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Summary

Data-Driven Linear Parameter-Varying Control

A Frequency Domain Approach

Operating condition-aware control algorithms are essential to keep up with the ever-

increasing need to improve the performance, accuracy, and efficiency of next-generation

mechatronic systems, ranging from vibration isolation equipment, pick-and-place ma-

chines, and lithography scanners to health-care applications. To meet with these

challenging performance demands, next-generation machines in these sectors are envi-

sioned to exhibit complex nonlinear behavior, such as position-dependent or operating

condition-dependent dynamics. Developing mathematical models for control that accu-

rately describe such complex dynamics is difficult based on first principles knowledge

or even data and it is often subject to high model uncertainty. Designing controllers

directly from measured system data can circumvent the involved modeling steps, shifting

the focus directly on the control objective.

This thesis aims to improve the performance of future mechatronic systems by developing

control strategies for complex systems, while at the same time simplifying the involved

modeling step using data. Presently, performance of the available methods that use

measurement data to design directly operating-condition-unaware Linear Time-Invariant

(LTI) controllers can be severely limited in the face of complex dynamics. The following

challenges are present. Firstly, to be able to adapt to varying conditions of the system,

an operating-condition-aware controller is required. Secondly, to avoid the modeling

step, the controller should be selected such that stability and performance can be

analyzed and guaranteed during control design based on measurement data without

knowing the underlying data generating system.

In this thesis, a data-driven Linear Parameter-Varying (LPV) control design framework

is developed that provides performance improvements for complex mechatronic systems

by incorporating knowledge about the operating conditions. This thesis includes

the following main contributions towards achieving the posed challenges. Firstly,
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an LPV parameterization of the controller is introduced that ensures adaptability

and awareness of the controller on the operating conditions of the system. Secondly,

the modeling step is circumvented by substituting mathematical models with local

Frequency Response Function (FRF) estimates that result from measured data, for

which algorithms are developed to analyze and design LPV controllers even in case

of multiple inputs and multiple outputs. Thirdly, it is shown that the proposed LPV

controller parameterization together with a special realization algorithm provides global

guarantees during operation (even under varying scheduling trajectories) in terms of

universal shifted stability and performance. These results allow for reliable data-driven

design of operating condition-aware controllers that enable performance improvements

and wide-range stability guarantees for complex mechatronic systems compared to

Linear Time-Invariant (LTI) designs.

Performance of the developed methods is demonstrated on applications ranging from

laboratory-scale setups to industrial applications. It is shown that designing controllers

directly from available data, while incorporating knowledge about the position-dependent

or operating condition-dependent behavior significantly improves the performance of

next-generation complex mechatronic systems.
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Chapter 1

Introduction

1.1 Increase in complexity of high-tech systems

1.1.1 The impact of high-tech systems on society

Technology plays a crucial role in many aspects of human life. Communication devices

such as smartphones, tablets, and computers play an important part in our day-to-day

activities. Also, energy and climate systems, health-care and mobility applications,

transport vehicles, and many more benefit our daily lives. Over the years, these tech-

nologies have evolved rapidly, but society has a growing demand for more functionality.

The performance, reliability, and safety of these devices are of paramount importance

and continual innovation is necessary to keep up with the evolving market, while at

the same time, aiming for cost reduction and increase in production. This requires

continual technological advancements in a variety of industries, such as the space and

semiconductor industries, that are behind the manufacturing of these applications.

1.1.2 System complexity increases

Mechatronic systems are at the heart of manufacturing equipment and high-tech appli-

cations. The notion of mechatronic systems covers multi-disciplinary devices consisting

of electro-mechanical motion systems governed by control algorithms. To meet future

requirements, a significant increase in complexity of next-generation motion systems is

envisaged. To reduce costs and increase performance, current trends in mechatronic

system design dictate lightweight system architectures (Oomen and Steinbuch 2020).

As a result, next-generation motion systems exhibit complex dynamic behavior, which

has important consequences for control design as illustrated by the innovative industrial

examples of high-tech mechatronic systems in Figure 1.1.
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(a) (b)

(c) (d)

Figure 1.1: Examples of high-tech mechatronic systems: (a) Sentinel-2 satellite enabling low-Earth

orbit missions with the objective of monitoring Earth’s surface (source: European Space Agency); (b)

James Webb telescope used for space astronomy missions (source: European Space Agency); (c) ASML

wafer scanner for the production of Integrated Circuits (ICs) (source: ASML); (d) wire bonder for

packaging of ICs (source: ASMPT).

