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This paper proposes two control-oriented models to describe the layer-to-layer height evolution of the ink-jet 3D
printing process. While the process has found wide applicability, as with many industrial 3D printing systems,
ink-jet 3D printers operated in open loop, even when sensor measurements are available. One of the primary
reasons for this is the lack of suitable control-oriented models of the process. To address this issue, two controloriented models are proposed in this paper, the ﬁrst is based on droplet geometry superposition, while the other
is based on a graph-based characterization of local ﬂow dynamics. The superposition model ignores the ﬂow of
the deposited liquid material, while the graph-based dynamic model is able to capture this phenomenon. These
two models are compared with an existing ﬂow-based empirical model and validated with experimental results,
with the graph-based dynamic model demonstrating between 5 and 14% improvement in layer height prediction. Both the superposition model and the graph-based dynamic model are suitable for closed-loop control
algorithm design (as they are discrete layer-to-layer state-space models). We envision that these control-oriented
models will ultimately enable the design of model-based closed-loop control for high resolution ink-jet 3D
printing.

1. Introduction
Additive Manufacturing (AM) is a class of manufacturing processes
in which material is added layer-upon-layer to construct three dimensional (3D) objects. Recently, AM has seen a signiﬁcant increase in
popularity for consumer, commercial and research [1] applications.
The process under study in this manuscript is ink-jet 3D printing, which
has been widely applied in commercial printers for its simplicity and
small droplet size (10–500 µm), which enables high resolution printing.
Ink-jet 3D printers build 3D objects by jetting photopolymer layerupon-layer with UV (ultra-violet) light curing in between. Currently,
this process is typically performed in an open-loop manner, which
implies that the number of layers to be deposited and the droplet patterns for each layer are determined in advance. This open-loop approach is vulnerable to uncertainties in droplet sizes, shapes, and locations since it does not use any feedback of the layer height proﬁle
during printing. This can result in undesired part geometry when the
printed shape does not match the desired geometry [2].
One approach to dealing with uncertainties, disturbances and process drift is through closed-loop feedback control. There have been
several studies on the closed-loop control of ink-jet 3D printing.
However, most of them concentrate on the low-level closed-loop

control of process variables, e.g., jetting frequency and droplet volume,
as in [3–5]. Very limited work directly deals with geometry level
closed-loop control [6–8], primarily because no appropriate controloriented models are available that describe the layer-to-layer height
evolution in the printing process suﬃciently accurately. In the existing
literature on modeling of ink-jet printing processes, several modeling
approaches have been proposed, with varying levels of complexity and
resolution. For the traditional 2D ink-jet printing process, ink channel
dynamic models that describe the relationship between the waveform
and the piezo sensor signal have been studied extensively to design the
waveform to deposit droplets consistently and fast [9–11]. Although for
2D applications these models are useful, since in ink-jet 3D printing the
droplet height is critical, these models are inadequate.
To address this, models describing the ink-jet 3D printing process
have been developed. The so-called spherical lens model was proposed
for a single droplet in [12,13], while numerical models describing the
shape of liquid droplets deposited on an even and uneven surface were
proposed in [14,15]. Coalescence of droplets and the inﬂuence of
droplet spacing on the morphology of a line of droplets was studied in
[16,17]. These models describe 3D geometries of a single droplet or a
line of droplets. For direct modeling of the whole part geometry, a
distributed parameter modeling method was proposed in [12], in which

☆
⁎

This paper was recommended for publication by Associate Editor Dr Kira Barton.
Corresponding author.
E-mail addresses: guoy7@rpi.edu (Y. Guo), j.peters.2@student.tue.nl (J. Peters), T.A.E.Oomen@tue.nl (T. Oomen), mishrs2@rpi.edu (S. Mishra).

https://doi.org/10.1016/j.mechatronics.2018.04.002
Received 14 June 2017; Received in revised form 5 March 2018; Accepted 8 April 2018
0957-4158/ © 2018 Elsevier Ltd. All rights reserved.

