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Abstract

This paper presents a novel approach to linearize the input-output (IO) response of nonlinear mechanical
systems by using model predictive control (MPC) with integral action and solving a one-step-ahead reference
tracking problem. The discrete-time MPC controller, which builds on a nonlinear data-driven state-space
model, controls a continuous-time plant. State estimation is performed by means of the unscented Kalman
filter (UKF). The overall effectiveness of this MPC-based approach is validated in the time and frequency
domains by conducting simulations on a mechanical system with output nonlinearities of polynomial type.
The obtained results show that the proposed method is superior in terms of performance and robustness when
compared to the classical feedback linearization techniques based on Lie algebra.

1 Introduction
Feedback linearization is a promising approach in the mechanical industry to eliminate undesired nonlinearities from a system dynamical behavior. It intends to find a direct linear relationship between the system
output and the control input, through a choice of a nonlinear state feedback control law [1, 2, 3]. The outcome of feedback linearization is a linear system for a specified operating range, meaning that a single linear
controller can be designed that is stable in this entire range and exhibits the same transient and steady-state
behaviors for different set-points.
However, since the introduction of feedback linearization in the early eighties, its promise has not been
solidly realized, mainly because it is heavily dependent on accurate nonlinear models, which are significantly
more difficult to obtain than linear models. Another drawback of feedback linearization is that exact IO
linearization can only be achieved for either continuous-time systems with continuous-time controllers or
discrete-time systems with discrete-time controllers. Most mechanical control systems are however sampleddata systems, i.e., a control system in which a continuous-time plant is controlled with a digital device. For
these kind of systems, research has shown that the effect of sampling imposes severe restrictions [4] or may
even result in the impossibility to linearize [5].
As for the modeling, this is usually achieved by applying first-principle-based methods. However, in a technological world where systems are becoming increasingly complex, and the degree of nonlinearity in these
systems is becoming increasingly high, first-principle modeling appears to be ever more resource-consuming.
To overcome this limitation, the identification of nonlinear systems can be achieved by exclusively processing experimental IO data, resulting in so-called data-driven models. Since the focus of the present research is
on the control part, the discrete-time data-driven modeling approach in nonlinear state-space form is adopted
from [6]. The continuous-time representation of this model, implemented in Matlab/Simulink, serves as the
system plant. This means that we always have access to the true states as well as the states that are estimated
by the UKF. This also means that we have great freedom in purposely introducing modeling errors in order
to study the robustness of the derived controllers.
The remainder of this paper is structured as follows. Section 2 describes the data-driven state-space models
with output nonlinearities the present study builds upon. In Section 3, the problem of feedback linearization
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is stated in a data-driven philosophy, and major differences with classical feedback linearization are highlighted. Section 4 describes the applied MPC architecture. In Section 5, performance and robustness tests are
performed by using simulation data, before formulating conclusions and recommendations for future works
in Section 6.

2 Data-driven modeling with output nonlinearities
The adopted nonlinear state-space model form of order n and with p inputs and q outputs is defined as
⇢
ẋ(t) = Ax(t) + Bu(t) + Eg(y(t))
y(t) = Cx(t),

(1)

where A 2 Rn⇥n , B 2 Rn⇥p and C 2 Rq⇥n are the linear state, input and output matrices, respectively.
Furthermore, x(t) 2 Rn is the state vector and u(t) 2 Rp and y(t) 2 Rq are the control input and measured
output vectors, respectively. The over-dot indicates a derivative with respect to the time variable t. Finally,
g(t) 2 Rs is a vector containing s polynomial basis functions, with E 2 Rn⇥s the associated coefficient
matrix. The basis functions in g(t) are formulated in terms of the measured system outputs y(t). For the
sake of simplicity, and without major loss of generality, we consider no direct feedthrough term nor nonlinear
term in the second equation of (1).