1.1.3 Complexity in space applications

Modern space applications including low-Earth orbit satellites, Figure 1.1a, and as-

tronomy telescopes, Figure 1.1b, have to meet extremely challenging pointing accuracy

requirements. For example, space observation missions demand higher resolution im-

ages and the ability to better detect dim objects. This necessitates the use of bigger

optical instruments, requiring larger and more expensive launch vehicles. This mo-

tivates lightweight system design that is inherently more flexible and therefore more

susceptible to micro-vibrations caused by on-board equipment such as sensors, solar

array panels, thrusters, or cryo-coolers. The biggest source of micro-vibrations is the

attitude control system, consisting of reaction wheel assemblies and Control Moment

Gyroscopes (CMGs), where the contents of the micro-vibrations depend on the operating

conditions of the attitude control system. Micro-vibrations severely degrade the image

quality by introducing distortions and blurring artifacts, becoming a key performance

limiting factor (Preda 2017; Preda et al. 2018). Hence, advancements in control of
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active vibration isolation equipment is necessary.

Aside from inducing micro-vibrations, CMGs are frequently used to control the attitude

of spacecraft (Bedrossian et al. 2009; Kristiansen et al. 2005), but also for the roll-

stabilization of ships (Townsend and Shenoi 2011). CMGs are multibody angular

momentum devices that can exert forces on the carrying vehicle, causing a change in

attitude, e.g., orientation of a satellite. They are characterized by complex behavior

and challenging rotational dynamics that are operating condition-dependent, requiring

complex control algorithms.

1.1.4 Complexity in semiconductor manufacturing

The semiconductor industry plays a key role in the technological development of

computing devices such as computers and smartphones. ICs are at the heart of these

devices and are responsible for the computational power and communication capabilities.

Manufacturing of ICs consist of many steps, including the lithographic process involving

extreme ultra-violet light to print IC patterns on a silicon wafer, slicing the many ICs

out of the wafer, and assembling the ICs into a semiconductor housing.

The main step in the production of ICs is the lithographic process. During this process,

a silicon wafer is exposed by Extreme Ultra-Violet (EUV) light to print the IC patterns

on this wafer. This requires accurate and fast positioning and control of the wafer by a

so-called wafer stage, responsible for positioning the silicon wafer; the reticle stage, the

stage positioning the IC blueprint; and a variety of mirrors to point the EUV light at the

correct location. The machine responsible for these tasks is shown in Figure 1.1c, and

the various mechatronic subsystems, including the wafer stage, reticle stage, and mirrors,

require sub-nanometer accurate positioning in order to produce working ICs. To meet

the ever-increasing demands for faster and more functional devices, ICs with smaller

feature sizes and spacing are required1, while, simultaneously, maintaining or increasing

production rates. The ever-increasing performance requirements necessitate the design

of machines that produce smaller chips faster, requiring more accuracy, performance, and

throughput. This results in systems with complex dynamics where position-dependent

and operating condition-dependent behavior become almost unavoidable (Oomen 2018).

For instance, spatio-temporal deformations of the moving masses, e.g., the wafer stage,

are observed differently depending on the position of the mass, see, e.g., (Butler 2011;

Van de Wal et al. 2002; Wassink et al. 2005; Tóth, Wal, et al. 2011; Voorhoeve et al.

2020).

Wire bonding machines, see Figure 1.1d, create interconnections between the ICs

and its housing. As the feature sizes and connector spacings in ICs get smaller,

the wirebonding machines need to be more accurate as well, while also increasing

production rates to maintain or improve profitability. These stringent performance

1Feature size refers to the size and spacing of elements on a chip, e.g., the size of a transistor, or

distance between dynamic RAM (memory) cells.
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requirements on the semiconductor back-end, including wire bonding machines, are

achieved through extremely fast and accurate moving motion systems, while reducing

equipment and manufacturing costs. Consequently, the systems are more susceptible to

disturbances and operating condition-dependent or position-dependent dynamics, caused

by actuation, sensing, or varying mass distributions (Haren et al. 2022). These complex

operating condition-dependent or position-dependent dynamics severely hamper the

achievable performance and handing of these dynamics is a key challenge to overcome

for maintaining and improving the performance of next-generation systems.