Please cite this article as: Guo, Y., Mechatronics (2018), https://doi.org/10.1016/j.mechatronics.2018.04.002

Mechatronics xxx (xxxx) xxx–xxx

Y. Guo et al.

the material deposition model is updated based on in-process measurement. In [2,6], a ﬂow-based empirical model is proposed to describe the height evolution by assuming the height increase is caused by
droplets on the considered location and its neighbors. A method to
nonlinearly change these height increase parameters based on the prior
height proﬁle is proposed to address the ﬂow of the deposited liquid
material. Based on the 2D model proposed in [18], a superposition
model in matrix form is proposed by the author to allow the use of
eﬃcient optimization algorithms for model predictive control [7].
Further, the layer height increase is assumed to be the summation of the
droplet shape at each location, however the inﬂuence of the prior
height proﬁle on the current layer material distribution caused by
material ﬂow is ignored.
The models introduced above have addressed certain aspects of the
ink-jet printing process. However, for direct geometry feedback control
it is necessary to develop models that directly describe 3D geometries,
as in [2,6,7,12]. In [12], a distributed parameter modeling method is
proposed to update the material deposition model based on in-process
measurement. The proposed model captures the inﬂuence of process
uncertainties like source velocity change, printing adjacent to a previous crooked bead or groove. In [2,6], the inﬂuence of the prior height
proﬁle (i.e., the height proﬁle of the previously deposited layers) on the
current layer material distribution is addressed based on a nonlinear
ﬂow function. A control-oriented model for 3D height evolution was
proposed in [7]. The inﬂuence of the prior height proﬁle was ignored in
that study, although it resulted in an eﬃcient control algorithm design
strategy. The distributed parameter model in [12] is especially useful
for slowly changing uncertainties. However, the inﬂuence of an underlying uneven surface on droplet shape is closely related to the local
geometry, which may change rapidly during the printing process.
Furthermore, the model should be suitable for control algorithm design,
while retaining high ﬁdelity. The nonlinear empirical model in [2,6]
and the low ﬁdelity model in [7] cannot address both these needs simultaneously. Thus, The goal of this paper is to construct a controloriented layer-to-layer height evolution model with high ﬁdelity.
The key contributions of this paper are: (1) a graph-based dynamic
layer-to-layer height evolution model that can capture the in-layer ﬂow
dynamics of the deposited liquid material and also is suitable for closedloop control algorithm design; and (2) experimental veriﬁcation and
validation of this model, against the superposition model that the author proposed in [7] as well as the ﬂow-based empirical model in [2,6]
by comparing their predictions with experimental results.
The paper is organized as follows. First, the ink-jet 3D printing
process is described in Section 2 to provide a background for the model
development. Next, in Section 3 the superposition model the author
proposed in [7] is presented in more details as a basis for modeling the
process. A graph-based dynamic model that captures the ﬂow of the
deposited material suﬃciently accurately while being suitable for
control algorithm design is proposed in Section 4. The ﬂow-based empirical model proposed in [2,6] is revisited in Section 5 for comparison.
Finally, prediction results of the above three models are compared with
experimental results in Section 6.

Fig. 1. Three steps for printing one layer. First, nozzles deposit photopolymer
ink on an existing layer at predetermined locations. Then, the printed layer in
liquid state is cured to solid state by UV light. Finally, a 2D laser sensor scans
the ﬁnished layer and gets height proﬁle measurement for control.

Fig. 2. Printing process for one layer. A single nozzle (in our testbed) moves
along a predetermined printing path and deposits droplets sequentially.

volume of the printed shape. This means that the height proﬁle evolution primarily occurs at the ﬁrst step in Fig. 1, since the UV light
curing step has minimal inﬂuence on the geometry shape.
In the following sections, we revisit existing control-oriented models
and propose a new model to describe the height evolution. The print
region is discretized into an nx × ny grid, the number of nodes in the
grid is n = n x n y . Droplets are only deposited at nodes in the grid. We
now present three models for capturing the height evolution based on
the prior layer height and the droplet pattern to be deposited. We ﬁrst
describe a simple and intuitive superposition model that the authors
proposed in [7] in the next section.
3. Superposition model
In this section, a superposition model in a compact matrix form is
presented. The central idea behind this model is that the layer height
increase is the summation of droplet shape at each location as shown in
Fig. 3. This assumption ignores the inﬂuence of the prior height proﬁle
on the distribution of the deposited material caused by ﬂow. However,
the simple linear matrix form of the model makes it suitable for control
algorithm design, especially for optimization-based control design

