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Introduction

Chapter 1

Introduction
1.1

Developments in the manufacturing of semiconductors

To be competitive in a global market, accurate and fast motion positioning is
of critical importance in semiconductor manufacturing. For example, nanometer positioning accuracy is demanded in wafer scanners, while rapid motion
is necessary to maximize throughput [118]. Similarly, die- and wire-bonding
equipment are also subject to challenging positioning accuracy and throughput
requirements. Further advances are essential in the design and development of
manufacturing equipment to meet future requirements on positioning accuracy
and throughput in the semiconductor industry, as well as in similar high-tech
industries.
The manufacturing sector has traditionally driven productivity, export, and
innovation in developed economies, while it has helped to drive economic growth
and rising living standards in developing economies [117]. To compete on global
markets with fierce competition and rapid innovation, both developed as well as
developing economies are investing heavily in building, improving, and revitalizing their domestic manufacturing sectors [91, 109, 171]. The primary motivation
for such public investments is that the majority of research and development activities (R&D) in companies is related to manufacturing, see Figure 1.1. For
example, in the Netherlands, the top 7 most-spending companies in R&D are all
manufacturing companies [35]. Public investments in advanced manufacturing
can be used to attract and support R&D investments of these companies, thereby
increasing productivity and innovation in the domestic manufacturing sector.
In the long term, a loss of domestic manufacturing activities can potentially
undermine the capacity to invent, innovate and compete in global markets, as
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Manufacturing

All other sectors

Value added (GDP), 2010

16

84

Employment, 2006

14

86

Exports, 2010
Private sector R&D, 2008

70
77

30
23

Fig. 1.1. The manufacturing sector contributes disproportionately to exports
and innovation in developed economies [117].

is claimed in, e.g., [141]. A very clear example in a related field is rechargeablebattery manufacturing for electric cars [140]. In the last decades, the majority of
innovations for rechargeable batteries has been driven by increasing demands of
consumer electronics products in terms of more computing power and tighter
packaging. Since the consumer electronics industry has been outsourced to
Asia decades ago, innovation and manufacturing of high-density, rechargeable
batteries has predominantly been conducted by Asian companies. By transferring this knowledge obtained in the consumer electronics industry, this has
led to a competitive advantage compared to European and US companies in
the rechargeable-battery manufacturing for electric cars. For instance, the batteries used in electric cars of the U.S.-based company Tesla are designed and
manufactured by the Japanese company Panasonic. This example illustrates
that the short-term cost advantage of outsourcing manufacturing can lead to
a reduction of domestic research and development activities in the long term.
Significant investments and a long time commitment are often required to revitalize outsourced industries and R&D activities. Thus, advanced manufacturing
is essential to create and retain research and development jobs.1
In the Netherlands, a significant part of R&D activities is driven by the design, development, and manufacturing of equipment for different manufacturing
1 Improvements in technology result not necessarily in the creation of manufacturing jobs.
Even though technology can enhance productivity and makes societies wealthier, rapid technological change can destroy many types of jobs faster than creating new jobs, see, e.g, [39].
According to a recent study, 47 % of all jobs in the USA can be automated [69]. This development gives rise to a significant earnings inequality between jobs that require higher education
and cognitive ability, and less educated workers in production, clerical, and administrative
support functions [6].

1.2 Improving servo performance through motion control

5

stages in the semiconductor industry [35]. Innovation is the key competitive
enabler in this industry, as characterized by a significant percentage of net sales
dedicated to R&D. For example, the Dutch company ASML, a key supplier of
equipment to manufacture semiconductors, spent 18% of net sales on R&D in
2014 [35]. These significant R&D expenses have stimulated the employment
of highly skilled scientists and engineers from different backgrounds, a dedicated supply chain ecosystem, and established strong ties between industry and
universities. The government of the Netherlands has acknowledged that the
semiconductor industry is important for domestic research and development activities and advanced manufacturing. Therefore, via NWO (The Netherlands
Organisation for Scientific Research), STW (Dutch Science Foundation), the
topsector High-Tech Systems and Materials (HTSM) and similar initiatives, the
government of the Netherlands is co-investing with industry in applied research
for the semiconductor industry. The motivation for this public investment is
to maintain and extend the competitive advantage of the Dutch semiconductor
industry, and use available knowledge to drive innovation in other sectors. For
example, additive manufacturing is a relatively new manufacturing approach
that received significant interest in recent years, and can possibly benefit from
the available knowledge and innovations in the semiconductor industry.
For semiconductor manufacturing equipment, a significant R&D effort is dedicated to high-precision positioning systems. Accurate and fast positioning is
of critical importance for economic viability of, e.g., wafer scanners and wirebonding equipment. For example, a high positioning accuracy is required in
wafer scanners to produce integrated circuits (IC) with extremely small features,
enabling the validity of Moore’s law [123]. Also, fast positioning is necessary to
maximize the machine throughput [118]. Similar arguments hold for die- and
wire-bonding equipment (on a slightly different scale since costs considerations
are more stringent). To achieve these extreme requirements on accuracy and
throughput, an integrated approach is required to obtain an optimized design in
terms of positioning accuracy, cost, reliability, manufacturability and serviceability. A typical design cycle of positioning systems involves mechanics, electronics, control theory, and computer science, and combines all these technologies to
achieve optimal system functionality [151].

1.2

Improving servo performance through motion control

Control is essential for high performance operation of positioning systems [167,
53, 118]. Essentially, a control system for a positioning system is based on
three basic ingredients. First, sensors are used to measure the actual position of
the system. Second, a controller compares the actual position with the desired
position, and determines what force is required to move the system closer to the
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Fig. 1.2. Control setup: Plant P , feedback controller Cf b , feedforward controller Cf f , input shaper Cy , reference trajectory r, error signal e, feedforward
signal uf f , output disturbance w, and output signal y.

desired position. Third, the required force is generated by means of an actuator,
and applied to the positioning system. Both the actuation and measurement
of the positioning system are performed in six degrees-of-freedom, i.e., three
translational and three rotational directions.
Consider the typical control configuration as depicted in Figure 1.2, which
consists of an input shaper Cy , feedforward controller Cf f , and feedback controller Cf b . The servo error e is given by
e = S(Cy − P Cf f )r − Sw,

(1.1)

with sensitivity function S = (I + P Cf b )−1 . High servo performance for a
positioning system is obtained if e is minimized (in an appropriate sense) for a
reference trajectory r. From (1.1) it readily follows that the error induced by the
known r, defined as er = S(Cy − P Cf f )r, is eliminated if Cf b is determined such
that S = 0 or if Cf f and Cy are determined such that Cy − P Cf f = 0. Modelbased approaches to determine Cf b are developed for high-precision motion systems in, e.g., [173, 131], based on controller synthesis techniques described in
[192, 120]. The achievable performance typically depends to a large extent on the
quality of the mathematical model that is used to determine Cf b [87, 153, 74].
Note that fundamental constraints on S, known as the Bode sensitivity integral
or waterbed effect, imply that S = 0 is not possible in feedback systems [155].
For feedforward control, determining Cy and Cf f such that Cy −P Cf f = 0 holds
requires that a model of P is exactly known. Since any mathematical model is
inherently an approximation of the true physical system P , the error induced
by the known r is in general not equal to zero when using feedforward control.
Essentially, Cy and Cf f should be determined based on a feedforward-relevant
model of P in order to minimize the error induced by the known r. The remaining, typically small, error er that is induced by r, and the error induced
by the unknown disturbance w given by ew = Sw can be minimized by means
of feedback control (within the previously discussed fundamental limitations on
S). Concluding, since a model is at the basis of the computed and delivered
forces for feedforward and feedback control, a better model implies improved
positioning accuracy.

1.3 Identification and control challenges for positioning systems

7

Traditionally, the control design of Cy , Cf f , Cf b has been significantly simplified by relying on certain model assumptions. A typical control design for
positioning systems utilizes a predominately rigid-body model for both feedback
[173] as well as feedforward control [178]. The use of such a model is motivated by i) the mechanical design of a general class of positioning systems and
ii) the used reference trajectories. Traditional positioning systems are typically
designed to be stiff constructions, such that flexible dynamical behavior associated with structural deformations is only prominent for high frequencies. In
addition, the reference trajectory r is in general designed to conceal flexible dynamical behavior in the high-frequency range [110, 156, 89]. Then, high servo
performance can be obtained by restricting attention to the rigid-body dynamics
of the considered system, and treating flexible dynamical behavior as a parasitic
effect. This is the key motivation for the use of a predominately rigid-body
model for feedback and feedforward control, as schematically depicted in Figure 1.3. However, ignoring flexible dynamical behavior and position dependent
behavior is potentially unacceptable to achieve high performance for positioning
systems that are subject to more aggressive reference trajectories [131].

1.3

Identification and control challenges for positioning systems

Although the use of a predominately rigid-body model has proven useful for a
large class of positioning systems, this approach can significantly restrict the
achievable performance for positioning systems that are subject to more aggressive reference trajectories. As schematically shown in Figure 1.3, increasingly
aggressive reference trajectories are characterized by a power spectral density
with an increased high-frequency content when compared to existing reference
trajectories. Given a fixed mechanical structure, improving positioning accuracy
as characterized in (1.1) requires that more complex models should be used for
feedforward and feedback control that also address flexible dynamical behavior.
This poses the following challenges for control to maintain or even improve the
positioning accuracy.
Concerning feedback control, recent developments in system identification
have contributed to the development of high fidelity models for positioning systems with flexible dynamical behavior [181, 186, 179, 127]. Since any model
is inexact, a controller should be sufficiently insensitive to uncertainties in the
model. Hence, uncertainty modeling is a critical step to deal with uncertainties
in the model. Concepts in uncertainty modeling and robust control are developed in, e.g., [128, 107, 106], and show potential to improve feedback control
design of positioning systems. The first research challenge of this thesis is to
investigate and possibly improve the connection between system identification,
uncertainty modeling, and robust control design based on the general distance
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Frequency
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fBW

Frequency
fr2

fBW

Fig. 1.3. Left: In traditional positioning systems with dominant rigid-body
dynamics, the mechanical design of the system in conjunction with the design of
the reference r implies that the flexible dynamics can be treated as a parasitic
effect that is not restricting the achievable servo performance. Right: The use of
more aggressive reference trajectories r with frequency spectrum Φr with fr2 >
fr1 implies that an increased loop gain is required to meet servo specifications
such that the flexible dynamics cannot be treated as parasitic effects. Therefore,
flexible dynamics should be included in the model used for feedforward control
and feedback control.

measure framework [107, 106]. This leads to the first research challenge that is
addressed in this thesis.
Research Challenge I: System identification for feedback control
Develop an identification method for robust feedback control design of Cf b in
Figure 1.2 that addresses performance and uncertainty for positioning systems
with pronounced flexible dynamical behavior.
Concerning feedforward control, two dominant approaches are identified. On
the one hand, model-based approaches aim to determine a model P̂ of P by
means of system identification techniques or physical modeling, and then apply
a model inversion procedure used to obtain P̂ −1 [42, 194, 55, 52]. On the other
hand, direct tuning methods, including iterative learning control (ILC), aim to
learn a feedforward signal uf f based on measured data obtained in previous
tasks [37, 121, 126]. These existing approaches either result in moderate performance for a large class of reference trajectories (model-based approaches), or
high performance for a single, specific reference trajectory (ILC). In this thesis, a new approach is proposed that aims to achieve high performance for a
large class of reference trajectories. Therefore, a model of the inverse plant, i.e.
P̂ −1 is directly identified based on measured data obtained in previous tasks.
Consequently, this model of the inverse system is used as feedforward controller
Cf f and/or input shaper Cy . This leads to the second research challenge of
this thesis.

1.4 Research Challenge I: System identification for feedback control
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Research Challenge II: System identification for feedforward control
Develop an approach to optimally estimate a feedforward controller Cf f and
input shaper Cy in Figure 1.2 for a positioning system with pronounced flexible
dynamical behavior subject to aggressive reference trajectories.
In the next sections, the research challenges related to system identification
for feedback and feedforward control are analyzed in-depth, and an overview is
presented of the contributions in this thesis.

1.4

Research Challenge I: System identification
for feedback control

The performance of a feedback controller for a complex multivariable system
depends on the specification of a suitable optimization criterion. Among others,
the achievable performance for a positioning system hinges on the quality of the
nominal model P̂ , the selected uncertainty structure, and the designed weighting
functions [167, 173, 131]. Motivated by the challenges imposed by the use of
aggressive references and associated pronounced flexible dynamical behavior,
the first part of this thesis aims to address challenges that result from modelbased feedback control of such positioning systems. In particular, challenges are
identified in terms of identification of a nominal model, determining a model
uncertainty structure, and the specification of design objectives.

1.4.1

Nominal model and uncertainty structure

The design of a high-performance controller Cf b depends on the quality of the
used mathematical model P̂ [153, 87, 74]. As motivated in Section 1.3, the increasing requirements on positioning systems necessitate the use of models that
can deal with increased complexity, and accuracy associated with flexible dynamical behavior. Recent developments in system identification have resulted in an
approach to determine high fidelity models for such systems [181, 186, 179, 127].
Since any model is inexact, uncertainty modeling is typically required to determine a controller that can deal with uncertainty. Based on the nominal system
and the uncertainty, a controller can be determined that achieves a certain level
of robust stability and robust performance. As is advocated in [131, 7, 62], the
selection of the model uncertainty structure can potentially reduce conservatism
in robust stability and performance results.
Robust stability and robust performance results can be derived in the framework of distance measures [185, 107, 106], in which the distance between two
plants is measured by the size of a perturbation that transforms a plant into the
other plant. Examples of distance measures are the gap metric, graph metric,
and ν-gap, which measure the distance between two plants in a normalized coprime factor uncertainty structure. In [185] it is shown that the ν-gap metric

10
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results in less conservative robust stability and performance results compared to
the graph and gap metric. A combination of the ν-gap metric and H∞ loopshaping [120] is an established approach to design and analyze controllers for uncertain multivariable systems. Successful applications are reported for aerospace
systems [96, 136], nanopositioning [101], and high-speed flywheels [108].
The size of a perturbation depends on the selected uncertainty structure. In
[107, 93] it is shown that a relatively small uncertainty in lightly damped zeros
and poles can result in a large distance in the ν-gap. A large distance measured
in the ν-gap results in a robust stability condition that is overly conservative
[107, 63]. This observation seems to imply that uncertainty in lightly damped
zeros and poles leads to overly conservative robustness results when a normalized
coprime factor uncertainty structure is used. Since lightly damped zeros and
poles frequently occur in mechanical systems [158, 34, 7, 71], the ν-gap may not
be the most suitable distance measure to investigate robust stability and robust
performance for such systems.
Non-normalized coprime factor uncertainty has the potential to reduce conservatism in robustness results for systems with lightly damped zeros and poles
[107, 63]. By removing the requirement for normalization, additional freedom
is introduced in the uncertainty structure such that lightly damped zeros and
poles can be more effectively handled. In [107, 106, 62, 63], the potential of
non-normalized coprime factorizations in H∞ control is confirmed for such systems, under the assumption that a nominal model and the true plant are known
beforehand. In [128, 131], the possible benefits of non-normalized coprime factorizations are explored in identification for control, aiming to reduce conservatism
in a controller design based on µ-synthesis. The aim in this thesis is to develop
an identification approach based on non-normalized coprime factorizations that
can directly be used in the general distance measure framework of [107], and
investigate the possible advantages of such an approach.
The first contribution for feedback control is an identification procedure based
on a non-normalized coprime factor uncertainty structure, that is tailored to the
class of systems with lightly damped poles and zeros. First, a nominal model
P̂ is identified. Based on this model, a controller synthesis method is proposed
that leads to a high-performance controller, while explicitly addressing robust
stability. This leads to the first contribution of this work.
Contribution I: An identification and control approach is proposed in the
general distance measure framework based on a non-normalized coprime factor
uncertainty structure.

1.4.2

Design of non-diagonal weighting functions

The design of weighting functions to specify performance and robustness requirements in H∞ control is not always straightforward for multivariable systems with
significant cross-coupling [96, 105, 120]. Diagonal weighting functions are often

1.5 Research Challenge II: System identification for feedforward control
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adequate for positioning systems with dominant rigid-body dynamics, since flexible dynamical behavior (which is inherently multivariable) can be treated as a
parasitic effect [167, 152, 173]. However, as argued in Section 1.3, the use of
more aggressive reference trajectories implies that flexible dynamical behavior
cannot be longer treated as a parasitic effect. In fact, it creates significant crosscoupling between channels. As a result, the control problem becomes inherently
multivariable. Therefore, diagonal weighting functions are expected to lead to
suboptimal performance for such systems.
A non-diagonal weighting function design in the performance channels of a
H∞ -optimization problem might be very effective to enhance the performance of
a positioning system with pronounced flexible dynamical behavior, as introduced
in Section 1.2. A systematic approach to design non-diagonal weighting functions
is proposed in [136], and is successfully applied to aircraft control. However, the
corresponding design procedure involves a complex optimization problem. Here,
a dedicated design approach is proposed for positioning systems that exploits
physical system properties, constituting the second contribution of this work.
Contribution II: A non-diagonal weighting function design is proposed for
multivariable positioning systems with significant interaction between channels.
The performance improvement obtained by using non-diagonal weighting
functions is illustrated through an experimental case study of a positioning system with pronounced flexible dynamics.

1.5

Research Challenge II: System identification
for feedforward control

Feedforward control is an essential component of a control configuration for
high-performance positioning systems, since feedforward can effectively compensate for the servo error induced by the reference trajectory, as is argued in
Section 1.2. Besides achieving high servo performance, feedforward control for
positioning systems should often also be flexible with respect to varying reference trajectories. Similar yet slightly different reference trajectories often occur
in positioning systems, as illustrated in Figure 1.4. For example, variations in
the reference trajectory occur in wafers scanners to compensate for unflatness of
the wafer, thermal effects, and the immersion hood used during exposure [41].
Wire- and die-bonding systems perform varying tasks due to small corrections
required in the pick and/or place location of ICs, see, e.g., [84]. The feedforward approach presented in this thesis aims to combine both requirements, i.e.,
high servo performance and a high flexibility with respect to varying reference
trajectories. This is schematically illustrated in Figure 1.5, which also identifies limitations of existing approaches in feedforward control. The advantages
and limitations of model-based feedforward methodologies [46, 42, 147, 26] and
Iterative Learning Control (ILC) [37, 121, 175] are investigated next.

12
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Fig. 1.4. Similar yet slightly different reference trajectories as often encountered in positioning systems.

1.5.1

Performance and flexibility aspects for model-based
feedforward and Iterative Learning Control

Model-based feedforward typically results in an acceptable performance for a
large class of reference trajectories [46, 42, 147, 26]. In model-based feedforward, a parametric model is determined that approximates the inverse of the
unknown plant P . First, a parametric model P̂ is determined by means of
physical modeling or experimental modeling, and then P̂ −1 is determined by
means of a model-inversion technique [125, 55]. The achievable performance
with model-based feedforward techniques is highly dependent on i) the quality of P̂ in view of feedforward requirements [99, 98], and ii) the accuracy of
the model inversion. A pragmatic approach to model-based feedforward is proposed in [104, 26], in which physical modeling techniques are used to determine
a feedforward controller that can compensate for the rigid-body dynamics and
quasi-static behavior of a positioning system. For traditional positioning systems
designed to be a stiff construction, experimental results are presented to confirm
that such a feedforward controller can achieve high performance [104, 26].
ILC can potentially achieve superior servo performance compared to modelbased feedforward for a single, specific reference trajectory [37], since it resembles
the principle of high-gain feedback in the iteration domain. By using an approximate model of the plant in a learning law, a feedforward signal uf f is learned
based on measured data obtained in previous tasks. Successful applications of
ILC algorithms are reported for positioning systems, see, e.g., [97, 122, 54].
The key assumption underlying the superior performance of ILC algorithms is
that the reference trajectory is identical in each finite time task [37]. However, as argued before, this assumption is often violated in positioning systems
[90, 178, 31]. A refinement of ILC is presented in [175, 33, 137], where polynomial basis functions are introduced in ILC to improve flexibility with respect to
varying reference trajectories. Furthermore, the need for an approximate model
of the plant, as is common in ILC, is eliminated in [178]. Experimental results
in [178] and [166] show the potential of ILC with polynomial basis functions.

1.5 Research Challenge II: System identification for feedforward control
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Fig. 1.5. The proposed feedforward approach combines high performance with
high flexibility with respect to similar, yet slightly varying reference trajectories.

In this thesis, a new approach is presented that aims to directly identify P̂ −1
based on measured data obtained in previous tasks. Compared to model-based
feedforward, the proposed approach has two key advantages. First, as shown
in [99], an advantage of direct identification of the inverse system is that the
inverse is estimated in the setting it will be used during operation of the positioning system. As a result, the goal of the model is immediately taken into
account. Second, by directly estimating P̂ −1 , a model-inversion technique can be
avoided, eliminating unnecessary approximations in the process. Compared to
ILC, the proposed approach i) eliminates the need for an approximate model of
the plant and associated convergence issues, ii) can effectively deal with stochastic disturbances acting on the system, and iii) improves flexibility with respect
to varying reference trajectories. In the next section, the proposed approach is
briefly introduced and subdivided into five contributions.

1.5.2

Direct estimation of feedforward controllers

To further enhance servo performance and improve flexibility with respect to
varying reference trajectories, five contributions are identified in this research
that together constitute the proposed approach to feedforward control:
• An approach is presented to obtain unbiased parameter estimates for a
feedforward controller Cf f with a polynomial basis;
• An approach is presented that enables optimal accuracy of the parameter
estimates for a feedforward controller Cf f with a polynomial basis;
• Two approaches are presented to extend the parametrization of Cf f towards i) a rational basis and ii) joint input shaping and feedforward;
• An approach is proposed for frequency-domain ILC, aiming towards an
increased flexibility toward varying reference trajectories.
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Next, the identified contributions are further detailed below.
The first set of contributions is concerned with analyzing and improving
the estimation of the parameters of the feedforward controller Cf f based on
measured data. Existing estimation procedures can only avoid a bias error in
the estimated parameters by requiring that measured data is obtained from two
tasks, while putting stringent conditions on noise and disturbances acting on the
system. This leads to the third contribution of this work.
Contribution III: A new tuning approach is proposed to obtain unbiased
parameter estimates in the presence of noise for Cf f with a polynomial basis.
The proposed tuning approach recasts feedforward as an instrumental variable technique and builds on advanced closed-loop identification results [161]
[76]. After proposing a tuning approach to obtain unbiased parameter estimates, the accuracy properties in terms of variance are analyzed for the tuning
approach in Contribution III and pre-existing methods. This leads to the fourth
contribution of this work.
Contribution IV: An algorithm is proposed that achieves optimal accuracy
in terms of variance for Cf f with a polynomial basis.
Contributions III and IV are presented in Chapter 4 and 5 of this thesis,
respectively. In addition, an estimation procedure is proposed in Chapter 5
that incorporates both contributions. As such, a design approach is presented
to obtain unbiased parameter estimates with optimal accuracy for Cf f with a
polynomial basis.
The second set of contributions is focused on extending the developed framework for parameter estimation of Cf f with polynomial basis functions towards
i) rational feedforward controllers (Chapter 6) and ii) a joint input shaping
and feedforward configuration (Chapter 7). Contributions III and IV improve
the estimation of parameters for predominately rigid-body models compared
to pre-existing methods. As argued in Section 1.3, the use of more aggressive
reference trajectories in positioning systems implies that more complex models
are required to address flexible dynamical behavior. This can be achieved by
generalizing the parametrization of Cf f (and Cy ) such that the class of plants
described by a rational transfer function can be compensated for by the proposed
approach. This leads to the fifth and sixth contribution of this work.
Contribution V: An algorithm is introduced to estimate the parameters
of a rational feedforward controller with optimal accuracy in terms of variance.
Furthermore, a non-causal implementation is presented for rational feedforward.
Contribution VI: A joint input shaping and feedforward control approach is
presented for positioning systems subject to point-to-point reference trajectories.
For positioning systems performing point-to-point reference trajectories, both
the rational and the joint input shaping and feedforward control approaches are

1.6 Outline of the thesis
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available to the designer to improve the performance compared to Cf f with a
polynomial basis. Hence, a framework is presented in Chapter 4-7 to estimate
feedforward controllers with i) a polynomial basis, ii) a rational basis, and iii) an
extension towards a joint input shaping and feedforward controller framework.
As a final contribution to feedforward control, an alternative tuning approach
is proposed that is motivated by industrial practice. Again, the goal is to achieve
high servo performance for repeating and slightly varying reference trajectories,
while simultaneously achieving flexibility with respect to slightly varying references.
Contribution VII: A unified frequency-domain ILC approach is proposed
that achieves high performance for repeating and slightly varying reference trajectories, while relying on straightforward and effective design rules to facilitate
industrial adaptation.
All developed feedforward approaches are experimentally verified on positioning systems, see Figure 1.6 for an overview of the used experimental setups.
Furthermore, the extensive experimental results for rational feedforward as reported in [12] [11], and extensions towards position dependent systems [159] are
not included in this thesis.

1.6

Outline of the thesis

This thesis consists of nine chapters which are intended to be possible to read
separately. An overview of the content of this thesis is depicted in Figure 1.6,
and illustrates how the individual contributions in Section 1.4 and Section 1.5
are related to the chapters.
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A non-diagonal weighting function design is proposed for
multivariable positioning systems with significant interaction
between channels.
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An algorithm is introduced to estimate the parameters of a rational
feedforward controller with optimal accuracy in terms of variance.
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rational feedforward controller.
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A joint input shaping and feedforward controller framework is
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A unified frequency-domain ILC approach is proposed that achieves
high performance for repeating and slightly varying reference
trajectories, while relying on straightforward and effective design
rules to facilitate industrial adaptation.
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Fig. 1.6. Overview of the thesis.
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Identification for Feedback
Control

Chapter 2

A Combined Identification and
Robust Control Approach for
Lightly Damped Systems
Robustness against model uncertainty is essential in model-based controller design. It is well-known that a relatively small uncertainty in lightly damped poles
and zeros can result in a large distance measured in the ν-gap, leading to conservative robust stability and performance guarantees. This chapter aims to develop
an identification and control procedure that results in less conservative robust
stability and performance conditions for systems with lightly damped poles and
zeros. To achieve this, a distance measure based on a non-normalized coprime
factorization of the system is proposed that connects to existing identification
criteria in closed-loop system identification. A nominal model of the system is
determined by minimizing this distance measure by means of a frequency-domain
identification algorithm. Then, a controller synthesis method is proposed that
addresses both nominal performance and robust stability. Good robustness properties of the proposed approach compared to existing approaches are confirmed
in an experimental example for a system with lightly damped poles and zeros.

2.1

Introduction

Robustness against model uncertainty is essential in feedback control, and as
a consequence determining the extent of model uncertainty is also necessary
in the associated modeling technique. In identification for control, the only
purpose of the identified model P̂ is to design a high-performance controller
C. When implementing the controller C on the true system P0 , stability and
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performance cannot be guaranteed based on only the nominal model. Hence,
a minimal requirement is that C achieves robust stability for a given model
uncertainty set. This is well-recognized in identification for control, where such
requirements are at the basis of iterative identification and control approaches
[70, 153, 87, 49, 111].
Several approaches have been developed to analyze the influence of model
uncertainty on stability and performance of a closed-loop system. For example,
robustness results can be derived by measuring the distance between systems,
as originally introduced in the graph metric [184], gap metric [61, 72], and νgap metric [185]. These approaches consider the discrepancy between systems
around a normalized coprime factorization of the nominal model P̂ to derive robust stability and performance theorems, see, e.g., [185, Section 3.3] for results
in the ν-gap. In [49], an iterative identification and control approach is proposed
where the identification criterion is the ν-gap metric, and the control criterion
is the four-block performance measure used in H∞ loop-shaping [77]. The associated robust stability results are used to quantify the allowable controller
modifications and model adjustments. Furthermore, model reduction based on
the ν-gap metric is presented in, e.g., [45].
The ν-gap metric has important advantages in view of robust stability analysis compared to the graph and gap metric, yet it has been shown in [107, 93]
that a relatively small uncertainty in lightly damped zeros and poles can result
in a large distance in the ν-gap. Uncertainty in lightly damped zeros and poles
frequently occurs in mechanical systems, see, e.g., [158, 34, 7]. A large distance
measured in the ν-gap results in a robust stability condition that is overly conservative [107, 63]. Thus, the ν-gap may not be the most suitable distance measure
for robust stability and performance in uncertain lightly damped systems.
Recently, it is shown in [107] that by relaxing the normalization condition
on the coprime factors of P̂ , which is inherently at the basis of the ν-gap, less
conservative robust stability and performance guarantees can be determined
for lightly damped systems. Essentially, by relaxing the normalization condition, additional freedom is introduced to tailor the uncertainty weighting. The
non-normalized coprime factor uncertainty structure is embedded in the distance measure framework proposed in [107], where robust stability and robust
performance theorems are proposed for many standard uncertainty structures.
Controller synthesis methods that exploit non-normalized coprime factorizations
are presented in [62, 63]. However, these approaches assume that P̂ and P0 are
a priori known. Hence, despite the potential advantages of non-normalized coprime factorizations in view of robust stability and robust performance, these
methods cannot directly be applied if P̂ and P0 are not a priori known.
Although non-normalized coprime factor uncertainty can provide robust stability and performance guarantees that are less conservative than for the normalized case, the connection with identification for control has not yet been
addressed in the general distance measure framework of [107]. This chapter

2.1 Introduction
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aims to develop an identification for control approach that is embedded in the
distance measure framework. Specifically, an identification procedure is developed based on a non-normalized coprime factor uncertainty structure that is
particularly suitable for lightly damped systems.
The focus on normalized coprime factorizations in robust control has led
to a focus on identifying normalized coprime factorizations in identification for
control [74, 87, 177, 193, 73, 81]. Often, identification for control approaches
utilize the dual-Youla uncertainty structure of all plants that are stabilized by a
known controller C exp used during an identification experiment [153, 177, 51]. In
general, a normalized coprime factorization of P̂ is used [58]. Interestingly, the
potential of non-normalized coprime factorizations in identification for control is
also explored in [128], where a particular non-normalized coprime factorization
of P̂ is introduced in a dual-Youla uncertainty structure to achieve a certain
level of robust performance and reduce conservatism during µ-synthesis. In
this chapter, it is shown that similar factorizations can directly be used in the
general distance measure framework of [107] to connect the distance measure of
a dual-Youla structure to the discrepancy between closed-loop systems based on
P̂ and P0 . Furthermore, a controller synthesis method is proposed that exploits
the advantages of non-normalized coprime factor uncertainty to obtain a highperformance controller, while taking robust stability into account. Thus, the
contribution of this chapter is threefold:
C1. The dual-Youla uncertainty structure, as often used in identification for
control, is embedded in the general distance measure framework from [107].
Robust stability and robust performance theorems for the dual-Youla uncertainty structure are presented in Section 2.3.
C2. An identification for control approach is developed in Section 2.4 based
on the robust stability and robust performance theorems in C1. A nonnormalized coprime factorization of P̂ is determined that is particularly
suited for lightly damped systems, and a frequency-domain identification
algorithm is proposed to identify P̂s based on frequency response function
measurements obtained in a closed-loop identification experiment.
C3. The identification procedure in C2 is embedded in an identification and
control approach to design a high-performance controller that satisfies the
robust stability condition. To this end, an objective function for a H∞ control problem is proposed that addresses nominal performance and robust
stability.
An experimental example is presented in Section 2.6 to illustrate the advantages of the proposed identification and control approach for a mechanical
system with lightly damped poles and zeros. Conclusions and recommendations
are presented in Section 2.7.
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Fig. 2.1. Feedback interconnection.

2.2
2.2.1

General distance measure framework
Notation

The set of proper real-rational transfer functions is denoted as R. Let RL∞ denote the space of proper real-rational transfer functions bounded on jR including
∞, and RH∞ denote the space of proper real rational transfer functions bounded
and analytic in the open right half complex plane. An upper linear fractional
transformation (LFT) is given by Fu (H, ∆) = H22 + H21 ∆(I − H11 ∆)−1 H12 ,
and a lower LFT by Fl (H, C) = H11 + H12 C(I − H22 C)−1 H21 . Throughout
this chapter, s = jω, where ω ∈ R denotes a frequency. Furthermore, R[s]p×q
denotes a polynomial matrix of dimension p × q with real coefficients.
The pair {N, M } denotes a right coprime factorization (rcf) of P ∈ R if M
is invertible in R, N, M ∈ RH∞ , P = N M −1 , and ∃Xr , Yr ∈ RH∞ such that
the Bezout identity Xr M + Yr N = I holds. The pair {N, M } is a normalized
rcf of a plant P if {N, M } is a rcf and M ∗ M + N ∗ N = I. Dual definitions
hold for a left coprime factorization (lcf), where P = M̃ −1 Ñ denotes a lcf of P .
Furthermore, {U, V } denotes a rcf of a controller C, while {Ũ , Ṽ } denotes a lcf
of a controller C. Define
 


N
G=
, G̃ = −M̃ Ñ ,
M
as the right and left graph symbols of P , respectively, and
 


V
K=
, K̃ = −Ũ Ṽ ,
U

as the right and left inverse graph symbol of C. Note that G̃G = 0 and K̃K = 0,
see [185, Eq. 2.13].

2.2.2

Control setup

Let [P, C] denote the positive feedback interconnection in Figure 2.1, where
P ∈ Rny ×nu denotes the plant and C ∈ Rnu ×ny denotes the feedback controller.
Here,
   
 

 r2
y
P
=
(I − CP )−1 −C I
.
u
I
r1
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Fig. 2.2. Standard linear fractional interconnection.

Furthermore, define T (P, C) as


T (P, C) =

P
I





(I − CP )−1 −C I .

Then, [P, C] is internally stable if (I − CP )−1 ∈ R and T (P, C) ∈ RH∞ . Let
P̂ ∈ Rny ×nu denote a nominal model of an unknown true plant P0 ∈ Rny ×nu .
A model-based control approach is adopted to determine a controller C,
where performance and robustness requirements are specified by means of the
weighting scheme from [119]. This scheme is to pre- and post-compensate P̂
and P0 with weighting functions W1 and W2 , respectively. The strictly proper
shaped nominal model and shaped true plant become P̂s = W2 P̂ W1 , and P0,s =
W2 P0 W1 , respectively, while the shaped controller is given by Cs = W1−1 CW2−1 .
In the remaining of this chapter, the weighted feedback interconnection is considered, as denoted by [P̂s , Cs ] and [P0,s , Cs ]. The stabilizing feedback controller
that is used during a closed-loop identification experiment is denoted by Csexp .
Thus, [P0,s , Csexp ] is assumed internally stable.
Let {Ñs , M̃s } be a lcf of P̂s , with left graph symbol G̃s as defined in Section 2.2.1. Furthermore, {N0,s , M0,s } is a rcf of P0,s , while {Ñ0,s , M̃0,s } is a
lcf of P0,s . The corresponding right and left graph symbols are G0,s and G̃0,s
respectively. Furthermore, {Ũsexp , Ṽsexp } is a lcf of Csexp , while {Us , Vs } is a rcf
of Cs . The corresponding left and right inverse graph symbols are K̃sexp and
Ks respectively.
Finally, let the standard linear fractional interconnection in Fig. 2.2 be denoted by hH, Cs i, with the generalized plant
H=



H11
H21



and transfer function mapping


w
 r2 
r1

H12
H22

∈ R,



to


z
y
u



given in (2.1). Finally H is said to

be stabilizable if there exists a Cs such that hH, Cs i is internally stable, that is
the transfer function in (2.1) belongs to RH∞ .
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Fl (H, Cs )
H12 (I − Cs H22 )−1 −Cs I
z
w






 y = H

  r2 
H22
H22
21
(I − Cs H22 )−1 −Cs I
(I − Cs H22 )−1 Cs H21
+
r1
u
I
I
0
(2.1)


2.2.3

General distance measure framework

In this chapter, robust stability and performance theorems are proposed according to the general distance measure framework in [107, 106]. This framework is
based on a generic distance measure dH (P̂s , P0,s ) and a generic robust stability
margin bH (P̂s , Cs ), as are defined next.
Definition 2.2.1. ([107, Definition 4]). Given a nominal model P̂s ∈ Rny ×nu ,
a generalized plant H ∈ R with H22 = P̂s , and a true plant P0,s ∈ Rny ×nu . Let
the set of all admissible perturbations be given by

∆ = ∆s ∈ RL∞ : (I−H11 ∆s )−1 ∈ R, P0,s = Fu (H, ∆s ) ,
The distance measure dH (P̂s , P0,s ) between P̂s and P0,s for the uncertainty structure implied by H is defined as
(
inf ||∆s ||∞ if ∆ 6= ∅
H
d (P̂s , P0,s ) = ∆s ∈∆
∞
otherwise.

Note that dH (P̂s , P0,s ) ≥ 0 and dH (P̂s , P̂s ) = 0. The counterpart of the
distance measure dH (P̂s , P0,s ) in robust stability and performance analysis is
the robust stability margin bH (P̂s , Cs ) of hH, Cs i.
Definition 2.2.2. ([107, Definition 3]). Given a nominal model P̂s ∈ Rny ×nu ,
a generalized plant H ∈ R with H22 = P̂s , and a controller Cs ∈ Rnu ×ny . The
robust stability margin bH (P̂s , Cs ) for the uncertainty structure implied by H is
defined as

−1
 ||Fl (H, Cs )||∞ if 0 6= Fl (H, Cs ) ∈ RL∞
H
b (P̂s , Cs ) =
and [P̂s , Cs ] is internally stable

0
otherwise.
Within the general distance measure framework, specific expressions for the
distance measure dH (P̂s , P0,s ) and robust stability margin bH (P̂s , Cs ) are derived
for the commonly used uncertainty structures listed in [192, Table 9.1]. An
overview of these expressions is presented in [107, Table II].

2.3 Robust stability and performance guarantees for a dual-Youla uncertainty
structure
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2.3

Robust stability and performance guarantees for a dual-Youla uncertainty structure

In this section, the dual-Youla uncertainty structure, as often used in identification for control [3, 57], is embedded in the general distance measure framework
described in Section 2.2.3. The dual-Youla representation has the form
P0,s = (M̃s + ∆s Ũsexp )−1 (Ñs + ∆s Ṽsexp ),

(2.2)

where (M̃s + ∆s Ũsexp )−1 ∈ R. In view of the technical machinery used in the
general distance measure framework, (2.2) is in the remainder represented as
P0,s = Fu (H, ∆s ) (under the assumption that (I − H11 ∆s )−1 ∈ R), with generalized plant H given by
"
#
−Ũsexp M̃s−1 Ṽsexp − Ũsexp P̂s
H=
,
(2.3)
P̂s
M̃s−1
ny ×nu
.
and (unstructured) uncertainty block ∆ ∈ RL∞
Note that H in (2.3) depends via the lcf {Ũsexp , Ṽsexp } on the known stabilizing
controller Csexp as used in an identification experiment on [P0,s , Csexp ]. Clearly,
[P0,s , Csexp ] is internally stable. Furthermore, it is assumed that P̂s is determined
such that [P̂s , Csexp ] is also internally stable.
Given H in (2.3), a distance measure dY (P̂s , P0,s ) and robust stability margin bY (P̂s , Cs ) will be derived in Section 2.3.1 based on dH (P̂s , P0,s ) in Definition 2.2.1 and bH (P̂s , Cs ) in Definition 2.2.2. These results extend [107, Table
II] towards the dual-Youla uncertainty structure. Then, in Section 2.3.2, robust stability and performance conditions are formulated based on dY (P̂s , P0,s )
and bY (P̂s , Cs ). These conditions are essential for the identification approach in
Section 2.4 and the controller synthesis method in Section 2.5.

2.3.1

Distance measure and robust stability margin

To determine dY (P̂s , P0,s ) according to Definition 2.2.1, all solutions ∆s ∈ RL∞
should be determined that satisfy the consistency of equations condition, i.e.,
P0,s = Fu (H, ∆s ), and the well-posedness condition (I − H11 ∆s )−1 ∈ R. By
assuming that (I − H11 ∆s )−1 ∈ R, all ∆s ∈ RL∞ that satisfy P0,s = Fu (H, ∆s )
for given P̂s , P0,s , and Csexp can be determined as follows:
P0,s = Fu (H, ∆s ) = P̂s +M̃s−1 ∆s (I+Ũsexp M̃s−1 ∆s )−1 (Ṽsexp −Ũsexp P̂s )

⇔P0,s −P̂s = (M̃s +∆s Ũsexp )−1 ∆s (Ṽsexp −Ũsexp P̂s )

⇔(M̃s + ∆s Ũsexp )(P0,s − P̂s ) = ∆s (Ṽsexp − Ũsexp P̂s )
⇔M̃s (P0,s − P̂s ) = ∆s (Ṽsexp − Ũsexp P0,s )
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⇔(M̃s N0,s − Ñs M0,s ) = ∆s (Ṽsexp M0,s − Ũsexp N0,s )

⇔ − G̃s G0,s = ∆s (K̃sexp G0,s )

⇔∆s = −G̃s G0,s (K̃sexp G0,s )−1 ,

(2.4)

which reveals that for H in (2.3), a unique solution ∆s always exists for P0,s =
Fu (H, ∆s ) (under the assumption that (I − H11 ∆s )−1 ∈ R). Furthermore,
since [P0,s , Csexp ] is internally stable ⇔ (K̃sexp G0,s )−1 ∈ RH∞ , see, e.g., [185,
Proposition 1.9], it follows from (2.4) that ∆s ∈ RH∞ , as is indeed demanded
via the Youla parametrization.
Next, the well-posedness condition (I − H11 ∆s )−1 ∈ R is checked. Substituting (2.3) and (2.4) in (I − H11 ∆s )−1 gives

−1
(I − H11 ∆s )−1 = I − Ũsexp M̃s−1 G̃s G0,s (K̃sexp G0,s )−1

−1
= K̃sexp G0,s K̃sexp G0,s − Ũsexp M̃s−1 G̃s G0,s

−1


= K̃sexp G0,s (K̃sexp − Ũsexp −I P̂s )G0,s

−1
= K̃sexp G0,s (Ṽsexp − Ũsexp P̂s )M0,s
−1
= K̃sexp G0,s M0,s
(Ṽsexp − Ũsexp P̂s )−1

= (Ṽsexp − Ũsexp P0,s )(Ṽsexp − Ũsexp P̂s )−1 .

Consequently, (I − H11 ∆s )−1 ∈ R is equivalent to
(Ṽsexp − Ũsexp P0,s )(Ṽsexp − Ũsexp P̂s )−1 ∈ R

⇔(Ṽsexp )−1 (Ṽsexp − Ũsexp P0,s )(Ṽsexp − Ũsexp P̂s )−1 Ṽsexp ∈ R
⇔ (I − Csexp P0,s ) (I − Csexp P̂s )−1 ∈ R,

which is trivially fulfilled since [P̂s , Csexp ] is well-posed.
Thus, given H in (2.3) and ∆s in (2.4), (I − H11 ∆s )−1 ∈ R is always automatically guaranteed by the well-posedness assumption of [P̂s , Csexp ] and there
always exists a unique ∆s ∈ RH∞ such that P0,s = Fu (H, ∆s ) holds. Straight
from Definition 2.2.1, the solution set ∆ becomes
n
o
∆ = ∆s = −G̃s G0,s (K̃sexp G0,s )−1 ∈ RH∞ ,

for a given P̂s , P0,s , and Csexp . Note that ∆ contains only one element, and that
∆s ∈ RH∞ rather than RL∞ . This considerably simplifies the robust stability
and performance analysis, by eliminating the need for an additional condition
on the winding numbers [185, 107]. For ∆s in (2.4), it trivially follows that
wno det(I − H11 ∆s ) = 0. Hence, η(P0,s ) = η(P̂s ) + wno det(I − H11 ∆s ), where
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η(.) is the number of RHP poles and wno(.) denotes the winding number evaluated on a standard Nyquist contour indented to the right around any imaginary
axis poles of P̂s and P0,s , reduces to η(P0,s ) = η(P̂s ). Then, it follows from
Definition 2.2.1 that dY (P̂s , P0,s ) for the dual-Youla structure becomes
dY (P̂s , P0,s ) = G̃s G0,s (K̃sexp G0,s )−1

∞

.