1.2 Current state of the art in motion control

1.2.1 The control problem

In the theory of systems and control, the system is a mathematical representation of

the dynamic behavior of an application, e.g., the examples in Figure 1.1. We often

cluster the signals that connect the system to its environment to inputs and outputs.

The goal of control is to make the system output behave in a desired way by control

of the inputs that can be manipulated. What is desired can be characterized in two

ways: a regulator problem or a servo problem. In a regulation problem, the input is

manipulated to counteract the effect of an external disturbances on the system while

holding a given setpoint. In a servo problem, the goal is to manipulate the inputs

such that the output follows a desired reference trajectory. We call the algorithm that

adjusts the inputs the controller.

1.2.2 Design of mechatronic systems

Design of high-precision mechatronic systems, including those in Section 1.1, is achieved

by integration of a well designed electro-mechanical system and a high-performance

motion controller. As pointed out by Ziegler and Nichols, high-performance can not

be achieved by focussing on only one of these aspects (Ziegler and Nichols 1943).

Traditional mechatronic system design aims at designing systems with high structural

stiffness to ensure rigid-body behavior, insensitivity to disturbances, and to avoid

parasitic effects. In turn, capable system design enables the design of high-performance

motion controllers. Although, up to now this design philosophy has worked well, next-

generation mechatronic systems become more lightweight, as illustrated in Section 1.1,

resulting in complex dynamics that are sensitive to disturbances, parasitic effects, and

dynamics that may vary depending on the operating conditions of the system. These

increased sensitivities severely limit the achievable performance if not taken into account

during the control design.

1.2.3 Traditional motion control design approach

The main goals in motion control are servo and regulation problems, i.e., let the system

follow a desired reference trajectory r, while rejecting disturbances d and measurement
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u

Figure 1.2: Traditional one degree of freedom control architecture with plant G and feedback controller

K. The signals r, d, and η define the reference, disturbance, and measurement noise, affecting the

loop behavior respectively. The signals e, y, u, and uff define the error, measured plant output, plant

input, and feedforward input, respectively.

noise η. This is typically achieved by the control architecture depicted in Figure 1.2.

Here, G is a mathematical representation of the system, K is a feedback controller, uff
denotes the input signal exerted on the system, e.g., a force, and y denotes the measured

output signal, e.g., a position. An obvious performance objective is to minimize the

tracking error

e = S (r −Guff)
︸ ︷︷ ︸

(i)

− Sd
︸︷︷︸

(ii)

− Sη
︸︷︷︸

(iii)

, (1.1)

with S = (1 − GK)−1 the sensitivity function. Here, the feedforward input uff only

appears in the first term (i) in (1.1), and the feedback controller K appears in (i)-(iii). It

follows that the reference r in (i) is perfectly tracked by choosing uff such that r = Guff .

Additionally, the remainder of the error signal can be rejected, i.e., e = 0, by designing

K such that S = 0. However, in reality this can not be achieved because the feedback

controller K reacts to a delayed plant error signal e. This causal relationship is also

known as the waterbed effect2 (Skogestad and Postlethwaite 2001, §5.3.2), and suggests

that there is a trade-off between frequency ranges in which r, d, and η can be rejected.

This fundamental limitation suggests a design philosophy where uff is designed such

that nominal reference tracking is achieved, i.e., (i) is small, and K is designed to ensure

stability and robust regulation of the reference r in the presence of disturbances d, noise

η, and uncertainties3 (Van de Wal et al. 2002). In this thesis, the focus is on the design

of the feedback controller K, for which the state of the art is described in the following

sections.

1.2.4 Obtaining accurate models

Any control design approach to arrive at the controller K requires knowledge of the true

system G. This knowledge often comes in the form of a mathematical model, but can

also be derived from data obtained from the system. One the one hand, models can be

derived mathematically, through first-principles modeling. This is often time-consuming

and suffers from discrepancies resulting from inaccurate parameters or from the inability

to accurately capture all physical phenomena. On the other hand, if access to the system

2The waterbed effect describes the effect that if |S| is decreased for some frequencies it has to

increase for other frequencies.
3Uncertainty is the mismatch between the true system and the model, e.g., ∆ = Gtrue −Gmodel.
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System

Figure 1.3: Traditional system identification based control design approach starting from data gathering,

system identification and modeling to control design based on a parametric model.

