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OPTIMAL ESTIMATION OF RATIONAL FEEDFORWARD

CONTROLLERS: AN INSTRUMENTAL VARIABLE APPROACH AND

NONCAUSAL IMPLEMENTATION ON A WAFER STAGE

Frank Boeren, Lennart Blanken, Dennis Bruijnen, and Tom Oomen

ABSTRACT

Iterative control enables a significant control performance enhancement
by learning feedforward command signals from previous tasks in a batch-
to-batch fashion. The aim of this paper is to develop an approach to
estimate the parameters of rational feedforward controllers that provide
high performance and extrapolation capabilities towards varying tasks. An
instrumental variable-based algorithm is developed that leads to unbiased
parameter estimates and optimal accuracy in terms of variance. Furthermore,
a noncausal implementation of rational feedforward controllers is proposed,
aiming to improve performance by means of pre-actuation. Simulation and
experimental results are presented to confirm that optimal accuracy is obtained
with the proposed approach, and show the advantages of pre-actuation in terms
of performance.

Key Words: Feedforward Control, Learning Control, Mechatronics.

I. Introduction

Feedforward control is widely used to improve
the performance of systems, since feedforward can
effectively compensate for the error induced by
known, repeating exogenous signals. In fact, typical
performance requirements necessitate feedforward in
many servo systems, see, e.g., atomic force microscopes
[1, 2] and wafer scanners [3].

Iterative Learning Control (ILC) algorithms update
the feedforward signal by learning from previous tasks
under the assumption that the task is repeating [4, 5].
However, changes in the reference signal typically
result in significant performance deterioration, see, e.g.,
[6, 7, 8]. The observation of these poor extrapolation
capabilities of ILC algorithms has led to a significant
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research effort to combine superior performance with
enhanced extrapolation capabilities towards varying
tasks. Indeed, in e.g., [9], [10], [11], ILC is extended
with basis functions to enhance the extrapolation
capabilities. The main drawback of these approaches
is that an approximate model of the system is still
required, as is the case in standard ILC algorithms.

In [3], the need for an approximate model of the
system is eliminated by exploiting results from iterative
feedback tuning [12]. In [13], this approach is further
investigated, revealing that it suffers from a closed-
loop identification problem [14, 15]. To solve this
deficiency, an approach based on instrumental variables
is presented in [13] for feedforward controllers with
a polynomial basis. A related data-driven tuning
algorithm is presented in [16], together with extensive
experimental results. Furthermore, accuracy properties
are investigated in [17] for a polynomial basis, and
an algorithm is proposed so that the covariance matrix
corresponding to the parameters is as small as possible.

Although important steps have been made in the
development of data-driven algorithms for feedforward
control with a polynomial basis, these approaches do
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not straightforwardly generalize to generic feedforward
controllers with a rational basis. The variance of a
transfer function estimate is typically proportional to
the number of estimated parameters. Therefore, a low-
order rational basis is expected to improve the statistical
properties of the estimated parameters compared to a
high-order polynomial basis. The benefits of a rational
basis compared with a typically high-order FIR or
related polynomial basis are well-known in system
identification, see, e.g., [18]. This paper aims to develop
a new approach that results in unbiased parameter
estimates with optimal accuracy in terms of variance for
feedforward controllers with a rational basis. Central to
the developed approach is the fact that the poles will
be optimized, in contrast to the use of pre-specified
poles [18] which only allow for a solution as in [13,
17]. Furthermore, nonminimum-phase behavior of the
system is explicitly addressed by allowing for noncausal
stable inversion [19, 20], which provides exact inverses
compared to earlier approaches [2].

The main contribution of this paper is the
estimation of the parameters of a feedforward controller
with a rational basis with optimal accuracy in terms of
variance. Feedforward control with a rational basis can
enable high performance and enhanced extrapolation
capabilities towards varying tasks for all systems
described by a rational model. As a special case, the
approach for polynomial, i.e., linearly parametrized,
feedforward controllers is recovered, as in [13, 17].
However, such polynomial feedforward is only optimal
when the system is given by the reciprocal of a
polynomial, while rational feedforward is applicable
to a large class of systems. A simulation study is
presented to show that the proposed approach leads
to unbiased parameter estimates and optimal accuracy
in terms of variance. Experimental results on an
industrial wafer stage validate the proposed algorithm
and clearly illustrate the advantages of pre-actuation in
terms of performance. Extensive experimental results
of the proposed approach in this paper, including
a comparison to ILC, are reported in [21] for the
considered wafer stage system. This paper significantly
extends earlier results reported in [22] by thorough
proofs and extended experimental results.

This paper is organized as follows. In Section II,
the problem formulation is formally stated. Then, an
analysis of the optimization problem is provided in
Section III. In Section IV, asymptotic expressions
for optimal accuracy are developed for feedforward
control with a rational basis. In Section V, a new
iterative algorithm is proposed that achieves optimal
accuracy. In Section VI, a simulation study is presented.
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Fig. 1. Two degree-of-freedom control configuration.

Experimental results are presented in Section VII.
Finally, conclusions are given in Section VIII.

Notation. A discrete-time linear system is denoted
as y(t) = M(q)u(t) with input signal u(t), output signal
y(t) and system M(q). The variable q denotes the
forward shift operator qu(t) = u(t+ 1). The impulse
response representation is given by

y(t) =

∞∑
k=−∞

mku(t− k), M(q) =

∞∑
k=−∞

mkq
−k,

(1)

with mk the impulse response parameters. For a
vector x, ||x||2W = xTWx. A positive-definite matrix
A is denoted as A � 0, while a positive-semidefinite
matrix A is denoted as A � 0. Furthermore, E(x) =∫∞
−∞ xf(x)dx with probability density function f(x),

and Ē(x) = limN→∞
1
N

∑N
t=1 E(x) withN the number

of samples ([23, Section 2.3]). The correlation
function based on N samples is denoted as R̂xy(τ) =
1
N

∑N
t=1 x(t)yT (t− τ), with x(t), y(t) ∈ Rn.

II. Problem definition

2.1. Preliminaries

The considered two degree-of-freedom control
configuration is shown in Figure 1. The true unknown
system P (q) is assumed to be discrete-time, single-
input single-output, and linear time-invariant, with
rational representation

P (q) =
B0(q)

A0(q)
, (2)

where B0(q), A0(q) are polynomials in q. The control
configuration consists of a given stabilizing feedback
controller Cfb(q), and a feedforward controller Cjff (q).
The index j denotes the jth task in a sequence of finite
time tasks of length N samples, where j = 1, 2, ...,M .

