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Abstract

Model-based control design requires a careful specification of performance and robustness requirements. In typical
norm-based control designs, performance and robustness requirements are specified in a scalar optimization criterion,
even for complex multivariable systems. This paper aims to develop a novel approach for the formulation of this
optimization criterion for multivariable motion systems that exhibit spatio-temporal deformations. To achieve this,
characteristics of the underlying system are exploited to design multivariable weighting functions. In contrast to
pre-existing approaches, which typically lead to diagonal weighting functions, the proposed approach enables the
design of non-diagonal weighting functions. Extensive experimental results confirm that the proposed procedure can
significantly improve the performance of an industrial motion system compared to earlier approaches.
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1. INTRODUCTION

The design of a high-performance controller for a
complex multivariable system hinges on the specifica-
tion of a suitable optimization criterion. In model-
based control, a scalar criterion is typically adopted
that should reflect the user-defined performance require-
ments, as in Zhou et al. (1996), McFarlane and Glover
(1990) and Skogestad and Postlethwaite (2005). These
requirements are defined in the optimization criterion by
means of weighting functions, see, e.g., Lanzon & Tsio-
tras (2005), Hu et al. (2000), Graham and de Callafon
(2007) and Lundström et al. (1991). Relevant examples
of model-based control include H2 and H∞ control.

The key advantage of H∞-optimization is that it is ca-
pable of delivering robust controllers by explicitly tak-
ing model uncertainty into account. In contrast, LQG
and H2 designs have no guaranteed robustness margins,
as is shown in Doyle (1978). Besides the ability of H∞-
optimization to design robust controllers, it allows for
the design of weighting functions using loop-shaping
concepts, see, e.g., Doyle and Stein (1981) and McFar-
lane and Glover (1990). These techniques are particu-
larly suitable for motion control, where controllers are
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traditionally being designed using manual loop-shaping,
see, e.g., Van de Wal et al. (2002).

Weighting function design for motion systems typ-
ically employs diagonal weighting functions to spec-
ify performance requirements, see, e.g., Steinbuch and
Norg (1998), Schönhoff and Nordman (2002) and
Van de Wal et al. (2002). The underlying assumption
for this approach is that the system is approximately di-
agonal. This assumption is in general not valid for mul-
tivariable motion systems that exhibit spatio-temporal
deformations. For such systems, parasitic dynamics
are typically relevant in more than one channel of the
servo system. In fact, such dynamics have in general a
specific directional effect, making the control problem
inherently multivariable. In such cases, non-diagonal
weighting selection in the performance channels of the
H∞-optimization problem might be very effective to en-
hance the performance of multivariable motion systems.

Although H∞ control is promising for the design of
controllers for multivariable motion systems that exhibit
spatio-temporal dynamics, at present there is no proce-
dure to adequately specify the control goal in standard
H∞ control criteria. This paper aims to improve per-
formance of such systems by exploiting non-diagonal
weighting functions that address the directional effect
of spatio-temporal dynamics. To achieve this, the
designed weighting functions incorporate frequency-
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localized compensation of directionality in the sys-
tem. The performance improvement obtained with non-
diagonal weighting functions is illustrated by means
of an experimental case study for an industrial high-
performance motion system. This paper is an exten-
sion of a previously published conference paper (Boeren
et al. (2013)) and includes a complete derivation, analy-
sis and experimental results.

This paper is organized as follows. In Section 2, loop-
shaping for multivariable systems is revisited. In Sec-
tion 3, a procedure is proposed to determine transforma-
tion matrices that provide frequency-localized compen-
sation of the directionality in the system. In Section 4,
multivariable weighting functions are proposed to spec-
ify performance requirements for motion systems. In
Section 5, extensive experimental results for an indus-
trial motion system are provided to evaluate the achiev-
able performance enhancement of the proposed weight-
ing function design. Finally, conclusions are provided
in Section 6.

Notation. Let P(s) ∈ Rn×n denote a square real-
rational transfer function matrix, with s the Laplace op-
erator. For ease of notation, P(s) is also denoted P. Fur-
thermore, let the singular values of a matrix A ∈ Cn×m

be denoted by σi(A), with the maximum (resp. min-
imum) singular value denoted by σ̄(A) (resp. σ(A)).
The eigenvalues of a matrix A ∈ Cn×m are denoted by
λi(A). A matrix U ∈ Cn×n is unitary if UHU =UUH =
I, where UH is the conjugate transpose of U .
Remark: In order to clearly illustrate the concepts
in this paper, attention is restricted to square systems
P(s). Extensions to non-square systems are conceptu-
ally straightforward.