2. Ink-jet 3D printing process
Ink-jet 3D printing builds parts by jetting material from nozzles
layer-upon-layer, with ultraviolet (UV) light curing between successive
layers of deposition. There are three steps for printing one layer as
shown in Fig. 1. First, nozzles deposit photopolymer ink on an existing
layer at predetermined locations. Then, the printed layer in liquid state
is cured by UV light. Finally, a laser sensor scans the ﬁnished layer and
measures the height proﬁle for feedback control. In our testbed, in the
ﬁrst ink-jet printing step, a single nozzle moves along a predetermined
printing path and deposits droplets sequentially. Typically, the printing
path is a raster path as shown in Fig. 2. We assume that the curing of the
material is a chemical process that only marginally inﬂuences the

Fig. 3. In the superposition model, the layer height increase is assumed to be
the summation of droplet shape at each location, regardless of the prior layer
height proﬁle.
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controller design and an optimization based feedback controller is designed in [7]. However, the inﬂuence of the prior height proﬁle on the
distribution of the deposited material is ignored. When compared with
real data from experiments, this model does not capture material ﬂow
and spreading, especially at the edges. To capture this phenomenon, a
novel graph-based dynamic model is proposed in the next section.

strategies.
First, the droplet pattern UL ∈ nx × ny and height proﬁle HL ∈ nx × ny,
as in Fig. 3, are rewritten into vectorized forms uL ∈ n and hL ∈ n
(with L being the index for the layer number) as

UL

⎡ UL (1, 1) UL (1, 2)
⎢ U (2, 1) UL (2, 2)
= ⎢ L
⋮
⋮
⎢
⎢UL (n x , 1) UL (n x , 2)
⎣

⎡ UL (1, 1) ⎤
⋯ UL (1, n y ) ⎤
⎢ UL (1, 2) ⎥
⎥
⎢
⋮
⋯ UL (2, n y ) ⎥
⎥
⎢
⎥ ⎯vectorize
⋱
⋮
⎥ ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→ ⎢UL (1, n y ) ⎥
⎥
⎢
⋯ UL (n x , n y ) ⎥
⎦
⎢ UL (2, 1) ⎥
⋮
⎦
⎣

4. Graph-based dynamic model
In this section, a graph-based layer-to-layer height evolution model
that can capture the ﬂow of the deposited liquid material is proposed.
The process of the droplet impact on a surface in ink-jet 3D printing is
of signiﬁcant complexity. In addition to droplet coalescence and
spreading, the uneven print surface makes the phenomenon even more
diﬃcult to capture. There are physics-based models to describe the
phenomena of droplet spreading on even and uneven surfaces and
droplet coalescence [14,15,17]. These numerical models are based on
mass and momentum conservation equations. Though they are quite
accurate for describing these phenomena, these ﬁnite volume based
models are time consuming and unsuitable for control algorithm design. Instead of using these numerical models, we make a simplifying
assumption that the material ﬂow between two nodes is proportional to
their height diﬀerence. This addresses the inﬂuence of surface unevenness on droplet shape and also satisﬁes mass conservation laws.
This model is inspired by lumped heat transfer models, such as those
used in building temperature control [19], in which heat transfer from
higher to lower temperature is proportional to temperature diﬀerence
(Fig. 5).
As we introduced in Section 2, in the printing process, droplets are
sequentially deposited along a predetermined printing path. At each
time step in one layer printing, the nozzle moves to a certain location
according to the printing path. The height change at node i at time step
k is described by:

= uL ,
(1)

HL

⎡ HL (1, 1) ⎤
⋯ HL (1, n y ) ⎤
⎢ HL (1, 2) ⎥
⎥
⎢
⋮
⋯ HL (2, n y ) ⎥
⎥
⎢
⎥ ⎯vectorize
⋱
⋮
⎥ ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→ ⎢ HL (1, n y ) ⎥
⎥
⎢
⋯ HL (n x , n y ) ⎥
⎦
⎢ HL (2, 1) ⎥
⋮
⎦
⎣

⎡ HL (1, 1) HL (1, 2)
⎢ H (2, 1) HL (2, 2)
= ⎢ L
⋮
⋮
⎢
⎢ HL (n x , 1) HL (n x , 2)
⎣
= hL .

