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a b s t r a c t
Robust control design hinges on the availability of an accurate uncertainty model. The aim of this paper is to
develop an approach for accurate uncertainty modeling. The proposed method is based on ∞ -norm estimation,
or peak amplitude. A new approach is developed that explicitly takes into account inter-grid frequency behavior
while only requiring a reduced experiment time, modeling effort, and limited user intervention. In particular, the
proposed method relies on local rational models. Experimental results on an active vibration isolation system
confirm that the approach is able to handle lightly-damped systems with significantly less data compared to
spectral estimation and local polynomial estimation techniques.
© 2017 Elsevier Ltd. All rights reserved.

1. Introduction
Recent trends in many engineering disciplines have led to increasingly complicated systems. Consequently, estimating full-complexity
parametric models rapidly becomes overly expensive with respect to
obtaining a preset model fidelity. Often, such parametric models are
required to understand elementary properties of the system such as the
resonance frequencies, damping of the poles, and the maximal gain of
the system. In this paper, the use of the local parametric approaches to
extract such basic information from the system without having to build a
full parametric model is investigated. The discussed approach is applied
to estimating the ∞ norm of the transfer function of a system. This is
a problem that is important in the design of robust controllers (Oomen
& Steinbuch, 2016) to characterize the effect of unmodeled dynamics
in low-complexity models used for control. Such analysis allows one to
verify that the eventually designed controller stabilizes the system.
Robustness is of key importance in feedback controlled systems,
since feedback can lead to performance degradation or even closedloop instability. An important example includes an active vibration
isolation system (AVIS), where feedback is used to isolate high-precision
equipment from external disturbances by means of skyhook damping (Karnopp, 1995; Collette et al., 2011). However, the performance
of skyhook damping is limited lightly-damped parasitic resonances that
contribute to the model uncertainty at higher frequency bands.
Several approaches have been developed to determine bounds on the
model uncertainty. First, model validation techniques (Smith & Doyle,
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1992; Xu et al., 1999) have been developed, but these often provide
overly optimistic results (Oomen & Bosgra 2009). Second, model error
modeling approaches based on parametric system identification (Ljung,
1999) with explicit characterization of bias and variance errors have
been proposed, but these require a significant amount of user intervention. Third, non-parametric approaches (van de Wal et al., 2002;
de Vries & Van den Hof, 1994) have been adopted. In van de Wal et al.
(2002), an estimated frequency response function (FRF) is used directly
to evaluate the ∞ norm on a discrete frequency grid. In de Vries and
Van den Hof (1994), an extended method is presented that bounds the
error in between frequency points in a worst-case fashion. However,
such worst-case methods are well-known to be overly conservative (Vinnicombe, 2001 Section 9.5.2). Fourth, a data-driven ∞ norm estimation has been developed by Wahlberg et al. (2010); Oomen et al. (2014).
These methods rely on a sequence of iterative experiments and directly
deliver an estimate of the ∞ norm, and combine an optimal experiment
design while essentially taking inter-grid errors into account. A recent
application of this method by Oomen et al. (2014) has revealed that
these iterative methods lead to significantly more accurate ∞ estimates
compared with traditional frequency response-based methods, thereby
underlining the importance of the inter-grid error. Unfortunately, these
iterative experiments can be very time-consuming and hence expensive,
especially in multiple-input multiple-output (MIMO) settings.
The aim of this paper is to develop a golden mean between traditional non-parametric techniques (third approach) and a full parametric
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where both the norm and the exact uncertainty description Δ(𝑃̂ , 𝑃 ), are
a design choice for a control engineer. An example of such a model set is
easily imagined for additive uncertainty (𝑃 = 𝑃̂ + Δ) and the ∞ norm:
in that case one obtains

(2)

(
)
Fig. 1. The considered feedback configuration T 𝑃◦ , 𝐶 .

(3)
which is a region with ‘size’ 𝛾 centered around 𝑃̂ . Note that in many
cases, the uncertainty structure (additive, multiplicative, . . . ) can be
converted to other representations (Douma & Van den Hof, 2005).
Building a good model set  as in (1), hence requires estimating a
good value of the overbound 𝛾 to define the size of the set. Specifically,
‖ ‖Δ(𝑃̂ , 𝑃◦ )‖
denote 𝛾◦ ≜ ‖
‖ . This overbound has important practical
‖Δ◦ ‖ ≜ ‖
‖
‖
implications for the robust controller design: i.e. whether the controller
is overly conservative and hence performs poorly (̂𝛾 ≫ 𝛾◦ ), or may even
fail to stabilize the plant (̂𝛾 < 𝛾◦ ).
In robust control, it is most common to use a (possibly weighted) ∞
norm in the description of the plant model set (Skogestad & Postleth{
}
waite, 2005; Zhou et al., 1996) such that  = 𝑃 (Δ, 𝑃̂ )|‖Δ‖∞ ≤ 𝛾 ,
which is also the approach that is followed in this paper. This ∞
norm can be interpreted as the peak amplitude of the model error Δ
over the frequency axis. In control it is a common practice to use loworder models 𝑃̂ to keep the controller design feasible, this means that Δ
often contains a lot of unmodeled dynamics. When those dynamics are
resonant, it can be cumbersome to detect the respective peak amplitudes
reliably from a short measurement dataset. In this paper, this problem
will be tackled by exploiting the local models.