Figure 1.4: Frequency response function (blue) and estimated parametric model (orange) of a vibration

isolation setup found in satellites. Estimation of a parametric model gives a compact representation

of the main dynamic aspects of the system, but inevitably results in a loss of information, i.e., it

introduces a modeling error.

is available, system identification procedures provide a fast, accurate, and inexpensive

approach to characterize the system dynamics by directly employing measured data.

A traditional control design overview is visualized in Figure 1.5. In the system identifi-

cation steps, we distinguish between two approaches: parametric and non-parametric

approaches. Non-parametric approaches, specifically Frequency Response Functions

(FRFs), play a key role in control design for mechatronic systems (Pintelon and

Schoukens 2012; Oomen and Steinbuch 2020) for a number of reasons. An example of

an FRF is visualized in a Bode plot in Figure 1.4. First, the FRFs can be used as a

basis for control design, using e.g., loop shaping methods. Moreover, FRF data can

be used as a basis for parametric identification, see Figure 1.4, where also the model

order, structure, and number of resonance modes can be selected from data. However,

this step in the identification process always results in a model mismatch, which can

severely hamper the achievable performance. This motivates the design of controllers

directly from frequency domain data, as discussed in the next section.



1.2. Current state of the art in motion control 7

1.2.5 Direct frequency-domain data-based control

Design of the feedback controller can be distinguished in two branches, namely model-

based control design and control design directly from frequency-domain data. Where

modern control techniques rely on an accurate parametric model of the to be controlled

system, controllers can also be designed directly from frequency-domain data, providing

the same guarantees as in the model-based setting. We first consider the design of

controllers using the latter techniques in this section, followed by model-based control

in the next section.

Frequency-domain techniques for the analysis and design of Single-Input Single-Output

(SISO) systems have been the industrial state of the art for decades, and are indispens-

able in a control engineer’s toolset. Among these tools, the use of frequency-domain

approaches is popular for several reasons. As aforementioned, frequency-domain ap-

proaches allow for the estimation of a non-parametric estimate of the FRF, which does

not require truncation of information due to finite-order assumptions of parametric

models. Additionally, these techniquesn also allow to characterize the frequency domain

aspects of external disturbances and noise. Moreover, frequency domain approaches are

supported by intuitive graphical tools, such as Bode plots (Bode 1945) and Nyquist

Diagrams (Nyquist 1932), that aid in system analysis and the design of controllers.

These tools allow for the analysis of closed-loop stability and performance based on the

a frequency response of the closed-loop system, and also for validation of the designed

controller based on frequency-domain analysis of the measured performance signals.

But, most importantly, highly performing control systems can be achieved through

simple and insightful tuning that allows for direct evaluation of stability, performance,

and robustness criteria.

Over the years, many control tuning techniques have been developed that are still

popular today. Where, originally, Proportional-Integral-Derivative (PID) controllers

were tuned based on heuristic guidelines such as the Ziegler-Nichols method (Ziegler,

Nichols, et al. 1942), frequency-domain tools opened the possibilities to systematic

design of controllers from FRF data, with tools to ensure stability and performance

directly from data. This includes techniques such as loop shaping and shaping of

closed-loop transfer functions like the sensitivity function S and allowed for the design

of more advanced modular structured controllers, which typically have a PID structure

augmented with low-pass and notch filters to attenuate noise and compensate for

parasitic dynamics (Steinbuch and Norg 1998; Oomen 2019). Control design using

these methods are based on Nyquist and Bode plots, which provide visual insight into

the design for stability, performance, and even robustness against model uncertainties.

Most importantly, these methods can take into account all information represented in

the data due to the non-parametric nature of the FRF.