(2)
Note that uL ∈ [0, 1]nx × ny indicates the size of the droplet at each location. Assume Vmax is the volume of the maximum size droplet we can
generate, uL gives the ratio of each droplet’s volume to Vmax. Height
proﬁle hL ∈ n contains the height of each node.
The droplet shape is captured by a matrix, whose size is determined
by the grid resolution. For example, a 5 × 5 droplet shape is shown in
Fig. 4. Based on the idea that the layer height increase is the summation
of the droplet shape at each location, the layer-to-layer height evolution
model can be written as:
n

hL + 1 = hL +

∑ Gi uL (i),

(3)

i=1

Δhi (k ) = −

where Gi is a vector that represents the maximum size droplet shape
deposited at the ith node in the grid as shown in Fig. 4. Each node inside
the droplet area will have a certain height increase, while nodes outside
of this area will not be inﬂuenced. The height increase at each node in
the whole printing caused by the single droplet at the ith node is described by Gi ∈ n × 1. The droplet size at the ith node is represented by
uL(i).
The layer-to-layer height evolution model is then rewritten in a
compact matrix form as below:

hL + 1 = hL + GuL ,

∑
j ∈ Ni

Kij (hi (k ) − h j (k )) + Bi (k ) u (k ),
(5)

where Ni is the set of neighbors of node i. The ﬁrst term
− ∑j ∈ Ni Kij (hi (k ) − h j (k )) captures the eﬀect that the deposited liquid
material will ﬂow from higher to lower height, Kij > 0 represents the

(4)

where the ith column of G ∈ R

n×n

is Gi. This linear model is suitable for

Fig. 4. The droplet shape is captured by the matrix S, in this case, S ∈ R5,
Gi ∈ Rn × 1 describes the height increase of each node in the whole printing
region caused by the single droplet at the ith node.

Fig. 5. The height change of node i at time step k is caused by material ﬂow
between neighbors and the deposited droplet at time step k.
3
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Fig. 6. Bi(k) is the height increase at node i caused by a maximum size droplet
at time step k, the height increase of all nodes caused by this droplet creates the
n × 1 vector B(k). Note that B(k) is updated with each time step, as the droplet
deposition location changes at each time step.

Fig. 8. Flow dynamics are localized to where new material is deposited and last
only for a limited period of time (termed ﬂow duration). Thus, as the nozzle
moves along the printing path and deposits material sequentially, the active
ﬂow dynamics region is updated with time. The ﬁgure above is an illustration of
the mechanism for active region update with ﬂow duration time being 3 time
steps, where k indicates time step. The red arrow is the printing path and the
yellow circles represent active regions. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this
article.)

Fig. 7. Example of a directed graph for a 3 × 3 grid. Circles denote nodes and
arrows denote links. The direction of links is only for sign convention in incidence matrix D, material can ﬂow in either direction. Incidence matrix D
describes the relationship between links and nodes. According to (6),
D (1, 1) = −1 because link 1 starts at node 1, D (2, 1) = 1 because link 1 ends at
node 2.

ﬂowability parameter that describes how much the liquid will ﬂow
based on the height diﬀerence between neighbors. The second term
Bi(k)u(k) captures the material deposition, Bi(k) is the height increase at
node i caused by a maximum size droplet at time step k as in Fig. 6, u(k)
is the droplet size at time step k.
The incidence matrix D captures the connectivity (through links)
between nodes in a directed graph. Fig. 7 is an example of a directed
graph. Nodes and links are represented by circles and arrows. The
elements of D are deﬁned by

if link q ends at node p
⎧1,
D (p , q) = − 1, if link q starts at node p
⎨
otherwise.
⎩ 0,

active region is updated with each time step. Only links inside the active region is set active in the model. The maximum size droplet shape
and location are contained in the column vector B (k ) ∈ n . For example, at time step k, the droplet shape is shown as the spherical cap in
Fig. 6. The height increase of all the nodes in the grid caused by this
droplet constructs a n × 1 vector B(k), if node j is in the droplet,
Bj(k) > 0, if node j is outside of the droplet, Bj (k ) = 0 .