(2.5)

The robust stability margin bY (P̂s , Cs ) can be determined by substituting
Fl (H, Cs ) as given by


Fl (H, Cs ) = −Ũsexp + (Ṽsexp − Ũsexp P̂s )Cs (I − P̂s Cs )−1 M̃s−1


= −Ũsexp (I−P̂s Cs )+(Ṽsexp −Ũsexp P̂s )Cs (I−P̂s Cs )−1M̃s−1


 I

exp
exp
(I − P̂s Cs )−1 M̃s−1
= −Ũs Ṽs
Cs
= −K̃sexp Ks (G̃s Ks )−1 ,

in Definition 2.2.2. Then, it follows directly from Definition 2.2.2 that bY (P̂s , Cs )
for the dual-Youla uncertainty structure is given by

−1

if Cs 6= Csexp and
 K̃sexp Ks (G̃s Ks )−1
∞
Y
(2.6)
b (P̂s , Cs ) =
[P̂s , Cs ] is internally stable


0
otherwise.

The condition 0 6= Fl (H, Cs ) in Definition 2.2.2 is satisfied if and only if Cs 6=
Csexp . Note that robust stability is trivially satisfied for Cs = Csexp . Furthermore,
Fl (H, Cs ) ∈ RL∞ is not required in (2.6), since internal stability of [P̂s , Cs ] is
equivalent to (G̃s Ks )−1 ∈ RH∞ which in turn implies that Fl (H, Cs ) ∈ RH∞ .
In summary, a distance measure dY (P̂s , P0,s ) and a robust stability margin bY (P̂s , Cs ) are determined for the dual-Youla uncertainty structure in (2.2).
Next, robust stability and robust performance theorems are proposed based on
dY (P̂s , P0,s ) in (2.5) and bY (P̂s , Cs ) in (2.6).

2.3.2

Robust stability and robust performance

In this section, robust stability and robust performance theorems are proposed
based on dY (P̂s , P0,s ) in (2.5) and bY (P̂s , Cs ) in (2.6). The robust stability theorem gives conditions for internal stability of [P0,s , Cs ] through an upper bound on
dY (P̂s , P0,s ). In the robust performance theorem, the difference in performance
between [P̂s , Cs ] and [P0,s , Cs ] is quantified using dY (P̂s , P0,s ), bY (P̂s , Cs ), and
bY (P0,s , Cs ). First, a robust stability condition is proposed in Theorem 2.3.1.
It can be seen that this theorem is a specialization of [107, Theorem 1] to the
dual-Youla uncertainty structure.
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Theorem 2.3.1. (Robust Stability): Let P̂s ∈ Rny ×nu , P0,s ∈ Rny ×nu , H in
(2.3), Csexp ∈ Rnu ×ny , and Cs ∈ Rnu ×ny . Furthermore, let dY (P̂s , P0,s ) be given
by (2.5) and bY (P̂s , Cs ) be given by (2.6). Then [P0,s , Cs ] is internally stable if
dY (P̂s , P0,s ) < bY (P̂s , Cs ).
Proof. If dY (P̂s , P0,s ) < bY (P̂s , Cs ), then bY (P̂s , Cs ) > 0 and from (2.6) it follows
that [P̂s , Cs ] is internally stable and Fl (H, Cs ) ∈ RH∞ . By substituting H as
given in (2.3) in (2.1) and using that Fl (H, Cs ) ∈ RH∞ , (2.1) implies that
hH, Cs i is internally stable. This shows that H is stabilizable.
Since H is stabilizable and [P̂s , Cs ] is internally stable, it follows from the
proof of [185, Lemma 1.22] that dY (P̂s , P0,s ) < bY (P̂s , Cs ) ⇒ [P0,s , Cs ] is internally stable.
Next, robust performance conditions are proposed in Theorem 2.3.2. To
illustrate the connection between Theorem 2.3.2 and the generic robust stability
and performance conditions in [107, Theorem 1 and 3], note that the conditions
in [107] are based on a generalized plant H gen expressed as



 I −P̂s P̂s 

S
Sw
z
gen


0
0
I
H
=
,
I
I
I −P̂s P̂s

with Sw , Sz ∈ R, and H0gen as
H0gen

=



Sz
I





I
 0
I

−P0,s
0
−P0,s


P0,s 
Sw0
I 
P0,s

I



,

with Sw0 = Sw (I − k∆s Sz Sw )−1 ∈ R for a given k ∈ {0, 1}. The dual-Youla
uncertainty structure with H in (2.3)
and
 −1
 H0 in (2.8) will be generated by using
M̃s
.
The following robust performance
k = 1, Sz = K̃sexp and Sw =
0
theorem is a specialization of [107, Theorem 3] to the dual-Youla uncertainty
structure, and follows using a similar strategy as the proof of [107, Theorem 3].
Theorem 2.3.2. (Robust performance): Let the suppositions of Theorem 2.3.1
hold and furthermore suppose that dY (P̂s , P0,s ) < bY (P̂s , Cs ). Then
|bY (P0,s , Cs ) − bY (P̂s , Cs )| ≤ dY (P̂s , P0,s ),
||Fl (H0 , Cs ) − Fl (H, Cs )||∞ ≤
with H in (2.3) and
H0 =

"

−1
−Ũsexp M̃0,s
−1
M̃0,s

(2.7)

dY (P̂s , P0 )

bY (P̂s , Cs )bY (P0,s , Cs )

Ṽsexp − Ũsexp P0,s
P0,s

#

.

,

(2.8)
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Concluding, robust stability and performance conditions are proposed for the
dual-Youla uncertainty structure within the general distance framework outlined
in Section 2.2.3. This constitutes Contribution C1. Furthermore, the results in
this section confirm the generality of the distance measure approach in [107].
Throughout this section it was tacitly assumed that P̂s , P0,s , and Cs were
known when evaluating the robust stability and performance conditions. This assumption is removed in the remaining of this chapter. Only a frequency response
function of P0,s is known beforehand. Then, the goal of the proposed identification and control approach is to identify a model P̂s that can be used to determine
a controller Cs that achieves high robust performance, as precisely characterized
in Theorem 2.3.2. Robust stability is a minimal requirement to achieve high robust performance. Therefore, the robust stability condition in Theorem 2.3.1 is
at the basis of the proposed identification and control approach in this chapter,
similar to the identification and control approaches in [70, 153, 87, 49, 111]. In
the next section, P̂s is identified based on a frequency response function of P0,s
in view of the robust stability condition in Theorem 2.3.1.

2.4

Identification for control within the general
distance measure framework

In this section, a nominal model P̂s is determined as a representation for the
unknown true plant P0,s . To this end, measured data is used that is obtained
from a closed-loop identification experiment on [P0,s , Csexp ]. In view of the robust stability and performance conditions derived in Section 2.3.2, the following
optimization problem is proposed to determine P̂s :
min dY (P̂s , P0,s ),

(2.9)

P̂s

with dY (P̂s , P0,s ) in (2.5). The only purpose of P̂s in an H∞ setting is to enable
the synthesis of Cs that achieves high performance on [P0,s , Cs ]. Condition (2.7)
shows that the performance in terms of bY (P0,s , Cs ) is comparable to bY (P̂s , Cs )
if dY (P̂s , P0,s ) is small and Cs achieves a robust stability margin bY (P0,s , Cs )
greater than the distance measure dY (P̂s , P0,s ). Then, a controller Cs that
achieves high nominal performance also achieves high performance on [P0,s , Cs ].
This is the motivation to consider (2.9) in the identification step of the proposed
identification and control approach.
In Section 2.4.1, it is shown that the distance measure dY (P̂s , P0,s ) in (2.5)
depends on the particular choices of coprime factorizations of P̂s and Csexp . This
freedom in coprime factorizations is exploited to propose a dY (P̂s , P0,s ) that is
connected to existing identification criteria in closed-loop system identification.
Then, in Section 2.4.2, a frequency-domain algorithm is proposed to determine
P̂s based on measured frequency response function data.
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2.4.1

Identification for control

In this section, the freedom in coprime factorizations of P̂s and Csexp is exploited
to connect (2.9) to a closed-loop identification criterion. First, it is shown that
dY (P̂s , P0,s ) depends on the coprime factorizations of P̂s and Csexp .
Given a lcf {Ñs , M̃s } of P̂s , all possible lcf’s of P̂s can be generated by
{QÑs , QM̃s }, where Q, Q−1 ∈ RH∞ . In the remainder of this section, any
¯ } be a nor¯ , M̃
possible lcf of P̂s is related to a normalized lcf of P̂s . Let {Ñ
s
s
¯ . Then,
malized lcf of P̂s with corresponding normalized left graph symbol G̃
s
¯
¯
{Ñs = Q1 Ñs , M̃s = Q1 M̃s } is a (not necessarily normalized) lcf of P̂s related to
¯ , M̃
¯ } via Q , Q−1 ∈ RH , and left graph symbol G̃ = Q G̃
¯
{Ñ
s
s
1
∞
s
1 s . Similarly,
1
¯ exp , Ṽ¯ exp } be a normalized lcf of C exp with normalized left inverse graph
let {Ũ
s
s
s
¯
¯ exp with Q , Q−1 ∈ RH . Using G̃ = Q G̃
¯ exp . Then, K̃ exp = Q K̃
symbol K̃
2
∞
s
1 s
2 s
s
s
2
¯ exp in (2.5) gives
and K̃sexp = Q2 K̃
s
¯ exp Ḡ )−1 Q−1
¯ Ḡ (K̃
dY (P̂s , P0,s ) = Q1 G̃
0,s
s 0,s
s
2

∞

,

(2.10)

which shows that dY (P̂s , P0,s ) depends on the particular choices of lcf’s of P̂s
and Csexp . Note that dY (P̂s , P0,s ) is invariant to the specific choice of rcf of P0,s .
Here, a normalized rcf of P0,s is used with right graph symbol Ḡ0,s .
From (2.10) it follows that any P̂s determined based on (2.9) depends on
arbitrary transfer function matrices Q1 and Q2 . The key technical result of
this section is the derivation of particular expressions for Q1 and Q2 such that
dY (P̂s , P0,s ) in (2.10) becomes equal to the closed-loop identification criterion
kT (P0,s , Csexp ) − T (P̂s , Csexp )k∞ , i.e.,
dY (P̂s , P0,s ) = T (P0,s , Csexp ) − T (P̂s , Csexp )

∞

.

(2.11)

The identification criterion in (2.11) is frequently used in identification for control, see, e.g., [153], [2] and [73]. If (2.11) is small, it follows from the following
triangle inequality [153],[177, Section 3.4 and 3.5]
kT (P0,s , Csexp )k∞ ≤ kT (P̂s , Csexp )k∞ + kT (P0,s , Csexp ) − T (P̂s , Csexp )k∞ ,
that kT (P0,s , Csexp )k∞ ≈ kT (P̂s , Csexp )k∞ , i.e., the closed-loop performance of
[P0,s , Csexp ] is similar to the closed-loop performance of [P̂s , Csexp ]. Then, a controller Cs determined based on P̂s , taking robust stability into account, is expected to also achieve high performance on [P0,s , Cs ].
First note that straightforward calculations [185, Section 1.2.3] give
¯ exp Ḡ )−1 K̃
¯ exp ,
T (P̂s , Csexp ) = Ḡs (K̃
s
s
s
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¯ exp is a normalized
where Ḡs is a normalized right graph symbol for P̂s , and K̃
s
exp
right inverse graph symbol for Cs . Suppose that Q1 in (2.10) is chosen as Q1 =
¯ K̄ exp )−1 . This choice of Q is allowed since [P̂ , C exp ] is assumed internally
(G̃
s s
1
s
s
¯ , M̃ = Q M̃
¯
stable which yields Q1 , Q−1
∈ RH∞ . Then, {Ñs = Q1 Ñ
s
s
1 s } is a
1
non-normalized coprime factorization of P̂s with left graph symbol G̃s given by
¯ .
¯ K̄ exp )−1 G̃
G̃s = (G̃
s
s s

(2.12)

Next, (2.11) is derived in the following theorem.
Theorem 2.4.1. Let P̂s ∈ Rny ×nu , P0,s ∈ Rny ×nu , and Csexp ∈ Rnu ×ny such
¯ , M̃ =
that [P̂s , Csexp ] and [P0,s , Csexp ] are internally stable. Let {Ñs = Q1 Ñ
s
s
¯ } is a normalized
¯ , M̃
¯ K̄ exp )−1 , where {Ñ
¯ } be an lcf of P̂ with Q = (G̃
Q1 M̃
s
s
s s
s
s
1
¯ exp , Ṽ¯ exp } denote a normalized lcf of C exp , i.e.,
lcf of P̂s . Furthermore, let {Ũ
s
s
s
Q2 = I. Then,
dY (P̂s , P0,s ) = T (P0,s , Csexp ) − T (P̂s , Csexp )

∞

.

¯ K̄ exp )−1 and Q = I in (2.10) gives
Proof. Substituting Q1 = (G̃
s s
2
¯ K̄ exp )−1 G̃
¯ Ḡ (K̃
¯ exp Ḡ )−1
dY (P̂s , P0,s ) = (G̃
s s
s 0,s
0,s
s
=

∞

¯ K̄ exp )−1 G̃
¯ Ḡ (K̃
¯ exp Ḡ )−1 K̃
¯ exp
K̄sexp (G̃
s s
s 0,s
0,s
s
s

∞

. (2.13)

¯ exp in
¯ exp Ḡ )−1 K̃
¯ = I − Ḡ (K̃
¯ K̄ exp )−1 G̃
By substituting the identity K̄sexp (G̃
s
s
s
s s
s
s
(2.13) it follows that


¯ exp Ḡ )−1 K̃
¯ exp Ḡ (K̃
¯ exp Ḡ )−1 K̃
¯ exp
dY (P̂s , P0,s ) =
I − Ḡs (K̃
s
0,s
0,s
s
s
s
s
∞

¯ exp Ḡ )−1 K̃
¯ exp − Ḡ (K̃
¯ exp Ḡ )−1 K̃
¯ exp
= Ḡ0,s (K̃
0,s
s
s
s
s
s
s
=

T (P0,s , Csexp )

−

T (P̂s , Csexp )

∞

∞

.

Theorem 2.4.1 gives expressions for Q1 and Q2 such that (2.10) holds, i.e.,
dY (P̂s , P0,s ) in (2.10) becomes equal to the closed-loop identification criterion
kT (P0,s , Csexp ) − T (P̂s , Csexp )k∞ . This four-block identification criterion is frequently used in identification for control, where it is shown to be particularly
suitable for systems with lightly damped poles and zeros [153, 2, 73]. In the next
section, a numerical tractable identification algorithm is proposed that exploits
the distance measure dY (P̂s , P0,s ) as proposed in Theorem 2.4.1 to estimate a
nominal model P̂s .
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Remark 2.4.1. The presented results are related to the non-normalized coprime
factorization of P̂s proposed in [128], where {Ns , Ms } is a rcf of P̂s with graph
¯ exp Ḡ )−1 . Similarly, {N , M } is a rcf of P with graph
symbol Gs = Ḡs (K̃
s
0,s
0,s
0,s
s
¯ exp Ḡ )−1 . Based on these definitions for G and G , it
symbol G0,s = Ḡ0,s (K̃
0,s
s
0,s
s
can be shown that

2.4.2

T (P0,s , Csexp ) − T (P̂s , Csexp )

∞

= ||G0,s − Gs ||∞ .

Frequency-domain identification algorithm

The proposed coprime factorizations in Section 2.4.1 lead to the following cost
criterion used in the optimization problem (2.9):
dY (P̂s , P0,s ) = G̃s G0,s

∞

,

(2.14)

¯ exp Ḡ )−1 . Solving (2.9) with
with G̃s as defined in (2.12), and G0,s = Ḡ0,s (K̃
0,s
s
criterion (2.14) would, however, require an infinite data set due to the H∞ -norm.
Therefore, an algorithm is proposed in this section to determine P̂s based on a
finite set of measured frequencies.
Let a discrete frequency grid be denoted as Ω = {ω1 , ω2 , ..., ωm }, with frequency points ωi , i = 1, 2, ..., m, where m is the number of frequencies. Define
dYΩ (P̂s , P0,s ) on the discrete frequency grid Ω as


dYΩ (P̂s , P0,s ) = max σ̄ G̃s (jωi )G0,s (jωi ) .
ωi ∈Ω

From the frequency-domain interpretation of the H∞ -norm it follows that
dYΩ (P̂s , P0,s ) ≤ dY (P̂s , P0,s ).

This bound is in general tight if Ω is chosen sufficiently dense, which can be
enforced by an appropriate experiment design, see, e.g., [139, 148, 87]. Therefore,
the following optimization problem with finite measurement data is proposed:
min dYΩ (P̂s , P0,s ).

(2.15)

P̂s

To determine P̂s according to (2.15), three steps are presented in the remaining:
1. Frequency response function measurements: An approach is presented to determine a frequency response function of G0,s (jωi ) for Ω based on the measured frequency response function T (P0,s (jωi ), Csexp (jωi ));
2. Model parametrization: A parametrization is proposed for P̂s based on matrix
fraction descriptions that are particularly suited for multivariable systems;
3. Identification criterion and algorithm: An algorithm is proposed to solve the
optimization problem in (2.15).
First, an approach is described to determine the frequency response function
of G0,s (jωi ).
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2.4.2.1

Frequency response function measurements

Let T (P0,s (jωi ), Csexp (jωi )) denote a frequency response function measurement
on a frequency grid Ω, see [139] for further details. By using that T (P0,s , Csexp ) =
¯ exp Ḡ )−1 K̃
¯ exp and K̃
¯ exp (K̃
¯ exp )∗ = I, see, [185], it directly follows that
Ḡ0,s (K̃
0,s
s
s
s
s
G0,s (jωi ) can be estimated based on T (P0,s (jωi ), Csexp (jωi )) according to:
¯ exp (jω ))∗ .
G0,s (jωi ) = T (P0,s (jωi ), Csexp (jωi ))(K̃
i
s
2.4.2.2

(2.16)

Model parametrization

A parametrization is proposed for P̂s in terms of matrix fraction descriptions,
see, e.g., [100] for further details. The multivariable model P̂s is represented by
a polynomial left matrix fraction description
P̂s (s, θ) = A(s, θ)−1 B(s, θ),
where A(s, θ) ∈ R[s]ny ×ny , B(s, θ) ∈ R[s]ny ×nu , and θ is a real-valued parameter
vector. Then, using G̃s = (V̄sexp − P̂s Ūsexp )−1 [I − P̂s ], it follows that G̃s (s, θ) is
upon substituting P̂s (s, θ) = A(s, θ)−1 B(s, θ) and rearranging terms given by
−1 

−A(s, θ) B(s, θ) (2.17)
G̃s (s, θ) = B(s, θ)Ūsexp (s) − A(s, θ)V̄sexp (s)

Note that the parametrization of G̃s (s, θ) in (2.17) is not unique. Alternatives
include a polynomial parametrization of G̃s , see, e.g., [50], [49, Section 3.3] for
single-input, single-output systems. The key advantage of the parametrization in
(2.17) is that the following result holds [128, Theorem 4]: [P̂s , Csexp ] is internally
stable if and only if G̃s (s, θ) ∈ RH∞ . Hence, only the condition G̃s (s, θ) ∈ RH∞
has to be checked to guarantee that [P̂s , Csexp ] is internally stable.
2.4.2.3

Identification criterion and algorithm

Let G̃s be parametrized as in (2.17). Then, (2.15) can be rewritten as the following optimization problem that aims to determine the parameters θ of P̂s (s, θ):


min max σ̄ G̃s (jωi , θ)G0,s (jωi ) ,
(2.18)
θ

ωi ∈Ω

based on G̃s (jωi , θ) parametrized as in (2.17), and G0,s (jωi ) in (2.16). Next,
Lawson’s algorithm [146, 130] is used to determine θ according to (2.18). A
comparison of methods presented in [29] showed that Lawson’s algorithm results
in good convergence properties and accurate solutions when used for similar
identification problems as (2.18). To this end, the proposed algorithm employs
an iterative scheme that alternates between solving a weighted least-squares
problem, and an adjustment of the weighting used in this least-squares problem.
As a result, efficient gradient-based optimization can be used to determine θ.
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Algorithm 2.4.1. Lawson’s algorithm
a) Set θ0 and wi<k> =

1
m.

b) Solve θ<k+1> = arg min V (θ), where
θ

V (θ) =

m
X

vec

i=1

q



2

wi<k> G̃s (jωi , θ)G0,s (jωi )

.

(2.19)

2

c) Update the weights
wi<k+1> = P

σ̄(G̃s (jωi , θ<k+1> )G0,s (jωi ))wi<k>
.
<k>
<k+1> )G
)
0,s (jωi ))wi
i (σ̄(G̃s (jωi , θ

d) Stop if a stopping criterion is fulfilled, otherwise set k = k + 1 and go to b).
For the selected parametrization of G̃s in (2.17), V (θ) in (2.19) is nonlinear
in the parameters θ. This non-linearity in θ in the optimization problem can be
addressed by considering a related optimization problem. By substituting (2.17)
evaluated at ωi in (2.19), rearranging terms and using the identity vec(ABC) =
(C T ⊗ A)vec(B) [36], (2.19) becomes
V (θ) =

m
X
i=1

<k>
Wls,i
(jωi , θ)vec



−A(jωi , θ)

B(jωi , θ)



2
2

(2.20)

<k>
with Wls,i
(jωi , θ) given by
q
−1
<k>
Wls,i
= GT0,s (jωi ) ⊗ wi<k> B(jωi , θ)Ūsexp (jωi ) − A(jωi , θ)V̄sexp (jωi )
.

By using the parameterization in (2.17), V (θ) in (2.20) can be minimized by iteratively determining a linear least squares solution θ<k+1> with a known weight
<k>
Wls,i
(jωi , θ<k> ), as originally proposed in [150] as Sanathanan-Koerner (SK)
iterations. Typically, this algorithm converges and achieves a small value of V (θ)
in (2.19). Note that the fixed point of the iteration corresponds in general not to
a local optimum of V (θ), as is shown in [187]. To guarantee that the fixed point
of iteration is a local minimum of (2.19), Gauss-Newton iterations can be used
after convergence of the SK iterations. Numerically reliable implementations to
minimize (2.20) are presented in [181, 40], and provide accurate solutions and
reliable convergence properties.
Since the optimization used in Step b) in Algorithm 2.4.1 can result in a
local optimum, global convergence of Algorithm 2.4.1 cannot be guaranteed.
Extensive experience has shown good convergence properties, which is in line
with the results in [29].
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2.4.3

Concluding remarks

In this section, an identification for control approach is proposed which completes
Contribution C2. First, a particular choice is proposed for coprime factorizations of P̂s and Csexp such that the distance measure dY (P̂s , P0,s ) is equal to a
frequently used cost criterion in closed-loop system identification. Second, an
identification algorithm is proposed to determine P̂s based on finite measurement data. Based on the identified P̂s and its associated value of dYΩ (P̂s , P0,s ), a
controller Cs can be determined that achieves high nominal performance, while
taking robust stability into consideration.
In the remaining of this chapter, it is assumed that Algorithm 2.4.1 converges and that dYΩ (P̂s , P0,s ) = dY (P̂s , P0,s ). Then, the robust stability and
performance conditions derived in Section 2.3.2 also hold for dYΩ (P̂s , P0,s ).

2.5

Proposed identification and robust control
procedure

The aim of the identification and control approach proposed in this chapter is
to design Cs such that high performance is achieved for the true plant P0,s .
The robust stability and performance conditions in Theorem 2.3.1-2.3.2 are
at the basis of the developed approach. Recall that condition (2.7) in Theorem 2.3.2 illustrates that the performance in terms of bY (P0,s , Cs ) is comparable to bY (P̂s , Cs ) if dY (P̂s , P0,s ) is small and the robust stability condition
dY (P̂s , P0,s ) < bY (P0,s , Cs ) holds. In view of these observations, an identification approach was presented in Section 2.4 that aimed to determine a model
P̂s such that dY (P̂s , P0,s ) is minimized. In this section, a controller synthesis method is proposed that simultaneously addresses nominal performance and
robust stability. Together with the identification method in Section 2.4, this
constitutes the following identification and control approach for the dual-Youla
uncertainty structure.
Procedure 2.5.1. Identification and control approach for the dual-Youla uncertainty structure
1. Measurements: Measure T (P0 (jωi ), C exp (jωi )), ωi ∈ Ω;
2. Weighting function design: Determine weighting functions W1 and W2
to specify performance and robustness requirements, and construct a shaped
frequency response function T (P0,s (jωi ), Csexp (jωi )) according to
T (P0,s , Csexp )

=



W2
0

0
W1−1



T (P0 , C

exp

)



W2−1
0

0
W1



;
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3. Identification: Solve (2.18) by using Algorithm 2.4.1. Let dΩ be the achieved
minimum cost and P̂s a model which achieves this minimum cost;
4. Controller synthesis: Determine Cs based on the H∞ -norm minimization
problem


min
,
(2.21)
dΩ K̄s (G̃s K̄s )−1 K̄s (G̃s K̄s )−1 G̃s
∞
Cs stabilizing

with G̃s as in (2.12), and  ∈ (0, 1) a design parameter.
5. Verification: Check the robust stability condition dΩ < bY (P̂s , Cs ). If dΩ ≥
bY (P̂s , Cs ), change the performance specifications in W1 and W2 and repeat
from Step 2.
In Step 1 of Procedure 2.5.1, T (P0 (jωi ), C exp (jωi )) is determined by means
of frequency response function measurements, see, e.g., [139] for further details.
Weighting functions are designed in Step 2 according to the procedure in [119].
In Step 3, a nominal model P̂s is determined by solving (2.18), with achieved
cost dΩ . Then, the robust stability condition in Theorem 2.3.1 becomes
dΩ < bY (P̂s , Cs ),

(2.22)

under the assumption in Section 2.4.2 that dYΩ (P̂s , P0,s ) = dY (P̂s , P0,s ). The goal
of the subsequent controller synthesis based on P̂s in Step 4 of Procedure 2.5.1
is to achieve i) high nominal performance and ii) robust stability as precisely
Y
characterized by (2.22). Since kK̄s (G̃s K̄s )−1 k−1
∞ ≤ b (P̂s , Cs ), it directly follows
from (2.22) that
kdΩ K̄s (G̃s K̄s )−1 k∞ < 1,
is a sufficient condition for the robust stability condition in (2.22). Furthermore, kK̄s (G̃s K̄s )−1 G̃s k∞ = kT (P̂s , Cs )k∞ is a measure for nominal performance. Hence, the rationale behind the used cost function is that (2.21) combines -in a single objective function- robust stability and nominal performance
requirements. The design parameter  is used to allow for a trade-off between
both requirements. Note that the McMillan degree of Cs is bounded by the
sum of the McMillan degrees of P̂s and Csexp . This is a direct consequence of
the choice for a non-normalized lcf {Ñs M̃s } of P̂s in Section 2.4.1, which has a
McMillan degree that is bounded by the McMillan degrees of P̂s and Csexp . In
¯ based on a normalized lcf {Ñ
¯ M̃
¯ } of P̂ is
contrast, the McMillan degree of G̃
s
s
s
s
bounded by the McMillan degree of P̂s [185]. As a result, Cs obtained with the
proposed approach has a higher McMillan degree than for the case based on a
synthesis procedure with a normalized lcf of P̂s .
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The H∞ -norm minimization problem in (2.21) can be readily solved using
the general approach proposed in [192]. Finally, in Step 5 of Procedure 2.5.1,
the robustness stability condition (2.22) is verified, and if required the weighting
functions W1 and W2 can be changed based on engineering insight, or the weightoptimization approach used in [105, 134].
Concluding, an identification and control approach is proposed within the
general distance framework in [107, 106] that aims to design Cs such that high
performance is achieved for P0,s . The robust stability and performance conditions in Theorem 2.3.1-2.3.2 are essential in the developed approach. Next, the
proposed identification and control approach is illustrated in an experimental
case study on a mechanical system with lightly damped poles and zeros.

2.6

Experimental example

In this section, Procedure 2.5.1 is illustrated for a mechanical system with lightly
damped poles and zeros. A stabilizing controller Csexp is given that achieves
a cross-over frequency of 10 Hz. A closed-loop identification experiments is
performed to obtain the frequency response function T (P0 (jωi ), C exp (jωi )), ωi ∈
Ωid , as depicted in Figure 2.3. Then, in Step 2 of Procedure 2.5.1, the following
weighting functions are proposed
W1 (s) = 1,

W2 (s) =

7.534 × 105 s + 2.84 × 107
,
s2 + 942.5

aiming at a target cross-over frequency of 30 Hz, and specifying integral action
and controller roll-off in the low-frequency and high-frequency range, respectively. Consequently, T (P0,s (jωi ), Csexp (jωi )) is constructed.
In Step 3 of Procedure 2.5.1, a tenth-order nominal model P̂s is identified
by using Algorithm 2.4.1 based on the measured frequency response function
T (P0,s (jωi ), Csexp (jωi )), ωi ∈ Ωid . Three iterations of Algorithm 2.4.1 were
required to converge to a stationary point. Since the condition G̃s (s, θ) ∈ RH∞
holds, it follows that [P̂s , Csexp ] is internally stable and that {Ñs , M̃s } is a lcf of
P̂s . The identified model P̂s = M̃s−1 Ñs is depicted in Figure 2.4, together with a
frequency response function of the true shaped plant P0,s . It can be seen that P̂s
very accurately describes the rigid-body behavior, and the resonance phenomena
at 129, 522, and 737 Hz of P0,s , while the resonance at 1229 Hz is not included
in P̂s . This confirms that the proposed identification procedure automatically
yields a good fit around the target cross-over frequency of 30 Hz. Resonance
phenomena in the high-frequency range, starting with the resonance at 1229
Hz, are not modelled in P̂s . Essentially, these dynamics are not important for
robust stability due to roll-off in the high-frequency range as specified in W2 .
This is confirmed in Figure 2.5, which shows that the identification criterion
σ̄(G̃s (jωi )G0,s (jωi )) has dominant contributions for the first three resonance
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Fig. 2.3. Identified frequency response function of the closed-loop system
T (P0 , C exp ) for ωi ∈ Ωid .

phenomena, which are therefore included in the nominal model P̂s . The achieved
minimum cost of the identification algorithm is given by dΩ = 0.6113.
In Step 4 of Procedure 2.5.1, Cs is determined according to (2.21) with
dΩ = 0.6113 and design parameter  = 0.5. To illustrate the advantages of
the proposed approach, Cs is compared with a controller Cs∞ that is determined by means of the H∞ loop-shaping approach in [77]. First, consider
nominal performance in terms of kT (P̂s , Cs )k∞ . Since kT (P̂s , Cs )k∞ = 5.5932
and kT (P̂s , Cs∞ )k∞ = 3.1390, nominal performance for Cs is deteriorated compared to Cs∞ . However, for Cs∞ it holds that bY (P̂s , Cs∞ ) = 0.3456, and since
0.6113 = dΩ > bY (P̂s , Cs∞ ), internal stability of [P0,s , Cs∞ ] cannot be guaranteed. By using a robust stability condition in the H∞ minimization problem in
(2.21), the robust stability margin for Cs becomes bY (P̂s , Cs ) = 0.6473, which
implies that [P0,s , Cs ] is internally stable. This illustrates the advantages of the
proposed approach compared to the H∞ loop-shaping approach in [77]. Finally,
note that kT (P̂s , Csexp )k∞ = 79.4801, confirming that Cs significantly improves
performance for the considered mechanical system with lightly damped poles
and zeros compared to the pre-existing Csexp . The achieved performance can be
further improved by repeating Procedure 2.5.1 with Cs as initial controller.
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2.7

Conclusions

In this chapter, an identification and control procedure is developed within the
general distance measure framework. In particular, results are derived for the
dual-Youla uncertainty structure, as is commonly used in identification for control. First, a particular non-normalized coprime factorization of P̂s is introduced
to connect the general distance measure for a dual-Youla uncertainty structure to
a closed-loop identification criterion. Second, a frequency domain identification
algorithm is proposed to determine P̂s . Third, a controller Cs is determined according to a H∞ minimization problem with an objective function that addresses
nominal performance and robust stability requirements. An experimental example on a mechanical system with lightly damped poles and zeros demonstrates
the use of the proposed identification and control approach, and confirms the
advantages of the proposed approach for such systems.
Future work includes an extension of the proposed framework to other uncertainty structures in the distance measure framework of [107], model reduction
based on a distance measure, and an application to multivariable systems with
lightly damped poles and zeros.

Chapter 3

Non-Diagonal H∞ Weighting
Function Design: Exploiting
Spatio-Temporal Deformations in
Precision Motion Control 1
Model-based control design requires a careful specification of performance and
robustness requirements. In typical norm-based control designs, performance
and robustness requirements are specified in a scalar optimization criterion,
even for complex multivariable systems. This chapter aims to develop a novel approach for the formulation of this optimization criterion for multivariable motion
systems that exhibit spatio-temporal deformations. To achieve this, characteristics of the underlying system are exploited to design multivariable weighting
functions. In contrast to pre-existing approaches, which typically lead to diagonal weighting functions, the proposed approach enables the design of nondiagonal weighting functions. Extensive experimental results confirm that the
proposed procedure can significantly improve the performance of an industrial
motion system compared to earlier approaches.

3.1

Introduction

The design of a high-performance controller for a complex multivariable system
hinges on the specification of a suitable optimization criterion. In model-based
control, a scalar criterion is typically adopted that should reflect the user-defined
1 This

chapter is based on [25], preliminary results appeared as [24].
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performance requirements, as in [192], [120] and [157]. These requirements are
defined in the optimization criterion by means of weighting functions, see, e.g.,
[108], [94], [79] and [114]. Relevant examples include H2 and H∞ control.
The key advantage of H∞ -optimization is that it is capable of delivering
robust controllers by explicitly taking model uncertainty into account. In contrast, LQG and H2 designs have no guaranteed robustness margins [59]. Besides
the ability of H∞ -optimization to design robust controllers, it allows for the design of weighting functions using loop-shaping concepts, see, e.g., [60] and [120].
These techniques are particularly suitable for motion control, where controllers
are traditionally being designed using manual loop-shaping [173].
Weighting function design for motion systems typically employs diagonal
weighting functions to specify performance requirements, see, e.g., [167], [152]
and [173]. The underlying assumption for this approach is that the system is
approximately diagonal. This assumption is in general not valid for multivariable
motion systems that exhibit spatio-temporal deformations. For such systems,
parasitic dynamics are typically relevant in more than one channel of the servo
system. In fact, such dynamics have in general a specific directional effect,
making the control problem inherently multivariable. In such cases, non-diagonal
weighting selection in the performance channels of the H∞ -optimization problem
might be effective to enhance the performance of multivariable motion systems.
Although H∞ control is promising for the design of controllers for multivariable motion systems that exhibit spatio-temporal dynamics, at present there
is no procedure to adequately specify the control goal in standard H∞ control
criteria. This chapter aims to improve performance of such systems by exploiting non-diagonal weighting functions that address the directional effect of
spatio-temporal dynamics. To achieve this, the designed weighting functions incorporate frequency-localized compensation of directionality in the system. The
performance improvement obtained with non-diagonal weightings is illustrated
in an experimental case study for an industrial high-performance motion system.
This chapter is organized as follows. In Section 3.2, loop-shaping for multivariable systems is revisited. In Section 3.3, a procedure is proposed to determine transformation matrices that provide frequency-localized compensation of
the directionality in the system. In Section 3.4, multivariable weighting functions are proposed to specify performance requirements for motion systems. In
Section 3.5, extensive experimental results for an industrial motion system are
provided to evaluate the achievable performance enhancement of the proposed
weighting function design. Finally, conclusions are provided in Section 3.6.
Notation. Let P (s) ∈ Rn×n denote a square real-rational transfer function
matrix, with s the Laplace operator. For ease of notation, P (s) is also denoted P .
Furthermore, let the singular values of A ∈ Cn×m be denoted by σi (A), with the
maximum (resp. minimum) singular value denoted by σ̄(A) (resp. σ(A)). The
eigenvalues of a matrix A ∈ Cn×m are denoted by λi (A). A matrix U ∈ Cn×n
is unitary if U H U = U U H = I, where U H is the conjugate transpose of U .
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f

f1 f2

f3 . . . fm

Fig. 3.1. Singular values of the desired loop transfer function Ldes (s) for
performance and robustness.

3.2
3.2.1

Problem definition
Loop-shaping

Closed-loop performance and robustness requirement can often be translated in a
desired loop transfer function. The goal of loop-shaping is to attain this desired
loop transfer function Ldes = P C, with P the system and C the controller,
that prescribes the desired gains of the system as a function of frequency. In
particular, three requirements for Ldes are commonly imposed, see, e.g., [120,
Chap. 6] and [157, Chap. 9]. These requirements are indicated in Figure 3.1 by
the black triangles and the cross-over region f ∈ [f1 , f2 ], given by σ(Ldes (f1 )) = 1
and σ̄(Ldes (f2 )) = 1.
R1. Nominal stability: The maximum roll-off rate of |λi (Ldes )|, ∀i in the crossover region f ∈ [f1 , f2 ] is −40 db/decade.
R2. A large open-loop gain needs to be attained for frequencies below f1 , i.e.,
σ(Ldes )  1 ∀ f ∈ [0, f1 ].
R3. A small open-loop gain needs to be attained for frequencies above f3 , i.e.,
σ(Ldes )  1 ∀ f ∈ [f3 , f∞ ].
Requirement R1 ensures nominal closed-loop stability, while R2–R3 reflect a
closed-loop performance and a closed-loop robustness requirement, respectively.
To illustrate the connection between R2–R3 and closed-loop requirements, con−1
sider the desired sensitivity function Sdes = (I + Ldes ) and desired comple−1
mentary sensitivity function Tdes = Ldes (I + Ldes ) . As shown in [120], these
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W1

VH

Σ

U

W2

P
Fig. 3.2. A need for directionality compensation in weighting function design
for multivariable systems.

expressions can be approximated in the relevant frequency ranges by
1
 1 where σ(Ldes )  1,
σ(Ldes )
σ̄(Tdes ) ≤ σ̄(Ldes )  1 where σ̄(Ldes )  1.

σ̄(Sdes ) ≤

(3.1)

Expression (3.1) reveals that Ldes implicitly determines the singular values of
Sdes and Tdes . Complying with typical requirements, low-frequency disturbances
are attenuated if σ̄(Sdes )  1, while high-frequency robustness with respect
to model uncertainty is obtained if σ̄(Tdes )  1. This result shows that R2–
R3 dictate closed-loop performance and robustness requirements. Furthermore,
note that the pursued H∞ -optimization technique in this chapter automatically
addresses closed-loop robustness requirements in [f1 , f3 ].
In this chapter, the H∞ loop-shaping design procedure presented in [119] is
used to attain Ldes .
Goal 3.2.1. Given σi (Ldes ), the goal in loop-shaping is to design weighting
functions W1 (s), W2 (s) such that
σi (Ps ) ≈ σi (Ldes ) i = 1, . . . , n.
where the shaped system Ps is given by
Ps (s) = W2 (s)P (s)W1 (s).

(3.2)

By loop-shaping σi (Ps ), Goal 3.2.1 ignores nominal closed-loop stability considerations as given in R1. In the H∞ loop-shaping design procedure, closedloop stability is ensured by subsequently using H∞ -optimization based on the
designed Ps (s). A complete tutorial for the design of controllers using the H∞
loop-shaping design procedure is provided in [119].
Remark 3.2.1. The open-loop weighting functions W1 (s), W2 (s) in (3.2) can be
directly translated into equivalent closed-loop weighting functions, as is used in
common H∞ -optimization algorithms including [157]. In this case, equivalence
between open-loop and closed-loop weighting functions holds if W1 (s) and W2 (s)
satisfy the conditions posed in [120].
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Fig. 3.3. Open-loop weighting functions W1 (s) and W2 (s) which reflect requirements R2–R3.

3.2.2

Directionality in multivariable systems

For multivariable systems, the input
cates the design of W1 (s) and W2 (s).
tion between the singular values and
in the singular value decomposition.
quency ωk is given by

and output directionality of P (s) compliThis directionality determines the connecthe individual entries of P (s), as reflected
The singular value decomposition at fre-

P (jωk ) = U (jωk )Σ(jωk )V H (jωk ),

(3.3)

with Σ(jωk ) = diag(σ1 (jωk ), σ2 (jωk ), . . . , σn (jωk )) ∈ Rn×n , and unitary matrices V (jωk ) ∈ Cn×n and U (jωk ) ∈ Cn×n .
In (3.3), Σ represents the singular values of the system, while V and U represent the corresponding input and output directionality. The key point is that
this directionality is frequency dependent. Since performance and robustness requirements are specified by means of loop-shaping Σ, the directionality of P as
defined in V and U should be accounted for in W1 (s) and W2 (s), as illustrated in
Figure 3.2. As a result, the singular values in Σ are accessible for loop-shaping.
In classical control design, directionality is often only addressed in the crossover region, see, e.g., [116, Section 4.3]. Typically, this design methodology is
focused on determining static transformation matrices Tu , Ty ∈ Rn×n such that
Pdiag (s) = Ty P (s)Tu ,

(3.4)

is diagonally dominant in f ∈ [f1 , f2 ]. As a result, the singular values in f ∈
[f1 , f2 ] are approximately equal to the diagonal entries of Pdiag (s), σi (Pdiag ) ≈
(Pdiag )ii , where (Pdiag )ii is the (i, i)th entry of Pdiag . Herein, V and U in (3.3)
are compensated in f ∈ [f1 , f2 ] by T̃u = V and T̃y = U H . Then, the typically
complex matrices T̃y , T̃u are approximated by Tu , Ty ∈ Rn×n . This corresponds
to rigid-body decoupling for motion systems, as is elaborated on in Section 3.3.
Based on Pdiag (s) in (3.4), the requirements R2–R3 are translated into diagonal W1 (s) and W2 (s). As depicted in Figure 3.3, W1 defines integral action in
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f ∈ [0, f1 ], while W2 specifies roll-off in f ∈ [f3 , f∞ ]. In addition, W1 (s), W2 (s)
scale P (s) such that the cross-over region of Ps (s) is in [f1 , f2 ]. This diagonal
weighting function design is succesfully applied to motion systems in, e.g., [173].

3.2.3

Extended requirements for multivariable motion systems with spatio-temporal dynamics

Lightly damped resonance phenomena associated with spatio-temporal dynamics
hamper the performance of a mechanical system, see, e.g., [7] and [158]. Indeed,
in [131, Section V] it is revealed that the dominant components in the servo
error for an industrial motion system result from such phenomena, as indicated
by gray rectangles in Figure 3.1.
A design for W1 (s), W2 (s) is proposed that aims to specify performance requirements for lightly damped resonance phenomena in [f2 , f3 ], while retaining
R2–R3. Since these dynamics have a specific directional effect, non-diagonal
W1 (s), W2 (s) are required to enable loop-shaping of the singular values in [f2 , f3 ].
Non-diagonal W1 (s), W2 (s) in H∞ loop-shaping are considered in [136, 105, 133].
In this chapter, properties of mechanical systems are exploited to address
directionality in W1 (s), W2 (s). In particular, frequency-localized compensation
of the directionality is used to enable loop-shaping of the singular values of P (s)
in m distinct frequency ranges, as defined in the following sub-goal.
Sub-Goal 3.2.1. Determine matrices Tu,j , Ty,j ∈ Rn×n , for j = 1, . . . , m, such
that ∀ i = 1, . . . , n
σi (Tu,j P (s)Ty,j ) ≈ |(Tu,j P (s)Ty,j )ii | ∀ f ∈ [fj , fj+1 ],
i.e., account for the directionality of the system in the j th frequency range.
The static transformation matrices Tu,j , Ty,j should be absorbed in W1 (s),
W2 (s) such that Ps (s) satisfies Goal 3.2.1. In the next section, a procedure is
proposed to determine Tu,j , Ty,j that compensate for the directionality of the
system in the j th frequency range.

3.3

Frequency-localized directionality compensation for motion systems

In this section, a procedure is proposed that is aimed to address Sub-Goal 3.2.1.
To this purpose, Tu,j , Ty,j for j = 1, . . . , m are determined that compensate for
the directionality in distinct frequency ranges by exploiting the characteristics
of the underlying system. The focus is on a class of motion systems which are
described by the following definition.