3 Problem statement
Feedback linearization is achieved in this work by applying a MPC-based approach that both preserves the
linear dynamics in equations (1) and cancels the nonlinear term Eg(y(t)). It must be noted that traditional
feedback linearization based on Lie algebra notions transforms a nonlinear system in an equivalent linear
system by finding a suitable control input and a change of variables, eventually converting the nonlinear
system to a chain of ⇢ integrators, where ⇢ is the relative degree of the original system. Although this
approach is clearly different from the one pursued in this paper, we adapted the Lie algebra calculations
from classical feedback linearisation such that the dynamics of the original system is similarly preserved.
This allows us to achieve a valid comparison between both methodologies.
In summary, if the overall objective of the present MPC-based technique is strictly comparable to that of
traditional feedback linearization, their underlying machinery is considerably different: whereas the traditional approach tries to find a control input that exactly cancels out any nonlinearities in a system, the MPC
approach is tracking a time-domain reference which is, in discrete time, always available one step ahead.
Namely, by discretizing the plant matrices in (1), the one-step ahead reference signal can be found for any
time instant k 2 N as follows
⇢
xref (k + 1) = Ad xref (k) + Bd v(k)
(2)
yref (k + 1) = Cxref (k + 1),
where Ad and Bd are the discrete-time representations of A and B, respectively. Moreover, xref (k) is
the state reference and yref (k + 1) is the output reference to be tracked, while v(k) is the new outerloop control input at time instant k. The proposed output-feedback MPC controller, inspired by [7], has
integral action in the sense that robust convergence can be achieved in the case of model uncertainty and
imperfect state information, in this way overcoming one of the main deficiencies of traditional feedback
linearization. In addition, the MPC controller uses a discretized model of the continuous plant, meaning
that sampling dynamics are accounted for when calculating the optimal control signal. The present research
does not impose any constraint bounds on the applied control signal or output signal; thus, there is no online
optimization problem to be solved at every time step. Hence, there is no significant increase in computational
burden when compared to classical feedback linearization.
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4 Design of a linearising MPC with integral action
Consider again the continuous-time plant (1) with p inputs and q outputs and no direct feedthrough. The
corresponding discrete-time state-space prediction model at time instant k, assuming zero-order hold (ZOH)
discretization, is defined as
⇢
x(k + 1) = Ad x(k) + Bd u(k) + Ed g(k)
(3)
y(k) = Cx(k),
where Ed is the discretized version of E. Since we have a one-step-ahead output reference signal available,
we want to augment the prediction model (3) so as to include the output in the state vector. In order to do so,
we first define the following relations:
(
u(k) := u(k) u(k 1)
x(k) := x(k) x(k 1);
(4)
y(k + 1) := y(k + 1) y(k).
g(k) := g(k) g(k 1);
⇥
⇤>
Next, defining x(k) =
x(k)> y(k)> , the augmented state-space model writes
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(5)

Note that, in this way, the monomials in vector g(k) are treated as a constant disturbance over the prediction
horizon N = 1. The predicted output at time instant k + 1 can be written as
ŷ(k + 1) = CAx(k) + CB u(k) + CE g(k) = Sx x(k) + Su u(k) + Sg g(k).

(6)

Subsequently, the following quadratic cost function is proposed:
J=

⇥

ŷ(k + 1)

yref (k + 1)

⇤>

Q

⇥

ŷ(k + 1)

yref (k + 1)

⇤

+

u(k)> R u(k),

(7)

where Q is a positive-definite weighting matrix penalizing any deviation from the reference and R is a
positive-definite weighting matrix penalizing the rate of change of the input signal. By substituting (6) in
(7), the cost function J becomes a quadratic and convex function of u(k). Hence, by setting the derivative
of J with respect to u(k) to zero and solving for u(k), the optimal control input that leads to the global
minimum of the cost function is found to be
u⇤ (k) =

G

1

F [Sx x(k) + Sg g(k)

yref (k + 1)]

(8)

where
G = 2(R + Su> QSu ),
F =

2Su> Q.

(9)
(10)

Lastly, the control input that is applied to the plant is defined as
u(k) = u(k

1) +

u⇤ (k).

(11)

From (8), we can see that we still need the current and previous state and output information to calculate
the optimal control signal. Since we only measure output signals, the states have to be estimated by means
of a nonlinear observer, in this case the UKF [8], which is basically an extension of the well-known linear
Kalman filter. Because all experiments in this research are performed in a simulation environment, there is
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Figure 1: Schematic overview of the control structure.
no process nor measurement noise. This could however be added synthetically, but the effectiveness of the
considered control methods can be best analyzed without noise, especially in the frequency domain. For
this reason, we refer to the literature for a more detailed description of the UKF. Nevertheless, the UKF is
very useful for studying the robustness of the control system when there is a mismatch between the true and
estimated states. A schematic overview of the entire control structure is depicted in Figure 1.