4.1. Layer evolution model
The model described in the previous section captures the height
evolution from time step to time step. We now present a layer-to-layer
model derived from this model through lifting from time-domain to
layer-domain. First, the time step height evolution model (7) is rewritten as

(6)

This allows us to combine (5) and (6) into (7), where the height
evolution model at time step k is described as:

h (k + 1) = h (k ) − DK (k ) DT h (k ) + B (k ) u (k ),

(7)

h (k + 1) = A (k ) h (k ) + B (k ) u (k ),

where h (k ) ∈ n is a column vector that deﬁnes the height proﬁle of
the layer when the nozzle is at time step k in the printing path,
D ∈ n × l, with l the number of links, is the incidence matrix. Diagonal
positive deﬁnite matrix K ∈ l × l contains the ﬂowability parameters.
Here, K(k) is updated with each time step to set the active links that are
inﬂuenced by the ﬂow dynamics. Fig. 8 shows how the ﬂow dynamics

(8)

where A (k ) = (I − DK (k ) DT ), k ∈ {1, 2..n}. At the ﬁnal time step n of
printing one layer, the height proﬁle is calculated as:

4
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T

⎡ ( ∏i = n A (i)) B (1) ⎤
⎥
⎢
3
1
⎢ ( ∏i = n A (i)) B (2) ⎥
⎞
⎛
h (n) = ⎜ ∏ A (i) ⎟ h (1) + ⎢
⎥
⋮
⎥
⎢
⎠
⎝ i=n
⎢ A (n) B (n − 1) ⎥
⎥
⎢
B (n)
⎦
⎣

⎡ u (1) ⎤
⎢ u (2) ⎥
⎥.
⎢
⋮
⎥
⎢
⎢u (n − 1) ⎥
⎢ u (n) ⎥
⎦
⎣

(9)

Assume we are printing the (L + 1) th layer, the ﬁrst time step height
proﬁle h(1) is actually hL, the ﬁnal height proﬁle of the Lth layer
printing. The ﬁnal time step height proﬁle h(n) is actually the ﬁnal
height proﬁle of the (L + 1) th layer printing. Then, we can have our
layer-to-layer height evolution model (with L as the layer number):

hL + 1 = AhL + BuL ,
where A ∈ n × n is

(10)
1
∏i = n

A (i), B ∈ n × n is

Fig. 10. Height changes at the center points and one of its side neighbors vary
depending on their previous layer height ho and hs.

⎡ ( ∏2 A (i)) B (1) ( ∏3 A (i)) B (2) … A (n) B (n − 1) B (n) ⎤,
i=n
i=n
⎢
⎥
⎣
⎦

on, the height change at the center point is always p1 + p2 . The height
increase of corner neighbors can be modiﬁed using the same method.
This ﬂow process is captured by the ﬂow back function Eq. (15).
Then the height change of point (i, j) is given by

the Lth layer control input uL is

u (1) u (2) …

u (n − 1) u (n)

where the kth element in uL is the control input at the kth time step
when printing this layer. If the nozzle moves along a certain path, then
A , B are ﬁxed for each layer.
Thus, we now have a layer-to-layer model that accounts for the ﬂow
of the material during the printing process. With this lifted description
of the linear time-invariant layer-to-layer height evolution model, a
closed-loop control algorithm can be conveniently designed. Before we
experimentally compare and evaluate the proposed model with existing
models, a ﬂow-based empirical model from [2] is presented.

ΔH (i, j ) = P1 (i, j ) + P2 (i, j ) + P3 (i, j ).