Fig. 2. The plant model set.

model (second approach). The proposed ∞ norm estimation procedure
exploits recent developments in frequency domain estimation using the
Local Polynomial Method (LPM) (Schoukens et al., 2009) and the Local
Rational Method (LRM) (McKelvey & Guérin, 2012) as introduced
by Geerardyn et al. (2014a, b); Geerardyn (2016). Before, these LPM
and LRM techniques have been used to enhance at-grid frequency
response estimates. Here, these methods are extended to provide both
an at-grid and inter-grid evaluation of the maximum singular value near
resonances, as is required for the ∞ norm and consequently the design
of robust controllers. The performance of these local parametric models
in the context of robust control design is investigated, and implications
for the required measurement time to obtain a reliable estimate of the
∞ norm are elucidated.
Outline. In Section 2, a short introduction to robust control is linked
to the work in this paper. The problem is formulated in Section 3. In
Section 4 the proposed method to estimate the ∞ norm by means of the
LRM is introduced. In Section 5 the method is illustrated on simulations,
and the required measurement time is determined. The technique is
demonstrated on measurements of an AVIS in Section 6. Finally, the
results and some challenges are discussed in Section 7.

3. Problem formulation
Robust control based on ∞ optimization requires a nominal parametric model 𝑃̂ and a bound on the model error Δ. After the model
𝑃̂ is determined, either through first principles modeling or system
identification, it remains to determine a bound on the model error Δ.
The ∞ norm of the error system Δ is

2. Robust control context

𝛾 = ‖Δ‖∞ ≜ sup 𝜎 (Δ(𝜔))

(4)

𝜔

When designing a feedback controller 𝐶 (as in Fig. 1), the goal is
to design 𝐶 such that the output 𝑦 of a plant 𝑃◦ follows the command
signal 𝑟2 with some additional constraints on the performance of the
whole closed-loop system (e.g. limited overshoot, short response times,
good disturbance suppression, limited controller effort 𝑢𝑐 , . . . ). This
obviously requires knowledge of the actual plant 𝑃◦ that is to be
controlled. Such knowledge can be obtained by means of modeling, be
it first-principles modeling or system identification or a combination of
modeling approaches, which provides an approximate model 𝑃̂ .
In classical control, the working assumption is that 𝑃̂ = 𝑃◦ and
hence the design of the controller is carried out on the estimated plant
model. This has the downside that if such a controller is not designed
conservatively, errors in the model may produce instability or unwanted
performance degradation.
In robust control (Zhou et al., 1996; Skogestad & Postlethwaite,
2005), the design is carried out while taking uncertainties into account.
This is typically done by considering that the actual plant 𝑃◦ ∈ . Hence,
the problem is then to construct the model set  as illustrated in Fig. 2.
The design process thus guarantees performance and stability for the
whole set instead of for a single model. However, these guarantees hinge
on proper specification of  which is typically done by estimating a
nominal model 𝑃̂ and the model error Δ(𝑃̂ , 𝑃◦ ). A generic way to express
the plant model set (see also Fig. 2) is
{
}
‖
‖
generic ≜ 𝑃 |‖Δ(𝑃̂ , 𝑃 )‖ ≤ 𝛾
(1)
‖
‖

for a stable system where 𝜎 (∙) denotes the maximum singular value of ∙.
Note that for single-input single-output (SISO) systems, 𝜎 (Δ) = |Δ| and
the definition above reduces to ‖Δ‖∞ ≜ sup𝜔 |Δ(𝜔)|. In robust control
design methodologies, such ∞ norms often play an important role to
specify the ‘size’ of a model class for which the controller that is to be
designed should meet certain requirements (Skogestad & Postlethwaite,
2005).
Remark 3.1. It is even more common to use a weighted norm ‖𝑊 Δ𝑉 ‖∞
in robust control designs where (𝑊 , 𝑉 ) are stable and minimum-phase
weighting filters. Two use cases can be distinguished: either these filters
are chosen by the control engineer and hence known, or, one wishes
to construct such filters from data. In the case where the weighting
filters are ‘known’, the approach of this paper can be adapted in a
straightforward manner to account for these weights, i.e., by replacing
𝜎 (Δ) with 𝜎 (𝑊 Δ𝑉 ) in the formulas. The other case is explained in
Remark 5.1.
To estimate 𝛾, only Δ(𝜔⋆ ) is of interest, where
𝜔⋆ ≜ arg sup 𝜎 (Δ(𝜔)) .

(5)

𝜔

If the measurement time is finite, non-parametric approaches only give
access to a finite and discrete grid of frequencies 𝜔𝑘 ∈ ΩFRF , i.e. ΩFRF ≜
64

E. Geerardyn, T. Oomen

{

Control Engineering Practice 68 (2017) 63–70

}

𝜔1 , 𝜔2 , … , 𝜔𝑁−1 . Typically, this discrete grid is the frequency grid of
the discrete Fourier transform (DFT). As such, (4) can be rewritten as
𝛾 ≜ sup 𝜎 (Δ(𝜔))
𝜔 {
}
= max
max 𝜎 (Δ(𝜔)) , sup 𝜎 (Δ(𝜔)) .
𝜔∈ΩFRF

(6)

𝜔∈Ω

For convenience, both contributions above are extracted as:
𝛾FRF ≜ max 𝜎 (Δ(𝜔))

(7)

𝜔∈ΩFRF

𝛾IG ≜ sup 𝜎 (Δ(𝜔))

(8)

𝜔∈Ω

(
)
where Ω ≜ 0, 2𝜋
is the measured frequency range for a sampling time
𝑇s
𝑇s . Direct inspection of the FRF data only gives access to 𝛾FRF . Two cases
can be distinguished:
(
)
1. 𝜔⋆ ∈ ΩFRF such that 𝜎 Δ(𝜔⋆ ) = 𝛾 = 𝛾FRF is observed directly
on the discrete frequency grid,
(
)
2. 𝜔⋆ ∉ ΩFRF , i.e. the extremal value 𝜎 Δ(𝜔⋆ ) = 𝛾 = 𝛾IG is
determined by the inter-grid (IG) behavior.

