k̃j+1 =

(2.64)

˜lj+1

(2.65)

Proof: A proof is provided in Appendix B.3.



The three-term-recurrence relations derived above are initialized with k̃1 and
˜l1 in (2.58)–(2.59) and k̃0 := 0, ˜l0 := 0. Using recurrence relations as a basis to
build up the columns of K̃ and L̃ facilitates numerically reliable implementations,
as will be elucidated further in Sect. 2.5.
As shown in the beginning of this section, there exist explicit relations between the bi-orthonormal Krylov bases K̃ and L̃ and the bi-orthonormal polynomials ϕj (ξ), ψj (ξ), j = 0, . . . , n−1. This is confirmed in the following theorem, in
which exist three-term-recursion relations for bi-orthonormal polynomials similar
to the ones in Lemma 2.36 are derived.
Theorem 2.37 Let X and W 1 , W 2 be defined in (2.43)–(2.44). Consider the
eigenvalue decomposition (2.62). Bi-orthonormal polynomials ϕj (ξ), ψj (ξ), j =
0, . . . , n − 1 with respect to the bi-linear form (2.13) for the considered nodes and
weights satisfy the following three-term-recurrence relations:

2.5 An algorithm for the computation of bi-orthonormal polynomials
1
((ξ − αj )ϕj−1 (ξ) − βj−1 ϕj−2 (ξ)),
γj
1
((ξ − αj )ψj−1 (ξ) − γj−1 ψj−2 (ξ)).
ψj (ξ) =
βj

ϕj (ξ) =

Proof: A proof is provided in Appendix B.3.
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(2.66)
(2.67)


Three-term-recurrence relations for bi-orthonormal polynomials are also studied in, e.g., Gutknecht (1994), Forrester and Witte (2006).
Given the recursion coefficients that form the tri-diagonal matrix T in (2.63),
the recurrence relations (2.66)–(2.67) enable the efficient construction of ϕj (ξ),
ψj (ξ), j = 0, 1, . . . , n − 1. Hence, the essence of constructing bi-orthonormal
polynomial bases is a numerically accurate and efficient algorithm for the solution
of the inverse eigenvalue problem (2.62). Such algorithm will be derived in the
next section.

2.5

An implementation of an algorithm for the computation of bi-orthonormal polynomials

In this section, a numerically reliable algorithm is developed for the solution
of the inverse eigenvalue problem (2.62). The tri-diagonal matrix in (2.62)
provides the recursion coefficients that enable an efficient construction of biorthonormal polynomials through the use of three-term-recurrence relations.
First, in Sect. 2.5.1, a decomposition into a special tri-diagonal form is considered. Then, in Sect. 2.5.2, details of a concrete algorithm for tri-diagonalization
are provided, which forms a generalization of the so-called ‘chasing down the
diagonal’ approach as developed in Reichel et al. (1991), Van Barel and Bultheel
(1995), and Van Herpen et al. (2012b). In Appendix B.2, advantages over alternative algorithms for matrix tri-diagonalization are briefly stated.
2.5.1

Special tri–diagonalization — Connections with orthonormal
polynomials with respect to an indefinite inner product

The tri-diagonal decomposition (2.62) is non-unique, which reflects itself in the
fact that bi-orthogonal pairs k̃j , ˜lj , j = 0, 1, . . . , m can be scaled arbitrarily to
obtain ˜ljT k̃j = 1. It will be shown that it is possible to obtain a special tridiagonal matrix Ts that i) has positive sub-diagonal elements, and ii) has superdiagonal elements that are equal in magnitude to the sub-diagonal elements,
but can have opposite sign, see also Saad (1982, p. 487). For this special tridiagonal decomposition (2.62), the bi-orthonormal polynomial bases have special
properties, as explained next.
Lemma 2.38 Consider the similarity transformation (2.62). Let γj > 0, j =
0, 1, . . . , m − 1. In addition, let |βj | = γj , i.e., βj = ±γj , j = 0, 1, . . . , m − 1. As
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a consequence, the tri-diagonal matrix Ts takes the special form


α1

 γ1

Ts = 



±γ1
α2
γ2

±γ2
α3
..
.

..
.
..
.
γk−1

±γk−1
αk



.



(2.68)

Now, let bi-orthonormal polynomials ϕi (ξ), ψj (ξ), i, j = 0, 1, . . . , n − 1 be
constructed using (2.66)–(2.67), with initialization (B.39)–(B.40). Then, the
polynomial bases only differ with respect to their sign, i.e.,
ψj (ξ) = ± ϕj (ξ)

∀ j = 0, 1, . . . , n − 1.

Proof: A proof is provided in Appendix B.3.

(2.69)


By virtue of Lemma 2.38, when using recursion coefficients obtained from
the special tri-diagonal form (2.68), the bi-orthonormal polynomial bases have
remarkable properties. The following theorem presents the result.
Theorem 2.39 Consider the similarity transformation (2.62), where the tridiagonal matrix takes the special form Ts in (2.68), i.e., βj = ±γj , j = 0, 1, . . . ,
n − 1. Let bi-orthonormal polynomial bases ϕi , ψj , i, j = 0, 1, . . . , n − 1 be generated using the three-term-recurrence relations (2.66)–(2.67). Then, the individual polynomial basis ϕi (ξ), i = 0, 1, . . . , n − 1, as well as the polynomial basis
ψj (ξ), j = 0, 1, . . . , n − 1, is orthonormal with respect to the data-dependent indefinite inner product (2.22).
Proof: A proof is provided in Appendix B.3.



Theorem 2.39 implies that, in the situation where the general bi-linear form
(2.22) reduces to an indefinite inner product, a polynomial basis that is orthonormal with respect to this indefinite inner product1 is obtained immediately
by pursuing the theory for the construction of bi-orthonormal polynomial bases,
which puts Remark 2.24 in perspective. The next section provides an algorithm
to construct the form (2.68).
2.5.2

Chasing down the diagonal

In this section, a numerically reliable algorithm is developed that solves the
decomposition (2.62) for the special tri-diagonal form (2.68). This algorithm
follows the rationale of ‘chasing down the diagonal’, pursued in Rutishauser
(1963), Reichel et al. (1991), Van Barel and Bultheel (1995), and Van Herpen
1 This polynomial basis is a regular orthogonalization of the considered polynomial space in
the sense of Gohberg et al. (2005, Sect. 3.1).
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et al. (2012b). In particular, new node-weights triples are added to the problem
one by one, after which the intermediate result is converted into a tri-diagonal
matrix of appropriate size. By doing so, i) the underlying structure of the
problem can easily be exploited, and ii) numerical round-off errors can be kept
to a minimum. The main steps of the algorithm are as follows.

Algorithm 2.40 (Chasing down the diagonal) Set all parameters of the generic tri-diagonal form (2.63) to zero, i.e., αj = 0 and βj−1 = γj−1 = 0 ∀
j = 1, 2, . . . , m.
Initialization: Define the initial tri-diagonal matrix, based on the node ξ1 and
weights w11 , w12 , as


p

 
β1
sign(w11 w21 ) |w11 w21 |
.
= p
α1
|w11 w21 |
ξ1

γ1

(2.70)

Addition of new node-weights triple: Starting with k = 1, consider the k th tridiagonal matrix, appended with the (k + 1)th node-weights triple (ξk , w1k , w2k ):



w1k
 γ
 0
S0 = 





w2k ±γ0
ξk
α1 ± γ1
γ1 α2 ± γ2
γ2 α3 . . .
.. ..
. ± γk−1
.
γk−1 αk







.





(2.71)

The following two steps are taken to zero the indicated elements that violate the
structure of a tri-diagonal matrix under similarity.
• Step 1:
Re-scaling of the new weights, to introduce symmetry up to minus signs. Let
ς1 = sign(w1k ), and define




1


P0 =


s
ς1 ·

w2k
w1k
Ik





1



, Q0 =



s
ς1 ·

w1k
w2k
Ik


.


(2.72)

Then,
S1 = P0T S0 Q0 =

(2.73)
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p
 |w1k w2k |


γ0







±

p
|w1k w2k | ±γ0



Ê

ξk

Ë

α1 ± γ1
γ1
α2 ± γ2
γ2
α3 . . .
..
..
.
. ±γ

k−1

γk−1

αk






.





• Step 2:
Chasing the bulge elements down the diagonal, where the indicated window Ê,
Ë, . . . is shifted down along the main diagonal. Let window j be updated as
follows:
 0
αj−1

ν
PjT 
 π


 0
0
αj−1 βj−1
µ ρ
0
0


λ σ
Qj =  γj−1 αj


τ αj
βj
ν
γj αj+1
π



ρ 
µ
,
λ
σ 
τ αj+1

(2.74)

where the similarity transformation matrices Pj , Qj ∈ R4×4 , for which holds that
PjT Qj = I, are given by




1

1

 ς·

Pj = 
 ς·

p

µ
0
γj−1
ρ
0
γj−1

ς·
ς·

π
0
γj−1
−ν
0
γj−1

1





, Qj =



ν
0
γj−1
π
0
γj−1

ρ
0
γj−1
−µ
0
γj−1

1



,


(2.75)

0
with γj−1
= |πρ + νµ| and ς = sign(πρ + νµ). It can easily be verified that
0
0
this choice for Pj and Qj yields 0 < γj−1
= ±βj−1
, as well as µ = ±ν and
ρ = ±π.


Remark 2.41 Since the goal is to bring the initial matrix S0 in (2.71) back to
tri-diagonal form, there is only an interest in updating the variables {αj+1 , βj , γj ,
0
j = 0, 1, . . . k − 1} to the variables {αj+1
, βj0 , γj0 , j = 0, 1, . . . k}. The variables
λ, µ, ν, π, ρ, σ, and τ are mere intermediate variables.
It is emphasized that generalizations of Alg. 2.40 for the situation where
ξk ∈ C, w1k , w2k ∈ C1×q , k = 1, . . . , m, with q > 1, can be achieved and
conceptually follow the same philosophy as presented above.
Remark 2.42 Note that in the special situation where w2k = w1k for all k =
1, . . . , m, i.e., (2.22) defines a conventional inner product, all matrices in (2.75)
are symmetric. In particular, since π = ρ > 0 and ν = µ > 0 in that case, Pj
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and Qj coincide and define the Givens reflector


1



Pj = Qj = 


√ 2µ 2
π +µ
√ 2π 2
π +µ

√ 2π 2
π +µ
√ −2 µ 2
π +µ





,


(2.76)

1

In this special case, Alg. 2.40 reduces to the algorithm presented in Rutishauser
(1963), Gragg and Harrod (1984), which transforms a symmetric node-weights
matrix into Jacobi form under unitary similarity. Indeed, that algorithm is advocated for its outstanding numerical properties. For the general case, however,
the similarity transformation matrices Pj and Qj are not unitary, although
det(Pj ) = det(Qj ) = 1, except for the scaling transformation P0 , Q0 . A full
analysis of the error propagation of Alg. 2.40 is beyond the scope of the present
chapter.
In Appendix B.2, alternative pre-existing algorithms for matrix tri–diagonalization are investigated. There, it is motivated that these pre-existing algorithms in general suffer from numerical instability, which typically is circumvented at the cost of inefficiency. This provides support for the development of
Alg. 2.40, which constitutes a natural generalization of the ‘chasing down the
diagonal’ rationale, with advantageous numerical properties. In the next section, this algorithm is used to illustrate the main contributions of this chapter
by means of a numerical example.

2.6

Numerical example

In this section, the main result of this chapter is illustrated by a simulation
example. For an additional example, see Van Herpen et al. (2012a).
2.6.1

Problem setup

(ξ)
A 6th order true system Po (ξ) = ndoo(ξ)
is considered, where no (ξ), do (ξ) ∈ R[ξ].
To facilitate the exposition, the true numerator no (ξ) is assumed to be known.
Hence, the model P̂ (ξ, θ) can be parameterized as

P̂ (ξ, θ) =

no (ξ)
,
d(ξ, θ)

d(ξ, θ) =

6
X

ϕj (ξ) θj ,

(2.77)

j=0

with ϕj (ξ) ∈ R[ξ] a scalar degree j real polynomial basis function and θj ∈ R
the corresponding coefficient.
Measurements Po (ξk ), k = 1, . . . , 190 are taken that are contaminated by
noise, see Fig. 2.3. The goal is to compute the optimal parameter vector
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Figure 2.3: Noisy measurements Po (ξk ), k = 1, . . . , 190, of the true system.
θ? = arg min
θ

2.6.2

190
X

k=1

|Po (ξk ) − P̂ (ξk , θ)|2 .

(2.78)

System identification algorithm

In accordance with Alg. B.3, to ensure that an optimum of (2.78) is attained,
the polynomial equality
m
H
X
∂g(ξk , θ)
H
w2k
(w1k f (ξk , θ) − hk ) = 0 ,
∂θT

(2.79)

k=1

where

f (ξ, θhii ) = g(ξ, θhii ) = d(ξ, θhii ),
w1k =

Po (ξk )
,
d(ξk , θhi−1i )

P̂ (ξk , θhi−1i )
,
d(ξk , θhi−1i )
no (ξk )
hk =
,
d(ξk , θhi−1i )

w2k =

(2.80)
(2.81)
(2.82)
(2.83)

is solved iteratively, with P̂ (ξ, θhi−1i ) available in iteration i. In the remainder of
this section, i = 1 is considered. Associated with (2.79) is the oblique projection
(ΨT W2 W1 Φ) θhii = ΨT W2 h,
where h = [h1 h2 . . . hm ]T , see Sect. 2.2.2 for details.

(2.84)
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Figure 2.4: Monte Carlo simulation of relative error propagation using the monomial basis (dots). The worst-case error propagation is indicated with the dashed
line. The solid line indicates the relative error propagation factor 1 that is
achieved using bi-orthonormal polynomial bases.
2.6.3

Exploiting freedom in the selection of polynomial bases

The selection of appropriate polynomial bases is a key step towards the computation of an accurate solution to (2.84). When using the monomial basis (2.6),
i.e., ϕj (ξ) = ψj (ξ) = φmon,j (ξ), j = 0, 1, . . . , 6, the condition number is
κ(ΦTmon W2T W1 Φmon ) = 4.35 · 1011 .

(2.85)

In the next section, it is shown that the bad conditioning of (2.84) leads to inaccurate models. This is resolved effectively using the results presented in this
chapter. Using Alg. 2.40, the freedom in selection of bases is exploited by constructing polynomial bases ϕj (ξ), ψj (ξ), j = 0, 1, . . . , 6 that are bi-orthonormal
with respect to the bi-linear form (2.22), with w1k , w2k in (2.81)–(2.82). Indeed, the main result in Thm. 2.15 is confirmed, as the use of bi-orthonormal
polynomials leads to optimal numerical conditioning of (2.84), viz.
κ(ΨT W2T W1 Φ) = 1.00.
2.6.4

(2.86)

Illustration of the propagation of rounding errors

Next, the hazards of poor numerical conditioning in system identification are
illustrated. For convenience, (2.84) is rewritten as
A θ = b,

(2.87)

where A = (ΨT W2 W1 Φ) and b = ΨT W2 h. Typically, (2.87) is solved using
QR-factorization. To investigate the sensitivity to rounding errors, random perturbations db are added to the righthand side, whereafter resulting perturbations dθ of the parameter vector are investigated. In accordance with Golub and
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(a) Formulating oblique projection
using monomial basis polynomials.

(b) Formulating oblique projection
in bi-orthonormal polynomial bases.

Figure 2.5: Nominal model P̂ (ξ, θ) (dashed) and cloud of models resulting from
random perturbations of the righthand side of the oblique projection.

Van Loan (1989, Thm. 5.3.1.), the following bound on the worst-case relative
error propagation can be derived:
kdθk2
≤
kθk2

1 kAθk2
kdbk2
·
σ(A) kθk2
kbk2
|
{z
}

≤ κ(A) ·

kdbk2
.
kbk2

(2.88)

worst−case amplification for a particular nominal solution θ
1 kAθk2
When formulating (2.84) using monomial basis polynomials, σ(A)
kθk2 = 4.43 ·
6
10 . Indeed, in Fig. 2.4 it is shown that relatively small perturbations, for example due to round-off errors during QR-factorization, might lead to significant
perturbations in the parameter vector. This is confirmed in Fig. 2.5-(a), where
a non-negligible difference of the resulting model estimate is obtained by small
random perturbations of b. In contrast, when bi-orthonormal polynomial bases
are used to formulate (2.84), then κ(A) = 1. As a consequence, perturbations
in b are not amplified, which leads to a large improvement in model accuracy,
see Fig. 2.5-(b).
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Conclusions

This chapter develops a new polynomial theory for a general class of polynomial equalities that are asymmetric and indefinite in nature. A typical application domain where this type of equality plays an important role involves
frequency-domain instrumental variable type system identification algorithms.
In this chapter, it is shown that to account for the asymmetry of the relevant
polynomial equality, it is needed to introduce two distinct polynomial bases:
one for the model and one for the instrument. By selecting polynomial bases
that are bi-orthonormal with respect to a data-dependent bi-linear form, i) the
optimal approximant of a certain degree is equal to a scaled version of the right
basis polynomial of corresponding degree, which has as an immediate effect that
ii) the linear system of equations that results after substitution of the polynomial
bases has optimal numerical conditioning.
It is emphasized that the obtained result is in stark contrast with classical
approaches, where, due to the use of one single classical polynomial basis such
as the monomial basis, Chebyshev basis, etc., a severely ill-conditioned linear
system of equations is obtained, which prevents the computation of an accurate
solution.
In this chapter, it is shown that the desired bi-orthonormal polynomial bases
satisfy three-term-recurrence relations that enable their efficient construction.
Hereto, the recurrence coefficients need to be determined, which essentially requires the solution of a matrix tri-diagonalization problem. This chapter presents
an efficient and reliable algorithm for the computation of bi-orthonormal polynomials for real-valued data. Using this algorithm, a simplified system identification example has been used to demonstrate that bi-orthonormal polynomials
lead to optimal numerical conditioning of the considered class of polynomial
equalities indeed.

Chapter 3

Optimally Conditioned Instrumental
Variable Approach for
Frequency-Domain Identification
3.1

Introduction

Frequency-domain system identification (Pintelon and Schoukens, 2001), (McKelvey, 2002) is of significant importance for a broad class of applications, since
it enables i) straightforward data reduction, ii) straightforward combination of
multiple data sets, iii) direct estimation and use of nonparametric noise models,
and iv) a direct connection to control-relevant identification criteria.
Common parametric identification techniques based on frequency-domain
data involve a nonlinear least-squares problem. Here, the nonlinearity arises
from the parametrization of the poles in the denominator polynomial. In Levy
(1959), the nonlinear problem is approximated using a single linear least-squares
problem. However, this introduces an a priori unknown weighting function.
The SK-algorithm (Sanathanan and Koerner, 1963) mitigates the effect of such
weighting through iterations. In Bayard (1994), De Callafon et al. (1996), the
SK-algorithm is generalized to multivariable systems. Nevertheless, two aspects
require further attention.
On the one hand, frequency-domain identification problems are typically numerically ill-conditioned. Several partial solutions exist, including i) frequency
scaling (Pintelon and Kollár, 2005), ii) amplitude scaling (Hakvoort and Van den
This chapter has been submitted for journal publication as: R. van Herpen, T. Oomen,
M. Steinbuch, “Optimally Conditioned Instrumental Variable Approach for Frequency–Domain
System Identification”. Early results are presented in: R. van Herpen, T. Oomen, O. Bosgra,
“Bi-Orthonormal Basis Functions for Improved Frequency-Domain System Identification”,
Proc. 51st IEEE Conference on Decision and Control, Maui, HI, USA, pp. 3451–3456, 2012.
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Hof, 1994), and iii) the use of orthonormal polynomials and orthonormal rational functions with respect to a continuous inner product, see, e.g., Heuberger
et al. (2005) and Ninness and Hjalmarsson (2001) for a connection with numerical properties. These approaches confirm that ill-conditioning is a serious aspect
in system identification applications and, typically, they improve numerical conditioning. However, these partial solutions may be insufficient to reliably solve
complex frequency-domain identification problems. Therefore, in Van Herpen
et al. (2012b), an approach is presented that leads to optimal numerical conditioning of the SK-algorithm by using polynomials that are orthonormal with
respect to a data-based discrete inner product, see Reichel et al. (1991) and
Van Barel and Bultheel (1995) for a definition and earlier results.
On the other hand, the fixed point of the SK-algorithm generally does not
correspond to a (local) minimum of the nonlinear least-squares criterion, as
shown in Whitfield (1987). Consequently, the SK-algorithm is typically used
as an initialization for subsequent Gauss-Newton iterations, see, e.g., Bayard
(1994), which guarantees convergence to a (local) minimum.
Recently, in Douma (2006, Sect. 3.5.3 and 3.5.8), an alternative frequencydomain identification algorithm has been formulated, in which a fixed point of
the iterations corresponds to an optimum of the objective function. This algorithm, which takes the form of an instrumental variable method, has been
extended towards multivariable systems in Blom and Van den Hof (2010). The
new algorithm renders a Gauss-Newton iteration superfluous, enabling an increase of algorithm efficiency.
Although the result in Douma (2006) and Blom and Van den Hof (2010) potentially reduces the number of iterations in frequency-domain identification, a
direct implementation of the algorithm exhibits poor numerical properties. This
is further supported in this chapter, both by means of a theoretical analysis and
a numerical example. In fact, the condition numbers associated with the algorithm are quadratically larger than for the standard SK-itertions. This obstructs
a reliable and accurate computation of the optimal model. In addition, the approach in Reichel et al. (1991), Van Barel and Bultheel (1995), Van Herpen
et al. (2012b) for optimal conditioning of the SK-iterations does not apply to
the algorithm in Blom and Van den Hof (2010) due to the lack of an appropriate
inner product.
The main contribution of this chapter is a new framework for frequencydomain system identification based on a nonlinear least-squares criterion, which
i) provides advantageous convergence properties, and ii) ensures optimal numerical conditioning (κ = 1). Essentially, the proposed solution exploits the
results in Blom and Van den Hof (2010), while providing optimal numerical conditioning in the spirit of Reichel et al. (1991), Van Barel and Bultheel (1995),
Van Herpen et al. (2012b), albeit through a fundamentally different mechanism.
In particular, the new algorithm relies on the introduction of bi-orthonormal
polynomial bases in system identification. Recently, in Welsh and Goodwin
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(2003) and Gilson et al. (2013), the need for enhancement of numerical conditioning in frequency-domain instrumental variable identification has been confirmed
and some enhancements have been obtained by using an alternative polynomial basis. The approach in this chapter reformulates the instrumental-variable
algorithm using bi-orthonormal polynomials with respect to a data-dependent
bi-linear form, which leads to optimal numerical conditioning, i.e., κ = 1. The
following specific contributions are presented in this chapter.
(C1) The numerical conditioning that is associated with the linear system of
equations of the algorithm in Blom and Van den Hof (2010) is quadratically larger than the condition numbers encountered in the standard SKiterations (Sanathanan and Koerner, 1963), (Bayard, 1994), (De Callafon
et al., 1996), as is shown both theoretically and by means of a numerical
example.
(C2) The algorithm in Blom and Van den Hof (2010) has the interpretation of
an instrumental variable method. Generally, such method admits a transformation of instruments (Söderström and Stoica, 1983). This freedom is
exploited to formulate the algorithm in two distinct polynomial bases: one
for the model and one for the instrument.
(C3) Optimal numerical conditioning is achieved by selecting polynomial bases
that are bi-orthonormal with respect to a data-dependent bi-linear form.
This bi-linear form accounts for the asymmetric and indefinite character
of instrumental variable problems. As a special case, the bi-orthonormal
polynomial bases include the orthonormal polynomials with respect to a
data-based discrete inner product in Reichel et al. (1991), Van Barel and
Bultheel (1995), Van Herpen et al. (2012b).
(C4) Identification of a rational transfer function requires modeling of a numerator and denominator polynomial. Thus, this chapter considers a 2 × 1
vector-polynomial, which is developed in terms of a 2 × 2 block-polynomial
basis. The construction of bi-orthonormal block-polynomials from given
frequency response data is presented for continuous-time systems. It is
shown that an efficient construction using three-term-recurrence relations
is possible, where the recursion coefficients are obtained from a matrix 2×2
block-tridiagonalization problem.
(C5) Superiority of the proposed algorithm is shown by means of a simulation
example and is experimentally validated on an industrial motion system.
This chapter extends the results in Van Herpen et al. (2012a) and Chap. 2,
in which optimal conditioning of asymmetric polynomial equalities using biorthonormal polynomials is introduced, by i) explicitly connecting bi-orthonormal
polynomials with instrumental variable identification (C2–C3), and ii) extend-
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ing the construction of scalar bi-orthormal polynomials towards 2 × 2 blockpolynomials (C4). The latter result facilitates the estimation of a numeratordenominator vector-polynomial, which enables a confrontation of the proposed
method with real frequency response data (C5). On the other hand, a complementary, more detailed exposition of the theory of bi-orthonormal polynomials
is provided in Chap. 2.
This chapter is organized as follows. In Sect. 3.2, the frequency-domain
identification problem is posed and two iterative algorithms are compared with
respect to their convergence properties. In Sect. 3.3, the numerical properties
of both algorithms are evaluated, motivating the need for enhancement of numerical conditioning (C1). Then, in Sect. 3.4, bi-orthonormal polynomials are
introduced in frequency-domain system identification, which provides optimal
numerical conditioning (C2–C3). Subsequently, in Sect. 3.5, the construction of
bi-orthonormal polynomials using three-term-recurrence relations is presented
(C4). In Sect. 3.6, an experimental validation of the benefits of the new algorithm for frequency-domain system identification is provided (C5). Conclusions
are drawn in Sect. 3.7.
Notation:
Throughout this chapter, ξ represents either s = ω or z = eω ,
√
 = −1, where ω ∈ R denotes a frequency. Moreover, Rp×q [ξ] denotes a p × q
matrix of real polynomials in ξ.
Scope: To facilitate the exposition, attention is restricted to identification of
SISO systems. Moreover, in the second part of the chapter, where the construction of bi-orthonormal block-polynomial bases is presented, attention is
restricted to polynomials in the s-domain. Generalizations towards multivariable systems, as well as the construction of bi-orthornormal block-polynomial
bases in the z-domain, follow along similar lines.

3.2
3.2.1

Iterative frequency-domain identification algorithms
Identification criterion
min V(θ)

In this chapter, the frequency-domain identification problem

θ

considered, where
V(θ) :=

m
X

k=1

W (ξk ) (Po (ξk ) − P̂ (ξk , θ))

2

.

is

(3.1)

In (3.1), Po (ξk ), k = 1, . . . , m, are measurements of the true system. In addition, P̂ (ξ, θ) denotes the parametric model to be estimated. The weighting
function W (ξk ) enables a variety of system identification criteria, cf. Pintelon
et al. (1994) for an overview. Common choices are maximum-likelihood identification (Pintelon and Schoukens, 1990), (McKelvey, 2002) and control-relevant
identification (Gevers, 1993), see also Oomen and Bosgra (2008, Sect. VI).

3.2 Iterative frequency-domain identification algorithms
3.2.2
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Model parametrization

The model parametrization that is considered in this chapter is
P̂ (ξ, θ) =

n(ξ, θ)
,
d(ξ, θ)

(3.2)

where n(ξ, θ), d(ξ, θ) ∈ R[ξ]. The numerator and denominator polynomial are
formulated as a degree n vector-polynomial

 X
n
d(ξ, θ)
=
ϕj (ξ) θj , θ = [θ0T θ1T · · · θnT ]T.
(3.3)
n(ξ, θ)
j=0

Here, θj ∈ R2×1 and ϕj (ξ) ∈ R2×2 [ξ] is of strict degree j, i.e.,
ϕj (ξ) = ξ j · sjj + . . . + ξ · sj1 + sj0 ,

(3.4)

where sj0 , sj1 , . . . , sjj ∈ R2×2 and sjj is assumed upper triangular and invertible.
In system identification, it is common to let θn in (3.3) be determined by a
degree constraint, see also De Moor et al. (1994).
Assumption 3.1 In this chapter, it is assumed that i) P̂ (ξ, θ) is strictly proper
and ii) d(ξ, θ) is monic. Hence, by virtue of (3.4),
θn = s−1
nn [1

0 ]T.

(3.5)

Example 3.2 A common polynomial basis is the monomial basis ϕmon
(ξ) =
j
ξ j · I2 . For this basis, (3.3) corresponds to


 
   
d(ξ, θ)
θn1
θ
θ
n
=ξ ·
+ · · · + ξ · 11 + 01 ,
(3.6)
n(ξ, θ)
θn2
θ12
θ02
where, as a consequence of Assumption 3.1, θn = [1

0 ]T .

Due to the model parametrization (3.2)–(3.3), criterion (3.1) is typically nonconvex. In the next sections, two iterative algorithms for the minimization of
(3.1) are investigated.
3.2.3

Traditional iterative algorithm

In this section, the SK-algorithm (Sanathanan and Koerner, 1963) is recapitulated. Observe that (3.1) is equivalent to

 2
m
X
W (ξk )
d(ξk , θ)
[Po (ξk ) − 1]
.
(3.7)
V(θ) =
n(ξk , θ)
d(ξk , θ)
k=1

The rationale that motivates the SK-algorithm is that V(θ) is convex in θ if
W (ξk )
d(ξk ,θ) is given.
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Algorithm 1 (SK-iteration) Let θh0i be given. In iteration i = 1, 2, . . .,
determine the least-squares solution to

 2
m
X
W (ξk )
d(ξk , θhii )
.
(3.8)
[P
(ξ
)
−
1]
min
o k
n(ξk , θhii )
d(ξk , θhi−1i )
θ hii
k=1

By inserting (3.3), it follows that (3.8) can be recast as the linear least-squares
problem
min W1 Φ ϑhii − bn
ϑhii

where


w11

w12
W1 = 
..


.


w1m


, w1k =

2

,

(3.9)

W (ξk )
[Po (ξk ) − 1],
d(ξk , θhi−1i )


ϕ0 (ξ1 ) ϕ1 (ξ1 ) · · · ϕn−1 (ξ1 )
 ϕ0 (ξ2 ) ϕ1 (ξ2 ) · · · ϕn−1 (ξ2 ) 


Φ= .
,
..
..
 ..

.
.
ϕ0 (ξm ) ϕ1 (ξm ) · · · ϕn−1 (ξm )

T
hii T hii T
hii T
hii
ϑ = θ0
θ1
· · · θn−1 ,
and

2




ϕn (ξ1 )
 ϕn (ξ2 ) 


Φn =  .  ,
 .. 

(3.10)

(3.11)

ϕn (ξm )

bn = −W1 Φn θnhii .

(3.12)

(3.13)

Note that in (3.9), the vector bn is determined by the imposed degree constraint,
cf. Assumption 3.1.
Remark 3.3 Associated with (3.9) is an orthogonal projection that is defined
through the normal equations
(ΦH W1H W1 Φ) θhii = ΦH W1H bn .

(3.14)

Algorithm 1 is widely applied for frequency-domain system identification
(Pintelon et al., 1994). Indeed, the SK-algorithm typically yields a small value
of the cost function V(θ) in (3.1). However, the fixed point of the iterations is
generally not a (local) optimum of V(θ), as is proven in Whitfield (1987).
3.2.4

Refined iterative algorithm

In this section, a refined iterative algorithm is considered, in which stationary
points are a (local) minimum of V(θ) in (3.1). Consider the first order necessary
condition for optimality
∂V(θ)
= 0.
(3.15)
∂θT
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Since (3.1) equals V(θ) =
P̂ (ξk , θ)), (3.15) equals

Pm

k=1

m
X

εH(ξk , θ)ε(ξk , θ), where ε(ξk , θ) := W (ξk )(Po (ξk )−

ζ H (ξk , θ) ε(ξk , θ) = 0,

(3.16)

k=1

where
∂ P̂ (ξk , θ)
∂ε(ξk , θ)
= − W (ξk )
.
T
∂θ
∂θT
Thus, a (local) optimum of V(θ) is attained when
"
#H
m
X
− ∂ P̂ (ξk , θ)
W H(ξk ) W (ξk ) (Po (ξk ) − P̂ (ξk , θ)) = 0.
∂θT
ζ(ξk , θ) :=

(3.17)

(3.18)

k=1

From the model parametrization (3.2)–(3.3) it follows that (3.18) is a nonlinear
equality in θ. In order to solve this equality, the following iterative algorithm is
proposed in Douma (2006), Blom and Van den Hof (2010).
Algorithm 2 (IV-iteration) Let θh0i be given. In iteration i = 1, 2, . . ., solve
the linear system of equations
"
#H
m
X
− ∂ P̂ (ξk , θ)
W H(ξk ) ·
(3.19)
∂θT
hi−1i
k=1
θ=θ



 d(ξk , θhii )
W (ξk )
P
(ξ
)
−
1
= 0.
o k
n(ξk , θhii )
d(ξk , θhi−1i )

In the following lemma, (3.19) is cast in the form of a standard linear algebra
problem.
Lemma 3.4 By inserting (3.3) into (3.19), the linear system of equations
(ΦH W2H W1 Φ) ϑhii = ΦH W2H bn

(3.20)

hii

is obtained, where W1 , Φ, ϑ , and bn are defined in (3.10)–(3.13), and


w21
W (ξk )


w22
[P̂ (ξk , θhi−1i ) − 1]. (3.21)
W2 = 
, w2k =
..
d(ξk , θhi−1i )
.
w2m
Proof: By virtue of

h
i  d(ξ , θ) 
∂ P̂ (ξk , θ)
∂
−1
k
0
−
=
d(ξk ,θ)
n(ξk , θ)
∂θT
∂θT



 ∂
1
d(ξk , θ)
=
,
P̂ (ξk , θ) −1
n(ξk , θ)
d(ξk , θ)
∂θT

(3.22)
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(3.17) equals
ζ(ξk , θ) =



W (ξk ) 
P̂ (ξk , θ) − 1 ϕ0 (ξk ) ϕ1 (ξk ) . . . ϕn (ξk ) .
d(ξk , θ)

(3.23)

Then, (3.20) follows after writing (3.19) in matrix form, where bn follows from
the degree constraint in Assumption 3.1.

Remark 3.5 Note that the system of equations (3.20) represents an oblique,
i.e., non-orthogonal, projection.
Compared to Alg. 1, the essential advantage of Alg. 2 is that upon convergence, it is guaranteed that a (local) optimum of V(θ) in (3.1) is attained. In
the forthcoming section, the numerical properties of both algorithms are investigated.