Although frequency-domain tools for design of SISO controllers are still popular in the

industry today, there are some difficulties when dealing with Multiple-Input Multiple-
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Output (MIMO) systems. Many industrial applications are multivariable by nature,

and require control on all Input-Output (IO) Degrees of Freedom (DOFs). To extend

the traditional frequency-domain control methods to MIMO systems, techniques such

as decoupling, independent SISO design, factorized Nyquist design, and sequential loop

shaping have been developed (Skogestad and Postlethwaite 2001; Oomen 2018; Oomen

2019). However, this comes at the price of significantly increased complexity in the

controller tuning and furthermore, the robustness and performance guarantees do not

naturally extend towards MIMO systems. Even though these tools work well in practice,

these limitations motivated the development of model-based control techniques.

1.2.6 Model-based control

Modern control theory for LTI systems has undergone rapid advancements during the

last decades. Initially, this included tuning of PID controllers using performance criteria

such as overshoot, settling-time, rise-time, and steady-state error (Visiolo 2006), but

also signal-based approaches involving the minimization of a time-domain performance

metric, e.g., the integrated error (Åström et al. 1998). The introduction of parametric

state-space models and optimal control by Kalman in the 1960s gave rise to the modern

control theory also referred to as model-based control (Kalman 1960b; Kalman 1960a).

This led to the development of various state-space model-based control approaches,

most notably, pole-placement, optimal filtering, and state-feedback, which naturally

extended to MIMO systems. A combination of the latter two is nowadays known as

linear quadratic gaussian control (Åström 2012). This was later generalized to the

H2 control theory, where the objective is to minimize the H2-norm of the closed-loop

transfer function such that stability is achieved, see, e.g., (Scherer and Weiland 2015).

In the 1980s model-based control pioneered into a direction where the control problem

was introduced as an optimization problem in the H∞ norm (Zames 1981). The choice

of the H∞ norm became popular as it is an effective tool to describe disturbance

insensitivity, robustness against model uncertainties, and performance of the control

system (Meinsma 1993). Moreover, the generalized plant concept (Doyle 1983; Doyle

1984) enabled the systematic design of controllers for different structures and perfor-

mance objectives, e.g., mixed sensitivity design, model matching, or loop shaping (Zhou

et al. 1996; Skogestad and Postlethwaite 2001). Solutions to optimal control problems

are effectively obtained through time-domain methods (Doyle, Glover, et al. 1989),

however, the link between time and frequency-domain analysis and synthesis through

the Kalman-Yakubovich-Popov (KYP) lemma (Rantzer 1996) allowed the extension of

these results to the frequency-domain. Even today, the frequency-domain framework

remains invaluable in the design, analysis, and validation of control systems.

Although model-based tools from the LTI framework provide powerful and systematic

control design tools, the involved system modeling steps are time consuming and always

result in model errors, severely limiting the achievable performance. These modeling

errors form a driving motivation for the design of controllers that provide robustness
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System

Figure 1.5: Traditional system identification based control design approach from data gathering, system

identification and modeling to control design based on a parametric model versus a direct data-based

control design approach.

against these model uncertainties. Moreover, there is a need to systematically cover

and cope with a set of expected plant variations during the control design phase, for

example known variances in a mass or stiffness due to machining tolerances. Designing

high-performance controllers for systems subject to these modeling errors, expected

plant variations, or uncertainties requires less conservative assessment on the worst-case

stability and performance of closed-loop system. This led to the field of robust control

using µ analysis and synthesis, providing a systematic framework to incorporate model

uncertainties into the design, such that a stabilizing controller is sought that achieves

sufficient robustness to accommodate for the plant variations (Zhou et al. 1996).

1.2.7 Data-driven automated tuning

To overcome the laborious work of manual tuning or to avoid the need for parametric

models, circumventing the inherent modeling uncertainties, automated data-driven

tuning approaches have been developed. Automated tuning implies the synthesis of

a controller directly from IO measurement data of the system. This is in contrast to

indirect methods, where first an intermediate parametric system identification procedure

or first-principles modeling is performed, followed by a model-based control design step,

as illustrated in Figure 1.5. The main advantage of using a data-driven tuning methods

is that the focus is shifted directly onto the control problem. In this way complicated

modeling steps are avoided, reducing the amount of uncertainty in the control design

procedure. This potentially reduces the involved complexity and required knowledge in

the control design problem. The automated tuning of such controllers can be performed

either using time-domain or frequency-domain measurement data, which are discussed

below.