(11)

where P1(i, j) is the height change resulted from the droplet deposited at
point (i, j), P2(i, j) is the height change resulted from the droplets deposited at four side neighbors of point (i, j), P3(i, j) is the height change
resulted from the droplets deposited at four corner neighbors of point (i,
j).
The terms P1, P2 and P3 are formulated as follows:

⎛
P1 = U (i, j ) p1 + p2
⎜
⎝

5. Flow-based empirical model
The ﬂow-based empirical model proposed by Lu et al. [2,6] is revisited in this section. It assumes that the height change at each point is
resulted from droplets deposited at this point and its eight neighbors.
Based on the relative location to the considered point, the grid points
are categorized into three types: center point, side neighbor and corner
neighbor, as shown in Fig. 9. The height changes at these three locations caused by depositing one droplet on the center point are denoted
as p1, p2, p3 respectively. These parameters are identiﬁed by measuring
deposited droplets on ﬂat surface. In order to take into account the
inﬂuence of the prior height proﬁle caused by material ﬂow, p1, p2, p3
are modiﬁed based on the height diﬀerences between neighbors. Take
the side neighbors for example. Fig. 10 shows how the height changes
at the center point and one of its side neighbors vary depending on their
height diﬀerence on the previous layer. If the previous height at center
ho is greater than or equal to that of the side neighbor hs, p1 and p2 stay
the same. If ho < hs, the ﬂuid is constrained inside the center and the
height change at the side neighbor will be reduced. The constrained
volume is proportional to hs − ho until ho = hs − (p1 + p2 ) . From then

+ p3

∑
(m, n) ∈ C (i, j )

P2 = p2

∑

∑

f (p1 + p2 , Hk (i, j ) − Hk (m , n))

(m, n) ∈ S (i, j )

⎞
f (p1 + p3 , H (i, j ) − H (m , n)) ,
⎟
⎠

U (m , n)(1 − f (p1 + p2 , H (m , n) − H (i, j ))),

(m, n) ∈ S (i, j )

P3 = p3

∑

U (m , n)(1 − f (p1 + p3 , H (m , n) − H (i, j ))),

(m, n) ∈ C (i, j )

(12)

(13)

(14)

where U(i, j) is the droplet size deposited at point (i, j). The set of side
neighbors of point (i, j) is noted by S (i, j ) . The set of corner neighbors
of point (i, j) is noted by C (i, j ) .
The ﬂow back function f(a, b) characterizes how material ﬂow in
terms of the height diﬀerence between two points, and is deﬁned by

0,
if b ≥ 0,
⎧
⎪ b
f (a, b) = − a , if −a ≤ b < 0,
⎨
⎪1,
else.
⎩

(15)

This empirical model takes into account the inﬂuence of the prior
height on the distribution of the deposited material, but in order to
predict the height evolution of a layer, the height at each point must
calculated using the nonlinear function (15), which makes the closedloop control algorithm design diﬃcult.
6. Experimental results
In this section, the predicted height proﬁles using the three models
discussed above are compared with experimental results. Three printing
experiments are implemented: printing an 8 mm × 8 mm square with
12 layers, printing a 10 mm × 10 mm ‘E’ shape with 12 layers and
printing an 8 mm × 8 mm square with 12 layers on an uneven base
with an ‘E’ shape.

Fig. 9. Based on the relative location to the droplet center, the grid points are
categorized into three types: center point, side neighbor and corner neighbor.
The height changes of these three types of points caused by depositing one
droplet on the center point are denoted as p1, p2, p3.
5
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Fig. 12. Droplet shape can be modeled as a spherical lens, the discretized
droplet shape used in all three models is shown on the right.

the laser scanner to have a good measurement.)
The shape of a droplet on an even surface can be modeled as a
spherical lens [12] as shown in Fig. 12. The volume V of the droplet
shape is calculated as:

V = πh/6(3a2 + h2).

(16)

Though it is diﬃcult to directly measure the droplet shape, the average
volume V of one droplet can be calculated by dividing the volume of the
printed square as shown in Fig. 13by the number of deposited droplets.
The base radius a can also be measured using an optical microscope.
Thus, with V and a, Eq. (16) is solved for h and thus the droplet shape is
obtained. The discretized droplet shape obtained using this method is
shown in Fig. 12 (right).
Fig. 11. Diﬀerent grid points are printed between successive layers, line spacing is twice of the grid size in our printing and 4 layers are needed to print all
the points in the grid. Circles only show droplet location, they are not the actual
size of droplets.