3.3

Numerical analysis of the iterative algorithms

The iterative frequency-domain identification algorithms that are presented in
Sect. 3.2 both rely on solving a linear system of equations of the form Ax = b.
The accuracy of the solution in each iteration is determined by the condition
number κ(A) (Golub and Van Loan, 1989, Sect. 5.3.7), which is defined as
κ(A) = σ(A) / σ(A).

(3.24)

In this section, the numerical conditioning associated with Alg. 1 and Alg. 2 is
further investigated.
3.3.1

Numerical ill-conditioning for standard polynomial bases: a
problem of increased importance for the IV-algorithm

In this section, it is motivated that the use of a standard polynomial basis
in Alg. 2 can lead to extremely large condition numbers, which obstructs a
reliable implementation of the algorithm. This forms the theoretical aspect of
Contribution C1.
First the SK-iteration in Alg. 1 is considered, in which (3.9) is the essential
computational step. In each iteration, the least-squares solution to
W1 Φ ϑhii = bn

(3.25)

is computed, with the associated condition number κ(W1 Φ). This condition
number crucially depends on the choice of polynomial basis in (3.3). A common
choice is the monomial basis, which is applied in, e.g., Bayard et al. (1991),
De Callafon et al. (1996). However, this typically leads to κ(W1 Φ)  1, as is
illustrated next.
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(ξ) = ξ j · I2 , j = 0, 1, . . . , n, see Example 3.2.
Example 3.6 Consider ϕmon
j
Then, (3.11) yields the block-Vandermonde matrix

Φmon


I2
I2

=.
 ..
I2

ξ1 ·I2
ξ2 ·I2
..
.

...
...

ξm ·I2

...


ξ1n−1 ·I2
ξ2n−1 ·I2 

.
..

.

(3.26)

n−1
·I2
ξm

Now, let ξk = ·2π ·{1, 10, 100, 1000} and n = 3. Then, κ(Φmon ) = 3.0·107  1.
Example 3.6 confirms for frequency points on the imaginary axis, or nonequidistantly spaced frequency points on the unit circle, that the use of the
monomial basis typically leads to κ(W1 Φ)  1. In other words, (3.25) is typically numerically ill-conditioned, which jeopardizes a reliable implementation of
Alg. 1.
Next, consider Alg. 2, with the system of equations (3.20) as key computational step. The solution accuracy depends on κ(ΦH W2H W1 Φ). The following
result reveals that this condition number is quadratically worse than κ(W1 Φ),
associated with the SK-algorithm.
Result 3.7 Consider the desired situation where upon convergence of Algortihm 2, P̂ (ξk , θ? ) ≈ Po (ξk ), k = 1, . . . , m, where θ? denotes a fixed point of the
iterations (3.19). In that case, W2 ≈ W1 , cf. (3.10) and (3.21). As a result,
κ(ΦH W2H W1 Φ) ≈ κ(ΦH W1H W1 Φ) = κ(W1 Φ)2.

(3.27)

Result 3.7 reveals that the use of monomial basis polynomials in Alg. 2,
as considered in Blom and Van den Hof (2010), potentially leads to a severely
ill-conditioned system of equations (3.20).
Remark 3.8 In view of (3.27), it is favorable to solve the least squares problem
(3.9) through QR-factorization of W1 Φ in (3.25), instead of solving the normal
equations (3.14), see also Golub and Van Loan (1989, Sect. 5.3.8). However,
this approach does not apply to the oblique projection (3.20).
3.3.2

Classical solutions for improvement of conditioning: limitations on applicability to the IV-algorithm

In Sect. 3.3.1, it has been shown that the use of the monomial polynomial basis
leads to bad numerical conditioning in Alg. 1 and especially in Alg. 2. In the
literature, several approaches have been considered to mitigate the conditioning
problems in frequency-domain system identification, including

54

Chapter 3. Optimally Conditioned Instrumental Variable Identification

i) discarding the least-relevant part of the system of equations, e.g., by means
of a singular-value decomposition (Wills and Ninness, 2008),
ii) amplitude scaling (Hakvoort and Van den Hof, 1994),
iii) frequency scaling (Pintelon and Kollár, 2005),
iv) conversion from the continuous-time domain to the discrete-time domain
and vice-versa using a Möbius transformation (Oomen et al., 2007, Sect. 5.1),
and
v) the use of an alternative classical polynomial basis such as Chebyshev polynomials (Dailey and Lukich, 1987), (Adcock, 1987), the use of basis functions that are orthonormal with respect to the standard inner product in
the Hilbert space RH2 (De Vries and Van den Hof, 1998), (Heuberger et al.,
2005), or the use of frequency localising basis functions (FLBFs) that have
been proposed recently in Welsh and Goodwin (2003), Gilson et al. (2013).
Although the mentioned approaches often help in mitigating the numerical illconditioning, they typically require heuristic tuning and may not provide sufficient improvement for complex frequency-domain identification problems.
Furthermore, for the classical Alg. 1, a fundamental solution to prevent numerical ill-conditioning of (3.25) exists. It relies on the use of a data-dependent
polynomial basis, in which the following inner product plays a role.
Definition 3.9 Let distinct frequency points ξk ∈ C, k = 1, . . . , m, be given.
Let w1k ∈ C1×2 be weights as specified in (3.10). Then, for vector polynomials
φi (ξ), φj (ξ) ∈ R2×1 [ξ] the following data-dependent inner product is defined:
hφi (ξ), φj (ξ)i :=

m
X

H
φH
j (ξk ) w1k w1k φi (ξk ).

(3.28)

k=1

As shown in Reichel et al. (1991), Van Barel and Bultheel (1995), Faßbender
(1997), if a polynomial basis is orthonormal with respect to (3.28), then in (3.14)
it holds that
ΦH W1H W1 Φ = I2n .
(3.29)
Equivalently, κ(W1 Φ) = 1 in (3.25). Hence, optimal conditioning is achieved,
facilitating a numerically reliable implementation of Alg. 1.
Although a polynomial basis that is orthonormal with respect to (3.28) provides optimal conditioning of the SK-iteration in Alg. 1, this does not apply to
Alg. 2. Importantly, whereas κ(W1 Φ) = 1, in contrast, κ(ΦH W2H W1 Φ) can
be arbitrarily large for general data. The underlying reason is that the oblique
projection (3.20) is not associated with an inner product of the form in Def. 3.9.
In fact, it is shown in Thm. 2.19 in Chap. 2 that if
∃ k = 1, . . . , m,

s.t.

H
H
w2k
w1k 6= w1k
w2k ,

(3.30)

3.4 Optimally conditioned IV identification using BPs
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i.e., W2H W1 is asymmetric, then (disregarding some degenerate cases) it is not
possible to select one single polynomial basis ϕj (ξ), j = 0, 1, . . . , n − 1, that
yields κ(ΦH W2H W1 Φ) = 1.
In conclusion, whereas Alg. 2 has beneficial convergence properties compared
to Alg. 1, the existing approaches for implementation of this algorithm do not
provide optimal numerical conditioning. In the forthcoming section, a new solution is presented that does provide optimal conditioning in Alg. 2.

3.4

Optimally conditioned frequency-domain IV–identification using bi-orthonormal polynomial bases

In this section, a new solution is presented that combines the algorithmic advantages of Alg. 2 with optimal numerical conditioning. As observed in Blom
and Van den Hof (2010), ζ(ξ, θ) in (3.17) can be interpreted as an instrumental
variable (IV), see Söderström and Stoica (1983) for an overview of instrumental variable methods in system identification. In this section, it is shown that
through a coordinate transformation of the instrumental variable problem, and
by the introduction of bi-orthonormal polynomials in system identification, it is
possible to achieve optimal numerical conditioning in Alg. 2, such that κ = 1.
This forms Contributions C2 and C3 of this chapter.
3.4.1

Additional freedom by a transformation of instruments

The essential difference between the identification algorithms considered in this
chapter is that Alg. 1 relies on the orthogonal projection (3.14), where
ΦH W1H W1 Φ is symmetric, whereas Alg. 2 is based on the oblique projection
(3.20), in which ΦH W2H W1 Φ is an asymmetric, indefinite matrix, see also
Gohberg et al. (2005) for a treatment on indefinite linear algebra. Consequently,
a polynomial basis that is orthonormal with respect to an inner product of
the form (3.28) does not lead to optimal results in Alg. 2. To obtain optimal
numerical conditioning, the asymmetric character of Alg. 2 has to be accounted
for explicitly. To this end, the algorithm is reformulated in a more general form
in which two distinct polynomial bases are used.
Definition 3.10 In analogy to (3.4), a basis ψj (ξ) ∈ R2×2 [ξ], j = 0, 1, . . . , n, is
defined, where ψj (ξ) is of strict degree j, viz.
ψj (ξ) = ξ j · tjj + . . . + ξ · tj1 + tj0 ,

(3.31)

with tjk ∈ R2×2 , k = 0, . . . , j. In addition, tjj is assumed to be upper triangular
and invertible.
Definition 3.11 Consider the two polynomial bases ϕj (ξ), ψj (ξ), j = 0, 1, . . . , n,
in (3.4) and (3.31). Then, the coefficient matrices S, T ∈ R2(n+1) ×2(n+1) are
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defined as





s00 s10 . . . sn0
t00 t10 . . . tn0

s11 . . . sn1 , T = 
t11 . . . tn1 .
S=

.. 
..
. . .. 
. .
. .
snn
tnn

(3.32)

Note that S and T are upper triangular and invertible. The following auxiliary result now follows immediately.
Result 3.12 The unique transformation from the polynomial basis ϕj (ξ) in
(3.4) to the basis ψj (ξ) in Def. 3.10 is given by

 

ψ0 (ξ) ψ1 (ξ) · · · ψn (ξ) = ϕ0 (ξ) ϕ1 (ξ) · · · ϕn (ξ) U,
(3.33)
with U = S −1 T ∈ R2(n+1) ×2(n+1) upper triangular and invertible.

In the remainder of this section, a more general formulation of the instrumental variable identification problem in Alg. 2 is derived. Herein, the two distinct
polynomial bases ϕ(ξ) and ψ(ξ) are exploited. In particular, a specific transformation of the instruments is performed, which has the interpretation of a change
of polynomial basis. The forthcoming developments lead to the main result in
Lemma 3.13.
n(ϕ(ξ), θhi−1i )
Consider Alg. 2, where P̂ (ϕ(ξ), θhi−1i ) =
is the model obd(ϕ(ξ), θhi−1i )
tained in iteration (i − 1), with




d(ϕ(ξ), θhi−1i )
= ϕ0 (ξ) ϕ1 (ξ) · · · ϕn (ξ) θhi−1i.
(3.34)
hi−1i
n(ϕ(ξ), θ
)

Here, the parametrization in the basis ϕ(ξ), see (3.3), is indicated explicitly.
Using Result 3.12, the model is re-parameterized in an alternative basis ψj (ξ),
j = 0, 1, . . . n, which leads to P̂ (ψ(ξ), η hi−1i ). Here, η hi−1i = U −1 θhi−1i is the
parameter vector that provides the same model in the new basis ψ(ξ), i.e.,

 



d(ϕ(ξ), θhi−1i)
d(ψ(ξ), η hi−1i)
=
= ψ0 (ξ) ψ1 (ξ) · · · ψn (ξ) η hi−1i. (3.35)
hi−1i
hi−1i
n(ϕ(ξ), θ
)
n(ψ(ξ), η
)

In accordance with (3.22), it now follows that
−

∂ P̂ (ψ(ξ), η)
∂η T

η=η hi−1i




 ∂
1
d(ψ(ξ), η)
hi−1i
=
P̂ (ψ(ξ), η
) −1 · T
n(ψ(ξ), η)
∂η
d(ψ(ξ), η hi−1i )




1
hi−1i
ψ
(ξ)
ψ
(ξ)
.
.
.
ψ
(ξ)
=
·
,
P̂
(ϕ(ξ),
θ
)
−1
0
1
n
d(ϕ(ξ), θhi−1i )

(3.36)
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which represents the gradient of the model P̂ (ξ, θhi−1i ) when evaluated in terms
of the polynomial basis ψj (ξ), j = 0, 1, . . . n. Here, it is essential to observe
that this new basis ψj (ξ) only appears explicitly as the rightmost matrix in the
product (3.36). The remaining two terms can still be evaluated in terms of the
basis ϕj (ξ), as is done (implicitly) in (3.22).
In the following lemma, two distinct polynomial bases are used to parameterize the model and the instrumental variable. This constitutes Contribution C2
of the chapter.
Lemma 3.13 Consider (3.19), where
i) vector-polynomial [d(ξ, θhii ) n(ξ, θhii )]T is formulated in the polynomial basis ϕj (ξ), cf. (3.3),
ii) instrumental variable ζ(ξ, θhi−1i ) = −W (ξ) ·

∂ P̂ (ξ,θ)
∂θ

evaluated for a different basis ψj (ξ), i.e.,
using the result in (3.36),

θ=θ hi−1i

, see (3.17), is

ζ̃(ξ, θhi−1i )
:=

(3.37)



W (ξk ) 
P̂ (ξk , θhi−1i ) − 1 ψ0 (ξk ) ψ1 (ξk ) . . . ψn (ξk ) .
hi−1i
d(ξk , θ
)

Then, the solution θhii to
m
X

k=1

ζ̃ H(ξk , θhi−1i ) ·




 d(ξk , θhii )
W (ξk )
P
(ξ
)
−
1
= 0
o k
n(ξk , θhii )
d(ξk , θhi−1i )

(3.38)

is equivalent to the solution θhii to (3.19).
Proof: By virtue of Result 3.12, ζ̃(ξk , θ) = ζ(ξk , θ)U , see (3.23) and (3.37).
Since U is invertible, the solution θ to
m
X

ζ̃ H(ξk , θ) ε(ξk , θ) = 0,

(3.39)

k=1

is equivalent to the solution θ to (3.16). In analogy to this, the solution θhii to
(3.38) and (3.19) is equivalent.

Remark 3.14 A transformation of the polynomial basis in which ζ(ξ, θ) is evaluated constitutes a special form of a transformation of instruments. Indeed,
generally, the parameter estimation in instrumental variable system identification problems is invariant under a linear transformation of instruments, as also
shown in Söderström and Stoica (1983, Sect. 3.1, pp. 24–25).
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The rationale behind Lemma 3.13 is that by evaluating the instrumental
variable ζ(ξ, θ) in terms of a different polynomial basis, additional freedom is
provided to formulate the system of equations in Alg. 2. In particular, it follows
along the lines of Lemma 3.4 that it is possible to recast (3.38) as
(ΨH W2H W1 Φ) ϑhii = ΨH W2H bn ,

(3.40)

where W1 , W2 , Φ, ϑhii , and bn are defined in (3.10)–(3.13) and (3.21), and



ψ0 (ξ1 ) ψ1 (ξ1 ) · · · ψn−1 (ξ1 )
 ψ0 (ξ2 ) ψ1 (ξ2 ) · · · ψn−1 (ξ2 ) 


Ψ= .
.
..
..
 ..

.
.
ψ0 (ξm ) ψ1 (ξm ) · · · ψn−1 (ξm )

(3.41)

In the next section, the freedom in (3.40) when compared to (3.20) is exploited to
achieve optimal numerical conditioning in frequency-domain instrumental variable identification, see Alg. 2.
3.4.2

Bi-orthonormal polynomial bases for optimally conditioned
frequency-domain system identification

In this section, optimal numerical conditioning of Alg. 2 is achieved through
the introduction of bi-orthonormal polynomials in system identification. To this
end, a data-dependent bi-linear form is introduced.
Definition 3.15 Let distinct frequency points ξk ∈ C, k = 1, . . . , m, be given.
Let w1k , w2k ∈ C1×2 be weights as defined in (3.10) and (3.21). For vectorpolynomials ϕ(ξ), ψ(ξ) ∈ R2×1 [ξ], the data-dependent bi-linear form [·, ·] is defined as
m
X
H
[ϕ(ξ), ψ(ξ)] :=
ψ H(ξk ) w2k
w1k ϕ(ξk ).
(3.42)
k=1

Remark 3.16 Note that (3.42) is not an inner product, since in general this
bi-linear form is asymmetric and indefinite, see Sect. 2.3 in Chap. 2. In the
special situation where w1k = w2k ∀ k = 1, . . . , m, then (3.42) reduces to the
data-dependent inner product (3.28).
Definition 3.17 For block-polynomials ϕ(ξ), ψ(ξ) ∈ R2×2 [ξ], a generalization
of (3.42) is given by
[[ϕ(ξ), ψ(ξ)]] :=

m
X

k=1

H
ψ H(ξk ) w2k
w1k ϕ(ξk ).

(3.43)
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Indeed, let ϕ(ξ) be decomposed into vector-polynomials
ϕ(ξ) = [ϕ1 (ξ) ϕ2 (ξ)],

ϕ1 , ϕ2 ∈ R2×1 [ξ],

(3.44)

and similarly for ψ(ξ). Then, element (e2 , e1 ) in (3.43), where e1 , e2 ∈ {1, 2},
is given by the bi-linear form [ϕe (ξ), ψ e (ξ)].
1

2

The following theorem is the main result of this section and constitutes Contribution C3 of the chapter. Here, the freedom to choose two different polynomial
bases in frequency-domain instrumental variable identification, cf. Lemma 3.13,
is exploited.
Theorem 3.18 Consider (3.40). Let ϕi (ξ), ψj (ξ), i, j = 0, 1, . . . , n − 1 be biorthonormal with respect to (3.43), i.e.
[[ϕi (ξ), ψj (ξ)]] = δij · I2 ,

i, j = 0, 1, . . . , n − 1.

(3.45)

Then, κ(ΨH W2H W1 Φ) = 1.
Proof: The result follows by observing that (3.45) in matrix form reads
ΨH W2H W1 Φ = I2n ,
hence, κ(ΨH W2H W1 Φ) = 1.

(3.46)


Theorem 3.18 reveals that when bi-orthonormal polynomials (BPs) with respect to (3.43) are used, optimal numerical conditioning of (3.40) is achieved.
Hence, the key computational step in Alg. 2 is optimally conditioned, which
facilitates a reliable implementation of the algorithm. In the next section, the
construction of BPs with respect to (3.43) is considered.

3.5

Construction of bi-orthonormal block-polynomial bases

In this section, the construction of a set of polynomial bases that are bi–orthonormal with respect to the bi-linear form (3.43) is considered. This constitutes
Contribution C4 of the chapter.
To facilitate the exposition, the polynomial bases ϕj (ξ), ψj (ξ), j = 0, 1, . . . ,
n − 1, as well as the weights w1k , w2k , k = 1, . . . , m, are initially assumed to be
scalar. It is then explained how to construct ϕj (ξ), ψj (ξ) that are bi-orthonormal
with respect to the scalar bi-linear form
[ϕ(ξ), ψ(ξ)] =

m
X

∗
ϕ∗ (ξk ) w2k
w1k ϕ(ξk ).

(3.47)

k=1

In Sect. 3.5.8, the presented concepts are generalized towards the construction
of block-polynomials that are bi-linear with respect to (3.43).
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3.5.1

Polynomial recurrence relations

Throughout this section, polynomial bases that satisfy a degree structure are
considered. In analogy with (3.4) and (3.31), the scalar polynomials ϕj (ξ), ψj (ξ)
take the form
ϕj (ξ) = ξ j · sjj + . . . + ξ · sj1 + sj0 ,
j

ψj (ξ) = ξ · tjj + . . . + ξ · tj1 + tj0 ,

(3.48)
(3.49)

where sjk , tjk , k = 0, 1, . . . , j, are scalars. In addition, sjj and tjj are assumed to
be nonzero, such that the j th polynomial is of strict degree j. As a consequence
of the imposed degree structure, scalars σk,j−1 , τk,j−1 , k = 0, 1, . . . , j, exist
such that
ξ ϕj−1 (ξ) = ϕj (ξ) σj,j−1 + · · · + ϕ1 (ξ) σ1,j−1 + ϕ0 (ξ) σ0,j−1 ,

ξ ψj−1 (ξ) = ψj (ξ) τj,j−1 + · · · + ψ1 (ξ) τ1,j−1 + ψ0 (ξ) τ0,j−1 .

(3.50)
(3.51)

Thus, the basis polynomials ϕj (ξ), ψj (ξ) can be constructed through a linear
combination of the previous j basis polynomials.
Now, let n = m, i.e., consider as many basis polynomials as the number of
data points that define the bi-linear form (3.47). Then, combining (3.50)–(3.51)
for j = 0, 1, . . . , n − 1 yields


ξ ϕ0 (ξ) ϕ1 (ξ) · · · ϕm−1 (ξ) =
(3.52)




ϕ0 (ξ) ϕ1 (ξ) · · · ϕm−1 (ξ) H1 + ϕm (ξ) 01×(m−1) σm,m−1 ,


ξ ψ0 (ξ) ψ1 (ξ) · · · ψm−1 (ξ) =
(3.53)




ψ0 (ξ) ψ1 (ξ) · · · ψm−1 (ξ) H2 + ψm (ξ) 01×(m−1) τm,m−1 ,

where


σ00 · · ·
σ10 · · ·

H1 = 
..

.


τ00 · · ·
 τ10 · · ·

H2 = 
..

.

σ0,m−2
σ1,m−2
..
.

σ0,m−1
σ1,m−1
..
.

σm−1,m−2

σm−1,m−1



(3.54)



(3.55)



,


τ0,m−2
τ1,m−2
..
.

τ0,m−1
τ1,m−1
..
.

τm−1,m−2

τm−1,m−1



,


are upper Hessenberg matrices. To let the recurrence relations (3.52)–(3.53)
generate bi-orthonormal polynomials with respect to (3.47), the recurrence coefficients in the Hessenberg matrices have to be coupled to the specific problem
data. Before presenting the key results, several auxiliary matrix definitions are
introduced.
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3.5.2

Auxiliary matrix definitions

The bi-linear form (3.47) is based on m frequency points ξk , k = 1, . . . , m, with
corresponding weights w1k , w2k . Denote matrices
X = diag(ξ1 , ξ2 , . . . , ξm ) ∈ Cm×m ,

(3.56)

W1 = diag(w11 , w12 , . . . , w1m ) ∈ Cm×m ,
W2 = diag(w21 , w22 , . . . , w2m ) ∈ C

m×m

(3.57)

.

(3.58)

∈ Cm×1 ,

(3.59)

∈ C

(3.60)

Also, denote vectors
w1 =
w2 =




w11
w21

w12
w22

...

w1m

...

w2m

T
T

m×1

.

Finally, denote polynomial response matrices


Φ0
Φ1
···
Φm−1
Φ =


ϕ0 (ξ1 ) ϕ1 (ξ1 ) · · · ϕm−1 (ξ1 )
 ϕ0 (ξ2 ) ϕ1 (ξ2 ) · · · ϕm−1 (ξ2 ) 


=  .
 ∈ Cm×m ,
..
..
 ..

.
.
ϕ0 (ξm ) ϕ1 (ξm ) · · ·

Ψ =





Ψ0

Ψ1

···

ψ0 (ξ1 ) ψ1 (ξ1 ) · · ·
 ψ0 (ξ2 ) ψ1 (ξ2 ) · · ·

=  .
..
 ..
.
ψ0 (ξm ) ψ1 (ξm ) · · ·

(3.61)

(3.62)

ϕm−1 (ξm )
Ψm−1





ψm−1 (ξ1 )
ψm−1 (ξ2 ) 

 ∈ Cm×m .
..

.

(3.63)

(3.64)

ψm−1 (ξm )

For scalar polynomials, bi-orthormality condition (3.45) reduces to [ϕi (ξ), ψj (ξ)] =
δij , i, j = 0, 1, . . . , n − 1, where (3.47) is used. This bi-orthonormality condition
is equivalent to the matrix representation
ΨH W2H W1 Φ = Im .

(3.65)

In Sect. 3.5.3–Sect. 3.5.7, the matrices X, W1 , W2 , and w1 , w2 , and Φ, Ψ are
tacitly assumed to be dimensioned in accordance with the above definitions.
3.5.3

Connecting the polynomial recurrences with the data: a requirement on the eigenvalues of the Hessenberg matrices

The general j-term recurrence relations (3.52)–(3.53) hold for any polynomial
bases ϕj (ξ), ψj (ξ) with the assumed degree structure. In this section, an additional requirement on the Hessenberg matrices H1 and H2 is formulated that
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needs to be fulfilled to let ϕj (ξ), ψj (ξ) be bi-orthonormal with respect to (3.47).
For this purpose, observe that if ϕj (ξ), ψj (ξ) are bi-orthonormal polynomials,
then (3.52)–(3.53) have a specific form.
Lemma 3.19 Let ϕj (ξ), ψj (ξ), j = 0, 1, . . . , n − 1, be bi-orthonormal polynomials with respect to (3.47), where n = m. Then, (3.52)–(3.53) are equivalent
to
X Φ = Φ H1 ,

(3.66)

X Ψ = Ψ H2 .

(3.67)

Proof: The bi-linear form (3.47) is based on the frequency points ξk , k =
1, . . . , m. Evaluating (3.52)–(3.53) for these frequencies yields


X Φ = Φ H1 + Φm 01×(m−1) σm,m−1 ,
(3.68)


X Ψ = Φ H2 + Ψm 01×(m−1) τm,m−1 ,
(3.69)
where

Φm =
Ψm =




ϕm (ξ1 ) ϕm (ξ2 ) · · ·
ψm (ξ1 ) ψm (ξ2 ) · · ·

T
ϕm (ξm )
T
ϕm (ξm ) .

(3.70)
(3.71)

Since it is assumed that the m frequency points are distinct, it follows as a consequence of the imposed polynomial degree structure that Φ and Ψ are invertible
matrices. Hence, in order for ϕm (ξ), ψm (ξ) to be bi-orthogonal with all lower
degree basis polynomials, it is required that ϕm (ξk ) = ψm (ξk ) = 0 ∀ ξk . Thus,
Φm = Ψm = 0m×1 , proving (3.66)–(3.67).

Using a bi-linear form based on m distinct frequency points, bi-orthonormal
bases ϕj (ξ), ψj (ξ) of m non-trivial polynomials can be obtained. The relations
(3.66)–(3.67) describe the relations between these polynomials for the frequencies
on which the bi-linear form is defined. It turns out that the Hessenberg matrices
H1 and H2 have precisely these frequencies as its eigenvalues.
Theorem 3.20 Let ϕj (ξ), ψj (ξ), j = 0, 1, . . . , n − 1, be bi-orthonormal polynomials with respect to (3.47), where n = m. Then, (3.66)–(3.67) are equivalent
to
(ΨH W2H ) X (W1 Φ) = H1 ,
(Φ

H

W1H )

X (W2 Ψ) = H2 ,

(3.72)
(3.73)

where
ΨH W2H = (W1 Φ)−1 .

(3.74)

Proof: Consider the bi-orthonormality condition (3.65), which immediately
yields (3.74). Moreover, (3.72)–(3.73) follow after pre-multiplication of (3.66)
and (3.67) by (ΨH W2H ) W1 and (ΦH W1H ) W2 , respectively.
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Theorem 3.20 shows that the Hessenberg matrices H1 and H2 are similar
to X. Consequently, the eigenvalues of both H1 and H2 are ξk , k = 1, . . . , m.
Indeed, bi-orthonormal polynomials can be constructed by solving two inverse
eigenvalue problems. Before showing this, additional constraints are introduced
for a proper initialization of the polynomial bases.
3.5.4

Requirement for initialization of bi-orthonormal bases

Recall from Sect. 3.5.1 that H1 and H2 contain the recurrence coefficients that
relate basis polynomials of increasing degree. The associated recurrence relations
are given by (3.66)–(3.67). The missing aspect for the actual construction of
bi-orthonormal polynomials is the initialization of the polynomial bases. The
following result enables initialization of the polynomial bases from the bi-linear
form (3.47).
Theorem 3.21 Let ϕj (ξ), ψj (ξ), j = 0, 1, . . . , n − 1 be bi-orthonormal polynomials with respect to (3.47), where n = m. Then, if

T
(ΨH W2H ) w1 = γ0 01,m−1 ,
(3.75)


T
(ΦH W1H ) w2 = β0 01,m−1 ,
(3.76)
hold for certain scalars β0 and γ0 , then,
ϕ0 (ξ) :=

1
,
γ0

ψ0 (ξ) :=

1
.
β0

(3.77)

are the 0th degree bi-orthonormal basis polynomials.
Proof: Let ϕ0 (ξ) and ψ0 (ξ) be as defined in (3.77). From the auxiliary matrix
definitions in Sect. 3.5.2, it follows that
1
,
γ0
1
= w2
.
β0

W1 Φ0 = w1

(3.78)

W 2 Ψ0

(3.79)

In order for ϕ0 (ξ) and ψ0 (ξ) to be the 0th degree elements of bi-orthonormal
polynomial bases, it is required that

1

= 1

ΨH W2H W1 Φ0 =
ΦH W1H W2 Ψ0

01,m−1
01,m−1

T
T

,

(3.80)

,

(3.81)

cf. (3.65). By inserting (3.78)–(3.79), these requirements can equi-valently be
written as (3.75)–(3.76), which completes the proof.
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Note that together, (3.75)–(3.76) provide an initialization of the polynomials
ϕ0 (ξ) and ψ0 (ξ) in terms of the weights w1k , w2k , k = 1, . . . , m, that define the
bi-linear form (3.47). To support this claim, observe that, first using (3.74) and
second using (3.75)–(3.76),
(ΦH W1H ) w2

H

(ΨH W2H ) w1



−1
w1 = w H
= wH
2 (W1 Φ) (W1 Φ)
2 w1 .
 ∗

T
= β0 01,m−1 γ0 01,m−1 = β0∗ γ0 .

(3.82)

In conclusion, the following constraint in terms of the weights of the bi-linear
form is obtained for initialization of the bi-orthonormal polynomial bases:
ψ0∗ ϕ0 =

1
1
.
= H
β0∗ γ0
w 2 w1

(3.83)

In the next section, an algorithm for the derivation of the polynomial recursion
coefficients for bi-orthonormal polynomial bases ϕj (ξ) and ψj (ξ) is presented.
3.5.5

An algorithm for the derivation of recurrence coefficients

In this section, it is shown how to generate the recurrence coefficients for the
bi-orthonormal polynomial bases from the data that defines the bi-linear form
(3.47). The following algorithm combines the initialization of the polynomial
bases in (3.75)–(3.76) with the eigenvalue decompositions in (3.72)–(3.73).
Algorithm 3 Let X be given in (3.56), and w1 , w2 be given
 in (3.59)–(3.60).
Then, initial node-weight matrices w1 X and w2 X are formed. Next,
compute matrices
K̃, L̃ ∈ Cm×m ,
L̃ = K̃ −H ,
(3.84)
such that
H

L̃



w1


K̃ H w2

X
X


 1


 1

K̃
L̃





=
=





γ0
0m−1,1
β0
0m−1,1

H1
H2



,

(3.85)


,

(3.86)

where H1 and H2 are upper Hessenberg matrices.
A numerically reliable and efficient implementation of Alg. 3 can be obtained
by exploiting elementary zeroing operations such as Givens reflections or rotations, while following the ‘chasing down the diagonal’ strategy in Rutishauser
(1963). This approach indeed yields good results on actual data, and is also
applied in, e.g., Reichel et al. (1991), Van Barel and Bultheel (1995), Faßbender
(1997).
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3.5.6
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Proving bi-orthonormality of the resulting polynomials

In this section, it is shown that the Hessenberg matrices obtained in Alg. 3
indeed contain the recurrence coefficients that generate bi-orthonormal polynomials with respect to (3.47). First, it is proven that the individual columns of
K̃, L̃ in (3.84), viz.


(3.87)
K̃ = k̃1 k̃2 · · · k̃m ,


˜
˜
˜
L̃ = `1 `2 · · · `m ,
(3.88)
where k̃j , `˜j ∈ Cm×1 , j = 1, 2, . . . , m,

satisfy recurrence relations.

Lemma 3.22 Let K̃, L̃ ∈ Cm×m be such that L̃ = K̃ −H and (3.85) and (3.86)
hold. In addition, let H1 and H2 be defined in (3.54)–(3.55). Then, the columns
of K̃, L̃ satisfy the recurrence relations
X k̃j = k̃1 σ0,j−1 + k̃2 σ1,j−1 + · · · + k̃j+1 σj,j−1 ,
X `˜j = `˜1 τ0,j−1 + `˜2 τ1,j−1 + · · · + `˜j+1 τj,j−1 ,

(3.89)
(3.90)

which are initialized by
k̃1 = w1

1
,
γ0

1
`˜1 = w2
.
β0

(3.91)

Proof: From the first column of (3.85) and (3.86), it follows that
L̃H w1 =
K̃ H w2 =


γ0


β0

01,m−1
01,m−1

T

T

=⇒
=⇒


w1 = K̃ γ0


w2 = L̃ β0

T
01,m−1 ,

T
01,m−1 ,

(3.92)
(3.93)

where (3.84) is used. Indeed, (3.91) follows. Next, observe that
X K̃ = K̃ H1 ,

(3.94)

X L̃ = L̃ H2 ,

(3.95)

by virtue of (3.84). Evaluating the j th column of these equations, j = 1, 2, . . . ,
m − 1, yields (3.89) and (3.90).

Next, the recurrence coefficients in H1 and H2 are used to generate polynomial bases. The following result proves bi-orthonormality with respect to (3.47)
by connecting the individual polynomials to the individual columns of K̃ and L̃.
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Theorem 3.23 Consider the Hessenberg decompositions (3.85) and (3.86). Let
ϕ0 (ξ) and ψ0 (ξ) be selected according to (3.77). Then, the recurrence relations
ϕj (ξ) =

ψj (ξ) =

1
σj,j−1
1
τj,j−1

( (ξ − σj−1,j−1 ) ϕj−1 (ξ) − σj−2,j−1 ϕj−2 (ξ)
− · · · − σ1,j−1 ϕ1 (ξ) − σ0,j−1 ϕ0 (ξ))

(3.96)

((ξ − τj−1,j−1 ) ψj−1 (ξ) − τj−2,j−1 ψj−2 (ξ)
− · · · − τ1,j−1 ψ1 (ξ) − τ0,j−1 ψ0 (ξ))

(3.97)

generate bi-orthonormal bases with respect to (3.47).
Proof: Combining (3.78), (3.79), and (3.91) yields
k̃1 = W1 Φ0 ,
`˜1 = W2 Ψ0 .