̃ 𝑘 around each frequency bin 𝜔𝑘 for 𝑘 ∈ {1, … , 6}.
Fig. 3. Illustration of the local models Δ
The bottom part shows the equivalence of the frequency segments Ω𝑘 and the intervals
}
{
𝜔 ||𝑘L (𝜔) = 𝑘 ∨ 𝑘R (𝜔) = 𝑘 .

The presented results in this paper directly extend to closed-loop
systems, as is shown in Section 6.1. The results in this paper are
presented in discrete time, but the extension to the continuous time case
is straightforward.

The use of 𝛾FRF is standard in FRF-based approaches, e.g. van de
Wal et al. (2002). However, when the measurement time is finite, the
expected value of 𝛾FRF for different realizations of the input
[
]signal and
noise, may underestimate the actual peak gain 𝛾, i.e. E 𝛾FRF ≤ 𝛾. This
is due to the limited frequency resolution imposed by the measurement
time: the frequency where the actual peak gain occurs might not
coincide with the excited frequency grid. Such an underestimate of 𝛾
leads to overly optimistic controller designs which in turn can cause
unstable behavior of the plant.
The main contribution of this paper is to estimate the inter-grid term
𝛾IG without the need for a (global) parametric model or imposing worstcase prior knowledge that leads to conservatism. Instead, a realistic
value of 𝛾 is obtained using parametric models that are valid over a
finite frequency range.

4. ∞ Norm estimation procedure
To estimate 𝛾IG , this paper proposes to identify local parametric
models in the frequency domain. The frequency axis is partitioned into
[
]
continuous segments Ω𝑘 ≜ 𝜔𝑘−1 , 𝜔𝑘+1 in view of the local validity of
the local models. In particular, the inter-grid aspect of the ∞ norm is
estimated as
{
}
(
)|
̃ 𝑘 (𝜔) | 𝑘 ∈ K
𝛾IG = sup
sup 𝜎 Δ
(13)
|
|
𝜔∈Ω𝑘

3.1. Set-up

̃ 𝑘 is the local model around the (𝑘th) frequency bin 𝜔𝑘 . An
where the Δ
example of such local models is shown in Fig. 3.
Direct implementation of (13) facilitates a simple and efficient
evaluation of 𝛾IG that matches well to parallel computation frameworks
such as MapReduce (Dean & Ghemawat, 2008). In particular, the inner
sup𝜔∈Ω𝑘 can be understood as a map operation that maps a local model to
its peak value and the outer sup is a reduce that only retains the global
peak value given the peak value of each local model. Unfortunately,
such an implementation offers no access to the behavior of 𝜎 (Δ(𝜔)),
e.g. around the peak amplitude.

Consider an output error linear time-invariant (LTI) discrete-time
SISO system Δ(𝑞) excited by an input signal 𝑢Δ (𝑛). This can be described
in the time-domain as
(9)
where 𝑞 −1 is the lag operator, 𝑒(𝑛) is white Gaussian noise with unity
variance such that 𝑣(𝑛) can be colored noise, and both Δ(𝑞) and 𝐻(𝑞)
are stable causal real-rational functions. For a limited data record
(i.e. restricting 𝑛 ∈ {0, … , 𝑁 − 1} with 𝑁 the number of data points),
the transient contributions 𝑡Δ (𝑛) need to be accounted for (Pintelon et
al., 1997):

Interpolation method. To enable (e.g. visual) inspection of 𝜎 (Δ(𝜔)) in (4)
for arbitrary values of 𝜔 ∈ Ω, an interpolation approach to estimate
𝛾 is advisable. It can be understood intuitively that due to the limited
validity domain of the local models, an estimate of Δ(𝜔) can only be
̃ 𝑘 (𝜔) when the distance |𝜔𝑘 − 𝜔| is small. As the local
obtained from Δ
|
|
models are each constructed around the frequency 𝜔𝑘 , for an arbitrary
𝜔 ∈ Ω, one can find two adjacent frequencies around which such
local models are available. To this end, two functions that indicate
respectively the left and the right adjacent local models for frequency
𝜔 ∈ Ω are defined:
{
}
𝑘L (𝜔) ≜ max 𝑘|𝜔𝑘 ∈ ΩFRF , 𝜔𝑘 ≤ 𝜔
(14)
{
}
𝑘R (𝜔) ≜ min 𝑘|𝜔𝑘 ∈ ΩFRF , 𝜔𝑘 ≥ 𝜔 .
(15)

(10)

𝑦Δ (𝑛) = Δ(𝑞)𝑢Δ (𝑛) + 𝑣(𝑛) + 𝑡Δ (𝑛).
By applying the DFT
𝑁−1
1 ∑
𝑥(𝑛) exp
𝑋(𝑘) = 𝑋(𝜔𝑘 ) = √
𝑁 𝑛=0

(

−𝑗2𝜋𝑘𝑛
𝑁

)
(11)

∀𝑘 ∈ Z, to both sides of (10), one obtains:
𝑌Δ (𝑘) = Δ(𝜔𝑘 )𝑈Δ (𝑘) + 𝑉 (𝑘) + 𝑇Δ (𝜔𝑘 )

(12)

by assuming the notation that every uppercase symbol is the discrete
Fourier transform of its lowercase counterpart. The 𝑇Δ contribution
models the difference between the begin and end conditions of the
filters Δ and 𝐻 in the measurement (Pintelon et al., 1997). The
index 𝑘 corresponds to the 𝑘th frequency bin with{ frequency} 𝜔𝑘 =
2𝜋𝑘∕(𝑁𝑇s ) such that the frequency grid ΩFRF ≜ 𝜔𝑘 || 𝑘 ∈ K with
K ≜ {1, … , 𝑁 − 1}.