5 Simulation and results
This section considers throughout a second-order data-driven model identified based on experimental measurements conducted on the Silverbox benchmark system, i.e., an electronic circuit mimicking the behavior
of a single-input single-output (SISO) Duffing oscillator with a single resonance [6]. This experimental
system features a cubic spring behavior in stiffness, altered by a comparatively small asymmetric stiffness,
⇥
⇤>
modeled here as an additional quadratic term. As a result, g(t) = y 2 (t) y 3 (t) . The exact values of the
E matrix elements can be found in Table 3 of [6]. The control structure is implemented in Matlab/Simulink
according to the schematic overview of Figure 1. Simulations are carried out to validate the effectiveness of
the proposed MPC approach in terms of performance and robustness in Sections 5.1 and 5.2, respectively.
The weighting values Q = 1e5 and R = 1e-4 are fixed for the different experiments.

5.1

Performance

A first set of simulations is used to compare the performance of the classical feedback linearization approach
with that of the proposed MPC approach for various values of the sampling frequency. This analysis is
structured as follows: first, the original uncontrolled system is excited with a sine with an amplitude of 0.02
N and a frequency of 70 Hz, considering a simulation time of 4 s. The excitation frequency is slightly higher
than the resonance frequency of the linear part of the system which is 68.6 Hz. The reason for this is that
resonance frequency of the nonlinear system is higher due to the hardening effect of the nonlinearity. The
observed output amplitude is around 0.17 m, and this value will be used as a reference for the linearizing
controller. More precisely, the linear reference model is excited such that it produces an output reference sine
wave with an amplitude of 0.17 m and a frequency of 70 Hz. The time-domain outputs/errors and control
inputs in steady-state conditions for various sampling frequencies are plotted in Figure 2, considering (a) the
traditional approach and (b) the proposed MPC with integral action. The sampling frequencies are chosen
such that an amplitude spectrum with minimum leakage is obtained. So, dividing the sampling frequency
by the excitation frequency yields an integer value. From the output/error plots, it is noticed that the MPC
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Figure 2: Classical feedback linearization: time-domain output and input plots (a), frequency-domain output
amplitude spectra (c). MPC feedback linearization: time-domain output-error and input plots (b), frequencydomain output amplitude spectra (d).
controller is superior to the traditional feedback control strategy. This is also verified by analyzing the values
of the root-mean-squared (RMS) errors listed in Table 1. The total RMS error of the MPC controller at
fs = 2450 Hz is a factor 150 times smaller than that of the traditional controller, and at fs = 9940 Hz this
is even more than a factor 5000. An attractive property of feedback linearization is that a linearized system
can also be used to shape the transient response of that system. For this reason, Table 1 displays the RMS
error values for the transient phase, i.e., the first 0.25 second. For all situations, the transient RMS error
is even smaller than the overall RMS error. The main reason for this is that the transient starts from zero
and gradually increases toward an amplitude of 0.17 m, with only very little overshoot. Thus, the absolute
Table 1: RMS values of the overall and transient error [m] at different sampling frequencies for the classical
feedback linearization and MPC approach.