2. PROBLEM DEFINITION

2.1. Loop-shaping

Closed-loop performance and robustness requirement
can often be translated in a desired loop transfer func-
tion. The goal of loop-shaping is to attain this desired
loop transfer function Ldes = PC, with P the system and
C the controller, that prescribes the desired gains of the
system as a function of frequency. In particular, three
requirements for Ldes are commonly imposed, see, e.g.,
McFarlane and Glover (1990, Chap. 6) and Skogestad
and Postlethwaite (2005, Chap. 9), These requirements
are indicated in Figure 1 by the black triangles and the
cross-over region f ∈ [ f1, f2], given by σ(Ldes( f1)) = 1
and σ̄(Ldes( f2)) = 1.
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Figure 1: Singular values of the desired loop transfer function
Ldes(s) for performance and robustness.

R1. Nominal stability: The maximum roll-off rate of
|λi(Ldes)|, ∀i in the cross-over region f ∈ [ f1, f2] is
−40 db/decade.

R2. A large open-loop gain needs to be attained for fre-
quencies below f1, i.e., σ(Ldes)� 1 ∀ f ∈ [0, f1].

R3. A small open-loop gain needs to be attained for fre-
quencies above f3, i.e., σ(Ldes)� 1 ∀ f ∈ [ f3, f∞].

Requirement R1 ensures nominal closed-loop sta-
bility, while R2–R3 reflect classical closed-loop per-
formance and robustness requirements. To illustrate
the connection between R2–R3 and closed-loop re-
quirements, consider the desired sensitivity function
Sdes = (I +Ldes)

−1 and desired complementary sensitiv-
ity function Tdes = Ldes (I +Ldes)

−1. As shown in Mc-
Farlane and Glover (1990), these expressions can be ap-
proximated in the relevant frequency ranges by

σ̄(Sdes)≤
1

σ(Ldes)
� 1 where σ(Ldes)� 1,

σ̄(Tdes)≤ σ̄(Ldes)� 1 where σ̄(Ldes)� 1.
(1)

Expression (1) reveals that Ldes implicitly determines
the singular values of Sdes and Tdes. Complying with
typical requirements, low-frequency disturbances are
attenuated if σ̄(Sdes)� 1, while high-frequency robust-
ness with respect to model uncertainty is obtained if
σ̄(Tdes) � 1. This result shows that R2–R3 dictate
closed-loop performance and robustness requirements.

In this paper, the H∞ loop-shaping design procedure
presented in McFarlane and Glover (1990) is used to
attain Ldes.
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Figure 2: A need for directionality compensation in weighting
function design for multivariable systems.

Goal 1. Given σi(Ldes), the goal in loop-shaping is to
design weighting functions W1(s),W2(s) such that

σi(Ps)≈ σi(Ldes) i = 1, . . . ,n.

where the shaped system Ps is given by

Ps(s) =W2(s)P(s)W1(s). (2)

By loop-shaping σi(Ps), Goal 1 ignores nominal
closed-loop stability considerations as given in R1.
In the H∞ loop-shaping design procedure, closed-
loop stability is ensured by subsequently using H∞-
optimization based on the designed Ps(s). A complete
tutorial for the design of controllers using the H∞ loop-
shaping design procedure is provided in McFarlane and
Glover (1990).

Remark 1. The open-loop weighting functions
W1(s),W2(s) in (2) can be directly translated into
equivalent closed-loop weighting functions, as is used
in common H∞-optimization algorithms including
Skogestad and Postlethwaite (2005).

2.2. Directionality in multivariable systems
For multivariable systems, the input and output direc-

tionality of P(s) complicates the design of W1(s) and
W2(s). This directionality determines the connection
between the singular values and the individual entries
of P(s), as reflected in the singular value decomposi-
tion. The singular value decomposition at frequency ωk
is given by

P( jωk) =U( jωk)Σ( jωk)V H( jωk), (3)

with Σ( jωk) = diag(σ1( jωk),σ2( jωk), . . . ,σn( jωk)) ∈
Rn×n, and unitary matrices V ( jωk) ∈ Cn×n and
U( jωk) ∈ Cn×n.