Let r(t) denote the reference signal. Furthermore,
wj(t) = H(q)εj(t) denotes an unknown disturbance,
where H(q) is monic, and

{
εj(t)

}
is normally

distributed white noise with zero mean and variance λ2ε.
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Here, wj(t) and r(t) are uncorrelated. The feedforward
signal is given by ujff (t), while the measured ejm(t),
yjm(t), and ujm(t) in task j are given by

ejm(t) = ejr(t)− ejw(t), yjm(t) = yjr(t) + yjw(t), (3)

ujm(t) = ujr(t)− ujw(t), (4)

with

ejr(t) = S(q)(1− P (q)Cjff (q))r(t), ejw = S(q)wj(t),

yjr(t) = S(q)P (q)C(q)r(t), yjw = S(q)wj(t),
ujr(t) = S(q)C(q)r(t),
ujw(t) = S(q)Cfb(q)w

j(t),

(5)

sensitivity function S(q) = (1 + P (q)Cfb(q))
−1, and

C(q) = Cfb(q) + Cjff (q). Since wj is an unknown
disturbance and P (q) is assumed to be unknown, ejr and
ejw (resp. yjr and yjw, ujr and ujw) cannot be determined
based on the measured signal ejm (resp. yjm, ujm).

The feedback controller Cfb(q) is assumed to be
designed such that ejw(t) is minimized, while the aim
of the feedforward controller Cjff (q) is to minimize
ejr(t). Recall that the disturbances wj(t) are assumed
to be stochastic with a certain spectrum. For the
considered wafer stage system, Cfb(q) is designed
to compensate for, e.g., amplifier noise [24], cable
slab, and commutation errors, which are the dominant
disturbances in such systems. The optimal result is
ejw(t) = εj(t), i.e., the error signal being white noise.
This can be achieved, e.g., using traditional PID tuning,
possibly with error-based retuning [25], and common
LQG control designs [26, Section 6.2]. In view of these
observations it is assumed that, similar to Assumption
1 in [17], Cfb(q) is designed such that S(q)H(q) = 1.
This corresponds to ejw(t) = εj(t).

2.2. A Rational Parametrization in Iterative
Feedforward Control

The goal in iterative feedforward control is to
improve the control performance by learning ujff (t)
based on data from previous tasks in a batch-to-
batch fashion [3]. The measured signals ejm(t), yjm(t),
and ujm(t), for t = 1, ..., N , in task j are stored in a
memory buffer. This batch of measured data is used to
determine Cj+1

ff (q) before starting task j + 1. Next, a
parametrization is defined for Cj+1

ff (q).

Definition 1 The feedforward controller Cff (q, θ)
parametrized in terms of a rational basis is given by

Crat =

{
Cff (q, θ)

∣∣∣∣∣Cff (q, θ) =
A(q, θ)

B(q, θ)
, θ ∈ Rna+nb

}
,

(6)

where

A(q, θ) =

na∑
i=1

ψi(q
−1)θi = ΨA(q)θA, (7)

B(q, θ) = 1 +

na+nb∑
i=na+1

ψi(q
−1)θi = 1 + ΨB(q)θB , (8)

with parameters θ = [θTA θTB ]T , and basis functions
Ψ(q) = [ΨA(q) ΨB(q)].

Typical approaches in iterative feedforward con-
trol, including [27, 3], employ Cff (q, θ) with a
polynomial basis, i.e.,B(q, θ) = 1. The parametrization
in Definition 1 in terms of a rational basis can
significantly enhance both control performance and
extrapolation properties towards varying tasks. To
illustrate this, consider the reference-induced error
ej+1
r (t, θj+1) in task j + 1 given by

ej+1
r (t, θj+1) = S(q)

(
1− P (q)Cj+1

ff (q, θj+1)
)
r(t),

(9)

which shows that ej+1
r (t, θj+1) = 0 for all t if

Cj+1
ff (q, θj+1) = P−1(q). Then, the performance i) is

optimal since ej+1
r (t, θj+1) = 0 and ii) is invariant

with respect to r(t). However, if Cj+1
ff (q, θj+1)

is parametrized in terms of a polynomial basis,
ej+1
r (t, θj+1) = 0 for all t is in many cases only

possible with a high-order polynomial A(q, θ). In
contrast, optimal control performance and extrapolation
properties are achievable for Cj+1

ff (q, θj+1) with a
rational basis for any P (q) as given by (2) with a limited
set of parameters. This is the key motivation to use a
rational basis.

2.3. An instrumental variable approach to iterative
feedforward control with a rational basis

In this paper, Cj+1
ff (q, θj+1) in Definition 1 is

determined according to the optimization problem

θ̂j+1 = arg min
θj+1

V (θj+1), (10)
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where the criterion V (θj+1) depends on the stored
signals ejm(t), yjm(t) and ujm(t) as measured in task j,
and the known reference r(t), for t = 1, ..., N .

Iterative feedforward control based on instrumen-
tal variables is pursued, as in, e.g., [13] and [28]. The
corresponding V (θj+1) is defined next.

Definition 2 The criterion V (θj+1) in iterative feedfor-
ward control based on instrumental variables is given
by

V (θj+1) =

∣∣∣∣∣
∣∣∣∣∣ 1

N

N∑
t=1

z(t)L(q)êj+1(t, θj+1)

∣∣∣∣∣
∣∣∣∣∣
2

W

, (11)

where z(t) ∈ Rnz are instrumental variables that are a
function of (derivatives of) r(t), W is a positive-definite
weighting matrix, nz ≥ nθ, L(q) is a prefilter, and the
predicted error êj+1(t, θj+1) in task j + 1 is given by

êj+1(t, θj+1) = ẽjm(t)− S(q)P (q)Cj+1
ff (q, θj+1)r(t),

(12)

with ẽjm(t) = ejm(t) + S(q)P (q)Cjff (q, θj)r(t).

The goal of this paper is to develop an
approach that results in unbiased estimates θj+1 with
optimal accuracy for Cj+1

ff with a rational basis. The
contribution of this paper is fivefold:

1. Section III: Show that the optimization prob-
lem (10) has in general no analytic solution θj+1

for Cff (q, θ) as in Definition 1;
2. Section IV: Derive expressions for the design

variables z(t), L(q) and W such that optimal
accuracy is obtained;

3. Section V: Develop a new algorithm that achieves
optimal accuracy for rational feedforward con-
trollers;

4. Section VI: A simulation study is presented to
confirm that the proposed approach in C3 results
in optimal accuracy in terms of variance;

5. Section VII: Experimentally validate the pro-
posed algorithm in C3 and confirm the advantages
of pre-actuation to improve the performance of a
wafer stage system.