fs = 2450 Hz
fs = 4970 Hz
fs = 9940 Hz

classical FBL
transient
total
1.19e-2 1.54e-2
1.19e-2 1.54e-2
1.21e-2 1.56e-2

MPC
transient
total
8.44e-5 1.03e-4
1.35e-5 1.64e-5
2.52e-6 3.07e-6
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error in the transient phase is lower than in the steady-state phase because the output has lower amplitude,
translating in a lower RMS error. Nonetheless, it can be concluded that very good tracking is achieved in the
transient phase. From the output/error plots and the RMS values of the error, it can also be noted that there is
no significant improvement nor degradation for the classical approach when there is an increase in sampling
frequency. For the MPC approach, on the other hand, there is a clear decrease in RMS error for an increase
in sampling frequency.
Figures 2a and 2b show the plant input signals, which exhibit clear harmonic components in order to eliminate the nonlinearities in the output. We also observe that, for the MPC approach, the minimum value of
the applied input signal is 25% greater in amplitude compared to the original input signal. From a physical
point of view, it makes sense that we need a larger input signal whenever the displacement of the oscillating
mass becomes more negative, due to the opposing effect of the cubic stiffness nonlinearity. Figure 2a verifies
that the output reference is at its most negative displacement value when the lowest peak in the input plot of
Figure 2b is reached.
Figures 2c and 2d finally represent the amplitude spectra of the output signals for the classical and MPC
approaches. These results agree with our time-domain findings. As for the classical approach, there are
very little nonlinearities eliminated, there is only some improvement at the higher frequencies. At these
frequencies, it is also visible that higher sampling frequencies result in slightly more eliminations. Much
better results are obtained for the MPC approach, as at fs = 9940 Hz the controller is able to suppress
the most dominant nonlinear contribution at 140 Hz by more than a factor 4000. Again, a higher sampling
frequency leads to more nonlinear eliminations. It must be noted that the fixed values for Q and R do
not influence the results, since they cannot be improved further by tuning these values. This is true for all
three sampling frequencies. It is also worthwhile mentioning that we can never obtain a perfect amplitude
spectrum, i.e., a spectrum with just a peak at 70 Hz, since the ZOH dynamics are inherently time-varying.

5.2

Robustness

This section studies the effect of model uncertainty and incorrect state estimation. Severe model uncertainty
is obtained by multiplying all the elements of the plant A matrix by a factor 1.5. Note that this is only
done for the plant; the models for control and state estimation do not contain this multiplication factor. Our
objective is similar to that of the performance test: the output reference signal to track is a sine with an
amplitude of 0.17 m and a frequency of 70 Hz. In addition to classical feedback linearization, the obtained
results are also compared to a MPC controller without integral action. This latter tracks the state reference
of (2) rather than the output reference. Moreover, it optimizes u⇤ (k) instead of u⇤ (k). All simulations are
performed at a sampling frequency of 9940 Hz.

(a)

(b)

Figure 3: Time-domain output and input plots for classical feedback linearization, normal MPC and MPC
with integral action (a). State and output estimation for the MPC with integral action (b).
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Figure 4: Frequency-domain output amplitude spectra for the original system, classical feedback linearization, normal MPC and MPC with integral action.
Figure 3a presents the time-domain output and input plots for the three mentioned control approaches. From
the output plot, it becomes clear that there is a significant difference in reference tracking for the three
methods: the MPC with integral action is almost perfectly on top of the reference signal, the normal MPC is
not able to achieve decent tracking, while the classical feedback linearising controller is completely off. The
reason for the classical approach to fail is that it is not explicitly told to follow the reference signal, it rather
tries to cancel out nonlinearities in the system based on imperfect state information and in the presence of
substantial modeling errors. The input plot shows the need for a greater input amplitude compared to the
previous test, for the same output reference. The reason for this is that we do not excite the perturbed plant
around the resonance frequency, such that more input force is required for the same output displacement.
Figure 3b compares the true states and output to the estimated states and output, for the MPC controller with
integral action. A state mismatch is observed, especially visible for x2 , but the controller still achieves very
good tracking. The RMS value of the overall error is 1.33e-4 m, that is a factor 43 higher than the RMS error
at fs = 9940 Hz in the performance test. On the other hand, it remains a factor 117 lower than the error of
the classical controller in the performance test.
Finally, Figure 4 depicts the output amplitude spectra for the three control approaches. The results are in line
with the time-domain findings: MPC with integral action is superior to the other two approaches. Note that
the comparison with the classical approach is not entirely valid since its amplitude at 70 Hz does not reach
0.17 m. However, the nonlinear contributions of the MPC with integral action at 140 Hz and 280 Hz are still
lower than the ones of the classical approach.

6 Conclusions
This paper presented a novel approach toward feedback linearization of nonlinear mechanical systems. To
achieve linearization, our methodology features a MPC controller tracking a one-step-ahead reference signal. In contrast to the classical feedback linearization theory, the linear dynamics of the nonlinear system
is preserved. Simulation results showed that the MPC controller consistently achieves a better level of accuracy for a comparable level of computational complexity, when compared to a state-of-the-art feedback
linearising controller. Moreover, MPC proved to be very robust to severe model uncertainty and imperfect
state estimation, due to its integral action property. For future works, extensions to systems with input and
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state nonlinearities are envisaged. Moreover, the presented control approach will be implemented on real-life
experimental setups.
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