In (3), Σ represents the singular values of the sys-
tem, while V and U represent the corresponding input
and output directionality. The key point is that this di-
rectionality is frequency dependent. Since performance
and robustness requirements are specified by means of
loop-shaping Σ, the directionality of P as defined in V

f [Hz]

σi(W1)

f1

1

f [Hz]

σi(W2)

1

f3

Figure 3: Open-loop weighting functions W1(s) and W2(s)
which reflect requirements R2–R3.

and U should be accounted for in W1(s) and W2(s), as
illustrated in Figure 2. As a result, the singular values
in Σ are accessible for loop-shaping.

In classical control design, directionality is often
only addressed in the cross-over region, see, e.g., Ma-
ciejowski (1989, Section 4.3). Typically, this design
methodology is focused on determining static transfor-
mation matrices Tu,Ty ∈ Rn×n such that

Pdiag(s) = TyP(s)Tu, (4)

is diagonally dominant in f ∈ [ f1, f2]. As a result, the
singular values in f ∈ [ f1, f2] are approximately equal
to the diagonal entries of Pdiag(s),

σi(Pdiag)≈
∣∣(Pdiag

)
ii

∣∣ ,
where

(
Pdiag

)
ii is the (i, i)th entry of Pdiag. Herein, V and

U in (3) are compensated in f ∈ [ f1, f2] by T̃u = V and
T̃y = UH . Then, the typically complex matrices T̃y, T̃u
are approximated by Tu,Ty ∈Rn×n. For motion systems,
this procedure corresponds to rigid-body decoupling, as
is elaborated on in Section 3.

Based on Pdiag(s) in (4), the requirements R2–R3 are
translated into diagonal W1(s) and W2(s). As depicted
in Figure 3, W1 defines integral action in f ∈ [0, f1],
while W2 specifies roll-off in f ∈ [ f3, f∞]. In addition,
W1(s),W2(s) scale P(s) such that the cross-over region
of Ps(s) is in [ f1, f2]. This diagonal weighting function
design is succesfully applied to motion systems in, e.g.,
Van de Wal et al. (2002).

2.3. Extended requirements for multivariable motion
systems with spatio-temporal dynamics

Lightly damped resonance phenomena associated
with spatio-temporal dynamics hamper the performance
of a mechanical system, see, e.g., Balas and Doyle
(1994) and Smith et al. (1994). Indeed, in Oomen et al.
(2014, Section V) it is revealed that for an industrial
motion system the dominant components in the servo
error stem from such phenomena, as indicated by gray
rectangles in Figure 1.
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A design for W1(s),W2(s) is proposed that aims to
specify performance requirements for lightly damped
resonance phenomena in [ f2, f3], while retaining R2–
R3. Since these dynamics have in general a specific
directional effect, non-diagonal W1(s),W2(s) are re-
quired to enable loop-shaping of the singular values in
[ f2, f3]. Non-diagonal W1(s),W2(s) in H∞ loop-shaping
are considered in Papageorgiou and Glover (1997), Lan-
zon (2005), and Osinuga et al. (2012).

In this paper, properties of mechanical systems are
exploited to address directionality in W1(s),W2(s). In
particular, frequency-localized compensation of the di-
rectionality is used to enable loop-shaping of the sin-
gular values of P(s) in m distinct frequency ranges, as
defined in the following sub-goal.

Sub-Goal 1. Determine matrices Tu, j,Ty, j ∈ Rn×n, for
j = 1, . . . ,m, such that ∀ i = 1, . . . ,n

σi(Tu, jP(s)Ty, j)≈
∣∣(Tu, jP(s)Ty, j)ii

∣∣ ∀ f ∈ [ f j, f j+1],

i.e., account for the directionality of the system in the
jth frequency range.

The static transformation matrices Tu, j,Ty, j should be
absorbed in W1(s),W2(s) such that Ps(s) satisfies Goal 1.
In the next section, a procedure is proposed to deter-
mine Tu, j,Ty, j that compensate for the directionality of
the system in the jth frequency range.