Using the 𝑘L (𝜔) (and 𝑘R (𝜔) )functions,
values for 𝜎 (Δ(𝜔))
( two candidate
)
̃ 𝑘 (𝜔) (𝜔) and 𝜎 Δ
̃ 𝑘 (𝜔) (𝜔) . In view of obtaining
are obtained: 𝜎 Δ
L
R
the maximum singular value, these are ‘interpolated’ to obtain a single
estimate:
{ (
) (
)}
(
)
̃ 𝑘 (𝜔) (𝜔) , 𝜎 Δ
̃ 𝑘 (𝜔) (𝜔)
𝜎 Δlocal (𝜔) ≜ max 𝜎 Δ
(16)
L
R
65
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by retaining the largest of both. It follows that
‖Δ̂
local∞ ‖∞

(
)
≜ sup 𝜎 Δlocal (𝜔) .

4.2. Design and implementation aspects
(17)

Due to the local approximative nature of the LRM, the accuracy of
the ensuing estimate of the peak value (i.e. the ∞ norm) is limited by
the quality of the LRM. In this section, some pertinent aspects to obtain
a good estimate are given.

𝜔∈Ω

(
)
Remark 4.1. The construction of 𝜎 Δlocal (𝜔) makes it more involved
to implement the interpolation approach in an efficient and/or parallel
fashion.

∙ Altering the settings 𝑁𝑊 , 𝑁𝐵 , 𝑁𝐴 , 𝑁𝑇 allows one to trade-off
bias and variance of the estimated FRF and hence the resulting
estimate of the peak value.
∙ In (Pintelon et al., 2010a), it is argued that 𝑁𝐵 = 𝑁𝑇 is often
a good choice. Moreover, to ensure that every local system of
Equations (23) remains overdetermined, the number of complex
degrees of freedom (2𝑁𝑊 − 𝑁𝐵 − 𝑁𝐴 − 𝑁𝑇 − 1) remains strictly
positive.
∙ In case of the LRM, using 𝑁𝐵 = 𝑁𝐴 = 𝑁𝑇 = 1 already offers a
decent estimate (Geerardyn, 2016, Section 3.4).
∙ A reliable separation of Δ and 𝑇Δ puts additional constraints on
the ‘roughness’ of the input spectrum 𝑈 (𝜔𝑘 ) over the frequency.
In practice, these constraints are fulfilled e.g. when random
noise or a random phase multisine excitation are used in the
experiment (Schoukens et al., 2009).
∙ Although this paper presents the SISO case in an output-error
(OE) setting, the LPM and LRM are also available in MIMO and
errors-in-variables (EIV) settings; see e.g. Pintelon et al. (2010a)
and van Rietschoten (2015) for more details.
∙ Whereas in most applications of the LRM/LPM, the main focus
lies on obtaining smoothed on-grid estimates of the FRF, leakage
and noise spectrum. Consequently, most implementations only
retain the local parameters 𝑏0 (𝑘) and 𝑡0 (𝑘) since those are fully
responsible for the on-grid behavior. In this paper, on the other
hand, all parameters are needed to estimate the ∞ norm, since
also the inter-grid behavior of these local models is of interest.

(
)
Remark 4.2. The notions 𝜎 Δlocal (𝜔) and ‖Δ̂
local∞ ‖∞ should be
regarded as notational convenience to denote that local models are used
to estimate the maximal singular value and ∞ norm, respectively. In
reality, there is no tangible ‘Δlocal ’ that is constructed: neighboring local
models are stitched together using the ‘max’ operator.
Remark 4.3. The optimization problems (17) and (13) each amount
to one-dimensional optimization problems, hence they can be solved
accurately, fast and easily by gridding the frequency 𝜔. The peak
amplitudes obtained using both implementations are identical since the
̃ 𝑘 are evaluated over identical frequency ranges
local models Δ
{
}
Ω𝑘 = 𝜔|𝑘L (𝜔) = 𝑘 ∨ 𝑘R (𝜔) = 𝑘

(18)

for both methods (but in different order) and aggregated using the
supremum operator, which is indifferent to the order of its arguments. In
Fig. 3 the functions 𝑘L (𝜔) and 𝑘R (𝜔) are visualized and the equivalence
with Ω𝑘 is apparent.
4.1. The local rational method
̃ 𝑘 are estimated using the LRM (McKelvey &
The local models Δ
Guérin, 2012) which builds further upon the ideas of Schoukens et al.
(2009); Pintelon et al. (2010a, b); McKelvey and Guérin, (2012). The
LRM exploits the fact that the transfer function Δ(𝜔) and the leakage
term 𝑇Δ (𝜔) in (12) are smooth functions of the frequency. As such, Δ and
𝑇Δ are approximated locally by rational functions around (i.e. |𝑟| ≤ 𝑁𝑊
for a chosen 𝑁𝑊 ∈ N) each bin 𝑘:
∑𝑁𝐵
𝑏 (𝑘)𝑟𝑖
𝐵 (𝑟)
𝑖=0 𝑖
̃ 𝑘 (𝜔𝑘+𝑟 )
Δ(𝜔𝑘+𝑟 ) ≈
≜Δ
(19)
= 𝑘
∑𝑁𝐴
𝐴
𝑖
𝑘 (𝑟)
1 + 𝑖=1 𝑎𝑖 (𝑘)𝑟
∑ 𝑁𝑇
𝑡 (𝑘)𝑟𝑖
𝑇 ′ (𝑟)
𝑖=0 𝑖
̃ 𝑘 (𝜔𝑘+𝑟 )
𝑇Δ (𝜔𝑘+𝑟 ) ≈
= 𝑘
≜𝐓
(20)
∑𝑁𝐴
𝐴𝑘 (𝑟)
1 + 𝑖=1 𝑎𝑖 (𝑘)𝑟𝑖