III. Analysis of the optimization problem

In this section, an analysis is provided for the
optimization problem in (10) with criterion V (θj+1)
in (11). It is shown that this optimization problem
has in general no analytic solution θj+1 for a rational
parametrization of Cff (q, θ).

Recall from Section II that θ̂j+1 is determined
based on measured data from task j, without estimating
a model of P (q). To achieve this, the predicted error
êj+1(t, θj+1) as defined in (12) is expressed as

êj+1(t, θ̂j+1) =
1

B(q, θ̂j+1)
ẽjm(t)− ϕT (t, θ̂j+1)θ̂j+1,

(13)

where

ϕ(t, θ̂j+1) =
1

B(q, θ̂j+1)

[
ΨA(q)C−1(q)yjm(t)
−ΨB(q)ẽjm(t)

]
. (14)

A derivation of (13) is given in Section IX. Any
solution θ̂j+1 to the optimization problem posed in (10)
has to satisfy the necessary condition for optimality
∂V (θj+1)/∂θj+1 = 0, which is for V (θj+1) in (11)
equal to

R̂Tz∂W

(
1

N

N∑
t=1

z(t)L(q)êj+1(t, θ̂j+1)

)
= 0, (15)

where R̂z∂ = 1
N

∑N
t=1 z(t)L(q)∂ê

j+1(t,θ̂j+1)

∂θ̂j+1
, and

∂êj+1(t, θ̂j+1)

∂θ̂j+1
=

1

B(q, θ̂j+1)

[
−ΨA(q)C−1(q)yjm(t)

ΨB(q)A(q,θ̂j+1)

B(q,θ̂j+1)
C−1(q)yjm(t)

]T
.

(16)

A derivation of (16) is presented in Section IX. By
substituting (13) in (15) and rearranging terms, it
follows that

R̂Tz∂W
(
R̂zẽ − R̂zϕθ̂j+1

)
= 0, (17)

with

R̂zẽ =
1

N

N∑
t=1

z(t)L(q)
1

B(q, θ̂j+1)
ẽjm(t),

R̂zϕ =
1

N

N∑
t=1

z(t)L(q)ϕT (t, θ̂j+1),

(18)

and ϕ(t, θ̂j+1) as defined in (14). The optimality
condition (17) has in general no analytic solution
since R̂z∂ , R̂zẽ, and R̂zϕ all depend on θ̂j+1. For
the general case with a rational parameterization for
Cj+1
ff (q, θj+1), an iterative procedure can be used to

determine θ̂j+1, similar to pseudo-linear regression in
system identification [29]. Before developing such a
procedure in Section V, the accuracy properties of θ̂j+1

are analyzed in Section IV.

c© John Wiley and Sons Asia Pte Ltd and Chinese Automatic Control Society
Prepared using asjcauth.cls



F. Boeren: Optimal estimation of rational feedforward controllers 5

IV. Optimal accuracy for iterative feedforward
with a rational basis

In the previous section, an optimization problem
is described for iterative feedforward control with a
rational basis. Suppose that θ̂j+1 can be determined
based on (17) by means of an iterative procedure. Then,
it turns out that the statistical properties of θ̂j+1 depend
on z(t), L(q) and W as defined in Definition 2, as is
well-known in IV-based identification approaches, see,
e.g., [30]. This raises the question on how to select z(t),
L(q) and W such that unbiased estimates θ̂j+1 with
optimal accuracy are obtained for feedforward control
with a rational basis. This question will be investigated
in this section.

4.1. Asymptotic covariance matrix PIV

The asymptotic covariance matrix PIV is typically
used as a performance measure for the optimality of
θ̂j+1 in terms of accuracy, see, e.g., [31, 30]. Consider
the asymptotic distribution of θ̂j+1 in (17) given by

√
N
(
θ̂j+1 − θ0

)
dist−−→ N (0, PIV ), (19)

where θ0 is the asymptotic parameter estimate, defined
as the parameters such that ej+1

r (t, θ0) = 0 for all t.
Based on (9), this implies that

ej+1
r (t, θ0) = S(q)

(
1− P (q)Cj+1

ff (q, θ0)
)
r(t) = 0,

(20)

i.e., θ0 are the parameters such that Cj+1
ff (q, θ0) =

P−1(q). This corresponds to the optimal performance
achievable for feedforward control in the considered
control configuration. Under mild technical conditions
as in, e.g., [31, Chapter 7], it can be shown that θ̂j+1

is asymptotically normal distributed with covariance
matrix PIV given by

PIV = (RTz∂WRzϕ)−1RTz∂WJWTRz∂(RTz∂WRzϕ)−T ,
(21)

with Rz∂ = Ēz(t)L(q)∂ê
j+1(t,θ0)
∂θ0

, and

Rzϕ = Ēz(t)L(q)ϕTr (t, θ0),

J = λ2εĒ
[
L(q)

1

B(q, θ0)
z(t)

] [
L(q)

1

B(q, θ0)
z(t)

]T
,

(22)

with reference-induced part ϕr(t, θ0) of ϕ(t, θ0) in (14)
for θ0 given by

ϕr(t, θ0) =
1

B(q, θ0)

[
ΨA(q)C−1(q)yjr(t)
−ΨB(q)ẽjr(t)

]
, (23)

and ẽjr(t) = S(q)r(t). The covariance matrix PIV for a
rational basis is closely related to the covariance matrix
for a polynomial basis as described in [17, Section III].
The key difficulty introduced by using a rational basis
in feedforward control is the nonlinear term 1

B(q,θ0)
in

J and ϕr(t, θ0).
Finally, note that PIV in (21) holds for any z(t),

L(q), and W . Next, a lower bound is derived for PIV as
a function of z(t), L(q), and W . By reaching this lower
bound on PIV , optimal accuracy is obtained for iterative
feedforward control based on instrumental variables.

4.2. Lower bound for the covariance matrix PIV

Optimal accuracy is obtained if z(t), L(q) and W
are determined such that PIV in (21) is as small as
possible. Consider the following lower bound for PIV ,
i.e., PIV � P optIV , with optimal covariance matrix P optIV

given by

P optIV =λ2ε

[
Ē [B(q, θ0)ϕr(t, θ0)] [B(q, θ0)ϕr(t, θ0)]

T
]−1

(24)

with ϕr(t, θ0) as defined in (23).The optimal covariance
matrix P optIV is derived as in [17] for feedforward with
a polynomial basis, [31, Section 8.2] for open-loop
identification and [30] for closed-loop identification.