(3.98)
(3.99)

Then, by rewriting (3.96)–(3.97) in the equivalent form (3.50)–(3.51), if follows
from (3.89)–(3.90) that

j = 1, 2, . . . , m.

k̃j = W1 Φj−1 ,
`˜j = W2 Ψj−1 ,

(3.100)

L̃H K̃ = ΨH W2H W1 Φ = Im ,

(3.102)

(3.101)

Hence, since

bi-orthonormality of ϕj (ξ) and ψj (ξ) follows immediately from bi-orthonormality
of K̃ and L̃.

To summarize, the construction of bi-orthonormal polynomial bases requires
the solution of the Hessenberg decomposition of two initial node-weight matrices,
see Alg. 3. Hereafter, the polynomial bases are generated using the recurrence
relations in Thm. 3.23.
3.5.7

Frequency points on the imaginary axis

In the special situation where all frequency points ξk , k = 1, . . . , m, are taken
on the imaginary axis, a useful relation exists between the Hessenberg matrices
H1 and H2 in (3.54)–(3.55).
Theorem 3.24 Let ξk =  ωk , ωk ∈ R, k = 1, . . . , m. Then, H1 and H2 are
tri-diagonal matrices. Furthermore,
H1H = −H2 .

(3.103)

67

3.5 Construction of bi-orthonormal block-polynomial bases
Proof: Since all frequency points are on the imaginary axis,
X H = −X,

(3.104)

see (3.56). Using (3.72) and (3.73), it then holds that
H1H = (ΨH W2H ) X (W1 Φ)

H

=

(ΦH W1H ) X H (W2 Ψ)

(3.105)
= − (ΦH W1H ) X (W2 Ψ) = −H2 .
This implies that H1 and H2 are both upper and lower Hessenberg, hence, tridiagonal matrices.

By virtue of Thm. 3.24, three-term-recurrence relations can be derived in line
with Thm. 3.23 that generate bi-orthonormal polynomial bases ϕj (ξ) and ψj (ξ).
3.5.8

Constructing bi-orthonormal 2 × 2 real block-polynomials

In Sect. 3.5.1–Sect. 3.5.7, the principle steps in the construction of bi-orthonormal
polynomials have been presented. In this section, these concepts are generalized
towards bi-orthonormal 2 × 2 real block-polynomials, which is needed to achieve
optimal conditioning of Alg. 2 in Sect. 3.2.
For the identification of a real-rational transfer function P̂ (ξ, θ), cf. (3.2), the
derivation of real polynomial recurrence coefficients is required. To this end, the
property
P̂ (ξ ∗ , θ) = P̂ ∗ (ξ, θ),
(3.106)
which is characteristic for real-rational transfer functions, is exploited. Specifically, complex-conjugate node and weight pairs are taken in Alg. 3. This leads
to the initial node-weight matrix


Inw







:= 






w11
∗
w11
w12
∗
w12
..
.

H
w21
ξ1

T
w21

H
w22

T
w22

···

H
w2m

T
w2m

ξ1∗
ξ2

ξ2∗

..

.

w1m
∗
w1m

ξm

∗
ξm









,






(3.107)

where w1k , w2k ∈ C1×2 , k = 1, . . . , m, are given in (3.10) and (3.21). This matrix
is then transformed under similarity into the matrix
Ĩnw = T0H Inw T0 ,

(3.108)
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where
T0


I2
= 




1  ,
Im ⊗
1 −

=

√

−1.

(3.109)

The matrix Ĩnw is real-valued. It is emphasized that considering conjugate node
and weight pairs does not lead to an increase of complexity, since all remaining
algorithmic computations can now be performed on real matrices.
Next, frequency points ξk = ωk , ωk ∈ R, are considered. In line with the
result in Thm. 3.24, the real initial node-weight matrix Ĩnw is transformed into
a 2 × 2 real block-tridiagonal matrix


 Γ
 0


T := 





B0T
A1
Γ1

B1T
A2
Γ2

B2T
..

.

..

.



..

.

Γm−1

T
Bm−1
Am











(3.110)

under similarity. Here, the blocks Ai ∈ R2×2 , i = 1, . . . , m, are full matrices,
whereas the blocks Bj , Γj ∈ R2×2 , j = 0, 1, . . . , m − 1, are upper triangular
matrices.
The block-tridiagonal matrix provides the recurrence coefficients that generate block-polynomials that are bi-orthonormal with respect to (3.43).
Theorem 3.25 Consider the initial node-weight matrix Inw in (3.107), where
ξk , w1k , w2k , k = 1, . . . , m, define the bi-linear form (3.43). Let Inw be transformed under similarity into the real block-tridiagonal matrix T in (3.110).
Then, bi-orthonormal polynomials ϕj (ξ), ψj (ξ) ∈ R2×2 [ξ], j = 0, 1, . . . , n −
1, with respect to the bi-linear form (3.43) are obtained from the three-termrecurrence relations
 −1
T
ϕj (s) = ϕj−1 (s) ( s · I2 − Aj ) − ϕj−2 Bj−1
Γj ,
(3.111)
 −1
T
T
ψj (s) = ψj−1 (s) (−s · I2 − Aj ) − ψj−2 Γj−1 Bj ,
(3.112)

where Aj , Bj , Γj ∈ R2×2 follow from T . The recursions are initialized with
−1
ϕ0 (s) = Γ−1
0 and ψ0 (s) = B0 .

Remark 3.26 Consider the special situation that W2 = W1 . In that case, the
initial node-weight matrix can be transformed into a symmetric block-tridiagonal
matrix under unitary similarity, see also Gragg and Harrod (1984), Van Barel
and Bultheel (1992). This symmetric block-tridiagonal matrix, known as a blockJacobi matrix, has ATj = Aj and Γj = Bj . Consequently, it follows from the
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three-term-recurrence relations (3.111)–(3.112) that the polynomial bases ϕj (s),
ψj (s) coincide into one single basis. This polynomial basis is orthonormal with
respect to
m
X
H
hhϕi (ξ), ϕj (ξ)ii :=
ϕH
(3.113)
j (ξ) w1k w1k ϕi (ξk ),
k=1

which constitutes a matrix representation of the data-dependent inner product
in Def. 3.9. Concluding, in this special situation, a polynomial basis is obtained
that yields optimal numerical conditioning of the SK-algorithm.
Summarizing, to construct bi-orthonormal 2 × 2 real block-polynomials, the
initial node-weight matrix (3.107) needs to be transformed under similarity into
the 2 × 2 real block-tridiagonal matrix (3.110), after which the polynomial bases
are obtained using the three-term-recurrences in Thm. 3.25.
In this section, the construction of bi-orthonormal polynomials has been
presented. Next, the benefits of these polynomials in frequency-domain system
identification algorithms are demonstrated by means of experimental examples.

3.6

Comparison of algorithms for identification examples

In this section, the convergence properties and numerical properties of Alg. 1
and Alg. 2 are compared for two identification examples. This constitutes Contribution C5 of the chapter.
3.6.1

Simulation example

First, a comparison between Alg. 1 and Alg. 2 is made for a relatively simple
simulation example. This enables reliable computations in both algorithms irrespective of the polynomial basis that is used, because numerical ill-conditioning
is not excessive for this example and sufficiently accurate model estimates can
be computed. In particular, measurements Po (sk ), sk = 1, . . . , m, are generated
by contaminating the frequency response of a 4th order system, representing a
typical collocated motion system, with circularly complex distributed random
noise. Figure
Pm 3.1 shows the resulting measurement data. It is aimed to minimize
V (θ) = k=1 |Po (sk ) − P̂ (sk )|2 .
In Table 3.1, the converged results of Alg. 1 and Alg. 2 are shown. The results
confirm the theoretical analysis in Whitfield (1987), i.e., the fixed point of Alg. 1
is not a (local) minimum of V(θ), since

∂V (θ)
?
∂ θ T θ=θSK
2

> 0. In contrast, the

fixed point of Alg. 2 corresponds to an optimum of V(θ), since the first order
optimality condition holds, i.e.,

∂V (θ)
?
∂ θ T θ=θIV
2

≈ 0. In accordance with this

?
?
result, Alg. 2 yields a smaller criterion value than Alg. 1, i.e., V (θIV
) < V (θSK
),
see also Fig. 3.2. In fact, whereas the SK-algorithm yields a biased estimate due
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Figure 3.1: Noisy m = 181 point FRF Po (dotted) and n = 4th order parametric
models P̂ (s) obtained with Alg. 1 (SK) (dashed) and Alg. 2 (IV) (solid).
Table 3.1: Convergence behavior and numerical conditioning for the SKalgorithm and the IV-algorithm.
Alg.

basis

V (θ? )

κ
6

∂V (θ)
∂ θ T θ=θ ?

2

1 (SK)
1 (SK)

ϕmon
ϕOP

1.010 · 10
1.000

27.915
27.915

0.229
0.229

2 ( IV)
2 ( IV)

ϕmon
ϕBP , ψBP

5.669 · 1015
1.000

6.003
6.003

5.588 · 10−13
5.588 · 10−13

to the noise effects that are present in the data, the IV-algorithm successfully
captures all relevant dynamical behavior of the underlying 4th order system, as
is shown in Fig. 3.1.
Remark 3.27 It is common to apply Gauss-Newton (GN) iterations after convergence of the SK-algorithm, see, e.g., Bayard (1994). The (damped) GNiterations involve a gradient-based search that ensures convergence to a (local)
optimum. Indeed, for the considered example, the parametric model obtained using the IV-algorithm can also be found by means of GN-iterations, initialized by
the SK-algorithm. However, this goes at the expense of a significant increase of
the number of required iterations, hence, a larger computation time, see Fig. 3.2.
Next, the numerical properties associated with the frequency-domain identification algorithms are investigated. When the monomial basis, see Exam-
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Figure 3.2: Convergence behavior of the SK-algorithm (#−#), the IV-algorithm
(2 − 2), and the GN-algorithm started after 5 SK-iterations (? − ?).

ple 3.2, is used in Alg. 1, then the maximum condition number during the
iterations is κ(W1 Φ) = 1.010 · 106 . For Alg. 2, the maximum condition numbers are quadratically worse, cf. Cor. 3.7. For this example, it even holds that
κ(ΨH W2H W1 Φ) > κ(W1 Φ)2 = 5.669 · 1015.
The results in this chapter enable a numerically reliable implementation of
both frequency-domain identification algorithms. Importantly, by using two sets
of bi-orthonormal polynomials with respect to the bi-linear form (3.43), optimal
numerical conditioning of Alg. 2 is achieved, i.e., κ(ΨH W2H W1 Φ) = 1. In the
special case where W2 = W1 , the bi-orthonormal polynomials introduced in this
chapter coincide into a single set of orthonormal polynomials with respect to the
data-dependent inner product (3.113). Indeed, such polynomial basis leads to
optimal conditioning in Alg. 1, i.e., κ(W1 Φ) = 1, see also Bultheel et al. (2005).
It is emphasized that the key new aspect in this chapter is the combination of the
enhanced convergence properties of Alg. 2 with optimal numerical conditioning
in frequency-domain identification.
3.6.2

Experimental example

In this section, the frequency-domain identification algorithm that is proposed
in this chapter is applied to an industrial motion system. In particular, the
prototype wafer stage in Fig. 3.3 is considered. A wafer stage is part of lithographic IC manufacturing devices, used to position ICs with respect to a light
source. Market viability of IC manufacturing devices requires nanometer positioning accuracy as well as a high throughput. Since a high throughput demands
large accelerations, next-generation wafer stages are designed to be lightweight.
However, as a consequence, these stages tend to show structural deformations,
which obstruct the desired positioning accuracy. Typically, such deformations
manifest in all degrees of freedom of the wafer stage. Therefore, multivariable,
model-based control design is indispensable to achieve high positioning accuracy,
see also Oomen et al. (2013). A corner stone for successful multivariable control
design is a reliable algorithm for parametric identification, which captures all
relevant flexible dynamical behavior of the system with high accuracy.
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Figure 3.3: Lightweight positioning platform used in IC manufacturing machines.
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Figure 3.4: Measured m = 1250 point FRF Po (dotted) with corresponding
variance (dashed), and n = 16th order parametric model P̂ (s) (solid).
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3.7 Conclusions

The wafer stage in Fig. 3.3 is operated contactless on the basis of magnetic
levitation. As a consequence, there are six motion degrees of freedom (DOFs)
of the system, viz. three translations and three rotations. In this chapter, the
behavior of the wafer stage for vertical translations is investigated. In particular,
the relation between forces Fz [N ] that are applied in the vertical direction and
resulting displacements z[m] in the vertical direction is considered. Figure 3.4
shows a frequency response function (FRF) identification Po (sk ), sk =  · 2π ·
[1, 3, . . . , 2449] rad/s.
Next, a parametric model P̂ (s) of the system’s behavior is estimated. A
maximum likelihood criterion is considered, see Pintelon and Schoukens (1990)
and Pintelon and Schoukens (2001, Chap. 7). To this end, (3.1) is minimized
with W (sk ) = 1 / σPo (sk ), where σP2 o (sk ) is the variance on the FRF data that
is shown in Fig. 3.4. Algorithm 2 is employed to estimate a 16th order parametric transfer function model. During the iterations, κ(ΨH W2H W1 Φ) < 1.008,
i.e., the use of bi-orthonormal polynomials yields optimal numerical conditioning. This facilitates reliable, accurate computations. In contrast, when the
monomial basis is used, the worst-case condition number that is observed equals
H
98
κ(ΦH
mon W2 W1 Φmon ) = 1.181 · 10 . Although for the considered identification problem it is still possible to compute an accurate model after appropriate
scaling, such high condition numbers lead to a numerical breakdown for multivariable systems such as the one presented in Oomen et al. (2013).
?
Upon convergence of the algorithm, V (θIV
) = 1.727·103 , whereas for the gradient it holds that

∂V (θ)
?
∂ θ T θ=θIV
2

= 8.5831·10−5 ≈ 0, i.e., a (local) minimum of

the cost function is attained. Indeed, in Fig. 3.4 it is observed that the obtained
model describes the system’s behavior with high accuracy, demonstrating the
effectiveness of Alg. 2 for frequency-domain system identification.

3.7

Conclusions

In this chapter, a new algorithm for frequency-domain system identification
is presented that combines advantageous convergence properties in frequencydomain instrumental variable (IV) identification with computational algorithms
that yield optimal numerical conditioning. The key novel technical result of
this chapter is the introduction of two bi-orthonormal polynomial bases with respect to a data-dependent bi-linear form in system identification. By using these
bi-orthonormal bases in the IV-algorithm, viz. one polynomial basis to parameterize the to-be-estimated model and another polynomial basis to parameterize
the instrument, optimal numerical conditioning is achieved. In addition, optimal conditioning for the classical SK-algorithm is retrieved as a special case, in
which the two polynomial bases coincide into a single basis that is orthonormal
with respect to a data-dependent inner product.
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A simulation example confirms that the convergence behavior of the IValgorithm is beneficial in frequency-domain identification. In particular, for the
considered example, the SK-algorithm suffers from a bias that is induced by
the noise on the measurement data. The IV-algorithm outperforms the SKalgorithm and yields an unbiased estimate. Furthermore, the IV-algorithm
is successfully applied for identification of the dynamical behavior of a highprecision motion system. Indeed, the use of bi-orthonormal polynomials provides optimal numerical conditioning in all iterations. Thus, the iterations are
performed with high fidelity, leading to an accurate parametric model of the
system under study.
Although the material that is presented in this chapter is concentrated on
identification of single-input single-output systems, all obtained results can be
generalized towards multivariable systems. For this purpose, a system representation in the form of a matrix fraction description needs to be employed, as is
also considered in Blom and Van den Hof (2010). Further details are presented
in Chapter 4 and Appendix A.
In practice, both Alg. 1 and Alg. 2 show convergence to a stationary point
for most data sets, especially when the signal to noise ratio is sufficiently high.
Indeed, both frequency-domain algorithms are widely applied for system identification (Pintelon et al., 1994). Various convergence aspects have been further
studied in detail in Söderström and Stoica (1988), Regalia et al. (1997).
Finally, for further details on the general theory of bi-orthonormal polynomials, the reader is referred to Chap. 2.

Chapter 4

Constructing Bi-Orthonormal BlockPolynomials of a General Dimension
4.1

Introduction

The aim of this chapter is to derive an approach for the computation of biorthonormal block-polynomial bases of a general dimension. These polynomials
provide the key towards achieving optimal numerical conditioning in multivariable instrumental variable identification using frequency-domain data.

4.2

Application of bi-orthonormal block-polynomials:
optimal conditioning in MIMO system identification

The essential step in the algorithm for multivariable frequency-domain instrumental variable identification, see Appendix A, is to determine the parameters θ
of the vector-polynomial f (ξ, θ) by solving the polynomial equality
H
r
X
∂ g(ξˆl , η) H
ŵ2l ŵ1l f (ξˆl , θ) = 0,
∂η T

(4.1)

l=1

cf. Appendix A.1.6, (A.26), for further details. In (4.1), ŵ1l , ŵ2l ∈ C1×α are
weights and f (ξ, θ), g(ξ, η) ∈ Cα × 1 [ξ] are α–dimensional vector-polynomials:
f (ξ, θ) =

n
X

ϕj (ξ) θj ,

(4.2)

ψj (ξ) ηj .

(4.3)

j=0

g(ξ, η) =

n−1
X
j=0

This chapter is in preparation for publication.
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The parameters θj , ηj ∈ Cα×1 . Furthermore, ϕj (ξ), ψj (ξ) ∈ Cα×α [ξ] are block–
polynomials in the variable ξ ∈ C, with nodes ξˆl , l = 1, . . . , r. In addition, both
ϕj (ξ) and ψj (ξ) are of strict degree j.
Remark 4.1 To avoid a trivial solution to (4.1), f (ξ, θ) is subjected to a degree
constraint. This degree constraint is enforced by a pre-determined choice for the
coefficient vector θn , cf. Appendix A.1.3 for details.

Next, a bi-linear form [·, ·] based on the problem-specific frequency points ξˆl
and weights ŵ1l , ŵ2l is defined for the solution space of polynomial equality (4.1),
viz.
r
X
[f (ξ, θ), g(ξ, η)] :=
g H (ξˆl , η) ŵH ŵ1l f (ξˆl , θ).
(4.4)
2l

l=1

The solution f (ξ, θ) to (4.1) is connected to this bi-linear form. To make this
connection explicit, polynomial bases that are bi-orthonormal with respect to
(4.4) are defined.

Definition 4.2 Let ξˆl ∈ C and ŵ1l , ŵ2l ∈ C1×α , l = 1, . . . , r, be given. In
addition, let ϕi (ξ), ψj (ξ) ∈ Cα×α , i, j = 0, 1, . . . , n. Then, ϕi (ξ), ψj (ξ) are called
bi-orthonormal block-polynomials (BBPs) with respect to (4.4) if
[[ϕi (ξ), ψj (ξ)]] :=

r
X
l=1

H
ψjH(ξˆl ) ŵ2l
ŵ1l ϕi (ξˆl ) = δij · Iα .

(4.5)

By formulating f (ξ, θ) and g(ξ, η) in terms of BBPs, the following two results
are obtained, see Thm. 2.14 and Thm. 2.15 in Chap. 2 for a proof.
Theorem 4.3 Consider (4.1), in which f (ξ, θ), g(ξ, η) as defined in (4.2)–(4.3)
are formulated using polynomial bases ϕj (ξ), ψj (ξ) that satisfy (4.5). Then, the
solution to (4.1) is given by
f (ξ, θ) = ϕn (ξ) θn .

(4.6)

Indeed, if the basis polynomial ϕn (ξ) in Def. (4.5) is given, then the solution
f (ξ, θ) to (4.1) is determined completely, since θn is pre-determined by a degree
constraint, see Remark 4.1. This has an important implication for the linear
system of equations
(ΨH W2H W1 Φ) θ = − ΨH W2H W1 Φn θn
that is associated with (4.1), cf. Appendix A.1.7 for further details.

(4.7)

77

4.3 Polynomial recurrence relations

Theorem 4.4 Consider (4.1), in which f (ξ, θ), g(ξ, η) as defined in (4.2)–(4.3)
are formulated in polynomial bases ϕj (ξ), ψj (ξ) that satisfy (4.5). Then, in (4.7)

H

hence, κ(Ψ

W2H

ΨH W2H W1 Φ = I ,

(4.8)

W1 Φ) = 1.

To interpret Thm. 4.4, by exploiting bi-orthonormal polynomial bases that
satisfy (4.5), optimal numerical conditioning of the system equations that is
at the heart of the multivariable frequency-domain instrumental variable algorithm is obtained. In the next sections, the construction of α-dimensional
bi-orthonormal block-polynomial bases is developed.

4.3

Polynomial recurrence relations: obtaining recurrence
coefficients from the data of the problem

In this section, polynomial recurrence relations are derived for the bi-orthonormal
polynomial bases in Def. 4.2. After some preliminaries, general (long) recurrences are derived first. Subsequently, it is shown that bi-orthonormal polynomials on the imaginary axis satisfy (short) three-term-recurrence relations.
4.3.1

A matrix representation of the bi-orthonormality condition

In this section, a matrix representation of the bi-orthonormality condition in
Def. 4.2 is given. This leads to insight into the maximum degree of bi-orthonormal
polynomial bases that can be built up, given certain problem data. This insight
is used in the subsequent section, where an algorithm for the derivation of polynomial recurrence coefficients is constructed.
In the remainder, matrices consisting of α × α–dimensional blocks are developed. To facilitate the exposition, the following assumption is made.
Assumption 4.5 The number r of node-weights triples {ξˆl , ŵ1l , ŵ2l } that define
the bi-linear form (4.5) equals
r = v α,
(4.9)
with v ∈ N a natural number and α the block-size of the polynomials ϕj (ξ), ψj (ξ).
By virtue of Ass. 4.5, all relevant matrices consist of an integer number of blocks.
The theory developed in the forthcoming sections remains valid if Ass. 4.5 does
not hold. In that case, however, small modifications have to be made to the
formulas to account for the fact that some blocks are only built up partially.
Based on the problem-specific data, the following matrices are defined:
X̂ = diag(ξˆ1 , ξˆ2 , · · · , ξˆr ) ∈ Cr×r ,
(4.10)
 T

r×α
T
T T
∈ C
,
(4.11)
ŵ1 = ŵ11 ŵ12 · · · ŵ1r
 T

T
T
T
· · · ŵ2r
ŵ2 = ŵ21 ŵ22
∈ Cr×α .
(4.12)
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In addition, block-diagonal weight matrices are defined:



ŵ11
ŵ21



ŵ
ŵ22
12



Ŵ1 = 
∈ Cr×αr , Ŵ2 = 

.
..



ŵ1r
Finally, the following polynomial response matrices


Φ̂ =
Φ̂0
Φ̂1
···
Φ̂v−1


ϕ0 (ξˆ1 ) ϕ1 (ξˆ1 ) · · · ϕv−1 (ξˆ1 )
ϕ0 (ξˆ2 ) ϕ1 (ξˆ2 ) · · · ϕv−1 (ξˆ2 )


= .
 ∈ Cαr×r ,
..
..
 ..

.
.
ˆ
ˆ
ˆ
ϕ0 (ξr ) ϕ1 (ξr ) · · · ϕv−1 (ξr )

Ψ̂0
Ψ̂1
···
Ψ̂v−1


ψ0 (ξˆ1 ) ψ1 (ξˆ1 ) · · · ψv−1 (ξˆ1 )
ψ0 (ξˆ2 ) ψ1 (ξˆ2 ) · · · ψv−1 (ξˆ2 )


= .
 ∈ Cαr×r ,
..
..
 ..

.
.
ˆ
ˆ
ˆ
ψ0 (ξr ) ψ1 (ξr ) · · · ψv−1 (ξr )

Ψ̂ =



..


.
ŵ2r



 ∈ Cr×αr .

(4.13)

are defined:
Φ̂v


ϕv (ξˆ1 )
ϕv (ξˆ2 )


 .  ∈ Cαr×α , (4.14)
 .. 
ϕv (ξˆr )
Ψ̂v


ψv (ξˆ1 )
ψv (ξˆ2 )


 .  ∈ Cαr×α . (4.15)
 .. 
ψv (ξˆr )

Let ϕj (ξ) and ψj (ξ) be bi-orthonormal polynomial bases, built up until degree
v − 1, i.e., j = 0, 1, . . . , v − 1. In view of Def. 4.2, the required bi-linearity
condition can be written in matrix form as
Ψ̂H Ŵ2H Ŵ1 Φ̂ = Ir .

(4.16)

Remark 4.6 The bi-linearity condition (4.16) is equivalent with (4.8) in Thm.
4.4, since ŵ1l , ŵ2l , l = 1, . . . , r contain the individual rows of the weight blocks
w1k , w2k , k = 1, . . . , m. Moreover, the nodes ξˆl contain an appropriate repetition
of the nodes ξk , see Appendix (A.1.6) for further details.
To anticipate on the results in the forthcoming section, the maximum polynomial degree of the bi-orthonormal bases that can be built up from the problem
data is determined. In view of Ass. 4.5, given a bi-linear form that is defined
on r nodes, the construction of bi-orthonormal α-dimensional block-polynomial
bases breaks down beyond degree v − 1. To further motivate this, note that
bi-orthogonality of ϕv (ξ) with ψj (ξ), j = 0, 1, . . . , v − 1 and ψv (ξ) with ϕj (ξ),
j = 0, 1, . . . , v − 1, requires
Φ̂v ∈
/ span(Φ̂)

and

Ψ̂v ∈
/ span(Ψ̂).

(4.17)
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Since Ŵ1 and Ŵ2 in (4.13) are rank r matrices, it follows from (4.16) that
span(Φ̂) spans the entire row space of W1 and span(Ψ̂) spans the entire row
space of W2 . Hence, the conditions in (4.17) imply that
Φ̂v ∈ ker(Ŵ1 )

and

Ψ̂v ∈ ker(Ŵ2 ).

(4.18)

H
As a consequence, Ψ̂H
v Ŵ2 Ŵ1 Φ̂v = 0, i.e., the generation of bi-orthonormal
polynomial bases breaks down. In the forthcoming section, the recursive generation of bi-orthonormal polynomial bases up till degree v − 1 is presented.

4.3.2

General recurrence relations

In this section, general (long) recurrence relations are derived for the bi–orthonormal polynomial bases. As a starting point, recall that ϕ(ξ) and ψ(ξ) satisfy
a degree structure, where ϕj (ξ), ψj (ξ) ∈ Cα×α [ξ] are degree j polynomials, i.e.
ϕj (ξ) = ξ j · sjj + . . . + ξ · sj1 + sj0 ,

(4.19)

j

ψj (ξ) = ξ · tjj + . . . + ξ · tj1 + tj0 ,

(4.20)

with sjk , tjk ∈ Cα×α , k = 0, 1, . . . , j. In addition, sjj and tjj are assumed to
be upper triangular and invertible. Due to the imposed degree structure, there
exist matrices σk,j−1 , τk,j−1 ∈ Cα×α , k = 0, 1, . . . , j, such that
ξ · ϕj−1 (ξ) = ϕj (ξ) σj,j−1 + . . . + ϕ1 (ξ) σ1,j−1 + ϕ0 (ξ) σ0,j−1 ,

(4.21)

ξ · ψj−1 (ξ) = ψj (ξ) τj,j−1 + . . . + ψ1 (ξ) τ1,j−1 + ψ0 (ξ) τ0,j−1 .

(4.22)

Since the leading coefficients of the basis polynomials are assumed to be upper
triangular, σj,j−1 , τj,j−1 are upper triangular matrices.
As a consequence of (4.21)–(4.22), the basis polynomials ϕj (ξ), ψj (ξ) can be
constructed through a linear combination of the previous j basis polynomials.
Combining (4.21)–(4.22) for j = 0, 1, . . . , v − 1 yields


ξ ϕ0 (ξ) ϕ1 (ξ) · · · ϕv−1 (ξ) =
(4.23)




ϕ0 (ξ) ϕ1 (ξ) · · · ϕv−1 (ξ) H1 + ϕv (ξ) 0α × α(v−1) σv,v−1 ,

ξ ψ0 (ξ) ψ1 (ξ) · · ·

ψ0 (ξ) ψ1 (ξ) · · ·

where H1 , H2

σ00
σ10

H1 = 


ψv−1 (ξ)





=

ψv−1 (ξ) H2


+ ψv (ξ) 0α × α(v−1)

∈ Cr×r are upper block-Hessenberg matrices, i.e.,


· · · σ0,v−2
σ0,v−1
τ00 · · · τ0,v−2
τ10 · · · τ1,v−2
· · · σ1,v−2
σ1,v−1 


, H2 = 
..
..
..
..
..


.
.
.
.
.
σv−1,v−2

σv−1,v−1

τv−1,v−2



(4.24)

τv,v−1 ,

τ0,v−1
τ1,v−1
..
.





.


τv−1,v−1
(4.25)
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To let the general j-term recurrence relations (4.23)–(4.24) generate bi–orthonormal polynomials with respect to (4.5), the recurrence coefficients in the Hessenberg matrices have to be coupled to the problem data. Herein, the following
result plays a role.
Theorem 4.7 Let ϕj (ξ), ψj (ξ) ∈ Cα×α [ξ], j = 0, 1, . . . , v − 1, be bi-orthonormal
polynomials with respect to (4.5). In addition, let the polynomials satisfy the
j-term recurrence relations reflected by (4.23) and (4.24), in which the upper
block-Hessenberg matrices H1 and H2 in (4.25) contain the recurrence coefficients. Then, it holds that
(Ψ̂H Ŵ2H ) X (Ŵ1 Φ̂) = H1 ,
(Φ̂

H

Ŵ1H )

X (Ŵ2 Ψ̂) = H2 ,

(4.26)
(4.27)

where
(Ψ̂H Ŵ2H ) = (Ŵ1 Φ̂)−1 .

(4.28)

Proof: First observe that the bi-orthonormality condition (4.16) immediately
yields (4.28). Subsequently, by evaluating (4.23)–(4.24) for the nodes ξˆl , l =
1, . . . , r of the bi-linear form (4.5), the following matrix equalities are obtained:


(X̂ ⊗ Iα ) Φ̂ = Φ̂ H1 + Φ̂v 0α × α(v−1) σv,v−1 ,
(4.29)


(X̂ ⊗ Iα ) Ψ̂ = Ψ̂ H2 + Ψ̂v 0α × α(v−1) τv,v−1 .
(4.30)

By pre-multiplication of (4.29) by Ŵ1 and (4.30) by Ŵ2 , the following identities
are obtained:
X̂ (Ŵ1 Φ̂) = (Ŵ1 Φ̂) H1 ,
(4.31)
X̂ (Ŵ2 Ψ̂) = (Ŵ2 Ψ̂) H2 ,

(4.32)

where use is made of (4.18) and of the fact that Ŵ1 (X̂ ⊗ Iα ) = X̂ Ŵ1 and
Ŵ2 (X̂ ⊗ Iα ) = X̂ Ŵ2 due to the structure of Ŵ1 and Ŵ2 , see (4.13). Finally,
pre-multiplication of (4.31) by (Ψ̂H Ŵ2H ) and pre-multiplication of (4.32) by
(Φ̂H Ŵ1H ) yields the result, where (4.28) is exploited.

Theorem 4.7 forms a generalization of Thm. 3.20 in Chap. 3 towards blockHessenberg matrices. The significance of the theorem is that it proofs that
the block-Hessenberg matrices H1 and H2 are similar to X̂. Consequently, the
eigenvalues of both H1 and H2 are equal to ξˆl , l = 1, . . . , r.
Motivated by Thm. 4.7, the Hessenberg matrices H1 and H2 containing the
recurrence coefficients that generate the bi-orthonormal polynomial bases are
constructed by solving two inverse eigenvalue problems. However, to formulate
a sensible inverse eigenvalue problem, additional constraints are needed that
ensure a proper initialization of the recurrence relations by means of which the
polynomial bases are built up.
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Theorem 4.8 Let ϕj (ξ), ψj (ξ), j = 0, 1, . . . , v − 1, be bi-orthonormal polynomials with respect to (4.5). In addition, let the 0th degree basis polynomials be
defined by
ϕ0 (ξ) := Γ−1
ψ0 (ξ) := B0−1 ,
(4.33)
0 ,
where Γ0 , B0 ∈ Cα×α are constant matrices. Then, it holds that
 T
T
Γ0 0α × r−α ,

T
= B0T 0α × r−α .

(Ψ̂H Ŵ2H )ŵ1 =
(Φ̂

H

Ŵ1H )ŵ2

(4.34)
(4.35)

Proof: In order for ϕ0 (ξ) and ψ0 (ξ) to be the 0th degree polynomials of biorthonormal polynomial bases, it is required that

Iα

= Iα

Ψ̂H Ŵ2H Ŵ1 Φ̂0 =

0α × r−α

Φ̂H Ŵ1H Ŵ2 Ψ̂0

0α × r−α

T
T

,

(4.36)

,

(4.37)

and Ŵ2 Ψ̂0 = ŵ2 B0−1 , it follows
cf. (4.16). By observing that Ŵ1 Φ̂0 = ŵ1 Γ−1
0
that (4.36)–(4.37) are equivalent with (4.34)–(4.35), which proves the result. 
Theorem 4.8 forms a generalization of Thm. 3.21 in Chap. 3 By combining
the results of Thm. 4.7 and Thm. 4.8, an algorithm for the computation of the
polynomial recurrence coefficients can be devised. Herein, invertible matrices
K̃ := Ŵ1 Φ̂ and L̃ := Ŵ2 Ψ̂ are determined such that (4.26)–(4.27) and (4.34)–
(4.35) hold.
Algorithm 4 Let X̂ be given in (4.10), and ŵ1 , ŵ2 be given
 in (4.11)–(4.12).
Then, initial node-weight matrices ŵ1 X̂ and ŵ2 X̂ are formed. Next,
compute matrices
K̃, L̃ ∈ Cr×r ,
L̃ = K̃ −H ,
(4.38)
such that
H

L̃

K̃

H



ŵ1



ŵ2

X̂
X̂


 Iα


 Iα

K̃
L̃





=
=





Γ0
0r−α × α
B0
0r−α × α

H1
H2



,

(4.39)


,

(4.40)

where H1 and H2 are upper block-Hessenberg matrices.
Once the Hessenberg matrices that contain the polynomial recurrence coefficients have been determined, bi-orthonormal polynomial bases can be generated
using the j-term recurrence relations that are represented by (4.23)–(4.24).
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Algorithm 5 Let the Hessenberg decompositions (4.39)–(4.40) be given. Then,
bi-orthonormal polynomial bases with respect to (4.5) are generated by setting
ϕ0 (ξ) := Γ−1
0 ,

ψ0 (ξ) := B0−1 ,

(4.41)

and subsequently determining for j = 1, 2, . . . , v − 1
ϕj (ξ) = ( ϕj−1 (ξ) (ξ − σj−1,j−1 ) − ϕj−2 (ξ) σj−2,j−1

− · · · − ϕ1 (ξ) σ1,j−1 − ϕ0 (ξ) σ0,j−1 ) ·

ψj (ξ) = ( ψj−1 (ξ) (ξ − τj−1,j−1 ) − ψj−2 (ξ) τj−2,j−1

− · · · − ψ1 (ξ) τ1,j−1 − ψ0 (ξ) τ0,j−1 ) ·

(4.42)
−1
σj,j−1

,
(4.43)

−1
τj,j−1

,

where the recursion coefficients are elements of the Hessenberg matrices in (4.25).
Algorithm 5 enables the construction of bi-orthonormal polynomials for a
general choice of nodes ξˆl ∈ C, l = 1, . . . , r, for which general j-term recurrence
relations are used. In the special situation that all of the nodes are taken on i) the
real line, ii) the imaginary axis, or iii) the unit circle, the Hessenberg decompositions (4.39) and (4.40) are known to carry additional structural properties. In
all three situations, it is possible to exploit these structural properties to generate the bi-orthonormal polynomial bases using (short) three-term-recurrence
relations. In the forthcoming section, this is further illustrated for the case where
all nodes are frequency points on the imaginary axis.
4.3.3

Three–term–recurrence relations for the construction of biorthonormal block-polynomials on the imaginary axis

In the special situation where all frequency points ξˆl , l = 1, . . . , r, are taken on
the imaginary axis, a remarkable relation exists between the Hessenberg matrices
H1 and H2 in (4.25).
√
Theorem 4.9 Let ξˆl = ω̂l , with  = −1 and ω̂l ∈ R, l = 1, . . . , r, be frequency
points on the imaginary axis. Then, H1 and H2 in (4.25) are tri-diagonal matrices. Furthermore,
H1H = − H2 .
(4.44)
Proof: Since all frequency points are on the imaginary axis,
X H = −X,
as follows from (4.10). Using (4.26) and (4.27), it then holds that
H
H1H = (ΨH W2H ) X (W1 Φ)
= (ΦH W1H ) X H (W2 Ψ)

= − (ΦH W1H ) X (W2 Ψ) = −H2 .