3.3 Frequency-localized directionality compensation for motion systems
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Definition
3.3.1. [71] The dynamical response of a linear mechanical system

A B
P (s) =
∈ Rn×n with proportional damping can be written as a sum
C 0
of N second-order subsystems
P (s) =

n
X
cT bi
i

i=1

s2

+

N
X

i=n+1

s2

cTi bi
,
+ 2ζi ωi s + ωi2

(3.5)

with n the number of rigid-body modes, cTi the ith column of the output matrix
C ∈ Rn×N , bi the ith row of the input matrix B ∈ RN ×n , ζi the dimensionless
damping constant, ωi the natural frequency of the ith second-order subsystem.
In this chapter, P (s) is controlled in all n rigid-body degrees of freedom. As
a result, the number of inputs and outputs of P (s) is equal to the number of
rigid-body modes.
For the sake of clarity, transformation matrices Tu,j , Ty,j are determined for
f ∈ [0, f2 ] and f ∈ [f2 , f3 ]. Extension of the frequency-localized directionality
compensation method to more frequency ranges is conceptually straightforward.
First, Tu,1 , Ty,1 are determined that result in compensation of the directionality
in f ∈ [0, f2 ]. Consider the following intermediate result.
Lemma 3.3.1. Let P (s) be of the form of Definition 3.3.1. Then, there exist
Tu,1 , Ty,1 ∈ Rn×n such that
Ty,1 s2 P (s)Tu,1 ,
is diagonal at s = 0.
Proof. Since
s2 P (s) =

n
X

cTi bi +

i=1

N
X

i=n+1

cTi bi

s2
,
s2 + 2ζi ωi s + ωi2

it holds that for |s| → 0
s2 P (s) =

n
X
i=1

cTi bi ∈ Rn×n .

(3.6)

The singular value decomposition of (3.6) is given by U ΣV T where U, Σ, V ∈
Rn×n . By defining Ty,1 = U T and Tu,1 = V it follows that
Ty,1 s2 P (s)Tu,1 = Σ for s = 0,
since U and V are unitary matrices, i.e., U T U = I and V T V = I. Then,
Ty,1 s2 P (s)Tu,1 is diagonal at s = 0.
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Fig. 3.4. Illustration of Assumption 3.3.1 : the directionality of the resonance phenomena in f ∈ [f2 , f3 ] (solid black) can be determined by means of
Proposition 3.3.2 if these modes dominate the dynamical response of Pflex (s)
in f ∈ [0, f2 ] with respect to the contribution of resonance phenomena in
f ∈ [f3 , f∞ ] (dashed gray).

Next, Lemma 3.3.1 is used to propose rigid-body decoupling for motion systems. The concept of diagonal dominance is used, as defined in [116, Sect. 2.10].
Proposition 3.3.1. (Rigid-body decoupling)
Let P (s) be of the form of Definition 3.3.1. Then,
Pdiag (s) = Ty,1 P (s)Tu,1 ,

(3.7)

with Tu,1 , Ty,1 ∈ Rn×n from Lemma 3.3.1 is diagonally dominant for |s| → 0.
Proof. Substitute (3.5) in (3.7) to obtain
Ty,1 P (s)Tu,1

N
X
1
cTi bi
Tu,1 .
Ty,1 2
= 2Σ +
s
s + 2ζi ωi s + ωi2
i=n+1

For |s| → 0 it holds that
N
X
1
cTi bi
Σ

T
Tu,1 ,
y,1
s2
s2 + 2ζi ωi s + ωi2
i=n+1

i.e., Pdiag (s) is diagonally dominant for |s| → 0.
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Fig. 3.5. The weighting function W1,2 (left) reflects the specification of derivative action in f ∈ [f2 , f3 ] to provide damping. The multivariable weighting
function W1 (right) consist of Tu,2 W1,2 Ty,2 and W1,1 , and specifies performance
requirements for f ∈ [0, f3 ].

The second-order rigid-body dynamical behavior at s = 0 dominates the
dynamical response of the system up to frequency f2 . Therefore, for i = 1, . . . , n,
σi (Ty,1 P (s)Tu,1 ) ≈ (Ty,1 P (s)Tu,1 )ii

∀ f ∈ [0, f2 ].

Second, transformation matrices Tu,2 , Ty,2 are determined that provide local
compensation of the directionality in f ∈ [f2 , f3 ]. Consider the transformed
system Pflex (s), representing the resonance phenomena of P (s), given by
Pflex (s) = P (s) −

n
X
cT bi
i

i=1

s2

=

N
X

cTi bi
.
s2 + 2ζi ωi s + ωi2
i=n+1

Assumption 3.3.1. The resonance phenomena in [f2 , f3 ] given by
2n
X

cTi bi
,
s2 + 2ζi ωi s + ωi2
i=n+1
dominate the dynamical response of Pflex (s) at s = 0, i.e.,
N
2n
X
X
cTi bi
cTi bi

,
2
ωi
ωi2
i=n+1
i=2n+1

where

PN

i=2n+1

s2

cTi bi
, are the resonance phenomena in [f3 , f∞ ].
+ 2ζi ωi s + ωi2

Assumption 3.3.1 is graphically illustrated in Figure 3.4 for a system with
n = 2. This assumption is in general non-restrictive for motion systems and is
exploited in the following proposition.
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Fig. 3.6. The proposed multivariable weighting function design as outlined
in Procedure 3.4.1 specifies performance requirements for lightly damped resonance phenomena by means of Tu,2 W1,2 (s)Ty,2 , while simultaneously reflecting
the classical requirements R2–R3 through W1 and W2 .

Proposition 3.3.2. Given Pflex (s), there exist Tu,2 , Ty,2 ∈ Rn×n such that
Pflex, diag = Ty,2 Pflex (s)Tu,2 ,
where Pflex, diag is diagonally dominant for |s| → 0.
The proof of Proposition 3.3.2 follows along similar lines as the proof provided
by Proposition 3.3.1. By virtue of Assumption 3.3.1, the dynamical response of
Pflex (s) is in f ∈ [0, f3 ] dominated by the first n lightly damped resonance
phenomena. As a result, for i = 1, . . . , n,
σi (Ty,2 Pflex (s)Tu,2 ) ≈ (Ty,2 Pflex (s)Tu,2 )ii ,
in the frequency range f ∈ [0, f3 ]. For a plant P with n inputs and n outputs,
the decoupling proposed in Proposition 3.3.2 can decouple n lightly damped
resonance phenomena. If it is desired to specify weighting for a smaller number
of resonances, there is no need to extract the input and output directions of
all n resonances from Pflex (s). Then, the dimensions of Tu,2 , Ty,2 can be easily
reduced. For example, for i = 1, Tu,2 ∈ Rn×1 , Ty,2 ∈ R1×n .
Even though Tu,2 , Ty,2 diagonalize Pflex (s) in [0, f3 ], the original system P (s)
is only diagonalized in the frequency range where the first n resonance phenomena dominate the dynamical response of P (s). In Figure 3.1, this corresponds to
[f2 , f3 ]. This implies that Tu,2 , Ty,2 for the flexible dynamics should be absorbed
in W1 , W2 to enable explicit loop-shaping of σi in respectively [0, f2 ] and [f2 , f3 ].
The way to do this is to make use of frequency dependent weighting functions,
as presented in the next section.

3.4

Multivariable weighting function design

In this section, multivariable weighting functions W1 (s) and W2 (s) are proposed
for motion systems with spatio-temporal dynamics. These weighting functions
reflect i) the classical requirements R2–R3 and ii) the performance requirements
for the first resonance phenomenon in [f2 , f3 ].
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In [142] it is shown that for a SISO system, the inclusion of derivative action
in the controller provides damping to lightly damped resonance phenomena. As
a result, closed-loop performance is enhanced for systems with spatio-temporal
dynamics. In terms of the desired loop transfer function Ldes defined in Section 3.2.1, derivative action should be specified with respect to the singular
value σi (Ldes ) associated with the resonance phenomenon in [f2 , f3 ]. Frequencylocalized directionality compensation as proposed in Section 3.3 is essential to
accurately translate this performance requirement in W1 (s) and W2 (s).
The following design procedure for W1 (s) and W2 (s) is proposed, which implements the main contribution of this chapter.
Procedure 3.4.1. Multivariable weighting function design
Given σi (Ldes ):
(A) Classical loop-shaping
A1. Determine Ty,1 and Tu,1 by applying Prop. 3.3.1 to locally compensate
for the directionality in [0, f2 ].
A2. Design W1,1 and W2 to reflect classical requirements R2–R3, see Figure 3.3, with cross-over region f ∈ [f1 , f2 ], given by σ(Ps (f1 )) ≥ 1 and
σ̄(Ps (f2 )) ≤ 1.
(B) Extended loop-shaping
B1. Determine Ty,2 and Tu,2 by applying Prop. 3.3.2 to locally compensate
for the directionality in [f2 , f3 ] .
B2. Construct W1,2 for [f2 , f3 ] as illustrated in Figure 3.5.
(C) Absorb W1,1 and Tu,2 W1,2 Ty,2 in W1 , see Figure 3.6.
Steps A1-A2 have been presented in Section 3.2 for classical loop-shaping.
Therefore, this section focuses on Steps B1-B2 and Step C, which constitutes
the novel aspect of the proposed weighting function design.
First, consider Steps B1-B2 of Procedure 3.4.1. In this part of the procedure,
damping is specified to the first lightly damped resonance phenomenon in [f2 , f3 ]
to improve the closed-loop performance. Specifically, similar to the detailed
approach provided in [44], derivative action is included in W1 (s) for f ∈ [f2 , f3 ]
to provide damping to the first resonance phenomenon. Alternatively, (inverse)
notch filtering can be included in W1 (s) to specify damping. Local compensation
of the directionality by means of Ty,2 and Tu,2 in Step B1 enables an extension of
the approach and results in [44] to multivariable systems, by explicitly addressing
the specific directional effect of the considered resonance phenomenon.
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Fig. 3.7. Weighted feedback configuration.

Second, Step C of Procedure 3.4.1 is considered. In Step C, W1 (s) is constructed from W1,1 (s) and Tu,2 W1,2 (s)Ty,2 , as depicted in Figure 3.6. The absorption of Tu,2 W1,2 (s)Ty,2 in W1 (s) enables weighting of the singular values
corresponding to the first resonance phenomena in [f2 , f3 ], while leaving the remaining singular values unaffected in this frequency range. Furthermore, the
performance requirements in [0, f1 ] by W1,1 (s) and in [f2 , f3 ] by Tu,2 W1,2 (s)Ty,2
do not interfere due to the specific parallel structure of W1 (s), see Figure 3.5.
As such, W1,2 and W1,1 can be designed separately, which significantly simplifies
the design procedure of the weighting functions.
The multivariable weighting functions constructed in Procedure 3.4.1 specify
performance and robustness requirements in a scalar optimization criterion. Finally, the optimal controller Cs∗ is determined by minimizing this optimization
criterion. The controller Cs∗ results from
Cs∗ = arg min J(P̂s , Cs ),
Cs

(3.8)

where P̂s = W2 P̂ W1 is based on a parametric model P̂ of the system P , and
J(P̂s , Cs ) is a norm-based criterion given by J(P̂s , Cs ) = kT (P̂s , Cs )k∞ with



 



r
y
P̂s
T (P̂s , Cs ) :
7→
=
(I + Cs P̂s )−1 Cs I ,
d
u
I

as depicted in Figure 3.7. The corresponding robust stability margin max (P̂s , Cs )
is defined as



 −1
P̂s
max (P̂s , Cs ) =
(I + Cs P̂s )−1 Cs I
.
(3.9)
I
∞
If max (P̂s , Cs )  1, the performance requirements specified in terms of σi (Ldes )
are incompatible with robust stability requirements. In this case, Ldes should
be adjusted, see [120].
The synthesis of the H∞ -controller Cs∗ in (3.8) is extensively treated in [120].
Following this approach, the resulting controller
C = W1 Cs∗ W2 ,

(3.10)

is implemented on P . The resulting controller i) guarantees internal stability of
the closed-loop system and ii) is H∞ -optimal with respect to the user-defined
performance and robustness requirements, as specified in W1 (s) and W2 (s).
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Fig. 3.9. Singular values of P (jω).

3.5

Experimental results

In this section, the proposed weighting function design is implemented on a
prototype industrial motion system. The goal of this section is to experimentally
validate that the proposed multivariable weighting functions result in improved
performance compared to classical diagonal weighting functions.

3.5.1

Experimental setup

The considered prototype industrial motion system is depicted in Figure 3.8.
The positioning stage of this prototype is explicitly designed to exhibit pronounced lightly damped resonance phenomena. Therefore, the positioning stage
has dimensions 600 × 600 × 60 mm, while it weighs 13.5 kg only, see [180]. For
comparison, existing systems, as considered in [41], weigh approximately 40 kg.
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(b) Weighting function W2 .

Fig. 3.10. Singular values of W1 and W2 : the classical design (black,
Sect. 3.2.2) specifies only low- and high-frequency weighting, while for the multivariable design (dashed gray, Sect. 3.4) derivative action is added with respect
to the singular value related to the first resonance of P (jω) at 129 Hz.

The positioning stage in Figure 3.8 is controlled in all six motion degreesof-freedom (DOF) (i.e., three rotations and three translations), where gravity
compensators enable contactless operation. The maximum displacement in the
translational DOFs (x, y, and z) is equal to 0.5 mm, while the range in the
rotational DOFs (Rx , Ry , and Rz ) is given by 1 mrad, see [149]. The positioning
stage is actuated by six Lorentz motors. Furthermore, the measurement system
consists of three linear incremental encoders with a resolution of 1 nm in the
vertical plane (z, Rx , Ry ), and three capacitive sensors in the horizontal plane,
(x, y and Rz ). The control software is implemented in Matlab Simulink.
The geometry of the experimental-setup results in significant interaction between the DOFs z, Rx and Ry , while the interaction terms are negligible between
the vertical plane (z, Rx , Ry ), and the horizontal plane (x, y, Rz ). For this reason, a multivariable controller design is pursued for the vertical plane, while a
multiloop SISO controller is used for the horizontal plane. The singular values of
the measured frequency response function P (jω) corresponding to the vertical
plane are depicted in Figure 3.9.

3.5.2

Weighting function design

In this section, performance and robustness requirements for the experimental
setup in Figure 3.8 are expressed in weighting functions. It is emphasized that
the weighting function design is solely based on the frequency response function P (jω). First, multivariable weighting functions W1mimo and W2mimo are
designed according to Procedure 3.4.1. Second, classical weighting functions
W1class , W2class are designed based on the guidelines provided in Section 3.2.2.
The target crossover region f = [f1 , f2 ] is chosen as 28 Hz in both approaches
for comparison.
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From Figure 3.9, it becomes clear that the first resonance of P (jω) appears
at 129 Hz. Therefore, as depicted in Figure 3.10, W1mimo is designed such that
derivative action is specified in [28, 250] Hz. Due to local directionality compensation, only the singular value associated with this resonance is weighted in this
frequency range. Hence, the remaining singular values are not affected.
The shaped system, as defined in (3.2), is given by
Psmimo = W2mimo P W1mimo ,
Psclass = W2class P W1class ,
for multivariable and classical weighting functions, respectively. As depicted
in Figure 3.11, the target crossover region is for Psclass and Psmimo equal to 28
Hz. Similar to the observations based on Figure 3.10, the shaped system Psmimo
as shown in Figure 3.11 contains explicit weighting of the first lightly damped
resonance, while leaving the remaining singular values of the system unaffected.
Based on the designed weighting functions, the procedure in Section 3.4
is used to synthesize Csmimo , based on W1mimo , W2mimo , and Csclass , based on
W1class , W2class . To this purpose, the required parametric model P̂ of the system
P is determined by means of the approach in [131], see Figure 3.15. The robust
stability margin in (3.9) is for the proposed design (resp. classical design) given
by max (P̂s , Csmimo ) = 0.3195 (resp. max (P̂s , Csclass ) = 0.3061). Finally, C mimo
and C class are determined according to (3.10).

3.5.3

Analysis

The design of W1mimo , W2mimo is motivated by the observation in Section 3.2.3
that lightly damped resonance phenomena hamper the performance of a system.
To illustrate the performance enhancement that can be obtained by means of
the proposed multivariable weighting function design, rejection of disturbances
in [40, 200] Hz is considered in this experimental case study.
The process sensitivity Ŝ P̂ = (I + P̂ C)−1 P̂ is a suitable measure for disturbance rejection, since Ŝ P̂ describes the transfer of input disturbances to the
error signal. As depicted in Figure 3.12, the singular value of Ŝ P̂ associated
with the first resonance phenomenon is attenuated with 6 dB in [40, 200] Hz as a
result of the proposed multivariable weighting function design. Note that due to
local directionality compensation, W1mimo , W2mimo only affects the singular value
of Ŝ P̂ associated with the resonance phenomenon, while keeping the remaining
singular values unaltered with respect to the classical design.
In H∞ -optimization, the closed-loop poles in the frequency range [28, 250]
Hz are explicitly assigned by the weighting functions and P̂ , see, e.g., [44]. The
closed-loop poles for W1mimo , W2mimo and W1class , W2class as presented in Table 3.1
confirm that the proposed weighting functions significantly improve the damping
of the performance-critical resonance phenomenon at 129 Hz when compared to
a classical weighting function design.
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Fig. 3.11. Singular values of shaped system Ps : classical weighting function
design (black) and multivariable weighting function (dashed gray).
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Fig. 3.12. σ(SP ) for classical weighting (black) and multivariable weighting
functions (dashed gray) show that a reduction with 6 dB is obtained in [40, 200]
Hz as a result of multivariable weighting functions.
Table 3.1. Poles and dimensionless damping coefficient in the frequency interval [28, 250] Hz show that the proposed multivariable weighting significantly
improves the damping of the resonance at 129 Hz in P̂ (s) compared to the
classical weighting.

Pole
ζ

P̂ (s)

Classical

Multivariable

−3.89 ± 809i

−166 ± 833i

−605 ± 969i

0.00437

0.195

0.529
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Fig. 3.13. Measured time domain responses for C class (left column, black) and
C mimo (right column, gray) show a reduction of a factor two in the peak value
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Fig. 3.14. Cumulative power spectrum of the measured error signals: controller based on classical weighting functions C class (black) and proposed C mimo
(dashed gray) based on the proposed weighting functions.
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Table 3.2. The standard deviation σ and peak value p of the error signals ez ,
eRx and eRy are significantly reduced by means of the proposed C mimo compared
to the classical C class .

σz

σRx

σRy

pz

pRx

pRy

class

0.39

1.57

1.28

1.31

6.12

4.40

mimo

0.18

0.86

0.60

0.73

3.38

2.30

C
C

In this section, the performance enhancement obtained by means of multivariable weighting functions is confirmed on the setup in Figure 3.8. The
controllers C mimo and C class are implemented on the experimental setup and an
input disturbance with frequency components in [40, 200] Hz is applied to the
system. Time-domain measurements in Figure 3.13 and the cumulative power
spectrum in Figure 3.14 of the measured error signals confirm that the performance is significantly improved if C mimo , based on the proposed multivariable
weighting functions in Section 3.4, is implemented on the system. Indeed, Table 3.2 confirms that a significant reduction is obtained in the standard deviation
and peak value of the error signal in the DOFs z, Rx and Ry .

3.6

Conclusions

In this chapter, a novel procedure is developed to specify performance requirements for multivariable motion systems with spatio-temporal dynamics in H∞
control. The proposed weighting functions are non-diagonal to address the multivariable dynamical behavior of the system, extending pre-existing literature
on weighting function design. In particular, characteristics of the system are
exploited to provide frequency-localized compensation of directionality. Extensive experimental verification on a prototype industrial motion system shows the
attained performance improvement.
Motion systems as defined in Definition 3.3.1 are a specific class of dyadic
systems, see, e.g., [135], [5] and [27]. Extensions of the proposed frequencylocalized directionality compensation to this general framework are beyond the
scope of the present work. The concept of frequency-localized directionality
compensation can be directly used in manual loop-shaping of controllers for
multivariable systems. Furthermore, it can be beneficial to use notch filters
instead of derivative action to compensate for certain modes in the system. In
future research, the choice between notch filters and derivative action may be
analyzed in relation to the characteristics of the modes. Finally, systems can be
considered that contain a larger number of actuators and sensors than rigid-body
DOFs. This introduces additional freedom to specify performance requirements
for lightly damped resonances in H∞ -control, see, e.g., [180].

59

3.6 Conclusions
0
−50
−100

Magnitude (dB)

−150
−200
0
−50
−100
−150
−200
0
−50
−100
−150
−200

2

10

2

10

2

10

Frequency (Hz)
Fig. 3.15. Parametric model P̂ of the system P : nonparametric P (jω) (black)
and parametric model P̂ (dashed gray). The rigid-body dynamics and the first
two resonance phenomena are accurately represented in the parametric model
P̂ , while the higher-order flexible phenomena are not considered to be controlrelevant.

manual loop-shaping of controllers for multivariable systems. In future research, systems are considered that contain a larger number of actuators and
sensors than rigid-body DOFs. This introduces additional freedom to specify
performance requirements for lightly damped resonances in H∞ -control, see,
e.g.
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Part III

Identification for
Feedforward Control

Chapter 4

Iterative Motion Feedforward
Tuning: A Data-Driven Approach
based on Instrumental
Variable Identification1
Feedforward control can significantly enhance the performance of motion systems
through compensation of known disturbances. This chapter aims to develop a
new procedure to tune a feedforward controller based on measured data obtained
in finite time tasks. Hereto, a suitable feedforward parametrization is introduced
that provides good extrapolation properties for a class of reference signals. Next,
connections with closed-loop system identification are established. In particular, instrumental variables, which have been proven very useful in closed-loop
system identification, are selected to tune the feedforward controller. These instrumental variables closely resemble traditional engineering tuning practice. In
contrast to pre-existing approaches, the feedforward controller can be updated
after each task, irrespective of noise acting on the system. Experimental results
confirm the practical relevance of the proposed method.

4.1

Introduction

Feedforward control is widely used in control systems, since feedforward can
effectively reject disturbances before these affect the system. Indeed, many applications to high-performance systems have been reported where feedforward
1 This

chapter is based on [23], preliminary results appeared as [21].
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control leads to a significant performance improvement. For servo systems, the
main performance improvement is in general obtained by using feedforward to
compensate for the reference signal. Relevant examples of feedforward control
include model-based feedforward, see, e.g., [191], [46] and [42], and Iterative
Learning Control (ILC), see, e.g., [37] and [124].
On the one hand, model-based feedforward results in general in good performance and provides extrapolation capabilities of tasks. In model-based feedforward, a parametric model is determined that approximates the inverse of the
system. The performance improvement induced by model-based feedforward is
highly dependent on i) the model quality of the parametric model of the system and ii) the accuracy of model-inversion, see, e.g., [55]. On the other hand,
ILC results in superior performance with respect to model-based feedforward.
By learning from previous iterations, high performance is obtained for a single,
specific task, i.e., at the expense of poor extrapolation capabilities of tasks. In
addition, ILC only requires an approximate model of the system.
Recently, an approach is presented in [175] that combines the advantages
of model-based feedforward and ILC, resulting in both high performance and
good extrapolation capabilities. To this purpose, basis functions are introduced
that reflect the dynamical behavior of the system responsible for the dominant
contribution to the servo error. In [178], the need for an approximate model of
the system, as is common in ILC, is eliminated by exploiting concepts from iterative feedback tuning (IFT) [88]. This approach is extended to input shaping in
[20] and multivariable systems in [85], while a comparative study of data-driven
feedforward control procedures is reported in [166]. However, by eliminating the
need for an approximate model of the system, the approach in [178] requires a
significantly larger experimental cost to perform an update of the feedforward
controller and puts stringent assumptions on noise acting on the system.
Although iterative feedforward tuning is widely successful to improve the
performance of motion systems, existing tuning procedures i) impose stringent
requirements on noise and disturbances acting on the system, ii) require two
tasks for each iterative update of the feedforward controller and iii) can lead to
a bias error. In this chapter, it is shown that these deficiencies can be removed by
connecting iterative feedforward tuning to system identification, and exploit concepts from closed-loop system identification in iterative feedforward tuning. In
contrast to pre-existing procedures in [178], [20] and [85], the proposed procedure
closely resembles manual feedforward tuning procedures for motion systems [26].
This immediately confirms the practical relevance of the proposed approach.
The main contribution of this chapter is an iterative feedforward tuning approach that is efficient, i.e., requires measured data from only a single task, and
accurate, i.e., attains optimal performance for feedforward control in the presence of noise. The proposed approach is closely related to [161], [76], [99] and
[102], and extends this work to iterative tuning of feedforward controllers. Furthermore, the motivation for the proposed approach is similar to the approach in
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Fig. 4.1. Control setup: Plant P , feedback controller Cf b , feedforward controller Cf f , input shaper Cy , reference trajectory r, error signal e, feedforward
signal uf f , output disturbance w, and output signal y.

[103], i.e., combine the advantages of model-based feedforward and ILC without
the need for an approximate model of the system. The key difference is that in
[103] a nonparametric model for the feedforward controller is constructed, while
this work aims to determine a parametric model.
This chapter is organized as follows. In Section 4.2, the problem formulation
is outlined. Then, in Section 4.3, it is shown that in the presence of noise, existing procedures suffer from a closed-loop identification problem. In Section 4.4,
a new feedforward control procedure is proposed which requires only a single
task to update the feedforward controller in the presence of noise. Then, in Section 4.5 the proposed approach is embedded in the iterative feedforward tuning
framework. In Section 4.6, the experimental results of the proposed approach
are presented. Finally, a conclusion is presented in Section 4.7.
2
Notation. For a vector x, ||x||2 = xT x. The vector u is defined as u =
T
N
[u(1), u(2), . . . , u(N )] ∈ R , where u(t) is a measurement at time instant t
for t = 1, 2, . . . , N with N the number of samples. The symbol q denotes the
forward shift operator qu(t) = u(t + 1). Let R[q] denote the realR polynomials
∞
in q. Furthermore, the expected value E(x) is defined as E(x) = −∞ xf (x)dx,
with probability density function f (x).

4.2
4.2.1

Problem definition
Feedforward control goal

Consider the two degree-of-freedom control configuration as depicted in Figure 4.1. The true unknown system is assumed to be discrete-time, single-input
single-output and linear time-invariant, and is denoted as P (q). The control
configuration consists of a given stabilizing feedback controller Cf b (q), a feedforward controller Cf f (q), and an input shaper Cy (q). In this chapter, only
feedforward tuning is considered, i.e., Cy (q) = 1. An extension towards a joint
input shaping and feedforward tuning approach is presented in Chapter 7. Let r
denote a known nth -order multi-segment polynomial trajectory with constraints
on the first n derivatives, generated by a trajectory planning algorithm that
takes system dynamics into account, see, e.g., [10, 112, 104]. A typical refer-
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Fig. 4.2. Manual tuning of feedforward parameters - The normalized acceleration profile a (dashed gray) and normalized error em (black) obtained
in the previous task are used to determine θa such that the predicted error
ê = em − S(q)P (q)θa a and a are uncorrelated.

ence r in a single task is depicted in Figure 4.3. Furthermore, w denotes a
disturbance, uf f the feedforward signal, and e the servo error. The unknown
disturbance w is assumed to be given by w = H(q), where H(q) is monic and
 is normally distributed white noise with zero mean and variance λ2 . Hence, w
and r are uncorrelated.
The goal in feedforward control is to attain high performance by compensating for known exogenous input signals that affect the system. The servo error e
in Figure 4.1 as given by
e = S(q)(I − P (q)Cf f (q))r − S(q)w,

where S(q) = (I +P (q)Cf b (q))−1 , reveals that the contribution of e induced by r
is eliminated if Cf f (q) = P −1 (q). For motion systems with dominant rigid-body
dynamics, a parametrization for Cf f (q) is proposed in [104] which compensates
for the dominant component of the reference-induced error. The corresponding
uf f is given by
uf f = θa a + θτ τ + θs s,

(4.1)

where a, τ and s correspond to respectively acceleration, jerk and snap, i.e., the
2nd , 3rd and 4th derivative of the multi-segment polynomial trajectory r, and θa ,
θτ , θs are the corresponding parameters.
To illustrate this parametrization, consider the acceleration profile a and
measured error em as depicted in Figure 4.2. In manual tuning of a feedforward
controller, the optimal value for θa is such that the predicted error
ê(θa ) = em − S(q)P (q)θa a,
and a are uncorrelated, where em = S(q)r − S(q)w. Likewise, the optimal values
for θτ and θs are obtained if ê, and τ and s are uncorrelated, respectively.
The results in this chapter enable an iterative and automated estimation of the
optimal values for θa , θτ and θs .
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Fig. 4.3. Typical reference trajectory r.

4.2.2

Iterative feedforward control

In iterative feedforward control, measured data is exploited to update Cf f (q)
after each task. For the considered class of systems, a sequence of finite time
tasks is performed, denoted as j = 1, 2, . . . , with length N samples. In a single
task, the system starts at rest in the initial position, followed by a point-topoint motion, before the system comes to a rest in the final position of a task. A
typical reference rj in task j = 1 is shown in Figure 4.3. A sequence of such tasks
is executed during normal operation of the system, where rj is not necessarily
identical for each consecutive task.
j
in the j th task are given by ejm = ejr − ejw ,
The measured signals ejm and ym
j
j
j
j
j
, where
= yrj + yw
where er = S(q)(I − P (q)Cf f (q))r and ejw = S(q)wj , and ym
j
j
j
j
j
yr = S(q)P (q)(Cf b (q) + Cf f (q))r and yw = S(q)w . Note that since P (q),
S(q) and wj are unknown, it is not possible to construct ejr and ejw from the
j
measured signal ejm . This also holds for ym
. For clarity of exposition, the index
j is omitted if only a single task is considered. The data-driven feedforward
optimization problem is defined in Definition 4.2.1, and visualized in Figure 4.4.
j
Definition 4.2.1. Given measured signals ejm and ym
obtained during the j th
j
task of the closed-loop system in Figure 4.4 with Cf f (q) implemented. Then,
j
∆
Cfj+1
f (q) = Cf f (q) + Cf f (q),

(4.2)

where the update Cf∆f (q) follows from the optimization problem
Cf∆,f opt (q) = arg min V (Cf∆f ),
Cf∆f ∈C

(4.3)

with criterion V (Cf∆f ) and feedforward controller parametrization C.
The criterion V (Cf∆f ) and parametrization C are essential for high perfor∆
mance of the system with Cfj+1
f (q). In this chapter, the impact of V (Cf f ) on the
performance of the system in Figure 4.1 is analyzed for a fixed C. To proceed, C
is defined in the next section.
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Cfj+1
f (q)
Cf∆f (q)

rj

ejm
−

Cfj f (q)

+

Cf b (q)

+

wj

P (q)

+

j
ym

Fig. 4.4. The feedforward controller Cfj+1
f (q) is constructed based on the known
j
reference rj , and measured signals ejm and ym
in the j th task.

4.2.3

Feedforward controller parameterization

In this section, a general polynomial feedforward parametrization is adopted
that encompasses common parametrizations in feedforward control for motion
systems, including [104], [178], [85] and [20].
Definition 4.2.2. The feedforward controller Cf f is parametrized as
(
)
nθ
X
C = Cf f (q, θ)|Cf f (q, θ) =
ψi (q)θi , ψi ∈ R[q], θi ∈ R
i=1

with parameter vector

θ = [θ1 , θ2 , . . . , θnθ ]T ∈ Rnθ ×1 ,

(4.4)

and polynomial basis functions
Ψ(q) = [ψ1 (q), ψ2 (q), . . . , ψnθ (q)] ∈ R[q]1×nθ .
The order nθ of Cf f can be determined by means of a model order selection
procedure, as in, e.g., [113, Chapter 6]. In terms of Definition 4.2.2, the feedforward signal uf f in (4.1) is given by a parametrization with nθ = 3 and basis
functions ψ(q) representing acceleration, jerk and snap feedforward, i.e., the 2nd ,
3th and 4th derivative of r.
The feedforward controller parametrization C in Definition 4.2.2 has three
important advantages. First, this parametrization is linear in θ. Hence, for a
quadratic criterion, (4.4) has an analytic solution. Second, C is a generalization
of a FIR basis, thereby enforcing stability of Cf f since all poles are located in the
origin. As a result, internal stability of the system in Figure 4.4 is guaranteed
when Cfj+1
f (q) is implemented on the system. Finally, the parameters θ have a
clear interpretation in terms of the system dynamics and reference trajectory
when the basis functions are selected as in [104, 178, 85, 20].
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Problem definition and outline

In iterative feedforward tuning, the performance of the system in Figure 4.1 is
improved by exploiting measurements from the previous tasks to iteratively update Cf f (q). As stated in (4.3), the update Cf∆f (q) ∈ C is determined by V (Cf∆f ).
Two requirements for V (Cf∆f ) in iterative feedforward tuning are imposed:
R1. Estimation of (4.4) in Cf∆f (q) such that e is minimized, despite the presence
of w in the performed task.
R2. Minimization of the experimental cost in terms of the number of tasks
required to update Cf f (q).
In view of the identified requirements R1–R2 for V (Cf∆f ), the contributions
of this chapter are twofold. First, it is shown that in existing procedures in
iterative feedforward control, R1 and R2 are conflicting in the presence of w.
Then, it is shown that the underlying problem can be interpreted as a closedloop identification problem. Second, a novel criterion V (Cf∆f ) is proposed that
attains requirements R1–R2. This is achieved by establishing a connection to
closed-loop identification techniques. Furthermore, it is shown that the proposed
V (Cf∆f ) has strong similarities with classical manual feedforward tuning.

4.3

Analysis of existing procedures in the presence of noise

In this section, it is shown that for the approaches in [178, 85, 20], requirements
R1–R2 are conflicting in the presence of w. For clarity of exposition, it is assumed
j+1
∆
that Cfj+1
f (q) in (4.2) is equal to Cf f (q), i.e., Cf f (q) is determined based on a
single task without prior feedforward controller.
Definition 4.3.1. The criterion in (4.3) is defined as
2

V2 (θ) = ||ê(θ)||2 ,

(4.5)

ê(θ) = em − S(q)P (q)Cf f (q, θ)r,

(4.6)

where ê(θ) is given by

with em as defined in Section 4.2.2.
Definition 4.3.1 implies that the optimal feedforward controller, i.e., Cf f (q)
such that V2 (θ) = 0, is given by Cf f (q) = P −1 (q). Note that this is in accordance
to the analysis provided in Section 4.2.1.
Crucially, θ should be estimated based on measurement data only in a datadriven approach, i.e., without explicitly constructing parametric or nonparametric models of closed-loop transfer functions, e.g., as in [88]. The following result
derived in [178] is therefore important for subsequent derivations.
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Lemma 4.3.1. Recall from Section 4.2.1 that P (q) is a single-input, singleoutput system. Furthermore, assume that w = 0. Then, for Cfj f (q) = 0,
ym = S(q)P (q)Cf b (q)r + S(q)w,
is equivalent to
S(q)P (q)r = Cf−1
b (q)yr .

(4.7)

with yr as defined in Section 4.2.2.
Remark 4.3.1. An approach to deal with possible instability of Cf−1
b (q) in com−1
puting Cf b (q)yr is presented in Section 4.8.
This auxiliary result enables the estimation of θ based on the known feedback
controller Cf b (q) and measured signal ym , without modeling S(q) and P (q).
However, the measured output ym is in practice always contaminated by the
unknown disturbance w. Recall from Section 4.2.1 that w is assumed to be given
by w = H(q), where H(q) is monic and  is normally distributed white noise
with zero mean and variance λ2 . Following a similar reasoning as in Lemma 4.3.1,
(4.7) is for nonzero w given by
(S(q)P (q)r)est = Cf−1
b (q)ym .

(4.8)

By evaluating the expected value of (4.8),
n
o
E {S(q)P (q)r}est = E Cf−1
b (q) [yr + yw ] = S(q)P (q)r,

it follows that the approximation of S(q)P (q)r is unbiased and hence seems
suitable. The resulting data-driven optimization problem with respect to θ is
stated in the following definition.
Definition 4.3.2. Given measured signals em , ym . Then, for Cf f (q, θ) ∈ C,
minimization of (4.5) with respect to θ, i.e., θ̂N = arg min V2 (θ), is equivalent to
θ

the least squares solution to
Φθ = em ,

(4.9)

N ×nθ
, and em as defined in Section 4.2.2.
where Φ = Ψ(q)Cf−1
b (q)ym ∈ R

The following assumption ensures that θ̂N can be uniquely determined.
Assumption 4.3.1. ΦT Φ is nonsingular.
Assumption 4.3.1 imposes a persistence of excitation condition on r. Note
that the validity of this assumption is closely related to the selected order nθ of
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Cf f in Definition 4.2.2. By supposing that Assumption 4.3.1 holds, the solution
to (4.9) is given by
1 T −1 1 T
Φ Φ)
Φ em .
(4.10)
N
N
Next, it is shown that the requirements R1 and R2 are conflicting in the
presence of w. First, consider the following definition of the optimal Cf f (q).
θ̂N = (

Definition 4.3.3. The optimal feedforward controller Cf f (q, θ0 ) with true parameter vector θ0 is defined as Cf f (q, θ0 ) = Ψ(q)θ0 = P −1 (q), and is optimal in
the sense that er is eliminated, i.e., er − Φθ0 = 0 for Cfj f (q) = 0.
For the polynomial parametrization of Cfj+1
f as defined in Definition 4.2.2, a
necessary condition for the existence of Cf f (q, θ0 ) is that P (q) is restricted to a
rational function with unit numerator. Then, Definition 4.3.3 implies that the
measured error signal em is equivalent to
em = Φθ0 + ew .

(4.11)

Substitute (4.11) in (4.10) to obtain
−1
θ̂N = θ0 + RΦΦ
(N )RΦew (N ),

with RΦΦ (N ) an estimate of the autocorrelation matrix RΦΦ and RΦew (N ) an
estimate of the cross-correlation vector RΦew based on N samples given by
1
1 T
Φ Φ, RΦew (N ) = ΦT ew .
N
N
In [162, Chapter 7] it is shown that under mild assumptions,
RΦΦ (N ) =

RΦΦ = lim RΦΦ (N ), RΦew = lim RΦew (N ).
N →∞

N →∞

Then, θ̂N converges if N tends to infinity with probability 1 to
−1
θ̃N = θ0 + RΦΦ
RΦew .

(4.12)

IV
in the sense that θ̂N
→ θ̃N , w.p. 1 as N → ∞ see, e.g., [113, Appendix I]
for a definition. Expression (4.12) reveals that θ̂N is an unbiased estimate of θ0
if RΦew = 0. Recall from Definition 4.3.2 that Φ is constructed based on ym ,
which is contaminated by the unknown w. Hence, ew and Φ are correlated, and
−1
the bias is given by ∆θ̂N = RΦΦ
RΦew . Summarizing, the approach presented in
[178], [85], and [20] results in a biased estimate, i.e., Eθ̂N 6= θ0 for λ > 0, when
measurements from a single task are used. This shows that the requirements R1
and R2 in Section 4.2.4 are conflicting in the presence of w.

Remark 4.3.2. In [178, Section 2.4], inspired by a similar approach developed
in IFT [88], a procedure is proposed that results in an unbiased estimate at the
expense of measuring two tasks. However, this two-step approach implies that
Cf f cannot be updated after each task, thereby conflicting requirement R1.
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4.4

Proposed tuning approach

In this section, a new procedure is presented that exploits knowledge of r in the
optimization criterion V (θ) to simultaneously achieve requirements R1–R2 in
Section 4.2.4. To this purpose, a connection is proposed between instrumental
variable identification techniques, see, e.g., [161] and iterative feedforward tuning
as in [178]. The instrumental variable approach is well-established in closed-loop
identification, see, e.g., [75] and [161]. For iterative feedforward control, the
corresponding criterion is posed in the following definition.
Definition 4.4.1. The criterion in (4.3) is defined as
Vz (θ) = Z T ê(θ)

2
W

,

where Z ∈ RN ×nz are instrumental variables, W is a positive-definite weighting
matrix, nz ≥ nθ , and ê(θ) as given in (4.6).
In this section, the basis instrumental variable approach is pursued, see, e.g.,
[161, Chapter 3], in which case nz = nθ and as a result Z ∈ RN ×nθ and W = I.
The parameters θ of Cf f (q, θ) then result from the set of equations
h
i
IV
Z T em − Φθ̂N
= 0.
(4.13)

The solution to (4.13) is given by

IV
θ̂N
=(

1 T −1 1 T
Z Φ)
Z em ,
N
N

(4.14)

N ×nθ
where Φ = Ψ(q)Cf−1
. The following assumption guarantees that
b (q)ym ∈ R
IV
can be uniquely determined.
θ̂N

Assumption 4.4.1. Z T Φ is nonsingular.
Assumption 4.4.1 implies that Z should be correlated with Φ. The freedom
that exist in the construction of Z can be used to obtain an unbiased estimate,
IV
i.e., Eθ̂N
= θ0 , ∀λ ≥ 0. To show this, substitute (4.11) in (4.14) to obtain
−1
IV
θ̂N
= θ0 + RZΦ
(N )RZew (N ),

with
RZΦ (N ) =

1 T
1
Z Φ, RZew (N ) = Z T ew ,
N
N

an estimate of the cross-correlation matrix RZΦ and cross-correlation vector
RZew based on N samples, respectively. In [162, Chapter 7] it is shown that
under mild assumptions,
RZΦ = lim RZΦ (N ), RZew = lim RZew (N ).
N →∞

N →∞
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IV
Then, θ̂N
converges if N tends to infinity with probability 1 to
−1
IV
θ̃N
= θ0 + RZΦ
RZew .

(4.15)

IV
IV
in the sense that θ̂N
→ θ̃N
, w.p. 1 as N → ∞ see, e.g., [113, Appendix I] for a
IV
definition. It directly follows that the estimate θ̂N
is (asymptotically) unbiased
if Z is constructed such that Z and ew are uncorrelated, i.e., RZew = 0.
Based on (4.15) and Assumption 4.4.1, the proposed design of instrumental
variables is given by Z = [ψ1 r, ψ2 r, . . . , ψnθ r] with basis functions Ψ(q) as in
Definition 4.2.2. There are two key reasons for this design. First, recall that the
feedforward control goal is to minimize the servo error em = r−ym , which implies
that r and ym are correlated. As a result, the proposed instruments Z and Φ are
correlated, and Assumption 4.4.1 holds. Second, the known reference r and ew
IV
is obtained
are uncorrelated. Hence, (4.15) reveals that an unbiased estimate θ̂N
with the proposed design of Z. For the feedforward signal uf f in Section 4.2.1,
the proposed instruments Z represent respectively acceleration, jerk and snap,
i.e., the 2nd , 3th and 4th derivative of the multi-segment polynomial trajectory r.
IV
= θ0 ,
Concluding, a new criterion Vz (θ) is employed that results in Eθ̂N
∀λ ≥ 0, when measurements from a single task are used. This illustrates that
requirements R1–R2 in Section 4.2.4 are simultaneously attained for Vz (θ).

Remark 4.4.1. As stated in Remark 4.3.2, the two-step data-driven approach
presented in [178, Section 2.4] determines an estimate θ̂N based on two tasks.
This approach has a clear interpretation in the instrumental variable framework.
In particular, the second task is exploited to construct instrumental variables
Z = Φ̂2 . This approach imposes the stringent condition on the system that
w1 and w2 are uncorrelated. If this condition holds, w is eliminated from the
optimization problem and consequently requirement R2 is attained. Still, two
tasks are required to update the feedforward controller Cf f , i.e., the experimental
cost is not minimal.
Remark 4.4.2. Besides the two-step data-driven approach, [178, Section 2.4]
also formulated an ILC-related model-based approach. That is, the instrumental
variables become Z = [SP (q)ψ1 (q)r, SP (q)ψ2 (q)r, . . . , SP (q)ψnθ (q)r], where it
is assumed that a model of SP (q) is available.