Often, using direct tuning methods, control specifications are posed in the time-domain

in terms of a desired reference model. The controller synthesis is therefore performed

through the optimization of a data-based cost function that depends on the reference

model. Interestingly, from a model-based perspective, data-driven control synthesis
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provides an alternative to control oriented identification (Hjalmarsson 2005). Differenti-

ation can be made between iterative and non-iterative procedures. Iterative techniques

include iterative feedback tuning (Hjalmarsson et al. 1998; Hjalmarsson 2002; Heertjes

et al. 2015) and iterative correlation-based tuning (Karimi, Mǐsković, et al. 2004).

Non-iterative techniques include virtual reference feedback tuning (Campi et al. 2002),

noniterative correlation based tuning (Van Heusden et al. 2011), and unfalsified control

(Safonov and Tsao 1997; Battistelli et al. 2018). See Bazanella et al. (2011) for an

overview. Note that care has to be taken when selecting the desired reference model as

a poor choice can result in instability or poor performance. Recent work addresses this

issue by considering the reference model as an additional tuning parameter, optimized

based on a set of soft performance constraints (Meer et al. 2022).

To maintain a close relationship to traditional tuning methods described in Section 1.2.3,

data-driven frequency-domain controller synthesis methods have been developed. These

methods use FRF data of the system to directly design controllers, either using loop-

shaping approaches (Khadraoui et al. 2013; Khadraoui et al. 2014; Solingen et al. 2018)

or norm-based approaches (Den Hamer et al. 2009; Karimi and Galdos 2010; Galdos et al.

2010; Hast et al. 2013; Boyd et al. 2016). The benefit of the norm based approaches is

that they provide a connection between the model-based control methods such as H2 or

H∞ optimal control and frequency-domain tuning methods. In this way, norm-optimal

controllers can be designed directly in the frequency domain. However, drawbacks

of these methods are that either stability has to be verified a-posteriori, or a-priori

information on the system and controller is required, or the solution is approximated

for computational feasibility. In (Karimi, Nicoletti, et al. 2018) a promising synthesis

approach is developed based on necessary and sufficient stability and performance

conditions, which is in line the classical controller tuning methods.

However, similar to the direct frequency-domain design methods presented in Sec-

tion 1.2.5, the extension of automated data-driven frequency-domain tuning towards

MIMO systems has been proven to be rather difficult. In (Galdos et al. 2010), con-

trollers are designed by means of loop shaping in the Nyquist diagram, however this

comes at the cost of approximating the Nyquist criterion. In addition, a linearizing

procedure to design norm optimal controllers from FRF data is presented in (Karimi

and Kammer 2017), which requires a linearization of the optimization criterion and

the use of a priori stabilizing controllers to initialize the procedure. Although these

methods are promising in extending automated data-driven controller tuning in the

frequency-domain, these methods are not without restrictions and limitations in their

current formulation, severely their restricting capabilities, applicability, and achievable

performance.

1.2.8 Control challenges for next-generation systems

The ever increasing accuracy and performance demands on next-generation mechatronic

systems necessitate a lightweight system architecture, as motivated by the examples
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Figure 1.6: Illustration of an operating-condition dependent motion system. The Bode-magnitude

plots are shown for three constant operating points.

in Section 1.1. The resulting change in system design philosophy leads to the mani-

festation of complex nonlinear systems whose dynamics are governed by position or

operating condition-dependent behavior, which in turn severely hampers the achievable

performance. The effects of operating condition-dependent behavior is illustrated by the

Bode plot in Figure 1.6, which shows the FRF for different fixed values of the operating

condition. The Bode plot illustrates that the dynamics depend significantly on the

operating conditions, and to achieve high performance, this has to be accounted for

in the modeling and control design. Moreover, obtaining accurate parametric models

capturing these dynamics is extremely challenging, requiring first-principles knowledge

(Voorhoeve et al. 2020). Although control design using traditional LTI tools has proven

to be a very effective and systematic way of designing high-performance control sys-

tems, the LTI tools have clear shortcomings in the face of complex nonlinear systems

exhibiting position or operating condition-dependent dynamics. This motivates the

necessity of a framework that can systematically handle analysis and control design of

complex systems such that the trend in accuracy and performance of next-generation

mechatronic systems can be maintained.
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Figure 1.7: The gain-scheduling concept. Interpolation of local LTI models to approximate a global

behavior on the entire scheduling space.