3. FREQUENCY-LOCALIZED DIRECTIONAL-
ITY COMPENSATION

In this section, a procedure is proposed that is aimed
to address Sub-Goal 1. To this purpose, Tu, j,Ty, j for
j = 1, . . . ,m are determined that compensate for the di-
rectionality in distinct frequency ranges by exploiting
the characteristics of the underlying system. The focus
is on a class of motion systems which are described by
the following definition.

Definition 1. Gawronski (2004)
The dynamical response of a linear mechanical system
P(s) ∈Rn×n with proportional damping can be written
as a sum of N second-order subsystems

P(s) =
n

∑
i=1

cT
i bi

s2 +
N

∑
i=n+1

cT
i bi

s2 +2ζiωis+ω2
i
, (5)

with n the number of rigid-body modes, cT
i the ith col-

umn of the output matrix C ∈ Rn×N , bi the ith row of
the input matrix B ∈ RN×n, ζi the dimensionless damp-
ing constant, ωi the natural frequency of the ith second-
order subsystem.

In this paper, P(s) is controlled in all n rigid-body
degrees of freedom. A a result, the number of inputs
and outputs of P(s) is equal to the number of rigid-body
modes.

For the sake of clarity, transformation matrices
Tu, j,Ty, j are determined for f ∈ [0, f2] and f ∈ [ f2, f3].
Extension of the frequency-localized directionality
compensation method to more frequency ranges is con-
ceptually straightforward. First, transformation matri-
ces Tu,1,Ty,1 are determined that result in compensation
of the directionality in f ∈ [0, f2]. Consider the follow-
ing intermediate result.

Lemma 1. Let P(s) be of the form of Definition 1. Then,
there exist Tu,1,Ty,1 ∈ Rn×n such that

Ty,1s2P(s)Tu,1,

is diagonal at s = 0.

Proof. Since

s2P(s) =
n

∑
i=1

cT
i bi +

N

∑
i=n+1

cT
i bi

s2

s2 +2ζiωis+ω2
i
,

it holds that for |s| → 0

s2P(s) =
n

∑
i=1

cT
i bi ∈ Rn×n. (6)

The singular value decomposition of (6) is given by
UΣV T where U,Σ,V ∈ Rn×n. By defining Ty,1 = UT

and Tu,1 =V it follows that

Ty,1s2P(s)Tu,1 = Σ for s = 0,

since U and V are unitary matrices. Hence,
Ty,1s2P(s)Tu,1 is diagonal at s = 0.

Next, Lemma 1 is used to propose rigid-body decou-
pling for motion systems. The concept of diagonal dom-
inance is exploited, as defined in (Maciejowski, 1989,
Section 2.10).

Proposition 1. (Rigid-body decoupling)
Let P(s) be of the form of Definition 1. Then,

Pdiag(s) := Ty,1P(s)Tu,1, (7)

with Tu,1,Ty,1 ∈ Rn×n from Proposition 1 is diagonally
dominant for |s| → 0.
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Figure 4: Illustration of Assumption 1 : the directionality of
the resonance phenomena in f ∈ [ f2, f3] (green) can be deter-
mined by means of Prop. 2 if these modes dominate the dy-
namical response of Pflex(s) in f ∈ [0, f2] with respect to the
contribution of resonance phenomena in f ∈ [ f3, f∞] (red).

Proof. Substitute (5) in (7) to obtain

Ty,1P(s)Tu,1 =
1
s2 Σ+

N

∑
i=n+1

Ty,1
cT

i bi

s2 +2ζiωis+ω2
i

Tu,1.

For |s| → 0 it holds that

1
s2 Σ�

N

∑
i=n+1

Ty,1
cT

i bi

s2 +2ζiωis+ω2
i

Tu,1,

i.e., Pdiag(s) is diagonally dominant for |s| → 0.

The second-order rigid-body dynamical behavior at
s = 0 dominates the dynamical response of the system
up to frequency f2. Therefore, for i = 1, . . . ,n,

σi(Ty,1P(s)Tu,1)≈
∣∣(Ty,1P(s)Tu,1)ii

∣∣ ∀ f ∈ [0, f2].