5. Simulation
To generalize the results of the simulations, first consider a way to
decompose complex systems into simpler systems. The behavior of these
simpler systems then allows one to predict the behavior for these more
complex systems. Concretely, any strictly proper real-rational transfer
function Δ can be decomposed in a parallel connection of lower-order
sub-systems by means of a partial fraction expansion:

where 𝑁𝐵 , 𝑁𝐴 and 𝑁𝑇 denote the orders of the 𝐵𝑘 , 𝐴𝑘 , and 𝑇𝑘′
polynomials respectively. Its local parameters 𝑎𝑖 (𝑘), 𝑏𝑖 (𝑘) and 𝑡𝑖 (𝑘) are
estimated by considering
only the integer values in
{ (12) with 𝑟 assuming
}
the local window W = −𝑁𝑊 , … , +𝑁𝑊 , hence fitting the local model
through the on-grid data around each bin 𝑘. This yields
𝑌Δ (𝑘 + 𝑟) ≈ Δ(𝜔𝑘+𝑟 )𝑈Δ (𝑘 + 𝑟) + 𝑇Δ (𝜔𝑘+𝑟 ).

(25)
with 𝑀𝑗,𝑖 with 𝑗 ∈ {1, 2} the multiplicity of respectively the real poles
𝑝𝑖 and resonance frequency 𝜔n𝑖 and damping 𝜉𝑖 for each of the resonant
poles. In the structural engineering community (see e.g. Gawronski,
2004, Section 2.2.2), where such a representation is closely related to
a modal model, it is well-known that around sharp resonance peaks
(𝜔 ≈ 𝜔n𝑖 and 𝜉 ≪ 1), the shape of the structural transfer function is
representatively given by its modal transfer function. In such practical
situations, the black terms in the equation can prove difficult to estimate
due to limited frequency resolution. The gray terms in the equation are
much easier to assess, and hence we shall neglect them to keep focus
on the hard part of the problem. For local modeling, the response is
hence well-approximated by only considering the few poles and zeros
in the local frequency window. To estimate ‖Δ‖∞ mainly the resonant
sub-systems are of interest as those are responsible for the local large
gains of the system. Assuming such resonances are sufficiently separated
in the frequency, (Schoukens et al., 2013; Geerardyn et al., 2013;
Gawronski, 2004) show that results for a single resonance are applicable
to more complex systems. This is done by considering only the dominant
resonance –viz. the one that is the most relevant for the ∞ controller
design. By normalizing the conclusions for the time constant 𝜏 (or the

(21)

̃ 𝑘 , one obtains
̃ 𝑘 and 𝐓
By substituting the local models Δ
̃ 𝑘 (𝜔𝑘+𝑟 )
̃ 𝑘 (𝜔𝑘+𝑟 )𝑈Δ (𝑘 + 𝑟) + 𝐓
𝑌Δ (𝑘 + 𝑟) ≈ Δ
𝑇 ′ (𝑟)
𝐵 (𝑟)
= 𝑘 𝑈Δ (𝑘 + 𝑟) + 𝑘 .
𝐴𝑘 (𝑟)
𝐴𝑘 (𝑟)

(22)
(23)

To make this expression linear in the parameters 𝑎𝑖 (𝑘), both sides are
multiplied by 𝐴𝑘 (𝑟) as in (Levy, 1959). By doing so, the local linearleast-squares cost function
𝑁𝑊

∑|
|2
|𝐴𝑘 (𝑟)𝑌Δ (𝑘 + 𝑟) − 𝐵𝑘 (𝑟)𝑈Δ (𝑘 + 𝑟) − 𝑇𝑘′ (𝑟)|
|
|

(24)

𝑟=−𝑁𝑊

around each bin 𝑘 can be constructed.
Denote LRM(𝑁𝑊 , 𝑁𝐵 , 𝑁𝐴 , 𝑁𝑇 ) to be the LRM with the orders 𝑁𝐵 ,
𝑁𝐴 , 𝑁𝑇 and bandwidth 𝑁𝑊 defined above. For 𝑁𝐴 = 0 the LRM
simplifies to the LPM (Schoukens et al.,( 2009, 2006;) Pintelon et al.,
2010a, b) which is denoted here as LPM 𝑁𝑊 , 𝑁𝐵 , 𝑁𝑇 .
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3 dB bandwidth), the results are generally valid for different values of the
damping 𝜉. Specifically, the time constant 𝜏 ≜ (𝜉𝜔n )−1 of the dominant
pole dictates the required measurement time (Schoukens et al., 2013),
where 𝜉 is the relative damping and 𝜔n the natural frequency of the
dominant pole.
5.1. A specific simulation
Consider a discrete time system Δ (see Fig. 4) as unmodeled dynamics in an output-error setting:
0.45373𝑧 + 0.44752
,
(26)
𝑧2 − 1.0595𝑧 + 0.96079
which has 𝜏 = 50 samples (i.e. 𝜉 = 0.02 and 𝜔n = 1 rad∕s). The input
signal 𝑢Δ is white Gaussian noise with unit variance and the disturbing
noise variance 𝜎𝑣2 is chosen such that a signal to noise ratio (SNR)
√
∑
𝑁 −1 𝑛 𝑦2Δ0 (𝑛)
𝜎𝑦
‖Δ‖2 𝜎𝑢Δ
SNR = √
= Δ0 ≈
(27)
∑
𝜎
𝜎𝑣
𝑣
𝑁 −1 𝑛 𝑣2 (𝑛)
Δ(𝑧) =