6.2.2. Identiﬁcation of ﬂowability parameter
After determining the droplet shape, the ﬂowabilty parameters Ki, j
in Eq. (5) need to be identiﬁed. Since the printing surface is assumed to
be homogeneous and isotropic, it is reasonable to assume that
Ki, j = kflow ∀ i, j . After obtaining the measured height proﬁle of the
printed square Hex, kﬂow is identiﬁed by solving

6.1. Printing Strategy
Based on the resolution of the laser scanner, the grid spacing is
chosen as 0.125 mm. For a better surface ﬁnish, the line spacing (space
between droplets) is chosen as two grid spaces (0.25 mm). Thus, not all
the points in the grid are printed in one layer, instead of printing on the
same grid points each layer, alternate grid points are printed in successive layers. Fig. 11 illustrates these grid points for successive layers.
For this case, line spacing is twice the grid size and thus we need 4
layers to print all the points in the gird. For larger line spacing, we may
follow the same procedure. Using this printing strategy, we can achieve
a more even top surface.
Note: Though droplets are not on adjacent grid points for each layer
printing, droplets still overlap with each other because the distance
between droplets is 2 grid spaces, the diameter of one droplet is 4 grid
spaces. The printed material can still cover the printing area with no
interstice for each layer printing.

kflow = arg min Hex − Hsim (kflow )
kflow

2

.

(17)

This problem has only one optimization parameter, however calculation of the gradient of the cost with respect to this single parameter is
diﬃcult, thus a golden search method is used to solve for the optimal
ﬂowabilty parameter value. The optimal value obtained through golden
search is kflow = 0.031.
Finally, after obtaining the droplet shape and ﬂowability parameter,
the simulated height proﬁles using the three models are compared with
the experimental result. The comparison is shown in Fig. 13, the height
proﬁles shown in the ﬁgure are the ﬁnal height proﬁles subtracted by
the base height proﬁles (note that the ﬂow-based empirical model’s
resolution is constrained to the line spacing, thus we use interpolation
to compare it against the other two models.). Bases are fairly smooth
with some textural variation. It is observed that both the ﬂow-based
empirical model and the graph-based dynamic model can capture the
inﬂuence of these small textures, i.e., these two models can capture the
inﬂuence of the prior height proﬁle on material distribution. Furthermore, these two models can also capture the round edges caused by
material ﬂow, while the superposition model cannot capture either of
these observed phenomena. By inspection of the root mean square error
compared with the experimental result, it is observed that the graphbased dynamic model has the smallest error 0.0125 mm. It has 14% and
6% improvement in accuracy compared to the ﬂow-based empirical
model and the superposition model respectively. It’s surprising that the
ﬂow-based empirical model has the largest error 0.0146 mm. This is
caused by the over spreading at edges, because the empirical model’s
spreading is not identiﬁed from experiments but from an empirical
function.

6.2. Experimental veriﬁcation
To use the proposed models for prediction of the printed height
proﬁle, we ﬁrst need to identify the droplet shape that is necessary for
all three models and for the graph-based dynamic model we must also
determine the ﬂowability parameter. In this section, an 8mm × 8mm
square is ﬁrst printed to identify these parameters and verify the model.
6.2.1. Identiﬁcation of droplet shape
Because of the small size of the droplet (radius is about 500 µm and
peak height is about 4 µm) and its transparency, droplet shape is difﬁcult to measure directly using the laser scanner or an optical microscope, hence a spherical lens model is used to estimate its shape. (Note:
For layers of printed material, the black color of the ink and thickness of
layers make the printed part not transparent anymore. Thus we can use
6
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Fig. 13. Comparison of the predicted height proﬁles using the three models and the experimental measurement from printing an 8 mm × 8 mm square for 12 layers.
Both the ﬂow-based empirical model and the graph-based dynamic model can capture the inﬂuence of prior height proﬁle and round edges caused by material ﬂow.
The graph-based dynamic model has the smallest RMS error. It demonstrates 6–14% improvement in accuracy compared to the other two models.