Second, transformation matrices Tu,2,Ty,2 are deter-
mined that provide local compensation of the direction-
ality in f ∈ [ f2, f3]. Consider the transformed system
Pflex(s), representing the resonance phenomena of P(s),
given by

Pflex(s) := P(s)−
n

∑
i=1

cT
i bi

s2 =
N

∑
i=n+1

cT
i bi

s2 +2ζiωis+ω2
i
.

Assumption 1. The lightly damped resonance phenom-
ena in [ f2, f3] given by

2n

∑
i=n+1

cT
i bi

s2 +2ζiωis+ω2
i
,

dominate the dynamical response of Pflex(s) at s= 0, i.e.,

2n

∑
i=n+1

cT
i bi

ω2
i
�

N

∑
i=2n

cT
i bi

ω2
i
,

where ∑
N
i=2n

cT
i bi

s2 +2ζiωis+ω2
i
, correspond to the reso-

nance phenomena in [ f3, f∞].

Assumption 1 is graphically illustrated in Figure 4 for
a system with n = 2. This assumption is in general non-
restrictive for motion systems and is exploited in the fol-
lowing proposition.

Proposition 2. Given Pflex(s), there exist Tu,2,Ty,2 ∈
Rn×n such that

Pflex, diag := Ty,2Pflex(s)Tu,2,

where Pflex, diag is diagonally dominant for |s| → 0.

The proof of Proposition 2 follows along similar lines
as the proof provided by Proposition 1. By virtue of
Assumption 1, the dynamical response of Pflex(s) is in
f ∈ [0, f3] dominated by the first n lightly damped reso-
nance phenomena. As a result, for i = 1, . . . ,n,

σi(Ty,2Pflex(s)Tu,2)≈
∣∣(Ty,2Pflex(s)Tu,2)ii

∣∣ ,
in the frequency range f ∈ [0, f3].

Even though Tu,2,Ty,2 diagonalize Pflex(s) in [0, f3],
the original system P(s) is only diagonalized in the fre-
quency range where the first n resonance phenomena
dominate the dynamical response of P(s). In Figure 1,
this corresponds to [ f2, f3]. This implies that Tu,1, Ty,1
for rigid-body decoupling and Tu,2, Ty,2 for the flexi-
ble dynamics should be absorbed in W1,W2 to enable
explicit loop-shaping of σi in respectively [0, f2] and
[ f2, f3]. The way to do this is to make use of frequency
dependent weighting functions, as presented in the next
section.

4. MULTIVARIABLE WEIGHTING FUNCTION
DESIGN

In this section, multivariable weighting functions
W1(s) and W2(s) are proposed for motion systems with
spatio-temporal dynamics. These weighting functions
reflect i) classical requirements R2–R3 and ii) perfor-
mance requirements for the first resonance phenomenon
in [ f2, f3].

In Preumont (2002) it is shown that for a SISO sys-
tem, the inclusion of derivative action in the controller
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Figure 5: The weighting function W1,2 (left) reflects the spec-
ification of derivative action in f ∈ [ f2, f3] to provide damp-
ing. The multivariable weighting function W1 (right) consist
of Tu,2W1,2Ty,2 and W1,1, and specifies performance require-
ments for f ∈ [0, f3].

P

W1

+
W2

W1,2 Tu,2

W1,1

Ty,2

Ty,1Tu,1

Figure 6: Multivariable weighting function design.

provides damping to lightly damped resonance phenom-
ena. As a result, closed-loop performance is enhanced
for systems with spatio-temporal dynamics. In terms of
the desired loop transfer function Ldes defined in Sec-
tion 2.1, derivative action should be specified with re-
spect to the singular value σi(Ldes) associated with the
resonance phenomenom in [ f2, f3]. Frequency-localized
directionality compensation as proposed in Section 3
is essential to accurately translate this performance re-
quirement in W1(s) and W2(s).

The following design procedure for W1(s) and W2(s)
is proposed, which implements the main contribution of
this paper.

Procedure 1. Given σi(Ldes),
Classical loop-shaping

Step 1. Determine Ty,1 and Tu,1 by applying Prop. 1
to locally compensate for the directionality in
[0, f2].

Step 2. Design W1,1 and W2 to reflect classical require-
ments R2–R3, see Figure 3, with cross-over re-
gion f ∈ [ f1, f2], given by σ(Ps( f1)) ≥ 1 and
σ̄(Ps( f2))≤ 1.