Fig. 4. Simulation example revealing that 𝛾FRF (left) for both the spectral analysis
(SA) (
) and LRM ( ) underestimate the true 𝛾 = ‖Δ‖∞ = 24 (
) due to limited
frequency resolution. Using the proposed LRM-based approach, both the at-grid (𝛾FRF ) and
intergrid (𝛾IG ) estimate are improved. The interpolated LRM (
) and true Δ (
)
̂‖
almost coincide. Hence, ‖
) approaches the theoretical 𝛾 = 24.
‖ΔLRM ‖∞ (

of 10 is obtained. In the frequency domain, this corresponds to SNRBW ≈
26 dB in the 3 dB bandwidth of this resonance peak.
Classical spectral analysis (SA) techniques (Bendat & Piersol, 1993)
can estimate the FRF of Δ. This is done by first splitting the input and
output signals (𝑥 equal to resp. 𝑢(𝑛) and 𝑦(𝑛)) into 𝑛S segments of 𝑁∕𝑛S
samples that are denoted as
(
)
𝑥[𝑖] (𝑛) = 𝑥 (𝑖 − 1)𝑛S + 𝑛
(28)
{
}
{
}
with 𝑛 ∈ 0, … , 𝑁∕𝑛S − 1 and 𝑖 ∈ 1, … , 𝑛S . Each of these segments
is windowed using a function 𝑤𝑁∕𝑛S (𝑛) to reduce leakage such that
[𝑖]
𝑥[𝑖]
𝑤 (𝑛) = 𝑥 (𝑛) ⋅ 𝑤𝑁∕𝑛S (𝑛).

(29)

The frequency domain counterparts are obtained by means of the DFT,
and are denoted
[𝑖]
𝑋𝑊
(𝑘) = DFT(𝑥[𝑖]
𝑤 (𝑛)),

(30)
{

}

where it should be noted that 𝑘 ∈ 0, 𝑁∕𝑛S such that the frequency
2𝜋𝑛
resolution is 𝑁 S . By dividing the resulting auto- and cross-spectra, the
FRF of Δ can be estimated
1 ∑ 𝑛S
[𝑖]
𝑌 [𝑖] (𝑘)𝑈𝑊
(𝑘)
𝑖=1 𝑊
𝑛S
̂ SA (𝑘) ≜
Δ
(31)
∑
𝑛S
1
[𝑖]
[𝑖]
𝑈
(𝑘)𝑈
(𝑘)
𝑊
𝑊
𝑖=1
𝑛

Fig. 5. This Monte Carlo simulation shows that the ∞ norm (
) is underestimated
significantly for short experiments (𝑁 < 20𝜏) by the LPM (
) and the theoretically[
]
̂‖
best FRF-based estimate E 𝛾FRF (
). The proposed ‖
) is already
‖ΔLRM ‖∞ (
reliable from experiments that contain almost five times less data (𝑁 ≥ 4𝜏). A single
observation for 𝑁 = 97 (
) is shown in Fig. 4. The shaded ±𝜎 intervals are due to the
noise.

S

where 𝑈𝑊 denotes the complex conjugate of 𝑈𝑊 . In this paper a Hann
𝜋𝑛
window (𝑤𝑁∕𝑛S (𝑛) = sin2 ( 𝑁∕𝑛
)) and 𝑛S = 1 are used. Note that
S −1
𝑛S > 1 increases the measurement time by a factor 𝑛S to attain the same
frequency resolution (but would improve transient and noise rejection).
Fig. 4 illustrates for 𝑁 = 97 that 𝛾FRF for the SA, LPM (5, 4, 4) and
LRM(5, 2, 2, 2) approaches yield unreliable estimates of ‖Δ‖∞ , since the
frequency resolution is too coarse. The specific orders of LRM/LPM have
been chosen to keep 𝑁𝑊 small while not restricting ourselves to local
linear models (𝑁𝐵 = 1). Slightly different orders (e.g. LRM(4, 1, 1, 1))
yield comparable results.
It can be observed for 𝛾IG in Fig. 4 that the LRM is able to model
‖
the resonance well and yields a useful estimate ‖
‖ΔLRM ‖∞ = 24 in the
simulation. Intuitively, the LRM locally approximates the resonant pole
which allows for a reliable inter-grid estimate. The LPM, on the other
hand, does not provide a reliable estimate.