Equivalence between PIV and P optIV is obtained if
z(t), L(q) and W are designed as:

• zopt(t) = B(q, θ0)ϕr(t, θ0),
• Lopt(q) = 1,
• Wopt = I and nz = nθ.

This result follows by substituting zopt(t), Lopt(q) and
Wopt in (21).

By substituting ϕr(t, θ0) given in (23) in zopt(t), it
follows that

zopt(t) =

[
ΨA(q)C−1(q)yjr(t)
−ΨB(q)ẽjr(t)

]
. (25)

Recall from Section 4.1 that ẽjr(t) = S(q)r(t), and note
that ujr(t) as given in (5) can be rewritten as

S(q)r(t) = C−1(q)ujr(t), (26)
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by exploiting the commutative property of SISO
systems. Hence, it follows that ẽjr(t) = C−1(q)ujr(t).
By substituting this result in (25), the optimal
instruments zopt(t) are given by

zopt(t) = C−1(q)

[
ΨA(q)yjr(t)
−ΨB(q)ujr(t)

]
. (27)

Note that zopt(t) cannot be determined for unknown
P (q), as explained in Section 2.1. Since it is assumed
that P (q) is unknown, an approximate implementation
of zopt(t) is proposed in the next section to achieve
optimal accuracy.

4.3. Concluding remarks

In this section, it is shown that unbiased estimates
θ̂j+1 with optimal accuracy are obtained by selecting
z(t) as in (27), L(q) = 1, and W = I . Recall that
the statistical properties of θ̂j+1 are analyzed under
the assumption that θ̂j+1 can be determined from the
optimization problem in (10). The computation of θ̂j+1

is a non-trivial problem for iterative feedforward control
with a rational basis, see Section III. Therefore, as
mentioned in Section III, an iterative procedure is
proposed in Section V to determine θ̂j+1.

V. Towards optimal accuracy

In this section, an iterative scheme is proposed for
the computation of θ̂j+1 for rational feedforward that
attains optimal accuracy in terms of variance. By using
zopt(t) as given in (27), Lopt(q) = 1 and We,opt = I , the
optimality condition (17) becomes

R̂
opt
zẽ − R̂opt

zϕθ̂
j+1 = 0, (28)

where R̂opt
zẽ and R̂opt

zẽ follow from substituting zopt(t) and
Lopt(q) in (18) as

R̂
opt
zẽ =

1

N

N∑
t=1

zopt(t)
1

B(q, θ̂j+1)
ẽjm(t),

R̂opt
zϕ =

1

N

N∑
t=1

zopt(t)ϕ
T (t, θ̂j+1),

(29)

with ϕ(t, θ̂j+1) in (14) and ẽjm(t) = ejm(t) +
S(q)P (q)Cjff (q, θj)r(t). Similar to (17), the optimality
condition (28) has no analytic solution since R̂opt

zẽ , R̂
opt
zẽ

in (29) depends on θ̂j+1 through 1

B(q,θ̂j+1)
.

The use of the optimal instruments zopt(t) in (28)
introduces additional complexity in the computation of

θ̂j+1. To see this, recall from Section 2.1 that yjr(t)
and ujr(t) cannot be determined based on the measured
ejm(t), yjm(t), ujm(t) and known r(t) without estimating
a model of P (q). Hence, zopt(t) in (17) needs to
be approximated in the pursued data-driven approach.
Next, an iterative scheme is presented that exploits
approximate implementations of ϕ(t, θ̂j+1) and zopt(t)

to determine θ̂j+1 with optimal accuracy.

5.1. Refined instrumental variable estimation

The rationale of the proposed iterative scheme
is to solve (28) by means of a sequence of convex
optimization problems. To this end, introduce an
auxiliary index i, i.e., θ̂j+1

<i> and θ̂j+1
<i−1>, and define the

approximate implementation of ϕ(t, θ̂j+1), denoted as
ϕ<i>(t, θ̂j+1

<i−1>), as

ϕ<i>(t) =
1

B(q, θ̂j+1
<i−1>)

[
ΨA(q)C−1(q)yjm(t)
−ΨB(q)ẽjm(t)

]T
,

(30)

while an approximate implementation of the optimal
instruments zopt(t), denoted as zp,<i>(t, θ̂j+1

<i−1>), yields

zp,<i>(t, θ̂j+1
<i−1>) =

C−1<i>(q)

[
ΨA(q)r(t)

−ΨB(q)Cj+1
ff,<i>(q, θ̂j+1

<i−1>)r(t)

]
,

(31)

where C−1<i>(q) = (Cfb(q) + Cj+1
ff,<i>(q, θ̂j+1

<i−1>))−1.

By replacing ϕ(t, θ̂j+1) and zopt(t) in the optimality
condition (29) by (30) and (31), respectively, it follows
that θ̂j+1

<i> is the solution to

θ̂j+1
<i> = (R̂

opt
zϕ,<i>)−1R̂

opt
zẽ,<i>, (32)

in iteration i of the iterative scheme, with

R̂
opt
zẽ,<i> =

1

N

N∑
t=1

zp,<i>(t, θ̂j+1
<i−1>)

1

B(q, θ̂j+1
<i−1>)

ẽjm(t),

(33)

R̂
opt
zϕ,<i>=

1

N

N∑
t=1

zp,<i>(t, θ̂j+1
<i−1>)ϕT<i>(t, θ̂j+1

<i−1>).

(34)

Since θj+1
<i−1> is known in iteration i of the iterative

scheme, (32) has an analytic solution θ̂j+1
<i>. Upon

convergence of the iterative scheme, ϕ<i>(t, θ̂j+1
<i−1>)

and zp,<i>(t, θ̂j+1
<i−1>) approximate (14) and (27),

respectively.
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5.2. Proposed algorithm

The proposed algorithm to determine θ̂j+1 is
presented in Algorithm 1.

Procedure 1 Determine θ̂j+1 with optimal accuracy

1. Initialize θ̂j+1
<i−1> = θj .

2. Construct

Cj+1
ff,<i>(q, θ̂j+1

<i−1>) =
A(q, θ̂j+1

A,<i−1>)

B(q, θ̂j+1
B,<i−1>)

. (35)

3. Construct ϕ<i>(t, θ̂j+1
<i−1>) as in (30) and

instruments zp,<i>(t, θ̂j+1
<i−1>) as in (31).

4. Solve θ̂j+1
<i> according to (32).

5. Set i→ i+ 1 and repeat from Step b) until a
stopping criterion is met.

Even though global convergence of the algorithm
is not guaranteed, practical use has showed that
convergence (to a local or the global optimum) is
generally good. These observations are in accordance
with the convergence properties of similar algorithms
in system identification [29].