Extended loop-shaping

Step 3. Determine Ty,2 and Tu,2 by applying Prop. 2
to locally compensate for the directionality in
[ f2, f3] .

Step 4. Construct W1,2 for [ f2, f3] as illustrated in Fig-
ure 5.

yer
Cs P

+

−

d u

W1 W2

Figure 7: Weighted feedback configuration.

Construction W1 and W2

Step 5. Absorb W1,1 and Tu,2W1,2Ty,2 in W1, see Fig-
ure 6.

Steps 1-2 have been presented in Section 2 for clas-
sical loop-shaping. Therefore, this section focuses on
Steps 3-4 and Steps 5-6, which constitutes the novel as-
pect of the proposed weighting function design.

First, consider Steps 3-4 of Procedure 1. In this part
of the procedure, damping is specified to the first lightly
damped resonance phenomenon in [ f2, f3] to improve
the closed-loop performance. Specifically, similar to
the detailed approach provided in Cao and Hori (1997),
derivative action is included in W1(s) for f ∈ [ f2, f3].
Alternatively, (inverse) notch filtering can be included
in W1(s) to specify damping. Local compensation of the
directionality by means of Ty,2 and Tu,2 in Step 3 enables
an extension of the approach in Cao and Hori (1997) to
multivariable systems.

Second, Step 5 of Procedure 1 is considered.
In Step 5, W1(s) is constructed from W1,1(s) and
Tu,2W1,2(s)Ty,2, as depicted in Figure 6. The absorption
of Ty,2W1,2(s)Tu,2 in W1(s) enables weighting of the sin-
gular values corresponding to the first resonance phe-
nomena in [ f2, f3], while leaving the remaining singular
values unaffected in this frequency range. Furthermore,
the performance requirements in [0, f1] by W1,1(s) and
in [ f2, f3] by Ty,2W1,2(s)Tu,2 do not interfere with each
other due to the specific structure of W1(s), see Figure 5.

The multivariable weighting functions constructed in
Procedure 1 specify performance and robustness re-
quirements in a scalar optimization criterion. As a final
step, the optimal controller C∗s is determined by min-
imizing this optimization criterion. The controller C∗s
results from

C∗s = argmin
Cs

J(P̂s,Cs), (8)

where P̂s = W2P̂W1 is based on a parametric model P̂
of the system P, and J(P̂s,Cs) is a norm-based criterion
given by J(P̂s,Cs) =

∣∣∣∣T (P̂s,Cs)
∣∣∣∣

∞
with

T (P̂s,Cs) :
[

r
d

]
7→

[
y
u

]
=

[
P̂s
I

]
(I +CsP̂s)

−1 [Cs I
]
,
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Figure 8: Experimental setup.
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Figure 9: Singular values of P(ω).

as depicted in Figure 7. The corresponding robust sta-
bility margin εmax(P̂s,Cs) is defined as

εmax(P̂s,Cs) =

∣∣∣∣∣∣∣∣[P̂s
I

]
(I +CsP̂s)

−1 [Cs I
]∣∣∣∣∣∣∣∣−1

∞

. (9)

If εmax(P̂s,Cs)� 1, the performance requirements spec-
ified in terms of σi(Ldes) are incompatible with robust
stability requirements. In this case, Ldes should be ad-
justed, see McFarlane and Glover (1990).

The synthesis of the H∞-controller C∗s in (8) is exten-
sively treated in McFarlane and Glover (1990). Finally,
the controller

C =W1C∗s W2, (10)

is implemented on P. The resulting controller i) guar-
antees internal stability of the closed-loop system and
ii) is H∞-optimal with respect to the user-defined per-
formance and robustness requirements, as specified in
W1(s) and W2(s).

10
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(a) Weighting function W1.
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(b) Weighting function W2.

Figure 10: Singular values of weighting functions W1 and W2:
the classical design (red) as in Section 2.2 specifies only low-
and high-frequency weighting, while for the multivariable de-
sign (green) as in Section 4 derivative action is added with re-
spect to the singular value associated with the first resonance
of P(ω) at 129 Hz.