(4.45)

(4.46)

This implies that H1 and H2 are both upper and lower block-Hessenberg, hence,
block tri-diagonal matrices.
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By virtue of Thm. 4.9, to generate two bi-orthonormal polynomial bases
on the imaginary axis, it suffices to construct one single Hessenberg matrix
instead of two. This Hessenberg matrix is a tri-diagonal matrix, conveying all the
information that is required to obtain the polynomial recurrence coefficients. In
fact, Thm. 4.9 motivates the following adjustment of Alg. 4 for the computation
of the polynomial recurrence coefficients.
Algorithm 6 Let X̂ be given in (4.10), and ŵ1 , ŵ2 be given in (4.11)–(4.12).
Next, form the initial node-weight matrix


ŵH
2
.
Inw := 
(4.47)
ŵ1
X̂
Then, compute matrices

L̃ = K̃ −H ,

K̃, L̃ ∈ Cr×r ,
such that


Iα

where



 Γ
 0


T := 





L̃H
B0H
A1
Γ1






B1H
A2

ŵH
2
X̂

ŵ1




 Iα

K̃



..

.

..

.

..

.

Γv−1

= T,

(4.49)



B2H

Γ2

(4.48)

H
Bv−1
Av

α×α





.





(4.50)

Here, the blocks Ai ∈ C
, i = 1, . . . , v, are full matrices, whereas the blocks
Bj , Γj ∈ Cα×α , j = 0, 1, . . . , v − 1 are upper triangular matrices.
Once the block tri-diagonal matrix in (4.49) has been determined, bi-orthonormal block-polynomials on the s-domain can be generated by means of threeterm-recurrence relations.
Algorithm 7 Let the block tri-diagonal decomposition (4.49) be given. Then,
bi-orthonormal polynomial bases with respect to (4.5) are generated by setting
ϕ0 (s) := Γ−1
0 ,

ψ0 (s) := B0−1 ,

and subsequently determining for j = 1, 2, . . . , v − 1
ϕj (s) =
ψj (s) =

H
ϕj−1 (s) ( s · Iα − Aj ) − ϕj−2 (s) Bj−1

ψj−1 (s) (−s · Iα −

AH
j )

−

ψj−2 (s) ΓH
j−1

(4.51)




Γ−1
j ,

(4.52)

Bj−1

(4.53)

,
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where the recursion coefficients are the elements of the tri-diagonal matrix as
indicated in (4.50).
In the forthcoming section, the essential details that are needed to implement
Alg. 6 are provided.

4.4

A reliable and efficient algorithm for the construction
of a block tri-diagonal matrix

In this section, an algorithm for the conversion of the initial node-weights matrix
into block tri-diagonal form is presented. First, it is described how to enforce
the construction of a real-valued block tri-diagonal matrix, which is needed to
develop real polynomials. Subsequently, a procedure is outlined that leads to a
transformation of the initial matrix into the desired form. Herein, the efficiency
of the designed algorithm is motivated.
4.4.1

Obtaining real-valued polynomial recursion coefficients

In applications for system identification algorithms, it is often desired to develop
real polynomial bases. An essential property of real polynomials is that
ϕ(ξ ∗ , θ) = ϕ∗ (ξ, θ),
∗

(4.54)

∗

ψ(ξ , θ) = ψ (ξ, θ).

(4.55)

By exploiting this property in Def. 4.2, real-valued polynomial recursion coefficients can be obtained in a natural way, see Sect. 5.5.1 and Van Barel and
Bultheel (1994, Sect. 5) for further details.
To enforce the construction of real polynomial bases, the bi-linear form (4.5),
defined for the nodes ξˆl and weights ŵ1l , ŵ2l , is extended with the complex∗
∗
conjugate nodes ξˆl∗ and weights ŵ1l
, ŵ2l
. This motivates a modification of the
initial node-weight matrix in (4.47) towards:


I˜nw









:= 









— ŵ11 —
∗
— ŵ11
—
— ŵ12 —
∗
— ŵ12
—
..
.
— ŵ1r —
∗
— ŵ1r
—

|
H
ŵ21
|
ξˆ1

|
T
ŵ21
|
ξˆ1∗

|
H
ŵ22
|
ξˆ2

|
T
ŵ22
|

ξˆ2∗

···

..

|
H
ŵ2r
|

|
T
ŵ2r
|

.
ξˆr

ξˆr∗











.









(4.56)
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The matrix I˜nw in (4.56) is easily converted into a real-valued matrix. In particular, by defining


Iα


1
 ,
T0 = 
(4.57)
Ir ⊗ √12
1 −
√
where  = −1, the node-weights matrix is transformed into the following realvalued matrix under unitary similarity:

√

2 Re{ŵ11 }T

2 Im{ŵ11 }T
√
2 Re{ŵ12 }T
√
2 Im{ŵ12 }T
..
.
√

√

2 Re{ŵ1r }T

2 Im{ŵ1r }T



− ω̂1

ω̂1





− ω̂2

ω̂2

2 Im{ŵ2r }T

2 Re{ŵ2r }T

















.













 
− ω̂r 
ω̂r
√

√

..
.

√

√

√































2 Re{ŵ21 }T



2 Im{ŵ21 }T
√
2 Re{ŵ22 }T
√
2 Im{ŵ22 }T

T0H I˜nw T0 =


..

.

(4.58)

Since the above matrix is real-valued, it forms an appropriate starting point for
the conversion to a real block tri-diagonal form. To this end, real arithmetic
operations should be applied in the remaining computational steps.
4.4.2

Towards an efficient algorithm by exploiting structure

Algorithmic efficiency is essential when dealing with large computational problems, such as those encountered in multivariable system identification. Although
algorithms for the conversion of a general matrix into tri-diagonal form exist,
these algorithms are typically inefficient. In particular, if the initial node-weights
matrix (4.58) is converted into block tri-diagonal form without acknowledging the
structure of the problem, then O(r3 ) computational steps are required, where r
is the number of nodes on which the bi-linear form (4.5) is based.
Remark 4.10 For FRF data Po (ξk ) ∈ Cp×q , k = 1, . . . , m, the number of nodes
on which the bi-linear form (4.5) is based equals r = mpq, cf. Appendix A.1.6.
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Figure 4.1: Illustration of the sparsity of the problem for α = 4. The initial
nodes and weights are indicated by the black dots in black rectangles. The
resulting 4 × 4-block tri-diagonal matrix is shaded.
An example of an algorithm to transform a general (symmetric) matrix into
tri-diagonal form is given in Golub and Van Loan (1989, Sect. 8.3.1). This algorithm relies on Householder transformations, requiring O(r3 ) computational
steps indeed. For such type of algorithm, the computational burden quickly
becomes excessive when multivariable identification problems with FRF measurements on > 1000 frequency points are considered.
To enhance computational efficiency, it is key to observe that both the initial node-weights matrix (4.58) and the final block tri-diagonal matrix (4.50)
are structured (sparse) matrices. This is illustrated in Fig. 4.1. An efficient
tri-diagonalization algorithm should retain this structure during intermediate
computational steps. The major drawback of general algorithms such as, e.g.,
Golub and Van Loan (1989, Sect. 8.3.1), is that excessive fill-in occurs during
intermediate steps, see also Boley and Golub (1987). That is, by zeroing the
required elements in the first column, all remaining columns are filled with nonzero elements, which subsequently have to be zeroed column after column.
In the forthcoming section, a new efficient algorithm for the conversion to
block tri-diagonal form is presented. This algorithm is based on the ‘chasing
down the diagonal’ philosophy as introduced by Rutishauser (1963).

4.4 A reliable and efficient algorithm for tri-diagonalization
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Figure 4.2: Intermediate tri-diagonal matrix for α = 4, where the 7th nodeweights triple that is going to be added to the problem is highlighted.
4.4.3

Chasing down the diagonal

In this section, the ‘chasing down the diagonal’ algorithm for the efficient computation of a block tri-diagonal matrix from the initial node-weight matrix in
(4.58) is presented. To start, it is observed that (4.58) consists of triples of node
and weight blocks
√

√2 Re{ŵ1l } ∈ R2 × α ,
(4.59)
2 Im{ŵ1l }
√
T
√2 Re{ŵ2l } ∈ Rα × 2 ,
(4.60)
2 Im{ŵ2l }


−ω̂l
∈ R2×2 ,
(4.61)
ω̂l
where l = 1, . . . , r. These node-weights triples are introduced into the problem successively, whereafter the resulting intermediate matrix is transformed
into block tri-diagonal form in a manner that retains sparsity. This is further
illustrated in Fig. 4.2. In this figure, the first 6 node-weights triples have been
converted to block tri-diagonal form already. Subsequently, the 7th node-weights
triple is considered. It is immediate that the new weight blocks, see (4.59)–(4.60),
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Figure 4.3: Resulting matrix after permutation of the 7th node-weights triple,
where the 2 · 2α elements that violate the desired structure are indicated.
violate the desired block tri-diagonal structure. Therefore, elementary zeroing
operations are applied next to bring the matrix to the desired structure.
In order to retain the sparsity of the problem, it is beneficial to apply a
permutation to the matrix in Fig. 4.2 such that the new node and weights are
placed on top of the previous tri-diagonal matrix. The result is illustrated in
Fig. 4.3. Herein, 2 · 2α undesired ‘bulges’ that violate the intended tri-diagonal
form are observed. For the considered problem size, this gives 2·8 bulges . These
bulges are zeroed in the indicated order.
Next, it is formalized how the elementary zeroing operations are performed.
To make the matrix elements (a, b) and (b, a) equal to zero, define the following
variables:
π = element (a − 1, b)
ρ = element (a, b)

ν = element (b, a − 1)

Now, let matrices P and Q be defined as



Ia−2
Ia−2
ρ
ν



ς·τ
ς·τ



,
µ
P =
Q=



ς · τ ς · −π
τ



I.
.

.

(4.62)

µ = element (b, a) .

π
τ
ρ
τ



µ
τ
−ν
τ

I.

.

.



,



(4.63)
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Figure 4.4: Resulting matrix after chasing the first block of 2 · 8 bulges down
the diagonal, whereby the first elements of the tri-diagonal matrix are updated.
where ς = sign(ρµ + πν) and γ =
P T Q = I. Also, det(P ) = det(Q) = 1.

p

|ρµ + πν|. By definition it holds that

Remark 4.11 In the special case where ρ = µ and π = ν, the matrices P and Q
coincide and form a unitary Givens reflector matrix (Golub and Van Loan, 1989,
Sect. 5.1.8). The algorithm in Gragg and Harrod (1984), which is advocated for
its outstanding numerical properties, using these unitary reflectors to transform
a symmetric initial node-weight matrix into tri-diagonal form under unitary
similarity.
Due to the asymmetry of the initial node-weight matrix, a non-unitary similarity transformation is needed to convert to a tri-diagonal matrix. Hence, P
and Q are not unitary here, in contrast to the algorithm in Gragg and Harrod
(1984). Although a full analysis of the error propagation of the modified algorithm is beyond the scope of this work, practical experience shows that for
the selected matrices P and Q with det(P ) = det(Q) = 1, an amplification of
round-off errors is prevented and accurate results are obtained.
The indicated bulge elements in Fig. 4.3 are now zeroed by means of similarity transformations through a sequential pre-multiplying with the appropriate
matrix P T and post-multiplying with the corresponding matrix Q. The resulting
matrix is indicated in Fig. 4.4.
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Figure 4.5: Illustration of the properties of the resulting tri-diagonal matrix. The
elements × and # that are labeled by the same number have the same magnitude.
Elements # are positive, whereas elements × may have an arbitrary sign.
Upon zeroing the undesired elements in the first 4 columns and rows of
Fig. 4.3, new undesired bulges appear in columns and rows 5—8, see Fig. 4.4.
Since these new bulges again violate the intended block tri-diagonal structure,
they have to be zeroed by again applying elementary similarity transformations
of the form (4.63). This in turn generates undesired bulges in columns and rows
9—12. The algorithm then continues in the same fashion. Hence the name of
the updating strategy: ‘chasing down the diagonal’, cf. Gragg and Harrod (1984)
and Rutishauser (1963). Eventually, the described algorithm leads to the zeroing
of all undesired bulge elements that violate the block tri-diagonal structure of the
matrix. Once again, an intermediate matrix of the form in Fig. 4.2 is obtained,
in which the next node-weights triple needs to be added to the problem. This
procedure continues till all node-weights triples have been added to the problem
and the final tri-diagonal matrix is obtained.
Remark 4.12 The transformation of the initial node-weights matrix into a
block tri-diagonal matrix is not unique. Due to the particular similarity transformation matrices that have been selected in (4.63), a block tri-diagonal matrix
with special properties is obtained, see Fig. 4.5. This form constitutes a generalization of the choice in Saad (1982, Sect. 2.2, (2.17)) and Saad (2003, Sect. 7.1)
towards block tri-diagonal matrices.
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Clearly, the ‘chasing down the diagonal’ algorithm, of which one step is
illustrated from Fig. 4.3 towards Fig. 4.4, is an algorithm that operates on a
banded matrix, cf. Golub and Van Loan (1989, Sect. 1.2 and 4.3). By exploiting
this banded structure, an algorithm for block tri-diagonalization of the initial
node-weight matrix is obtained that requires O(r2 ) computational steps, see also
Gragg and Harrod (1984). Hence, the algorithm is an order of magnitude more
efficient than tri-diagonalization algortihms for general matrices, which require
O(r3 ) computational steps.
Remark 4.13 An observation that enables a further reduction of computational
complexity is that, in general, it is not needed to built up the entire tri-diagonal
matrix. In particular, to generate bi-orthonormal polynomial bases of degree
j = 0, 1, . . . , n  v − 1, the tri-diagonal matrix merely needs to be determined
up to the point where A1 , . . . An , B0 , . . . , Bn , and Γ0 , . . . , Γn are characterized,
cf. Alg. 7, i.e.
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(4.64)

By only building up the relevant part of the block tri-diagonal matrix, the computational complexity is reduced from O(r2 ) towards O(rn). Since typically n  r,
this enables a significant reduction of the number of computations.
A further enhancement of the computational efficiency towards O(r) computational steps is possible. This requires the implementation of a parallel algorithm, see Golub and Van Loan (1989, Chap. 6) and references herein for the
elementary concepts of parallel computation. Here, the basic idea is that as soon
as the first part of the block tri-diagonal matrix has been updated with a new
node-weights triple, a new parallel computational thread can be started in which
the next node-weight triple is introduced to the problem, see also Van Barel and
Bultheel (1992, Sect. 8).
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Figure 4.6: Experimental setup, consisting of two motors that each rotate a
mass. The two masses are connected by a spring element.

4.5

Application of the algorithm to reliable multivariable
identification of a flexible motion system

In this section, the effectiveness of the algorithm that has been developed in the
foregoing sections is illustrated. For this purpose, the algorithm is employed for
system identification of a multivariable motion system. The considered motion
system is depicted in Fig. 4.6. It consists of two motors, each of which rotates
a mass. The two masses are interconnected by a flexible belt, which acts as a
spring. In fact, the system resembles a two-mass-spring system that is frequently
used as a benchmark problem for modeling and control of flexible motion systems
(Wie and Bernstein, 1992).
By means of multisine identification experiments (Pintelon and Schoukens,
2001, Chap. 2–3), the frequency response function (FRF) Po (sk ) of the system
has been determined at m = 149 distinct frequencies, viz. sk =  ωk , k =
1, . . . , m, where ωk = 2π [1, 1.5, 2, 2.5, . . . , 75] rad/s.
Remark 4.14 To identify the FRF of the system in Fig. 4.6, the two inputs of
the system have been excited sequentially with a random-phase multisine, thus
spanning the entire input space by means of two independent experiments. However, for systems with lightly damped flexible phenomena, a sequential excitation
of the system’s inputs may demand for relatively long measurement experiments.
In Guillaume et al. (1996) and (Dobrowiecki and Schoukens, 2007, Sect. 6), an
alternative orthogonal decomposition of the input space is considered, in which
the inputs of the system are excited simultaneously. As a result, a reduction of
measurement time may be achieved. This is of particular importance for large
multivariable systems with many inputs and outputs.
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Figure 4.7: Measured FRF Po (dotted) and parametric model P̂ (solid).
A Bode diagram of the obtained FRF is shown in Fig. 4.7. Herein, the
dynamical behavior between the inputs of the system, i.e., the voltages supplied
to the motors, and the outputs of the system, i.e., the position of the motors,
is observed. In essence, the observed behavior can be described by a 4th order
system, consisting of a rigid-body mode and a flexible mode.

For parametric modeling of the system, the following identification criterion
is adopted, cf. Appendix A.1.1:
V(θ) =

m
X

k=1

k W (sk ) (Po (sk ) − P̂ (sk , θ)) k2F .

(4.65)

The model P̂ (sk , θ) is parameterized as a right matrix fraction description,
cf. Appendix A.1.2:
P̂ (s, θ) = N̂ (s, θ) D̂−1 (s, θ),
(4.66)
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where
N̂ (s, θ) =

1
0

D̂(s, θ) =






N1 s + N0 ,





0 2
s + D1 s + D0 ,
1

(4.67)
(4.68)

with N0 , D0 , N1 , D1 ∈ R2×2 . Hence, using this model parametrization, there
are 16 unknown parameters to be estimated. Note that, since deg(det(D̂)) = 4,
the model can represent the underlying system behavior, see also Kailath (1980,
Chap. 6).
Remark 4.15 To prevent a modeling emphasis on low-frequent behavior, the
weighting filter is chosen as W (sk ) = (1 / Po{1,1}(sk ) ) · I2 .
To minimize (4.65), the frequency-domain instrumental variable iteration,
i.e., Alg. 9 in Appendix A, is employed. In each iteration a polynomial equality
of the form (4.1) needs to be solved, see Appendix A for a detailed explanation.
Here:
• f (s, θ) = ϕ2 (s) θ2 + ϕ1 (s) θ1 + ϕ0 (s) θ0 ∈ R8×1 [s],
ψ1 (s) η1 + ψ0 (s) η0 ∈ R8×1 [s],

• g(s, η) =

• ϕ0 (s), ϕ1 (s), ϕ2 (s) ∈ R8×8 [s],

ψ0 (s), ψ1 (s) ∈ R8×8 [s],

• θ2 ∈ R8×1 is pre-determined by a degree constraint, cf. Appendix A.1.3,
• θ = [θ0T θ1T ]T ∈ R16×1

is the parameter vector to-be-determined.

In addition,
• ŝ = { s1 s1 s1 s1 s2 s2 s2 s2
• ŵ1l , ŵ2l ∈ C1×8 ,

···

s149 s149 s149 s149 },

l = 1, . . . , r, r = 596,

represents the data of the identification problem.
To obtain a numerically reliable implementation of the instrumental variable
iterations, the polynomial equality (4.1) is formulated in terms of 8 × 8-block
bi-orthonormal polynomial bases, i.e.,
[[ϕi (s), ψj (s)]] :=

596
X
l=1

H
ψjH(ŝl ) ŵ2l
ŵ1l ϕi (ŝl ) = δij · I8 .

(4.69)
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Bi-orthonormal polynomial bases are generated using three-term-recurrence relations, cf. Alg. 7. The required recurrence coefficients are obtained by converting
an initial node-weight matrix into 8 × 8-block tri-diagonal form under similarity,
cf. Alg. 6. To this end, the ‘chasing down the diagonal’ algorithm that has been
described in Sect. 4.4 is applied. The obtained polynomial bases satisfy (4.69)
indeed.
Finally, the results of the parametric identification algorithm are presented.
The instrumental variable iterations converge in 10 iterations. During each of
these iterations, the oblique projection:
(ΨH W2H W1 Φ) θhii = ΨH W2H bn ,

(4.70)

cf. (A.32) in Appendix A.1.7, is solved with a high accuracy by virtue of the
use of bi-orthonormal polynomial bases. In particular, during the iterations, the
worst-case condition number that occurs is κ(ΨH W2H W1 Φ) = 1 + 6.18 · 10−9 ,
i.e., optimal numerical conditioning is achieved during all iterations. After 10
= 1.84 · 10−3 , i.e., a minimum of the cost
iterations, V(θ) = 24.01, whereas ∂V(θ)
∂θ T
criterion has been obtained. Indeed, an accurate parametric model is obtained
that accurately describes the dynamical behavior of the multivariable flexible
motion system, see Fig. 4.7.

4.6

Conclusion

In this chapter, a reliable and efficient approach has been provided for the computation of bi-orthonormal block-polynomials on the imaginary axis. These biorthonormal polynomials are generated using three-term-recurrence relations.
The challenge lies in the computation of the polynomial recursion coefficients
from the data defining the relevant bi-linear form. An algorithm has been presented for this purpose, which transforms a matrix containing the frequency
points and corresponding weights underlying the bi-linear form into a block
tri-diagonal matrix under similarity. This tri-diagonal matrix immediately provides the desired recursion coefficients. The algorithm that is presented in this
chapter facilitates the construction of bi-orthonormal polynomials of arbitrary
block-size. Hereby, it forms the basis for a highly reliable implementation of the
multivariable frequency-domain instrumental variable identification algorithm in
Appendix A. In particular, a bi-linear form is associated to this algorithm, which
carries the identification-problem-specific data. By formulating the system identification problem in terms of bi-orthonormal polynomial bases with respect to
this bi-linear form, optimal numerical conditioning is achieved.

Chapter 5

Reliable Transfer Function Identification
of Discrete-Time Systems:
A Computationally Efficient Methodology
5.1

Introduction

Classical parametric identification approaches, see Pintelon et al. (1994) for a
survey, typically involve (iteratively) solving a weighted linear least-squares optimization problem. It is well-known that the accuracy of least-squares estimates
heavily depends on the numerical conditioning of the underlying system of equations, see, e.g., Golub and Van Loan (1989). Identification problems where i) the
considered frequency grid, ii) the order of the approximant, or iii) the number
of system inputs/outputs becomes large, are notoriously ill-conditioned. This is
also observed in Wills and Ninness (2008), where the numerical conditioning of
the problem is enhanced by discarding the least significant part of the system of
equations. An alternative approach to enhancement of numerical conditioning,
which retains all available information on system behavior, is to reformulate the
identification problem using a judiciously selected coordinate frame.
The polynomial basis in which the identification problem is posed crucially
determines the numerical conditioning of the corresponding least-squares problem. Therefore, this basis should be selected with care, bearing in mind the
problem-specific data. Indeed, a significant enhancement of the numerical conditioning in weighted linear least-squares identification has been achieved in Rolain
et al. (1994), using data-dependent polynomials. In particular, Forsythe polynoThe material presented in chapter has appeared as: R. van Herpen, T. Oomen, O. Bosgra,
“Numerically Reliable Frequency-Domain Estimation of Transfer Functions: A Computationally Efficient Methodology”, Proc. 16th IFAC Symposium on System Identification, Brussels,
Belgium, pp. 595–600, 2012.
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mials are used as a data-dependent basis for the numerator and the denominator polynomials individually. A further enhancement of numerical conditioning
can be achieved through a joint parametrization of the numerator-denominator
polynomials as a vector-polynomial. In Van Barel and Bultheel (1994), optimal
numerical conditioning in weighted linear least-squares identification is achieved,
using vector-polynomials that are orthonormal with respect to a data-dependent
inner product.
Although data-dependent orthonormal vector-polynomials with a general degree structure have been studied in Van Barel and Bultheel (1995), and their
potential for reliable parametric identification of multivariable systems has been
illustrated experimentally, see Bultheel et al. (2001) and Bultheel et al. (2005),
it is far from trivial to actually implement these polynomials in identification
algorithms. For discrete-time systems, the development of a data-dependent
polynomial basis is particularly challenging, since many of the implementation
details are obscure in existing literature. The main contribution of this chapter is to provide a detailed exposition of a reliable and computationally efficient
algorithm for the computation of a polynomial basis that is orthonormal with
respect to an inner product on the unit circle.
Computational efficiency is an essential aspect in any practical identification
algorithm for complex, multivariable systems. Hence, an efficient construction
of the polynomial basis that ensures optimal numerical conditioning is crucial.
Both for continuous-time systems, where a basis that is orthonormal with respect
to an inner product on the imaginary axis is required, as well as for discretetime systems, where a basis that is orthonormal with respect to an inner product
on the unit circle is required, well-known three-term-recurrence relations exist
(Stieltjes, 1884); (Szegö, 1939) that enable an efficient construction of the polynomial basis. Herein, the recurrence coefficients are obtained by solving an inverse
eigenvalue problem. Importantly, this inverse eigenvalue problem possesses an
underlying structure. Whereas for an inner product on the imaginary axis this
structure directly manifests itself through sparsity of the problem, for an inner
product on the unit circle the structure of the problem is hidden. Building upon
basic results in Reichel et al. (1991) and Van Barel and Bultheel (1994), this
chapter provides an extensive exposition on how to make use of the problem
structure for algorithmic efficiency.
This chapter is organized as follows. In Sect. 5.2, parametric identification
using a data-dependent orthonormal polynomial basis is discussed. In Sect. 5.3,
polynomial recurrence relations are introduced. In Sect. 5.4, computation of
the polynomial recurrence coefficients in matrix form is described. A detailed
exposition of the efficient computation of these recurrence coefficients in given
in Sect. 5.5, which forms the main contribution of this chapter. Finally, Sect. 5.6
provides experimental results, whereas conclusion are drawn in Sect. 5.7.
Scope:
To clearly present the essential steps, in this chapter, attention is
restricted to a single polynomial basis that is orthonormal with respect to an
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inner product on the unit circle. Extensions towards a set of bi-orthonormal
polynomial bases with respect to a bi-linear form with nodes on the unit circle
are obtained along similar lines. Such bi-orthonormal polynomial bases play an
essential role towards optimal numerical conditioning in instrumental-variable
type algorithms for discrete-time system identification.

5.2

Parametric modeling of systems

In this section, least-squares (LS) approximation of the frequency response function (FRF) of a discrete-time system Po by a rational transfer function P̂ (z) is
considered.
Note: To clearly illustrate the construction of a data-dependent orthonormal
polynomial basis for discrete-time systems, Po and P̂ (z) are assumed to be single
input, single output (SISO) throughout this chapter.
Definition 5.1 Let zk = eθk , k = 1, . . . , m be distinct nodes on the unit circle,
ordered such that 0 < θ1 < · · · < θm < π. Let Po (zk ) denote the FRF of the true
system. Let W (zk ) denote a given weight sequence. Weighted LS approximation
of Po by a transfer function P̂ (z) = n(z)
d(z) is defined as:
min W (Po − P̂ )
P̂

min

{n,d}

2
2

:=

(5.1)

∗


m 
X
n(zk )
n(zk )
W (zk )∗ W (zk ) Po (zk ) −
.
Po (zk ) −
d(zk )
d(zk )

k=1

Optimization problem (5.1) is nonlinear in the denominator polynomial d(z),
hence, not trivial to solve. A frequently used approach to address this is to use
so-called SK-iterations.
Algorithm 5.2 (Sanathanan and Koerner, 1963) Let the polynomials
{n, d}<k−1> be determined in a previous step. Both polynomials are updated by
solving the weighted LS problem:



 d<k> 2
min
W̃ Po −I
,
(5.2)
n<k> 2
{n, d}<k>
where W̃ = W/d<k−1> .




T
Observe that LS problem (5.2) is linear in the vector polynomial d<k> n<k> .
Typically, the iterations are initialized by setting d<0> = 1.
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Selection of a polynomial basis


T
To actually solve (5.2), a polynomial basis is to be selected for d<k> n<k> .
This step is crucial, since it determines the numerical conditioning of the resulting LS problem. It is well-known that certain standard bases, like, e.g.,
the monomial basis, can lead to a LS problem that is extremely poorly conditioned, depending on the problem data at hand. In fact, the formulation of a
well-conditioned LS problem hinges on the selection of a coordinate frame that
explicitly accounts for the particular problem data. Herein, a data-dependent
inner product plays an essential role.
Definition 5.3 Consider m nodes zk on the unit circle, see Def. 5.1. Let
wk = W̃ (zk )[−Po (zk ) I] ∈ C1×2 be corresponding weight tuples. For block
polynomials φ(z), ψ(z) ∈ C2×2 [z], the discrete inner product with respect to the
given nodes and weights is defined as:
hφ(z), ψ(z)i :=

m
X

φ(zk )H wkH wk ψ(zk ) .

(5.3)

k=1


T
By expressing the d<k> n<k> in a polynomial basis that is orthonormal
with respect to the inner product in Def. 5.3, a LS problem with optimal condition number is obtained.
Definition 5.4 Orthonormal block polynomials (OBPs) are defined as a set of
block polynomials ϕj (z) ∈ C2×2 [z], j = 0, . . . , `, that are orthonormal with respect to the data-dependent inner product in Def. 5.3, i.e., hϕi , ϕj i = δij I2 .
Here, block polynomial ϕj (z) is of degree j.
Proposition 5.5 (Bultheel and Van Barel, 1995)
 <k> <k> T
d
n
be expressed in OBPs:
 <k>  X̀
d
=
ϕj (z) θj ,
n<k>

Let the vector polynomial

(5.4)

j=0

where θj ∈ C2×1 are coefficient vectors. Then, the weighted LS problem (5.2) is
cast into a linear system of equations Aθ = b with condition number κ(A) = 1.
Proof: Substituting the OBP basis (5.4) in (5.2) yields:
2

min k AOBP ΘOBP − bOBP k2 ,

ΘOBP

where


T
T
ΘOBP = θ0T θ1T . . . θ`−1
,

(5.5)
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and
AOBP

bOBP
with



ϕ0 (z1 )
 ϕ0 (z2 )

= U  .
 ..

ϕ1 (z1 )
ϕ1 (z2 )
..
.

...
...


ϕ`−1 (z1 )
ϕ`−1 (z2 ) 

,
..

.

ϕ0 (zm ) ϕ1 (zm ) . . . ϕ`−1 (zm )

T
T T
= U (ϕ` (z1 ) θ` ) . . . (ϕ` (zm ) θ` )
,

U := diag( W̃ (z1 ) [−Po (z1 ) I ], . . . , W̃ (zm ) [−Po (zm ) I ] ).
By virtue of (5.3),

ATOBP

(5.6)

(5.7)
(5.8)

AOBP = I2n , i.e., AOBP is inner. Hence, κ(AOBP ) = 1.


Remark: In order to avoid a trivial solution to (5.2), the highest degree coefficient
θ` is selected such that the denominator polynomial d<k> is monic.
Since the use of OBPs yields an optimal conditioning of the LS problem,
the propagation of numerical round-off errors remains limited, cf. Golub and
Van Loan (1989, Sect. 5.3.7). Thus, a highly accurate solution to (5.2) is obtained, even when the number of data points m is large.
5.2.2

Estimation of real-rational transfer functions

In the modeling of physical systems, capturing a relation between measured real
system inputs and outputs demands for a transfer function with real coefficients.
Therefore, in (5.2) the polynomials {d<k> , n<k> } should have real coefficients.
In turn, this demands for basis polynomials ϕ(z) with real coefficients. A wellknown property of such polynomials is (Oppenheim and Schafer, 1975):
ϕ(zk∗ ) = ϕ∗ (zk ) .

(5.9)

The data should be consistent with this property, i.e., the nodes zk∗ , k = 1, . . . , m
with corresponding weight tuples wk∗ should be added to the problem. From
(5.3), it follows that for real φ(z), ψ(z):
m
X

k=1

φ(zk∗ )H (wkH wk )∗ ψ(zk∗ ) = hφ(z), ψ(z)i∗ .

(5.10)

This motivates the following data-dependent inner product for real polynomials.
Definition 5.6 Consider m nodes zk with corresponding weights wk as defined
in Def. 5.3. For real block polynomials φ(z), ψ(z) ∈ R2×2 [z], the discrete inner
product with respect to the given nodes and weights is defined as:
(m
)
X
hφ(z), ψ(z)i := 2 Re
φ(zk ) wkH wk ψ(zk ) .
(5.11)
k=1
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The remainder of this chapter is concerned with the construction of a datadependent real OBP basis for reliable weighted LS transfer function estimation
using FRF data.