Finally, Algorithm 1 is absorbed in a procedure to
determine Cj+1

ff (q, θj+1) for the optimization problem
(10) based on the IV criterion V (θj+1) in (11). This
design procedure implements the main contribution of
this paper, and is given next.

Procedure 1 Estimation of Cj+1
ff (q, θ̂j+1) after task j:

1. Measure ejm(t) and yjm(t) for t = 1, ..., N , in
the jth task with Cjff (q, θj) implemented as
feedforward controller;

2. Algorithm 1: Refine zp,<i>(t) and ϕ<i>(t) and
determine θ̂j+1

<i>;
3. Set θ̂j+1 = θ̂j+1

<i>;

4. Construct Cj+1
ff (q, θ̂j+1) =

A(q, θ̂j+1)

B(q, θ̂j+1)
to deter-

mine uj+1
ff = Cj+1

ff (q, θ̂j+1)rj+1.
5. Set j → j + 1 and go to Step 1.

5.3. Implementation aspects

Constructing ϕ<i>(t, θ̂j+1
<i−1>) in (30),

and zp,<i>(t, θ̂j+1
<i−1>) in (31) can potentially

involve filtering by an unstable B−1(z, θ̂j+1
<i−1>),

Cff,<i>(z, θj+1
<i>), and C−1<i>(z). Then, filtering

forward in time leads to unbounded zp,<i>(t, θ̂j+1
<i−1>)

and ϕ<i>(t, θ̂j+1
<i−1>). In this section, a stable inversion

approach is proposed that can be directly used to deal
with possible instability of B−1(z, θ̂j+1

<i−1>), C−1<i>(z),
and Cff,<i>(z, θj+1

<i>) in computing (30), and (31).
Furthermore, the stable inversion approach in this

section can also be used to determine the feedforward
signal uj+1

ff in Procedure 1 for unstable Cff (z, θj+1),
under the assumption that r is known beforehand and
is bounded. This is a typical assumption in motion
systems, including the considered wafer stage system.

Next, the proposed stable inversion approach is
sketched as used to determine the feedforward signal
uj+1
ff . A detailed derivation of this approach is presented

in [13, Appendix A]. Let θj+1 be determined according
to Algorithm 1. Then, Cff (q, θj+1) follows from
Definition 1 together with the underlying transfer
function Cff (z, θj+1). If Cff (z, θj+1) is unstable, a
bounded uj+1

ff cannot be constructed when filtering
forward in time. By decomposing uj+1

ff into

uj+1
ff = Cstff (z, θj+1)rj+1 + Cunff (z, θj+1)rj+1, (36)

whereCstff (z, θj+1) andCunff (z, θj+1) contain the stable
and unstable dynamics, respectively. By means of
stable inversion the unstable dynamics Cunff are filtered
in backward time with suitable boundary conditions.
Detailed state-space expressions for Cstff and Cunff are
given in [13, Appendix A]. As a result, a bounded uj+1

ff

is computed. Along similar lines, ϕ<i>(t, θ̂j+1
<i−1>) in

(30), and zp,<i>(t, θ̂j+1
<i−1>) in (31) can be constructed

when B−1(z, θ̂j+1
<i−1>) and/or Cff,<i>(z, θj+1

<i>), and/or
C−1<i>(z) is unstable.

The key benefit of stable inversion for feedforward
is that pre-actuation is possible through Cunff , i.e., the
feedforward uj+1

ff starts before initiating the motion
task due to a noncausal implementation of rational
feedforward. Simulation results have indicated that pre-
actuation can potentially improve performance, see,
e.g., [32, 33, 19]. In this paper, the benefits of stable
inversion are demonstrated on the wafer stage system in
Figure 6.
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Fig. 2. Reference trajectory r(t).

VI. Simulation example

The system P (q) and feedback controller Cfb(q)
are given by

P (q) =
1.032× 10−5

(
1− 1.981q−1 + 0.9888q−2

)
(1− q−1) (1− 1.927q−1 + 0.9565q−2)

,

(37)

Cfb(q) =
305.8q−1 − 604.4q−2 + 299.7q−3

1− 2.721q−1 + 2.461q−2 − 0.7396q−3
.

(38)

The disturbance wj(t) is given by wj(t) = H(q)εj(t),
where

{
εj(t)

}
is normally distributed white noise with

zero mean and standard deviation λε = 5.0× 10−8.
Furthermore,H(q) is determined such that S(q)H(q) =
1. The closed-loop system is excited by the fourth-
order reference trajectory r(t) depicted in Fig. 2. The
feedforward controller Cff (q, θ) is parametrized as in
Definition 1, with basis functions

ΨA(q) =
[
ψ1 ψ2 ψ3

]
, ΨB(q) =

[
ψ4 ψ5

]
,

(39)

with

ψ1 = ψ5 =

(
1− q−1
Ts

)2

, ψ2 =

(
1− q−1
Ts

)3

,

ψ3 =

(
1− q−1
Ts

)4

, ψ4 =

(
1− q−1
Ts

)
,

(40)

parameters θ = [θTA, θ
T
B ]T , and Ts = 4.0× 10−4 s.

Since P (q) is known in this simulation example,
it is possible to i) determine the true parame-
ters θ0 such that ej+1

r (t) = 0 for all t = 1, ..., N ,
and ii) construct the optimal instruments zopt(t)
as defined in (27). The true parameters θ0 are
given by θ0 = [6.0× 10−2, 1.091× 10−5, 3.068×
10−7, 1.818× 10−4, 2.046× 10−5]T . The param-
eter estimates obtained with zopt(t) are used as a

0.8 0.9 1 1.1 1.2 1.3

x 10
−5

0

0.5

1

θ̂2

C
D

F

1.4 1.6 1.8 2 2.2

x 10
−4

0

0.5

1

θ̂4

Fig. 3. The cumulative normal distribution function corresponding
to θ̂2 (left) and θ̂4 (right) determined based on m = 200
realizations shows that the standard deviation of these parameters
is significantly smaller for the optimal IV-based method
with zp,<3>(t, θ1<2>) (dashed green) when compared to
zp,<1>(t, θ1<0>) (red).