4.5

Iterative tasks

In this section, the instrumental variable method in Section 4.4 is embedded in
the iterative task framework in Section 4.2. As argued in [82], iterative tasks are
used to minimize the influence of iteration-invariant disturbances, nonlinearities
and measurement noise.
The pursued approach to adapt Cf f (q, θ) is to use recursive estimates of
θ. Consider the two degree-of-freedom control configuration as depicted in Figj
ure 4.4. The feedforward controller Cfj f (q, θN
) in the j th task is updated by

74 Chapter 4. Iterative Motion Feedforward Tuning: A Data-Driven Approach
∆
∆
j
Cf∆f (q, θ̂N
). Herein, θ̂N
is determined based on the measured signals ejm and ym
th
in the j task given by

ejm = S(q)(1 − P (q)Cfj f (q, θj ))rj − S(q)wj ,

j
ym
= S(q)P (q)(Cf b (q) + Cfj f (q, θj ))rj + S(q)wj .
j
, and Cfj f (q, θj ) ∈ C in the j th task. The IV
Proposition 4.5.1. Given ejm , ym
∆, IV
estimate θ̂N
is the solution to
∆, IV
θ̂N
=(

1 T j −1 1 T j
Z Φ )
Z em ,
N
N

where
j
Φj = Ψ(q)(Cf b (q) + Cfj f (q, θj ))−1 ym
∈ RN ×nθ ,

(4.16)

and Z = [ψ1 rj , ψ2 rj , . . . , ψnθ rj ] ∈ RN ×nθ .
Since Cfj f and Cf∆f are linear in respectively θj and θ∆ , it follows that
j+1
Cfj+1
) in (4.2) is given by
f (q, θ
j+1
Cfj+1
)=
f (q, θ

nθ
X

ψi (q)θij+1 ,

i=1

∆, IV
is the recursive parameter update. The proposed design
where θij+1 = θij + θ̂N
procedure that implements the main contribution of this chapter is given next.
∆
Procedure 4.5.1. Estimation of θ̂N
after the j th task
j
1) Measure ejm and ym
in the j th task with Cfj f (q, θj ) applied to the system.
j
2) Construct Φj = Ψ(q)(Cf b (q) + Cfj f (q))−1 ym
.

3) Construct
instrumental variables


Z = ψ1 rj , ψ2 rj , ..., ψnθ rj .

∆
4) Solve θ̂N
= ( N1 Z T Φj )−1 N1 Z T ejm .

5) Construct the new feedforward controller
j
∆
Cfj+1
f (q) = Ψ(q)(θ + θ̂N ).
6) Set j → j + 1 and go to Step 1.
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Remark 4.5.1. An approach to deal with instability of (Cf b (q) + Cfj f (q, θj ))−1
in computing Φj in (4.16) is presented in Section 4.8. This approach assumes an
infinite time horizon and can therefore result in transients at the initial and final
position of a finite time task, see, e.g., [126]. For the proposed instrumental vari∆
able method, θ̂N
is not affected by these transients. To illustrate this statement,
recall that for the tasks considered in this chapter, the system starts at rest in an
initial position and comes to a rest in a final position. Since Z consist of derivatives of r, the instruments Z are equal to zero at the start and end of such tasks.
∆
= ( N1 Z T Φj )−1 N1 Z T ejm is
This implies that in Procedure 4.5.1, N1 Z T Φj in θ̂N
not influenced by transients that result from computing Φj .
Remark 4.5.2. Contrary to the instrumental variable method, the least squares
method given in (4.10) suffers from transients that result from computing Φj .
This is explained by observing that (4.10) contains the term N1 (Φj )T Φj .
Remark 4.5.3. The proposed recursive estimation can be directly generalized
∆
to determine θ̂N
based on measurement data from multiple iterative tasks. An
analysis of iterations in system identification is provided in [148]. Then, the
∆
can be reduced at the expense of performing multiple tasks.
variance of θ̂N

4.6

Experimental results

In this section, the theoretical results proposed in this chapter are validated on
an experimental setup. In Section 4.6.1, the two-mass spring damper setup is
described that is used to conduct experiments. In Section 4.6.2, the control
goal is specified. In Section 4.6.3, the parametrization of the feedforward controller Cf f (q) is introduced. In Section 4.6.4, an adjustable disturbance vadd is
introduced that acts on the closed-loop system. In Section 4.6.5, a controlled
experiment is performed to analyze the effect of the single independent variable
IV
vadd on the estimates θ̂N and θ̂N
, given by respectively (4.10) and (4.14).

4.6.1

Experimental setup

In this section, the theoretical results proposed in this chapter are validated on
the two-mass spring damper setup depicted in Figure 4.5. A schematic illustration of the two-mass spring damper setup is shown in Figure 4.6, where the
flexible shaft is modelled as a spring and a damper. This experimental setup
is used to experimentally validate control strategies for high-precision motion
systems. The dynamical behavior of this system contains key aspects in motion
control, including collocated and non-collocated dynamics, while measurement
noise, friction, delay and nonlinearities are small. As a result, a controlled experiment can be performed to analyze the influence of a single parameter on
the servo performance of the system. The characteristics make this system also
relevant as a benchmark problem in robust control, see, e.g., [188].
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Fig. 4.5. Photograph of the experimental two-mass spring damper setup.
y2

y1

m2

m1

u

Fig. 4.6. Schematic illustration of a two-mass spring damper setup.

The setup consists of two masses m1 and m2 which are connected through
a flexible shaft. Furthermore, the inertia of the system is given by 3.7 × 10−4
Kg m2 . The angular position of both m1 and m2 are measured by means of
encoders with a resolution of 1 × 10−3 · π rad. However, in the presented experiments only measurements of the angular position of m1 are exploited to evaluate
the servo performance obtained with Cf f (q). The setup is equipped with a single DC motor that is rigidly connected to m1 . All experiments are performed
with sample time Ts = 1/2048 s.
The frequency response function of the considered two-mass spring damper
setup is depicted in Figure 4.7. Inspection reveals rigid-body behavior below
25 Hz, while the resonance phenomenon related to the flexible dynamics of the
system appears at 55 Hz. The feedback controller designed to stabilize the
system P is given by
Cf b (q) =

0.04578q 2 − 0.09119q + 0.04541
,
q 3 − 2.91q 2 + 2.822q − 0.9121

which results in a bandwidth fbw = 5 Hz.
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Fig. 4.7. Frequency response function estimate of the experimental setup.

4.6.2

Control goal

The control goal defined for the experimental setup in Figure 4.7 is to minimize
the servo error em = r − ym1 , where r is an 3th order servo task r, designed
according to the procedure proposed in [104], and ym1 is the measured angular
position of the mass m1 . In Figure 4.8, r is depicted together with the corresponding velocity v and acceleration a.

4.6.3

Parametrization of the feedforward controller

In this section, a parametrization for Cf f is proposed for the two-mass spring
damper setup. As in [104], the feedforward controller is parametrized as Cf f (q, θ) =
ψ(q −1 )θacc , where
ψ(q −1 ) =

1 − 2q −1 + q −2
,
Ts2

init
with initial value θacc
= 1 × 10−4 . This parameterization consists of acceleration
feedforward to compensate for the rigid-body dynamics of P in 0 − 20 Hz.

4.6.4

Disturbance design

In this section, an adjustable disturbance term vadd is defined that is applied
as a disturbance to the two-mass spring damper setup in Figure 4.5. As a
result, a controlled experiment is created to analyze the influence of the single
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Fig. 4.8. Position r, velocity v and acceleration a of the servo task.
IV
, given by
independent disturbance variable vadd on the estimates θ̂N and θ̂N
respectively (4.10) and (4.14). Similar to Section 4.2.1, vadd is modeled as vadd =
H(q), where H(q) is given by

H(q) =

0.8048q 2 − 1.61q + 0.8048
,
q 2 − 1.571q + 0.6481

and  is normally distributed white noise with zero mean and variance λ2 . The
disturbance vadd represents high-frequency measurement noise, which is a typical
disturbance in motion systems. Here, the standard deviation λ constitutes a
design parameter that is exploited in the next section to analyze the influence
of vadd on the parameter estimation.

4.6.5

Experimental results

In this section, the iterative task framework established in Section 4.5 is used
to determine θacc such that the reference-induced error er is minimized, despite
the presence of vadd . To this purpose, j = 10 tasks are performed. After
each task, θacc is updated. For the proposed instrumental variable approach in
j,IV
Procedure 4.5.1, based on minimization of Vz (θ), this gives the estimator θ̂N
th
−1
after the j iteration. The instrumental variables Z are given by Z = ψ(q )r,
with ψ(q −1 ) as defined in Section 4.6.3.
To compare the results with existing iterative feedforward tuning procedures,
j
the estimator θ̂N
is included which is obtained based on minimization of V2 (θ)
in Definition 4.3.1. The complete experiment is repeated m = 5 times. The
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Fig. 4.9. The sample mean θ̄10,IV (dashed gray) and θ̄10 (black) illustrate that
θ̄10,IV is unbiased for λ > 0, while θ̄10 is a biased estimator if λ > 0.

sample means corresponding to the j th task are given by
m

θ̄j,IV =

1 X j,IV
θ̂N,l ,
m
l=1

m

θ̄j =

1 X j
θ̂N,l ,
m
l=1

where the number of samples is given by N = 1630.
Two cases are experimentally illustrated. First, the sample mean for both
approaches in the final task, i.e., j = 10, is analyzed as a function of λ . Second, recursive estimation of θ̄j,IV and θ̄j as a function of j is considered for a
fixed standard deviation λ . The presented cases combined illustrate the advantages the instrumental variable approach proposed in this chapter has to offer
compared to pre-existing approaches.
The sample means θ̄10,IV and θ̄10 in the 10th task are depicted in Figure 4.9
as a function of λ . The following observations are made:
1. For λ = 0, θ̄10,IV 6= θ̄10 . As discussed in Section 4.6.3, Cf f consist solely
of acceleration feedforward. This results in undermodeling of P −1 , which is
known to shape the bias in the frequency domain, see, e.g., [113, Equation
8.71]. The difference between θ̄10,IV and θ̄10 is explained by a different
shape of the bias due to undermodeling.
2. The sample mean θ̄10,IV is independent of λ . That is, the estimator based
on instrumental variables compensates for the dominant contribution of er ,
irrespective of w.
3. The sample mean θ̄10 depends on λ , i.e., pre-existing approaches result in
a Cf f (q, θ) that depends on w. This implies that er is not minimal, and
as a result servo performance is compromised.
4. The sample mean θ̄10,IV is equal to the inertia of the system, see Sect. 4.6.1.
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for λ = 0 (black) and λ = 8 × 10−2 (dashed gray) illustrates that i) multiple
iterations are required to reach a converged value for θ̄j if λ = 8 × 10−2 and ii)
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Fig. 4.11. Proposed approach: In contrast to the pre-existing approach in
Figure 4.10, the sample mean θ̄j,IV as a function of tasks for λ = 0 (black) and
λ = 8 × 10−2 (dashed gray) confirms that θ̄j,IV is independent of λ , ∀j.

In the second experimental case, recursive estimation of θ̄j,IV and θ̄j as a
function of j is considered for λ = 0 and λ = 8 × 10−2 . In Figure 4.10, the
sample mean θ̄j based on minimizing V2 (θ) is depicted, while θ̄j,IV is shown in
Figure 4.11. The following observations are made:
1. For λ = 0, measured data from a single task is sufficient for both approaches to reach a converged value.
2. The sample mean θ̄j,IV converges to an identical value after a single task
for λ = 0 and λ = 8 × 10−2 . This shows that θ̄j,IV is independent of λ .
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3. For λ = 8 × 10−2 , measured data from multiple tasks is required for
the sample mean θ̄j to reach a converged value. This shows that the
convergence rate of θ̄j is deteriorated if λ = 8 × 10−2 .
4. As already illustrated in Figure 4.9, the converged value of θ̄j,IV is identical
for all λ , while the converged value of θ̄j depends on λ . This shows that
iterating does not diminish the bias of θ̄j for λ > 0.

4.7

Conclusions

In this chapter, a new approach for iterative feedforward control is presented
based on closed-loop identification techniques, which significantly enhances existing feedforward control algorithms. In Section 4.3, it is shown that a tradeoff exists in pre-existing iterative feedforward tuning procedures between i) the
number of tasks required to update the feedforward controller and ii) the servo
performance of the system. The main contribution of this chapter is a new iterative feedforward tuning procedure that is efficient, i.e., requires measured data
from only a single task to update the feedforward controller, and accurate, i.e.,
minimizes the servo error induced by the reference signal, independent of an
unknown disturbance w. Experimental results provided in Section 4.6 confirm
that the proposed approach is superior with respect to pre-existing approaches.

4.8

Appendix A: Stable inversion

In this section, a stable inversion procedure is described to determine (4.16) if
(Cf b + Cfj f )−1 is unstable. Preliminary results of the proposed stable inversion
procedure appeared in [115, Chapter 6].
1) Let the discrete-time system R(z) = (Cf b (z) + Cfj f (z))−1 have a state-space
realization given by
j
x(t + 1) = Ax(t) + Bym
(t),
j
u(t) = Cx(t) + Dym
(t).

2) Transform this system under similarity to

 

 

xst (t + 1)
Ast
0
xst (t)
Bst
j
=
+
ym
(t),
xun (t + 1)
0
Aun
xun (t)
Bun



 xst (t)
j
u(t) = Cst Cun
+ Dym
(t),
xun (t)


Ast
0
where
is the Jordan canonical form of A. Furthermore,
0
Aun
the eigenvalues of Ast , denoted as λ(Ast ), satisfy |λi (Ast )| < 1, ∀i, while
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|λk (Aun )| > 1, ∀k. That is, R is decomposed in a stable (Ast , Bst , Cst ,
D) and unstable (Aun , Bun , Cun , 0) subsystem, with corresponding state
variables xst and xun , respectively.
3) Solve forward in time with initial condition xst (0) = 0:
j
xst (t + 1) = Ast xst (t) + Bst ym
(t),

and backward in time with initial condition xun (N ) = 0:
j
xun (t + 1) = Aun xun (t) + Bun ym
(t),

4) Determine
u(t) =



Cst

Cun





xst (t)
xun (t)



j
+ Dym
(t).

Remark 4.8.1. A state-space realization of R exists if R is proper. If this
condition is not valid, preview-based techniques are required to determine a statespace realization of R, see, e.g., [194].
Remark 4.8.2. Lightly damped poles in R(z) can lead to significant transient behavior in the output signal u(t). If this is undesired in the considered application
of the proposed stable inversion technique, the system R(z) can be approximated
by a model with constrained pole locations, see, e.g., [86].

Chapter 5

Optimal Estimation of
Polynomial Feedforward
Controllers: An Instrumental
Variable Approach1
Feedforward control enables high performance of a motion system. Recently,
algorithms have been proposed that eliminate bias errors in tuning the parameters of a feedforward controller. The aim of this chapter is to show that i) these
algorithms typically suffer from large variance errors and ii) to develop a new
algorithm that combines unbiased parameter estimates with optimal accuracy
in terms of variance. Therefore, an instrumental variable method is proposed so
that the covariance matrix corresponding to the parameters is as small as possible. A simulation study is presented to illustrate the poor accuracy properties
of pre-existing algorithms compared to the proposed approach. Experimental
results obtained on an industrial nanopositioning system confirm the practical
relevance of the proposed method.

5.1

Introduction

Feedforward control is widely used to improve the performance in motion systems, since feedforward can effectively compensate for the error induced by
known, repeating disturbances. In contrast, feedback control can achieve stability and enables rejection of disturbances. In many servo systems, the performance requirements necessitate feedforward, see, e.g., atomic force microscopes
1 This

chapter is based on [19], preliminary results appeared as [22, 18].
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[101, 46, 169, 42] and wafer scanners [122, 178, 166, 131]. Relevant approaches
in feedforward control include Iterative Learning Control (ILC) [37], [78] and
model-based feedforward [191], [42].
ILC algorithms update the feedforward signal by learning from previous tasks
under the assumption that the task is repetitive. ILC consequently enables
superior performance with respect to model-based feedforward for a specific
task by compensating for all repetitive disturbances. However, changes in the
reference signal typically result in significant performance deterioration, see, e.g.,
[90]. Motion systems are typically confronted with similar yet slightly different
reference signals [131], [104]. In contrast to ILC, model-based feedforward results
in moderate performance for a class of reference signals instead of only one
specific reference [42]. Note that the performance for model-based feedforward
is highly dependent on the model quality of the parametric model of the system
and the accuracy of model-inversion [55].
In [175], the advantages of model-based feedforward and ILC are combined
by introducing basis functions in ILC. This results in a high-performance feedforward controller for a class of reference signals. In [178], the need for an
approximate model of the system, as is common in ILC, is eliminated by exploiting results from iterative feedback tuning [88, 9]. This iterative feedforward
control approach is extended to multivariable systems and input shaping in [85]
and [20], respectively. However, in Chapter 4, it is shown that the underlying approach in [178] can lead to a bias error in the estimated parameters. To
eliminate this deficiency, a new algorithm is proposed in Chapter 4 based on
instrumental variable (IV) techniques. This IV approach guarantees unbiased
estimates but accuracy of the estimate has not yet been investigated.
Although iterative feedforward control based on instrumental variables is
promising for motion control, existing approaches suffer from poor accuracy
properties in terms of variance. In fact, the covariance matrix related to the
parameters can be arbitrarily large. This severely limits the practical applicability of existing approaches in case of noisy signals. This chapter aims to reveal
non-optimal accuracy for the approaches in Chapter 4 and [178], and develop an
algorithm that leads to optimal accuracy in the presence of noise.
The contributions of this chapter are fourfold. First, an analysis is provided
to show that the approaches in Chapter 4 and [178] lead to poor accuracy in
terms of variance. Therefore, variance results developed in open-loop identification [161, Chapter 5, 6] and closed-loop identification [67], [76] are extended
towards iterative feedforward control. As a second contribution, this insight in
the accuracy aspects is exploited to develop an algorithm that achieves optimal accuracy. The proposed algorithm i) exploits similar iterative methods as
given in [190] and [76, Section 5], and ii) is closely connected to the estimation of inverse systems, see, e.g., [99]. Third, a simulation study is presented
to i) illustrate that the proposed algorithm leads to enhanced accuracy properties compared to pre-existing approaches and ii) confirm the significance of the
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Cfj f
r

Cyj

ejm
−

Cf b

+

wj

ujf f

P

+

j
ym

Fig. 5.1. Control configuration.

accuracy of parameter estimates on the achievable performance. As a final contribution, experimental results confirm the practical relevance of the proposed
algorithm. Related tuning algorithms are available in [66], [102], and [103].
This chapter is organized as follows. In Section 5.2, the problem formulation is outlined. In Section 5.3, asymptotic expressions for optimal accuracy
are developed for feedforward control. To provide a concise presentation of the
contributions of this chapter, the second contribution is presented before the
first contribution is explained. That is, a new tuning algorithm for iterative
feedforward control is proposed in Section 5.4. Then, in Section 5.5, the accuracy properties of existing approaches are analyzed. In Sect. 5.6, a simulation
study is presented to compare the proposed and pre-existing approaches. In Section 5.7, the theoretical results are confirmed by experiments on an industrial
nanopositioning system. Finally, conclusions are drawn in Section 5.8.
Notation. The variable q denotes the forward shift operator qu(t) = u(t + 1).
2
For a vector x, ||x||W = xT W x. A positive-definite matrix A is denoted as A  0.
Also, A−B  0 is denoted as A  B. A positive-semidefinite matrixR A is denoted
∞
as A  0. Let R[q] denotes the real polynomials in q. Also, E(x) = −∞ xf (x)dx,
P
N
with probability density function f (x), Ē(x) = limN →∞ N1 t=1 E(x) where N
is the number of samples.

5.2

Problem definition

Consider the control configuration as depicted in Figure 5.1. The true unknown
system P (q) is assumed to be discrete-time, single-input single-output, and linear
time-invariant, with rational representation
P (q) =

B0 (q −1 )
,
A0 (q −1 )

where B0 (q −1 ), A0 (q −1 ) ∈ R[q −1 ]. The control configuration consists of a given
stabilizing feedback controller Cf b (q), a feedforward controller Cfj f (q), and an
input shaper Cyj (q). In this chapter, only feedforward tuning is considered,
i.e., Cyj (q) = 1. An extension towards a joint input shaping and feedforward
tuning approach is presented in Chapter 7. The index j denotes the j th task
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in a sequence of finite time tasks of length N samples, where j = 0, 1, ..., M .
Furthermore, Ts denotes the sampling time.
Let r denote the reference signal. Typically, r is designed as a known nth order multi-segment polynomial trajectory with constraints on the first n derivatives, as in, e.g., [10] and [104]. Also, wj (t) = H(q)εj (t) denotes an unknown
disturbance,
where H(q) is a monic, asymptotically stable, proper system, and
 j
ε (t) is normally distributed white noise with zero mean and variance λ2ε .
Hence, wj and r are uncorrelated. The feedforward signal is denoted by ujf f ,
j
while the measured signals ejm and ym
in the j th task are given by
ejm (t) = ejr (t) − ejw (t),

j
j
ym
(t) = yrj (t) + yw
(t),

(5.1)

with
ejr (t) = S(q)(1 − P (q)Cfj f (q))r(t),
yrj (t) = S(q)P (q)(Cf b (q) + Cfj f (q))r(t),

ejw = S(q)wj (t),
j
= S(q)wj (t),
yw

(5.2)

and sensitivity function S(q) = (1 + P (q)Cf b (q))−1 . Since P (q) is assumed to
be unknown and wj is an unknown disturbance, it is not possible to determine
j
j
).
) based on the measured signal ejm (resp. ym
ejr and ejw (resp. yrj and yw

5.2.1

Iterative feedforward: Batch-wise tuning

j
(t), for t =
In iterative feedforward control, the measured signals ejm (t) and ym
th
1, ..., N , are stored. After the j task is finished, this batch of measured data is
used to perform an offline update of the existing feedforward controller Cfj f (q)
before initiating the (j + 1)th task, i.e.,
j
∆
Cfj+1
f (q) = Cf f (q) + Cf f (q).

To establish the main idea and provide a fair comparison, the feedforward
controller Cfj+1
f (q) is parametrized similar to [104], [178], [85] and [20] as
j+1
Cfj+1
) = Cfj f (q, θj ) + Cf∆f (q, θ∆ ) =
f (q, θ

nθ
X

ψi (q −1 )(θij + θi∆ ),

(5.3)

i=1

where θij+1 = θij + θi∆ , and ψi (q −1 ) are basis functions. The update Cf∆f (q, θ∆ )
is given by
Cf∆f (q, θ∆ ) =

nθ
X

ψi (q −1 )θi∆ = Ψ(q)θ∆ ,

(5.4)

i=1

with parameters θ∆ = [θ1∆ θ2∆ . . . θn∆θ ]T ∈ Rnθ , and polynomial basis functions
Ψ(q) = [ψ1 (q −1 ) ψ2 (q −1 ) . . . ψnθ (q −1 )].

87

5.2 Problem definition

The use of feedforward is a standard approach to obtain a small error signal ejm (t) when tracking a reference trajectory r(t), see, e.g., [167]. By subdividing ejm (t) into ejr (t) and ejw (t), as defined in (5.2), it is immediately clear
j+1
that Cfj+1
) has no influence on ejw (t). Indeed, the goal of feedforward
f (q, θ
j+1
control is to determine a Cfj+1
) that minimizes the reference-induced
f (q, θ
j+1
j+1
error er (t, θ ) for t = 1, ..., N in a suitable sense. Given the definition of
j+1
Cfj+1
) in (5.3), the aim of this chapter is to determine θj+1 such that
f (q, θ
j+1
j+1
er (t, θ ) is as small as possible. It directly follows from (5.2) that
j+1
ej+1
(t, θj+1 ) = S(q)(1 − P (q)Cfj+1
))r(t),
r
f (q, θ

(5.5)

j+1
and ej+1
(t, θj+1 ) = 0 for all t if Cfj+1
) = P −1 (q). However, since P (q)
r
f (q, θ
is assumed to be unknown, it is not possible to determine either P −1 (q), or
(t, θj+1 ) before initiating the (j +1)th task. Instead, the measured
determine ej+1
r
j
signal em (t) in the j th task, contaminated by wj (t), is used in an optimization
j+1
problem to determine Cfj+1
). That is, the aim in iterative feedforward
f (q, θ
control is to determine the parameters θ̂∆ in (5.4), before starting the (j + 1)th
task, from the optimization problem

θ̂∆ = arg min V (θ∆ ),
θ∆

(5.6)

j
(t) for
where the criterion V (θ∆ ) is based on the stored signals ejm (t) and ym
j+1
th
j+1
t = 1, ..., N , as measured in the j task. Then, Cf f (q, θ ) is determined
according to (5.3). Clearly, θ̂∆ in (5.6) depends on V (θ∆ ), which is investigated in Section 5.2.3 based on the predicted error for task j + 1 as derived in
Section 5.2.2.

5.2.2

Iterative feedforward: Predicted error in task j + 1

j
Based on the known r(t) and measured ejm (t) and ym
(t) in task j, the predicted
j+1
∆
error ˆ (t, θ ) in task j + 1 can be determined as (see Figure 5.2):

ˆj+1 (t, θ∆ ) = ejm (t) − S(q)P (q)Cf∆f (q, θ∆ )r(t).

(5.7)

In the proposed iterative feedforward control approach, the parameters θ∆ should
be estimated directly from measured data as is done in [88], i.e., without estimating a model of P (q). As such, (5.7) can not be directly used to determine
θ∆ . Instead, the following estimate of ˆj+1 (t, θ∆ ) is used
j
êj+1 (t, θ∆ ) = ejm (t) − Cf∆f (q, θ∆ )C −1 ym
(t),

(5.8)

where C = (Cf b (q) + Cfj f (q)). To show that (5.8) is a suitable estimate of (5.7),
j
note that the commutative property of SISO systems enables rewriting ym
(t) in
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Cf∆f (q)
Cfj f (q)
r

ejm
−

Cf b (q)

wj

P (q)

j
ym

Fig. 5.2. The update Cf∆f (q, θ∆ ) is determined based on the known r(t), and
j
measured ejm (t) and ym
(t) in task j.
j
(5.1) as ym
(t) = (Cf b (q) + Cfj f (q))S(q)P (q)r(t) + S(q)wj (t). Rearranging terms
leads to
j
C −1 ym
(t) = S(q)P (q)r(t) + C −1 S(q)wj (t).

(5.9)

Clearly, êj+1 (t, θ∆ ) = ˆj+1 (t, θ∆ ) if wj (t) is equal to zero. Moreover, by taking
the expectation of (5.9)


j
E C −1 ym
(t) = E S(q)P (q)r(t) + C −1 S(q)wj (t) .
(5.10)

By noting that r(t) is deterministic, it holds that ES(q)P (q)r(t) = S(q)P (q)r(t).
Furthermore, it is immediately clear that EC −1 S(q)wj (t) = 0, given the definition of wj (t), see, e.g., [160, Lemma 4.1]. By combining these results, (5.10)
implies that (5.9) is an unbiased estimator of S(q)P (q)r(t).
In the remainder of this paper, (5.8) is used as the predicted error in task
j+1. Substituting the parametrization defined in (5.4) into (5.8) and rearranging
terms leads to the following predicted error in task j + 1
êj+1 (t, θ∆ ) = ejm (t) − (ϕj (t))T θ∆ ,

(5.11)

j
ϕj (t) = Ψ(q)(Cf b (q) + Cfj f (q))−1 ym
(t) ∈ Rnθ .

(5.12)

where

Note that (5.11) is linear in the parameters θ∆ .

5.2.3

Iterative feedforward based on instrumental variables

A general framework is proposed in Chapter 4 for iterative feedforward control
based on instrumental variables (IV). The rationale is that unbiased estimates of
θ̂∆ are obtained without the need for a correct model of wj , which is in contrast
to least-squares estimation, including [178]. In IV-based approaches, V (θ∆ ) is
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typically selected as
∆

V (θ ) =

2

N
1 X
z(t)L(q)êj+1 (t, θ∆ )
N t=1

,

(5.13)

W

where z(t) ∈ Rnz are instrumental variables that are uncorrelated with wj , W
is a positive-definite weighting matrix, nz ≥ nθ , L(q) a prefilter, and êj+1 (t, θ∆ )
as in (5.11). The instrumental variables z(t) are in the remainder of this paper
selected as a function of (derivatives of) r(t).
Since V (θ∆ ) is quadratic in θ∆ and W is a positive definite matrix, the
minimizer θ̂∆ of V (θ∆ ) follows from the necessary condition for optimality
∂V (θ ∆ )
= 0. By substituting (5.11) in (5.13), it is straightforward to show
∂θ ∆
that the minimizer θ̂∆ of V (θ∆ ) in (5.13) is given by
T
−1 T
θ̂∆ = (R̂zϕ
R̂zϕj W R̂zejm ,
j W R̂zϕj )

(5.14)

where
R̂zϕj =

N
N
1 X
1 X
z(t)L(q)(ϕj (t))T , R̂zejm =
z(t)L(q)ejm (t).
N t=1
N t=1

The key idea behind (5.13) is that high performance is obtained if z(t),
consisting of (derivatives of) r(t), and êj+1 (t, θ∆ ) in (5.11) are uncorrelated. This
concept is in fact very well known and finds its roots in traditional feedforward
tuning techniques in control engineering, as illustrated in the following example.
Example 5.2.1. Let Cfj f (q) = 0, i.e., only a feedback controller is used in task
j. Furthermore, Cf∆f (q, θ∆ ) is given by
Cf∆f (q, θ∆ ) = ψa (q −1 )θa ,
2
1 − q −1
, and parameter θa . This parametrizaTs
tion corresponds to acceleration feedforward with acceleration a(t) = ψa (q −1 )r(t),
i.e., the 2nd derivative of r(t), while θa denotes the mass of the system. The instruments are selected as z(t) = a(t), while W = I, nz = nθ , and L(q) = I. For
this specific case, (5.13) becomes
with basis function ψa (q −1 ) =



V (θa ) =

N
1 X
a(t)êj+1 (t, θa )
N t=1

2

,

(5.15)

j
where êj+1 (t, θa ) = ejm (t) − ψa (q −1 )C −1 ym
(t)θa . The aim of the IV approach is
j+1
to determine θa such that a(t) and ê (t, θa ) are uncorrelated.
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Fig. 5.3. Tuning of a feedforward controller for a motion system. Left figure - low performance in an instrumental variable framework implies a significant correlation between the acceleration a(t) (dashed gray) and predicted error
êj+1 (t, θa ) (black) for θa = 0. Right figure: high performance in an instrumental
variable framework means that a(t) (dashed gray) and êj+1 (t, θa ) (black) are
uncorrelated for the minimizer θ̂a of the criterion V (θa ) in (5.15).

For the considered experimental setup in Section 5.7, the (normalized) a(t)
of a typical r(t) is depicted in Figure 5.3, together with êj+1 (t, θa ) based on i)
θa = 0 (left), and ii) the minimizer θ̂a of V (θa ) in (5.15) (right). Clearly, high
performance is obtained with θ̂a , i.e., when a(t) and êj+1 (t, θa ) are uncorrelated.
In contrast, low performance is obtained for θa = 0, which corresponds to significant correlation between a(t) and êj+1 (t, θa ). This shows that the correlation
between a(t) and êj+1 (t, θa ) is a measure for the performance of a motion system.

5.3

Optimal polynomial feedforward based on
instrumental variables

The approach proposed in this chapter is based on the IV estimator in (5.14).
Even though this estimator is unbiased, the accuracy in terms of variance will
depend on the design of z(t) and L(q). In this section, a systematic design
procedure is proposed for z(t) and L(q) such that optimal accuracy is obtained.

5.3.1

Asymptotic covariance matrix PeIV

The asymptotic covariance matrix PeIV corresponds to the asymptotic distribution of θ̂∆ given by
√
dist
N (θ̂∆ − θ0∆ ) −−→ N (0, PeIV ),
(5.16)
where θ0∆ is the asymptotic parameter estimate. Next, two conditions are presented for the existence of (5.16). It is emphasized that these conditions are
typically fulfilled in the presented approach under mild technical assumptions.

5.3 Optimal polynomial feedforward based on instrumental variables
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The first condition is that there should be an θ0∆ such that Cfj+1
f (q, θ0 ) =
j+1
P −1 (q), where θ0 = θj + θ0∆ 6= 0. For the parametrization of Cfj+1
) in
f (q, θ
(5.3), this implies that in the forthcoming analysis it is assumed that the true
unknown system is given by P (q) = 1/A0 (q −1 ), and consequently P −1 (q) =
A0 (q −1 ). This may appear a stringent requirement on P (q). However, for a
general class of motion systems as described in [104], the reference signal r(t)
has a dominant low-frequency signal content, and P −1 (q) can be accurately
described by an acceleration-dependent and snap-dependent term [26]. Essen−1
tially, Cfj+1
(q), which is possible since
f (q, θ0 ) is an FIR approximation of P
high-frequency dynamic aspects are concealed by the specific input design of
r(t), see [89] for a further explanation. These results will be corroborated by the
simulation example in Section 5.6 and the experimental results in Section 5.7,
where it is shown that the reference-induced contribution to the error signal
j+1
can be almost completely compensated for by using Cfj+1
) as in (5.3) of
f (q, θ
low degree. As is presented in Chapter 6 and 7, the proposed approach can be
j+1
extended by allowing for a more general parametrization of Cfj+1
). This
f (q, θ
can potentially improve the performance when an aggressive reference trajectory
is used, at the expense of a more complex optimization problem.
The second condition is that θ̂∆ should be a consistent estimator, i.e., θ̂∆
converges to θ0∆ for N to infinity. In Section 5.9 it is shown that both conditions
hold under mild technical assumptions. Then, as derived in Section 5.10, the
covariance matrix PeIV in (5.16) is given by
−T
T
−1 T
T
,
Rzϕj W JW T Rzϕj (Rzϕ
PeIV =(Rzϕ
j W Rzϕj )
j W Rzϕj )

(5.17)

with
Rzϕj = Ēz(t)L(q)(ϕjr (t))T ,
T

J = λ2ε Ē [L(q)S(q)H(q)z(t)] [L(q)S(q)H(q)z(t)] ,

(5.18)

and reference-induced part ϕjr (t) of ϕj (t) in (5.12) given by
ϕjr (t) = Ψ(q)(Cf b (q) + Cfj f (q))−1 yrj (t),

(5.19)

with yrj (t) as in (5.2). Note that PeIV in (5.17) depends on the design of z(t)
and L(q). Next, a lower bound is derived for PeIV as a function of z(t) and L(q),
which corresponds to the minimum variance achievable with an IV method.

5.3.2

Lower bound for covariance matrix PeIV

The covariance matrix PeIV in (5.17) depends on the design of z(t) and L(q).
Optimal accuracy in terms of variance is obtained if z(t) and L(q) are designed
opt
such that PeIV is equal to an optimal covariance matrix PeIV
, where for any
z(t) and L(q) it holds that
opt
PeIV  PeIV
.
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opt
The optimal covariance matrix PeIV
for iterative feedforward control based on
instrumental variables is given by
( 

T )−1
1
1
opt
PeIV = λ2ε Ē
ϕj (t)
ϕj (t)
,
(5.20)
S(q)H(q) r
S(q)H(q) r
opt
where PeIV
 0, see Section 5.11 for a derivation.
opt
in (5.20) holds if z(t), L(q)
Equivalence between PeIV in (5.17) and PeIV
and W are designed as

• ze,opt (t) =
• Le,opt (q) =

1
j
S(q)H(q) ϕr (t),
1
S(q)H(q) ,

• We,opt = I, and nz = nθ ,
and ϕjr (t) in (5.19). This result follows by substituting ze,opt (t), Le,opt (q), and
We,opt in (5.17). Note that this design is not unique.
The following two observations are made based on ze,opt (t), Le,opt (q), and
We,opt . First, the optimal design reveals that minimum variance is obtained
when the number of instruments nz is equal to the number of parameters nθ , and
uniform weighting (W = I) is applied for t = 1, ..., N . Based on this observation,
W and nz are selected as W = I and nz = nθ . Then, (5.17) becomes
−T
−1
PeIV = Rzϕ
j JRzϕj ,

(5.21)

with Rzϕj and J as in (5.18). Furthermore, (5.14) reduces to
−1
θ̂∆ = R̂zϕ
j R̂zej ,
m

(5.22)

i.e., a basic IV method. This observation is in line with earlier results in system
identification, see, e.g., [161, Chapter 3].
Second, the design of ze,opt (t) and Le,opt (q) reveals that optimal accuracy can
be obtained if the sensitivity function S(q) and noise model H(q) are exactly
known. However, H(q) and S(q) are assumed to be unknown in the developed
framework. In the next section, a design procedure is presented that appropriately addresses this aspect.

5.3.3

Optimal design procedure for z(t) and L(q)

The optimal design for z(t) and L(q) in Section 5.3.2 suggests that S(q) and
H(q) should be exactly known to obtain optimal accuracy of θ̂∆ in (5.22). Here,
it is shown that modeling of H(q) and S(q) is not required if Cf b (q) is designed
using standard design methodologies.

5.3 Optimal polynomial feedforward based on instrumental variables
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Recall from (5.5) that Cfj f (q, θj ) aims to minimize ejr (t), i.e., the error induced by the known r(t). In the optimal case it holds that ejr (t) = 0 for all t.
In contrast, the main goal of the feedback controller Cf b (q) is to compensate
for wj (t) in view of minimizing ejw (t). These disturbances are assumed to be
stochastic with a certain spectrum. Typically, the dominant disturbances are
in the low-frequency range, e.g., due to amplifier noise [64], cable slab, commutation errors, or immersion water-flow in lithographic applications. Then,
Cf b (q) is designed to compensate for these disturbances, in which case the optimal result is ejw (t) = εj (t), i.e., the error signal being white noise. This can
be (approximately) achieved, e.g., using traditional PID tuning, possibly with
error-based retuning [174], and common LQG control designs [143, Section 6.2].
In a typical approach to design Cf b (q) such that S(q)H(q) = 1, ejm (t) is measured in an experiment where r(t) = 0 for all t. For this case, ejr (t) = 0 for all t,
and consequently ejm (t) = ejw (t). Then, Cf b (q) is tuned until ejm (t) = εj (t), i.e.,
ejm (t) being white noise. This analysis leads to the following assumption.
Assumption 5.3.1. Cf b (q) is designed such that S(q)H(q) = 1.
If Assumption 5.3.1 is valid, modeling of H(q) and S(q) is not required to
achieve optimal accuracy. Note that in practice it is sufficient that S(q)H(q) ≈ 1
for optimal accuracy. In subsequent sections, it will become apparent that filtering of r(t) is indeed the most important aspect for achieving optimal accuracy.
If Cf b (q) is not adequately designed in view of Assumption 5.3.1, optimal accuracy can be achieved by including a model of the closed-loop disturbance model
S(q)H(q) in the design of instruments, as in, e.g., [76]. By exploiting Assumpopt
tion 5.3.1, PeIV
in (5.20) simplifies to

opt
PIV
= λ2ε Ēϕjr (t)(ϕjr (t))T

−1

.

(5.23)

Remark 5.3.1. For arbitrary S(q) and H(q), it follows that
opt
opt
PIV
 PeIV
,
opt
opt
with PIV
in (5.23) and PeIV
in (5.20). Furthermore, equivalence only holds if
S(q)H(q) = 1.
opt
Equivalence between PeIV in (5.21) and the lower bound PIV
in (5.23) is
obtained if z(t) and L(q) are designed as

zopt (t) = ϕjr (t),

(5.24)

with ϕjr (t) as defined in (5.19), and Lopt (q) = 1. This result directly follows by
substituting zopt (t) and Lopt (q) in (5.21).
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5.4

Proposed approach for optimal accuracy

5.4.1

Proposed algorithm

The optimal instruments zopt (t) as given in (5.24) can not be constructed since
P (q) is assumed to be unknown in the developed framework. To see this, note
that ϕjr (t) in (5.19), in particular yrj (t), can not be determined based on the
j
known r(t), and measured ejm (t) and ym
(t) when P (q) is unknown.
In this section, an algorithm is proposed to determine θ̂∆ with optimal accuracy for an unknown P (q). To achieve this, an iterative method is proposed
to achieve optimal accuracy by jointly updating the estimate of the optimal
instruments zopt (t) and solving for θ̂∆ as in (5.22), similar to [190].
Let the index i denote the ith computational iteration of the proposed algo∆
rithm. Furthermore, θ̂<i−1>
denotes the parameter estimate in iteration i − 1.
th
In the i iteration, zopt (t) in (5.24) is approximated by
∆
zp,<i> (t) = ϕ̂jr (t) = Ψ(q)(Cf b (q) + Cfj f,<i> (q, θ̂<i−1>
))−1 r(t).

(5.25)

∆
Subsequently, zp,<i> (t) in (5.25) is used to determine θ̂<i>
in the ith iteration
similar to (5.22):
∆
θ̂<i>
= (R̂zϕj ,<i> )−1 R̂zejm ,<i> ,

PN
where R̂zϕj ,<i> = N1 t=1 zp,<i> (t)(ϕj (t))T with ϕj (t) in (5.12), and R̂zejm ,<i> =
PN
1
j
j
t=1 zp,<i> (t)em (t) with em (t) in (5.1). The proposed algorithm to deterN
∆
mine θ̂ with optimal accuracy is summarized in Algorithm 5.4.1.
Algorithm 5.4.1. Determine θ̂∆ with optimal accuracy
∆
a) Initialize θ̂<i−1>
= 0.
∆
∆
b) Construct Cfj f,<i> (q, θ̂<i−1>
) = Ψ(q)(θj + θ̂<i−1>
).

c) Construct instrumental variables
∆
zp,<i> (t) = Ψ(q)(Cf b (q) + Cfj f,<i> (q, θ̂<i−1>
))−1 r(t).
PN
d) Determine R̂zϕj ,<i> = N1 t=1 zp,<i> (t)(ϕj (t))T based on ϕj (t) in (5.12),
P
N
and R̂zejm ,<i> = N1 t=1 zp,<i> (t)ejm (t), based on ejm (t) in (5.1).
∆
∆
e) Solve for θ̂<i>
as in (5.22): θ̂<i>
= (R̂zϕj ,<i> )−1 R̂zejm ,<i> .

f) Set i → i + 1 and repeat from Step b until a stopping criterion is met.
∆
g) Set θ̂∆ = θ̂<i>
.

Remark 5.4.1. An approach to compute zp,<i> (t) in view of possible instability
∆
of (Cf b (q) + Cfj f,<i> (q, θ̂<i−1>
))−1 is given in Section 4.8.
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5.4.2

Accuracy analysis of proposed approach

In this section, it is shown that the use of Algorithm 5.4.1 results in a covariance
matrix that is as small as possible, i.e., optimal accuracy in terms of variance.
Consider the covariance matrix PIV,p corresponding to zp,<i> (t) as given in
Table 5.1. The covariance PIV,p follows by substituting (5.25) in (5.21). Clearly,
opt
in (5.23), is
optimal accuracy for the proposed method, i.e., PIV,p equal to PIV
obtained if zp,<i> (t) converges to zopt (t).
To show that zp,<i> (t) converges to zopt (t) in subsequent iterations of the
proposed algorithm, substitute (5.2) and (5.19) in (5.24) to obtain
zopt (t) = Ψ(q)(Cf b (q) + Cfj f (q))−1 yrj (t)
= Ψ(q)(Cf b (q) + Cfj f (q))−1 S(q)P (q)(Cf b (q) + Cfj f (q))r(t) (5.26)
= Ψ(q)S(q)P (q)r(t),
where the last equality is obtained by using the commutative property of SISO
systems. Then, the difference between zopt (t) and zp,<i> (t) in the ith iteration
can be expressed as


∆
zopt (t) − zp,<i> (t) = Ψ(q) S(q)P (q) − (Cf b (q) + Cfj f,<i> (q, θ̂<i−1>
))−1 r(t),
which implies that zp,<i> (t) = zopt (t), i.e., optimal accuracy, is obtained if
∆
(Cf b (q) + Cfj f,<i> (q, θ̂<i−1>
))−1 = S(q)P (q).

(5.27)

It remains to be shown that (5.27) holds, i.e., zp,<i> (t) converges to zopt (t),
to guarantee that Algorithm 5.4.1 results in optimal accuracy. Recall from Sec∆
∆
= θ0∆
in iteration i = 1 is a consistent estimator, i.e., θ̂<1>
tion 5.3 that θ̂<1>
∆
for N to infinity, and that consistency of θ̂<1> implies that
∆
Cfj f,<2> (q, θ̂<1>
) = P −1 (q).