5.3

Polynomial recurrence relations

The study of orthonormal polynomials has a long-standing history, which can be
traced back to the pioneering work of, e.g., Legendre, Chebyshev, Hermite, and
Laguerre. It is well-known that classical polynomial bases all satisfy a threeterm-recurrence relation. This recurrence relation enables efficient construction
of new basis polynomials from given lower order polynomials. Such efficient construction is possible for OBPs with respect to the data-dependent inner product
in Def. 5.6 as well, using Szegö’s recurrence relation (Szegö, 1939). Generalizations for block-polynomials have been derived in, e.g., Delsarte et al. (1978),
Morf et al. (1978), and Youla and Kazanjian (1978). The particular form in
Prop. 5.7 connects to matrix-representations that are considered in subsequent
sections.
Proposition 5.7 The OBPs ϕj (z) in Def. 5.4 satisfy the three-term-recurrence
relations:
ϕj (z) = (zϕj−1 (z) + ϕ̃j−1 (z) Γj ) Σ−1
j ,

(5.12)

Σ̂−T
j .

(5.13)

ϕ̃j (z) =

(zϕj−1 (z) ΓTj

+ ϕ̃j−1 (z))

Here, Γj , Σj , Σ̂j ∈ R2×2 are predetermined recursion coefficients. The recursion
is initialized with ϕ0 = ϕ̃0 = Σ−1

0 .
Note that ϕj (z) ∈ R2×2 [z], since the recursion coefficients are real blocks.
These coefficients have a particular interpretation that is encountered frequently
in literature on orthonormal polynomials.
Proposition 5.8 (Van Barel and Bultheel, 1994) The coefficients Γj , Σj , Γ̂j , Σ̂j
∈ R2×2 in Prop. 5.7 are block Schur parameters, for which holds:

T 

−Γj Σ̂j
−Γj Σ̂j
= I4 .
(5.14)
Σj Γ̂j
Σj Γ̂j
Moreover, Σj is constrained to be upper triangular with positive diagonal elements.

The fundamental indeterminate block-Schur parameter is Γj , as the remaining parameters can be derived from it. This is an essential observation that will
be used in Sect. 5.5 to derive an algorithm for the fast reconstruction of the
block Schur parameters from data.

5.4 Computing block Schur parameters
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Proposition 5.9 Let Γj be given. The upper triangular block Schur parameter
Σj is defined uniquely by:
Σj = chol(I2 − ΓTj Γj ) ,

(5.15)

where chol(A) denotes the Cholesky factorization of A. The remaining Schur
blocks Γ̂j and Σ̂j , which are not unique,
in accordance with (5.14).
 are selected

Any singular value decomposition of −ΓTj ΣTj yields the desired block Schur
parameters, since:
T



−Γj Σ̂j
T
= −ΓTj ΣTj .
(5.16)
U SV := [ I2 ] [ I2 | 02 ]
Σj Γ̂j

The gist of the construction of a data-dependent orthonormal basis is the
efficient and reliable derivation of the block Schur parameters from the given
data. In the next section, the problem of deriving block Schur parameters from
a given set of nodes zk with corresponding weights wk is posed as an inverse
eigenvalue problem.

5.4

Computing block Schur parameters

Numerical algorithms for widespread orthonormal vector basis decompositions,
including the eigenvalue decomposition, the singular value decomposition, and
QR-factorization, rely on matrix zeroing operations, see, e.g., Golub and
Van Loan (1989). In general, these algorithms produce very accurate results,
since numerical round-off errors are not amplified in successive zeroing steps.
In this section, it is discussed how a similar methodology can be used for the
computation of block Schur parameters, cf. Def. 5.8, which are the fundamental indeterminates in the polynomial recurrence relations (5.12)–(5.13). Hereto,
a matrix representation of these recurrence relations is formulated, in which a
block-Hessenberg matrix plays a central role.
Definition 5.10 An upper 2×2 - block-Hessenberg matrix H ∈ R2m×2m satisfies
Hi,j = 0 ∀ i ≥ j + 3. Moreover, the elements of the 2nd subdiagonal of H are
constrained to be strictly positive, i.e., Hi+2, i > 0 for i = 1, . . . , 2m − 2.
Now, a particular 2 × 2-block-Hessenberg matrix is constructed, which has
the (conjugate) nodes specific to the approximation problem in Def. 5.1 as its
eigenvalues.
Proposition 5.11 (Reichel et al., 1991) Define the node matrix Z ∈ C2m×2m
and weight matrix W ∈ C2m×2 as (cf. Def. 5.3):
∗
Z := diag(z1 , z1∗ , z2 , z2∗ , . . . , zm , zm
),
 T H

T
T
H
wm
W := w1 w1 w2T w2H . . . wm
.

(5.17)
(5.18)
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There exists a unitary matrix Q ∈ C2m×2m such that:






02
ΣT0 0 2,2m−2
02 W T I2
I2
,
=
Σ0
Q
QH W Z
H
0 2m−2,2

(5.19)

where H ∈ R2m×2m is a 2 × 2 - block-Hessenberg matrix, see Def. 5.10, and
Σ0 ∈ R2×2 is upper triangular and has positive diagonal elements.


Note that, since all nodes zk are taken on the unit circle, Z is unitary.
Consequently, the block-Hessenberg matrix H is unitary as well. This enables a
decomposition of H in elementary block-Givens-reflectors.
Proposition 5.12 (Reichel et al., 1991) Every unitary 2 × 2- block-Hessenberg
matrix H ∈ R2m×2m can be written as:
H = G1 G2 . . . Gm ,

(5.20)

where the j th unitary block-Givens-reflector Gj is defined:


I2(j−1)


−Γj Σ̂j
.
Gj = 


Σj Γ̂j
Im−2(j+1)

Here, Γj , Σj , Γ̂j , Σ̂j ∈ R2×2 are block Schur parameters, cf. Prop. 5.8.

(5.21)



By virtue of the special structure underlying the block-Hessenberg matrix,
the block-columns of Q in (5.19) satisfy a three-term-recurrence relation similar
to Prop. 5.7.
Definition 5.13 The unitary similarity transformation matrix Q ∈ C2m×2m in
Prop. 5.11 consists of m block-columns, i.e.:
Q := [ Q1 | Q2 | . . . | Qm ],

(5.22)

where Qj ∈ C2m×2 , j = 1, . . . , m.
Proposition 5.14 (Van Barel and Bultheel, 1994), (Bultheel and Van Barel,
1995) Let Z, W be defined in (5.17)–(5.18). The block-columns Qj in Def. 5.13
satisfy the three-term-recurrence relations:
Qj+1 = (Z Qj + Q̃j Γj ) Σ−1
j ,

(5.23)

Σ̂−T
j ,

(5.24)

Q̃j+1 = (Z

Qj ΓTj

+ Q̃j )

The recursion is initialized with Q1 = Q̃1 = W Σ−1
0 .
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Observe that the same block Schur parameters have been used in Prop. 5.7
and Prop. 5.14. Indeed, an explicit connection exists between the OBPs ϕj (z)
in Def. 5.4 and the block-columns Qj in Def. 5.13.
Proposition 5.15 (Van Barel and Bultheel, 1994) Define the weight matrix
D ∈ Cm×2m as:
∗
D := diag(w1 , w1∗ , . . . , wm , wm
),
(5.25)
with wk , k = 1, . . . , m given in Def. 5.3. Denote with Φj , Φ̃j ∈ C2m×2 the blockcolumns obtained after evaluation of ϕ(z), ϕ̃(z) at the considered nodes zk , i.e.:
∗ T T
Φj := [ ϕj (z1 )T, ϕj (z1∗ )T, . . . , ϕj (zm )T, ϕj (zm
) ] ,
T

Φ̃j := [ ϕ̃j (z1 ) ,

ϕ̃j (z1∗ )T,

T

. . . , ϕ̃j (zm ) ,

∗ T T
ϕ̃j (zm
) ] .

(5.26)
(5.27)

The block-columns Qj in Def. 5.13 and the OBPs ϕj (z) in Def. 5.4 are related
as follows:
Qj+1 = D Φj ,

(5.28)

Q̃j+1 = D Φ̃j .

(5.29)


In conclusion, the block-Schur-parameters Γj , Σj , Γ̂j , Σ̂j that constitute the
block Hessenberg matrix H, see Prop. 5.12, are the recursion coefficients in
Prop. 5.7. Hence, after solving the inverse eigenvalue problem in Prop. 5.11,
the OBP basis can be constructed using Szegö’s recurrence relations. In the
next section, a fast and reliable algorithm is discussed that solves the inverse
eigenvalue problem using matrix zeroing operations.

5.5

Reliable and fast computation of OBPs

It is straightforward to solve the inverse eigenvalue problem in Prop. 5.11 by
means of matrix zeroing operations. In particular, the unitary matrix Q in (5.19)
can be decomposed as a sequence of standard Householder reflections, see, e.g.,
Golub and Van Loan (1989, Sect. 5.1). Each Householder reflection transforms
a subsequent column of the initial node-weight matrix into the desired blockHessenberg form by enforcing zero elements.
The round-off properties associated with Householder reflections are favorable, Golub and Van Loan (1989, Sect. 5.1.5, Sect.9.2). Hence, the inverse
eigenvalue problem in Prop. 5.11 is solved with high accuracy. However, O(m2 `)
floating point operations (flops) are required, where m is the number of frequency
nodes and ` the degree of the approximant. When considering a large number of
frequencies, the involved computation time turns out to be unacceptably large.
As observed in, e.g., Reichel et al. (1991), Van Barel and Bultheel (1994),
Faßbender (1997), it is possible to solve the inverse eigenvalue problem in O(m`)
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flops. Such efficient construction of OBPs, which becomes crucial for large problems, can be accomplished by explicitly making use of the underlying structure
of the Hessenberg matrix in Prop. 5.12. Although this concept is presented on an
abstract level in existing literature, several algorithmic steps that are essential
for actual implementation of the approach in system identification procedures
are not available. One particular aspect that requires further attention is the
construction of block polynomials in real coefficients. A main contribution of
this chapter is to provide a thorough exposition of a fast, reliable algorithm for
construction of a real 2 × 2 OBP basis.
5.5.1

Enforcing the derivation of real block-Schur parameters

As motivated in Sect. 5.2.2, it is desired to build up an OBP basis in real
coefficients. To this end, the recursion coefficients in Prop. 5.7 should be realvalued, which holds if H ∈ R2m×2m indeed, cf. Prop. 5.11. To enforce the
construction of a real block-Hessenberg matrix, the fact that complex-conjugate
node-weight pairs have been introduced into the problem, cf. Sect. 5.2.2, is used
explicitly.
√
Proposition 5.16 Let zk = eθk and wk be given in Def. 5.3. Let  = −1
denote the imaginary unit. Define:


1 1 
,
(5.30)
R0 := Im ⊗ √
2 1 −
where ⊗ denotes the Kronecker product. The initial node-weight matrix in
Prop. 5.11 is transformed into a real matrix under unitary similarity as follows:

 



T
02
Wreal
02 W T
I
I2
= 2 H
,
(5.31)
R0
R0
Wreal Zreal
W Z
where Wreal ∈ R2m×2 and Zreal ∈ R2m×2m are given by:
Wreal =

Zreal

√ 
T
T
T
}, Im{wm
} ,
2 Re{w1T }, Im{w1T }, . . . , Re{wm



cos(θ1 ) − sin(θ1 )
 sin(θ1 )
cos(θ1 )


=



..






.
.

cos(θm ) − sin(θm ) 
sin(θm )
cos(θm )



Observe that Zreal contains the real part cos(θk ) and imaginary part sin(θk )
of the nodes zk , k = 1, . . . , m only, i.e., the matrix is defined by 2m real numbers.
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Hence, considering the conjugate nodes and weights in (5.17)–(5.18) does not
lead to an increase of the problem complexity.
The initial real node-weight matrix (5.31) can be transformed into a real 2×2
block-Hessenberg matrix using real zeroing operations.
5.5.2

Extending a Hessenberg matrix with node-weight blocks

Instead of manipulating the entire matrix (5.31) all at once, 2 × 2 node-weight
pairs (Zreal,k , Wreal,k ), cf. Prop. 5.16, are introduced into the problem one-by-one.
Each time, the subset of node-weight blocks that has been considered thus far is
transformed into a block-Hessenberg matrix of appropriate size. Algorithm 5.17
explains how an existing block-Hessenberg matrix can be updated after addition
of a new 2 × 2 node-weight block-pair.
Algorithm 5.17 Let Tj ∈ R2j×2j be a predetermined unitary matrix, which
transforms the first j node-weight blocks into a real 2×2 block-Hessenberg matrix
Hj under similarity. Determine a new unitary matrix Tnew ∈ R2(j+1)×2(j+1) that
constitutes the transformation matrix:
#
"



I2 h
I2
i I2
T :=
=
(5.32)
T
Tj+1
Tnew
I2 j

such that:

TT



I2










02


Wreal,1


..


.


 Wreal,j 
Wreal,j+1


T
Tnew





02

[ WT
 real,1
Z
 real,1






T
T
. . . Wreal,j
| Wreal,j+1
]



..


.
 T =

Zreal,j

Zreal,j+1


T
Wreal,j+1
ΣT0,j 02,2j−2



Zreal,j+1 
  I2

Tnew
Hj

W
 real,j+1
 Σ0,j
02j−2,2

02
=  Σ0,j+1
02j,2

(5.33)


T
Σ0,j+1 02,2j 
.
Hj+1

Here, Hj+1 ∈ R2(j+1)×2(j+1) is a block-Hessenberg matrix with eigenvalues (z1 , z1∗ ,
∗
. . . , zj+1 , zj+1
) and Σ0,j+1 is an upper triangular matrix with positive diagonal
elements.
Initialization:

T1 = I2

(H1 = Zreal,1 , Σ0,1 = Wreal,1 ).
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The matrix Tnew in Algorithm 5.17 consists of a judiciously chosen sequence
of zeroing operations through Givens reflections, cf. Golub and Van Loan (1989,
Sect. 5.1).
Proposition 5.18 Consider a matrix M ∈ Rk×k . Element Mi,j , where i ≥
j + 2, can be zeroed by applying the similarity transformation GM G, where the
symmetric Givens reflector G is defined as:



q
Ii−2
2
2 ,
+ Mi,j

  α = −Mi−1,j / Mi−1,j
−α
β
,
q
G=
(5.34)


2
2 .
β α
β = Mi,j / Mi−1,j
+ Mi,j
Ik−i

Observe from the second term of (5.33) that there are 4 elements that break
the desired block-Hessenberg matrix, viz. element (2, 1) of Wreal,j+1 and the
nonzero elements of Σ0,j . Indeed, these elements can be zeroed by applying
Givens reflections. As a byproduct, however, nonzero elements appear below
the second subdiagonal in the next 2 columns of the matrix, which in turn
should be zeroed using Givens reflections. This strategy, known as chasing down
the diagonal, see Rutishauser (1963), is illustrated below.
Example 5.19 Consider a given 2 × 2 block-Hessenberg matrix H3 , which is
extended with a new node-weight block. The initial matrix in step 4 of Algorithm 5.17, cf. second term of (5.33), has the form as shown on the left:
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• • 
.
• • 

• • 

• • 
• • 
• •
(5.35)

By means of 4 Givens reflections, the indicated matrix elements are zeroed under
similarity. This yields the following matrix on the right of (5.35). Indeed, 4 new
undesired elements are introduced on the 3rd and 4th subdiagonal in column 3–4,
which in turn need to be chased down by means of new Givens reflections. 
Note that in each chasing step, see (5.35), 4 rows and columns of the matrix
at hand are modified only. This observation is used to carry out Algorithm 5.17
more efficiently.
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5.5.3

Updating in Schur parametric form

The fundamental step towards efficient solving of the inverse eigenvalue problem in Prop. 5.11 is to perform extension of a block-Hessenberg matrix with
a new node-weight block, as described in Algorithm 5.17, in Schur parametric
form. Recall that every unitary block-Hessenberg matrix can be characterized
by means of its block-Schur parameters, see Prop. 5.12. It is key to exploit this
property explicitly.
Goal 5.20 Let Hj = G1 G2 . . . Gj be a given unitary block-Hessenberg in Schur
parametric form, see Prop. 5.12. Let Hj+1 = Ḡ1 Ḡ2 . . . Ḡj Ḡj+1 denote the new
Schur parametric form of the block-Hessenberg matrix that is obtained after extension of Hj with a new node-weight block pair (Zreal,j+1 , Wreal,j+1 ), cf. Algorithm 5.17. Determine:
(G1 , G2 , . . . , Gj ) 7−→ (Ḡ1 , Ḡ2 , . . . , Ḡj , Ḡj+1 )

(5.36)

without manipulating the entire Hessenberg matrix.



As mentioned, in each chasing step, see (5.35), 4 rows and columns of the
matrix at hand are modified only. Hence, one single block-Givens-reflector is
updated in each step.
(i)

Proposition 5.21 (Van Barel and Bultheel, 1995, Sect. 10) Denote with Ĥj+1 ,
i = 1, . . . , j + 1 the intermediate matrices that, through application of j chasing
steps, lead to the extended block-Hessenberg matrix Hj+1 . For example, chasing
(1)
(2)
step 1 yields for the lower-right block of (5.35): Ĥj+1 7−→ Ĥj+1 . The matrix
(i)

Ĥj+1 can be decomposed as:
(i)

Ĥj+1 = Ḡ1 Ḡ2 . . . Ḡi−1 Ei−1 Gi Gi+1 . . . Gj ,

(5.37)

where Ei−1 has a nontrivial 6 × 6 subblock that contains the undesired matrix
elements that are to be chased in a subsequent step.
Initialization: E0 = diag( diag(Zreal,j+1 , I4 ), I2(j−2) ).

(i)

(i+1)

The gist of efficiently performing a chasing step Ĥj+1 7−→ Ĥj+1 is to determine the mapping Ei−1 Gi 7−→ Ḡi Ei , which has a nontrivial 8 × 8 part that
directly follows from the 4 Givens reflections that need to be performed.
Remark 5.22 Having determined Ḡi Ei , it is straightforward to isolate the term
Ei for the next chasing step. Namely, block ([2j − 1, 2j], [2j − 1, 2j]) of Ḡi Ei
ˆ , and Σ̄
ˆ can
is equal to the block Schur parameter Γ̄i . Using Prop. 5.9, Σ̄i , Γ̄
i
i
be determined, which characterize Ḡi , cf. Prop. 5.12. Since this block-Givensreflector is unitary, Ei = ḠTi (Ḡi Ei ).
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To summarize, instead of deriving block-Schur parameters from a Hessenberg
matrix obtained by manipulating the entire node-weight matrix in (5.31), the
sequence of 2 × 2 block-Schur parameters is updated directly each time a new
node-weight block is introduced. This improves the efficiency of the algorithm
from O(m2 `) to O(m`). Given the block-Schur parameters, an OBP basis can
be determined from Prop. 5.7, which in turn enables reliable solution of the LS
problem in Algorithm 5.2, cf. Prop. 5.5.

5.6

Experimental example

In this section, the algorithm described in this chapter is applied to parametric
identification of an industrial motion system. In particular, a lightweight mechanical positioning device is considered. Typically, lightweight systems show
structural deformations upon application of large acceleration forces. Since these
deformations are generally not aligned with the motion degrees of freedom of
the system, the behavior of the system is intrinsically multivariable. A systematic way of designing high-performance controllers for multivariable systems is
model-based control design. Clearly, the succes of this control strategy crucially
depends on the capability to construct highly accurate models of the system.
Identifying accurate models of a lightweight system is challenging. The reason for this is threefold. Associated with structural deformations of the system
are lightly damped resonance phenomena. i) In order to detect these resonances,
an FRF Po of the system has to be identified on a large number of frequencies
ii) A large model order is required to be able to include resonances in the model.
iii) Multivariable models are essential. For clarity of the exposition, however,
in this chapter a single motion degree of freedom of the system is considered
only.
Figure 5.1 shows a parametric model P̂ of order 15 that has been fitted to a
5000 point FRF of the system using control-relevant identification, see Oomen
and Bosgra (2008). The heart of the algorithm proposed therein is a weighted
LS optimization problem, in which the weights are inhereted from a subsequent
model-based control design step. Using the approach described in this chapter,
a highly accurate parametric model is obtained indeed. The model accurately
describes the system’s rigid-body behavior, 6 resonance phenomena, and a phase
delay, see Fig. 5.1. Moreover, this model has been obtained in less than 5 minutes
using a first implementation on an ordinary desktop pc.
Finally, the above-mentioned results are put in perspective. It has also been
tried to solve the weighted least squares problem using a conventional polynomial power basis. However, no reliable fit could be obtained in that case. This is
attributed to a lack of computational accuracy, since condition numbers of 1030
are encountered. This underlines the need to use an OBP basis. However, when
constructing such basis without using the underlying structure of the problem,
O(m2 `) computations are required instead of O(m`). For a subset of the con-
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Figure 5.1: Measured m = 5000 point FRF Po (dotted) and fitted ` = 15th order
nominal model P̂ (solid).
sidered FRF points, this quickly leads to a computation time of several hours.
Even worse, memory problems prevented the actual solution of the full problem
considered here. This is due to the fact that, if the underlying structure of the
problem is not acknowledged, large full matrices of dimensions m2 need to be
manipulated at each computational step.

5.7

Conclusions

This chapter provides a thorough description of the algorithmic steps that are
needed to perform discrete-time parametric system identification using a datadependent orthonormal polynomial basis. Herewith, it extends the existing literature on the subject, in that it elaborates on specific steps that are relevant to
actually implement such a polynomial basis in computationally efficient identification procedures. In particular, this chapter elaborates on the construction of
block-polynomials in real coefficients, which is an essential step towards modeling of physical systems using real-rational transfer functions. Furthermore, this
chapter presents in detail how structural properties of a matrix containing the
identification data can be exploited to compute the polynomial coefficients in an
efficient manner. Using the methodology described in this chapter, a highly accurate parametric model of a lightweight motion system is obtained successfully.
The capability of building such highly accurate models in a computationally
efficient way forms a cornerstone for successful model-based control design.

Chapter 6

Exploiting Additional Actuators
and Sensors for Nano-Positioning
Robust Motion Control

6.1

Introduction

In the near future, the demand for high machine throughput of nano-positioning
systems necessitates explicit control of flexible dynamical behavior. An application domain where positioning with nanometer accuracy plays a central role is
the lithography step in IC-manufacturing, see, e.g., Martinez and Edgar (2006).
Herein, a desired IC-pattern is etched into a photosensitive layer on a substrate,
using a device known as a wafer scanner (Butler, 2011). For this purpose, the
substrate, a silicon wafer, is placed on top of a wafer stage that facilitates the
positioning with respect to the light source, see Fig. 6.1. On the one hand, a
nanometer positioning accuracy has to be achieved in view of the required feature size of current ICs. On the other hand, it is vital for market viability of
wafer scanners to achieve a high machine throughput. Since a high throughput demands for large accelerations of the wafer stage, next-generation stages
are designed to be lightweight, as is further motivated in Oomen et al. (2013).
However, lightweight stages tend to undergo structural deformations upon large
accelerations, which obstruct the intended positioning accuracy. Therefore, it
is essential to explicitly address the flexible dynamical behavior that induces
structural deformations in control design.
This chapter has been submitted for publication as: R. van Herpen, T. Oomen, E. Kikken,
M. van de Wal, W. Aangenent, M. Steinbuch, “Exploiting Additional Actuators and Sensors
for Nano-Positioning Robust Motion Control”.
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Figure 6.1: Schematic illustration of wafer stage flexible dynamics.

Flexible dynamical behavior of lightweight positioning stages leads to limitations on the achievable motion performance. Fundamental performance limitations for feedback control are formulated in terms of sensitivity integrals,
which depend on right-half plane poles and zeros of the system (Freudenberg
and Looze, 1985), (Middleton, 1991). Extensions of these classical results towards the generalized plant framework for model-based control are provided in,
e.g., Hong and Bernstein (1998), Freudenberg et al. (2003). In turn, the generalized plant framework encompasses two degree-of-freedom control configurations,
as for example used in inferential control to account for unmeasured performance
variables (Oomen et al., 2011). Fundamental performance limitations for such
two degree-of-freedom control are derived in Havre and Skogestad (2001).
Although fundamental performance limitations are well-understood, the standard formulation does not immediately indicate that performance limitations in
motion control result from structural deformations. For example, flexible dynamical behavior does not necessarily induce right-half plane poles and zeros, to
which bandwidth limitations have been associated, see (Skogestad and Postlethwaite, 2005, Sect. 5.7, 5.9). Nevertheless, it is known from practical experience
that the attainable bandwidths in motion control are dominantly restricted by
flexible dynamical behavior, as is also observed in De Callafon and Van den
Hof (1997), Van de Wal et al. (2002), Schönhoff and Nordmann (2002). To
formalize this limitation, it is essential to explicitly involve model uncertainty,
see Goodwin et al. (2003) and (Skogestad and Postlethwaite, 2005, Sect. 5.3.2).
This motivates a robust control perspective, in which performance-robustness
trade-offs can be addressed systematically.
The goal of this chapter is i) to further investigate limitations on robust performance for a traditional control configuration, and ii) to develop a systematic
robust control design approach to go beyond these limits through active control
of flexible dynamical behavior by means of additional actuators and sensors.
Specifically, the main contributions of this chapter are the following.

6.1 Introduction
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(C1) Using the generalized plant framework, it is supported that an extension of
the conventional (rigid-body) control configuration with additional control
inputs and outputs facilitates performance enhancements.
(C2) The classical performance-robustness trade-off is analyzed for the class
of lightweight motion systems, revealing that flexible dynamical behavior
limits the achievable performance.
(C3) Based on physical insight, it is revealed that through active control of
flexible dynamical behavior, new freedom for improvement of motion performance beyond conventional limits is obtained.
(C4) A novel weighting filter design framework for H∞ control design is proposed, that exploits the freedom provided by additional actuators and
sensors in an automated robust performance optimization.
(C5) The design framework is applied to an industrial high-precision motion
system.
This chapter shows that active compensation of flexible dynamical behavior
through control yields opportunities for enhancement of motion performance in
terms of bandwidths. In fact, from a mechanical point of view, structural properties of the flexible motion system such as damping and stiffness are modified.
In that aspect, the proposed framework is related to combined optimization of
system and controller dynamics as considered in, e.g., Camino et al. (2002), Lu
and Skelton (2000), Iwasaki et al. (2003), Meisami-Azad et al. (2010). The proposed framework extends existing approaches for robust performance optimization of systems with lightly damped modes in the controller cross-over region,
see, e.g., Balas and Doyle (1994a), Moheimani et al. (2003), Gawronski (2004).
These earlier results are mainly directed towards damping of flexible dynamics
to prevent undesired vibrations. However, in motion control of nano-positioning
devices, attenuation of structural deformations is merely a partial solution that
enables an increase of motion control bandwidths to facilitate a high machine
throughput and nanometer positioning accuracy.
The chapter is organized as follows. In Sect. 6.2, the generalized plant framework is used to show that additional actuators and sensors potentially yield performance enhancement (C1). Then, in Sect. 6.3, performance limits for motion
systems, associated with flexible dynamical behavior, are derived (C2). To address these limits in an extended control configuration, theoretical aspects of the
generalized plant are addressed in Sect. 6.4. Moreover, based on physical insight,
an approach is proposed that exploits the additional actuators and sensors to
counteract undesired deformations on the system (C3). In Sect. 6.6, this design
approach is formalized in a loop-shaping framework for weighting filter design in
H∞ control (C4). Subsequently, this framework is confronted with an industrial
high-precision positioning device in Sect. 6.8, where performance enhancement
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Figure 6.2: A prototype lightweight wafer stage, enabling high accelerations.
beyond conventional limitations is successfully shown (C5). Conclusions are
drawn in Sect. 6.9.
Notation Matrices are often tacitly assumed to be partitioned in accordance
with signal dimensions.

6.2
6.2.1

Problem formulation and basic concept
Experimental setup

The experimental setup consider in this chapter is a prototype lightweight wafer
stage depicted in Fig. 6.2. The purpose of this device is to position a wafer, on
top of which ICs are to be produced, with respect to a light source, see again
Fig. 6.1. To increase productivity, the IC manufacturing industry is currently
moving towards the use of wafers with a diameter of 450 mm. Therefore, the
wafer stage shown in Fig. 6.2 has dimensions 600 × 600 × 60 mm, such that it can
actually hold a 450 mm wafer. At the same time, the system has been designed to
be lightweight, as it weighs 13.5 kg only. Although lightweight system design is
important to enable fast accelerations of the wafer stage in production machines,
it also makes active control of structural deformations indispensable.
6.2.2

Problem formulation

The first goal of this chapter is to systematically analyze performance limitations that are induced by flexible dynamical behavior. This is relevant in traditional control configurations, in which the rigid-body motion degrees-of-freedom
(DOFs) of the wafer stage are controlled.
The second goal of this chapter is to go beyond the limits of a traditional
control configuration by explicitly accounting for flexible dynamical behavior in
control design. In particular, to counteract undesired structural deformations of
the wafer stage, control using a large number of actuators and sensors is inves-

6.2 Problem formulation and basic concept
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Figure 6.3: Bottom view of the stage.
tigated. Therefore, the system has been designed such that there are abundant
opportunities for actuator placement. In particular, Lorentz-actuators can be
easily mounted at 81 distinct locations underneath the stage, see Fig. 6.3. With
respect to sensors, linear encoders with nanometer resolution are available for position measurements at all four corners of the stage. Indeed, the use of additional
control inputs and outputs provides freedom for performance enhancement, as
is formalized next.
6.2.3

Extra inputs-outputs enable performance improvement

In this section, the merits of adding extra inputs and outputs for control are
analyzed systematically, which forms Contribution C1. To this end, the generalized plant configuration in Fig. 6.4(a) is considered, see, e.g., Zhou et al. (1996),
Skogestad and Postlethwaite (2005). Herein, w are exogenous inputs and z exogenous outputs of the generalized plant G. The controller C is designed by
minimizing a certain norm between w and z.
Definition 6.1 (Standard configuration) Consider Fig. 6.4(a). The performance J achieved by a controller C is given by
J (C) := k F` (G, C)k.

(6.1)

In addition, the optimal nominal controller C ? is defined as
C ? = arg min J (C).
C

(6.2)

Next, the generalized plant is extended with additional inputs uext and outputs yext for control, see Fig. 6.4(b).
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(c) Setup corresponding to the proposed design procedure in this chapter.

Figure 6.4: Generalized plant configuration.
Definition 6.2 (Extended configuration) Consider Fig. 6.4(b), where for
Gext it holds that




I 0
I 0 0
Gext 0 I  = G.
(6.3)
0 I 0
0 0

The performance Jext that is achieved by a controller Cext in the extended configuration is given by
Jext (Cext ) := k F` (Gext , Cext )k.

(6.4)

Conceptually, it is straightforward that increasing the number of control
inputs and outputs provides new freedom for performance optimization, as shown
in the following almost trivial result.
Lemma 6.3 (Performance enhancement) Consider the generalized plant configurations in Def. 6.1 and Def. 6.2. The bound
min Jext (Cext ) ≤ J (C ? )
Cext

holds.
Proof: By virtue of (6.3), for Cext
which proves (6.5).

 ?
C
=
0

(6.5)


0
it holds that Jext (Cext ) = J (C ? ),
0
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Figure 6.5: A simplified representation of the flexible wafer stage in Fig. 6.1:
two masses m1 , m2 connected through a spring k and damper b.
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Figure 6.6: Collocated plant Pcol (dashed), non-collocated plant Pncol (solid).
Although conceptually straightforward, the design of a norm-based controller
that actually achieves performance enhancement beyond conventional limits is
non-trivial and requires the formulation of a well-posed H∞ synthesis problem,
in which the freedom provided by additional inputs and outputs is exploited in
judicious weighting filter design. In Sect. 6.4 and 6.5, these aspects are further
addressed through the development of a framework for control synthesis in which
additional actuators and sensors are exploited. This framework is based on the
setup shown in Fig. 6.4(c). First, however, performance limitations for flexible
motion systems are investigated using the standard configuration in Fig. 6.4(a).

6.3

Motivating example: flexible dynamics induce limits
on achievable motion performance

In this section, performance limitations for lightweight motion systems induced
by flexible dynamical behavior are investigated. This constitutes contribution C2. To facilitate the exposition, a simplified representation of Fig. 6.1 is
considered, viz. the benchmark motion system in Fig. 6.5, see also Wie and Bernstein (1992). A Bode magnitude diagram of the collocated plant Pcol : F 7→ x1
and the non-collocated plant Pncol : F 7→ x2 is shown in Fig. 6.6. For both
plants, an optimal controller is synthesized using the standard configuration in
Fig. 6.4(a).
6.3.1

Performance requirement for high-precision motion

To apply H∞ synthesis, a suitable performance requirement for motion control
needs to be selected. Consider the nominal feedback configuration in Fig. 6.7,
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Figure 6.7: Feedback configuration with controller C for (uncertain) plant P .

i.e., let ∆ = 0. The tracking error is given by
e = So (r2 − P r1 ) − So d − So v,

(6.6)

where So = (I + P C)−1 and
• (r2 − P r1 ) reflects the error that remains after applying feedforward r1 :=
F r2 , with F ≈ P −1 ,
• d reflects external disturbances to the closed-loop,

• v reflects measurement noise at the sensor outputs.
By making σ(So ) small, the tracking error is reduced. Since
σ(So ) ≈ 1 / σ(P C) if σ(P C)  1,

(6.7)

cf. McFarlane and Glover (1990), the following performance requirement follows.
Requirement R1 Achieve σ(P C)  1 to obtain high performance through attenuation of disturbances.
Clearly, for practical systems there are limits on the achievable performance
in terms of the loop-gain P C. In particular, flexible dynamical behavior induces
a performance limitation. To illustrate this, it is aimed to achieve a loop-gain
that yields a 0 dB cross-over frequency fBW = 250 Hz, i.e., a bandwidth beyond
the resonance frequency, see Fig. 6.6.
A PID-type motion controller with roll-off is designed by means of H∞ optimization, using the configuration in Fig. 6.4(a). A general 4-block criterion
J : w = [r2 r1 ]T 7→ z = [y u]T is formulated, incorporating all closed-loop
transfer functions. Weighting filters are designed in view of Req. R1, applying loop-shaping techniques along the lines of (McFarlane and Glover, 1990,
Chap. 6), (Oomen et al., 2013, Sect. III-A).
Both for Pcol and Pncol , the H∞ control design is successful, in the sense
that the desired bandwidth is achieved. Importantly, for non-collocated control
a significantly larger gain is required at high frequencies, see Fig. 6.8, since
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Figure 6.8: Control sensitivity functions Si Ccol for the collocated (dashed) and
Si Cncol for the non-collocated (solid) control configuration.
i) at fBW , the plant gain of Pncol is ≈ 20 dB smaller than the plant gain of
Pcol , see Fig. 6.6, and
ii) due to phase requirements for stability, the roll-off rate of the loop-gain is
limited to maximally -40 dB/decade at fBW (Bode, 1945), (Doyle and Stein,
1981); thus, significant phase-lead is needed.