based empirical model and the graph-based dynamic model can capture
the round edges caused by material ﬂow, while the superposition model
cannot capture this. In terms of the root mean square error compared
with the experimental result, the graph-based dynamic model has the
smallest error 0.0141 mm. It has 5% and 8% improvement in accuracy
compared to the ﬂow-based empirical model and superposition model
respectively.
The second case is printing an 8 mm × 8 mm square for 12 layers
on an uneven base as shown in Fig. 17. The predicted height proﬁles

6.3. Experimental validation
In this section, with the previous identiﬁed droplet shape and
ﬂowability parameter, these three models are used to predict the height
proﬁles of two diﬀerent printing cases, then their results are compared
with real experimental results.
The ﬁrst case is printing a 10 mm × 10 mm ‘E’ shape for 12 layers.
The predicted height proﬁles using the three models and the experimental result are shown in Fig. 14, it is observed that both the ﬂow-

Fig. 14. Comparison of the predicted height proﬁles using the three models and experimental measurements from printing a 10 mm × 10 mm ‘E’ shape for 12
layers. Both the ﬂow-based empirical model and the graph-based dynamic model can capture the round edges caused by material ﬂow. The graph-based dynamic
model has the smallest RMS error and demonstrates 5–8% improvement in prediction accuracy compared with the other two models.
7
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Fig. 15. Comparison of the predicted height proﬁles using the three models and the experimental measurement from printing an 8 mm × 8 mm square for 12 layers
on an uneven base with an ‘E’ shape. Both the ﬂow-based empirical model and the graph-based dynamic model can capture the inﬂuence of prior height proﬁle and
round edges caused by material ﬂow. The graph-based dynamic model has the smallest RMS error and shows 13–14% improvement in accuracy compared to the
other two models.

Fig. 16. Comparison of prediction error proﬁles of the three models compared to the experimental measurement for printing an 8 mm × 8 mm square for 12 layers
on an uneven base with an ‘E’ shape. It’s clear that the superposition model has larger error at edges and around the ‘E’ shape, because it cannot capture material ﬂow.
Both the ﬂow-based empirical model and the graph-based dynamic model can capture the material ﬂow around the ‘E’ shape and at edges.

using the three models and the experimental result are shown in
Fig. 15, it is observed that both the ﬂow-based empirical model and the
graph-based dynamic model can capture the round edges and the inﬂuence of the uneven base caused by material ﬂow, while the superposition model can capture neither of them. This can be seen clearly in
the prediction error proﬁles of the three models compared to the experiment measurement in Fig. 16. It is clear that the superposition
model has larger error at edges and around the ‘E’ shape, because it
cannot capture material ﬂow. In terms of the root mean square error
compared with the experimental result, the graph-based dynamic
model has the smallest error 0.0111 mm. It has 14% and 13% improvement in accuracy compared to the ﬂow-based empirical model
and the superposition model respectively.
In summary, both the graph-based dynamic model and the ﬂowbased empirical model can capture the round edges and the inﬂuence of
prior height proﬁle caused by material ﬂow, but the graph-based dynamic model can capture this more accurately though it is linear, because the ﬂowability parameter is identiﬁed from experiments while
the nonlinear ﬂow-based empirical model uses an empirical ﬂow back
function to capture the ﬂow. The superposition model cannot capture

Fig. 17. Uneven base with an ‘E’ shape.
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the ﬂow. In terms of root mean square error, the graph-based dynamic
model always has the smallest error and has 5–14% improvement in
accuracy compared to the other two models.
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7. Conclusion
In this manuscript, two control-oriented models are proposed to
describe the layer-to-layer height evolution of the ink-jet 3D printing
process. Both models are linear while the graph-based dynamic model
can capture the material ﬂow while the superposition model cannot.
These two models and an existing ﬂow-based empirical model are
compared with experimental results. Both the graph-based dynamic
model and the ﬂow-based empirical model can capture the round edges
and the inﬂuence of the initial height proﬁle, the graph-based dynamic
model always has the smallest root mean square error and has 5–14%
improvement in accuracy compared to the other two models. In addition, the linearity of the graph-based dynamic model makes it suitable
for closed-loop control algorithm design, future work will be the design
and experimental implementation of the closed-loop control algorithm
based on the graph-based dynamic model.
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