(5.28)

Substituting (5.28) in (5.27) with i = 2 gives
(Cf b (q) + P −1 (q))−1 = S(q)P (q),

(5.29)

since (Cf b (q) + P −1 (q))−1 = (P (q)Cf b (q) + 1)−1 P (q) it directly follows from
(5.29) that (5.27) holds, i.e., zp,<2> (t) = zopt (t). This result shows that optimal
accuracy in terms of accuracy is achieved with Algorithm 5.4.1.
∆
Remark 5.4.2. For finite N , θ̂<1>
is not exactly equal to θ0∆ and multiple
iterations are typically required to refine zp,<i> (t). Practical use of the algorithm
shows good convergence properties. This is in accordance with the convergence
analysis for closely related iterative IV algorithms in system identification [190],
[76, Section 5], [161, Chapter 5-6].
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Design procedure

j+1
Next, Algorithm 5.4.1 is embedded in a procedure to determine Cfj+1
)
f (q, θ
∆
according to the optimization problem (5.6) with V (θ ) in (5.13). This design
procedure implements the main contribution of this chapter, and is given next.
j+1
Procedure 5.4.1. Estimation of Cfj+1
) after the j th task:
f (q, θ
j
1. Measure ejm (t) and ym
(t) for t = 1, . . . , N , in the j th task.
j
2. Construct ϕj (t) = Ψ(q)(Cf b (q) + Cfj f (q, θj ))−1 ym
(t).

3. Algorithm 5.4.1: Determine θ̂∆ with optimal accuracy.
j+1
4. Construct Cfj+1
) = Ψ(q)(θj + θ̂∆ ).
f (q, θ

5. Set j → j + 1 and go to Step 1.
Remark 5.4.3. Procedure 5.4.1 is based on measured data from a single task.
The proposed procedure can be implemented as a (batch-wise) recursive approach,
where measured data from multiple tasks is used to reduce the variance of θ̂∆ .
Next, the proposed approach to obtain optimal accuracy is compared with
the pre-existing approaches in Chapter 4 and [178].

5.5

Accuracy analysis of existing approaches

In this section, the accuracy properties of the iterative feedforward tuning approaches in [178] and Chapter 4 are compared with the optimal approach derived
in Section 5.3.3. An overview of this comparison is provided in Table 5.1.

5.5.1

Accuracy analysis of the approach in Chapter 4

The instrumental variable approach in Chapter 4 uses as instruments z1 (t) =
Ψ(q)r(t), with Ψ(q) the basis functions of Cfj f (q), and L1 (q) = 1. The covariance matrix PIV,1 corresponding to this design follows by substituting z1 (t) and
L1 (q) = 1 in (5.21), and is given by

−1 

−T
PIV,1 = λ2ε ĒΨ(q)r(t)(ϕjr (t))T
ĒΨ(q)r(t)(Ψ(q)r(t))T ĒΨ(q)r(t)(ϕjr (t))T
(5.30)
opt
Based on (5.30) and (5.23), it follows from Section 5.11 that PIV,1  PIV
, i.e.,
the approach in Chapter 4 results in non-optimal accuracy in terms of variance.
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Table 5.1. Comparison of existing approaches in [178] and Chapter 4, the
proposed and optimal method.

Method

Instrumental variables

Optimal accuracy

Optimal

zopt (t) = ϕjr (t)

yes

Proposed (Section 5.4)

zp,<i> (t) = ϕ̂jr (t)

yes

Method 1 (Chapter 4)

z1 (t) = Ψ(q)r(t)

Method 2 [178]

z2 (t) = ϕ2 (t)

no, arbitrary
√
no, 2

5.5.2

Accuracy analysis of the approach in [178]

The iterative feedforward approach proposed in [178] utilizes L2 (q) = 1 and
z2 (t) = ϕ2 (t) as instruments, where ϕ2 (t) = Ψ(q)(Cf b (q) + Cfj f (q))−1 ym (t) is
constructed based on measured data obtained in an additional task. As such,
measured
data from two tasks is required to determine θ̂∆ , which results in a
√
1/ 2 reduced accuracy compared to the optimal approach in Section 5.3.3. To
see this, note that the asymptotic distribution of θ̂∆ corresponding to z2 (t) yields
√

dist

N (θ̂∆ − θ0∆ ) −−→ N (0, PIV,2 ),

(5.31)

based on two tasks of each N samples, where PIV,2 yields

−1 

−T
PIV,2 = λ2ε Ēϕjr (t)(ϕjr (t))T
Ēϕ2 (t)ϕT2 (t) Ēϕjr (t)(ϕjr (t))T
.

In contrast, the asymptotic distribution corresponding to the optimal instruments zopt is given by
√

dist

opt
2N (θ̂∆ − θ0∆ ) −−→ N (0, PIV
),

(5.32)

based
√ on two tasks of each N samples. Comparing (5.31) and (5.32) reveals a
1/ 2 reduced accuracy for the approach based on z2 (t) when compared to the
optimal approach. This result confirms that non-optimal accuracy is obtained
with the approach proposed in [178].

5.5.3

Concluding remarks

The analysis provided in this section reveals that the existing approaches proposed in [178] and Chapter 4 are non-optimal in terms of variance, as summarized in Table 5.1. Next, a simulation example in presented to illustrate the
importance of this result for the performance of a motion system.
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5.6

Simulation example

In this section, a simulation study is presented to
1. Confirm that unbiased parameter estimates are obtained for all considered
IV approaches in Table 5.1;
2. Show that the proposed approach zp,<i> (t) leads to enhanced accuracy of the
parameter estimates compared to the pre-existing approaches based on z1 (t)
and z2 (t);
3. Illustrate the close relation between the statistical accuracy of θ̂∆ and the
performance of a motion system.

5.6.1

System description

Consider the system P (q) given by
P (q) =

1.761 × 10−9
,
1 − 3.69q −1 + 5.225q −2 − 3.38q −3 + 0.8451q −4

which represents a two-mass spring damper system with non-collocated dynamics, see Figure 5.4 for a Bode plot. A schematic illustration of this system is
depicted in Figure 5.5. The feedback controller Cf b (q) is given by
Cf b (q) =

7.444 × 104 q −1 − 1.47 × 105 q −2 + 7.259 × 104 q −3
.
1 − 2.736q −1 + 2.49q −2 − 0.7537q −3

Recall from Section 5.2.1 that the unknown disturbance wj (t) is assumed to be
given by wj(t) = H(q)εj (t). Here, H(q) is designed such that Assumption 5.3.1
holds, and εj (t) is normally distributed white noise with zero mean and standard deviation λε = 2.5 × 10−8 . The system is excited by a 3rd -order reference
signal, designed as in [10]. Furthermore, the feedforward controller Cfj f (q, θj ) is
parametrized as Cfj f (q, θj ) = ψa (q −1 )θaj + ψs (q −1 )θsj , with basis functions
ψa (q

−1

)=



1 − q −1
Ts

2

, ψs (q

−1

)=



1 − q −1
Ts

4

,


T
parameters θj = θaj , θsj , and sampling time Ts = 5 × 10−4 s. Hence,
Cfj f (q, θj ) consists of acceleration feedforward ψa (q −1 )θaj and snap feedforward
ψs (q −1 )θsj . Straightforward computations reveal that the true parameter vector
θ0 of Cfj f (q, θj ), as defined in Section 5.9, is given by θ0 = [22, 3 × 10−5 ]T . This
implies that the reference-induced contribution ejr (t) is equal to zero for all t
when Cfj f (q, θ0 ) is used as feedforward controller.
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Fig. 5.4. Bode diagram of the system P .
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Fig. 5.5. Schematic illustration of a two-mass spring damper system.

A Monte Carlo simulation study is performed for the proposed approach
with zp,<i> (t) in (5.25) and the pre-existing approaches based on z1 (t) and
z2 (t). The number of realizations is equal to m = 200, and a parameter estimate
in the lth realization is denoted θ̂l . In a single realization, M = 5 tasks are
performed, consisting of N = 6000 samples each. After the j th task in the
lth realization, Procedure 5.4.1 is used to determine θ̂lj+1 based on θlj , and the
j
in the j th task. The initial parameter vector is
measured signals ejm and ym

T
given by θinit = 16, 1 × 10−5 . The sample mean corresponding to the j th
 j j T
Pm j
1
j
task in the lth realization is defined as θ̄j = m
. The
l=1 θ̂l , with θ̄ = θ̄a θ̄s
j
j
corresponding feedforward controller is denoted as Cf f (q, θ̄ ).

5.6.2

Simulation results: parameter estimation

The results of the Monte Carlo simulation study are given in Figure 5.6 and
Table 5.2. The following observations are made:
1. Unbiased estimates of θ0 , i.e., θ̄j = θ0 , are obtained for zp,<i> (t), z1 (t), and
z2 (t). This confirms that all considered IV approaches in Table 5.1 lead to
unbiased estimates.
2. The standard deviation of θ̄sj is significantly smaller for zp,<i> (t) when compared to z1 (t) and z2 (t). This confirms that the proposed approach leads to
improved accuracy in terms of variance of the estimated parameters.
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Table 5.2. Summary of results of Monte Carlo simulation: The mean value
of θ̄a1 and θ̄s1 in task j = 1 for zp,<i> (t), z1 (t) and z2 (t) confirm that unbiased
parameter estimates are obtained for all methods, while the standard deviation
of θ̄a1 and θ̄s1 shows that an enhanced accuracy is obtained with the proposed
approach zp,<i> (t) compared to z1 (t) and z2 (t). The benefits of improved accuracy for the achievable servo performance are shown in Section 5.6.3.

Method

Proposed (Sect. 5.4)

Instruments

zp,<i> (t) =

Mean θ̄a1
Std. deviation

Method 1 [23]

Method 2 [178]

z1 (t) = Ψ(q)r(t)

z2 (t) = ϕ2 (t)

22

22

22
−4

θ̄a1

Std. deviation θ̄s1

−4

2.2 × 10

4.5 × 10

1.2 × 10−7

2.2 × 10−6

3 × 10−5

Mean θ̄s1

−5

5.2 × 10−4

3 × 10−5

3 × 10−5

4.1 × 10−7
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Fig. 5.6. Simulation results: Parameters θ̂s as a function of tasks for m = 200
realizations for z1 (t) (left), z2 (t) (middle) and the proposed zp,<i> (t) (right)
show that the standard deviation of θ̂s is significantly smaller for the proposed
zp,<i> (t) compared to z1 (t) and z2 (t).

5.6.3

Simulation results: accuracy and performance

Next, the relation between the statistical accuracy of the estimated parameters
and the obtained performance is analyzed for the considered system. Recall
from (5.5) that a high-performance Cfj f (q, θj ) minimizes ejr (t, θj ), i.e., the error
induced by the known r(t). Since θ̄j is an unbiased estimate of θ0 for all approaches in Table 5.1, it follows from Section 5.9 that ejr (t, θ̄j ) = 0 for all t when
Cfj f (q, θ̄j ) is used as feedforward controller. Consequently, (5.1) implies
ejm (t, θ̄j ) = −ejw (t),

(5.33)

which is the best possible result in the developed framework for a fixed Cf b (q).
However, as already shown in Section 5.6.2, the estimate θ̂lj in realization l can
significantly deviate from the sample mean θ̄j . Therefore, the influence of this
deviation on the achieved performance is analyzed for all approaches in Table 5.1.
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Fig. 5.7. Simulation results: The error signal e1wc (t, θ̂wc
) in task j = 1 shows
1
1
1
that ewc (t, θ̂wc ) contains a significant reference-induced component e1r (t, θ̂wc
) for
1
z1 (t) (left), while e1wc (t, θ̂wc
) is dominated by e1w (t) for zp,<i> (t) (right).

Suppose that θ̂lj , ejm (t, θ̂lj ) and V (θ̂lj ) are stored for all tasks, i.e., j = 1, ..., 5,
j
and all realizations, i.e., l = 1, ..., 200. Let θ̂wc
denote the parameter vector in
j
j
one of these tasks such that V (θ̂wc ) ≥ V (θ̂l ) for l = 1, ..., 200. The corresponding
j
worst-case error ejwc (t, θ̂wc
) follows from (5.1) as
j
j
ejwc (t, θ̂wc
) = ejr (t, θ̂wc
) − ejw (t),

(5.34)

j
while the feedforward controller is denoted as Cfj f (q, θ̂wc
). Next, it is shown that
enhanced accuracy in terms of variance results in a smaller difference between
j
ejwc (t, θ̂wc
) in (5.34) and ejm (t, θ̄j ) in (5.33), i.e., improved worst-case performance
compared to pre-existing approaches.
The error e1wc (t) in task j = 1 and cumulative power spectrum are depicted
in Figure 5.7 and Figure 5.8, respectively. The following observations are made:
1
1
1. For zp,<i> (t), the contribution of e1r (t, θ̂wc
) to e1wc (t, θ̂wc
) is negligible com1
1
1
pared to the contribution of ew (t). Hence, ewc (t, θ̂wc ) is similar to the optimal
case e1m (t, θ̄1 ).
1
1
2. For z1 (t), the contribution of e1r (t, θ̂wc
) to e1wc (t, θ̂wc
) is significant. As a result,
1
1
ewc (t, θ̂wc ) is significantly degraded compared to the optimal case e1m (t, θ̄1 ).

The simulation results with z2 (t) in terms of the achievable performance are as
expected in view of the results for zp,<i> (t) and z1 (t), and are therefore omitted.
The provided simulation study showed that an enhanced accuracy of the
1
parameter estimates results in a reduced difference between e1wc (t, θ̂wc
) in (5.34)
1
1
1
1
and em (t, θ̄ ) in (5.33). Hence, the worst-case error ewc (t, θ̂wc ) based on a single
set of measured data is improved by using the proposed instruments zp,<i> (t).
This confirms the significance of the statistical accuracy properties of θ̂j for the
achievable performance.
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Fig. 5.8. Simulation results: Cumulative power spectrum of e1m (t, θ̄1 ) in task
1
1
j = 1 for Cf1f (q, θ̄1 ) (black), and e1wc (t, θ̂wc
) corresponding to Cf1f (q, θ̂wc
) for
z1 (t) (red) , z2 (t) (blue) and zp,<i> (t) (green).

5.7
5.7.1

Experimental results
Experimental setup

In this section, the proposed approach in Section 5.4 is applied to the prototype industrial nanopositioning system depicted in Figure 5.9. The positioning
stage, measurement system, and actuation system are placed on a vibration isolation table to isolate the system from external disturbances originating from
the environment.
The positioning stage is magnetically levitated and actuated, and controlled
in six motion degrees of freedom (DOFs): three translations (x, y, and z) and
three rotations (Rx , Ry and Rz ). Magnetically levitated stages exhibit contactless operation. Therefore, friction (which is typically an important disturbance
in motion control) is eliminated.
The actuation system consist of six linear magnetic motors, with an added
position offset such that each actuator can also generate a force in the perpendicular direction [4]. The permanent magnets are connected to the vibration
isolation table, while the coils are part of the positioning stage.
The measurement system consist of laser interferometers in conjunction with
a mirror block, connected to the vibration isolation table and the positioning
stage, respectively. This system enables high accuracy position measurements in
all six motion DOFs. In particular, subnanometer resolution position measurements are available for the translational DOFs x, y and z. Throughout, all systems and signals operate in discrete time with a sampling time of Ts = 2×10−4 s.
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1

2
3

4

Fig. 5.9. Experimental setup with 1 : measurement system, 2 : positioning
stage, 3 : linear magnetic actuation system and 4 : vibration isolation table.
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Fig. 5.10. Frequency response function estimate of the system P (q).

5.7.2

Control configuration and reference signal design

The proposed design procedure for the feedforward controller is applied to the
x-direction of the system, i.e., the long-stroke (80 mm) direction of the setup
in Figure 5.9. A stabilizing feedback controller Cfmimo
is designed for the mulb
tivariable system by means of sequential loopshaping, see [157, Section 10.6] for
details. By closing the control loops for the remaining 5 DOFs, i.e., y, z, Rx , Ry
and Rz , a single-input, single output equivalent system P (q) is obtained for the
x-direction. The frequency response function of the equivalent system P (q) for
the x-direction in Figure 5.10 shows rigid-body behavior below approximately
300 Hz, while the first resonance phenomena appear at 480 and 860 Hz.
The feedback controller Cf b (q) for the x-direction of the system is depicted
in Figure 5.11, and achieves a bandwidth (defined as the lowest frequency where
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Fig. 5.11. Bode diagram of the feedback controller Cf b (q) for the x-direction
of the experimental setup.

|Cf b P | = 1) of 120 Hz. This bandwidth results in rejection of low-frequency
disturbances, while having sufficient robustness against uncertainty in the resonances of P (q). The reference trajectory r(t) is depicted in Figure 5.12, together
with its acceleration, jerk and snap, i.e., the 2nd , 3rd and 4th derivative of r(t).

5.7.3

Parametrization feedforward controller

For the general parametrization of Cf f (q, θ) in (5.3), i) the number of parameters nθ and ii) the selection of basis functions Ψ(q) should be determined to
obtain Cf f (q, θ). Here, the parametrization of Cf f (q, θ) is chosen as in [104].
This parametrization is developed for motion systems with dominant rigid-body
dynamics as in Fig. 5.10, and is given by
Cf f (q, θ) = Ψ(q)θ,

(5.35)

with basis functions Ψ(q) = [ψv (q −1 ), ψa (q −1 ), ψτ (q −1 ), ψs (q −1 )], where



2
1 − q −1
1 − q −1
−1
−1
ψv (q ) =
,
ψa (q ) =
,
Ts
Ts




3
4
1 − q −1
1 − q −1
ψτ (q −1 ) =
, ψs (q −1 ) =
,
Ts
Ts
and corresponding parameters θ = [θv θa θτ θs ]T ∈ Rnθ .
For Cf f (q, θ) in (5.35) it holds that Cf f (q, θ)|q=1 = 0, i.e., the static gain
of Cf f (q, θ) is equal to zero. This condition implies that the feedforward signal uf f is equal to zero when the system is in stand-still, which is a desired
property for motion systems with rigid-body dynamics. Furthermore, recall
that the considered experimental setup operates contactless, thereby eliminating
performance-deteriorating friction. As such, friction feedforward is not included
in the feedforward controller in (5.35).
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Fig. 5.12. Position r(t), velocity v(t), jerk τ (t), and snap s(t) of the task.

5.7.4

Experimental results for the optimal IV method

In this section, the key experimental results of this chapter are presented, which
involve the application of Procedure 5.4.1 on the system in Figure 5.9. Five tasks
are performed of N = 2700 samples each, with r(t) as depicted in Figure 5.12.
j
(t), for t = 1, ..., N , are
During the j th task, the measured signals ejm (t) and ym
j+1
stored. Then, this batch of measured data is used to determine Cfj+1
).
f (q, θ
1
1
1
T
To initialize Procedure 5.4.1, Cf f (q, θ ) in task j = 1 has θ = [0, 0, 0, 0] .
The measured error signal ejm (t) in the 1st , 2nd and 3rd task are depicted
in Figure 5.13, while the corresponding cumulative power spectrum is shown in
Figure 5.14. In addition, the two-norm of ejm (t), i.e., kejm (t)k22 , as a function of
tasks is depicted in Figure 5.15. The following observations are made:
1. The peak value of e3m (t) in task j = 3 is reduced by approximately 97 % when
compared to e1m (t) in the 1th task. This confirms that the proposed iterative
feedforward approach significantly enhances the positioning accuracy of the
system compared to only feedback control.
2. Figure 5.13 and Figure 5.14 show that the low-frequency contribution up to
approximately 10 Hz is not compensated for by Cf3f (q, θ3 ) in task j = 3.
This implies that the dynamical behavior of the experimental setup in this
frequency range is not captured by the parametrization of Cf f (q). This can be
contributed to the cable connection between the fixed world and the (moving)
positioning stage, which acts as a low-frequency disturbance on the system.
3. Figure 5.15 shows that kejm (t)k22 converges in two tasks. This confirms that
fast convergence in terms of kejm (t)k22 is obtained with the proposed approach.
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Fig. 5.13. Experimental results: The measured ejm (t) in task j = 1 (red),
j = 2 (blue) and j = 3 (green) shows that a reduction of 97 % in the peak value
of the error is obtained by using iterative feedforward control.
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Fig. 5.14. Experimental results: cumulative power spectrum of the measured
ejm (t) in task j = 1 (red), j = 2 (blue) and j = 3 (green).
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Fig. 5.15. The two-norm of the measured error ejm (t) as a function of tasks
shows convergence in two tasks.

5.7.5

Analysis of Algorithm 5.4.1

The iterative refinement of zp,<i> (t) proposed in Algorithm 5.4.1 is an essential
attribute of Procedure 5.4.1. In this section, Algorithm 5.4.1 is illustrated for the
considered experimental setup. Recall from (5.26) that the optimal instruments
zopt (t) can be expressed as
zopt (t) = Ψ(q)S(q)P (q)r(t),
and optimal accuracy is obtained, i.e., zp,<i> (t) = zopt (t), if
∆
(Cf b (q) + Cfj f,<i> (q, θ̂<i−1>
))−1 = S(q)P (q).

This result enables a visual illustration of Algorithm 5.4.1 by comparing the
identified frequency response function of S(q)P (q) with the frequency response
of (Cf b (q) + Cfj f,<i> (q))−1 .
1
The analysis in this section is based on the measured signals e1m (t) and ym
(t),
1
1
for t = 1, ..., N , in task j = 1 with Cf f (q, θ ) implemented on the experimental
setup. Furthermore, the number of computational iterations of Algorithm 5.4.1
is given by K = 3. Figure 5.16 reveals that (Cf b + Cf1f,<3> )−1 in iteration i = 3
of Algorithm 5.4.1 is a significantly improved approximation of S(q)P (q) in the
frequency range up to 150 Hz, when compared to iteration i = 1. This confirms
that iterative refinement of zp,<i> (t) by means of Algorithm 5.4.1 results in
zp,<i> (t) that resemble the optimal zopt (t).

5.7.6

Enhanced flexibility to reference variations and comparison with ILC

As is argued in Section 5.1 and Section 5.2, the key motivation for the proposed
feedforward approach compared to ILC algorithms is an enhanced flexibility with
respect to changes in the reference trajectory. To demonstrate this flexibility, two
similar yet slightly difference reference trajectories are applied to the considered
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Fig. 5.16. Iterative refinement of the instruments zp,<i> (t) after task j = 1:
(Cf b +Cf1f,<3> )−1 (green) corresponding to the i = 3 computational iteration of
Algorithm 5.4.1 is an improved approximation of the frequency response function of the process sensitivity S(q)P (q) (black) in the frequency range [30, 150]
Hz compared to (Cf b + Cf1f,<1> )−1 (dashed red) in iteration i = 1 of Algorithm 5.4.1.

nanopositioning system. These reference trajectories are depicted in Figure 5.17.
Then, the optimal IV approach proposed in Section 5.4 is compared to the
standard frequency-domain ILC-based approach, see, e.g., [37].
The measured error signals e5 (t) in task j = 5 and e6 (t) in task j = 6 as
depicted in Figure 5.18 for ILC, and in Figure 5.19 for the proposed optimal IV
approach confirm that i) the servo performance obtained with ILC severely deteriorates when the reference is slightly changed and ii) the proposed approach
is insensitive to reference changes. Note that the error in tasks j = 7, ..., 10
will become smaller than in task j = 6 due to learning in the standard ILC
approach. Motion systems are typically confronted with similar yet slightly different reference signals [131], [104]. Therefore, the proposed optimal IV approach
is preferred in industrial practice when compared to standard ILC approaches
since learning transients are eliminated when the reference trajectory is changed.

5.8

Conclusions

In this chapter, an optimal algorithm is proposed for iterative feedforward control
based on instrumental variables. The key advantage of the proposed algorithm
is that it achieves optimal accuracy in terms of variance for the parameters, in
contrast to existing approaches, which are shown to be non-optimal. Therefore,
the proposed algorithm approximates the optimal instruments by means of an
iterative refinement of the proposed instruments. The proposed algorithm is embedded in a design procedure to determine an offline update of the existing feed-
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Fig. 5.17. Reference trajectory r1 for task j = 1, 2, ..., 5 (black) and reference
trajectory r2 for task j = 6, 7, ..., 10 (dashed gray).
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Fig. 5.18. Flexibility with respect to changes in the reference trajectory between tasks for ILC: Before task j = 6, the reference trajectory is changed
from r1 to r2 , see Figure 5.17. For standard ILC, the measured error signal
e5 (t) (blue) in task j = 5 is significantly smaller than for e6 (t) (green) in task
j = 6. This confirms that for standard ILC, the servo performance is severely
deteriorated if the reference is changed at j = 6.
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Fig. 5.19. Flexibility with respect to changes in the reference trajectory between tasks for the proposed approach in Section 5.4: Before task j = 6, the
reference trajectory is changed from r1 to r2 , see Figure 5.17. The measured error signal e5 (t) (blue) in task j = 5 is similar to e6 (t) (green) in task j = 6, which
shows that the servo performance for the proposed IV-approach is invariant to
changes in the reference.
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forward controller based on measured data. A simulation study confirmed that
i) the proposed method leads to improved accuracy compared to pre-existing approaches and ii) the close relation between accuracy and performance. Finally,
the procedure is successfully applied to an industrial nanopositioning system.
The presented experimental results confirm the practical relevance of the proposed approach by revealing a significant enhanced performance.
Ongoing research focuses on extensions to input shaping [20], optimal input
design [65], rational feedforward [31], inferential control, positioning-varying effects [80] and multivariable systems. For the considered nanopositioning system
in Figure 5.9, improved performance can be obtained by compensating for the
dynamics of the cable connection between the fixed world and the (moving)
positioning stage by means of feedforward control.

5.9

Appendix A: Consistency of parameter estimates

In this appendix, it is shown that θ̂∆ is a consistent estimator for z(t) as defined
in Section 5.2.3. First, the optimal parameters θ0∆ are defined. Then, it is shown
that θ̂∆ is a consistent estimator of θ0∆ .
j+1
Recall from Section 5.2.1 that Cfj+1
) aims to minimize ej+1
(t, θj+1 )
r
f (q, θ
j+1
j
∆
in (5.5), for t = 1, ..., N . By exploiting that θ
= θ + θ and by using the
j+1
parametrization for Cfj+1
(q,
θ
)
in
(5.3),
(5.5)
becomes
f
ej+1
(t, θ∆ ) = ejr (t) − S(q)P (q)Cf∆f (q, θ∆ )r(t),
r
which, along similar lines as (5.8), can be approximated by
j
ej+1
(t, θ∆ ) = ejr (t) − Cf∆f (q, θ∆ )C −1 (q)ym
(t).
r

By exploiting the parametrization for Cf∆f (q, θ∆ ) given in (5.4) and rearranging
terms, it follows that
ej+1
(t, θ∆ ) = ejr (t) − (ϕj (t))T θ∆ ,
r
with ϕj (t) as defined in (5.12). In this chapter, the optimal parameters θ0∆ are
defined such that the reference-induced error ej+1
(t, θ0∆ ) is equal to zero for all
r
t, i.e.,
ej+1
(t, θ0∆ ) = ejr (t) − (ϕj (t))T θ0∆ = 0.
r

(5.36)

−1
Note that this definition of θ0∆ implies that Cfj+1
(q), where θ0 =
f (q, θ0 ) = P
j+1
θj + θ0∆ . In view of the parametrization of Cf f (q, θ0 ) in (5.3), this can be
interpreted as the true unknown system P (q) to be given by P (q) = 1/A0 (q −1 ).
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Next, it is shown that θ̂∆ is a consistent estimator (θ̂∆ converges to θ0∆ for
N to infinity). By observing that (5.36) can be rewritten as ejr (t) = (ϕj (t))T θ0∆ ,
it follows that ejm (t) in (5.1) is equivalent to
ejm (t) = (ϕj (t))T θ0∆ − S(q)wj (t).

(5.37)

with ejw (t) = S(q)wj (t) as in (5.2). Using (5.37) in (5.14) gives
−1 T
T
R̂zϕj W R̂zwj ,
θ̂∆ = θ0∆ + (R̂zϕ
j W R̂zϕj )

where R̂zϕj =

1
N

PN

t=1

(5.38)

z(t)L(q)(ϕj (t))T and
R̂zwj =

N
1 X
z(t)L(q)S(q)wj (t).
N t=1

(5.39)

In [162, Chapter 7] it is shown that under mild assumptions,
lim R̂zϕj = Ēz(t)L(q)(ϕjr (t))T = Rzϕj ,

N →∞

lim R̂zwj = Ēz(t)L(q)S(q)wj (t) = Rzwj ,

(5.40)

N →∞

with ϕjr (t) in (5.19). Based on (5.38) and (5.40), θ̂∆ is a consistent estimator if
R1. Rzϕj = Ēz(t)L(q)(ϕjr (t))T is nonsingular,
R2. Rzwj = Ēz(t)L(q)S(q)wj (t) = 0.
Recall from Section 5.2.3 that the instruments z(t) are a function of (derivatives
of) r(t). Hence, z(t) and ϕjr (t) are correlated, while z(t) and wj (t) are uncorrelated. This implies that R1-R2 hold, and consequently that θ̂∆ is a consistent
estimator of θ0∆ .

5.10

Appendix B: Covariance matrix of IV estimates

In this appendix, a derivation is provided of the asymptotic distribution of θ̂∆ in
(5.16). This derivation for iterative feedforward control follows the proof derived
in [162, App. A8.1] for open-loop identification, and [163, Section 3] for closedloop identification. Furthermore, auxiliary results from [162, App. B] and [113,
Chapter 9] are used.
By rearranging terms, (5.38) is equal to
√
√
T
−1 T
(5.41)
N (θ̂∆ − θ0∆ ) = (R̂zϕ
R̂zϕj W N R̂zwj .
j W R̂zϕj )
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As derived in Section 5.9, θ̂∆ is a consistent estimator under the conditions R1–
R2. Condition R1 in Section 5.9 implies that R̂zϕj converges to the nonsingular
matrix Rzϕj in (5.40) for N to infinity. Then, (5.41) is given by
√

√
T
−1 T
N (θ̂∆ − θ0∆ ) = (Rzϕ
Rzϕj W N R̂zwj ,
j W Rzϕj )

(5.42)

√
where W is nonsingular, and N R̂zwj is a random variable.
The goal of this section is to show that the asymptotic distribution of θ̂∆
corresponding to (5.42) is given by (5.16). The presented derivation of (5.42)
consists of two parts:
√
i. Show that N R̂zwj is asymptotically Gaussian distributed with zero mean
and covariance matrix J in (5.18).
√
ii. Use that the Gaussian distributed N R̂zwj is preserved under linear transformations to derive (5.16).

5.10.1

Appendix B1: Asymptotic distribution of

√
N R̂zwj

√
In this section, it is shown that N R̂zwj is asymptotically Gaussian distributed
with zero mean and covariance J, i.e.,
√
Here,

√

dist

N R̂zwj −−→ N (0, J)

(5.43)

N R̂zwj , based on (5.39), is given by
√

N
1 X
N R̂zwj = √
z(t)L(q)S(q)wj (t),
N t=1

(5.44)

and J in (5.18). As shown in Section 5.9, θ̂∆ is a consistent estimator under the
conditions R1–R2. Furthermore, condition R2 directly implies that
√

N Rzwj

N
1 X
= lim √
Ez(t)L(q)S(q)wj (t) = 0,
N →∞
N t=1

√
i.e., N R̂zwj has zero mean.
Next, consider
√ the covariance J. Based on the conditions derived in [162,
Lemma B.3], N R̂zwj is asymptotically Gaussian distributed with zero mean
and covariance matrix J since
Q1. The instruments z(t) are deterministic and bounded.
Q2. L(q)S(q)wj (t) is a stationary autoregressive moving average (ARMA) process, see, e.g., [160] for a definition of an ARMA process.
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Q3. It is assumed that the limit
J = Ē
exists and is nonsingular.

h√

N R̂zwj

i h√

N R̂zwj

iT

,

(5.45)

Condition Q2 holds when L(q), S(q) are both asymptotically stable, see, e.g.,
[160, Section 3.2]. For L(q) this can be enforced in the design of the prefilter,
while asymptotic stability of S(q) is guaranteed since Cf b (q) stabilizes the closedloop system.
The covariance matrix J follows by using (5.44) in (5.45), and is given by
J = Ē

"N
X
t=1

#" N
#T
X
z(t)L(q)S(q)wj (t)
z(s)L(q)S(q)wj (s)

(5.46)

s=1

By performing a similar derivation as in [162, Appendix A8.1], (5.46) can be
reformulated as
T

J = λ2ε Ē [L(q)S(q)H(q)z(t)] [L(q)S(q)H(q)z(t)] ,
which is equal to J in (5.18). Next, (5.43) is used to show that the asymptotic
distribution of θ̂∆ is given by (5.16).

5.10.2

Appendix B2: Linear
transformation of the Gaus√
sian distributed N R̂zwj

In this section, (5.16) is determined based on (5.42) and (5.43). Observe
that
√
(5.42) invokes a linear transformation of the Gaussian distributed N R̂zwj by
T
−1 T
(Rzϕ
Rzϕj W . Since Gaussian distributions are preserved under a
j W Rzϕj )
√
linear transformation, see, e.g., [162, Section 2.2.2], this implies that N (θ̂0∆ −
θ0∆ ) given in (5.42) is also Gaussian distributed. In particular, (5.16) is given by
√
dist
N (θ̂0∆ − θ0∆ ) −−→ N (0, RJRT ),
T
−1 T
where R = (Rzϕ
Rzϕj W , proving (5.16).
j W Rzϕj )
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opt
In this appendix, it is shown that PeIV
in (5.20) is a lower bound for PeIV in
opt
(5.17), i.e., PeIV  PeIV
. The provided derivation is tailored towards iterative
feedforward control. Conceptually, the presented derivation is similar to the
derivation for open-loop identification in [162, Chapter 8].
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opt
For clarity of exposition, PeIV in (5.17) and PeIV
in (5.20), based on Rzϕj
and J in (5.18), are rewritten as


−1 

−1
PeIV = λ2ε Ēα(t)β T (t)
Ēα(t)αT (t) Ēβ(t)αT (t)
,

−1
opt
2
T
PeIV = λε Ēβ(t)β (t)
.

where α(t) and β(t) are defined as

T
α(t) = Rzϕ
j W L(q)S(q)H(q)z(t),

β(t) =

1
ϕj (t).
S(q)H(q) r

opt
Furthermore, since by assumption PeIV
 0, it holds that
opt
opt
PeIV  PeIV
⇔ PeIV

−1

 (PeIV )

−1

,

see [92, Corollary 7.7.4a]. Then, consider the following chain of equivalent statements
opt
PeIV  PeIV
−1
opt −1
⇔ PeIV
 (PeIV )
−1
opt −1
⇔ PeIV
− (PeIV )  0

 

−1 

⇔ Ēβ(t)β T (t) − Ēβ(t)αT (t) Ēα(t)αT (t)
Ēα(t)β T (t)  0


α(t)αT (t) α(t)β T (t)
⇔Ē
 0,
(5.47)
β(t)αT (t) β(t)β T (t)

where the last statement follows from a Schur complement argument, see, e.g.,
[92, Theorem 7.7.7]
opt
To show that PeIV
in (5.20) is a lower bound for PeIV in (5.17), (5.47) has
to be satisfied. By observing that (5.47) can be written as



α(t)  T
α (t) β T (t) ,
MeIV = Ē
β(t)



with rank αT (t) β T (t) = 1, it follows from [92, Observation 7.1.8] that
opt
opt
(5.47) holds. As a result, PeIV  PeIV
, i.e., PeIV
in (5.20) is a lower bound for
PeIV in (5.17).

Chapter 6

Optimal Estimation of Rational
Feedforward Controllers: An
Instrumental Variable Approach
and Noncausal Implementation1
Iterative control enables a significant control performance enhancement by learning feedforward command signals from previous tasks in a batch-to-batch fashion. The aim of this chapter is to develop an approach to estimate the parameters of rational feedforward controllers that provide high performance and
extrapolation capabilities towards varying tasks. An instrumental variable-based
algorithm is developed that leads to unbiased parameter estimates and optimal
accuracy in terms of variance. Furthermore, a noncausal implementation of rational feedforward controllers is proposed, aiming to improve performance by
means of pre-actuation. Simulation and experimental results are presented to
confirm that optimal accuracy is obtained with the proposed approach, and show
the advantages of pre-actuation in terms of performance.

6.1

Introduction

Feedforward control is widely used to improve the performance of systems, since
feedforward can effectively compensate for the error induced by known, repeating
exogenous signals. In fact, typical performance requirements necessitate feedforward in many servo systems. Typical examples include atomic force microscopes
[169, 42] and wafer scanners [178].
1 This

chapter is based on [17], preliminary results appeared as [16].
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Iterative Learning Control (ILC) algorithms update the feedforward signal
by learning from previous tasks under the assumption that the task is repeating
[37]. However, changes in the reference signal typically result in significant
performance deterioration, see, e.g., [90, 121]. The observation of these poor
extrapolation capabilities of ILC algorithms has led to a significant research
effort to combine superior performance with enhanced extrapolation capabilities
towards varying tasks. Indeed, in e.g., [83], [175], [31], ILC is extended with
basis functions to enhance the extrapolation capabilities. The main drawback
of these approaches is that an approximate model of the system is still required,
as is the case in standard ILC algorithms.
In [178], the need for an approximate model of the system is eliminated by
exploiting results from iterative feedback tuning [9]. In Chapter 4, this approach
is further investigated, revealing that it suffers from a closed-loop identification
problem [176, 68]. To solve this deficiency, an approach based on instrumental
variables is presented in Chapter 4 for feedforward controllers with a polynomial
basis. Furthermore, accuracy properties are investigated in Chapter 5 for a
polynomial basis, and an algorithm is proposed so that the covariance matrix
corresponding to the parameters is as small as possible.
Although important steps have been made in the development of data-driven
algorithms for feedforward control with a polynomial basis, these approaches do
not straightforwardly generalize to generic feedforward controllers with a rational
basis. The variance of a transfer function estimate is typically proportional
to the number of estimated parameters. Therefore, a low-order rational basis
is expected to improve the statistical properties of the estimated parameters
compared to a high-order polynomial basis. The benefits of a rational basis
compared with a typically high-order FIR or related polynomial basis are wellknown in system identification, see, e.g., [86]. This chapter aims to develop a new
approach that results in unbiased parameter estimates with optimal accuracy in
terms of variance for feedforward controllers with a rational basis. Central to
the developed approach is the fact that the poles will be optimized, in contrast
to the use of pre-specified poles [86] which only allow for a solution as in Chapter
4 and 5. Furthermore, nonminimum-phase behavior of the system is explicitly
addressed by allowing for noncausal stable inversion [194, 95], which provides
exact inverses compared to earlier approaches [42].
The main contribution of this chapter is the estimation of the parameters of
a feedforward controller with a rational basis with optimal accuracy in terms of
variance. Feedforward control with a rational basis can enable high performance
and enhanced extrapolation capabilities towards varying tasks for all systems
described by a rational model. As a special case, the approach for polynomial,
i.e., linearly parametrized, feedforward controllers is recovered, as in Chapter 4
and 5. However, such polynomial feedforward is only optimal when the system is
given by the reciprocal of a polynomial, while rational feedforward is applicable
to a large class of systems. A simulation study is presented to show that the
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proposed approach leads to unbiased parameter estimates and optimal accuracy
in terms of variance. Experimental results on an industrial wafer stage validate
the proposed algorithm and clearly illustrate the advantages of pre-actuation in
terms of performance. Extensive experimental results of the proposed approach
in this chapter, including a comparison to ILC, are reported in [11, 12] for the
considered wafer stage system.
This chapter is organized as follows. In Section 6.2, the problem definition is
formally stated. Then, an analysis of the optimization problem is provided
in Section 6.3. In Section 6.4, asymptotic expressions for optimal accuracy
are developed for feedforward control with a rational basis. In Section 6.5, a
new iterative algorithm is proposed that achieves optimal accuracy in terms of
variance. In Section 6.6, a simulation study is presented. Then, in Section 6.7,
experimental results are presented. Finally, conclusions are given in Section 6.8.
Notation. A discrete-time linear system is denoted as y(t) = M (q)u(t) with
input signal u(t), output signal y(t) and system M (q). The variable q denotes
the forward shift operator qu(t) = u(t + 1). The impulse response representation
is given by
y(t) =

∞
X

k=−∞

mk u(t − k), M (q) =

∞
X

mk q −k ,

k=−∞
2

with mk the impulse response parameters. For a vector x, ||x||W = xT W x. A
positive-definite matrix A is denoted as A  0, while
R ∞a positive-semidefinite matrix A is denoted as A  0. Furthermore, E(x) = −∞ xf (x)dx with probability
PN
density function f (x), and Ē(x) = limN →∞ N1 t=1 E(x) with N the number of
samples [113, Section 2.3].

6.2
6.2.1

Problem definition
Preliminaries

The considered control configuration is shown in Figure 6.1. The true unknown
system P (q) is assumed to be discrete-time, single-input single-output, and linear
time-invariant, with rational representation
P (q) =

B0 (q)
,
A0 (q)

(6.1)

where B0 (q), A0 (q) are polynomials in q. The control configuration consists of a
given stabilizing feedback controller Cf b (q), a feedforward controller Cfj f (q), and
an input shaper Cyj (q). In this chapter, only feedforward tuning is considered,
i.e., Cyj (q) = 1. An extension towards a joint input shaping and feedforward
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Cfj f
r

Cyj

ejm
−

Cf b

ujf f

wj

+ ujm

P

+

j
ym

Fig. 6.1. Control configuration.

tuning approach is presented in Chapter 7. The index j denotes the j th task in
a sequence of finite time tasks of length N samples, where j = 1, 2, ..., M .
j
Let r(t) denote the reference signal. Furthermore, wj (t)
 j= H(q)ε (t) denotes an unknown disturbance, where H(q) is monic, and ε (t) is normally
distributed white noise with zero mean and variance λ2ε . Here, wj (t) and r(t)
are uncorrelated. The feedforward signal is given by ujf f (t), while the measured
j
(t), and ujm (t) in task j are given by
ejm (t), ym
ejm (t) = ejr (t) − ejw (t),

j
j
ym
(t) = yrj (t) + yw
(t),

ujm (t) = ujr (t) − ujw (t),
with
ejr (t) = S(q)(1 − P (q)Cfj f (q))r(t),
yrj (t) = S(q)P (q)C(q)r(t),
ujr (t) = S(q)C(q)r(t),

ejw (t) = S(q)wj (t),
j
(t) = S(q)wj (t),
yw
j
uw (t) = S(q)Cf b (q)wj (t),

(6.2)

sensitivity function S(q) = (1 + P (q)Cf b (q))−1 , and C(q) = Cf b (q) + Cfj f (q).
Since wj is an unknown disturbance and P (q) is assumed to be unknown, ejr and
j
ejw (resp. yrj and yw
, ujr and ujw ) cannot be determined based on the measured
j
j
signal em (resp. ym , ujm ).
The feedback controller Cf b (q) is assumed to be designed such that ejw (t)
is minimized, while the aim of the feedforward controller Cfj f (q) is to minimize
ejr (t). Recall that the disturbances wj (t) are assumed to be stochastic with a
certain spectrum. For the considered wafer stage system, Cf b (q) is designed to
compensate for, e.g., amplifier noise [64], cable slab, and commutation errors,
which are the dominant disturbances in such systems. The optimal result is
ejw (t) = εj (t), i.e., the error signal being white noise. This can be achieved,
e.g., using traditional PID tuning, possibly with error-based retuning [174], and
common LQG control designs [143, Section 6.2]. In view of these observations it
is assumed that, similar to Assumption 1 in Chapter 5, Cf b (q) is designed such
that S(q)H(q) = 1. This corresponds to ejw (t) = εj (t).
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6.2.2

Iterative feedforward control parametrization

The goal in iterative feedforward control is to improve the control performance
by learning ujf f (t) based on data from previous tasks in a batch-to-batch fashion
j
[178]. The measured signals ejm (t), ym
(t), and ujm (t), for t = 1, ..., N , in task j
are stored in a memory buffer. This batch of measured data is used to determine
j+1
Cfj+1
f (q) before starting task j+1. Next, a parametrization is defined for Cf f (q).
Definition 6.2.1. The feedforward controller Cf f (q, θ) parametrized in terms
of a rational basis is given by

Crat =

(

A(q, θ)
,
Cf f (q, θ) Cf f (q, θ) =
B(q, θ)

θ∈R

na +nb

)

,

where
A(q, θ) =

na
X

ψi (q −1 )θi = ΨA (q)θA ,

i=1

B(q, θ) = 1 +

nX
a +nb

ψi (q −1 )θi = 1 + ΨB (q)θB ,

i=na +1
T
T T
with parameters θ = [θA
θB
] , and basis functions Ψ(q) = [ΨA (q) ΨB (q)].