6.3.2

Performance-robustness trade-off

A dominant performance-limiting factor for motion systems is the need for robustness in practical applications.
Requirement R2 Achieve robustness against uncertainties.
To formally analyze robustness of the designed nominal control configurations, additive uncertainty ∆ is considered in Fig. 6.7. Using the small-gain
theorem (Zhou et al., 1996, Sect. 9.2), stabilization of all uncertain plants P + ∆
requires
kM ∆k∞ < 1,
(6.8)
where
M : w∆ 7→ z∆ = −Si C = −(I + CP )−1 C.

(6.9)

In Fig. 6.8, the control sensitivity (6.9) is depicted. At high frequencies,
kSi Cncol k∞ is ≈ 40 dB larger than kSi Ccol k∞ . In view of (6.8), the allowed
uncertainties in non-collocated control are 100 times smaller than in collocated
control.
For real mechanical systems, imperfect modeling of small high-frequent dynamics is unavoidable. Therefore, when taking uncertainties into account in a
robust control design, in practice it is not possible to achieve bandwidths beyond
system resonances in a non-collocated control configuration.

122

Chapter 6. Exploiting additional actuators and sensors

Result 6.4 Uncertainty puts limits on attainable bandwidths. In a non-collocated
situation, it is generally not feasible to achieve bandwidths beyond
qthe resonance
frequency. For the benchmark system in Fig. 6.5, fBW < fres ≈

2k
m

/ (2π) Hz .

The observation that flexible dynamical behavior imposes limitations on performance forms an impetus for the use of additional control inputs and outputs
to deal with such behavior. However, to synthesize a controller that exploits
these additional inputs and outputs systematically using the generalized plant
framework, theoretical aspects (Sect. 6.4) and design aspects (Sect. 6.5) need to
be addressed.

6.4

Theoretical aspects for control synthesis in the extended generalized plant

Although it is clear that additional actuators and sensors enable performance
enhancement, cf. Sect. 6.2.3, the configuration in Fig. 6.4(b) is unsuitable for the
synthesis of an optimal controller that exploits new control inputs and outputs
in a meaningful way. To further explain this, standard assumptions for H2 and
H∞ optimal control, see (Doyle et al., 1989, Sect. III.A) and (Zhou et al., 1996,
Sect. 16.2.3), are reviewed.
Assumption 6.5 Consider the standard generalized plant configuration in Fig.
6.4(a). Let G have a state-space realization


A B1
B2
G =  C1
(6.10)
0
D12 .
C2 D21
0
The following assumptions are standard in optimal control.
A1) (A, B1 ) is stabilizable, (C1 , A) is detectable.
A2) (A, B2 ) is stabilizable, (C2 , A) is detectable.

 

T
C1 D12 = 0 I .
A3) D12
A4)




 
B1
0
T
D21
=
.
D21
I

Assumptions A3) and A4) ensure a bounded control effort in optimal control
design. In particular, it follows from A3) that D12 is a tall matrix that has
full column rank. Hence, the performance outputs z = C1 x + D12 u include a
nonsingular penalty on the control signals u. Similarly, from A4) it follows that

6.5 Exploiting physical insight
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D21 is a wide matrix with full row rank. Thus, the sensors y = C2 x + D21 w are
all affected by the performance inputs w.
For the extended generalized plant Gext in Fig. 6.4(b), typically A3) and A4)
are violated. In particular, z does not include a penalty on the additional control
signals uext , while w does in general not affect the additional sensors yext . As
a consequence, Fig. 6.4(b) generally leads to an ill-posed optimal control design
problem, in which unbounded signals uext , yext may result in an attempt to
minimize the norm J of the transfer matrix from w to z.
To obtain a well-posed optimal control problem, the setup in Fig. 6.4(c) is
considered, where it is assumed that
• zext includes a nonsingular penalty on uext , and

• wext affects yext in a nonsingular way.

Under these assumptions, Fig. 6.4(c) is effectively in the format of the standard
configuration in Fig. 6.4(a). Hence, this setup enables well-posed optimal control
synthesis in which additional actuators and sensors are exploited.
The setup in Fig. 6.4(c) extends Fig. 6.4(b) with auxiliary performance variables wext —zext that in essence serve to bound the control effort of uext —yext
in H∞ synthesis. Herein it is not yet clear how to select wext and zext , and
how to dictate suitable performance goals for these auxiliary channels such that
performance beyond conventional limits is achieved. Next, a suitable design
philosophy is developed based on physical insight.

6.5

Exploiting physical insight towards control design beyond the conventional limits

In this section, physical insight is exploited to develop a design strategy that exploits additional actuators and sensors to go beyond conventional performance
limits for flexible motion systems. This constitutes Contribution C3. In particular, the benchmark flexible motion system in Fig. 6.5 is extended with an
additional input uext and output yext , which subsequently are used to modify the
system’s dynamical behavior such that the effect of performance limits induced
by the flexible phenomenon is mitigated.
Consider Fig. 6.9, which extends the benchmark system in Fig. 6.5. Here, the
position xdiff := (x2 − x1 ) can be measured. In addition, a force Fdiff := F2 − F1
can be applied. This leads to the following definition of the extended plant.
Definition 6.6 The extended non-collocated plant is defined as








u
y
F1
x2
7→
=
7→
.
Pncol,ext :
uext
yext
Fdiff
xdiff

(6.11)
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kc
F1

m1

k

Fdiff
x1

b

m2
x2

xdiff
Figure 6.9: Benchmark system with additional actuator and sensor, which enables a change of the system’s stiffness through high-gain control kc .
A Bode diagram of Pncol,ext is shown in Fig. 6.10. Herein,
2
Pflex : uext 7→ yext =
2
ms + 2bs + 2k

(6.12)

describes the system’s flexible mode, see, e.g., Gawronski (2004), Moheimani
et al. (2003). As motivated in Sect. 6.3, in the conventional non-collocated control configuration, this flexible dynamical behavior imposes performance limitations in terms of the attainable bandwidth, cf. Result 6.4.
To anticipate on the design framework in Sect. 6.6, two steps are taken to
address conventional performance limitations using the extra plant input and
output.
i) A feedback controller Cflex is designed for the flexible mode Pflex . The aim
is to enhance the stiffness of the system, such that flexible dynamics prevail
at higher frequencies.
ii) The equivalent non-collocated plant Pncol,eq is determined, see Fig. 6.11.
This equivalent plant provides new freedom for the enhancement of motion
performance, e.g., by enabling higher bandwidths using PID-type feedback
control.
In view of i), the following result is motivated by an investigation of the physics
of the benchmark motion system.
Result 6.7 Consider Fig. 6.11, with static controller Cflex = kc . Through control, undesired structural deformations xdiff , which result from disturbance forces
Fd that excite flexible dynamics of the system, are reduced with a factor (1 + kkc )
for low frequencies.
To support Result 6.7, observe that
Pflex,cont : Fd 7→ xdiff = Pflex (1 + Cflex Pflex )−1
2
=
.
ms2 + 2bs + 2(k + kc )

(6.13)
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Figure 6.10: Extended non-collocated plant Pncol,ext (solid) and equivalent plant
Pncol,eq (dash-dotted) obtained after closing feedback loop for Pflex .

x2

F1

Pncol,ext
Fdiff

Fd
+

−

Cflex

xdiff

Pncol,eq

Figure 6.11: Equivalent plant Pncol,eq obtained by control of Pflex .

As a consequence, low-frequent disturbances of magnitude Fd result in a deformation xdiff ≈ Fd /(k + kc ), compared to xdiff ≈ Fd /k without the controller
Cflex , see (6.12) and (6.13).

Remark 6.8 From a physical point of view, an additional stiffness kc is added
to the system through control, see Fig. 6.9.
q In view of ii), in Pncol,eq , the resonance frequency manifests itself at fres,eq ≈
2(k+kc )
/(2π) Hz. From a physical point of view, by actively counteracting
m
internal deformations of the system by means of control, the controlled system
behaves as a rigid-body to a much higher frequency. Indeed, this provides additional freedom for enhancement of the control bandwidth, see Result 6.4. In the
next section, this concept is used to develop a weighting filter design framework
for H∞ synthesis.
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6.6

Translation to weighting filters for multivariable H∞
synthesis

In this section, a novel weighting filter design framework for multivariable robust
control synthesis is proposed, in which freedom provided by additional actuators
and sensors is used to go beyond conventional performance limits. Herein, the
philosophy of Sect. 6.5 is applied.
The requirements on control design for flexible motion systems, formulated
in Sect. 6.3 and Sect. 6.5, have a direct interpretation in terms of a desired loopshape P C. Indeed, loop-shaping techniques are well-established in motion control. A natural framework to incorporate loop-shape requirements in H∞ -norm
based control synthesis is the shaped-plant framework, proposed in (McFarlane
and Glover, 1990, Chap. 6). This framework is used here. Nevertheless, it is
emphasized that the presented ideas carry over to a closed-loop weighting filter
design approach as pursued in, e.g., Steinbuch and Norg (1998), Schönhoff and
Nordmann (2002), Van de Wal et al. (2002).
6.6.1

Dictating loop-shape requirements in H∞ control design

Before elaborating on loop-shaping, first it is formalized how the conventional
plant considered in rigid-body control is extended with additional inputs and
outputs.
Definition 6.9 The extended plant is defined as




u
y
Pext : ũ 7→ ỹ ,
ũ =
, ỹ =
.
uext
yext

(6.14)

Assumption 6.10 Without loss of generality, it is assumed that u, y ∈ Rn are
the inputs and outputs that are used to control n motion DOFs of the system,
whereas uext , yext ∈ Rm are m additional inputs and outputs that are available
to control flexible dynamical behavior of the system, see Sect. 6.5.
Next, the shaped plant is defined, which is obtained by appending Pext with
weighting functions W1 , W2 .
Definition 6.11 The shaped plant Ps is defined as
Ps = W2 Pext W1 .

(6.15)

The shaped plant reflects a desired loop-shape that is dictated through W1
and W2 . Subsequently, an H∞ -controller Cs is designed that attains this loopshape as close as possible while stabilizing the true system. When no assumptions
on the stability of Ps or Cs are postulated, this requires the use of a 4-block
criterion, cf. (Zhou et al., 1996, Sect. 5.3).
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w1
+

-

Cs

w2 z2
+
+
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z1

Pext

W1

W2

Figure 6.12: Feedback configuration with Ps indicated by dashed box.
˜ used to design the feedback loop
Definition 6.12 The performance criterion J,
in Fig. 6.12, is given by

where

J˜(Ps , Cs ) := k T (Ps , Cs ) k∞ ,
T (Ps , Cs ) : w 7→ z =





Ps
(I + Cs Ps )−1 Cs
I

(6.16)

I .

(6.17)

Definition 6.12 is connected with the generalized plant configuration in
Fig. 6.4(c). In particular,
J˜(Ps , Cs ) = F` (G̃ext , Cs ),
where



0
G̃ext (Ps ) =  0
I

Ps
I
−Ps


Ps
I .
−Ps

(6.18)

(6.19)

It is readily verified that A3) and A4) in Assumption 6.5 are satisfied for G̃ext
indeed. This facilitates well-posed optimal control synthesis in which additional
control inputs and outputs are exploited, cf. Sect. 6.4.
?
Using Def. 6.12, the H∞ -optimal controller Cext
for the extended plant Pext
is determined by
?
Cext
= W1 Cs? W2 ,
(6.20)

where

Cs? = arg min J˜(Ps , Cs ),
Cs

(6.21)

see (McFarlane and Glover, 1990, Chap. 6) for details on the shaped plant framework. In the next section, a framework for the design of weighting filters W1
and W2 for high-performance control of flexible motion systems is presented.
6.6.2

Weighting filter design framework that exploits freedom provided by additional actuators and sensors

In this section, the physical insight presented in Sect. 6.5 is integrated into a
framework for multivariable control. This forms Contribution C4. In essence,
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the same two steps taken in Sect. 6.5 are followed for weighting filter design,
succeeded by a full multivariable H∞ control synthesis.
Weighting filter design for flexible motion systems
D1) Consider the flexible behavior Pflex : uext 7→ yext , see Ass. 6.10. Shape the
desired loop-gain of the flexible plant
Pflex,s = W2,flex Pflex W1,flex

(6.22)

by designing weighting filters W1,flex and W2,flex . Essentially, W1,flex and
W2,flex should incorporate a high gain, hereby dictating a reduction of internal system deformations through active feedback control. This concept
is further explained by Result 6.7 in Sect. 6.2.
D2) First, construct the equivalent plant
Peq = F` (Pext , W2,flex W1,flex ),

(6.23)

which represents the behavior in the motion DOFs under control of the
system’s flexibilities, see Ass. 6.10. Subsequently, shape the loop-gain
Peq,s = W2,eq Peq W1,eq

(6.24)

by designing the weighting filters W1,eq , W2,eq such that new freedom for
bandwidth enhancement is exploited.
After completing these design steps, the weights




W1,eq
W2,eq
W1 =
, W2 =
.
W1,flex
W2,flex

(6.25)

form the shaped extended plant in Def. 6.11. On the basis of this shaped plant, an
H∞ -norm based controller is synthesized along the lines explained in Sect. 6.6.1.

Importantly, the framework in this section is tailored towards a single multivariable H∞ control synthesis step for Pext . Herein, the design philosophy with
two consecutive steps, demonstrated in Sect. 6.5, is merely used to specify sensible weights for the extended generalized plant in Fig. 6.4(c). However, since
goals from consecutive steps D1) and D2) are pursued in a single control synthesis step, the presented approach relies on the following assumption.
?
Assumption 6.13 Consider the optimal H∞ controller Cext
in (6.20). It is
assumed that the control channels manipulating the flexible dynamical behavior
Pflex , i.e.,
 

 ? 0
?
Cflex : yext 7→ uext = 0 I Cext
,
(6.26)
I
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successfully achieve the high-gain as dictated in step D1). In other words,
?
Cflex
≈ W2,flex W1,flex .

(6.27)

Indeed, it is essential for the designer to specify attainable control gains for
the flexible dynamics in step D1), such that the intended increase of system
stiffness can be achieved. Only then, it is sensible to aim at control bandwidths
that are placed beyond conventional limits in step D2).
In Sect. 6.8, the proposed design framework is further discussed and illustrated on the industrial lightweight positioning device in Fig. 6.2. First, a suitable control configuration for this device is presented in Sect. 6.7.

6.7

Control configuration and dynamics of the experimental setup

In this section, a control configuration for the lightweight wafer stage in Fig. 6.2
is presented, by selecting suitable actuator and sensor locations, cf. Fig. 6.3.
The input-output configuration is chosen in such a way, that a clear illustration
of the new concepts presented in this chapter is facilitated.
6.7.1

Actuation principle and choice of actuator-sensor locations

State-of-the-art wafer stages are designed to operate in a vacuum. To facilitate this, the system in Fig. 6.2 is actuated on the basis of magnetic levitation
(Compter, 2004). Hereby, the wafer stage can be positioned contactless. As a
result, there are 6 motion degrees-of-freedom (DOFs), i.e., 3 translations [x, y, z]
and 3 rotations [Rx , Ry , Rz ]. By design, the stroke of the system in the x − y
plane is limited, as the primary purpose of the prototype is to investigate the
effect of structural deformations on high-performance control of lightweight systems. Since structural deformations are most manifest in the DOFs [z, Rx , Ry ],
see Fig. 6.13(a), this restricted coordinate frame is considered for control design
in this chapter.
Next, an input-output configuration is selected by placement of actuators
and sensors, see Fig. 6.3. In this chapter, 4 actuators are placed as indicated
in Fig. 6.13(a). Specifically, a1 , a2 , and a3 are placed below the corners of the
stage, whereas a4 is positioned at the middle of the line between the center and
a2 . Moreover, corner sensors s1 , s2 , and s3 are used as indicated in Fig. 6.13(a).
Finally, a piezo sensor s4 , which measures strain of the wafer stage, is available
at the middle of the line between the center and s2 . Since 4 actuators and
sensors are used to control 3 rigid-body DOFs, there is freedom to actively
control flexible dynamical behavior of the wafer stage.
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s1
z
s2

s4

Rx
Ry

s3

a1
a4

a2

a3

(a) Actuator and sensor configuration.

(b) Torsion bending mode.

Figure 6.13: Inputs and outputs that can be used to counteract undesired torsion
of the wafer stage.

6.7.2

Coordinate frame for extended control design

In this section, the input-output behavior of the system is transformed to a
coordinate frame that satisfies Ass. 6.10.
Result 6.14 Let Pa,s : a 7→ s be the mapping from the system’s actuators to
sensors, where a = [a1 , a2 , a3 , a4 ]T and s = [s1 , s2 , s3 , s4 ]T . The extended plant,
see Def. 6.9, is obtained through the decoupling
Pext = Sy Ty Pa,s Tu Su ,
where



1
 0
Ty =  −1
0

0
−1
1
0

1
1
0
0





0
1
0 
0
, T =
0  u 1
1
0

and Su , Sy are diagonal scaling matrices.

−1
1
0
0

(6.28)
0
−1
1
0



1
2
,
1
−4

Using the geometry of the wafer stage, see Fig. 6.13(a), it is immediate that
the first three coordinates of Pext contain decoupled rigid-body behavior in the
n = 3 motion DOFs [z, Rx , Ry ]. In Fig. 6.14, collocated behavior is observed in
the z-translation, whereas non-collocated behavior is observed in the Rx - and
Ry - rotations.
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Figure 6.14: Measured frequency response function Po,ext and control-relevant
8th order parametric model P̂ext .
After applying rigid-body decoupling, there is m = 1 additional input-output
directionality available for control of relevant flexible dynamical behavior. The
first flexible mode of the system is a torsion bending of the stage, depicted in
Fig. 6.13(b). This mode can effectively be controlled using the fourth inputoutput direction of Pext , which is indicated by Pflex in Fig. 6.14. On the one
hand, the fourth output of Pext is the piezo sensor s4 , which measures strain. As
a consequence, no rigid-body displacements are observed at this output, while
the structural deformations associated with the flexible dynamical behavior of
the system are measured indeed. On the other hand, the fourth input of Pext
does not excite rigid-body behavior of the system, since upon application of a
force F = [F1 , F2 , F3 , F4 ]T = [1, 2, 1, −4]T N to the actuators a,
Fz = F1 + F2 + F3 + F4 = 0,
MRx = −F1 + F2 + F3 +
MRy = −F1 − F2 + F3 −

1
2 F4
1
2 F4

(6.29)

= 0,

(6.30)

= 0,

(6.31)

i.e., the net force and rotational moments on the stage are zero in the rigid-body
coordinates, cf. Fig. 6.13(a).
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1) FRF identification Po
Identification
data

2) Weighting filter design W1 , W2
3) Nominal identification P̂

Validation
data

4) Embedding Po in model set P
5) Robust control synthesis C RP

Figure 6.15: Identification and robust control design procedure, where enhanced
weighting filter design plays a central role.
Before presenting the merits of using the additional control input-output, the
essential steps towards synthesis of a robust controller are reviewed.
6.7.3

Steps towards high-performance robust control design

The framework in Fig. 6.15 describes the essential steps that are followed in the
next section, towards synthesis of a high-performance robust controller. First, a
frequency response function (FRF) of the true system Po is determined (Step 1).
On the basis of this FRF, the proposed weighting filter design approach in
Sect. 6.6.2 can be applied (Step 2). Subsequently, a model set for robust control is constructed, which requires nominal modeling (Step 3) and uncertainty
modeling (Step 4). Finally, the optimal robust controller is computed (Step 5).
A joint system identification and robust control design approach is pursued along the lines of Oomen et al. (2013), see also Albertos and Sala (2002),
De Callafon and Van den Hof (1997). Herein, the performance criterion J˜ in
Def. 6.12 is jointly optimized during the modeling step and the robust control
synthesis step. In particular, robust-control-relevant identification is pursued,
see Oomen et al. (2013) for further details. An implication of this approach is
that the novel weighting filter design framework influences all subsequent design
steps towards the synthesis of a robust controller.

6.8

Beyond conventional bandwidth limitations using the
extra actuator-sensor pair

In this section, the systematic framework for weighting filter design in Sect. 6.6.2
is confronted with the prototype wafer stage. The aim is to beat conventional
limits on performance in terms of bandwidths. This forms Contribution C5.

6.8 Beyond conventional bandwidth limitations
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Step 1. Frequency response function identification
To perform nonparametric system identification on the prototype wafer stage in
Fig. 6.2, an experimental controller Cexp needs to be designed that stabilizes the
system.
• In the motion DOFs [z, Rx , Ry ], a manually tuned diagonal PID controller with high-frequent roll-off is designed, which yields bandwidths of
[10, 15, 15] Hz.
• No controller is implemented for the torsion loop, which does not require
stabilization to perform experiments.
A random-phase multisine signal, see, e.g., (Pintelon and Schoukens, 2001,
Chap. 2), is used to excite the closed-loop at r1 , see Fig. 6.7. Each input direction
of Pext is excited sequentially, during which both u and y are measured. Using
this measurement data, the FRF Po,ext of the extended plant is determined, see
Fig. 6.14.
Result 6.15 The torsion bending mode of the stage manifests itself as a lightly
damped resonance phenomenon at 143 Hz, whereas remaining flexible phenomena
occur above 500 Hz.
Due to the particular actuator-sensor configuration in Fig. 6.13(a), noncollocated behavior is observed beyond the torsion frequency in the rotational
coordinates Rx and Ry . Hence, the torsion mode imposes restrictions on the
achievable control bandwidths using conventional rigid-body control, as further
motivated in Sect. 6.3.
Step 2. Application of the new design framework
In this section, weighting filters are designed for robust control, following the two
steps in Sect. 6.6. First, the stiffness of the wafer stage in the direction of the
torsion bending mode is enlarged. Second, the equivalent plant in the motion
DOFs [z, Rx , Ry ] is determined, for which the obtained freedom for bandwidth
enhancement is exploited.
◦ Design step D1
In design step D1, Sect. 6.6.2, the additional control input and output available on top of the rigid-body configuration are exploited to control the flexible
dynamical behavior Pflex . As observed in Fig. 6.14, below 200 Hz,
Pflex ≈

m? s2

1
+ d? s + k ?

(6.32)

where the compliance 1/k ? is approximately -145 dB, i.e., k ? ≈ 1.78 · 107 N/m.
By controlling Pflex with a high loop-gain, the apparent stiffness of the system

134

Magnitude (dB)

Chapter 6. Exploiting additional actuators and sensors

160
140
120
100
80
1

10

2

3

10

10

Frequency (Hz)

Figure 6.16: Magnitude of W2,flex W1,flex = k ? (dotted) and Cflex (solid).
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Figure 6.17: Bode diagram of the loop-gain Pflex Cflex .
can be enhanced, which reduces internal deformations, cf. Result 6.7 in Sect. 6.2.
Here, it is aimed to double the stiffness of the torsion mode. Thus, for Pflex,s in
(6.22), the weights
√
W1,flex = W2,flex = k ? = 4.22 · 103 ,
(6.33)
dictate the desired loop-gain for the torsion mode.
For the considered control configuration, it is challenging to achieve the specified gain in the torsion loop. If Pflex is multiplied with a gain k ? of 145 dB,
then the torsion mode at 143 Hz, as well as all parasitic higher order flexible
modes beyond 500 Hz, will have a loop-gain that is lifted above the 0 dB line,
see Fig. 6.14. Hence, all these phenomena are relevant for stability.
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Figure 6.18: Nyquist plot of Pflex Cflex .
To achieve a stable high-gain torsion loop using robust control synthesis, a
non-conservative model set is required that encompasses all flexible phenomena
with little uncertainty. This demands for an accurate nominal model (Van Herpen et al., 2011) that captures all these phenomena. Due to the involved modeling complexity, this is beyond the scope of this chapter. Instead, the torsion
feedback loop is designed on the basis of manual loop-shaping. The resulting
controller is depicted in Fig. 6.16. Even using SISO manual design, it is nontrivial to generate sufficient phase-lead around 200 Hz while at the same time
achieving sufficient suppression of higher order modes using notches and roll-off,
which is needed to enable a stable high-gain torsion loop. Consequently, the
controller has moderate stability margins only, as can be verified from the Bode
diagram of the loop-gain in Fig. 6.17 and the Nyquist diagram in Fig. 6.18. Nevertheless, the control design is successful and achieves the desired gain.
◦ Design step D2
In design step D2, Sect. 6.6.2, the FRF of the equivalent plant under control
of the torsion loop is determined. Instead of (6.23),
Peq = F` (Po,ext , Cflex )

(6.34)

is determined by means of a system identification experiment, where the manually designed controller Cflex is implemented on the true system. The FRF is
shown in Fig. 6.19.
Result 6.16 By active control of the torsion mode, the mechanical stiffness of
the stage is successfully modified. As a result, the frequency at which the torsion
mode manifests itself shifts from 143 to 193 Hz.
Theoretically, under proportional control of the torsion mode with a gain
k ? = 1.78 · 107 , see (6.33), the resonance frequency would manifest itself at
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√

2 · 143 = 202 Hz. The manually designed torsion controller Cflex achieves a
shift of the resonance frequency that is slightly lower only. Also, the controller
adds damping to the torsion mode, as is clearly observed in Fig. 6.19.
Now that new freedom has been generated for bandwidth enhancement in
the motion DOFs [z, Rx , Ry ], this freedom should be exploited in the design of
the weighting filters W1,eq and W2,eq , see (6.24). These weighting filters are
de-signed along the lines of (Oomen et al., 2013, Sect. III.A) and McFarlane
and Glover (1990), and reflect the common loop-shaping goals for PID-type of
motion control as also encountered in, e.g., Schönhoff and Nordmann (2002),
Steinbuch and Norg (1998), Van de Wal et al. (2002). To obtain a meaningful robust performance optimization problem, it is needed to dictate attainable
control goals. On the other hand, it is desired to achieve control bandwidths
that are as high as possible. By using a procedure similar to Date and Lanzon
(2004), Graham and de Callafon (2007), it is found that target bandwidths of
[64, 55, 56] Hz for [z, Rx , Ry ] are challenging.
∗ Remark on notation for 3 × 3 robust control design
As motivated in design step D1, instead of performing a formal 4 × 4 robust
control design for Pext in Fig. 6.14, the controller for Pflex is designed using
manual loop-shaping. It then remains to design a 3 × 3 robust controller for Peq
in Fig. 6.19. To facilitate the exposition in the next sections, the subscript ”eq”,
indicating explicitly that the equivalent plant is considered, is often omitted.
Thus, in the forthcoming,
Ps := W2,eq Peq W1,eq

(6.35)

denotes the shaped equivalent plant. Based on Ps , the performance criterion
J (Ps , Cs ) for the design of the 3 × 3 robust controller is defined in accordance
with Def. 6.12.
Step 3. Parametric system identification
In this section, a nominal parametric model of the equivalent plant is identified, which constitutes Step 3 in Fig. 6.15. Here, control-relevant identification
is pursued, in which the control goal is taken into account explicitly during
identification.
In model-based control, there is an inevitable mismatch between designed
performance based on the model P̂ , i.e.,
J (P̂s , Cs ) = kT (P̂s , Cs )k∞ ,

(6.36)

and achieved performance on the true system Po , i.e.,
J (Po,s , Cs ) = kT (Po,s , Cs )k∞ .

(6.37)
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Figure 6.19: Equivalent plant Po,eq (dotted) and parametric fit P̂eq (solid) under active control of the torsion loop. The initial model of the motion DOFs
[z, Rx , Ry ] from Fig. 6.14 is shown for comparison (dashed).
Minimization of this mismatch forms the basis for a control-relevant identification criterion, cf. Gevers (1993), Schrama (1992), and Albertos and Sala (2002).
In particular, for a given controller Cs , a control-relevant parametric model is
obtained by solving
P̂s = arg min k T (Po,s , Cs ) − T (Ps , Cs )k∞ .
Ps

(6.38)

Remark 6.17 In (6.38), the controller Cs partly determines the aspects of the
true system on which a modeling emphasis is placed, see Van Herpen et al.
(2010) for a further analysis.
A control-relevant 12th order parametric model P̂eq is shown in Fig. 6.19.
This model accurately describes the system’s rigid-body behavior, as well as the
torsion bending mode under the influence of the dynamic controller Cflex .
Step 4. Enveloping the true system behavior by a model set
No single model captures the behavior of a real system in its entirety. To ensure
robustness against model imperfections, a model set is considered that envelops
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Figure 6.20: Parametric overbound W∆ (solid) on the model-reality mismatch
γ(ω) (dotted).
the true system behavior, i.e.,
Po,s ∈ Ps (P̂s , ∆).

(6.39)

By selecting a robust-control-relevant uncertainty structure, see Appendix C,
this condition is satisfied if the following perturbations set is considered:
{∆ ∈ RH∞ | σ̄(∆(ω)) ≤ γ(ω) ∀ ω}
γ := σ̄( T (Po,s , Cs ) − T (P̂s , Cs )) .

(6.40)

Note that γ reflects the model-reality mismatch in (6.38). Figure 6.20 shows
γ, obtained using independent model validation experiments. An 8th order parametric overbound W∆ for robust control is shown as well. Above 300 Hz, an
accurate, non-conservative overbound is achieved, which accounts for unmodeled
flexible dynamics of the wafer stage, see Fig. 6.19.
Remark 6.18 The uncertainty model does not account for the model-reality
mismatch below 300 Hz, see Fig. 6.20. At these frequencies, the model describes
the true system accurately, see Fig. 6.19. Nevertheless, γ is relatively large. This
is due to the fact that in control-relevant modeling, the experimental controller
partly determines the modeling emphasis, cf. Remark 6.17 and Van Herpen et al.
(2010). Since this controller achieves bandwidths of [10, 15, 15] Hz, low-frequent
model imperfections are emphasized. However, in the new robust control design,
the target bandwidths are much larger, i.e., [64, 55, 56] Hz. Thus, small unmodeled low-frequent dynamics do not have a significant influence on stability
and performance, and may be neglected.
Now that a model set has been developed that envelops all relevant dynamics
of the equivalent plant, a robust controller can be synthesized.
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Figure 6.21: Comparison of the robust controllers in motion DOFs [z, Rx , Ry ]
for conventional plant Po (dashed) and equivalent plant Peq,o (solid).
Step 5. Robust control design
Associated with the developed model set Ps : {Ps = W2 P W1 | P ∈ P} is the
concept of worst-case performance. In particular, a given controller Cs achieves
a worst-case performance JWC given by
JWC (Ps , Cs ) = sup J(Ps , Cs ).

(6.41)

Ps ∈Ps

Then, the optimal robust controller for the true system Po is

where

C RP = W1 CsRP W2 ,

(6.42)

CsRP = arg min JWC (Ps , Cs ).

(6.43)

Cs

Next, a robust controller is synthesized for the equivalent plant under control of the torsion mode, with target bandwidths of [64, 55, 56] Hz, see Step 2.
To compute the optimal robust controller in (6.43), the D-K iteration is used,
see (Zhou et al., 1996, Sect. 11.4) and (Skogestad and Postlethwaite, 2005,
Sect. 8.12), where robust performance is optimized in terms of skewed-µ, see
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(Skogestad and Postlethwaite, 2005, Sect. 8.10) for further details. The resulting robust controller is shown in Fig. 6.21.
To evaluate the merits of the proposed design procedure, a comparison is
made with conventional rigid-body control. Therefore, a 3 × 3 robust controller
is designed for the first 3 input-output directions of Po,ext in Fig. 6.14. It is
emphasized that no control of the torsion mode is applied. The same steps
as outlined in Fig. 6.15 are followed. In the weighting filter design, again a
procedure similar to Date and Lanzon (2004), Graham and de Callafon (2007) is
used to establish meaningful target bandwidths for [z, Rx , Ry ] of [54, 44, 44] Hz.
The rigid-body controller is shown in Fig. 6.21.
Result 6.19 The conventional robust rigid-body controller achieves bandwidths
of [50, 30, 30] Hz, which is in line with the results in Boeren et al. (2013) on
the same setup. By enhancing the stiffness of the wafer stage through active
control of the torsion mode, a bandwidth enhancement towards [60, 39, 39] Hz is
successfully obtained.
To illustrate the significance of the proposed new control design, a disturbance signal is applied to the wafer stage setup. Below the corner of the stage
where sensor s2 is placed, see Fig. 6.13(a), a broadband disturbance force with
an amplitude of 2N is applied. The resulting stand-still error of both control
configurations is shown in Fig. 6.22. In addition, the corresponding cumulative power spectra are shown in Fig. 6.23. Indeed it is observed that in the
extended configuration, the stand-still error is smaller, since i) the enhanced
stiffness of the torsion mode has enabled higher control bandwidths, which leads
to increased disturbance suppression below 100 Hz, and ii) the increased damping of the torsion mode as observed in Fig. 6.19 leads to increased disturbance
suppression in a region around the torsion frequency at 143 Hz.

6.9

Conclusions

In this chapter, a novel framework is presented to go beyond conventional performance limitations in motion control. Every control design is faced with a
performance-robustness trade-off. Due to robustness requirements, flexible dynamical behavior limits the achievable motion performance in terms of bandwidths. To address these limits, additional inputs and outputs compared to
rigid-body control configurations can be used. This chapter presents a novel,
systematic framework to exploit these additional inputs and outputs in nonconservative robust control. To this end, a well-posed H∞ synthesis problem for
the extended control configuration is formulated, where a weighting filter design
approach is proposed that exploits the freedom provided by additional control
inputs and outputs. From a perspective of system mechanics, the control design
framework aims to enhance mechanical properties such as the stiffness and damping of performance limiting flexible modes. Indeed, by confronting the approach
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with an industrial nano-positioning motion system for IC manufacturing, it is
confirmed that it is possible to enhance the stiffness of a performance-limiting
torsion mode. As a result, this mode manifests itself at higher frequencies,
which enables enhancement of control bandwidths beyond conventional limits.
As such, the proposed framework has the potential to create a breakthrough in
positioning accuracy and throughput for lightweight, flexible motion systems.