5. EXPERIMENTAL RESULTS

In this section, the multivariable weighting function
design proposed in this paper is implemented on a pro-
totype industrial motion system. The goal of this section
is to experimentally validate that the proposed multi-
variable weighting functions result in improved perfor-
mance compared to classical weighting functions.

5.1. Experimental setup
The considered prototype industrial motion system is

depicted in Figure 8. The positioning stage of this proto-
type is explicitly designed to exhibit pronounced lightly
damped resonance phenomena. Therefore, the position-
ing stage has dimensions 600× 600× 60 mm, while it
weighs 13.5 kg only, see Van Herpen et al. (2014). For
comparison, existing systems, as considered in Butler
(2011), weigh approximately 40 kg.

The positioning stage in Figure 8 is controlled in all
six motion degrees-of-freedom (DOF) (i.e., three ro-
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tations and three translations), where gravity compen-
sators enable contactless operation. The maximum dis-
placement in the translational DOFs (x, y, and z) is equal
to 0.5 mm, while the range in the rotational DOFs (Rx,
Ry, and Rz) is given by 1 mrad, see Ronde et al. (2014).
The positioning stage is actuated by six Lorentz motors.
Furthermore, the measurement system consist of three
linear incremental encoders with a resolution of 1 nm
in the vertical plane (z, Rx, Ry), and three capacitive
sensors in the horizontal plane, i.e. for the DOFs x, y
and Rz. The control software is implemented in Matlab
Simulink Real-Time.

The geometry of the experimental-setup results in
significant interaction between the DOFs z, Rx and Ry,
while the interaction terms are negligible between the
vertical plane (z, Rx, Ry), and the horizontal plane (x, y,
Rz). For this reason, a multivariable controller design is
pursued for the vertical plane, while a multiloop SISO
controller is used for the horizontal plane. The singu-
lar values of the measured frequency response function
P(ω) corresponding to the vertical plane are depicted in
Figure 9.

5.2. Weighting function design
In this section, performance and robustness require-

ments for the experimental setup in Figure 8 are ex-
pressed in weighting functions. It is emphasized that
the weighting function design is solely based on the
frequency response function P(ω). First, multivariable
weighting functions W mimo

1 and W mimo
2 are designed ac-

cording to Procedure 1. Second, classical weighting
functions W class

1 ,W class
2 are designed based on the guide-

lines provided in Section 2.2. The target crossover re-
gion f = [ f1, f2] is chosen as 28 Hz in both approaches
for comparison.

From Figure 9, it becomes clear that the first reso-
nance of P(ω) appears at 129 Hz. Therefore, as de-
picted in Figure 10, W mimo

1 is designed such that deriva-
tive action is specified in [28,250] Hz. Due to local di-
rectionality compensation, only the singular value asso-
ciated with this resonance is weighted in this frequency
range. Hence, this approach is not affecting the remain-
ing singular values.

The shaped system, as defined in (2), is given by

Pmimo
s =W mimo

2 PW mimo
1 ,

Pclass
s =W class

2 PW class
1 ,

for multivariable and classical weighting functions,
respectively. As depicted in Figure 11, the target
crossover region is for Pclass

s and Pmimo
s equal to 28

Hz. Similar to the observations based on Figure 10, the
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Figure 11: Singular values of shaped system Ps: classical
weighting function design (red) and multivariable weighting
function (green).

shaped system Pmimo
s as shown in Figure 11 contains

explicit weighting of the first lightly damped resonance,
while leaving the remaining singular values of the sys-
tem unaffected.

Based on the designed weighting functions, the pro-
cedure in Section 4 is used to synthesize Cmimo

s , based
on W mimo

1 ,W mimo
2 , and Cclass

s , based on W class
1 ,W class

2 . To
this purpose, the required parametric model P̂ of the
system P is determined by means of the approach in
Oomen et al. (2014), see Figure 15. The robust stabil-
ity margin in (9) is for the proposed design (resp. clas-
sical design) given by εmax(P̂s,Cmimo

s ) = 0.3195 (resp.
εmax(P̂s,Cclass

s ) = 0.3061). Finally, Cmimo and Cclass are
determined according to (10).