Typical approaches in iterative feedforward control, including [104, 178], employ Cf f (q, θ) with a polynomial basis, i.e., B(q, θ) = 1. The parametrization in
Definition 6.2.1 in terms of a rational basis can significantly enhance both control
performance and extrapolation properties towards varying tasks. To illustrate
this, consider the reference-induced error ej+1
(t, θj+1 ) in task j + 1 given by
r


j+1
j+1
j+1
ej+1
(t,
θ
)
=
S(q)
1
−
P
(q)C
(q,
θ
)
r(t),
r
ff

(6.3)

j+1
which shows that ej+1
(t, θj+1 ) = 0 for all t if Cfj+1
) = P −1 (q). Then, the
r
f (q, θ
performance i) is optimal since ej+1
(t, θj+1 ) = 0 and ii) is invariant with respect
r
j+1
j+1
to r(t). However, if Cf f (q, θ ) is parametrized in terms of a polynomial
basis, ej+1
(t, θj+1 ) = 0 for all t is in many cases only possible with a high-order
r
polynomial A(q, θ). In contrast, optimal control performance and extrapolation
j+1
properties are achievable for Cfj+1
) with a rational basis for any P (q) as
f (q, θ
given by (6.1) with a limited set of parameters. This is the key motivation to
introduce a rational basis in iterative feedforward control.
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An instrumental variable approach to iterative feedforward control with a rational basis

j+1
In iterative feedforward control, Cfj+1
) in Definition 6.2.1 is determined
f (q, θ
according to the optimization problem

θ̂j+1 = arg min
V (θj+1 ),
j+1

(6.4)

θ

j
where the criterion V (θj+1 ) depends on the stored signals ejm (t), ym
(t) and ujm (t)
as measured in task j, and the known reference r(t), for t = 1, ..., N .
In this chapter, iterative feedforward control based on instrumental variables
is pursued as in Chapter 4 and 5. The criterion V (θj+1 ) corresponding to this
approach is defined next, and is similar to the definition in Section 5.2.2.

Definition 6.2.2. The criterion V (θj+1 ) in iterative feedforward control based
on instrumental variables is given by
V (θ

j+1

)=

N
1 X
z(t)L(q)êj+1 (t, θj+1 )
N t=1

2

,

(6.5)

W

where z(t) ∈ Rnz are instrumental variables that are a function of (derivatives
of ) r(t), W is a positive-definite weighting matrix, nz ≥ nθ , L(q) is a prefilter,
and the predicted error êj+1 (t, θj+1 ) in task j + 1 is given by
j+1
j
êj+1 (t, θj+1 ) = ẽjm (t) − Cfj+1
)C −1 (q)ym
(t),
f (q, θ

(6.6)

j
(t).
with ẽjm (t) = ejm (t) + Cfj f (q, θj )C −1 (q)ym

The goal of this chapter is to develop an approach that results in unbiased
estimates θj+1 with optimal accuracy for Cfj+1
f with a rational basis. The contribution of this chapter is fivefold:
C1. Section 6.3: Show that the optimization problem 6.4 has in general no
analytic solution θj+1 for Cf f (q, θ) as in Definition 6.2.1;
C2. Section 6.4: Derive expressions for the design variables z(t), L(q) and W
such that optimal accuracy is obtained;
C3. Section 6.5: Develop a new algorithm that achieves optimal accuracy for
rational feedforward controllers;
C4. Section 6.6: A simulation study is presented to confirm that the proposed
approach in C3 results in optimal accuracy in terms of variance;
C5. Section 6.7: Experimentally validate the proposed algorithm in C3 and
confirm the advantages of pre-actuation to improve the performance of a
wafer stage system.
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6.3

Analysis of the optimization problem

In this section, an analysis is provided for the optimization problem in (6.4)
with criterion V (θj+1 ) in (6.5). It is shown that this optimization problem has
in general no analytic solution θj+1 for a rational parametrization of Cf f (q, θ).
Start by observing that the predicted error êj+1 (t, θj+1 ) as defined in (6.6)
can be expressed as
1
ẽjm (t) − ϕT (t, θ̂j+1 )θ̂j+1 ,
(6.7)
êj+1 (t, θ̂j+1 ) =
B(q, θ̂j+1 )
where
ϕ(t, θ̂

j+1



j
(t)
ΨA (q)C −1 (q)ym
.
)=
−ΨB (q)ẽjm (t)
B(q, θ̂j+1 )
1

(6.8)

A derivation of (6.7) is given in Section 6.9. Any solution θ̂j+1 to the optimization problem posed in (6.4) has to satisfy the necessary condition for optimality
∂V (θj+1 )/∂θj+1 = 0, which is for V (θj+1 ) in (6.5) equal to
!
N
1 X
T
j+1
j+1
R̂z∂ W
z(t)L(q)ê (t, θ̂ ) = 0,
(6.9)
N t=1
where R̂z∂ =

1
N

PN

t=1

z(t)L(q) ∂ ê

∂êj+1 (t, θ̂j+1 )
∂ θ̂j+1
j+1

j+1

(t,θ̂ j+1 )
,
∂ θ̂ j+1

= B(q,1θ̂j+1 )

"

and

j
−ΨA (q)C −1 (q)ym
(t)
j+1

#T

A(q,θ̂
) −1
j
(t)
C (q)ym
ΨB (q) B(q,
θ̂ j+1 )

.

j+1

)
A derivation for ∂ ê ∂θ(t,θ
is presented in Section 6.9. By substituting (6.7)
j+1
in (6.9) and rearranging terms, it follows that


T
R̂z∂
W R̂zẽ − R̂zϕ θ̂j+1 = 0,
(6.10)

with

R̂zẽ
R̂zϕ

N
1 X
1
ẽjm (t),
=
z(t)L(q)
N t=1
B(q, θ̂j+1 )
N
1 X
=
z(t)L(q)ϕT (t, θ̂j+1 ),
N t=1

(6.11)

and ϕ(t, θ̂j+1 ) as defined in (6.8). The optimality condition (6.10) has in general
no analytic solution since R̂z∂ , R̂zẽ , and R̂zϕ all depend on θ̂j+1 . For the general
j+1
case with a rational parameterization for Cfj+1
), an iterative procedure
f (q, θ
j+1
can be used to determine θ̂ , similar to pseudo-linear regression in system
identification [75, 113], [161, Chapter 6]. Before developing such a procedure in
Section 6.5, the accuracy properties of θ̂j+1 are analyzed in Section 6.4.
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Optimal accuracy for iterative feedforward
with a rational basis

In the previous section, an optimization problem is described for iterative feedforward control with a rational basis. Suppose that θ̂j+1 can be determined
based on (6.10) by means of an iterative procedure. Then, it turns out that the
statistical properties of θ̂j+1 depend on z(t), L(q) and W as defined in Definition 6.2.2, as is well-known in IV-based identification approaches, see, e.g., [76].
This raises the question on how to select z(t), L(q) and W such that unbiased
estimates θ̂j+1 with optimal accuracy are obtained for feedforward control with
a rational basis. This question will be investigated in this section.

6.4.1

Asymptotic covariance matrix PeIV

The asymptotic covariance matrix PeIV is typically used as a performance measure for the optimality of θ̂j+1 in terms of accuracy, see, e.g., [162, 76]. Consider
the asymptotic distribution of θ̂j+1 in (6.10) given by

√  j+1
dist
N θ̂
− θ0 −−→ N (0, PeIV ),
where θ0 is the asymptotic parameter estimate, defined as the parameters such
that ej+1
(t, θ0 ) = 0 for all t. Based on (6.3), this implies that
r


j+1
ej+1
(t,
θ
)
=
S(q)
1
−
P
(q)C
(q,
θ
)
r(t) = 0,
0
0
r
ff

−1
i.e., θ0 are the parameters such that Cfj+1
(q). This corresponds
f (q, θ0 ) = P
to the optimal performance achievable for feedforward control in the considered
control configuration. Under mild technical conditions as in, e.g., [162, Chapter
7], it can be shown that θ̂j+1 is asymptotically normal distributed with covariance matrix PeIV given by
−1 T
−T
T
T
(6.12)
PeIV = Rz∂
W Rzϕ
Rz∂ W JW T Rz∂ Rz∂
W Rzϕ
,

with Rz∂ = Ēz(t)L(q) ∂ ê

j+1

(t,θ0 )
,
∂θ0

and

Rzϕ = Ēz(t)L(q)ϕTr (t, θ0 ),


T
S(q)H(q)
S(q)H(q)
2
J = λε Ē L(q)
z(t) L(q)
z(t) ,
B(q, θ0 )
B(q, θ0 )
with reference-induced part ϕr (t, θ0 ) of ϕ(t, θ0 ) in (6.8) for θ0 given by


1
ΨA (q)C −1 (q)yrj (t)
ϕr (t, θ0 ) =
,
−ΨB (q)ẽjr (t)
B(q, θ0 )

(6.13)
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and ẽjr (t) = S(q)r(t). The covariance matrix PeIV for a rational basis is closely
related to the covariance matrix for a polynomial basis as described in Section
5.3.1. The key difficulty introduced by using a rational basis in feedforward
control is the nonlinear term B −1 (q, θ0 ) in J and ϕr (t, θ0 ).
Finally, note that PeIV in (6.12) holds for any z(t), L(q), and W . Next, a
lower bound is derived for PeIV as a function of z(t), L(q), and W . By reaching
this lower bound on PeIV , optimal accuracy is obtained for iterative feedforward
control based on instrumental variables.

6.4.2

Lower bound for the covariance matrix PeIV

Optimal accuracy is obtained if z(t), L(q) and W are determined such that PeIV
in (6.12) is as small as possible. Consider the following lower bound for PeIV ,
opt
opt
i.e., PeIV  PeIV
, with optimal covariance matrix PeIV
given by
" 

T #−1
B(q, θ0 )
B(q, θ0 )
opt
2
ϕr (t, θ0 )
ϕr (t, θ0 )
,
PeIV =λε Ē
S(q)H(q)
S(q)H(q)
opt
with ϕr (t, θ0 ) as defined in (6.13). The optimal covariance matrix PeIV
is derived
as in Chapter 5 for feedforward with a polynomial basis, [162, Section 8.2] for
open-loop identification and [76] for closed-loop identification.
opt
Equivalence between PeIV and PeIV
is obtained if z(t), L(q) and W are
B(q,θ0 )
1
designed as: ze,opt (t) = S(q)H(q) ϕr (t, θ0 ), Le,opt (q) = S(q)H(q)
, We,opt = I, and
nz = nθ . This result follows by substituting ze,opt (t), Le,opt (q), and We,opt in
(6.12). Recall from Section 6.2.1 that Cf b (q) is assumed to be designed such
that S(q)H(q) = 1. Based on this assumption, the optimal prefilter simplifies to
Lopt (q) = 1. Furthermore, the optimal instruments zopt (t) become


ΨA (q)yrj (t)
−1
zopt (t) = C (q)
.
(6.14)
−ΨB (q)ujr (t)

A derivation of (6.14) is given in Section 6.10. Note that zopt (t) cannot be
determined for unknown P (q). Since it is assumed that P (q) is unknown, an
approximate implementation of zopt (t) is proposed in the next section to achieve
optimal accuracy.

6.4.3

Concluding remarks

In this section, it is shown that unbiased estimates θ̂j+1 with optimal accuracy
are obtained by selecting z(t) as in (6.14), L(q) = 1, and W = I. Recall that the
statistical properties of θ̂j+1 are analyzed under the assumption that θ̂j+1 can
be determined from the optimization problem in (6.4). The computation of θ̂j+1
is a non-trivial problem for iterative feedforward control with a rational basis,
see Section 6.3. Therefore, as mentioned in Section 6.3, an iterative procedure
is proposed in Section 6.5 to determine θ̂j+1 .
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Towards optimal accuracy

In this section, an iterative scheme is proposed for the computation of θ̂j+1
for rational feedforward that attains optimal accuracy in terms of variance. The
proposed iterative scheme is closely related to pseudo-linear regression and bootstrap methods in system identification, see, e.g., [190].
By using zopt (t) as given in (6.14), Lopt (q) = 1 and We,opt = I, the optimality
condition (6.10) becomes
opt
opt j+1
R̂zẽ
− R̂zϕ
θ̂
= 0,

(6.15)

opt
opt
where R̂zẽ
and R̂zẽ
follow from substituting zopt (t) and Lopt (q) in (6.11) as
opt
R̂zẽ
=

N
N
1 X
1
1 X
opt
zopt (t)
ẽjm (t), R̂zϕ
=
zopt (t)ϕT (t, θ̂j+1 ),(6.16)
N t=1
N t=1
B(q, θ̂j+1 )

with ϕ(t, θ̂j+1 ) in (6.8) and ẽjm (t) = ejm (t) + S(q)P (q)Cfj f (q, θj )r(t). Similar to
opt
opt
(6.10), the optimality condition (6.15) has no analytic solution since R̂zẽ
, R̂zẽ
in (6.16) depends on θ̂j+1 through B(q,1θ̂j+1 ) .
The use of the optimal instruments zopt (t) in (6.15) introduces additional
complexity in the computation of θ̂j+1 . To see this, recall from Section 6.2.1
j
that yrj (t) and ujr (t) cannot be determined based on the measured ejm (t), ym
(t),
j
um (t) and known r(t) without estimating a model of P (q). Hence, zopt (t) in
(6.10) needs to be approximated in the pursued data-driven approach. Next,
an iterative scheme is presented that exploits approximate implementations of
ϕ(t, θ̂j+1 ) and zopt (t) to determine θ̂j+1 with optimal accuracy.

6.5.1

Approximate implementation of zopt (t) and ϕ(t, θ̂j+1 )

The rationale of the proposed iterative scheme is to solve (6.15) by means of a
sequence of convex optimization problems. To this end, introduce an auxiliary
j+1
j+1
index i, i.e., θ̂<i>
and θ̂<i−1>
, and define the approximate implementation of
j+1
j+1
ϕ(t, θ̂ ), denoted as ϕ<i> (t, θ̂<i−1>
), as
ϕ<i> (t) =

1
j+1
B(q, θ̂<i−1>


T
j
ΨA (q)C −1 (q)ym
(t)
,
−ΨB (q)ẽjm (t)
)

(6.17)

while an approximate implementation of the optimal instruments zopt (t), dej+1
noted as zp,<i> (t, θ̂<i−1>
), yields
j+1
−1
zp,<i> (t, θ̂<i−1>
) = C<i>
(q)



ΨA (q)r(t)
j+1
j+1
−ΨB (q)Cf f,<i> (q, θ̂<i−1>
)r(t)



, (6.18)
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j+1
j+1
) and zopt (t)
where C<i> (q) = Cf b (q)+Cfj+1
f,<i> (q, θ̂<i−1> ). By replacing ϕ(t, θ̂
in the optimality condition (6.16) by (6.17) and (6.18), respectively, it follows
j+1
that θ̂<i>
is the solution to
opt
opt
j+1
)−1 R̂zẽ,<i>
,
= (R̂zϕ,<i>
θ̂<i>

(6.19)

in iteration i of the iterative scheme, with
N

opt
R̂zẽ,<i>
=

opt
R̂zϕ,<i>
=

1X
1
j+1
zp,<i> (t, θ̂<i−1>
)
ẽjm (t),
j+1
N t=1
B(q, θ̂<i−1>
)
N
1X
j+1
j+1
zp,<i> (t, θ̂<i−1>
)ϕT<i> (t, θ̂<i−1>
).
N t=1

j+1
Since θ<i−1>
is known in iteration i of the iterative scheme, (6.19) has an anj+1
j+1
alytic solution θ̂<i> . Upon convergence of the iterative scheme, ϕ<i> (t, θ̂<i−1>
)
j+1
and zp,<i> (t, θ̂<i−1> ) approximate (6.8) and (6.14), respectively.

6.5.2

Proposed algorithm

The proposed algorithm to determine θ̂j+1 is presented in Algorithm 6.5.1.
Algorithm 6.5.1. Determine θ̂j+1 with optimal accuracy
j+1
a) Initialize θ̂<i−1>
= θj .
j+1
b) Construct Cfj+1
f,<i> (q, θ̂<i−1> ) =

j+1
A(q, θ̂A,<i−1>
)
j+1
B(q, θ̂B,<i−1>
)

.

j+1
j+1
c) Construct ϕ<i> (t, θ̂<i−1>
) as in (6.17) and instruments zp,<i> (t, θ̂<i−1>
) as
in (6.18).
j+1
d) Solve θ̂<i>
according to (6.19).

e) Set i → i + 1 and repeat from Step b) until a stopping criterion is met.
Even though global convergence of the algorithm is not guaranteed, practical
use has showed that convergence (to a local or the global optimum) is generally
good. These observations are in accordance with the convergence properties of
similar algorithms in system identification [190].
j+1
Finally, Algorithm 6.5.1 is absorbed in a procedure to determine Cfj+1
)
f (q, θ
j+1
for the optimization problem (6.4) based on the IV criterion V (θ ) in (6.5).
This design procedure implements the main contribution of this chapter, and is
given next.
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j+1
Procedure 6.5.1. Estimation of Cfj+1
) after task j:
f (q, θ̂
j
1. Measure ejm (t) and ym
(t) for t = 1, ..., N , in the j th task with Cfj f (q, θj )
implemented as feedforward controller;
j+1
2. Algorithm 6.5.1: Refine zp,<i> (t) and ϕ<i> (t) and determine θ̂<i>
;
j+1
3. Set θ̂j+1 = θ̂<i>
;
j+1
4. Construct Cfj+1
)=
f (q, θ̂

A(q, θ̂j+1 )
B(q, θ̂j+1 )

j+1
j+1 j+1
to determine uj+1
)r .
f f = Cf f (q, θ̂

5. Set j → j + 1 and go to Step 1.

6.5.3

Implementation aspects

j+1
j+1
Constructing ϕ<i> (t, θ̂<i−1>
) in (6.17), and zp,<i> (t, θ̂<i−1>
) in (6.18) can poj+1
j+1
−1
tentially involve filtering by an unstable B (z, θ̂<i−1> ), Cf f,<i> (z, θ<i>
), and
j+1
−1
C<i> (z). Then, filtering forward in time leads to unbounded zp,<i> (t, θ̂<i−1> )
j+1
and ϕ<i> (t, θ̂<i−1>
). The stable inversion approach proposed in Section 4.8 can
j+1
−1
be directly used to deal with possible instability of B −1 (z, θ̂<i−1>
), C<i>
(z),
j+1
and Cf f,<i> (z, θ<i> ) in computing (6.17) and (6.18).
The stable inversion approach in Section 4.8 can also be used to determine
j+1
the feedforward signal uj+1
), under
f f in Procedure 6.5.1 for unstable Cf f (z, θ
the assumption that r is known beforehand and is bounded. This is a typical assumption in motion systems, including the considered wafer stage system.
Let θj+1 be determined according to Algorithm 6.5.1. Then, Cf f (q, θj+1 ) follows
from Definition 6.2.1 together with the underlying transfer function Cf f (z, θj+1 ).
If Cf f (z, θj+1 ) is unstable, a bounded uj+1
f f cannot be constructed when filtering
forward in time. Based on the stable inversion approach in Section 4.8, start
j+1
st
j+1 j+1
j+1 j+1
by decomposing uj+1
)r
+ Cfun
)r , where
f (z, θ
f f into uf f = Cf f (z, θ
st
j+1
un
j+1
Cf f (z, θ ) and Cf f (z, θ ) contain the stable and unstable dynamics, respectively. By means of stable inversion the unstable dynamics Cfun
f are filtered in
backward time with suitable boundary conditions. Detailed state-space expresj+1
sions for Cfstf and Cfun
f are given in Section 4.8. As a result, a bounded uf f is
computed given a reference trajectory r.
The key benefit of stable inversion for feedforward is that pre-actuation is
j+1
possible through Cfun
f , i.e., the feedforward uf f starts before initiating the motion task due to a noncausal implementation of rational feedforward. Simulation
results have indicated that pre-actuation can potentially improve performance,
see, e.g., [164, 56, 194]. In this chapter, the benefits of stable inversion are
demonstrated on the wafer stage system in Figure 6.6.
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r [m]
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Fig. 6.2. Reference trajectory r(t).

6.6

Simulation example

The system P (q) and feedback controller Cf b (q) are given by

1.032 × 10−5 1 − 1.981q −1 + 0.9888q −2
P (q) =
,
(1 − q −1 ) (1 − 1.927q −1 + 0.9565q −2 )
305.8q −1 − 604.4q −2 + 299.7q −3
Cf b (q) =
.
1 − 2.721q −1 + 2.461q −2 − 0.7396q −3

The disturbance wj (t) is given by wj (t) = H(q)εj (t), where εj (t) is normally
distributed white noise with zero mean and standard deviation λε = 5.0 × 10−8 .
Furthermore, H(q) is determined such that S(q)H(q) = 1. The closed-loop system is excited by the fourth-order reference trajectory r(t) depicted in Figure 6.2.
The feedforward controller Cf f (q, θ) is parametrized as in Definition 6.2.1, with
basis functions




ΨA (q) = ψ1 ψ2 ψ3 , ΨB (q) = ψ4 ψ5 ,
with



1 − q −1
ψ1 = ψ5 =
T

s
−1 4
1−q
ψ3 =
,
Ts

2

,



3
1 − q −1
ψ2 =
,
Ts


1 − q −1
ψ4 =
,
Ts

T
T T
parameters θ = [θA
, θB
] , and Ts = 4.0 × 10−4 s.
Since P (q) is known in this simulation example, it is possible to i) determine
the true parameters θ0 such that ej+1
(t) = 0 for all t = 1, ..., N , and ii) construct
r
the optimal instruments zopt (t) as defined in (6.14). The true parameters θ0 are
given by θ0 = [6.0×10−2 , 1.091×10−5 , 3.068×10−7 , 1.818×10−4 , 2.046×10−5 ]T .
The parameter estimates obtained with zopt (t) are used as a benchmark for the
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Table 6.1. Mean and standard deviation of θ̄ confirm that the standard devi1
ation for the proposed instruments zp,<3> (t, θ<2>
) based on K = 3 iterations
in Algorithm 6.5.1 is almost equal to the standard deviation obtained with
the optimal instruments zopt (t), while for the instruments without iterations
1
zp,<1> (t, θ<0>
), i.e., with a single iteration of Algorithm 6.5.1, the standard
1
deviation is typically a factor 102 larger than for zp,<3> (t, θ<2>
).

Procedure

Linear

Proposed

Optimal

Instruments

1
zp,<1> (t, θ<0>
)

1
zp,<3> (t, θ<2>
)

zopt (t)

Number of iterations

1

3

-

Mean θ̄11

6.0 × 10−2

6.0 × 10−2

6.0 × 10−2

1.091 × 10−5

1.091 × 10−5

1.091 × 10−5

3.068 × 10−7

3.068 × 10−7

3.068 × 10−7

1.818 × 10−4

1.818 × 10−4

1.818 × 10−4

2.046 × 10−5

2.046 × 10−5

2.046 × 10−5

Std. deviation θ̄11
Mean θ̄21
Std. deviation θ̄21
Mean θ̄31
Std. deviation θ̄31
Mean θ̄41
Std. deviation θ̄41
Mean θ̄51
Std. deviation θ̄51

3.9 × 10−6

2.9 × 10−8

1.3 × 10−6

1.6 × 10−8

5.7 × 10−9

3.4 × 10−11

2.0 × 10−5

2.5 × 10−7

7.2 × 10−8

3.5 × 10−10

2.8 × 10−8

1.5 × 10−8

3.3 × 10−11
2.3 × 10−7

3.4 × 10−10

j+1
proposed approach in Algorithm 6.5.1 based on zp,<i> (t, θ<i−1>
). The number of computational iterations for the proposed approach is given by K = 3,
j+1
with corresponding instruments denoted as zp,<3> (t, θ<2>
). To demonstrate the
j+1
j+1
advantages of refining zp,<i> (t, θ<i−1> ) and ϕ<i> (t, θ<i−1> ), additional simulaj+1
tions are performed with instruments zp,<1> (t, θ<0>
) where K = 1.
For all considered approaches, a Monte Carlo simulation is performed with
m = 200 realizations. The number of tasks in each realization is equal to M = 1,
and the initial parameters in each realization are set to θ0 = [5.4×10−2 0 0 0 0]T .
Furthermore, the sample mean in task j is defined as
m

θ̄j =

1 X j
θ̂l ,
m
l=1

where θ̂lj are the parameter estimates in the lth realization. The worst-case error
1
1
over all realizations is denoted e1wc (t, θwc
), where θwc
is defined as the parameter
1
1
vector such that V (θwc ) ≥ V (θl ) for l = 1, ..., m.
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Fig. 6.3. The cumulative normal distribution function corresponding to θ̂2
(left) and θ̂4 (right) determined based on m = 200 realizations shows that
the standard deviation of these parameters is significantly smaller for the op1
timal IV-based method with zp,<3> (t, θ<2>
) (dashed grey) when compared to
1
zp,<1> (t, θ<0> ) (black).

1.812

1.818

θ̂ 4

1.824

1.812
−4

x 10

1.818

θ̂ 4

1.824
−4
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Fig. 6.4. The normal distribution of θ̂4 corresponding to the results obtained
1
with the proposed approach based on zp,<3> (t, θ<2>
) (left) tends to the distribution obtained by using zopt (t) (right), i.e., optimal accuracy is approximated
with the proposed approach.

The results of the Monte Carlo simulation study are presented in Table 6.1,
and Figure 6.3-6.4. The following observations are made:
1. Unbiased estimates of θ0 , i.e. θ̄ = θ0 , are obtained by all approaches. This
shows that the considered IV-based approaches lead to unbiased estimates.
2. The standard deviation of θ̄ is significantly smaller for the optimal IV-based
1
1
).
iterative procedure with zp,<3> (t, θ<2>
) when compared to zp,<1> (t, θ<0>
j+1
This confirms that the proposed algorithm to refine zp,<i> (t, θ<i−1> ) and
j+1
ϕ<i> (t, θ<i−1>
) enhances the accuracy of the parameters in terms of variance when compared to the linear procedure.
1
3. The standard deviation of θ̄ for the design procedure with zp,<3> (t, θ<2>
)
closely approximates that of the iterative procedure with optimal instruments zopt (t). This confirms that the iterative design procedure achieves
optimal accuracy of the parameters.
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Fig. 6.5. Simulation results: The worst-case error signal e1wc (t) shows that
1
the control performance with instruments zp,<1> (t, θ<0>
) (dashed gray) is sig1
nificantly worse compared to zp,<3> (t, θ<2>
) (black). This confirms that the
j+1
j+1
iterative algorithm to refine zp,<i> (t, θ<i−1>
) and ϕ<i> (t, θ<i−1>
) can significantly improve performance.

Finally, the connection between accuracy of the estimated parameters and
control performance is analyzed for the considered simulation example. Fig1
ure 6.5 illustrates that the worst-case error signal e1wc (t, θwc
) with instruments
1
1
zp,<1> (t, θ<0> ) (top) is significantly deteriorated compared to zp,<3> (t, θ<2>
)
(bottom). This shows that Algorithm 6.5.1 can significantly improve the control
j+1
j+1
performance by refining zp,<i> (t, θ<i−1>
) and ϕ<i> (t, θ<i−1>
).

6.7

Experimental results

In this section, the developed approach in this chapter is applied to the wafer
stage system that is depicted in Figure 6.6 and Figure 6.7. The wafer stage
is controlled in all six motion degrees-of-freedoms (DOFs). The actuation system consists of moving-coil permanent magnet planar motors, see [47] for the
underlying principle. A key advantage of this actuation system is that it enables contactless operation of the wafer stage, i.e., friction is eliminated. This
facilitates high positioning performance since friction is typically a dominant
disturbance in motion control.
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1
2

3

Fig. 6.6. Photograph of the A7 wafer stage, with 1 : metrology frame, 2 :
wafer stage, 3 : airmount.

1
2
3
4
5

Fig. 6.7. Detail photograph of the A7 wafer stage, with 1 : mirror block, 2 :
wafer stage, 3 : guardrail, 4 : magnet coil, 5 : stator.

The measurement systems consists of laser interferometers that are connected
to the metrology frame in conjunction with mirror blocks on the wafer stage.
As a result, high accuracy position measurements are obtained in all six motion
DOFs. In particular, subnanometer measurement accuracy is available in the
translational DOFs. The control configuration is implemented with a sampling
frequency of 2.5 kHz.
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Control configuration and reference signal design

The developed approach for feedforward control is applied to the x-direction of
the system, which is the long-stroke direction of the motion system depicted
in Figure 6.6. A stabilizing, multivariable feedback controller is designed and
implemented for all six DOFs by means of sequential loop-shaping, as explained
in [157, Section 10.6]. By closing the control loops for the y, z, Rz , Ry , and
Rx DOFs, an equivalent single-input, single-output system can be determined
for the x-direction. The frequency response function estimate of this system is
depicted in Figure 6.8, and shows that the system behaves like a rigid-body up
to a frequency of 200 Hz, while the first flexible mode of the system appears at
218 Hz. The feedback controller Cf b for the x-direction achieves a bandwidth
(defined as the lowest frequency for which |Cf b P | = 1) of 80 Hz.
The 4th -order reference trajectory r used in the experiments is depicted in
Figure 6.9. This reference trajectory reflects a typical point-to-point motion
profile performed by the considered motion system. In addition, the velocity,
acceleration, jerk, and snap, i.e., the 1st , 2nd , 3rd , and 4th derivative of r, are
also shown in Figure 6.9.

6.7.2

Parametrization feedforward controller

The feedforward controller Cf f (q, θ) is parametrized as in Definition 6.2.1, with
basis functions




ΨA (q) = ψ1 ψ2 ψ3 ψ4 , ΨB (q) = ψ5 ψ6 ψ7 ,
with



1 − q −1
,
ψ1 = ψ5 =
Ts


5
1 − q −1
ψ4 =
,
Ts

4
1 − q −1
,
Ts


3
1 − q −1
ψ7 =
,
Ts

ψ3 =



ψ2 = ψ6 =



1 − q −1
Ts

2

,
(6.20)

T
T T
parameters θ = [θA
, θB
] , and Ts = 4.0 × 10−4 s.
Note that for this parametrization for Cf f (q, θ) it holds that

Cf f (q, θ)|q=1 = 0,
i.e., the static gain of Cf f (q, θ) is equal to zero. As a result, the feedforward
signal uf f is equal to zero when the system is in stand-still. This is a desired
property for motion systems with rigid-body dynamics. Furthermore, recall that
the considered experimental setup operates contactless. Friction, which is often
performance-limiting in motion systems, is not present in the system. Therefore,
friction feedforward is not included in Cf f (q, θ).
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Fig. 6.8. Frequency response function of the considered system P (q) in xdirection.
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Fig. 6.9. Position r(t), velocity v(t), jerk τ (t), and snap s(t) of the task.

6.7.3

Experimental comparison of design of instruments

In this section, the first of the two key experimental results of this chapter are
presented. Ten tasks are performed on the x-direction of the wafer stage system
in Figure 6.6, with r as depicted in Figure 6.9. The measured error signal
j
ejm (t) and output signal ym
are stored after each task, and consequently used to
j
j
update Cf f (q, θ ) before initiating the next task. To initialize Procedure 6.5.1,
Cf0f (q, θ0 ) has parameters θ0 = [0 25 0 0 0 0 0]T .
j+1
To demonstrate the advantages of refining ϕ<i> (t, θ<i−1>
) in (6.17) and
j+1
zp,<i> (t, θ<i−1> ) in (6.18) as proposed in Algorithm 6.5.1, two sets of exper-
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j
iments are performed. First, based on ejm (t) and ym
as measured in task j,
Algorithm 6.5.1 is invoked, where five computational iterations are required to
converge to a stationary point. The results of this approach are furthermore referred to as the optimal-IV method. Second, experiments are performed where
the number of computational iterations is given by K = 1. For this case, Algorithm 6.5.1 becomes equal to a linear procedure. Therefore, this approach is
referred to as the linear-IV method.
The two-norm of the measured error signal ejm (t) in tasks j = 0, 1, ..., 9
for both the optimal-IV and linear-IV method is depicted in Figure 6.10. In
addition, e1m (t) is shown in Figure 6.11 for both the optimal-IV and linear-IV
method, while the corresponding cumulative power spectrum (CPS) is shown in
Figure 6.12. The following observations are made:

1. After convergence, both approaches achieve similar performance in terms
of kejm (t)k22 .
2. The optimal-IV approach is one-shot correct, i.e., converges in a single
task, while the linear-IV approach requires 4 tasks to converge. This is
contributed to the computational iterations, which speed up the convergence process in terms of iterative tasks.
3. The measured error signal e1m (t) for the optimal-IV approach still contains
a significant deterministic component. This is contributed to positiondependent dynamics that are present in the system, but not included in the
parametrization of Cf f (q, θ). It is expected that the performance can be
improved by extending the set of basis functions to include this dynamical
behavior, see also [159].

6.7.4

Pre-actuation via noncausal stable inversion

To illustrate the benefits of pre-actuation for the considered wafer stage system,
the servo performance obtained with the rational parametrization presented in
Section 6.7.2 is compared to the performance obtained with a polynomial feedforward controller. Therefore, a feedforward controller Cf f,pol (q, θ) with a polynomial basis is parametrized as in Definition 6.2.1 with B(q, θ) = 1 and basis
functions


ΨA (q) = ψ1 ψ2 ψ7 ψ3 ψ4 ,

T
with ψ1 , ψ2 , ψ3 , ψ4 , and ψ7 as in (6.20), parameters θA
, and Ts = 4.0 × 10−4 s.
To determine the parameters of the rational feedforward controller, the optimalIV method is used as explained in Algorithm 6.5.1, where five computational
iterations are performed to converge to a stationary point. The parameters of
the polynomial feedforward controller are determined according to Algorithm 1
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Fig. 6.10. The two-norm of the measured error ejm (t) as a function of tasks
shows that the optimal-IV method (dashed gray) is one-shot correct, while the
linear-IV method (black) requires 4 tasks to converge.
−6

−6

x 10
6

0

0

−6

0

0.1

0.2

−6

0

0.1

time [s]

0.2

time [s]

Fig. 6.11. Experimental results: The error signal e1m (t) in task j = 1 shows that
the servo performance obtained with the optimal-IV method (gray) significantly
outperforms the performance obtained with the linear-IV method (black).
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Fig. 6.12. Experimental results: The cumulative power spectrum of e1m (t)
in task j = 1 shows the performance improvement of the optimal-IV method
(dashed gray) compared to the linear-IV method (black).
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Fig. 6.13. Experimental results: Feedforward signal u5f f (t) in task j = 5 for
a rational parametrization of the feedforward controller (dashed gray), and the
polynomial parametrization (black).

in Chapter 5, where three computational iterations are required for convergence
of the algorithm.
The feedforward signal uj+1
f f used in task j + 1 is determined for the rational
parametrization as in Section 6.5.3. Figure 6.13 and Figure 6.14 clearly show
that u5f f in task j = 5 corresponding to the rational parametrization introduces
pre-actuation, i.e., u5f f start before initiating the motion task at t = 0.05 [s].
This can directly be contributed to the noncausal stable inversion technique used
to determine u5f f . The benefits of pre-actuation for the considered system are
visualized in Figure 6.15, which shows a significant performance improvement of
rational feedforward when compared to polynomial feedforward.

6.8

Conclusions

In this chapter, a new approach is developed that extends iterative feedforward
control approaches to feedforward controllers with a rational parametrization.
This approach enables high control performance and enhances extrapolation
capabilities towards varying tasks for the general class of systems described by
a rational model. As a special case, polynomial feedforward is recovered, as in
Chapter 4 and 5. Unbiased estimates with optimal accuracy are obtained by
using an instrumental variable framework. The asymptotic covariance matrix
is derived and used to determine instruments that result in optimal accuracy.
Simulation and experimental results confirm that the proposed algorithm leads
to optimal accuracy and improved performance. Furthermore, it is shown that
pre-actuation can significantly improve the performance for a wafer stage system.
Ongoing research focuses on extensions to position-dependent systems [159],
optimal input design [65], and inferential control [129]. The focus of this chapter
is on the development of the approach with detailed derivations and an experimental verification. Further experimental results, including a comparison to ILC
[31, 183], are given in [11, 12].
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Fig. 6.14. Experimental results: The rational parametrization of the feedforward controller (gray) enables pre- and post-actuation of the wafer stage system,
while the polynomial parametrization (black) only generates post-actuation.
The start and end times of the motion task are indicated by black dashed dotted lines.
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Fig. 6.15. Experimental results: The error signal e5m (t) in task j = 5 shows that
the servo performance is improved significantly by the rational parametrization
(gray) when compared to the polynomial parametrization (black).

6.9

Appendix A: Derivation of the predicted error

j+1
By using Cfj+1
) from Definition 6.2.1 in (6.6) it follows that
f (q, θ

êj+1 (t, θj+1 ) = ẽjm (t) −

A(q, θj+1 ) −1
j
C (q)ym
(t),
B(q, θj+1 )

which is equivalent to
êj+1 (t, θj+1 )=

B(q, θj+1 ) j
A(q, θj+1 ) −1
j
ẽ
(t)−
C (q)ym
(t).
m
B(q, θj+1 )
B(q, θj+1 )
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j+1
By using B(q, θj+1 ) = 1 + ΨB (q)θB
, it holds that
j+1
1
ΨB (q)θB
j
ẽ
(t)
+
ẽj (t)
m
B(q, θj+1 )
B(q, θj+1 ) m
A(q, θj+1 ) −1
j
−
C (q)ym
(t),
B(q, θj+1 )

êj+1 (t, θj+1 ) =

(6.21)

j+1
which is equal to (6.7), by substituting A(q, θj+1 ) = ΨA (q)θA
, and collecting
j+1
the latter two terms of (6.21) in ϕ(t, θ ) as in (6.8).
The derivative of êj+1 (t, θj+1 ) in (6.21) is given by
∂êj+1 (t, θj+1 ) h ∂ êj+1 (t,θj+1 ) ∂ êj+1 (t,θj+1 ) i
,
=
j+1
j+1
∂θA
∂θB
∂θj+1

where

∂êj+1 (t, θj+1 )
j+1
∂θA

=−

1
j
ΨA (q)C −1 (q)ym
(t),
B(q, θj+1 )

and
∂êj+1 (t, θj+1 )
j+1
∂θB

=

−ΨB (q) j
ΨB (q)B(q, θj+1 ) − ΨB (q)ΨB (q)θj+1 j
ẽ
(t)
+
ẽm (t)
m
B 2 (q, θj+1 )
B 2 (q, θj+1 )

ΨB (q)A(q, θj+1 ) −1
j
C (q)ym
(t)
B 2 (q, θj+1 )
"
#

ΨB (q) 1 + ΨB (q)θj+1 − ΨB (q)ΨB (q)θj+1 j
−ΨB (q)
=
+
ẽm (t)
B 2 (q, θj+1 )
B 2 (q, θj+1 )

+

ΨB (q)A(q, θj+1 ) −1
j
C (q)ym
(t)
B 2 (q, θj+1 )


−ΨB (q)
ΨB (q)
ΨB (q)A(q, θj+1 ) −1
j
j
=
+
ẽ
(t)
+
C (q)ym
(t)
B 2 (q, θj+1 ) B 2 (q, θj+1 ) m
B 2 (q, θj+1 )
1
A(q, θj+1 ) −1
j
=
Ψ
(q)
C (q)ym
(t).
B
B(q, θj+1 )
B(q, θj+1 )

+
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Appendix B: Derivation of the optimal instruments

The optimal instruments ze,opt (t) for the general case are defined in Section 6.4.2
as
ze,opt (t) =

B(q, θ0 )
ϕr (t, θ0 ),
S(q)H(q)

(6.22)
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with ϕr (t, θ0 ) in (6.13). By substituting ϕr (t, θ0 ) in (6.22) it follows that


1
ΨA (q)C −1 (q)yrj (t)
ze,opt (t) =
.
−ΨB (q)ẽjr (t)
S(q)H(q)
The assumption that Cf b (q) is designed such that S(q)H(q) = 1 implies that
zopt (t), the optimal instruments under the given assumptions, are given by


ΨA (q)C −1 (q)yrj (t)
zopt (t) =
.
(6.23)
−ΨB (q)ẽjr (t)
To show that (6.23) is equivalent to (6.14), it remains to be shown that ẽjr (t) =
C −1 (q)ujr (t). By exploiting that the commutative property of SISO systems
enables rewriting of ujr (t) in (6.2) as
S(q)r(t) = C −1 (q)ujr (t),
and noting that ẽjr (t) = S(q)r(t), it follows that ẽjr (t) = C −1 (q)ujr (t).

Chapter 7

Joint Input Shaping and
Feedforward for Point-to-Point
Motion: Automated Tuning for a
Nanopositioning System 1
Feedforward control can effectively compensate for the servo error induced by
the reference signal if it is tuned appropriately. This chapter aims to introduce
a new joint input shaping and feedforward parametrization in iterative feedforward control. Such a parametrization has the potential to significantly improve
the performance for systems executing a point-to-point reference trajectory. The
proposed approach enables an efficient optimization procedure with global convergence. A simulation example and an experimental validation on an industrial
motion system confirm i) the performance improvement obtained by means of the
joint input shaping and feedforward parametrization compared to pre-existing
results, and ii) the efficiency of the proposed optimization procedure.

7.1

Introduction

Feedforward control is widely used in systems that are subject to stringent performance requirements, since feedforward can effectively compensate for the
servo error induced by the reference signal. For motion systems, significant
performance enhancements have been reported by using feedforward, including
model-based feedforward and Iterative Learning Control (ILC), to compensate
for the error signal induced by the reference trajectory [46], [42], [147] and [37].
1 This

chapter is based on [20], preliminary results appeared as [38].
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Model-based feedforward results in general in good performance and facilitates extrapolation capabilities of reference trajectories. In model-based feedforward, a parametric model is determined that approximates the inverse of the
system [42], [191]. The performance improvement induced by model-based feedforward is highly dependent on i) the model quality of the parametric model
of the system and ii) the accuracy of model inversion [55]. ILC results in superior performance with respect to model-based feedforward, but in general at
the expense of poor extrapolation capabilities with respect to varying reference
trajectories. By learning from previous iterations, high performance is obtained
for a single, specific reference trajectory.
The approach presented in [175] combines the advantages of model-based
feedforward and ILC, resulting in both high performance and extrapolation capabilities of reference trajectories. To this purpose, basis functions are introduced
such that the feedforward controller approximates the inverse of the system. In
[178] and [166] it is shown that such an iterative feedforward approach with
polynomial basis functions results in a significant performance improvement for
an industrial motion system. This is explained by observing that the rigid-body
dynamics and quasi-static behavior of a motion system, i.e., the dynamical behavior responsible for the dominant contribution to the servo error, are captured
by polynomial basis functions [104]. In addition, as shown in Chapter 4, the approach proposed in [178] has an analytic solution.
Next-generation motion systems exhibit flexible dynamical behavior at lower
frequencies, see, e.g., [131]. As a result, the dynamical behavior responsible
for the dominant contribution to the servo error is not fully encompassed by a
feedforward controller consisting of polynomial basis functions as presented in
Chapter 4-5. This can potentially hamper the performance of the system. The
introduction of a rational basis in Chapter 6 has the potential to increase performance by improving the model quality of the feedforward controller. However,
by expanding the set of admissible basis functions towards a rational basis, the
approach presented in Chapter 6 has no analytic solution.
Although iterative feedforward control with a rational basis is promising for
motion systems that exhibit flexible dynamics, this parametrization i) results
in an optimization problem that has no analytic solution and is in general nonconvex and ii) stability of the feedforward controller is not guaranteed. In this
chapter it is shown that both deficiencies can be eliminated for systems performing a point-to-point motion. To this purpose, a novel connection is established
between iterative feedforward control and input shaping [156, 28, 48].
The main contribution of this chapter is the introduction of a joint input
shaping and feedforward framework for motion systems with pronounced flexible
dynamical behavior that are executing a point-to-point reference trajectory. The
proposed parametrization for the input shaper and feedforward i) results in an
optimization problem with an analytic solution and ii) guarantees stability of
the feedforward controller and input shaper.
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Cf f
r

Cy

ry

ey
−

Cf b

uf f
+

u

P

y

Fig. 7.1. Two degree-of-freedom control configuration.