Chapter 7

Conclusions and Recommendations

7.1

Conclusions

The new system identification and control design framework presented in this
thesis enables high-performance for complex motion systems. Indeed, the complexity of the system is a key challenge towards high-performance control of nextgeneration lightweight motion systems. First, lightweight motion systems exhibit
a large number of flexible phenomena that are relevant for control. Second, to be
able to compensate for undesired structural deformations of the system that are
associated with these flexible phenomena, it is envisaged to control lightweight
motion systems using a large number of actuators and senors. Hence, the system’s input-output dimensionality is large. A systematic approach towards the
synthesis of controllers for complex, multivariable systems is model-based control
design. In this thesis, two main new contributions are presented that address
important research challenges encountered in model-based control of lightweight
motion systems, see Chap. 1.
I. Estimation of high-fidelity parametric models of lightweight motion system
from experimental data (Chap. 2 – Chap. 5).
II. Synthesis of model-based robust controllers in which the freedom provided
by using a large number of actuators and sensors is exploited (Chap. 6).
In view of Contribution (I), although frequency-domain identification techniques are widely applied to motion systems, it is well-acknowledged that limitations on numerical precision hinder the identification of accurate parametric
models of complex, multivariable systems. In this thesis, this seemingly computational problem is fundamentally investigated, which has led to new results on
the boundaries of the fields of system identification, approximation theory and
its connections to orthogonal polynomials, and numerical mathematics.
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New connections between system identification algorithms and polynomial
approximation theory are presented in Chap. 2. In particular, a polynomial
equality is formulated that underlies common frequency-domain identification
algorithms. It is proven that by formulating this polynomial equality using
two distinct polynomial bases that are bi-orthonormal with respect to a datadependent bi-linear form, the solution to the equality is immediately given by
the highest degree right basis polynomial, up to a given scaling. Subsequently,
this result is further exploited to facilitate highly accurate system identification.
Iterative frequency-domain identification algorithms commonly rely on solving
large systems of equations that govern an (oblique) projection. It is proven
that by formulating such identification problem using bi-orthonormal polynomial bases with respect to a data-dependent bi-linear form, optimal numerical
conditioning of the projections is obtained.
The fundamental theory in Chap. 2 is applied in Chap. 3, which presents a
numerically optimally conditioned instrumental variable approach for frequencydomain identification. Hereby, recent developments in system identification are
exploited, showing that a certain instrumental variable algorithm outperforms
the traditional SK-iterations. Although this potentially yields more accurate
models, Chap. 3 shows that the numerical conditioning in instrumental variable
algorithms is quadratically larger than in SK-iterations. This endangers the
algorithm’s fidelity. Optimal conditioning in instrumental variable identification
is achieved in two steps. First, unexplored freedom in the formulation of the
identification algorithm is exploited. Specifically, the algorithm is reformulated
using two distinct polynomial bases: one basis to parameterize the model tobe-estimated and another basis to parameterize the instrument. Second, biorthonormal polynomial bases are introduced in system identification. Indeed,
by virtue of the results of Chap. 2, optimal numerical conditioning is achieved.
Using a simulation example, the new algorithm is shown to outperform preexisting identification approaches. Furthermore, the algorithm is successfully
applied to accurately model a high-precision motion system.
An extension of the proposed identification algorithm towards multivariable
systems is developed in Chap. 4. First, a new formulation of the instrumental
variable algorithm for multivariable models, represented by a right matrix fraction description, is proven in Appendix A. The new formulation extends earlier
results in the literature, facilitating a general parametrization of the numeratordenominator matrix in terms of a block-polynomial basis. Based on this result,
in Chap. 4 a bi-linear form for block-polynomials of general dimensions is derived that underlies multivariable IV identification. Subsequently, the construction of bi-orthonormal block-polynomials with respect to this bi-linear form is
presented. These block-polynomials satisfy three-term-recurrence relations. It
is shown how the recurrence coefficients can be derived from the data of the
identification problem. In addition, a numerically accurate and computationally
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efficient algorithm for the computation of polynomial recurrence coefficients is
presented. This algorithm extends the ‘chasing down the diagonal’ philosophy
to cope with the asymmetric character of the instrumental variable problem.
The classical theory on orthonormal polynomials in system identification is
treated in Chap. 5. This theory forms a special case of the novel theory on biorthonormal polynomials. First, it is recapitulated how the use of orthonormal
polynomials with respect to a data-dependent inner product provides optimal
conditioning of the traditional SK-iterations. Second, the construction of basis
polynomials that are orthonormal with respect to an inner product on the unit
circle is developed in detail. This is valuable, since in the z-domain, efficient
computation of the polynomial recursion coefficients is non-trivial and requires
exploitation of the underlying structure of a Hessenberg matrix. An algorithm
that exploits this structure is successfully implemented and demonstrated. The
essential steps in this algorithm carry over naturally towards bi-orthonormal
polynomials on the unit circle.
Contribution (I) in Chap. 1 – Chap. 5 is summarized as follows. A new
frequency-domain system identification approach is developed, based on a recent
instrumental variable algorithm with beneficial convergence properties. Through
the introduction of bi-orthonormal polynomial bases in system identification,
optimal numerical conditioning is achieved. Furthermore, a numerically reliable and computationally efficient algorithm for the computation of these biorthonormal polynomials is developed. Together, this facilitates the identification of highly accurate models of lightweight motion systems.
Contribution (II) deals with the synthesis of model-based robust controllers
for lightweight motion systems, in which the freedom provided by using a large
number of actuators and sensors is exploited.
A design framework to go beyond conventional performance limitations in
motion control is presented in Chap. 6. Herein, additional inputs and outputs
compared to a rigid-body control configuration are exploited in non-conservative
robust control. For this purpose, a well-posed H∞ synthesis is formulated for
the extended control configuration, in which a weighting filter design approach
is proposed that exploits the freedom provided by additional control inputs and
outputs. From a perspective of system mechanics, the control design framework aims to enhance mechanical properties such as the stiffness and damping
of performance-limiting flexible modes. Indeed, by confronting the approach
with an industrial nano-positioning motion system for IC manufacturing, it is
confirmed that it is possible to enhance the stiffness of a performance-limiting
torsion mode. As a result, this mode manifests itself at higher frequencies,
which enables enhancement of control bandwidths beyond conventional limits.
As such, the proposed framework has the potential to create a breakthrough in
positioning accuracy and throughput for lightweight, flexible motion systems.
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7.2

Recommendations

Based on the conclusions that have been formulated, several recommendations
for further research are presented. From a modeling viewpoint, the following
recommendations are made.
• The identification algorithm presented in this thesis enables modeling of
both continuous-time and discrete-time systems. Clearly, since a Möbius
transformation permits a transformation of frequency response function
measurements from one domain to the other (Oomen et al., 2007, Sect. 5),
parametric identification can in principle be performed in either domain.
Chapter 4 presents a multivariable algorithm for optimally conditioned
instrumental variable identification, tailored towards modeling in the sdomain. Nevertheless, it is worthwhile to develop an algorithm that facilitates direct parametric identification in the z-domain. For this purpose,
bi-orthonormal block-polynomial bases in the z-domain need to be constructed. The polynomial recurrence coefficients that generate these bases
are contained in two Hessenberg matrices, see Chap. 4. For large multivariable problems, it is key to extract these coefficients efficiently. Hereto,
the underlying structure of the problem needs to be exploited, which conceptually follows along the lines of Chap. 5 and the research in Reichel
et al. (1991), Van Barel and Bultheel (1995), Van Herpen et al. (2012b).
• Through the development of a system identification algorithm that provides very accurate parametric models, new opportunities for model-based
control design can be explored. Of particular interest are modeling and
control applications of systems with a large input-output dimensionality
that are characterized by a high dynamical complexity. An example of
such applications are next-generation motion systems. It is worthwhile to
further explore modeling and control of next-generation motion systems
using a very large number of actuators and sensors. Herein, connections
with identification for robust control (Oomen and Bosgra, 2012); (Oomen
et al., 2013) should be further explored, in which an essential role is played
by accurate nominal modeling (Van Herpen et al., 2011).
• Iterative frequency-domain algorithms have been investigated extensively,
starting from early work in Sanathanan and Koerner (1963) and Steiglitz
and McBride (1965). Importantly, for instrumental-variable algorithms, it
has been shown that convergence of the iterations implies optimality. However, especially when the signal-to-noise ratio is poor, it has been observed
that the iterations may take a long time to converge, if they converge at
all. A first reason for a lack of convergence are potential inaccuracies of
the solution in individual iterations. Since the algorithm developed in this
thesis is numerically reliable, it prevents such inaccuracies. Nevertheless,
a second reason for a lack of convergence may lie in the updating across
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iterations. Therefore, the properties of the identification algorithm itself
require further research. Relevant aspects include the existence of stationary points, as well as the convergence behavior towards a stationary point.
Initial investigations are provided by, e.g., Whitfield (1987), Söderström
and Stoica (1988), Fan and Nayeri (1990), Regalia et al. (1997). Finally, it
is worthwhile to further compare the convergence behavior of the algorithm
with the classical Gauss-Newton and Levenberg-Marquardt procedures.
• A confrontation of the identification algorithm with an industrial motion
system confirms optimal conditioning of the essential computational steps.
Nevertheless, numerical stability of the algorithm should be investigated
formally, cf. Golub and Van Loan (1989), Higham (2002), Saad (2003).
The robustness of the proposed identification algorithm hinges on the numerically stable construction of bi-orthonormal polynomials from identification data, see also Gautschi (1986). This requires solving a large inverse
eigenvalue problem. In this thesis, modifications to the ‘chasing down the
diagonal’ approach in Rutishauser (1963) and Gragg and Harrod (1984) are
proposed to deal with asymmetry of the problem. Consequently, the error
propagation of this approach needs to be re-investigated. Besides that, the
numerical properties of the oblique projections at the heart of the identification algorithm should be investigated, including a perturbation analysis
and the behavior in the presence of rounding errors, see, e.g., Stewart
(2011). It is expected that, even when minor losses of bi-orthonormality
occur, the oblique projections can still be solved accurately.
• The results presented in this thesis have a counterpart for time-domain system identification, including instrumental variable approaches, cf. Young
(1976), Söderström and Stoica (1983), Ljung (1999), Gilson and Van den
Hof (2005). Time-domain and frequency-domain identification are related
through a (unitary) Fourier transform. Hence, the selection of an appropriate model parametrization plays an equally important role towards
the numerically reliable implementation of (iterative) time-domain instrumental variable approaches, known as bootstrapping algorithms. Applications hereof are encountered in closed-loop identification, see Garnier
et al. (2007) and Gilson et al. (2011), and modeling for feed-forward control design, see Boeren and Oomen (2013). In addition, it is noted that
the selection of polynomial bases that are bi-orthonormal with respect to
a data-dependent bi-linear form is closely related to questions regarding
identifiability and model order selection in time-domain identification.
• Modeling of complex systems is highly relevant in the field of structural dynamics. In this application domain, often a system description in terms of a
modal decomposition (Gawronski, 2004) is considered. Frequency-domain
identification of parametric models in terms of a modal decomposition is
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studied in Verboven et al. (2005), Guillaume (2006), DeTroyer et al. (2012).
In these approaches, numerical challenges are well-acknowledged and several partial solutions are provided. The result presented in this thesis may
lead to further enhancements of algorithms for system identification in the
application domain of structural dynamics.
From a control design viewpoint, the following recommendations are made.
• The robust controller that has been used to validate the framework presented in Chap. 6 on the wafer stage setup has been obtained through
two cascaded control design steps. Limitations in the currently selected
actuator-sensor configuration are the main reason that prevents a single robust control synthesis step. In particular, a (piezo) strain sensor has been
used to measure the bending of the wafer stage. When measuring strain,
higher order flexible phenomena form a significant part of the observed behavior. In contrast, when measuring displacements, the observed behavior
is often dominated by a limited number of low-frequent flexible phenomena, which are most relevant for the system’s performance. Hence, the use
of displacement sensors may enhance the decoupling of relevant flexible
phenomena that need to be controlled actively for high performance. This
would streamline the proposed robust control design framework. It is recommended to improve the actuator-sensor configuration, and performance
further experimental validation of the framework.
• From a mechanical point of view, the framework presented in Chap. 6
leads to a modification of structural properties of flexible motion systems,
such as damping and stiffness, through active control. In that aspect, the
proposed framework is related to combined optimization of system and
controller dynamics as considered in, e.g., Lu and Skelton (2000), Camino
et al. (2002), Iwasaki et al. (2003), Meisami-Azad et al. (2010). It is
recommended to further establish connections to this field of research.
• In actual production machines, the location on the structure where a high
performance is required typically does not coincide with the sensor locations. In fact, inferential control design approaches have been developed
specifically to optimize performance at any other pre-selected location on
the structure, see, e.g., Oomen et al. (2011). This location may change in
time. A strength of the control design approach advocated in Chap. 6 is
that it leads to a modification of structural properties under active control
of the system’s flexible behavior. Through an experimental confrontation
with an industrial wafer stage, it is confirmed that the proposed framework
leads to enhanced disturbance rejection at the sensor locations. Additionally, it is expected that disturbance rejection is achieved across the entire
structure. This should be further investigated and linked to global performance measures, see, e.g., Moheimani et al. (2003).
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• Next to enhanced feedback control, the use of additional actuators and
sensors beyond a conventional rigid-body control configuration also provides new opportunities for feed-forward control. In particular, if many
actuators are used, there is freedom with respect to the force profile that
can be exerted on a lightweight motion system such that it follows a certain
motion trajectory. In Ronde et al. (2013), first investigations confirm that
this freedom can be exploited to prevent the excitation of performancehindering structural vibrations. It is recommended to investigate a further
symbiosis of a feedback and feed-forward control philosophy for lightweight
motion systems.
• Related approaches towards norm-based controller synthesis have been
proposed, in which parametric modeling of the plant behavior is diverted.
Instead, measurements of the plant’s frequency response function are used
for control synthesis first, which yields frequency response coefficients of an
optimal controller, see, e.g. Den Hamer et al. (2008) and Hoogendijk et al.
(2010). Subsequently, a parametric description of the optimal controller is
obtained by fitting a model to the obtained response coefficients. Clearly,
algorithms that enable accurate parametric modeling are still highly relevant if such an approach is pursued. It is worthwhile to further explore
the coupling between the imposed criterion for control synthesis and the
parametric modeling of the optimal controller.

Appendix A

Multivariable System Identification
A.1

Iterative frequency-domain identification algorithms

In this appendix, a new formulation of a multivariable system identification algorithm is proven, which facilitates a numerically reliable implementation. First,
a multivariable representation of the traditional SK-iterations (Sanathanan and
Koerner, 1963) is recapitulated. Subsequently, a new form for the frequencydomain instrumental variable algorithm in Douma (2006, Sect. 3.5.3 and 3.5.8)
is developed, extending the algorithm towards multivariable systems represented
by a right matrix fraction description. A key aspect herein is a joint parametrization of the numerator and denominator polynomial matrices in terms of general
block-polynomial basis functions. The result in Blom and Van den Hof (2010)
is covered as a special case.
A.1.1

Identification criterion for multivariable systems

A criterion for the identification of a multivariable system with p inputs and
q outputs is formulated. Given FRF measurements of the true system, i.e.,
Po (ξk ) ∈ Cp×q , k = 1, . . . , m, it is desired to estimate a parametric model
P̂ (ξ, θ) ∈ Rp×q . The discrepancy between the measurements and the model is
reflected by
ε(ξk , θ) := W (ξk ) (Po (ξk ) − P̂ (ξk , θ)),
(A.1)
where W (ξk ) ∈ Cp×p , k = 1, . . . , m, is a weighting function. The model parameters θ are obtained by solving the weighted least-squares approximation problem
min V(θ),
θ

V(θ) :=

m
X

k=1

k ε(ξk , θ) k2F =

m
X

k=1

kvec(ε(ξk , θ))k22 .

(A.2)
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A wide variety of system identification criteria can be obtained through an appropriate choice of weighting function, cf. Pintelon et al. (1994) for an overview.
Common choices are maximum-likelihood identification (Pintelon and Schoukens,
1990), (McKelvey, 2002) and control-relevant identification (Gevers, 1993), see
also (Oomen and Bosgra, 2008, Sect. VI).
A.1.2

Model structure

The multivariable model P̂ (ξ, θ) is parameterized as a real-rational transfer function, governed by the right matrix fraction description (MFD), cf. (Kailath, 1980,
Chap. 6),
P̂ (ξ, θ) = N̂ (ξ, θ) D̂−1 (ξ, θ) ∈ Rp×q ,
(A.3)

where N̂ (ξ, θ) ∈ Rp×q [ξ] and D̂(ξ, θ) ∈ Rq×q [ξ] are polynomial matrices. To solve
identification problem (A.2), these matrices need to be formulated in terms of a
certain polynomial basis. To facilitate the new results presented in this thesis,
the parametrization


n
X
D̂(ξk , θ)
=
ϕj (ξ) θj ,
θ = [θ0T θ1T · · · θnT ]T ,
(A.4)
vec
N̂ (ξk , θ)
j=0

is taken. Here, the parameter vector θj ∈ R(q+p)q × 1 . Furthermore, the j th basis
block-polynomial ϕj (ξ) ∈ R(q+p)q × (q+p)q [ξ] is of strict degree j, i.e.,
ϕj (ξ) = ξ j · sjj + . . . + ξ · sj1 + sj0 ,

(A.5)

(q+p)q × (q+p)q

where sj0 , sj1 , . . . , sjj ∈ R
and sjj is assumed upper triangular
and invertible. Parametrization (A.4) includes the parametrization in (Blom and
Van den Hof, 2010, Sect. II), where the numerator and denominator polynomial
matrices are parameterized separately, as a special case.
A.1.3

Degree constraint

To avoid the trivial solution θ = 0 to (A.2), additional constraints need to be
imposed. Here, the following assumptions are made.
Assumption A.1 The model P̂ (ξ, θ) has order n and is strictly proper.
A particular right MFD (A.3) that satisfies Assumption A.1 is obtained by the
following choice for the polynomial matrices:
• N̂ (ξ, θ) is a degree n − 1 polynomial matrix,
• D̂(ξ, θ) is a degree n−1 polynomial matrix except for the diagonal elements,
which are of strict degree n.
In system identification problems, it is common to enforce a subset of the polynomials to be monic, see also De Moor et al. (1994). Here, the diagonal elements
of D̂(ξ, θ) are enforced to be monic.
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From (A.4) it follows that the degree constraints outlined above completely
determine θn , which is given by


Iq
−1
θn = snn · vec
.
(A.6)
0p×q
Since snn is upper triangular, θn can be computed accurately and efficiently by
means of backward substitution (Golub and Van Loan, 1989, Sect. 3.1.3).
Having selected a model structure with appropriate degree constraints for
P̂ (ξ, θ), two iterative algorithms to solve the nonlinear optimization problem
(A.2) are investigated.
A.1.4

Traditional iterative algorithm

In this section, the SK-algorithm (Sanathanan and Koerner, 1963) is formulated
for multivariable systems. To this end, observe that for the right MFD (A.3),
(A.1) is equivalent to



 D̂(ξk , θ)
ε(ξk , θ) = W (ξk ) Po (ξk ) −Ip
D̂−1 (ξk , θ) .
(A.7)
N̂ (ξk , θ)

In view of (A.2), the vectorization of ε(ξk , θ) is determined. By virtue of (A.37):





D̂(ξk , θ)
−T
vec(ε(ξk , θ)) = D̂ (ξk , θ) ⊗ W (ξk ) Po (ξk ) −Ip vec
. (A.8)
N̂ (ξk , θ)
The rationale that motivates the SK-algorithm is that if D̂−T(ξk , θ) is given, the
cost criterion V(θ) in (A.2) is convex in θ. By means of an iterative procedure
that exploits the structure of vec(ε(ξk , θ)) in (A.8), the unknown denominator
matrix polynomial can be estimated. This leads to the following multivariable
implementation of the SK-algorithm, see, e.g., Sanathanan and Koerner (1963),
De Callafon et al. (1996), Oomen and Bosgra (2008).

Algorithm 8 (Multivariable SK-iteration) Let θh0i be given. In iteration
i = 1, 2, . . . , determine the least-squares solution θhii to
min
θ hii

m
X

k=1

k vec(ε̃(ξk , θhii )) k22 ,

vec(ε̃(ξk , θhii )) :=
where





D̂(ξk , θhii )
D̂−T(ξk , θhi−1i ) ⊗ W (ξk ) Po (ξk ) −Ip
vec
.
N̂ (ξk , θhii )

(A.9)
(A.10)

Algorithm 8 is widely applied for frequency-domain system identification
(Pintelon et al., 1994). Indeed, the SK-algorithm typically yields a small value
of the cost function V(θ) in (A.2). However, the fixed point of the iterations is
generally not a (local) optimum of V(θ), as is proven in Whitfield (1987).
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Refined iterative algorithm

In this section, a refined iterative algorithm is considered, in which stationary
points are a (local) minimum of V(θ) in (A.2). Consider the first order necessary
condition for optimality
∂V(θ)
= 0.
(A.11)
∂θT
This condition can equivalently be written as
m
X

ζ H (ξk , θ) vec(ε(ξk , θ)) = 0,

(A.12)

k=1

where

∂vec(ε(ξk , θ))
.
(A.13)
∂θT
The following result yields an expression for ζ(ξk , θ) in terms of the polynomial
matrices N̂ (ξk , θ) and D̂(ξk , θ) that constitute (A.3).
ζ(ξk , θ) :=

Theorem A.2 Let ζ(ξk , θ) be defined in (A.13), with ε(ξk , θ) defined in (A.1).
In addition, let the model P̂ (ξ, θ) be parameterized as a right MFD, see (A.3).
Then,


D̂(ξk , θ)
∂ vec



N̂ (ξk , θ)
−T
.
ζ(ξk , θ) = D̂ (ξk , θ) ⊗ W (ξk ) P̂ (ξk , θ) −Ip
∂θT
(A.14)
Proof: See Appendix A.2.

Theorem A.2 includes the result in (Blom and Van den Hof, 2010, Sect. IV) as
a special case. Motivated by the more general result in Thm. A.2, the following
iterative algorithm is proposed to solve (A.12).
Algorithm 9 (Multivariable IV-iteration) Let θh0i be given. In iteration
i = 1, 2, . . . , solve for θhii the linear system of equations
m
X

ζ̃ H (ξk , θhi−1i ) vec(ε̃(ξk , θhii )) = 0,

(A.15)

k=1

where vec(ε̃(ξk , θhii )) is defined in (A.10) and
ζ̃(ξk , θhi−1i ) :=
∂vec



−T
hi−1i
hi−1i
D̂ (ξk , θ
) ⊗ W (ξk ) P̂ (ξk , θ
) −Ip




D̂(ξk , θ)
(A.16)
N̂ (ξk , θ)
.
∂θT

Compared to Alg. 8, the essential advantage of Alg. 9 is that upon convergence, it is guaranteed that a (local) optimum of V(θ) in (A.2) is attained.
Next, a polynomial equality associated with Alg. 8 and Alg. 9 is formulated.
Furthermore, a linear algebra problem connected to these algorithms is derived.
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Polynomial equality underlying the identification algorithms

In this section, a polynomial equality is formulated that underlies the multivariable implementations of the SK-algorithm and the IV-algorithm.
Lemma A.3 Equation (A.15), which forms the heart of the IV-algorithm, can
be recast as the polynomial equality
m
H
X
∂g(ξk , η)
H
w2k
w1k f (ξk , θ) = 0.
∂η T

(A.17)

k=1

Here, the weights w1k , w2k ∈ Cpq × (q+p)q are given by,



D−T(ξk , θhi−1i ) ⊗ W (ξk ) Po (ξk ) − Ip ,



= D−T(ξk , θhi−1i ) ⊗ W (ξk ) P̂ (ξk , θhi−1i ) − Ip .

w1k =
w2k



see (A.10) and (A.16):
(A.18)
(A.19)

Furthermore, f (ξ, θ), g(ξ, θ) ∈ C(q+p)q × 1 [ξ] are (q + p)q-dimensional vector
polynomials, viz.
n
X
ϕj (ξ) θj ,
(A.20)
f (ξ, θ) =
j=0

g(ξ, η) =

n−1
X

ψj (ξ) ηj ,

(A.21)

j=0

with ηj ∈ R(q+p)q × 1 and j th basis block-polynomial ψj (ξ) ∈ R(q+p)q × (q+p)q [ξ] of
strict degree j, i.e.,
ψj (ξ) = ξ j · tjj + . . . + ξ · tj1 + tj0 ,
(A.22)
where tj0 , tj1 , . . . , tjj ∈ R (q+p)q × (q+p)q and tjj is assumed upper triangular and
invertible.


D̂(ξk , θ)
in (A.4), which is subject to a
N̂ (ξk , θ)
∂g(ξ, η)
represents
degree constraint that determines θn , see (A.6). In addition,
∂η T


D̂(ξk , θ)
∂vec
, which may be evaluated in an alternative polynomial basis,
N̂ (ξk , θ)
∂θT
cf. Sect. 3.4.1, for further details.

In (A.17), f (ξ, θ) represents vec
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Remark A.4 A special case of (A.17) is given by
m
H
X
∂f (ξk , θ)
H
w1k
w1k f (ξk , θ) = 0.
∂θT

(A.23)

k=1

Equation (A.23) determines the solution f (ξ, θ) to
min k w1 f (ξ, θ) k22 ,

(A.24)

θ

where
k w1 f (ξ, θ) k22 :=

m
X

H
f (ξk , θ)H w1k
w1k f (ξk , θ).

(A.25)

k=1

The least-squares polynomial approximation problem (A.24) is equivalent to (A.9),
which forms the heart of the SK-algorithm. In conclusion, the polynomial equality (A.17) covers both the IV-algorithm and the SK-algorithm.
Reformulation of the polynomial equality

–

Chap. 4

For further development of the theory on bi-orthonormal polynomials in Chap. 4,
the polynomial equality (A.17) is recast in a slightly different form, where the
summation is with respect to the individual rows of the weights w1k , w2k . In
particular, (A.17) is equivalent to
H
r
X
∂g(ξˆl , η)
H
ŵ2l
ŵ1l f (ξˆl , θ) = 0.
∂η T

(A.26)

l=1

Here, ŵ1l , ŵ2l ∈ C1×α , with α = (q + p)q, are weight vectors that constitute the
individual rows of w1k , w2k in (A.18)–(A.19). Consequently, to sum over all the
individual rows, r = mpq. The nodes ξˆl contain a pq repetition of the nodes ξk ,
viz. ξˆl ∈ {ξ1 , . . . , ξ1 , ξ2 , . . . , ξ2 , · · · ξm . . . , ξm }.
| {z }
| {z } | {z }
pq times

pq times

pq times

Example A.5 Consider (A.17). Let m = 2 frequency points be taken, i.e.,
ξk ∈ {ξ1 , ξ2 }. Furthermore, let p = 2 and q = 1, hence, w1k , w2k ∈ C2×3 . Then,
ŵ1l , ŵ2l ∈ C1×3 , l = 1, . . . , r, are the individual r = 4 rows of w1k , w2k , viz.




←− ŵ11 −→
←− ŵ21 −→
w11 =
w21 =
←− ŵ12 −→
←− ŵ22 −→




←− ŵ13 −→
←− ŵ23 −→
w12 =
w22 =
.
←− ŵ14 −→
←− ŵ24 −→
Furthermore, ξˆ1 = ξ1 , ξˆ2 = ξ1 , ξˆ3 = ξ2 , and ξˆ4 = ξ2 .
ξˆl , w1l , w2l , l = 1, . . . , r, (A.17) is equivalent with (A.26).

Indeed, for these
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A.1.7

Linear algebra problem coupled to the identification algorithms

In this section, a linear algebra problem that is associated with Alg. 8 and Alg. 9
is formulated. As a starting point, consider the polynomial equality (A.17). Let
Φ, Ψ ∈ C (q+p)qm × (q+p)qn , Φm ∈ C (q+p)qm × (q+p)q , and θ ∈ R (q+p)qn × 1
be defined as


ϕ0 (ξ1 )
 ϕ0 (ξ2 )

Φ= .
 ..

ϕ1 (ξ1 )
ϕ1 (ξ2 )
..
.

ϕ0 (ξm ) ϕ1 (ξm ) . . .



ψ0 (ξ1 )
 ψ0 (ξ2 )

Ψ= .
 ..

ψ1 (ξ1 )
ψ1 (ξ2 )
..
.

hii T

θ1

...

ϕn−1 (ξm )

...
...

ψ0 (ξm ) ψ1 (ξm ) . . .

h
T
θhii = θ0hii


ϕn−1 (ξ1 )
ϕn−1 (ξ2 ) 

,
..

.

...
...




ϕn (ξ1 )
 ϕn (ξ2 ) 


Φn =  .  ,
 .. 
ϕn (ξm )


ψn−1 (ξ1 )
ψn−1 (ξ2 ) 

,
..

.

(A.28)

ψn−1 (ξm )

iT
hii T
.

(A.29)

θn−1

Furthermore, let W1 , W2 ∈ C pqm × (q+p)qm be defined as



w11
w21



w
w22
12



W1 = 
W2 = 
,
.
..
.



.
.
w1m
Finally, let bn ∈ C pqm × 1

(A.27)


w2m



,


(A.30)

be defined as

bn = − W1 Φn θnhii .

(A.31)

The vector bn is determined by the imposed degree constraint in Assumption A.1,
which determines θn in (A.6).
Next, a standard linear algebra problem is formulated that is connected with
the instrumental variable iterations in Alg. 9. In particular, the solution to
(A.15) can be obtained by solving a linear system of equations.
Lemma A.6 The solution θhii to (A.15) is given by the solution θhii to
(ΨH W2H W1 Φ) θhii = ΨH W2H bn ,
as follows after inserting (A.4) in (A.15).

(A.32)
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It is again emphasized that to arrive at (A.32), a transformation of basis
needs to be applied to the instrumental variable ζ(ξk , θ) in (A.16). While the
numerator–denominator matrix polynomials of the model are parameterized in
the polynomial basis ϕj , j = 0, 1, . . . , n, cf. (A.4), the instrumental variable
ζ(ξk , θ) is evaluated in a different polynomial basis ψj , j = 0, 1, . . . n − 1. Further
details are provided in Chap. 3.
Remark A.7 A special case of (A.32) is given by
(ΦH W1H W1 Φ) θhii = ΦH W1H bn ,

(A.33)

which form the normal equations that determine the least-squares solution θhii
to
W1 Φ θhii = bn .
(A.34)
Using the matrix definitions given above, it is readily verified that the solution to
(A.33) is equivalent to the least-squares solution θhii to (A.9). Hence, the linear
algebra associated with the SK-algorithm is included as a special case of (A.32).
In Chap. 4, optimal numerical conditioning of the system of equations (A.32)
is achieved through the selection of bi-orthonormal polynomial bases with respect
to a data-dependent bi-linear form. It is also explained how these bi-orthonormal
polynomial bases can be constructed in a numerically reliable and computationally efficient manner. These polynomial bases enable a reliable implementation
of the IV-iterations, as well as the SK-algorithm.

A.2
A.2.1

Proof of Theorem A.2
Results from Kronecker algebra and matrix differentiation

In this section, some standard results are introduced that are needed for the
proof of Theorem A.2.
First, several identities from Kronecker algebra are introduced, see, e.g.,
Neudecker (1969) and Brewer (1978). For arbitrary matrices of appropriate
dimensions, it holds that
(A ⊗ B) ⊗ C = A ⊗ (B ⊗ C).

(A.35)

(A ⊗ B) (C ⊗ D) = AC ⊗ BD .

(A.36)

vec(ABC) = (C T ⊗ A) vec(B).

(A.37)

Equality (A.36) is known as the mixed product rule and is frequently applied in
Kronecker algebra.
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Next, standard results on matrix differentiation are given, see, e.g., Dwyer
(1967), Vetter (1970), Brewer (1978). In the forthcoming, the derivative with
respect to a matrix X ∈ Cs×t is considered.
• Product rule:

For matrices A ∈ Cp×q , B ∈ Cq×r ,
∂(AB)
∂A
∂B
=
(It ⊗ B) + (Is ⊗ A)
.
∂X
∂X
∂X

(A.38)

• Derivative of Kronecker product: For matrices A ∈ Cp×q , D ∈ Cr×z ,



  ∂D
∂A
∂(A ⊗ D)
(p×r)
It ⊗ U (z×q) ,
=
⊗ D + Is ⊗ U
⊗A
∂X
∂X
∂X
(A.39)
where U (a×b) ∈ Rab×ab is a permutation matrix, cf. (Vetter, 1970, Thm. 3).
• Derivative of matrix inverse:

For an invertible matrix F ∈ Cp×p ,

∂ F −1
∂F
= − (Is ⊗ F −1 )
(It ⊗ F −1 ).
∂X
∂X

(A.40)

In the following sections, these standard results are exploited.
A.2.2

Auxiliary result

The following lemma presents an auxiliary result derived from the elementary
rules on Kronecker algebra and matrix differentiation. This auxiliary result plays
an important role in the proof of Thm. A.2.
Lemma A.1 For matrices A ∈ Cp×q , B ∈ Cr×p and vector θ ∈ C`×1 , the
following equality holds:
 T

∂A
∂vec (A)
⊗ Ir (I` ⊗ vec (B) ) = (Iq ⊗ B)
.
(A.41)
∂θT
∂θT
Proof:

From (A.37), it is immediate that
vec(A) = (AT ⊗ Ip ) vec(Ip ),

vec(B) = (Ip ⊗ B) vec(Ip ).

(A.42)
(A.43)

Next, using (A.39) and (A.38), it follows that

 T

∂ AT ⊗ Ip
∂vec (A)
∂A
=
(I
⊗
vec(I
))
=
⊗
I
(I` ⊗ vec(Ip )) .
`
p
p
∂θT
∂θT
∂θT
(A.44)
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Hence, by virtue of (A.36),
(Iq

∂vec (A)
⊗ B)
∂θT

=
=




∂AT
(Iq ⊗ B)
⊗ Ip (I` ⊗ vec(Ip ))
∂θT
 T

∂A
⊗
B
(I` ⊗ vec(Ip )) .
∂θT

(A.45)

By again using (A.36), it holds for the first part of this expression that
 T

 T

∂A
∂A
⊗
B
=
I
⊗
I
B
(A.46)
`p
r
∂θT
∂θT
 T

 T

∂A
∂A
=
⊗ Ir (I`p ⊗ B) =
⊗ Ir (I` ⊗ (Ip ⊗ B)) ,
∂θT
∂θT
where for the latter equality use is made of (A.35). Finally, inserting (A.46) in
(A.45) yields
 T

∂vec (A)
∂A
(Iq ⊗ B)
=
⊗ Ir (I` ⊗ (Ip ⊗ B)) (I` ⊗ vec(Ip )), (A.47)
∂θT
∂θT
which, by making use of (A.36) and (A.43), proves the result (A.41).