1.812 1.818 1.824

x 10
−4

θ̂4

1.812 1.818 1.824

x 10
−4

θ̂4

Fig. 4. The normal distribution of θ̂4 corresponding to the results
obtained with the proposed approach based on zp,<3>(t, θ1<2>)

(left) tends to the distribution obtained by using zopt(t) (right),
i.e., optimal accuracy is approximated with the proposed
approach.

benchmark for the proposed approach in Algorithm 1
based on zp,<i>(t, θj+1

<i−1>). The number of compu-
tational iterations for the proposed approach is given
by K = 3, with corresponding instruments denoted
as zp,<3>(t, θj+1

<2>). To demonstrate the advantages
of refining zp,<i>(t, θj+1

<i−1>) and ϕ<i>(t, θj+1
<i−1>),

additional simulations are performed with instruments
zp,<1>(t, θj+1

<0>) where K = 1.
For all considered approaches, a Monte Carlo

simulation is performed withm = 200 realizations. The
number of tasks in each realization is equal to M = 1,
and the initial parameters in each realization are set to
θ0 = [5.4× 10−2 0 0 0 0]T . Furthermore, the sample
mean in task j is defined as

θ̄j =
1

m

m∑
l=1

θ̂jl , (41)

where θ̂jl are the parameter estimates in the lth

realization. The worst-case error over all realizations
is denoted e1wc(t, θ

1
wc), where θ1wc is defined as the

parameter vector such that V (θ1wc) ≥ V (θ1l ) for l =
1, ...,m.
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Table 1. Mean and standard deviation of θ̄ confirm that the standard deviation for the proposed instruments with iterations
zp,<3>(t, θ1<2>) is almost equal to the standard deviation obtained with the optimal instruments zopt(t), while for the proposed
instruments without iterations zp,<1>(t, θ1<0>) the standard deviation is typically a factor 102 larger than for zp,<3>(t, θ1<2>).

True Value Linear zp,<1>(t, θ1<0>) Proposed zp,<3>(t, θ1<2>) Optimal zopt(t)

θ̄1 6.0× 10−2 6.0× 10−2 ± 3.9× 10−6 6.0× 10−2 ± 2.9× 10−8 6.0× 10−2 ± 2.8× 10−8

θ̄2 1.1× 10−5 1.1× 10−5 ± 1.3× 10−6 1.1× 10−5 ± 1.6× 10−8 1.1× 10−5 ± 1.5× 10−8

θ̄3 3.1× 10−7 3.1× 10−7 ± 5.7× 10−9 3.1× 10−7 ± 3.4× 10−11 3.1× 10−7 ± 3.3× 10−11

θ̄4 1.8× 10−4 1.8× 10−4 ± 2.0× 10−5 1.8× 10−4 ± 2.5× 10−7 1.8× 10−4 ± 2.3× 10−7

θ̄5 2.0× 10−5 2.0× 10−5 ± 7.2× 10−8 2.0× 10−5 ± 3.5× 10−10 2.0× 10−5 ± 3.4× 10−10

The results of the Monte Carlo simulation study
are presented in Table 1, and Figure 3-4. The following
observations are made:

1. Unbiased estimates of θ0, i.e. θ̄ = θ0, are obtained
by all approaches. This shows that the considered
IV-based approaches lead to unbiased estimates.

2. The standard deviation of θ̄ is significantly
smaller for the optimal IV-based iterative pro-
cedure with zp,<3>(t, θ1<2>) when compared
to zp,<1>(t, θ1<0>). This confirms that the
proposed algorithm to refine zp,<i>(t, θj+1

<i−1>)

and ϕ<i>(t, θj+1
<i−1>) enhances the accuracy

of the parameters in terms of variance when
compared to the linear procedure.

3. The standard deviation of θ̄ for the design
procedure with zp,<3>(t, θ1<2>) closely approx-
imates that of the iterative procedure with
optimal instruments zopt(t). This confirms that
the iterative design procedure achieves optimal
accuracy of the parameters.

Finally, the connection between accuracy of the
estimated parameters and control performance is ana-
lyzed for the considered simulation example. Figure 5
illustrates that the worst-case error signal e1wc(t, θ

1
wc)

with instruments zp,<1>(t, θ1<0>) (top) is significantly
deteriorated compared to zp,<3>(t, θ1<2>) (bottom).
This shows that Algorithm 1 can significantly improve
the control performance by refining zp,<i>(t, θj+1

<i−1>)

and ϕ<i>(t, θj+1
<i−1>).

VII. Experimental results

In this section, the developed approach in this
paper is applied to the wafer stage system that is
depicted in Figure 6 and Figure 7. The wafer stage
is controlled in all six motion degrees-of-freedoms

0 0.2 0.4 0.6
−200

0

200

e 
[µ

m
]

0 0.2 0.4 0.6

−1.5

0

1.5

e 
[µ

m
]

time [s]

Fig. 5. Simulation results: The worst-case error signal e1wc(t) shows
that the control performance with instruments zp,<1>(t, θ1<0>)

(green) is significantly worse compared to zp,<3>(t, θ1<2>)
(red). This confirms that the iterative algorithm to refine
zp,<i>(t, θj+1

<i−1>) and ϕ<i>(t, θj+1
<i−1>) can significantly

improve performance.

(DOFs). The actuation system consists of moving-
coil permanent magnet planar motors, see [34] for the
underlying principle. A key advantage of this actuation
system is that it enables contactless operation of the
wafer stage, i.e., friction is eliminated. This facilitates
high positioning performance since friction is typically
a dominant disturbance in motion control.

The measurement systems consists of laser
interferometers that are connected to the metrology
frame in conjunction with mirror blocks on the wafer
stage. As a result, high accuracy position measurements
are obtained in all six motion DOFs. In particular,
subnanometer measurement accuracy is available in
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Fig. 6. Photograph of the A7 wafer stage, with 1©: metrology frame,
2©: wafer stage, 3©: airmount.

1©

2©

4©

3©

5©

Fig. 7. Detail photograph of the A7 wafer stage, with 1©: mirror block,
2©: wafer stage, 3©: guardrail, 4©: magnet coil, 5©: stator.

the translational DOFs. The control configuration is
implemented with a sampling frequency of 2.5 kHz.

7.1. Control configuration and reference signal
design

The developed approach for feedforward control
is applied to the x-direction of the system, which is
the long-stroke direction of the motion system depicted
in Figure 6. A stabilizing, multivariable feedback
controller is designed and implemented for all six DOFs
by means of sequential loop-shaping, as explained in
[35, Section 10.6]. By closing the control loops for
the y, z, Rz , Ry, an Rx DOFs, an equivalent single-
input, single-output system can be determined for the
x-direction. The frequency response function estimate
of this system is depicted in Figure 8, and shows that
the system behaves like a rigid-body up to a frequency
of 200 Hz, while the first flexible mode of the system

10
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−100

M
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ni
tu
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 [d

B
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Frequency [Hz]

Fig. 8. Frequency response function of the considered system P (q) in
x-direction.

appears at 218 Hz. The feedback controller Cfb for the
x-direction achieves a bandwidth (defined as the lowest
frequency for which |CfbP | = 1) of 80 Hz.