5.3. Analysis
The design of W mimo

1 ,W mimo
2 is motivated by the

observation in Section 2.3 that lightly damped reso-
nance phenomena hamper the performance of a sys-
tem. To illustrate the performance enhancement that
can be obtained by means of the proposed multivariable
weighting function design, rejection of disturbances in
[40,200] Hz is considered.

The process sensitivity ŜP̂ = (I + P̂C)−1P̂ is a suit-
able measure for disturbance rejection, since ŜP̂ de-
scribes the transfer of input disturbances to the error
signal. As depicted in Figure 12, the singular value
of ŜP̂ associated with the first resonance phenomenon
is attenuated with 6 dB in [40,200] Hz as a result
of the proposed multivariable weighting function de-
sign. Note that due to local directionality compensation,
W mimo

1 ,W mimo
2 only affects the singular value of ŜP̂ as-

sociated with the resonance phenomenom, while keep-
ing the remaining singular values unaltered with respect
to the classical design.

In H∞-optimization, the closed-loop poles in the
frequency range [28,250] Hz are explicitly assigned
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Figure 12: The singular values of the process sensitivity ŜP̂
for classical weighting (red) and multivariable weighting func-
tions (green) show that a reduction with 6 dB is obtained in
[40,200] Hz as a result of multivariable weighting functions.

Table 1: Poles and dimensionless damping coefficient in the
frequency interval [28,250] Hz show that the proposed multi-
variable weighting significantly improves the damping of the
resonance at 129 Hz in P̂(s) compared to the classical weight-
ing.

P̂(s) Classical Multivariable

Pole −3.89±809i −166±833i −605±969i

ζ 0.00437 0.195 0.529

by the weighting functions and P̂, see, e.g., Cao and
Hori (1997). The closed-loop poles for W mimo

1 ,W mimo
2

and W class
1 ,W class

2 as presented in Table 1 confirm that
the proposed weighting functions significantly improve
the damping of the performance-critical resonance phe-
nomenon at 129 Hz when compared to a classical de-
sign.

5.4. Experimental results

In this section, the performance enhancement ob-
tained by means of multivariable weighting functions
is confirmed on the setup in Figure 8. The controllers
Cmimo and Cclass are implemented on the experimental
setup and an input disturbance with frequency compo-
nents in [40,200] Hz is applied to the system. Time-
domain measurements in Figure 13 and the cumulative

Table 2: The standard deviation σ and peak value p of the
error signals ez, eRx and eRy are significantly reduced by means
of the proposed Cmimo compared to the classical Cclass.

σz σRx σRy pz pRx pRy

Cclass 0.39 1.57 1.28 1.31 6.12 4.40

Cmimo 0.18 0.86 0.60 0.73 3.38 2.30
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Figure 13: Measured time domain responses for Cclass (left)
and Cmimo (right) show a reduction of a factor two in the peak
value of the error signal e due to Cmimo.
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power spectrum in Figure 14 of the measured error sig-
nals confirm that the performance is significantly im-
proved if Cmimo, based on the proposed multivariable
weighting functions in Section 4, is implemented on the
system. Indeed, Table 2 confirms that a significant re-
duction is obtained in the standard deviation and peak
value of the error signal in the DOFs z, Rx and Ry.

6. CONCLUSIONS

In this paper, a novel procedure is developed to spec-
ify performance requirements for multivariable motion
systems with spatio-temporal dynamics in H∞ control.
The proposed weighting functions are non-diagonal to
address the multivariable dynamical behavior of the
system, thereby extending pre-existing literature on
weighting function design. In particular, characteris-
tics of the system are exploited to provide frequency-
localized compensation of directionality. Extensive ex-
perimental verification on a prototype industrial motion
system shows the attained performance improvement.

Motion systems as defined in Definition 1 are a spe-
cific class of dyadic systems, see, e.g., Owens (1978),
Anthonius and Ramon (2003) and Boerlage (2008). Ex-
tensions of the proposed frequency-localized direction-
ality compensation to this general framework are be-
yond the scope of the present paper. Furthermore, the
concept of frequency-localized directionality compen-
sation can be directly used in manual loop-shaping of
controllers for multivariable systems. In future research,
systems are considered that contain a larger number
of actuators and sensors than rigid-body DOFs. This
introduces additional freedom to specify performance
requirements for lightly damped resonances in H∞-
control, see, e.g., Van Herpen et al. (2014).
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