This chapter is organized as follows. In Section 7.2, the problem definition is
stated. Then, in Section 7.3, a joint input shaping and feedforward framework
is proposed. In Section 7.4, a simulation example is provided that reveals the
advantages of the proposed framework compared to existing approaches. In Section 7.5, experimental results are presented of the proposed approach. Finally,
conclusions are provided in Section 7.6.

7.2

Problem definition

Consider the control configuration as depicted in Fig. 7.1. The true unknown
system P is assumed to be discrete-time, single-input single-output, and linear
time-invariant. The control configuration consists of a given stabilizing feedback
controller Cf b , input shaper Cy , and feedforward controller Cf f . Furthermore,
let r denote the known reference signal, ry the filtered reference signal, uf f the
feedforward signal, u the input to P , y the output signal, and ey the error signal.
For the considered class of systems, a sequence of finite time tasks is performed
of length N samples, where r is not necessarily identical in each task.
For a system executing a point-to-point reference trajectory, the goal of a
joint input shaping and feedforward design is to obtain zero-settling behavior
at the desired end-position, as shown in Fig. 7.2. Throughout this chapter, r is
designed as a 4th order positioning trajectory, which satisfies constraints on, e.g.,
actuator forces, and acceleration and velocity profiles, see, e.g., [104]. As elaborated in Section 7.3, the presented assumption enables the use of unconstrained
optimization to determine Cy and Cf f in Fig. 7.1.
In this chapter, performance of the joint input shaping and feedforward design is defined with respect to the known reference r. That is, high performance
is obtained if e = r − y is small in the performance interval t ∈ [t2 , t3 ]. The
transfer function from r to e is given by
e = r − y = (1 − SP (Cf f + Cf b Cy ))r,

(7.1)

where S = (1 + P Cf b )−1 . It is emphasized that the adopted performance definition considers the error between the known reference r and output y, and is
therefore not necessarily identical to ey = ry − y. To proceed, an optimization
problem is defined to update Cf f and Cy based on measured data.
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Fig. 7.2. Point-to-point reference signal r. The goal is to obtain zero-settling
behavior at the desired end-position, i.e., all vibrations in the system are compensated after completion of the motion.

7.2.1

Iterative input shaping and feedforward control

In iterative input shaping and feedforward control, measured data from the
j th task is exploited to update Cyj and Cfj f such that e is minimized. The
corresponding optimization problem is given in Definition 7.2.1.
Definition 7.2.1. Given measured signals ejy , uj and y j obtained during the j th
task of the closed-loop system in Fig. 7.1 with Cfj f and Cyj implemented. Then,
the feedforward controller and input shaper in the (j + 1)th task are given by
j
∆
Cfj+1
f = Cf f + Cf f ,

(7.2)

Cyj+1 = Cyj + Cy∆ ,

where the update Cf∆f , Cy∆ based on ejy , uj and y j result from the optimization
problem
min

Cf∆f ,Cy∆ ∈C

V (Cf∆f , Cy∆ ),

(7.3)

with parametrization C and objective function V (Cf∆f , Cy∆ ).
The objective function V (Cf∆f , Cy∆ ) and parametrization C are essential for
the performance of the overall system. Typically, the objective function
V2 (Cf∆f , Cy∆ ) = êj+1 (Cf∆f , Cy∆ )

2

,

(7.4)

êj+1 = ej − SP Cf∆f r − SP Cf b Cy∆ r.

(7.5)

2

is employed [178], [38], where
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To clarify (7.5), observe that the predicted error in the (j + 1)th task is given by
j+1
êj+1 = (1 − SP (Cfj+1
))r.
f + Cf b Cy

Substitute (7.2) and rearrange terms to obtain
êj+1 = (1 − SP (Cfj f + Cf b Cyj ))r − SP (Cf∆f + Cf b Cy∆ )r.
Since the first term constitutes the error ej in the j th task, this expression is
equivalent to (7.5).
A suitable parametrization C is essential for the attainable performance of
the system in Fig. 7.1. In the next section, two existing parametrizations are
presented that only employ a feedforward controller Cf f .

7.2.2

Feedforward controller parametrization

In this section, C is defined for a polynomial and rational basis. These parametrizations have in common that Cy = 1. For this case, (7.1) is equal to
e = S(I − P Cf f )r,
which reveals that e is equal to zero if Cf f = P −1 . Consider the polynomial
parametrization Cpol that encompasses common parametrizations in feedforward
control for motion systems, including the approach presented in Chapter 4 and
the pre-existing approaches in [104, 178, 85].
Definition 7.2.2. The feedforward controller Cf f parametrized in terms of polynomial basis functions is defined as

Cpol = Cf f | Cf f = A(q −1 , θ), θ ∈ Rna ,
where

A(q −1 , θ) =

na
X

ψi (q −1 )θi ,

i=1

with polynomial basis functions ψi (q −1 ).
Similar to Chapter 4, polynomial basis functions are adopted that correspond
to higher-order derivatives of r. For example, the basis function for velocity and
acceleration are given by, respectively,
ψ1 (q −1 ) =

1 − q −1
,
Ts

ψ2 (q −1 ) =

1 − 2q −1 + q −2
.
Ts2

The designed basis functions facilitate an intuitive physical interpretation of the
corresponding parameters θ. For example, θ2 , corresponding to the acceleration
basis function ψ2 , represents the mass of the system.
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Table 7.1. Feedforward and input shaper parametrizations for Cpol , Crat and
Ccom , with polynomial basis functions ψi and parameters θ.

Cpol
Cf f

na
X

Crat
na
X
ψi θ i

ψi θ i

i=1

1+

i=1
nX
a +nb

Ccom
na
X

ψi θi

i=1

ψi θ i

i=na +1

Cy

1

1

1+

nX
a +nb

ψi θi

i=na +1

The parametrization Cpol in Definition 7.2.2 has two important advantages.
First, Cf f is linear in θ. Hence, for the quadratic objective function (7.4), (7.3)
has an analytic solution. Second, the polynomial basis of Cpol enforces stability
of Cf f , since all poles are in the origin by definition.
However, by using polynomial basis functions, Cpol is only capable of describing Cf f = P −1 if P has a unit numerator. This can potentially lead to a
significant performance deterioration, as confirmed in Figure 6.15. This holds
in particular for motion systems with pronounced flexible dynamics, which in
general violate the assumption that P has a unit numerator [71]. To enable high
performance for such systems, consider the rational model structure Crat that
was originally introduced in Chapter 6.
Definition 7.2.3. The feedforward controller Cf f parametrized in terms of a
rational basis is defined as


A(q −1 , θ)
na +nb
,θ ∈ R
,
Crat = Cf f | Cf f =
B(q −1 , θ)
where
B(q −1 , θ) = 1 +

nX
a +nb

ψi (q −1 )θi .

i=na +1

The parametrization Crat in Definition 7.2.3 allows Cf f to contain both poles
and zeros. This enables the design of Cf f such that Cf f = P −1 if P is a rational
model. However, the key caveat associated with Crat is that the optimization
problem in Definition 7.2.1 becomes nonlinear in θ. As a result, (7.3) has in
general no analytic solution. Typically, a non-convex optimization is required
to determine Cf f . In addition, stability of Cf f is not guaranteed, since Cf f
contains poles at arbitrary locations. Hence, internal stability of the overall
system in Fig. 7.1 is not guaranteed.
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Fig. 7.3. In the proposed joint feedforward and input shaping tuning procej+1
dure, Cfj+1
are determined based on measured data from the j th task
f and Cy
by means of automated tuning.

7.2.3

Problem definition

In view of the limitations of existing parametrizations for feedforward controllers,
this chapter aims to investigate a joint input shaping and feedforward control
framework for motion systems performing a point-to-point motion. The proposed joint input shaping and feedforward approach is defined next.
Goal 7.2.1. Determine Cf f and Cy in Fig. 7.3 such that V2 (Cf∆f , Cy∆ ) in (7.4)
is minimized during t ∈ [t2 , t3 ] in Fig. 7.2, while resorting on an optimization
method which has an analytic solution.

7.3

Novel combination of input shaping and feedforward control

In this section, a joint input shaping and feedforward framework is presented,
which constitutes the main contribution of this chapter. As outlined in Section 7.2.1, iterative input shaping and feedforward control is a methodology to
update Cf f and Cy after each task. First, a parametrization for Cy and Cf f is
presented that eliminates the deficiencies of the polynomial and rational feedforward parametrizations in Section 7.2.2 for systems executing a point-to-point
motion trajectory. Second, a data-driven method is proposed to determine Cf f
and Cy based on measured data.

7.3.1

Input shaper and feedforward parametrization

In this section, a parameterization is proposed for Cf f and Cy . Consider this
parametrization Ccom given in the next definition.
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Definition 7.3.1. The feedforward controller Cf f and input shaper Cy parametrized
in terms of polynomial basis functions are defined as


Cf f = A(q −1 , θ)
na +nb
,
θ
∈
R
,
Ccom = (Cf f , Cy )
Cy = B(q −1 , θ)
where
A(q −1 , θ) =

na
X

ψi (q −1 )θi ,

i=1

B(q −1 , θ) = 1 +

nX
a +nb

ψi (q −1 )θi ,

i=na +1

with parameters
T

θ = [θ1 , θ2 , . . . θna , θna +1 , θna +2 , . . . θna +nb ] ∈ Rna +nb ,
and polynomial basis functions given by
Ψ = [ψ1 , ψ2 , . . . , ψna , ψna +1 , ψna +2 , . . . , ψna +nb ] .

(7.6)

An overview of the parametrizations Ccom , Cpol and Crat is provided in Table 7.1. The following constraint is imposed on the input shaper
Cy (q −1 , θ)|q−1 =1 = 1.

(7.7)

This constraint enforces unit static gain to avoid scaling of the reference r. In
addition, by observing that ry = Cy r it follows that ry = r in t ∈ [t2 + nk , t3 ],
where nk is the order of Cy , as illustrated in Fig. 7.4. This observation is a
crucial attribute of the optimization procedure presented in the next section.

7.3.2

Approach to iterative feedforward and input shaping

As stated in Goal 7.2.1, high performance is obtained if the objective function
V2 (Cf∆f , Cy∆ ) in (7.4) is minimal in t ∈ [t2 , t3 ]. For the problem setting in this
chapter, an indirect approach is pursued to achieve this goal. That is, for the
optimization problem (7.3) as stated in Definition 7.2.1, the parametrization is
given by Ccom in Definition 7.3.1, while the objective function yields
∆
∆
Vy (Cf∆f , Cy∆ ) = êj+1
y (Cf f , Cy )

2
2

,

with predicted error êj+1
in the (j + 1)th iteration given by
y
êj+1
= ejy + S(Cy∆ − P Cf∆f )r.
y

(7.8)
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Fig. 7.4.
The shaped reference ry (black) is delayed with respect to
the reference r (gray) since ry = Cy (q −1 , θ)r. However, the constraint
Cy (q −1 , θ)|q−1 =1 = 1 implies that ry = r in the performance interval [t2 +nk , t3 ].

The motivation for the pursued indirect approach is twofold. First, this approach
exploits measured data from t ∈ [t1 , t3 ] to determine the parameters θ of Cy
and Cf f , which helps to achieve the persistence of excitation condition. Second,
by observing that the transfer from r to ey in Fig. 7.1 is given by
ey = S(Cy − P Cf f )r,
it becomes clear that ey is equal to zero if Cf f Cy−1 = P −1 . This implies that the
reference-induced contribution to ey is eliminated if the numerator and denominator of P are described by Cy and Cf f , respectively. This interpretation of the
optimal Cy and Cf f is in accordance with the expressions derived in Section 7.2.2
for the polynomial and rational feedforward parametrization.
It remains to be shown that the pursued optimization with Vy (Cf∆f , Cy∆ )
instead of V2 (Cf∆f , Cy∆ ) indeed attains Goal 7.2.1. To illustrate the validity
of the pursued approach, observe that the constraint (7.7) as imposed on the
input shaper in Section 7.3.1, implies that V2 (Cf∆f , Cy∆ ) = Vy (Cf∆f , Cy∆ ) during
t ∈ [t2 + nk , t3 ], as depicted in Fig. 7.2. To illustrate this statement, observe
that êj+1 in (7.5) is equal to
j+1
êj+1 = (1 − SP (Cfj+1
))r,
f + Cf b Cy

(7.9)

and êj+1
in (7.8) is equivalent to
y
êj+1
= S(Cyj+1 − P Cfj+1
y
f )r.

(7.10)
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As presented in Fig. 7.4, (7.7) implies that Cyj+1 r is equal to r in t ∈ [t2 + nk , t3 ].
Substituting this result in (7.9) and (7.10), rearranging terms and evaluating for
t ∈ [t2 + nk , t3 ] leads to
êj+1 = (1 − T )r − SP Cfj+1
f r,
with complementary sensitivity T = P Cf b S, and
êj+1
= S(1 − P Cfj+1
y
f )r.
are equivalent in t ∈
Since 1 − T = S, it readily follows that êj+1 and êj+1
y
[t2 + nk , t3 ]. As a result, V2 (Cf∆f , Cy∆ ) = Vy (Cf∆f , Cy∆ ) in this time interval,
motivating the proposed indirect approach based on the optimization problem
(7.3) with Ccom and Vy (Cf∆f , Cy∆ ).
The disadvantage of the pursued indirect approach is the discrepancy between Vy and V2 in t ∈ [t2 , t2 + nk ]. This discrepancy potentially hampers the
achievable performance during the performance interval if nk , the order of the
polynomial Cy , is large compared to the settling time of the system. However,
for motion systems with flexible dynamics, a limited number of parameters is
typically sufficient to compensate for the dominant component of the referenceinduced error. That is, Cf f Cy−1 should only accurately represent P −1 in frequency ranges where r has significant power content. For an 4th point-to-point
reference trajectory, this is typically the low-frequency range [104], [71]. As a
result, the order nk of Cy is limited, even for a system P with multiple vibration
modes, and the performance improvement in t ∈ [t2 + nk + 1, t3 ] due to Cy
significantly dominates the performance loss in t ∈ [t2 , t2 + nk ].

7.3.3

Optimization algorithm

In this section, the optimization problem (7.3) in Definition 7.2.1 with Ccom and
Vy (Cf∆f , Cy∆ ) is reformulated as a linear least squares problem. It is shown that
the parametrization Ccom proposed in Definition 7.3.1 is crucial to obtain an
analytic expression for θ.
The following results are required in a data-driven method to determine Cf∆f
and Cyf f in (7.3), i.e., without explicitly constructing parametric or nonparametric models of closed-loop transfer functions. Define C = (Cf b Cyj + Cfj f ).
Consider the transfer function from r to y j in the j th task for the closed-loop
system in Fig. 7.3 given by
y j = SP (Cf b Cyj + Cfj f )r.

(7.11)

Since all transfer function are SISO, (7.11) is equivalent to
SP r = (Cf b Cyj + Cfj f )−1 y j = C −1 y j .

(7.12)
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In addition, the transfer function from r to u in the j th task
uj = S(Cf b Cyj + Cfj f )r,
is reformulated as
Sr = (Cf b Cyj + Cfj f )−1 uj = C −1 uj .

(7.13)

A derivation follows along the same lines as in Chapter 4. Expressions (7.12)
and (7.13) enable the estimation of θ in Definition 7.3.1 solely based on measured
data, as proposed in the following theorem.
Theorem 7.3.1. Given measured signals ey , uj and y j . Then, for (Cf f , Cy ) ∈
Ccom , minimization of (7.3) with respect to θ∆
θ̂∆ = arg min Vy (Cf∆f , Cy∆ ),
θ∆

(7.14)

is equivalent to the least squares solution to
Φθ̂∆ = ejy ,

(7.15)

with


Φ = C −1 ψ1 y j , ψ2 y j , .., ψna y j , ψna +1 uj , ψna +2 uj , .., ψna +nb uj ∈ RN ×(na +nb ) .
Proof. Exploiting the commutative property of SISO systems in (7.8) results in
∆
j
∆
∆
êj+1
y (θ ) = ey + SrCy − SP rCf f ,

(7.16)

Substitution of (7.12) and (7.13) in (7.16) yields
∆
j
−1 ∆ j
êj+1
Cy u − C −1 Cf∆f y j ,
y (θ ) = ey + C

= ejy − Φθ∆ .

Since Cf∆f and Cy∆ are linear in θ∆ and Vy (Cf∆f , Cy∆ ) is a positive-definite function, θ̂∆ is the unique solution to
∂Vy (Cf∆f , Cy∆ )
|θ∆ =θ̂∆ = 0,
∂θ∆
resulting in the linear least squares problem formulated in (7.15).
Remark 7.3.1. In [38, Section 2.D], nonlinear optimization is used to solve
(7.14). Inspired by iterative feedback tuning (IFT) [88], this procedure to determine Cf∆f and Cy∆ relies on approximations of the Hessian and gradient of
Vy (Cf∆f , Cy∆ ), resulting in an estimate of θ∆ . However, Theorem 7.3.1 shows
that the optimization problem with respect to θ∆ has an analytic solution.
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The least squares solution to (7.15) is equivalent to
θ̂∆ = (ΦT Φ)−1 ΦT ejy .

(7.17)

Remark 7.3.2. Similar to the results presented in Chapter 4-6, an instrumental
variable approach can be pursued to improve the parameter estimation in (7.17).
Promising initial results obtained by using instrumental variables are presented
in [172, Chapter 4] for joint input shaping and feedforward.
The following assumption ensures that θ̂∆ can be uniquely determined.
Assumption 7.3.1. ΦT Φ is nonsingular.
Assumption 7.3.1 imposes a persistence of excitation condition on r.
Remark 7.3.3. The stable inversion approach in Section 4.8 can be directly
employed to compute C −1 y j and C −1 uj if C −1 is unstable.
j+1
Based on θ̂∆ obtained by means of Theorem 7.3.1, Cfj+1
in Defif and Cy
nition 7.2.1 result from the following theorem.

Theorem 7.3.2. For (Cfj f , Cyj ), (Cf∆f , Cy∆ ) ∈ Ccom with identical basis functions
j+1
in (7.2) are given by
Ψ in (7.6), Cfj+1
f and Cy
Cfj+1
f =

na
X

ψi θij+1 ,

i=1

Cyj+1 = 1 +

nX
a +nb

ψi θij+1 ,

i=na +1

where

θij+1

=

θij

+ θi∆ .

j+1
Proof. Since (Cfj f , Cyj ), (Cf∆f , Cy∆ ) ∈ Ccom have identical Ψ, Cfj+1
are
f and Cy
given by
j
∆
Cfj+1
f = Cf f + Cf f =

na
X

ψi θij +

i=1
nX
a +nb

Cyj+1 = Cyj + Cy∆ = 1 +

na
X

ψi θi∆ ,

i=1

ψi θij +

i=na +1

(Cfj f , Cyj )

Since
implies that

nX
a +nb

ψi θi∆ .

i=na +1

and (Cf∆f , Cy∆ ) are linear in respectively θj and θ∆ , superposition

Cfj+1
f =

na
X
i=1

Cyj+1 = 1 +

na

 X
ψi θij + θi∆ =
ψi θij+1 ,
i=1

nX
a +nb

i=na +1



nX
a +nb

ψi θij + θi∆ = 1 +
ψi θij+1 .
i=na +1
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In this section, unconstrained optimization is employed to determine Cfj+1
f
and Cyj+1 . This optimization method is selected to facilitate implementation
of the approach in practice, since it requires small computational requirements.
However, the absence of constraints on, e.g., actuator forces, acceleration and
velocity forces, during optimization implies that erratic behavior of ry and uf f
j+1
can occur if Cfj+1
are applied to the system. Alternatively, a quadratic
f and Cy
program can be formulated to impose constraints on actuator forces, acceleration
and velocity forces during optimization.
A heuristic approach is used to verify that Cfj+1
and Cyj+1 can be safely
f
applied to the system in the next task. As presented in Section 7.2.2, the basis
functions ψ used in Cf f and Cy correspond to higher-order derivatives of r. As
a result, the corresponding parameters θ have a physical interpretation. This
facilitates the construction of an upper and lower bound for θj+1 based on, e.g.,
physical insight or simulation results of the system. If the parameters θj+1 are
j+1
within these bounds, Cfj+1
are applied to the system. Otherwise, θj
f and Cy
is not updated after the j th task.
j+1
Finally, consider the following procedure to determine (Cfj+1
) ∈ Ccom
f , Cy
j
j
th
j
based on ey , u and y in the j iteration, which implements the results presented in this section.
Procedure 7.3.1. Estimation of θ̂∆ in the j th iteration
1) Measure ejy , uj and y j .


2) Construct Φ = C −1 ψ1 y j , ψ2 y j , . . . , ψna y j , ψna +1 uj , ψna +2 uj , . . . , ψna +nb uj
3) Solve θ̂∆ = (ΦT Φ)−1 ΦT ejy .
4) Construct
nX
na
a +nb




X
j
j
∆
j+1
∆
Cfj+1
=
ψ
θ
+
θ̂
,
C
=
1
+
ψ
θ
+
θ̂
.
i
i
i
y
i
i
i
f
i=1

i=na +1

j+1
5) Verify if Cfj+1
satisfy the constraints.
f and Cy

To summarize, in this section a novel joint input shaping and feedforward
control framework is developed for systems executing a point-to-point motion.
It is emphasized that the approach in [178] based on polynomial basis functions
(Cpol ) is immediately recovered as a special case of the developed framework
for Cy = 1. That is, the proposed model structure is a generalization of Cpol ,
thereby eliminating the requirement that P has a unit numerator. Compared
to a rational feedforward model structure Crat , the framework presented in this
chapter i) has an analytic solution and ii) internal stability of the overall system
is guaranteed. These two advantages are a result of the polynomial basis for
both Cy and Cf f , as proposed in Definition 7.3.1.
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Fig. 7.5. Schematic illustration of a two-mass spring damper setup.
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Fig. 7.6. Bode diagram of a two-mass spring damper setup.

7.4

Simulation example

In this section, a simulation example is provided to illustrate the joint input
shaping and feedforward approach Ccom presented in Section 7.3. It is shown
that a significant performance enhancement is obtained with respect to Cpol in
Section 7.2.2 for systems with pronounced flexible dynamics.
Consider a two-mass spring damper system as schematically depicted in
Fig. 7.5. The dynamical behavior of this system consist of rigid body and flexible
dynamics, see Fig. 7.6. The system P (q) is given by
P (q) = 9.97 × 10−9

(q + 1)(q 2 − 1.968q + 0.9996)
.
(q − 1)2 (q 2 − 1.934q + 0.9966)

(7.18)

The sampling time is equal to Ts = 1 × 10−4 [s]. Furthermore, the feedback
controller, designed by means of manual loop-shaping, is given by
Cf b (q) = 1 × 105

(q − 0.99)(q − 0.9833)(q 2 − 1.924q + 0.987)
,
(q − 1)(q − 0.86)2 (q 2 − 1.823q + 0.8819)

and results in a bandwidth of 80 Hz, defined as the frequency where P Cf b = 1.
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r [m]

0.01

Performance
Interval

0.005

0
0

0.05

time [s]

0.1

Fig. 7.7. Reference signal applied to the closed loop system with (P, Cf b ). The
goal of the joint input shaping and feedforward design is to minimize e after
initiating the performance interval.

An output disturbance v modeled as v = H(q) is added to the closed-loop
system, where
H(q) = 0.7656

(q 2

(q − 1)2
,
− 1.475q + 0.5869)

and  is zero mean white noise with standard deviation 1 × 10−7 . The system is
excited by a 4rd order point-to-point reference r, as depicted in Fig. 7.7.
The input shaper Cy and feedforward controller Cf f are parametrized as 4th
order filters given by
Cf f (q −1 , θ) = ψ1 θ1 + ψ2 θ2 + ψ3 θ3 ,
Cy (q −1 , θ) = 1 + ψ4 θ4 + ψ5 θ5 + ψ6 θ6 + ψ7 θ7 ,
with basis functions
ψ4 (q −1 ) =

1 − q −1
,
Ts

1 − 2q −1 + q −2
,
Ts2
1 − 3q −1 + 3q −2 − q −3
ψ2 (q −1 ) = ψ6 (q −1 ) =
,
Ts3
1 − 4q −1 + 6q −2 − 4q −3 + q −4
ψ3 (q −1 ) = ψ7 (q −1 ) =
.
Ts4
ψ1 (q −1 ) = ψ5 (q −1 ) =


T
The initial values of the parameters θ yield θinit = 9 × 10−1 , 0, 0, 0, 0, 0, 0 ,
i.e., only the acceleration term in Cf f is initialized.
The error e during the performance interval as depicted in Fig. 7.8 illustrates
that the settling time for (Cy , Cf f ) ∈ Ccom is significantly smaller than for Cf f ∈
Cpol . This is confirmed by the objective function V2 (Cf f , Cy ) as depicted in
Fig. 7.9, which shows that the two-norm of e in the performance interval is
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Fig. 7.8. The error e during the performance interval visually confirms that
the settling time for Ccom (gray) is significantly smaller than for Cpol (black).
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Fig. 7.9. The objective function V2 (Cf f , Cy ) corresponding to Ccom (dashed
gray) is significantly smaller than for Cpol (black). This confirms that the proposed approach results in performance enhancement.

significantly smaller for Ccom than for Cpol . Hence, the simulation results confirm
that the performance of the system is significantly enhanced by means of the
model structure Ccom compared to Cpol .
Consider the visualization of Cpol and Ccom in Fig. 7.10 and Fig. 7.11, respectively. On the one hand, as depicted in Fig. 7.10, a feedforward parametrization
Cpol is only capable of capturing the dynamical behavior of P in the frequency
range up to approximately 80 Hz. This implies that it is not possible to compensate for the excitation of flexible dynamics by the reference r through this
parametrization of Cy and Cf f . This is explained by observing that Cy Cf−1
f for
Cpol is only capable of describing a system P with a unit numerator.
On the other hand, the proposed joint input shaping and feedforward approach is capable of describing the dynamical behavior of flexible dynamics, as
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(b) P (black) and Cy Cf−1
f (dashed gray).
Fig. 7.10. Cf f ∈ Cpol - The system P is not exactly described by Cf−1
f , hampering performance of the system during the performance interval.
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(a) Cf f (black) and Cy (dashed gray).
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Fig. 7.11. (Cy , Cf f ) ∈ Ccom : P is exactly described by Cy Cf−1
f , resulting in
superior performance in the performance interval.

depicted in Fig. 7.11. This clearly illustrates the advantages of the proposed
approach with respect to conventional approaches for a system P described by
a rational model, such as motion systems exhibiting flexible dynamics. It is
emphasized that for Cf f ∈ Crat , a similar performance can be obtained as with
Ccom . However, the proposed approach has significant advantages for systems
executing a point-to-point motion reference, as presented in Section 7.3.
Finally, it is shown that variations in the dynamical behavior of P can be
effectively compensated by means of the proposed iterative procedure. To this
purpose, assume that between the second and third task, P (q) as given in (7.18)
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Fig. 7.12. The objective function V2 (Cf f , Cy ) for Ccom , where the dynamical
behavior of P changes after the second task.

is replaced by the perturbed system
P∆ (q) = 9.97 × 10−9

(q + 1)(q 2 − 1.968q + 0.9978)
.
(q − 1)2 (q 2 − 1.934q + 0.9917)

The objective function V2 (Cf f , Cy ) as depicted in Fig. 7.12 shows a significant
performance deterioration in the third task. This is explained by observing that
Cy Cf−1
f in the third task is not equal to P∆ . By exploiting measured data from
the third task, Cy and Cf f in the fourth task are adapted such that Cy Cf−1
f = P∆
in the fourth task. Hence, variations in the dynamics of P can be effectively
compensated through updating Cy and Cf f based on measured data.

7.5
7.5.1

Experimental results
Experimental setup

In this section, the combined input shaping and feedforward control approach
proposed in this chapter is confronted with a prototype industrial motion system.
The experimental setup in Figure 7.13 is controlled in all six motion degrees of
freedom (DOF) (i.e., three rotations and three translations). To this purpose,
the system is equipped with six actuators to provide the required force. The
actuators consist of linear motors with an added position offset such that an
actuator can also generate a force in the perpendicular direction. Gravity compensation magnets have been added to reduce the required static force. Laser
interferometers enable nanometer resolution position measurements in the six
motion degrees of freedom. A feedback controller Cf b (q) is determined by means
of sequential loopshaping. All experiments are performed with a sampling time
Ts = 2 × 10−4 [s].
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Fig. 7.13. Experimental setup with 1 : measurement system, 2 : positioning
stage, 3 : linear magnetic actuation system and 4 : vibration isolation table.
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(b) P (black), Cy Cf−1
f (dashed gray) and
(a) Cf f (black) and Cy (dashed gray). power spectral density of r with unit
[m2 /Hz] (gray).
Fig. 7.14. The system P is accurately described by Cy Cf−1
f in f ∈ [0, 120] Hz.
As confirmed by the power spectral density (PSD) of r this is the frequency
range with the dominant contribution to the servo error.

7.5.2

Experimental results

Even though the experimental setup is inherently multivariable, the proposed approach is only applied to the long stroke direction x. For the feedback controller,
a sequential design is pursued for this system. To this purpose, an equivalent
system Peq is determined for the x-direction after closing the control loops for
the remaining 5 DOFs. This equivalent system Peq is given by
Peq (z) = Pxx − Pxy Cyy (I + Pyy Cyy )−1 Pyx ,
as seen by the controller Cxx , and is depicted in Fig. 7.14. The controller Cxx is
designed by means of manual loop-shaping and attains a bandwidth of 120 Hz.
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Fig. 7.15. Point-to-point reference r with a stroke of 18 [mm] and acceleration
of 1 [m/s2 ].
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Fig. 7.16. The contribution to u of uf b (black), uf f (gray) and the offset
(dashed gray) indicates that the feedforward contribution, consisting of the
output of Cf f (q, θ) and the position dependent static offset, is significantly
larger than the contribution of the feedback controller.
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Fig. 7.17. Optimal performance with a 4th order Cf f and 4th order Cy is
obtained after executing two iterations on the experimental setup.
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Fig. 7.18. The standard deviation σ of ey corresponding to the estimated
(Cf f , Cy ) ∈ Ccom is equal to σ = 2.3 [nm] during the performance interval.
Table 7.2. Standard deviation σ in the performance interval after convergence
of the optimization procedure for Ccom , Cpol and without feedforward and input
shaping shows that Ccom results in superior performance.

σ [nm]

Ccom

Cpol

Cf b

2.3

3.6

37

The 4th order reference trajectory r depicted in Fig. 7.15 is used to determine
Cf f and Cy by means of Procedure 7.3.1. As shown in Fig. 7.16, a position
dependent static offset is applied to the system. This offset is used to compensate
for nonlinear and time-varying system behavior, in order to obtain a linear timeinvariant system P for feedforward optimization. The estimated 4th order Cf f
and 4th order Cy as depicted in Fig. 7.14a accurately describe P in f ∈ [0, 120]
Hz, as depicted in Fig. 7.14b. For higher frequencies, r is not sufficiently exciting
to accurately represent the system in this frequency range.
The plant input is shown in Figure 7.16. The feedback controller contribution
(uf b ) is approximately zero compared to the feedforward part (uf f ). This shows
that the feedforward effectively compensates for the reference-induced error. In
Fig. 7.17, it is shown that the optimal parameters θ for the 4th order Cf f and
Cy are obtained based on measured data from two tasks. This illustrates that
the presented optimization experiment is efficient.
Fig. 7.18 shows the error ey in the performance interval obtained by means
of the proposed combined input shaping and feedforward control methodology.
A comparison between Ccom , Cpol and the case without feedforward and input
shaping as provided in Table 7.2 confirms the benefits of the proposed approach
for the considered experimental setup.
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7.6

Conclusions

In this chapter, a new approach for joint input shaping and feedforward control
is presented and verified i) in a simulation study and ii) by means of an experimental confrontation with a prototype industrial motion system. The proposed
model structure is a generalization of a polynomial model structure, thereby
removing the restrictive condition that P has a unit numerator. It is shown
that the proposed joint input shaping and feedforward model structure results
in a significant performance improvement compared to pre-existing approaches
for systems executing a point-to-point motion. Compared to a rational feedforward model structure, the model structure presented in this chapter has two key
advantages: i) there exist an analytic solution and ii) internal stability of the
overall system is guaranteed.

Chapter 8

Frequency-Domain ILC Approach
for Repeating and Varying Tasks:
With Application to Die- and
Wire-Bonding Equipment 1
Iterative learning control (ILC) enables high performance for exactly repeating
tasks in motion systems. Besides such tasks, many motion systems also exhibit
varying tasks. In such cases, ILC algorithms are known to deteriorate performance. An example is given by bonding equipment in semiconductor assembly
processes, which contains motion axes with tasks that can vary slightly. The aim
of this chapter is to develop an ILC approach that obtains high machine performance for possibly varying tasks, while enabling straightforward and effective
industrial design rules. In particular, a frequency-domain based design of ILC
filters is pursued, which is combined with basis functions to cope with variations
in tasks. Application to a high-speed axis of an industrial wire-bonder shows
that high servo performance is obtained for both repeating and varying tasks.

8.1

Introduction

Feedforward control is widely used in control systems for motion systems, since
feedforward can effectively reject disturbances before these affect the system.
Indeed, a two-degree-of-freedom configuration, consisting of feedback and feedforward control, is standard in high-precision motion systems [131]. In this
1 This

chapter is based on [15], preliminary results appeared as [14].
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control configuration, the main performance improvement is in general realized
by exploiting feedforward to minimize the reference-induced servo error.
Iterative Learning Control (ILC) is a feedforward control approach that can
significantly enhance the performance of motion systems by learning from previous tasks. To this end, the measured error signal from the previous tasks is
exploited to determine a feedforward signal that forces the output to track an a
priori known, repeating reference trajectory [178]. Successful application of ILC
algorithms in industrial practice are reported for, e.g., linear motors [97], wafer
stages [122, 54], micro-robotic deposition manufacturing systems [8], and atomic
force microscopes [189, 145].
ILC algorithms are often designed by either using a norm-optimal approach
or a frequency-domain loop-shaping approach, see [37] for an overview. In
the norm-optimal approach, performance and robustness requirements are prescribed by means of weighting matrices. Addressing the trade-off between performance and robustness with respect to system uncertainty typically requires
repeated user interaction to refine the weighting matrices or advanced synthesis
tools from robust control [1]. In contrast, performance and robustness goals in
frequency-domain ILC are often specified by means of loop-shaping based techniques in the frequency domain [37]. As such, the trade-off between performance
and robustness with respect to system uncertainty can be easily addressed in the
design of an ILC algorithm. This low-complexity characteristic of frequencydomain ILC is typically favored in industrial practice. In fact, this ILC design
approach closely resembles the manual tuning of PID controllers, which is a
dominant control design approach in industrial applications [144].
Independent of the pursued ILC design approach, a key assumption in ILC
is that the considered system performs exactly repeating tasks. This assumption is often violated in industrial systems [90, 178]. For instance, several axes
in semiconductor bonding equipment have to perform slightly varying tasks.
The performance for these axes is significantly deteriorated if the trajectory is
changed. As a result, machine performance, which is often dictated by the worst
performing axis, is typically poor when using ILC.
In [83, 175], [31], robustness against varying tasks is obtained by extending norm-optimal ILC algorithms with basis functions. However, existing approaches based on basis functions are restricted to norm-optimal ILC, and analogous results for frequency-domain ILC are not yet available. This limits industrial applicability of ILC for systems that comprise both exactly repeating tasks
and varying tasks, as is the case in semiconductor bonding equipment.
Although important developments have been made to enhance the performance of industrial systems with repeating tasks using frequency-domain ILC
and significant steps are reported to enhance robustness against varying tasks
using norm-optimal ILC, at present an approach to design frequency-domain ILC
for systems comprising both tasks is lacking. The contribution of this chapter is
threefold. First, a theoretical framework is developed for frequency-domain ILC
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with basis functions that is applicable to both repeating and varying tasks. Second, it is shown that the presented ILC approach i) achieves high performance
for repeating and varying tasks, and ii) enables the use of standard frequencydomain ILC design tools for both performance and robustness. Finally, an application to bonding equipment is presented to compare the proposed approach
with existing ILC approaches for both repeating and varying tasks.
This chapter is organized as follows. In Section 8.2, the notation is introduced
that is used in this chapter. In Section 8.3, the ILC design problem is defined
for motion tasks in bonding equipment. Then, the proposed projection-based
ILC approach is introduced in Section 8.4. In Section 8.5, a convergence proof
is presented for the proposed approach. In Section 8.6, the design procedure is
applied to a high-speed axis of a wire-bonder. Experimental results are presented
which confirm that high performance is obtained for both repeating and varying
tasks. Finally, conclusions are presented in Section 8.7.

8.2
8.2.1

Preliminaries
Notation

A discrete-time transfer function of a linear time-invariant system M is denoted
as M (z), with z a complex indeterminate. Let RH∞ denote the set of realrational, proper and stable transfer functions.
The ith element of a vector x is
√
T
denoted as x[i]. For a vector x, ||x||W = x W x. For a matrix A, σ̄(A) denotes
the maximum singular value of A. Finally, Z denotes integers, while R denotes
real numbers.

8.2.2

Finite-time framework

Given a discrete-time, linear time-invariant system M (z) with m(t), t ∈ Z, the
infinite-time impulse response parameters.
The response y(t) of the system M (z)
P∞
to an input u(t) is given as y(t) = τ =−∞ m(τ )u(t − τ ).
Pt
Let u(t) = 0 for t < 0 and t > N − 1 to obtain y(t) = τ =1−N m(τ )u(t − τ ),
with 0 ≤ t < N , and N the number of samples. This finite-time convolution can
be represented in lifted notation as

 


y[0]
u[0]
m[0]
m[−1]
. . . m[1 − n]
 y[1]   m[1]


m[0]
. . . m[2 − n]
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=
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}
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M

u

with M ∈ RN ×N the convolution matrix corresponding to M (z), and u and y
the input and output vectors [124].
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Pn
A linearly parametrized transfer function is denoted as M (z, θ) = i=1 ψi (z)θ[i]
with basis functions ψi (z), i = 1, 2, ..., n, and parameters θ ∈ Rn . Similar to
(8.1), the finite time response of M P
(z, θ) to an input u is denoted as y = M(θ)u,
n
where M(θ) is given by M(θ) = i=1 ψi θ[i], and ψi denotes the convolution
matrix of the basis functions ψi (z), i = 1, 2, ..., nθ . Equivalently,
y = Ψu θ,
with Ψu = [ψ1 u ψ2 u . . . ψn u] ∈ RN ×n .

8.3

Problem definition

The aim of this chapter is to develop an ILC approach that achieves high machine
performance for possibly varying tasks, with application to bonding equipment
as used in the manufacturing of semiconductors. First, the role of bonding
equipment in this manufacturing process is explained. Then, challenges are
presented for the application of existing ILC approaches to such systems.

8.3.1

Bonding processes

Discrete semiconductor devices, such as integrated circuits, are manufactured in
large batches on a silicon wafer by means of lithography. Upon completion, the
processed wafers are diced to divide each wafer into individual semiconductor
devices, often referred to as dies. Then, bonding equipment is used to i) assemble
a die on to a frame, and ii) provide electrical connections to the outside world.
Finally, the bonded die and frame are sealed by a molded plastic enclosure. This
chapter is focused on die- and wire-bonding, as elaborated upon next.
Die-bonding: The first step in the bonding process is the transfer of individual
dies from the wafer and attachment on to a lead-frame. This lead-frame is a
metal structure with contact leads that extend outside the package. The process
is carried out using a die-bonder, as depicted in Figure 8.1. The die-bonder
can be characterized into four separate units, each having multiple axes. These
units are (1) the wafer positioning unit, which positions the wafer relative to the
die-transfer unit, (2) the die-transfer unit, which transfers the die from the wafer
on to the lead-frame, (3) the work-holder unit, used to position the lead-frame
with respect to the die, and (4) the flip unit, used to flip a single die.
Wire-bonding: In the next step, electrical connections between the die and
the lead-frame are made using copper or gold wires, see, e.g., [84] for a detailed
description of the wire-bonding process. This process is carried out by a separate machine called a wire-bonder, as shown in Figure 8.2. The wire-bonder is
characterized into three separate units: (1) the XY table, used for horizontal
positioning of the wire with respect to the lead-frame, (2) the Z-axis, used to position the wire vertically and feed it on to the lead-frame and (3) the work-holder
unit, used for indexing of the lead-frame.
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Fig. 8.1. Left - Die-bonder, and Right - Close-up image of a die-bonder with
1 : wafer positioning unit, 2 : die transfer unit, and 3 : work-holder unit.
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2

Fig. 8.2. Left - Close-up image from the top of a wire-bonder, Middle - Wirebonder, and Right - Close-up image from the side of the wire-bonder with 1 :
the XY table, 2 : the Z-axis, and 3 : the work-holder unit.

The various axes in bonding equipment can be classified into two categories:
1. Axes with exactly repeating trajectories. This holds for, e.g., all axis in
the wire-bonder, and the die-transfer and flip unit of the die-bonder;
2. Axes with varying trajectories. These variations occur due to corrections
required in the pick or place position in consecutive tasks. This holds for,
e.g., the work-holder unit, and the wafer-positioning unit of the die-bonder.
An overview of the properties of the reference trajectories used for all units in
bonding equipment is provided in Table 8.1.
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Table 8.1. Units with repeating and slightly varying reference trajectories in
bonding equipment.

Bonding process
Die-bonder

Wire-bonder

Unit
Wafer-positioning unit
Die-transfer unit
Flip unit
Work-holder unit
XY table
Z-axis
Work-holder unit

ej

r

Cf b

−

fj
+

Repeating

Slightly varying
x

x
x
x
x
x
x

P0

yj

Fig. 8.3. Closed loop system.

8.3.2

Problem setup

Consider the closed loop system as depicted in Figure 8.3. Here, the true unknown system P0 (z) is assumed to be discrete-time, single-input single-output,
and linear time-invariant, while Cf b (z) is a discrete-time stabilizing feedback
controller. Furthermore, the sensitivity function is denoted as S0 (z) = (1 +
P0 (z)Cf b (z))−1 , while the process sensitivity function is given by S0 P0 (z).
The closed-loop system in Figure 8.3 is repeatedly acted upon by a reference
r of length N . Each repetition of the reference rj is called a task, as denoted by
subscript j. The feedforward signal in the j th task is denoted as fj . Using lifted
system representations of S0 (z) and S0 P0 (z), the error signal ej in task j (resp.
ej+1 in task j + 1) is given by
ej = S0 rj − S0 P0 fj ,

ej+1 = S0 rj+1 − S0 P0 fj+1 .

(8.2)
(8.3)

By assuming that rj+1 = rj , the predicted error in task j + 1 is
êj+1 = ej − SP(fj+1 − fj ),

(8.4)

where S is the lifted system representation of a model S(z) = (I +P (z)Cf b (z))−1
of S0 (z). In a typical ILC approach, fj+1 is determined by using a frequencydomain or a norm-optimal approach. Next, norm-optimal ILC with basis functions is briefly recapitulated.
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8.3.3

Norm-optimal ILC with basis functions

Norm-optimal ILC is an important class of ILC approaches, in which fj+1 is
typically determined according to
fj+1 = arg min J(fj+1 ),

(8.5)

fj+1

with optimization criterion J(fj+1 ) given by
2

2

2

J(fj+1 ) = ||êj+1 ||We + ||fj+1 ||Wf + ||fj+1 − fj ||W∆f ,
where We , Wf and W∆f are positive-definite weighting matrices, and êj+1 in
(8.4). Solving (8.5) yields the following learning update
fj+1 = Q(fj + Lej ),

(8.6)

with learning filter L and robustness filter Q. Detailed expression for L and Q
are presented in, e.g., [37].
A key assumption underlying (8.6) is that the system performs exactly repeating tasks, i.e., for motion systems it should hold that rj+1 = rj for all
j. Violating this assumption can significantly reduce the achieved servo performance, as illustrated in the following example.
Example 8.3.1. Suppose that i) fj = P0−1 rj , ii) Q = I, and iii) rj+1 6= rj .
Note that substituting fj = P0−1 rj in (8.2) gives ej = 0. By using ej = 0 and
Q = I in (8.6), it follows that fj+1 = fj , i.e., the ILC algorithm in (8.6) has
converged.
By substituting fj+1 = fj = P0−1 rj in (8.3) and rearranging terms, it follows
that
ej+1 = S0 (rj+1 − rj ).