The 4th-order reference trajectory r used in the
experiments is depicted in Figure 9. This reference
trajectory reflects a typical point-to-point motion
profile performed by the considered motion system. In
addition, the velocity, acceleration, jerk, and snap, i.e.,
the 1st, 2nd, 3rd, and 4th derivative of r, are also shown
in Figure 9.

7.2. Parametrization feedforward controller

The feedforward controller Cff (q, θ) is
parametrized as in Definition 1, with basis functions

ΨA(q) =
[
ψ1 ψ2 ψ3 ψ4

]
,

ΨB(q) =
[
ψ5 ψ6 ψ7

]
,

(42)

with

ψ1 = ψ5 =

(
1− q−1
Ts

)
, ψ3 =

(
1− q−1
Ts

)4

,

ψ2 = ψ6 =

(
1− q−1
Ts

)2

, ψ4 =

(
1− q−1
Ts

)5

,

ψ7 =

(
1− q−1
Ts

)3

,

(43)

parameters θ = [θTA, θ
T
B ]T , and Ts = 4.0× 10−4 s.

Note that for this parametrization for Cff (q, θ) it
holds that

Cff (q, θ)|q=1 = 0, (44)

i.e., the static gain of Cff (q, θ) is equal to zero. As
a result, the feedforward signal uff is equal to zero
when the system is in stand-still. This is a desired
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Fig. 9. Position r(t), velocity v(t), jerk j(t), and snap s(t) of the servo
task.
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Fig. 10. The two-norm of the measured error ejm(t) as a function of
tasks shows that the optimal-IV method (dashed green) is one-
shot correct, while the linear-IV method (red) requires 4 tasks to
converge.

property for motion systems with rigid-body dynamics.
Furthermore, recall that the considered experimental
setup operates contactless. Friction, which is often
performance-limiting in motion systems, is not present
in the system. Therefore, friction feedforward is not
included in Cff (q, θ).

7.3. Experimental comparison of design of
instruments

In this section, the first of the two key experimental
results of this paper are presented. Ten tasks are
performed on the x-direction of the wafer stage system
in Figure 6, with r as depicted in Figure 9. The
measured error signal ejm(t) and output signal yjm
are stored after each task, and consequently used to
update Cjff (q, θj) before initiating the next task. To
initialize Procedure 1, C0

ff (q, θ0) has parameters θ0 =

[0 25 0 0 0 0 0]T .
To demonstrate the advantages of refining

ϕ<i>(t, θj+1
<i−1>) in (30) and zp,<i>(t, θj+1

<i−1>) in (31)
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Fig. 11. Experimental results: The error signal e1m(t) in task j = 1
shows that the servo performance obtained with the optimal-
IV method (green) significantly outperforms the performance
obtained with the linear-IV method (red).

10
1

10
2

10
3

0

0.6

1.2
x 10

−6

C
P

S
(e

) 
[m

2 ]

Frequency [Hz]

Fig. 12. Experimental results: The cumulative power spectrum of
e1m(t) in task j = 1 shows the performance improvement of
the optimal-IV method (dashed green) compared to the linear-IV
method (red).

as proposed in Algorithm 1, two sets of experiments
are performed. First, based on ejm(t) and yjm as
measured in task j, Algorithm 1 is invoked, where
five computational iterations are required to converge
to a stationary point. The results of this approach are
furthermore referred to as the optimal-IV method.
Second, experiments are performed where the number
of computational iterations is given by K = 1. For this
case, Algorithm 1 becomes equal to a linear procedure.
Therefore, this approach is referred to as the linear-IV
method.

The two-norm of the measured error signal ejm(t)
in tasks j = 0, 1, ..., 9 for both the optimal-IV and
linear-IV method is depicted in Figure 10. In addition,
e1m(t) is shown in Figure 11 for both the optimal-IV and
linear-IV method, while the corresponding cumulative
power spectrum (CPS) is shown in Figure 12. The
following observations are made:

1. After convergence, both approaches achieve
similar performance in terms of ‖ejm(t)‖22.

2. The optimal-IV approach is one-shot correct, i.e.,
converges in a single task, while the linear-IV
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Fig. 13. Experimental results: Feedforward signal u5ff (t) in task j =
5 for a rational parametrization of the feedforward controller
(dashed green), and the polynomial parametrization (red).

approach requires 4 tasks to converge. This is
contributed to the computational iterations, which
speed up the convergence process in terms of
iterative tasks.

3. The measured error signal e1m(t) for the
optimal-IV approach still contains a significant
deterministic component. This is contributed to
position-dependent dynamics that is present in the
system, but not included in the parametrization
of Cff (q, θ). It is expected that the performance
can be improved by extending the set of basis
functions to include this dynamical behavior.

7.4. Pre-actuation via noncausal stable inversion

To illustrate the benefits of pre-actuation for the
considered wafer stage system, the servo performance
obtained with the rational parametrization presented in
Section 7.2 is compared to the performance obtained
with a polynomial feedforward controller. Therefore, a
feedforward controller Cff,pol(q, θ) with a polynomial
basis is parametrized as in Definition 1 withB(q, θ) = 1
and basis functions

ΨA(q) =
[
ψ1 ψ2 ψ7 ψ3 ψ4

]
, (45)

with ψ1, ψ2, ψ3, ψ4, and ψ7 as in (43), parameters θTA,
and Ts = 4.0× 10−4 s. To determine the parameters
of the rational feedforward controller, the optimal-IV
method is used as explained in Algorithm 1, where five
computational iterations are performed to converge to
a stationary point. The parameters of the polynomial
feedforward controller are determined according to
[17], where three computational iterations are required
for convergence of the algorithm.

The feedforward signal uj+1
ff used in task j + 1

is determined for the rational parametrization as in
Section 5.3. Figure 13 and Figure 14 clearly show
that u5ff in task j = 5 corresponding to the rational
parametrization introduces pre-actuation, i.e., u5ff starts
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Fig. 14. Experimental results: The rational parametrization of the
feedforward controller (green) enables pre- and post-actuation
of the wafer stage system, while the polynomial parametrization
(red) only generates post-actuation. The start and end times of the
motion task are indicated by black dashed dotted lines.

before initiating the motion task at t = 0.05 [s]. This can
directly be contributed to the noncausal stable inversion
technique used to determine u5ff . The benefits of pre-
actuation for the considered system are also visible
in Figure 11, which shows a significant performance
improvement of rational feedforward when compared
to polynomial feedforward.