The system (26) is simulated for 16 100 samples and discard the first
2𝜏 = 100 samples to randomize the initial conditions. To mimic the
effect of progressively measuring longer data records, the first remaining
𝑁 samples are used to estimate ‖Δ‖∞ as in Section 4. The values of
[
]
𝑁 ∈ [35, 16 000] are chosen such that E 𝛾FRF (𝑁) is a non-decreasing
function of 𝑁, where 𝛾FRF (𝑁) denotes 𝛾FRF obtained for a data record
of 𝑁 samples. This ensures that grid misalignment between the actual
resonance frequency and the observed frequency grid is accounted for
such that the worst-case estimate of the resonance is obtained. These
simulations are then repeated in a Monte Carlo simulation of 𝑛MC =
200 runs where each run has a different realization of 𝑢Δ (𝑛) and 𝑣(𝑛).
The resulting sample average and standard deviation 𝜎 are shown in
Fig. 5.
It can be seen in Fig. 5 that 𝑁 ≥ 20𝜏 is required to attain a frequency
[
]
grid that is dense enough to obtain a reliable 𝛾FRF , i.e. E 𝛾FRF ≈ 𝛾.
Starting from about 𝑁 = 4 to 5𝜏, the interpolated LRM starts to yield
good estimates for 𝛾IG . For long experiments (𝑁 → ∞), the true ‖Δ‖∞ is
recovered. Practically, this implies that the interpolated LRM beats the
on-grid estimate using a data record that is only a fraction of the length.

5.2. Study of the experiment length
The frequency resolution, and hence the experiment length, is key
to obtain a reliable ∞ norm estimate. In this section, the minimal
experiment length needed for the proposed approach by means of
simulations is determined.
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Fig. 7. Dual-Youla parametrization of the closed-loop set-up with controller 𝐶, model set
 and nominal plant model 𝑃̂ .

(a) Traditional set-up.

particular, such sensors suspend an inertial mass using suspension with
very low resonance frequency to the payload. By observing the relative
movement of the inertial mass and the payload, the absolute velocity
of the payload can be measured (Collette et al., 2011). Conceptually,
the active controller 𝐶 can be seen as connected to an imaginary fixed
point in the ‘sky’ (Fig. 6(b)), which is not disturbed by 𝐹d(ext) for an
ideal sensor. Consequently, the trade-off that exists in passive isolation
is eliminated. A compliant passive suspension can decouple the payload
from external disturbances while the active controller acts as a stiff
damper to the ‘sky’ such that the effect 𝐹d(pl) is suppressed.
The particular AVIS used for the experiments, consists of a support
fixed to the ground and a payload platform, suspended on airmounts
providing passive vibration isolation. The payload platform is able to
move in six mechanical degrees of freedom. Six geophones measure
the payload velocity in an inertial reference frame, hence providing
absolute velocity measurements, and eight linear motors enable to
actively compensate for vibration of the platform using the principle of
‘sky-hook damping’. Please refer to Geerardyn (2016, Appendix 4.A) for
more details regarding the mechanical set-up, placement of the sensors
and the signal processing involved. To facilitate the presentation, only
the vertical translative velocity (𝑣𝑧 ), i.e. a SISO system, is considered.

(b) Sky-hook damping.

Fig. 6. Conceptual illustration of (active) vibration isolation set-ups. In addition to the
passive isolation (spring and damper), the active controller 𝐶 provides additional isolation
using the measurement of the payload velocity (𝑦 = 𝑣𝑧 ). Figure based on (Voorhoeve et
al., 2015, Figs. 3 and 4), (Karnopp, 1995, Figs. 3 and 6).

Remark 5.1. In robust control design, often the interest is not only in
determining the peak value of the uncertainty, but also in obtaining a
tight overbound of the uncertainty, e.g. as in Scheid and Bayard (1995).
This is closely related to the design of (parametric) weighting filters
(𝑊 , 𝑉 ) such that |𝑊 Δ𝑉 | is almost a constant function of the frequency
in the frequency bands of interest for control design. Essentially, this is
done to ensure that a synthesized robust controller is largely invariant
under the choice of uncertainty structure chosen in the model set.
The proposed local parametric approach can be extended straightforwardly to accommodate for this. In particular, the overbound of Δ can
be generated for an arbitrarily dense frequency grid—i.e. this includes
the inter-grid behavior—such that the approach of Scheid and Bayard
(1995) can be used directly.

6.1. Measurement & control framework
The experiments on the AVIS are carried out in closed-loop (Fig. 1)
with 𝑟2 = 0. The controller 𝐶 = 𝐶 exp is a diagonal proportional–integral
(PI) regulator which stabilizes the AVIS but yields only moderate
vibration isolation. See Geerardyn (2016, Appendix 4.A) for detailed
information regarding both the experimental setup and the experimental
controller. The 𝑟1 input consists of five periods of a random phase
multisine (Geerardyn et al., 2013) of 65 536 samples with excited bins
such that 𝜔𝑘 ≈ 1.001𝜔𝑘−1 and 𝑇s = 1 ms.
The parametrization of the plant model set  conforms to the dualYoula-Kučera framework (Hansen et al., 1989; Anderson, 1998) that
parametrizes  in terms of all plants 𝑃 that are stabilized by the
controller 𝐶:
{
}
𝑁̂ + 𝐷𝑐 Δ ||
≜
(32)
| ‖Δ‖∞ ≤ 𝛾 ,
𝐷̂ − 𝑁𝑐 Δ ||