A.2.3



Intermediate steps towards the main result

For ease of readability, in this section, several intermediate steps in the proof of
Thm. A.2 are presented as individual lemma’s.
Lemma A.2 Let D̂(θ) ∈ Rq×q and N̂ (θ) ∈ Rp×q . In addition, let θ ∈ R(q+p)q(n+1) .
Then,
!




∂ D̂−T (θ)
D̂(θ)
0
I
⊗
I
⊗
vec
(A.48)
p×q
p
(q+p)q(n+1)
∂θT
N̂ (θ)
!


∂ D̂−T (θ)
=
⊗
I
I
⊗
vec(
N̂
(θ))
.
p
(q+p)q(n+1)
∂θT
Proof:

First, observe that by virtue of (A.36),
!
!




∂ D̂−T (θ)
∂ D̂−T (θ)
⊗ 0p×q Ip
=
· Iq·(q+p)q(n+1) ⊗ Ip · 0p×q Ip
∂θT
∂θT
!


∂ D̂−T (θ)
=
⊗ Ip Iq·(q+p)q(n+1) ⊗ 0p×q Ip .
T
∂θ
(A.49)
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Now, observe that, using (A.35),




Iq·(q+p)q(n+1) ⊗ 0p×q Ip = (I(q+p)q(n+1) ⊗ Iq ) ⊗ 0p×q Ip

 (A.50)
= I(q+p)q(n+1) ⊗ Iq ⊗ 0p×q Ip .

By first inserting (A.50) in (A.49) and subsequently (A.49) in the lefthand side
of (A.48), the following expression is obtained:
!




∂ D̂−T (θ)
D̂(θ)
⊗ 0p×q Ip
=
I(q+p)q(n+1) ⊗ vec
∂θT
N̂ (θ)
!





∂ D̂−T (θ)
D̂(θ)
0
I
⊗
I
I
⊗
I
⊗
I
⊗
vec
p×q
p
p
q
(q+p)q(n+1)
(q+p)q(n+1)
∂θT
N̂ (θ)
!




∂ D̂−T (θ)
D̂(θ)
=
⊗ Ip
I(q+p)q(n+1) ⊗ Iq ⊗ 0p×q Ip vec
.
∂θT
N̂ (θ)
(A.51)
Finally, the result (A.48) follows after exploiting (A.37).



Lemma A.3 Let D̂(θ) ∈ Rq×q and N̂ (θ) ∈ Rp×q . In addition, let θ ∈ R(q+p)q(n+1) .
Then,
 

 −T 
∂ D̂T (θ) N̂ T (θ)
∂ D̂−T (θ)
D̂ (θ)
−T
=
−
D̂
(θ)
.
I
⊗
(q+p)q(n+1)
0p×q
∂θT
∂θT
(A.52)
Proof: From the rule for matrix differentiation of an inverse matrix, cf. (A.40),
it follows that
∂ D̂−T (θ)
=
∂θT

− D̂−T (θ)


∂ D̂T (θ) 
−T
I
⊗
D̂
(θ)
.
(q+p)q(n+1)
∂θT

The result (A.52) is now proven by observing that



 T
 Iq
T
∂ D̂ (θ) N̂ (θ)
0p×q
∂ D̂T (θ)
=
T
T
∂θ
∂θ

 


∂ D̂T (θ) N̂ T (θ)
Iq
=
I(q+p)q(n+1) ⊗
,
0p×q
∂θT
and applying the mixed product rule (A.36).

(A.53)

(A.54)
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Lemma A.4 Let D̂(θ) ∈ Rq×q and N̂ (θ) ∈ Rp×q . In addition, let θ ∈ R(q+p)q(n+1) .
Then,


I(q+p)q(n+1) ⊗

Proof:





 

D̂−T (θ)
⊗ Ip
I(q+p)q(n+1) ⊗ vec(N̂ (θ))
0p×q

=
I(q+p)q(n+1) ⊗ vec P̂ (θ)

(A.55)
 
.
0p

By applying the mixed product rule (A.36) it is immediate that


 

D̂−T (θ)
⊗ Ip
I(q+p)q(n+1) ⊗ vec(N̂ (θ))
(A.56)
I(q+p)q(n+1) ⊗
0p×q

 −T 


D̂ (θ)
=
I(q+p)q(n+1) ⊗
⊗ Ip vec(N̂ (θ)) .
0p×q


By making use of (A.37), the latter expression equals


=



I(q+p)q(n+1) ⊗ vec N̂ (θ) D̂−1 (θ)

which proves the result, since N̂ (θ)D̂−1(θ) = P̂ (θ).

A.2.4

0q×p

 

, (A.57)


Main result

The following theorem evaluates the derivative of vec(P̂ (ξ, θ)) with respect to θ.

Theorem A.5 Consider the right matrix fraction description (R-MFD)
P̂ (ξ, θ) = N̂ (ξ, θ)D̂−1(ξ, θ) ∈ Rp×q ,
where

N̂ (ξ, θ) ∈ Rp×q [ξ]

∂vec(P̂ (ξ, θ))
∂θT

and

D̂(ξ, θ) ∈ Rq×q [ξ].

(A.58)

Then, it holds that



D̂(θ)
∂vec


N̂ (θ)
−T
= (D̂ (θ) ⊗ −P̂ (θ) Ip )
.
∂θT

(A.59)
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A.2 Proof of Theorem A.2
Proof:

By virtue of the product rule (A.38),

 


∂(D−T (θ) ⊗ 0p×q Ip )
∂vec(P̂ (ξ, θ))
D(θ)
=
I
⊗
vec
(q+p)q(`+1)
N (θ)
∂θT
∂θT
|
{z
}
LHS


D(θ)
∂vec


N (θ)
+
(D−T (θ) ⊗ 0p×q Ip )
.
∂θT
|
{z
}
RHS

(A.60)

Next, the lefthand side is developed further. By virtue of Lemma A.2,



∂D−T (θ)
⊗
I
LHS =
I(q+p)q(`+1) ⊗ vec(N (θ)) .
p
T
∂θ

(A.61)

Inserting the result of Lemma A.3 subsequently yields
LHS
=


 
 −T 
∂ DT (θ) N T (θ)
D (θ)
−T
− D (θ)
I(q+p)q(`+1) ⊗
0p×q
∂θT

⊗ Ip

(A.62)
!


I(q+p)q(`+1) ⊗ vec(N (θ))
!


 −T 

∂ DT (θ) N T (θ)
D (θ)
−T
− D (θ)
⊗
I
I
⊗
⊗
I
p
p
(q+p)q(`+1)
0p×q
∂θT

· I(q+p)q(`+1) ⊗ vec(N (θ)) ,
·

=

where in the latter step use is made of (A.36). Then, by virtue of Lemma A.4
(and again (A.36)),
!


 ∂ DT (θ) N T (θ)
−T
⊗ Ip
(A.63)
LHS = − D (θ) ⊗ Ip
∂θT

 
· I(q+p)q(`+1) ⊗ vec P̂ (θ) 0p
.
Finally, application of the result in Lemma A.1 yields

LHS =

=
Inserting
theorem.




D(θ)
∂vec



N (θ)
− D−T (θ) ⊗ Ip
Iq ⊗ P̂ (θ) 0p
∂θT


(A.64)
D(θ)
∂vec


N (θ)
(D−T (θ) ⊗ −P̂ (θ) 0p )
.
∂θT
this expression for the lefthand side in (A.60) yields the proof of the
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Based on the results that have been proven in the foregoing, it is now possible
to present a proof of Thm. A.2.
Proof of Theorem A.2:
Since
immediately follows from (A.1) that

vec(A + B) = vec(A) + vec(B),

it

∂ vec(ε(ξk , θ))
∂ vec(−W (ξk )P̂ (ξk , θ))
=
.
∂θ
∂θ

(A.65)

vec(−W (ξ) P̂ (ξ, θ)) = (−Iq ⊗ W (ξ)) vec(P̂ (ξ, θ)),

(A.66)

ζ(ξk , θ) =
By virtue of (A.37),

which after applying (A.38) yields
ζ(ξk , θ) = ( −Iq ⊗ W (ξk ))

∂ vec(P̂ (ξk , θ))
.
∂θT

(A.67)

The result of Thm. A.2 now follows by inserting the result of Thm. A.5 and
subsequently applying the mixed product rule (A.36).


Appendix B

Complementary results of Chapter 2
B.1

Iterative identification algorithms: Associated polynomial approximation problems

In this section, two classes of frequency-domain system identification algorithms
are presented, which in fact are polynomial approximation problems. To start
with, the goal in weighted least-squares identification is formalized.
Goal B.1 Let Po (ξ) ∈ R denote a true system, where ξ represents either the
s-domain or the z-domain. Let P̂ (ξ, θ) ∈ R denote a real-rational model, i.e.,
P̂ (ξ, θ) =

n(ξ, θ)
,
d(ξ, θ)

(B.1)

where n(ξ, θ), d(ξ, θ) ∈ R[ξ] are degree n polynomials. Finally, let W (ξ) denote
a given weighting function. In weighted least-squares system identification, the
goal is to determine the optimal parameter vector θ by minimizing
V(θ) =

m
X

k=1

εH(ξk , θ)ε(ξk , θ) :=

m
X

k=1

|W (ξk ) (Po (ξk ) − P̂ (ξk , θ))|2 .

(B.2)

Since (B.2) is non-linear in θ, it may have several local minima. These minima
are attained when ∂V(θ)
= 0.
∂θ T
Lemma B.2 Consider the criterion V(θ) in (B.2). A (local) optimum of V(θ)
is attained when"
#H
m
X
−∂ P̂ (ξk , θ)
W (ξk )H W (ξk )(Po (ξk ) − P̂ (ξk , θ)) = 0.
(B.3)
∂θT
k=1

(ξk ,θ)
k ,θ)
Proof: Define Pζ(ξk , θ) := ∂ε(ξ
= −W (ξk ) ∂ P̂∂θ
. Clearly, ∂V(θ)
= 0 is
T
∂θ T
∂θ T
m
H
equivalent with k=1 ζ (ξk , θ)ε(ξk , θ) = 0, which gives the result.
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To solve the nonlinear equation (B.3) in θ, an iterative algorithm is proposed
in Blom and Van den Hof (2010), where in iteration i use is made of an estimate
P̂ (ξ, θhi−1i ) from a previous iteration.
Algorithm B.3 (Frequency-domain IV identification)
Let P̂ (ξ, θhi−1i ) be given. Then, in iteration i, the polynomial approximation
problem (2.1) is solved, where

T
f (ξ, θ) = g(ξ, θ) = d(ξ, θhii ) n(ξ, θhii ) ,
(B.4)
and


W (ξk ) 
Po (ξk ) −1 ,
hi−1i
d(ξk , θ
)

W (ξk ) 
=
P̂ (ξk , θhi−1i ) −1 .
hi−1i
d(ξk , θ
)

w1k =

(B.5)

w2k

(B.6)

In this case, (2.1) approximates (B.3), which can be verified by working out the
derivative
h

i
∂ P̂ (ξ, θ)
∂
d(ξ, θ)
−1
0
−
=
d(ξ,θ)
n(ξ, θ)
∂θT
∂θT
=


−1 ∂ n(ξ, θ)
d(ξ, θ)
+
n(ξ, θ)
d(ξ, θ) ∂θT


 ∂
1 
d(ξ, θ)
=
,
P̂ (ξ, θ) −1
n(ξ, θ)
d(ξ, θ)
∂θT

∂ d(ξ, θ) h
0
∂θT

1
d(ξ,θ)2

i

where P̂ (ξ, θhi−1i )/d(ξ, θhi−1i ) is substituted, and rewriting


 d(ξk , θ)
W (ξk ) 
Po (ξ) 1
ε(ξk , θ) =
,
n(ξk , θ)
d(ξk , θ)

where d(ξ, θhi−1i ) is substituted.

(B.7)

(B.8)


A different algorithm, which is due to Sanathanan and Koerner (1963), is
frequently encountered in literature. It aims at directly solving (B.2) using
linear least-squares optimization.
Algorithm B.4 (Sanathanan-Koerner iterations)
Let d(ξ, θhi−1i ) be given. Then, in iteration i, the polynomial approximation
problem (2.12) is solved, with f (ξ, θ) and w1k defined in (B.4)–(B.5). The fact
that (2.12) approximates (B.2) can be verified using the expression for ε(ξ, θ) in
(B.8), where d(ξ, θhi−1i ) is substituted.


B.2 Pre-existing approaches for tri-diagonalization

B.2
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Pre-existing approaches for tri-diagonalization

In this section, pre-existing approaches to construct a tri-diagonal matrix by
solving the inverse eigenvalue problem (2.62) are discussed. It is supported that
these approaches in general suffer from numerical instability, which typically is
circumvented at the cost of inefficiency. This has motivated the development
Alg. 2.40, which forms a natural generalization of the ‘Chasing down the diagonal’ rationale that is advocated for its beneficial numerical properties in e.g.,
Gragg and Harrod (1984), Reichel et al. (1991), Van Barel and Bultheel (1995).
Clearly, when bi-orthonormal Krylov bases K̃ and L̃, see (2.52)–(2.53), are
given, the tri-diagonal matrix with polynomial recursion coefficients can directly
be obtained from (2.62). Below, two algorithms are analyzed that explicitly
construct these bi-orthonormal Krylov bases, starting from the known vectorbases K and L, see (2.45)–(2.46).
B.2.1

LU-factorization of the moment matrix

Consider the definition of a moment matrix as given next.
Definition B.5 Let ξk , w1k , w2k ∈ R, k = 1, . . . , m be given. Let moment mij ,
associated with the bi-linear form (2.22), be defined as
m
X
mij := [ξ i , ξ j ] =
ξki+j w2k w1k .
(B.9)
k=1

Next, consider the krylov bases K, L in (2.45)–(2.46). The matrix
LT K = V T W2T W1 V,

(B.10)

see (2.51), defines a moment matrix, where matrix element (j, i) is equal to
moment mij in (B.9).
The following algorithm for the computation of bi-orthonormal Krylov bases
is based on the LU-factorization of the moment matrix, as also considered in
Brezinski (1997, p. 86), Bultheel and Van Barel (1997, Sect. 4.2), Saad (2003,
Sect. 7.1.2).
Algorithm B.6 (LU-factorization moment matrix) Consider the moment
matrix defined in (B.10). Bi-orthonormal Krylov bases K̃ and L̃ can be obtained
from the LU-factorization
L U = V T W2 W1 V

(B.11)

of the moment matrix, where L is a lower triangular matrix and U is an upper
triangular matrix. Indeed, by taking T = L−T and S = U −1 , which are both
upper triangular, it follows from (2.45)–(2.46) that L̃T K̃ = I.
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Although theoretically Alg. B.6 yields the desired bi-orthonormal Krylov
bases, the moment matrix V T W2T W1 V typically is extremely ill-conditioned.
As a result, the LU decomposition cannot be made in a reliable way, cf. Stewart
(1993).
B.2.2

Two-sided Gram-Schmidt procedure

An alternative approach for the construction of bi-orthonormal Krylov bases is
the two-sided Gram-Schmidt procedure, see also, e.g., Parlett (1992, Sect. 3),
Brezinski (1997, p. 83–84), Bultheel and Van Barel (1997, p. 139–142).
Algorithm B.7 (Two-sided Gram-Schmidt) Define kj , lj , j = 1, . . . , n to
be the columns of K and L according to (2.45)–(2.46), i.e.:


 
k1 k2 . . . kn = W 1 XW 1 · · · X n−1 W 1 ,
(B.12)


 
n−1
l1 l2 . . . ln = W 2 XW 2 · · · X
W2 .
(B.13)
Let k̃j , ˜lj , j = 1, . . . , n be the columns of K̃ and L̃. Let k̃1 and ˜l1 be scaled versions of k1 and l1 in (2.58)–(2.59), such that ˜l1H k̃1 = 1. Bi-orthonormalization
of the remaining columns of K and L is achieved by selecting for j = 2, . . . , n:
q
k̃j = k̂j / |ˆljT k̂j |,
(B.14)
q
˜lj = sign(ˆlT k̂1 ) · ˆlj / |ˆlT k̂j |,
1
j
where

k̂j = kj −
ˆlj = lj −

j−1
X

(kjT ˜li ) k̃i ,

i=1

j−1
X
i=1

(B.15)

(ljT k̃i ) ˜li .


Remark B.8 Since ξk , w1k , w2k ∈ R, k = 1, . . . , m, is assumed, the moment
matrix V T W2T W1 V in (B.10) is a Hankel matrix. As a consequence, when
initialized from the proper Krylov bases, the two-sided Gram-Schmidt procedure is
an exact equivalent of the Lanczos algorithm, see Parlett (1992, Sect. 5, p. 579).
Again, although theoretically Alg. B.7 yields the desired bi-orthonormal
Krylov bases, it is numerically unstable, see, e.g., Björck (1967), Golub and
Van Loan (1989, Sect. 5.2.8). The key aspect herein is that the algorithm operates on the vectors k1 , k2 , . . . and l1 , l2 , . . . which contain very large numbers
due to the Vandermonde structure of K and L. This leads to a large amplification of rounding errors and a quick loss of bi-orthonormality for larger problems.
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There exist modifications on the standard Gram-Schmidt procedure based on reorthogonalization, often referred to as modified Gram-Schmidt (MGS), see, e.g.,
Björck (1967). Although this modified algorithm is numerically stable, it suffers
from a loss of efficiency.

B.3

Proofs of auxiliary results

In this appendix, the proofs of auxiliary results of Chap. 2 that support its main
contributions are provided.
Proof of Theorem 2.19 First, necessity is proven. Consider the decomposition
W2T W1 = Wsym + Wskew ,

(B.16)

where
Wsym =
Wskew =

1
2
1
2

(W2T W1 + W1T W2 ),
(W2T W1 − W1T W2 ).

As the transpose of (2.31) yields ΦT W1T W2 Φ = D, it follows that (2.31) is
equivalent to:
ΦT Wsym Φ = D,

(B.17a)

T

Φ Wskew Φ = 0.

(B.17b)

Since any general polynomial basis ϕj (ξ), j = 0, 1, . . . , n − 1 is related to the
monomial basis φmon,k (ξ) in (2.6) through
j
X
ϕj (ξ) =
sjk φmon,k (ξ) ,
(B.18)
k=0

Φ in (2.14) can be written as

Φ = Vq S,

(B.19)

where


Iq ξ1 Iq . . .
 Iq ξ2 Iq . . .
Vq :=
 .. ..
. .
Iq ξm Iq . . .







ξ1n−1 Iq
s00 s10 . . . sn−1,0
s11 . . . sn−1,1 
ξ2n−1 Iq 

, S :=
.
..
..
..



.
.
.
n−1
sn−1,n−1
ξm Iq

(B.20)

Here, Vq ∈ Rmq×nq and S ∈ Rnq×nq , where S is full rank since sjj , j =
0, 1, . . . , n − 1 are invertible by assumption, cf. Sect. 2.2.1. Consequently, it follows after inserting (B.19) that (B.17b) requires
VqT Wskew Vq = 0,

(B.21)
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which only holds if Sij = 0 ∀ i, j = 0, 1, . . . , n − 1.
Next, sufficiency is proven. As shown above, if Sij = 0 ∀ i, j = 0, 1, . . . , n − 1,
then (B.17b) holds. It remains to select ϕj (ξ), j = 0, 1, . . . , n − 1 such that
(B.17a) holds. Inserting (B.19) yields
S T VqT Wsym Vq S = D.

(B.22)

The matrix VqT Wsym Vq is symmetric and is of full rank for well-posed problems. As a consequence, by selecting S = L−T , where L follows from the LDUdecomposition for Hermitian matrices Golub and Van Loan (1989, Sect. 4.1, 4.4)
VqT Wsym Vq = L D LT ,

(B.23)

(B.22) is satisfied, hence, (2.31) holds.



Proof of Lemma 2.32 Since L̃T K̃ = I implies that L̃ = K̃ −T , it holds that:
(L̃T X K̃)j = (L̃T X K̃)(L̃T X K̃) · · · (L̃T X K̃) = L̃T X j K̃.
{z
}
|
j terms

(B.24)

T

Now define H1 := L̃ X K̃, which is used to formulate:




L̃T K̃ X K̃ · · · X n−1 K̃ = I H1 · · · H1n−1 .

(B.25)

Post-multiplying both sides with In ⊗ e1 , where e1 = [1 0 · · · 0]T ∈ Rn×1 is the
first standard basis vector and ⊗ denotes the Kronecker product, yields:
 


L̃T k̃1 X k̃1 · · · X n−1 k̃1 = e1 H1 e1 · · · H1n−1 e1 .
(B.26)
Using (2.58), the left-hand side of (B.26) can be rewritten as:
p

1
|l1T k1 |



1
L̃T k1 Xk1 · · · X n−1 k1 = p
L̃T K.
|l1T k1 |

(B.27)

Hence, by virtue of (2.56) and (2.45), (B.26) is equivalent to:
p

1
|l1T k1 |



S −1 = e1 T e1 · · · T n−1 e1 ,

(B.28)

which is an upper triangular matrix since S is upper triangular. This implies
that H1 is upper Hessenberg.
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Proof of Lemma 2.33 The proof follows along similar lines as the proof of
Lemma 2.32. In particular, it can be shown that

sign(l1T k1 ) −1 
p
T = e1 H2 e1 · · · H2n−1 e1 ,
T
|l1 k1 |

(B.29)

which is an upper triangular matrix since T is upper triangular. This implies
that H2 is upper Hessenberg.


Proof of Theorem 2.34 To start with, equality of the first row and column of
(2.62) is proven. It follows from (2.58)–(2.59) that
q
W 1 = k̃1 |l1T k1 |,
(B.30)
q
sign(W T2 W 1 ) · W 2 = ˜l1 |l1T k1 |.
(B.31)
Hence, by virtue of bi-orthonormality of K̃ and L̃:


q
γ0
L̃T W 1 = |l1T k1 | L̃T k̃1 =
,
0 m−1,1
q
W T2 K̃ = sign(l1T k1 )· |l1T k1 | ˜l1T K̃ = [ β0 0 1,m−1 ],

(B.32)
(B.33)

p
p
where γ0 =
|l1T k1 | and β0 = sign(l1T k1 ) |l1T k1 |, hence, |β0 | = γ0 . It remains to show that L̃T X K̃ is a tri-diagonal matrix. Hereto, observe that, since
ξk , w1k , w2k ∈ R, k = 1, . . . , m,
H2 = K̃ T X L̃ = (L̃T X K̃)T = H1T .

(B.34)

where use is made of Lemma 2.32 and Lemma 2.33. Thus, the matrix L̃T X K̃ is
both upper and lower Hessenberg, hence, tri-diagonal, proving the theorem. 

Proof of Lemma 2.36 Since L̃T K̃ = I, or, equivalently, L̃T = K̃ −1 , the lower
right component of the eigenvalue decomposition (2.62) induces the following
equations:
X K̃ = K̃ T ,
T

X L̃ = L̃ T .

(B.35)
(B.36)

Evaluating (B.35)–(B.36) per column, while taking into account the structure
of T in (2.63), yields the following three-term-recursions for the columns of
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K̃ and L̃:
X k̃j = βj−1 k̃j−1 + αj k̃j + γj k̃j+1 ,
X ˜lj = γj−1 ˜lj−1 + αj ˜lj + βj ˜lj+1 .
Rearranging terms yields (2.64)–(2.65).

(B.37)
(B.38)


Proof of Theorem 2.37 Select the 0th order polynomials ϕ0 (ξ) and ψ0 (ξ):
q T
q T
|l1 k1 | = 1
|W 2 W 1 |,
(B.39)
ϕ0 (ξ) = 1
q

|l1T k1 |
ψ0 (ξ) = sign(l1T k1 )
= sign(W 2T W 1 )

q T
|W 2 W 1 |.

(B.40)

Let Φj , Ψj denote the j th column of Φ, Ψ in (2.14)–(2.15). Then, using (2.16)
and (2.58)–(2.59) it follows that
W1 Φ1 = k̃1 ,
W2 Ψ1 = ˜l1 .

(B.41)
(B.42)

[ϕ0 (ξ), ψ0 (ξ)] = ΨT1 W2T W1 Φ1 = ˜l1T k̃1 = 1.

(B.43)

Consequently,

Now, let ϕj (ξ), ψj (ξ), j = 1, 2, . . . be constructed using the recursion relations
(2.66)–(2.67), with ϕ−1 := 0, ψ−1 := 0 and ϕ0 (ξ), ψ0 (ξ) as given in (B.39)–
(B.40). As a result, by virtue of the vector -recursion relations (2.64)–(2.65) in
Lemma 2.36,
W1 Φj+1 = k̃j+1 ,
W2 Ψj+1 = ˜lj+1 .

(B.44)
(B.45)

Finally, since
T
[ϕi (ξ), ψj (ξ)] = ΨTj+1 W2T W1 Φi+1 = ˜lj+1
k̃i+1 = δij ,

(B.46)

bi-orthonormality of the polynomials ϕi (ξ) and ψj (ξ), i, j = 0, 1, . . . , n − 1,
follows from bi-orthonormality of the Krylov bases K̃ and L̃.
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Proof of Lemma 2.38 The polynonomials ϕ0 (ξ) and ψ0 (ξ), see (B.39)–(B.40),
are chosen such that ψ0 (ξ) = ±ϕ0 (ξ), where ϕ0 > 0. Since
ϕ1 (ξ) =
ψ1 (ξ) =

1
γ1
1
β1

(ξ − α1 ) ϕ0 ,

(ξ − α1 ) ψ0 ,

(B.47)
(B.48)

where use is made of (2.66)–(2.67), it follows that
ψ1 (ξ) = sign(ψ0 ) sign(β1 ) ϕ1 (ξ) = ± ϕ1 (ξ).

(B.49)

Similarly, since
((ξ − α2 ) ϕ1 (ξ) − β1 ϕ0 (ξ))

(B.50)

=

1
γ2
1
γ2

ψ2 (ξ) =

1
β2

((ξ − α2 ) ψ1 (ξ) − γ1 ψ0 (ξ))

(B.51)

ϕ2 (ξ) =

((ξ − α2 ) ϕ1 (ξ) − sign(β1 )γ1 ϕ0 (ξ)) ,

= sign(ψ0 ) sign(β1 ) sign(β2 ) ·
1
γ2

it holds that

((ξ − α2 ) ϕ1 (ξ) − sign(β1 ) γ1 ϕ0 (ξ)) ,

ψ2 (ξ) = sign(ψ0 ) sign(β1 ) sign(β1 ) ϕ1 (ξ) = ± ϕ2 (ξ).

(B.52)

By extending this line of reasoning for higher degree polynomials, the following
general result is obtained
ψj (ξ) = sign(ψ0 ) sign(β1 ) sign(β2 ) . . . sign(βj ) ϕj (ξ),
which indeed proves that (2.69) holds.

(B.53)


Proof of Theorem 2.39 By virtue of Lemma 2.38, (2.69) holds. As an immediate consequence, bi-orthonormality of the polynomials ϕi (ξ) and ψj (ξ) as
defined in Def. 2.13 is equivalent with orthonormality with respect to an indefinite inner product, cf. Def. 2.20, for the individual polynomials bases ϕi (ξ) as
well as ψj (ξ).


Appendix C

Robust-control-relevant modeling

Since model uncertainties pose fundamental limitations on the attainable performance, see Sect. 6.3, it is essential to develop a non-conservative model set
P. To achieve this, the dual modeling problem of (6.43) is considered, see also,
e.g., De Callafon and Van den Hof (1997).
Lemma C.1 Let a controller Cs be given. Then, a robust-control-relevant model
set is obtained by
PsRCR = arg min JWC (Ps , Cs )
Ps

s.t.

Po,s ∈ Ps .

(C.1)

To solve (C.1), a parametrization of Ps is required. In modeling for robust
control, see Zhou et al. (1996) and Skogestad and Postlethwaite (2005), commonly
Ps = {Ps | Ps = Fu (Ĥ, ∆u ), ∆u ∈ B∆ },

(C.2)

where the upper LFT is given by
Fu (Ĥ, ∆u ) = Ĥ22 + Ĥ21 ∆u (I − Ĥ11 ∆u )−1 Ĥ12 .

(C.3)

Hence, to obtain the robust-control-relevant model set PsRCR , an appropriate
selection of i) the nominal model P̂s = Ĥ22 , ii) the model uncertainty structure
that determines Ĥ11 , Ĥ12 , and Ĥ21 , and iii) the size of the uncertainty set B∆ is
required. In general, the dependency of JWC on the elements that constitute the
model set is complicated, which renders (C.1) non-trivial. However, a special
uncertainty structure has been developed recently, which leads to the following
result.
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Theorem C.2 (Oomen and Bosgra, 2012, Thm. 9) Let a controller Cs be given.
Consider the dual-Youla-Kučera (coprime factor) uncertainty structure (Anderson, 1998), which parametrizes all plants Ps that are stabilized by Cs . By selecting robust-control-relevant coprime factorizations, the bound
JWC (Ps , Cs ) ≤ J (P̂s , Cs ) +

max k∆u k∞

∆u ∈B∆

(C.4)

holds. In addition, for the unstructured uncertainty set
B∆ = {∆u ∈ RH∞ | σ̄(∆u ) ≤ σ̄(W∆ ) ∀ ω},

(C.5)

the requirement Po,s ∈ Ps is equivalent to, see also Van Herpen et al. (2011),
σ̄(W∆ ) ≥ γ := σ̄( T (Po,s , Cs ) − T (P̂s , Cs )) ∀ ω.

(C.6)

Using the uncertainty structure considered in Thm. C.2, the following results
are obtained, which facilitate non-conservative modeling for robust control.
Result C.3 The required size of the perturbation set B∆ , see (C.5) and (C.6),
equals the nominal model-reality mismatch γ. Thus, control-relevant identification of P̂s , see (6.38), in effect minimizes the gap between designed performance
J (P̂s , Cs ) and achieved worst-case performance JWC (Ps , Cs ).
Result C.4 In view of (C.4), the dynamic uncertainty bound W∆ , needed for
robust control synthesis, should tightly overbound γ at its peak values, see also
Van Herpen et al. (2011).
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Söderström, T. and Stoica, P. (1989). System Identification. Prentice Hall, Hemel
Hempstead, UK.
Steiglitz, K. and McBride, L. E. (1965). A technique for the identification of linear
systems. IEEE Transactions on Automatic Control, 10(4):461–464.
Steinbuch, M. and Norg, M. (1998). Advanced motion control: An industrial perspective. European Journal of Control, 4:278–293.
Stewart, G. W. (1993). On the perturbation of LU, Cholesky, and QR factorizations.
SIAM Journal on Matrix Analysis and Applications, 14(4):1141–1145.
Stewart, G. W. (2011). On the numerical analysis of oblique projectors. SIAM Journal
on Matrix Analysis and Applications, 32(1):309–348.
Stieltjes, T. J. (1884). Quelques recherches sur la théorie des quadratures dites
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Summary
Identification for Control of Complex Motion Systems
Optimal Numerical Conditioning using Data-Dependent Polynomial Bases
Highly accurate, fast positioning devices will play an important role in many
of the manufacturing processes of the future. Today, one important example
hereof is found in wafer scanners, used in the manufacturing of ICs. Typically,
the positioning devices in such wafer scanners have to achieve sub-nanometer
positioning accuracy to enable the desired miniaturization of ICs. Next to accuracy, the positioning devices have to achieve accelerations of more than three
times the gravitational acceleration to facilitate a high machine throughput. To
enable such extreme accelerations, next-generation positioning devices are designed to be lightweight. However, lightweight devices may undergo structural
deformations during large accelerations, which endanger the intended positioning accuracy. Therefore, active control is of critical importance. Yet, control
design that achieves fast positioning while preventing structural deformations is
a complex challenge.
To compensate for structural deformations, it is needed to manipulate lightweight positioning devices to a much larger extent than conventional, rigid devices. Hereto, lightweight systems are equipped with a large number of sensors
and actuators. Although this provides additional freedom for manipulation, the
synthesis of controllers for complex multivariable systems with a large number of
inputs and outputs is challenging. A systematic framework that can cope with
the complexity of large multivariable control design problems is model-based
control. Successful model-based control hinges on i) a solid theoretical framework, ii) numerically reliable and efficient computational algorithms, and iii) a
deliberate account of various control design aspects. Whereas a firm modelbased control theory has been established over the last decades, a more mature
development of algorithmic and design aspects is needed in order to enable the
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synthesis of advanced multivariable controllers for lightweight positioning that
meet the standards of the industry. This thesis presents two main contributions
in this direction.
The first contribution of this thesis lies in a coupling of theoretical and
numerical aspects, through the development of a novel, reliable algorithm for
multivariable frequency-domain system identification. Indeed, identification of
lightweight motion systems is computationally demanding, firstly since the system has a large number of inputs and outputs, secondly since the systems behavior needs to be characterized on a large number of frequencies to detect lightly
damped resonance phenomena, and thirdly since the model order has to be sufficiently high to capture relevant resonance phenomena. To achieve numerical
reliability, unexplored freedom with respect to the polynomial basis in which the
identification problem is formulated is investigated in this thesis. In particular,
bi-orthonormal polynomials with respect to a data-dependent bi-linear form are
introduced and exploited in instrumental variable identification. This leads to
a new identification algorithm, which i) yields optimal numerical conditioning
of all intermediate complex computational steps, thus providing high accuracy,
such that ii) upon convergence, it is guaranteed that the obtained models are
(locally) optimal. Next to accuracy, efficiency of the algorithm is established by
acknowledging the underlying problem structure.
The second contribution of this thesis lies in a coupling of theoretical and control design aspects. In particular, a novel control design approach for lightweight
motion systems is developed, where, next to the classical goals for tracking of
a motion trajectory, the effect of structural deformations is taken into account.
Hereto, the precise knowledge on the system’s behavior as captured by accurate
multivariable models is exploited. As a result of actively controlling the performance critical bending modes, the system behavior resembles that of a rigid
body up to higher frequencies. This has the potential to induce a paradigm shift
in the design of mechatronic systems, in which advanced multivariable control
design allows for new system design philosophies that exploit the benefits of
lightweight constructions.
The main results of this thesis are demonstrated experimentally using a prototype industrial positioning device for IC manufacturing. First of all, highly
accurate parametric models of the system’s behavior are obtained using the proposed system identification algorithm. Indeed, the inevitable mismatch of this
model with reality turns out to be small in relevant frequency ranges, hereby
enabling a successful robust control design for the prototype positioning device.
Moreover, it is shown that by making use of one additional actuator and sensor compared to conventional control strategies, disturbance reduction up to
significantly higher frequencies is obtained. This provides a proof of concept.
Advanced model-based control enables tracking of fast motion profiles with high
accuracy.
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