VIII. Conclusions

In this paper, a new approach is developed that
extends iterative feedforward control approaches to
feedforward controllers with a rational parametrization.
This approach enables high control performance and
enhances extrapolation capabilities towards varying
tasks for the general class of systems described by
a rational model. As a special case, polynomial
feedforward is recovered, as in [13, 17]. Unbiased
estimates with optimal accuracy are obtained by
using an instrumental variable framework. An explicit
expression for the asymptotic covariance matrix
is derived and subsequently used to determine
instruments that result in optimal accuracy. Simulation
and experimental results confirm that the proposed
algorithm leads to optimal accuracy and improved
performance. Furthermore, it is shown that pre-
actuation can significantly improve servo performance
for a wafer stage system.

Ongoing research focuses on extensions to
position-dependent systems, optimal input design [36],
and inferential control [37]. The focus of this paper
is on the development of the approach with detailed
derivations and an experimental verification. Further
experimental results, including a comparison to ILC
with basis functions [11, 38], are given in [21].
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31. T. Söderström and P. Stoica, System Identification.
Prentice Hall, Hemel Hempstead, UK, 1989.

32. T. Sogo, “On the equivalence between stable
inversion for nonminimum-phase systems and
reciprocal transfer functions defined by the two-
sided Laplace transform,” Automatica, vol. 46,
no. 1, pp. 122–126, 2010.

33. S. Devasia, “Time-optimal control with pre/post
actuation for dual-stage systems,” IEEE Transac-
tions on Control, vol. 20, no. 2, pp. 323–334, 2012.

34. J. Compter, “Electro-dynamic planar motor,”
Precision Engineering, vol. 28, no. 2, pp. 171–
180, 2004.

35. S. Skogestad and I. Postlethwaite, Multivariable
Feedback Control: Analysis and Design, 2nd ed.
John Wiley & Sons, West Sussex, UK, 2005.

36. S. Formentin, A. Karimi, and S. M. Savaresi,
“Optimal input design for direct data-driven tun-
ing of model-reference controllers,” Automatica,
vol. 49, no. 6, pp. 1874–1882, 2013.

37. T. Oomen, E. Grassens, and F. Hendriks,
“Inferential motion control: Identification and
robust control framework for positioning an

unmeasurable point of interest,” IEEE Transac-
tions on Control Systems Technology, vol. 23,
no. 4, pp. 1602–1610, 2015.

38. J. van Zundert, J. Bolder, and T. Oomen,
“Optimality and flexibility in iterative learning
control for varying tasks,” Automatica, vol. 67, pp.
295–302, 2016.
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IX. Appendix A: Derivation of the predicted
error

Start by noting that the commutative property of
SISO systems enables rewriting yjm(t) in (4) as

yjm(t) = (Cfb(q) + Cjff (q))S(q)P (q)r(t) + S(q)wj(t).

(46)

By defining C = Cfb(q) + Cjff (q), and rearranging
terms it follows that

C−1yjm(t) = S(q)P (q)r(t) + C−1S(q)wj(t). (47)

Then, an unbiased estimator for S(q)P (q)r(t), i.e.,
EŜP r = S(q)P (q)r(t) is given by

ŜP r = C−1(q)yjm(t). (48)

This result follows by using (48) in (47) and taking the
expectation to obtain

EŜP r = E
{
S(q)P (q)r(t) + C−1S(q)wj(t)

}
. (49)

Since r(t) is deterministic, ES(q)P (q)r(t) =
S(q)P (q)r(t). Furthermore, for wj(t) as defined
in Section 2.1, it is immediately clear that
EC−1S(q)wj(t) = 0, see, e.g., [39, Lemma 4.1].
Hence, (49) is equivalent to

EŜP r = S(q)P (q)r(t), (50)

implying that ŜPr is an unbiased estimator of
S(q)P (q)r(t). Inspired by (50), an approach to
eliminate S(q)P (q) from (12) is given by

êj+1(t, θj+1) = ẽjm(t)− Cj+1
ff (q, θj+1)C−1(q)yjm(t),

(51)

with

ẽjm(t) = ejm(t) + Cjff (q, θj)C−1(q)yjm(t). (52)
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By using Cj+1
ff (q, θj+1) from Definition 1 in (51) it

follows that

êj+1(t, θj+1) = ẽjm(t)− A(q, θj+1)

B(q, θj+1)
C−1(q)yjm(t),

(53)

which is equivalent to

êj+1(t, θj+1)=
B(q, θj+1)

B(q, θj+1)
ẽjm(t)−A(q, θj+1)

B(q, θj+1)
C−1(q)yjm(t).

(54)

By using B(q, θj+1) = 1 + ΨB(q)θj+1
B , it holds that

êj+1(t, θj+1) =
1

B(q, θj+1)
ẽjm(t) +

ΨB(q)θj+1
B

B(q, θj+1)
ẽjm(t)

−A(q, θj+1)

B(q, θj+1)
C−1(q)yjm(t),

(55)

which is equal to (13), by substituting A(q, θj+1) =
ΨA(q)θj+1

A , and collecting the latter two terms of (55)
in ϕ(t, θj+1) as in (14).

The derivative of êj+1(t, θj+1) in (55) is given by

∂êj+1(t, θj+1)

∂θj+1
=
[

∂êj+1(t,θj+1)

∂θj+1
A

∂êj+1(t,θj+1)

∂θj+1
B

]
,

(56)

where

∂êj+1(t, θj+1)

∂θj+1
A

= − 1

B(q, θj+1)
ΨA(q)C−1(q)yjm(t),

(57)

and

∂êj+1(t, θj+1)

∂θj+1
B

=
−ΨB(q)

B2(q, θj+1)
ẽjm(t) +

ΨB(q)B(q, θj+1)−ΨB(q)ΨB(q)θj+1

B2(q, θj+1)
ẽjm(t)

+
ΨB(q)A(q, θj+1)

B2(q, θj+1)
C−1(q)yjm(t)

=

[
−ΨB(q)

B2(q, θj+1)
+

ΨB(q)
(
1 + ΨB(q)θj+1

)
−ΨB(q)ΨB(q)θj+1

B2(q, θj+1)

]
ẽjm(t)

+
ΨB(q)A(q, θj+1)

B2(q, θj+1)
C−1(q)yjm(t)

=

[ −ΨB(q)

B2(q, θj+1)
+

ΨB(q)

B2(q, θj+1)

]
ẽjm(t) +

A(q, θj+1)

B2(q, θj+1)
C−1(q)yjm(t)

=
1

B(q, θj+1)
ΨB(q)

A(q, θj+1)

B(q, θj+1)
C−1(q)yjm(t).

(58)
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