6. Application to an AVIS
The proposed method is illustrated on the AVIS shown in Fig. 8. The
broad aim of vibration isolation (Karnopp, 1995; Collette et al., 2011)
is to suppress vibrations such that a certain payload—e.g. passengers in
a car, sensitive equipment such as atomic force microscopes and waferscanners used for lithography—is not disturbed by vibrations generated
by either the payload itself (𝐹d(pl) ) or by the outside world (𝐹d(ext) ) as
indicated in Fig. 6.
The typical set-up for vibration isolation is illustrated in Fig. 6(a).
If the controller 𝐶 is removed, the set-up reduces to a passive isolation
system where the suspension is to be designed such that the payload
velocity 𝑦 = 𝑣𝑧 is influenced as little as possible by both the internal
disturbances (𝐹d(pl) ) and the external disturbances (𝐹d(ext) ). To suppress
𝐹d(ext) , a compliant suspension is required such that the payload and
the floor are decoupled. However, to enable suppression of the system
disturbances 𝐹d(pl) , a stiff suspension is desirable to minimize the
deflection of the payload (Voorhoeve et al., 2015). This obviously leads
to a trade-off in the design. In active vibration isolation, measurements
of the absolute position, velocity, and even acceleration of the payload
yield more freedom in tuning the suspension of the payload. Typically,
the controller 𝐶 acts as an additional damping term. However, when
such measurements are relative to the floor or other objects which are
subject to the external disturbances 𝐹d(ext) themselves, the trade-off for
passive vibration isolation remains applicable.
On the other hand, when a measurement of the absolute velocity
of the payload is available, the external disturbances can be reduced
effectively. Absolute velocity measurements can be obtained e.g. from
inertial sensors such as geophones (Munnig Schmidt et al., 2014). In

where 𝐶 = 𝑁𝑐 𝐷𝑐−1 and 𝑃̂ = 𝑁̂ 𝐷̂ −1 are decomposed as right co-prime
factorization (RCF) (see Fig. 7). To estimate Δ and ‖Δ‖∞ , the signals
𝑢Δ and 𝑦Δ in Fig. 7 are required. These can be computed from 𝑢 and
𝑦 directly (Anderson, 1998), such that 𝑢Δ is noise free under standard
assumptions (Hansen et al., 1989) and uncorrelated to 𝑦Δ . Hence the
method of Section 4 applies directly.
In this paper, an eighth-order 𝑃̂ (Fig. 8) is estimated. Some dynamics
are left unmodeled and are hence part of Δ (Fig. 9).
6.2. Results
To estimate Δ(𝜔𝑘 ) and ‖Δ‖∞ using the proposed approach with
LRM(6, 2, 2, 2), a short estimation dataset is used. This estimation dataset
is uniformly sampled from a larger dataset that contains four times more
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) and estimated parametric model 𝑃̂ (
vibration isolation system (AVIS).
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Fig. 10. Measured Δ for the AVIS using the LRM (
) and the proposed interpolation.
), especially at 328 Hz. The validity of
Clearly, the LRM leads to a higher peak value (
the LRM local parametric model is confirmed by the validation measurement at the dense
frequency grid (
), which reveals excellent interpolation properties and a similar peak
value (
).

) of the active

performance, however, without performing very long and expensive
measurement campaigns.
7. Conclusions
In this paper, a new approach is presented that employs so-called
local parametric LRM models that lead to an enhanced estimate of
‖Δ‖∞ of a SISO error system by interpolating between neighboring local
models. It is also shown that the LPM is not a worthwhile alternative to
the LRM to estimate ‖Δ‖∞ , at least for lightly-damped systems.
The technique is illustrated on a simulation example where the LRMbased interpolation yields an accurate estimate of the ∞ norm. It is
observed that the measurement time is reduced by approximately a
factor of five compared with techniques that only examine Δ(𝜔) on the
DFT frequency grid. As such, more reliable estimates can be obtained
from shorter and hence less expensive measurement campaigns. Using
measurements on an AVIS, it is illustrated that the interpolation-based
results can substantially improve ‖Δ‖∞ and/or reduce the measurement
time four-fold. Furthermore, the results are validated by a detailed
validation measurement. Ongoing research focuses on extending the
technique to MIMO systems.

Fig. 9. Measured (dual-Youla) Δ for the AVIS using the LRM and the proposed
interpolation. The data in the rectangle is also shown in Fig. 10.

excited frequency lines to emulate the effect of a four times shorter
measurement. The full dataset, i.e. including the bins not seen during
the estimation phase, is used to validate the interpolation results.
The measured Δ is shown in Fig. 9 for the whole frequency band
and Fig. 10 for a frequency subrange containing 𝜔⋆ . Two aspects of
the proposed method are examined. First, the interpolation results for a
continuous frequency range are validated. Second, the peak amplitudes
of Δ(𝜔) are inspected as these are indicators for ‖Δ‖∞ .
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Interpolation performance. Figs. 9 and 10 show that the estimation and
validation data for LRM are generally in agreement. In the frequency
range shown in Fig. 10, the relative difference between both is at
most 2%.
Peak value estimates. Near 296 Hz, a modest improvement of the peak
estimate from −15.3 dB (at-grid) to −14.0 dB is obtained by the interpolation. The estimate near 𝜔⋆ ≈ 328 Hz is improved more substantially.
The proposed method (17) yields 𝛾IG = −2.5 dB. 𝛾FRF ≈ −9.9 dB for the
estimation data, which means that a 7.4 dB improvement is achieved by
the proposed method. This peak agrees well with the validation data,
where the nearest (at-grid) value has an amplitude of −3.2 dB (i.e. 8%
difference).
This suggests that the local rational models with interpolation enable
accurate estimation of |Δ| and hence also ‖Δ‖∞ even if the actual
peak does not coincide with the discrete frequency grid. As such, the
proposed method provides a fine approach to estimate the size of the
plant set for non-conservative robust control. In comparison with other
methodologies such as Oomen et al. (2014), very similar estimates
can be obtained. Hence, one can expect a very similar controller
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