(8.7)

Expression (8.7) reveals that the performance in task j + 1 can significantly deteriorate if rj+1 6= rj . In fact, the achieved performance can be significantly worse
than by using only feedback, for example if rj+1 = −rj .
As argued in Section 8.3.1, the assumption that rj+1 = rj for all j is often
violated in motion systems. In fact, robustness with respect to varying tasks, i.e,
allowing that rj+1 6= rj , is one of the key reasons to introduce basis functions in
norm-optimal ILC, see [121, 137, 83, 175]. Basis functions can provide robustness
against varying tasks by parametrizing fj+1 as a function of rj+1 . A finite time
implementation of such a parametrization is given by
fj+1 = F(θj+1 )rj+1 ,
where F(θj+1 ) is based on the transfer function F (z, θj+1 ) =
with basis functions ψi (z), i = 1, 2, ..., n.

(8.8)
Pn

i=1

ψi (z)θ[i]
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Instead of determining a signal fj+1 according to (8.5), ILC with basis functions aims to determine the parameters θj+1 . Typically, the optimization problem is given by
θj+1 = arg min Jθ (θj+1 ),

(8.9)

θj+1

with optimization criterion
2

2

2

Jθ (θj+1 ) = ||êj+1 ||We + ||θj+1 ||Wθ + ||θj+1 − θj ||W∆θ ,
where We , Wθ and W∆θ are positive-definite weighting matrices, and êj+1 as
in (8.4). Based on a similar derivation as used for (8.6), the following learning
update can be derived
θj+1 = Qθ (θj + Lθ ej ),

(8.10)

where Qθ and Lθ are a robustness and learning filter, respectively. The following
example shows that robustness against varying tasks can be obtained with basis
functions in ILC.
Example 8.3.2. Suppose that i) F(θj ) = P0−1 , ii) Qθ = I, and iii) rj+1 6= rj .
Then, fj parametrized as in (8.8) is equal to fj = P0−1 rj . Furthermore, by
substituting fj = P0−1 rj in (8.2) it follows that ej = 0. By using ej = 0 and
Qθ = I in (8.10), it follows that θj+1 = θj , i.e., the ILC algorithm in (8.10) has
converged. As a result, F(θj+1 ) = F(θj ), which implies that F(θj+1 ) = P0−1
and consequently from (8.8) that
fj+1 = P0−1 rj+1 .

(8.11)

By substituting (8.11) in (8.3) it follows that ej+1 = 0, for any rj+1 . Comparing this result with (8.7) shows that basis functions can significantly enhance
robustness against varying tasks.
Remark 8.3.1. In Example 8.3.2 it is assumed that the parametrization F(θj )
is sufficiently flexible to obtain F(θj ) = P0−1 . This assumption can be relaxed if
certain persistence of excitation conditions on rj are met.
Remark 8.3.2. As stated before, the learning update (8.10) modifies the parameters θj+1 of a feedforward controller F (z, θj+1 ). As such, this approach
resembles adaptive feedforward control, see, e.g., [43]. However, there are a
number of important differences between these approaches.
The key difference between adaptive feedforward and ILC with basis functions
is the underlying learning mechanism. On the one hand, adaptive control typically aims to update the parameters at each sample, i.e., continous adaptation.
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On the other hand, ILC with basis functions updates θj in a batch-wise fashion
based on measured data from a completed task. Clearly, persistence of excitation conditions are more easily satisfied in the latter approach due to the vast
amount of available data. In addition, averaging over a large number of samples
typically leads to an improved parameter estimation. Furthermore, since only offline computations are required to determine the parameters, standard industrial
implementations of motion controllers can be used for ILC with basis functions.
In this section, it is shown that ILC with basis functions can enhance robustness with respect to varying tasks. For axes in bonding equipment with exactly
repeating tasks the learning update (8.5) can be used, while for axes with varying
tasks it is advised to use (8.9). However, specifying performance and robustness
requirements in norm-optimal ILC associated with (8.5) typically requires cumbersome manual tuning of weighting matrices We , Wf and W∆f (resp. We , Wθ
and W∆θ ) to construct L and Q (resp. Lθ and Qθ ). The difficulties associated
with L and Q (resp. Lθ and Qθ ) are the key motivation to develop a unified ILC
approach with straightforward design rules that is applicable to both repeating
and slightly varying tasks.

8.3.4

Contribution of this chapter

This chapter aims to develop an ILC approach that achieves high performance for
repeating and varying tasks, while relying on easy-to-use design rules. Frequencydomain ILC has the potential to satisfy both requirements.
In frequency-domain ILC, performance and robustness requirements are specified by means of loop-shaping based methods in frequency domain. As a result,
cumbersome tuning of We , Wf and W∆f (or We , Wθ and W∆θ ) is avoided, as
is typically required in norm-optimal ILC. The low-complexity design method
used in frequency-domain ILC is the main advantage of this approach in industrial practice compared to norm-optimal ILC.
Similar to (8.5), a key assumption underlying frequency-domain ILC remains
that the system performs exactly repeating tasks. At present, an ILC approach
that i) exploits frequency-domain design rules, and ii) achieves high performance
for varying tasks, is not available. In view of these requirements, the contribution
of this chapter is threefold:
C1. A theoretical framework is developed for an ILC approach that achieves
high performance for both repeating and varying tasks.
C2. Easy-to-use design rules are proposed to trade-off performance and robustness requirements.
C3. The proposed framework is validated on an industrial bonding system for
both repeating and varying tasks, and compared to standard frequencydomain ILC.
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Frequency-domain ILC
(Sect. 8.4.1)
Design L(z) and Q(z)

fj+1 = Q(z)(fj + L(z)ej )

Axes with varying tasks
Projection step (Sect. 8.4.2)
Axes with
exactly repeating tasks

θ
Axes with
Determine
θ varying
∈ Rntasks
:
 j+1

proj
min SP fj+1 − fj+1 (θj+1 )

θj+1

2
2

proj
Construct fj+1
= Ψrj+1 θj+1

Apply FF signal &
measure ej+1

Fig. 8.4. Approach proposed in this chapter.

8.4

Projection-based ILC

In this section, an ILC approach is presented that achieves high performance
for repeating and varying tasks, while relying on easy-to-use design rules. An
overview of the proposed approach is depicted in Fig. 8.4.
In the proposed projection-based ILC approach, L(z) and Q(z) are designed
in frequency-domain using loop-shaping methods, and used to determine fj+1
according to an ILC learning update. Then, depending on the type of task:
1. Axes with exactly repeating tasks: Apply fj+1 in the next task;
proj
2. Axes with varying tasks: Determine θj+1 such that fj+1
= F(θj+1 )rj+1
proj
approximates fj+1 . Then, apply fj+1 in the next task.

A feedforward signal fj+1 is determined for each axis in the proposed approach, irrespective of the typical tasks performed by an axis. Only for axes
subject to varying tasks, an add-on is proposed to determine parameters θj+1 of
a feedforward controller based on the signal fj+1 . Similar to norm-optimal ILC
with basis functions, this projection step provides robustness against varying
tasks, as in Example 8.3.2.
In the remaining of this section, the proposed projection-based ILC approach
is explained in detail. First, frequency-domain ILC is briefly recapitulated.
Then, a projection step is proposed that can be used for axes with varying tasks.
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8.4.1

Frequency-domain ILC

A frequency-domain ILC algorithm to determine fj+1 is given by
fj+1 = Q(z)(fj + L(z)ej ),

(8.12)

where the learning filter L(z) and robustness filter Q(z) are discrete-time transfer
functions, see, e.g., [37]. A condition for monotonic convergence in the 2-norm
of the input signal fj over an infinite time interval is given by
sup |Q(ejω )(1 − L(ejω )S0 (ejω )P0 (ejω ))| < 1.

(8.13)

ω∈[0,2π]

A proof of (8.13) and monotonic convergence conditions for frequency-domain
ILC are proposed in [126].
Design considerations for L(z) and Q(z) are well-known for frequency-domain
ILC algorithms, see, e.g., [124] and [37]. In a closed-loop setting with a parallel
controller structure, L should approximate the inverse of S0 P0 . The design of Q
is a trade-off between convergence and the achievable asymptotic error. Ideally,
Q has a unit gain for all frequencies.

8.4.2

Projection step for frequency-domain ILC

For axes subject to varying tasks, a projection step is proposed to approximate
proj
proj
fj+1 in (8.12) with fj+1
= F(θj+1 )rj+1 . Since fj+1
is a function of rj+1 , robustness against varying tasks can be achieved, see Example 8.3.2. First, an
proj
equivalent parametrization for fj+1
is presented in Definition 8.4.1 to simplify
notation. Second, basis functions are proposed for high-precision motion systems. Finally, an optimization problem is posed to determine θj+1 .
Definition 8.4.1. The feedforward signal fjproj is parameterized as
fjproj (θj ) = Ψrj θj ,
with parameters θj ∈ Rnθ and basis functions
Ψrj = [ψ1 rj ψ2 rj . . . ψnθ rj ] ∈ RN ×nθ .
The design of the basis functions Ψrj depends on the properties of P0 . For
high-precision motion systems, a good description of the low-frequency behavior
of P0 can be obtained by using basis functions that are derivatives of rj [178].
Typically, Ψrj consist of position, velocity, acceleration, jerk and snap setpoints,
which correspond to the 0th , 1st , 2nd , 3rd and 4th order derivative of rj , respectively. For example, for rj as shown in Fig. 8.5, Ψrj is depicted in Fig. 8.6.
Further motivation for this basis is given in [104] and [178].
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Fig. 8.5. Reference rj of a typical pick and place task in a wire-bonder.

Next, an optimization problem is presented to determine θj+1 . Let fj+1 be
determined by (8.12), and let êj+1 in task j + 1 be given by (8.4). Then, θj+1 is
determined according to
θ̂j+1 = arg min J(θj+1 ),

(8.14)

2
J(θj+1 ) = kêj+1 − êproj
j+1 (θj+1 )k ,

(8.15)

θj+1

with optimization criterion

and predicted error êproj
j+1 , assuming that rj+1 = rj , given by
proj
êproj
j+1 (θj+1 ) = ej − SP(fj+1 (θj+1 ) − fj ),

(8.16)

proj
where fj+1
(θj+1 ) is defined according to Definition 8.4.1.
By substituting (8.4) and (8.16) in (8.15), and rearranging terms it follows
that (8.15) is equivalent to

J(θj+1 ) = SPfj+1 − SPΨrj θj+1

2

.

(8.17)

Clearly, minimizing with respect to θj+1 in (8.14) with J(θj+1 ) in (8.17) is
equivalent to the linear least squares solution to
ΨSPrj θj+1 = SPfj+1 ,

(8.18)

with SPfj+1 ∈ RN ×1 , and ΨSPrj defined as
ΨSPrj = [SPψ1 rj SPψ2 rj ... SPψn rj ] ∈ RN ×nθ .

(8.19)

By assuming that ΨTSPrj ΨSPrj is nonsingular, the unique solution to (8.18) is

−1
θ̂j+1 = ΨTSPrj ΨSPrj
ΨTSPrj SPfj+1 .

(8.20)
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Fig. 8.6. Basis functions Ψrj selected as derivatives of rj depicted in Fig 8.5.
Plots [a]-[e] show the position, velocity, acceleration, jerk and snap basis function, respectively.
proj
Weighting both fj+1 and fj+1
with SP in (8.17) is essential to achieve high
performance. To see this, note that the weighting with SP in (8.17) implies
proj
that fj+1
(θj+1 ) is determined such that êproj
j+1 approximates êj+1 . Hence, θj+1
in (8.14) is computed with respect to the performance measure êj+1 . Concluding,
the proposed projection step can be used to obtain robustness with respect to
varying tasks, at the expense of a reduction in performance.

Remark 8.4.1. The assumption that ΨTSPrj ΨSPrj is nonsingular imposes a
persistence of excitation condition on rj . If ΨTSPrj ΨSPrj is singular, the resulting
parameters θ̂j+1 are non-unique. As a result, multiple solutions for θ̂j+1 can be
found. A particular solution for (8.20) can be found using the pseudo-inverse of
ΨTSPrj ΨSPrj .
Remark 8.4.2. In the proposed method, fj+1 is determined by means of frequencydomain ILC. Clearly, it is also possible to determine fj+1 based on (8.5), i.e.,
norm-optimal ILC, and then determine θj+1 as in (8.14). However, this approach still requires cumbersome tuning of weighting functions to address the
trade-off between performance and robustness in ILC.
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Fig. 8.7. Block scheme corresponding to Procedure 8.4.2.

8.4.3

Projection-based ILC procedure

In this section, two procedures are presented for the proposed projection-based
ILC approach. First, Procedure 8.4.1 is proposed for axes subject to exactly repeating tasks, and therefore implements standard frequency-domain ILC (SILC).
Procedure 8.4.1. (SILC) Axes with Exactly Repeating Tasks
(A) Initialization Procedure
A1. Determine a parametric model SP (z).
A2. Design L(z) and Q(z) using loop-shaping in the frequency domain.
A3. Set j = 0.
(B) Given fj and measured ej from the j th task, determine fj+1 according to
the learning update in (8.12).
(C) Terminate: set j → j + 1 and repeat (B) until convergence.

8.5 Convergence
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Procedure 8.4.2 is proposed for axes subject to varying tasks, and implements
projection-based ILC (PILC).
Procedure 8.4.2. (PILC) Axes with Varying Tasks
(A) Initialization Procedure
A1. Determine a parametric model SP (z).
A2. Design L(z) and Q(z) using loop-shaping in the frequency domain.
A3. Select Ψr0 and θ0 , and set f0proj = Ψr0 θ0 .
A4. Set j = 0.
(B) Given fjproj , measured ej in the j th task, rj and rj+1 , perform the following
proj
steps to determine fj+1
B1. Construct fj+1 = Q(fjproj + Lej ).
B2. Solve θ̂j+1 = (ΨTSPrj ΨSPrj )−1 ΨTSPrj SPfj+1 .
proj
B3. Construct fj+1
= Ψrj+1 θ̂j+1 .

(C) Terminate: set j → j + 1 and repeat (B) until convergence.
For standard ILC in Procedure 8.4.1, monotonic convergence of fj+1 can
be verified by the well-known condition (8.13). Redesigning L(z) and Q(z) is
required if (8.13) is not satisfied. For Procedure 8.4.2, sufficient conditions for
proj
monotonic convergence of fj+1
in the 2-norm are derived in the next section.
Remark 8.4.3. Convergence of Procedure 8.4.2 is insensitive to the initial parameters θ0 since (8.18) has an analytic solution.

8.5

Convergence

In this section, it is shown that a sufficient condition for monotonic convergence
of Procedure 8.4.2 is given by (8.13). That is, Procedure 8.4.2 has an identical
condition for monotonic convergence as Procedure 8.4.1. First, a connection is
presented between conditions for monotonic convergence on an infinite and finite
time interval.
Lemma 8.5.1. Let L and Q denote the convolution matrices corresponding to
L(z) and Q(z), respectively. Then, the frequency-domain condition for monotonic convergence in the 2-norm as given in (8.13) implies that

σ̄ Q(I − LS0 P0 ) < 1,
(8.21)

if L(z) and Q(z) are stable and causal.
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A proof of Lemma 8.5.1 follows directly from [126, Theorem 8]. Note that
(8.21) implies that (8.12) is monotonically convergent in the 2-norm for a finite
time interval.
Remark 8.5.1. Lemma 8.5.1 does not necessarily hold if L(z), Q(z) ∈ RL∞ .
proj
is given in the
To proceed, a condition for monotonic convergence of fj+1
following lemma.

Lemma 8.5.2. Let L and Q denote the convolution matrices corresponding to
proj
L(z) and Q(z), respectively. The input signal fj+1
is monotonic convergent in
the 2-norm if and only if


σ̄ Ψrj+1 (ΨTSPrj ΨSPrj )−1 ΨTSPrj SPQ(I − LS0 P0 ) < 1.
(8.22)
proj
Proof. Substituting (8.20) in fj+1
= Ψrj+1 θj+1 gives


−1
proj
fj+1
= Ψrj+1 ΨTSPrj ΨSPrj
ΨTSPrj SPfj+1 ,

(8.23)

fj+1 = Q(fjproj + Lej ).

(8.24)

From Step B1 in Procedure 8.4.2 it follows that fj+1 = Q(fjproj + Lej ) in PILC.
In finite time, this becomes

By using (8.24) in (8.23) it follows that

−1
proj
fj+1
=Ψrj+1 ΨTSPrj ΨSPrj
ΨTSPrj SPQ(fjproj + Lej ).

(8.25)

Substituting (8.2) into (8.25) yields

−1
proj
fj+1
=Ψrj+1 ΨTSPrj ΨSPrj
ΨTSPrj SPQ


× (I − LS0 P0 )fjproj + LS0 rj+1 .
Then, condition (8.22) follows from [126, Theorem 2].

Lemma 8.5.1-8.5.2 enable the result in the following Theorem.
Theorem 8.5.1. Suppose that L(z), Q(z), SP (z) and ψi (z), i = 1, 2, ..., nθ ,
are stable and causal, and rj+1 = rj . Let L, Q and SP denote the convolution
proj
matrices corresponding to L(z), Q(z) and SP (z), respectively. Then, fj+1
is
monotonic convergent in the 2-norm if
sup |Q(ejω )(1 − L(ejω )S0 (ejω )P0 (ejω ))| < 1.

ω∈[0,2π]

(8.26)
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Proof. Condition (8.22) in Lemma 8.5.2 is upper bounded by


σ̄ Ψrj+1 (ΨTSPrj ΨSPrj )−1 ΨTSPrj SPQ(I − LS0 P0 )
≤ σ̄ (Γ) σ̄ (Q(I − LS0 P0 ))

(8.27)

where
Γ = Ψrj+1 (ΨTSPrj ΨSPrj )−1 ΨTSPrj SP.

(8.28)

If σ̄(Γ) = 1, it follows from (8.27) that (8.22) is equal to (8.21). Then, Lemma 8.5.1
proj
implies that (8.26) is a condition for monotonic convergence of fj+1
.
To show that σ̄(Γ) = 1 for the considered case, note that causality of SP (z)
and ψi (z), i = 1, 2, ..., nθ , imply that SP and Ψrj+1 (ΨTSPrj ΨSPrj )−1 ΨTSPrj commute in (8.28). As a result, (8.28) is equivalently given by
Γ = SPΨrj+1 (ΨTSPrj ΨSPrj )−1 ΨTSPrj .
Furthermore, the assumption that rj+1 = rj implies that an equivalent expression for Γ is given by
Γ = SPΨrj (ΨTSPrj ΨSPrj )−1 ΨTSPrj .

(8.29)

By using (8.19) in (8.29), an equivalent expression for Γ is
Γ = ΨSPrj (ΨTSPrj ΨSPrj )−1 ΨTSPrj .

(8.30)

Expression (8.30) is a projection matrix, which has the property that σ̄(Γ) = 1.
Then, from (8.27) it follows that


σ̄ Ψrj+1 (ΨTSPrj ΨSPrj )−1 ΨTSPrj SPQ(I − LS0 P0 )
= σ̄ (Q(I − LS0 P0 )) ,

and Lemma 8.5.1 implies that (8.26) is a condition for monotonic convergence
proj
of fj+1
.
Concluding, it is shown that monotonic convergence of Procedure 8.4.2 can
be guaranteed by designing L(z) and Q(z) such that the frequency-domain condition in (8.13) holds. That is, monotonic convergence of fj+1 directly implies
proj
monotonic convergence of fj+1
in PILC. Essentially, the projection step adds
additional robustness to the ILC scheme, as precisely characterized by (8.27).
Similar to standard frequency-domain ILC in Procedure 8.4.1, redesigning L(z)
and Q(z) is required if (8.13) is not satisfied.
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Fig. 8.8. Mechanics of the Z-axis of the wire-bonder.
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Fig. 8.9. Schematic illustration of the Z-axis of a wire-bonder using a 2 mass
spring damper system.

8.6
8.6.1

Experimental results
Case study

In this section, a case study is presented based on the Z-axis of a wire-bonder.
This case study aims to:
1. Confirm that SILC (Procedure 8.4.1) and PILC (Procedure 8.4.2) are determined using identical design methods;
2. Present experimental results for SILC and PILC with respect to:
a. exactly repeating tasks;
b. varying tasks.
The experimental results in this case study are obtained by performing 20 tasks
on the Z-axis of a wire-bonder. The reference trajectories in these tasks correspond to common pick and place tasks for the Z-axis during production. The
reference trajectories rj used in task j = 0, 1, ..., 9, and in task j = 10, 11, ..., 19
are depicted in Figure 8.12. Note that r10 in task j = 10 is varied with respect
to r9 in task j = 9. As such, experimental results for exactly repeating tasks are
presented in task j = 0, 1, ..., 9 and j = 11, ..., 19, while experimental results for
varying tasks are given in task j = 10.
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Fig. 8.10. Bode diagram showing frequency response data of the system P0
(black), and the estimated 4th order model P (z) (dashed gray).

8.6.2

Experimental setup

A schematic representation of the mechanics of the Z-axis is shown in Figure
8.8. This axis is used to position an ultrasonic transducer carrying the wire at
its tip, as in [132], and is actuated by means of a voice coil motor, while a linear
encoder with a resolution of 5.5 nm is used as position sensor. The structure is
connected with hinges to the XY table. All experiments are performed with a
sampling frequency of 8 kHz.
The mechanics of the Z-axis are modeled by two masses connected by springs
and dampers, as depicted in Figure 8.9. Mass m1 is the mass of the main structure carrying the actuator and sensor. The hinges that connect this structure
to the fixed world are modeled with stiffness k1 and damping d1 , while z1 represents the encoder position measurement. Mass m2 represents the mass of the
transducer. The clamping of the transducer with the main structure induces
resonant dynamics, and are denoted by k2 , d2 .
The identified frequency response function, determined as in [139], of the
system P0 from motor force F to the encoder position z1 is depicted in Figure
8.10. The resonance at 23 Hz corresponds to the resonance frequency of the
hinges attached to the main structure. The first anti-resonance at 724 Hz shows
the decoupling of the mass of the ultrasonic transducer from the motor and the
encoder support. Furthermore, higher-order dynamical behavior is present in
the high-frequency region.
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The feedback controller for the Z-axis is a discrete-time PD controller in
series with two notch filters at 1000 Hz and 2046 Hz, respectively. A state-space
representation of the discrete-time feedback controller Cf b (z) is given by
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 2
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0
0

0
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Next, Procedure 8.4.2 is invoked and explained step-by-step.

8.6.3

Step A1 - Parametric model SP (z)

The identified frequency response data of the system P0 is used to estimate a
discrete time parametric model P (z). Figure 8.10 shows the Bode plot of this
model P (z) and the frequency response of P0 . Visual inspection reveals that
P (z) is an accurate model of the frequency response in the frequency range up
to approximately 1500 Hz. A state-space model of P (z) is given by


 
3.407 −1.195 0.835 −0.482
32
 4

0
0
0
0
 , Bp =   ,
Ap = 
 0
0
1
0
0 
0
0
0.5
0
0


Cp = 2.43 4.293 −7.63 10 ,
Dp = 30.76.

Based on Cf b (z) and P (z), a minimal state-space realization for SP (z) is
determined with McMillan degree 9.

8.6.4

Step A2 - ILC filters L(z) and Q(z)

In the proposed PILC approach, L(z) and Q(z) are designed using standard ILC
design rules, as elaborated upon in Procedure 8.4.2. As such, identical design
methods are used as for SILC in Procedure 8.4.1. The key difference between
both methods lies in the projection step outlined in Section 8.4.2.
Here, the learning filter L(z) is determined using the ZP ET C algorithm
[170]. The robustness filter Q(z) is designed as a 4th order low-pass filter with
a cut-off at 750 Hz to satisfy the condition for monotonic convergence in Theorem 8.5.1, as shown in Figure 8.11.
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Fig. 8.11. Magnitude Bode plot of i) the designed Q filter (dashed dotted
gray), ii) |1 − LS0 P0 | (black), and iii) |Q(1 − LS0 P0 )| (gray) showing that the
convergence criterion in (8.26) is satisfied.
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Fig. 8.12. Reference trajectory rj for task j = 0, 1, ..., 9 (black), and for task
j = 10, 11, ..., 19 (dashed gray).

8.6.5

Step A3 - Feedforward parameterization and θ0

For the considered system, the selected basis functions are position, velocity, acceleration, jerk, and snap of the reference trajectory. The position and velocity
basis functions can compensate for the first flexible mode at 23 Hz, while acceleration feedforward is used to compensate for the rigid body dynamics. The jerk
and snap terms can compensate for the low-frequency contributions of residual
modes [104]. All derivatives of r are computed using the forward Euler difference
method. The initial parameters are set to zero.

8.6.6

Steps B1–B3 - Implementation and results

As introduced in Sect. 8.6.1, the aim of this case study is to present experimental
results for SILC and PILC with respect to i) exactly repeating tasks and ii)
varying tasks. First, experimental results are presented for SILC and PILC with
respect to exactly repeating tasks.
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Fig. 8.13. The 2-norm of the measured error signal ej for j = 0, 1, .., 19 for
SILC (black) and for the proposed PILC method (dashed gray), showing the
superior performance of the proposed scheme in the case of a change in the
reference trajectory at j = 10.

a. Exactly repeating tasks: The reference trajectory rj is exactly repeating in
task j = 0, 1, ..., 9, and in task j = 11, ..., 19. Figure 8.13 shows that starting
from ||e0 ||2 = 0.8 mm in task j = 0, the 2-norm of e9 in task j = 9 has
converged to 3.7 µm for SILC and 7.4 µm for PILC. For exactly repeating tasks,
the performance with PILC is slightly less than with SILC due to the limited
basis of fjproj as defined in Def. 8.4.1. This observation is confirmed by the time
domain error signals in task j = 9 as depicted in Figure 8.14. Similar results are
obtained for tasks j = 11, ..., 19.
Next, consider SILC and PILC for varying tasks.
b. Varying tasks: Reference r10 in task j = 10 is varied with respect to r9 in
task j = 9, as depicted in Figure 8.12. Therefore, the key experimental result
motivating the proposed PILC approach is obtained in task j = 10. Figure 8.13
shows that ||e10 ||2 for SILC is equal to 67 µm (from 3.7 µm in task j = 9). This
confirms that the servo performance for SILC severely deteriorates for varying
reference trajectories. In contrast, the increase in 2-norm for PILC is restricted
to 9.1 µm (from 7.7 µm in task j = 9). This results illustrates that the servo
performance obtained with PILC is invariant to changes in the reference between
tasks. The corresponding time domain error signals for SILC and PILC in task
j = 10 as depicted in Figure 8.14 confirm these observations.
Based on the experimental results for SILC and PILC with respect to exactly repeating tasks and varying tasks, the following guidelines are proposed to
achieve high performance:
1. Exactly repeating tasks: implement Procedure 8.4.1;
2. Varying tasks: implement Procedure 8.4.2.
As such, a framework is obtained that is applicable to systems subject to both
repeating as varying tasks.
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Fig. 8.14. Top: Proposed method (gray) - Comparing the measured error
signal e9 in task j = 9 for reference trajectory r9 (left) and e10 in task j =
10 for r10 (right) confirms that the performance is insensitive to changes in
the reference trajectory. Bottom: Standard frequency-domain ILC (black) Analyzing the measured e9 in task j = 9 for reference trajectory r9 (left) and
e10 in task j = 10 for r10 (right) shows that the performance deteriorates by
changing the reference trajectory.

8.7

Conclusions

In this chapter, an ILC approach is proposed that is applicable to both repeating
as varying tasks, while relying on loop-shaping based design rules in frequency
domain. For axes subject to exactly repeating tasks, a frequency-domain ILC
approach is used to achieve high performance. For axes subject to varying tasks,
a projection step is proposed to obtain robustness with respect to varying task.
Experimental results on a high-speed axis of a wire-bonder confirm that high
performance is obtained for repeating and varying trajectories.
The proposed ILC approach can be straightforwardly applied to other axes in
die- and wire-bonders. For axes with varying tasks, a thorough analysis should
be performed to quantify the allowable variations in the reference trajectory.
For axes with dominant non-linear dynamics, such as position-dependent friction, cogging and non-linearities in the motor, the proposed approach requires
extension of the used set of basis functions. The proposed ILC approach can
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be extended to compensate for other known repeating disturbances, and is applicable to systems with non-minimum phase zeros. Ongoing research focuses
on extensions to a rational basis as in Chapter 6, input shaping as in Chapter 7, random iteration-to-iteration variations [145], and multivariable systems.
Finally, connections should be investigated between the closely related design
approach in [189] and the proposed approach in the present chapter.

Part IV

Closing

Chapter 9

Conclusions and Recommendations

9.1

Conclusions

For many decades, the manufacturing sector has driven productivity, export,
and innovation. It is expected that a significant research and development effort
is, once again, required to meet future requirements in manufacturing. Accurate
and fast positioning is essential for economic viability of manufacturing equipment in many high-tech industries. Therefore, future requirements in terms of
positioning accuracy, throughput, and flexibility towards varying tasks are expected to be challenging. In this thesis, new identification for feedforward and
feedback control approaches are developed that potentially enable achieving such
challenging requirements. In particular, identification and control is investigated
of high-precision positioning systems used in semiconductor manufacturing.
Concerning identification for feedback control, innovations are presented in
the identification of models, the characterization of model uncertainty, and the
specification of control design objectives. The developed theoretical results for
feedback control are experimentally validated on a prototype industrial positioning system. Concerning identification for feedforward control, a new approach is
proposed to directly identify an inverse model of the system based on measured
data obtained in previous tasks. The developed theoretical results for feedforward control are experimentally validated on a nanopositioning system, wafer
stage, and wire-bonder.

9.1.1

System identification for feedback control

The performance of a feedback controller in a model-based design depends on
the specification of a suitable optimization criterion. Increasing requirements
on positioning systems necessitate the use of a mathematical model in the op-
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timization criterion that can describe a large number of flexible dynamics. In
addition, the selected uncertainty structure, and the proposed weighting functions should be carefully selected to achieve high performance. In view of these
observations, research challenge I can be summarized in terms of the two main
new contributions listed in Chapter 1, which will be further detailed below.
A new identification and robust control approach is proposed in Chapter
2 that is particularly suitable for positioning systems with pronounced flexible
dynamical behavior. This approach is developed based on the general distance
measure framework originally proposed in [105], which provides a unified approach to derive robust stability and performance guarantees for many standard
uncertainty structures. The main contribution of this chapter is the development of an identification for control approach within the general distance measure framework, which extends existing approaches that typically assume that
a model of the plant is a priori known. The identification approach is based on
a particular non-normalized coprime factorization in a dual-Youla uncertainty
structure, as often used in identification for control. Also, a controller synthesis
method is proposed, resulting in a complete identification and robust control
approach for systems with pronounced flexible dynamics (Contribution I).
The design of weighting functions for positioning systems is investigated in
Chapter 3. Developments in the mechanical design of positioning systems in conjunction with the use of more aggressive reference trajectories can potentially
result in significant cross-coupling between channels due to pronounced flexible
dynamical behavior. The directional effect of such flexible dynamical behavior
can often not be addressed in a diagonal weighting function design as typically
used for H∞ -control. Therefore, a non-diagonal weighting function design is
proposed that aims to improve the performance of positioning systems by explicitly addressing the cross-coupling introduced by flexible dynamical behavior.
By exploiting physical system properties in the design of the weighting functions,
the controller resulting from the H∞ -optimization problem can effectively compensate for pronounced flexible dynamical behavior (constituting contribution
II). The proposed weighting function design is experimentally validated on an
industrial positioning system, confirming a significant performance improvement
compared to a diagonal weighting function design.

9.1.2

System identification for feedforward control

Feedforward control for future positioning systems should simultaneously achieve
high servo performance, a high throughput, and flexibility with respect to varying tasks. To achieve this for future positioning systems, a novel feedforwardrelevant identification approach is proposed in this thesis that can effectively
handle a large number of flexible dynamics that are relevant for feedforward
control. In the remaining of this section, research challenge II is summarized in
terms of the contributions listed in Chapter 1.

9.1 Conclusions
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In Chapter 4 and 5, optimal estimation is investigated of a feedforward controller with a polynomial basis. It is shown that the achievable performance
with feedforward control can be directly related to the quality of the parameter estimates for the feedforward controller. In view of this observation, the
main result is a theoretical framework for parameter estimation that results in
unbiased parameter estimates with optimal accuracy in terms of variance (constituting contribution III and IV). To this end, the estimation of parameters
for feedforward control is cast into an instrumental variable framework, which
can effectively deal with closed-loop operation of the system. The developed
theory also enables an analysis of the limitations of existing approaches in terms
of accuracy and associated performance restrictions. In addition, a connection
between the proposed approach and manual feedforward tuning is established,
confirming the practical relevance of the proposed framework. The practical
relevance is confirmed by means of experimental results on a laboratory setup
and an industrial nanopositioning system. In addition, flexiblility with respect
to varying tasks is illustrated for the proposed approach.
An extension of the proposed estimation framework towards a rational basis
is developed in Chapter 6 for feedforward controllers. In view of the increasingly aggressive reference trajectories used in positioning systems, feedforward
controllers with a more complex parameterization are required to address flexible dynamical behavior that is relevant for feedforward control. A rational
basis has the potential to significantly enhance the performance of positioning
system with pronounced flexible dynamical behavior, while maintaining flexibility with respect to varying trajectories. First, the theoretical framework for
parameter estimation developed in Chapter 4 and 5 is extended towards feedforward controllers with a rational basis. The proposed approach leads to unbiased
parameter estimates with optimal accuracy in terms of variance (constituting
contribution V). Second, a noncausal implementation of rational feedforward
is presented that can further enhance performance by means of pre-actuation.
Experimental results on a wafer stage confirm the advantages of the proposed
approach compared to pre-existing methods.
As an alternative to the rational parametrization of a feedforward controller
proposed in Chapter 6, a joint input shaping and feedforward control approach
is developed in Chapter 7. The key idea is to extend the feedforward configuration with an input shaper such that flexible dynamical behavior in positioning
systems can be compensated. Hence, instead of extending the parametrization
of the feedforward controller towards a rational basis (Chapter 6), the proposed
feedforward configuration in Chapter 7 consists of an input shaper with a polynomial basis and a feedforward controller with a polynomial basis. The main
advantages of this feedforward configuration compared to the rational feedforward controller is that i) the resulting optimization problem has an analytic
solution and ii) stability of the feedforward configuration is guaranteed. Experimental results on an industrial nanopositioning system confirm that high
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performance can be obtained by means of the developed joint input shaping and
feedforward control approach.
The proposed feedforward-relevant identification approach in Chapter 4-6 can
be interpreted in the framework of ILC with basis functions, as is exemplified in
[12]. In view of this connection, a ILC approach with basis functions is proposed
in Chapter 8 that is very suitable for complex systems that comprise both exactly
repeating and varying reference trajectories from task-to-task. Herein, basis
functions are introduced in frequency-domain ILC to achieve high performance
when confronted with varying reference trajectories. As a result, the straightforward and effective design rules used in frequency-domain ILC can be adopted
to generate ILC signals for all motion axes of a positioning system. Hence, the
main contribution is a unified design framework that achieves high performance
for all reference trajectories. This is achieved by applying frequency-domain ILC
to axes with exactly repeating trajectories and frequency-domain ILC with basis
functions to axes with varying trajectories (constituting contribution VII). Experimental results on a high-speed axis of an industrial wire-bonder confirm that
the developed framework leads to high servo performance for both repeating and
slightly varying tasks.

9.2

Recommendations

Based on the presented developments in this thesis, the following recommendations are presented for ongoing research. For system identification for feedback
control, the following recommendations are made.
Identification for standard uncertainty structures: The identification
and control approach in Chapter 2 is focused on a dual-Youla parametrization,
as is commonly used in identification for control. The proposed framework
can be directly extended towards other uncertainty structures in the distance
measure framework. Then, the most suitable uncertainty structure can be used
for a given plant and control problem.
Controller order reduction: The controller synthesis approach in Chapter
2 typically results in high-order controllers, especially when multiple identification and control steps are required to achieve high performance. A high
order of the feedback controller can prohibit real-time implementation of the
proposed identification and robust control approach on a positioning system.
In this case, a controller reduction approach is indispensable. While controller
reduction in the ν-gap is investigated in, e.g., [165], and can be directly used
in the iterative identification and control approach in [49], similar results for
distance measures based on non-normalized coprime factorizations are not yet
available. It is therefore recommended to develop a generic controller order
reduction approach in the distance measure framework.

9.2 Recommendations
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Controller retuning: In Chapter 2, the existing controller is replaced by a
new controller that achieves a smaller robust stability margin. Instead of replacing the existing controller, a double-Youla parametrization enables retuning
the existing controller to improve the robust stability margin [154, 57, 168].
Over-sensing and over-actuation: In the non-diagonal weighting function
design proposed in Chapter 3, the number of sensors and actuators is equal
to the number of rigid-body modes of the system. Increasing the number of
sensors and actuators can potentially further improve servo performance, see,
e.g., [180], since performance limiting flexible dynamical behavior can be compensated such that the controller bandwidth can be improved. Also, additional
sensors and actuators can be useful in feedforward control to prevent excitation
of performance limiting flexible dynamics.
For system identification for feedforward control, the following recommendations are made.
Quantifying the allowable variations in the reference trajectory: The
developed feedforward approaches in this thesis aim to achieve flexibility with
respect to varying reference trajectories. At present, only systems are considered that are subject to slight variations in the reference trajectory, e.g.,
similar yet slightly varying acceleration and velocity profiles, and different end
conditions. As a result, the frequency content is mainly similar, and the performance with the proposed approach remains similar after changing the trajectory. Quantifying the maximal allowable variation in the trajectory such that
similar performance is obtained after changing the trajectory is not straightforward, in particular if the order of the feedforward controller is restricted.
Random variations from task-to-task are considered in, e.g., [189, 145, 55]. It
is recommended to establish connections to this research. Preliminary results
aimed to quantify the allowable variations in the reference trajectory are reported in [15, 11] for semiconductor manufacturing equipment.
Automated selection of basis functions: In the proposed feedforward approach, the basis functions are determined based on insight in the physical
system properties, and information with respect to the used reference trajectory. The selection of basis functions is closely related to model order selection,
see, e.g., [138], in which the trade-off is addressed that exists between bias due
to undermodeling and parameter variance. In ongoing research, this issue is
being investigated.
Multivariable systems: The proposed identification for feedforward approach
significantly improves servo performance for positioning systems. Experimental results are presented that illustrate the achieved performance improvement
for single-input, single-output systems. Initial result that extend similar algorithms to multivariable systems are reported in [30, Chapter 5] and [13].
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Inferential control: In many positioning system, the physical location where
performance is required does often not coincide with the sensor location. Furthermore, the performance locations is typically not directly measurable during
normal operation of the system. For example, in the wire-bonder considered
in Chapter 8, the position of the Z-axis is measured at the encoder, while performance is required at the tip of the axis. Similar considerations with respect
to performance locations hold for the A7 wafer stage considered in Chapter 6.
Inferential control approaches have been developed in a generalized standard
plant for motion systems [129] and feedforward control [32]. These approaches
aim to optimize a performance variable on a different physical location than
the sensor positions by using, e.g., a model of internal dynamics of the considered system and/or offline measurement of the performance location. It is
recommended to connect these inferential control methods with the developed
feedforward control approaches in this thesis to further improve performance
of positioning systems.
Position-dependent system dynamics: Positioning systems such as wafer
scanners are typically subject to position-dependent behavior. In particular,
a long-stroke wafer stage encounters significant position-dependency due to,
e.g., friction and cable slab [12, 11]. The preliminary results in [159] indicate
that the performance of such systems can be enhanced by explicitly addressing
position-dependent dynamics in the design of a rational feedforward controller
implemented as a input shaper. Herein, measured data from multiple positions
is successfully exploited to predict parameters at unmeasured positions. An
experimental case study is presented for a flexible beam, and shows promising
results. For future research, it is advised to extend the approach in [159] towards
multivariable systems, and perform experiments on a wafer stage system with
continuous scheduling, e.g., along the lines of [182].
Integrated design of reference trajectory and feedforward/input shaping: Throughout this thesis, feedforward controllers and input shapers are
designed for an a-priori known reference trajectory. Trajectory planning approaches typically take the dynamical behavior of the system into account, see,
e.g., [104], similar to the presented techniques for input shaping and feedforward. This points to some redundancy between the design of a feedforward
controller and input shaper, and trajectory planning. It is therefore advised
to investigate a combined design of reference trajectory, input shaping and
feedforward control. In particular, an approach is envisaged where all three
components are updated based on measured data, starting from an experiment
with a low-order reference trajectory.
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[143] K. Åström, Introduction to Stochastic control theory, ser. Mathematics in science
and engineering. Academic Press, New York and London, 1970, vol. 70.
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Summary
Manufacturing industries have stimulated economic growth in the past centuries,
and are expected to continue to do so in the near future. Technological challenges for next-generation manufacturing equipment are identified as: tighter
manufacturing tolerances, a higher throughput, and increased customization of
products. Positioning systems are a key enabler to achieve these challenges in
many manufacturing processes. For example, positioning systems are of critical
importance for economic viability of semiconductor manufacturing equipment
such as wafer scanners and wire-bonding equipment. In addition, positioning
systems are also important for, e.g., industrial printing systems and additive
manufacturing equipment.
In view of the technological challenges for the manufacturing of semiconductors, next-generation positioning systems are expected to simultaneously deliver
an improved positioning accuracy, enhanced processing speed, and flexibility
with respect to varying tasks. Control is expected to be essential to satisfy
these requirements. Traditionally, control design for semiconductor manufacturing equipment has been significantly simplified by using rigid-body models
for both feedback as feedforward control. Current requirements for positioning
systems allow for the use of such a rigid-body model with restricted complexity. Essentially, the flexible dynamical behavior of the system is concealed by
means of an integrated, optimized design of the mechanical construction and
the used reference trajectories. However, ignoring flexible dynamical behavior
is potentially unacceptable to achieve high positioning accuracy for positioning
systems that are subject to more aggressive reference trajectories. In this case,
flexible dynamical behavior cannot longer be treated as a parasitic effect. Therefore, it is expected that high fidelity models are required for both feedforward
and feedback control to satisfy the challenging requirements for next-generation
positioning systems. In this thesis, such models are proposed for positioning systems with pronounced flexible dynamical behavior that are subject to aggressive
reference trajectories.
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Concerning feedback control, two contributions are presented in this thesis
to improve the specification of a suitable optimization criterion for the synthesis
of model-based feedback controllers. First, an identification for control approach
is proposed that is particularly suitable for positioning systems with pronounced
flexible dynamical behavior. Existing approaches can potentially result in conservative robust stability and robust performance conditions for such systems,
since uncertainty in lightly damped zeros and poles cannot be effectively handled.
The proposed identification for control procedure is tailored towards this class
of systems, leading to reduced conservatism in the robust stability and performance guarantees. Based on the identified model, a controller synthesis method
is proposed that leads to a high-performance controller that takes robust stability into account. Second, a new approach is developed to design non-diagonal
weighting functions for positioning systems with pronounced flexible dynamical behavior. Traditional weighting function design employs diagonal weighting
functions, based on the underlying assumption that the system behaves as a rigid
body. However, next-generation positioning systems are expected to exhibit significant interaction between channels due to pronounced flexible dynamical behavior, which can be effectively addressed with non-diagonal weighting functions.
The achieved performance improvement is illustrated through an experimental
case study of a motion system.
Concerning identification for feedforward control, a new modelling approach
is proposed that can simultaneously achieve high servo performance and flexibility with respect to varying tasks. To achieve this for positioning systems that
are subject to aggressive reference trajectories, a feedforward-relevant model of
the inverse plant is directly identified based on measured data obtained in previous tasks. A typical model consists of the to-be-estimated parameters and
basis functions which are used to approximately reflect the dynamical behavior of the inverse plant. Optimization algorithms are proposed to estimate the
parameters of a feedforward controller with i) polynomial basis functions, ii) rational basis functions, and iii) a joint input shaping extension. Furthermore, the
statistical properties of the estimated parameters are analyzed, and it is shown
that the proposed method results in unbiased estimates with optimal accuracy
in terms of variance. Experimental results confirm the advantages of the proposed approaches compared to pre-existing methods for various systems used
in semiconductor manufacturing. As a final contribution, an alternative tuning approach is proposed for feedforward control that is motivated by industrial
practice, and relies on straightforward and effective design rules.
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