1.3 LPV framework

1.3.1 Gain scheduling

When considering complex systems like those described in Section 1.1, we are often

interested in achieving stability and performance over a wide operating envelope.

Typically, this goal is not achievable using the traditional LTI control techniques

presented in Section 1.2.3. To overcome these limitations, while maintaining the

simplicity, ease of use, and systematic design approaches that the LTI framework has to

offer, the gain-scheduling concept emerged around the 1960s. Gain-scheduling proved

to be a popular engineering approach to tackle control design for complex nonlinear

systems, with many successful engineering applications, (Stein et al. 1977; Källström

et al. 1979; Stein 1980; Whatley and Pott 1984; Astrom and Wittenmark 1988; Hyde

and Glover 1993; Matsumura et al. 1996).

The concept behind gain-scheduling is to approximate the nonlinear system at a

selection of operating points in the envelope, typically linearizations in equilibrium

points, resulting in a family of local LTI descriptions of the plant, see Figure 1.7. Then,

for each of the operating points, LTI controllers are designed. These are subsequently

interpolated to arrive at a global control solution covering the entire operating regime

(scheduling space) of the system. The interpolation of these controllers is performed

along the so-called scheduling variable, by means of a scheduling function dependent on

the current operating conditions of the plant.

The advantage behind gain-scheduling is that the extensive library of tools available

for LTI systems, as described in the previous section, can be used for the identification

and control design of nonlinear systems at the operating points, and allows for an

improvement in performance compared to designing a single LTI controller. But, in

doing so, a sound systematic and theoretical framework for the design and analysis
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of gain-scheduled controllers is missing, and these controllers lack in global stability

and performance guarantees. Although stability and performance is guaranteed at the

operating points were the controllers are designed, after interpolation these properties

can be also lost. Moreover, quantifiable guarantees on stability and performance in

between operating points can not be provided due to the ad-hoc design method. When

moving through the operating envelope a heuristic guideline exists which guarantees

stability only for sufficiently slow variations of the scheduling variable. Even though

attempts have been made to provide such guarantees, this has never been accomplished

and what sufficiently implies has never been quantified (Desoer 1969; Shamma and

Athans 1990). This motivated the need for a systematic framework to handle analysis

and design of gain-scheduled controllers for nonlinear systems, which gave birth to the

framework of LPV systems (Shamma 1988; Shamma and Athans 1990).

1.3.2 Beyond gain-scheduling

In the LPV framework, information about the scheduling variables, that may be

exogenous or endogenous signals describing the nonlinearities or changes of the operating

conditions of the system, is used to obtain a description of the nonlinear plant. In this

LPV description, the parameters of the model are dependent on the scheduling variable,

while the relation between the IO signals is linear. This property enables the formulation

of many systematic modeling and control approaches that can be formulated along two

directions, the local and global approaches, which are discussed next.

The local approach

Originally, the LPV concept followed the path set by the gain-scheduling paradigm.

This led to the systematic embedding of nonlinear systems from local information into

LPV representations, see Figure 1.8. We refer to this as the local approach to LPV

modeling, whereby linearizations of the nonlinear system around a set of operating

points, or along operating trajectories are taken, which are subsequently interpolated to

arrive at an LPV model (Rugh and Shamma 2000; Tóth 2010; Leith and Leithead 1998).

Similarly, local LTI models at operating points can be identified from measurement

data, and subsequently interpolated to construct an LPV model from data, see, e.g.,

(Steinbuch and Norg 1998). Although the local approach led to a more systematic

nature of the way to analysis and gain-scheduled control design, strong guarantees on

stability and performance of the closed-loop nonlinear system have remained missing.

Early LPV control design followed the gain-scheduling ideas. This consisted of the

design using LTI techniques, for example those described in Section 1.2.3, followed

by interpolation of the controllers along the scheduling variables. Nowadays, this

is also referred to as local LPV control. While local control design approaches are

easy to implement, requiring only information of the system around operating points,

the major problem is the lack of global stability and performance guarantees as the

actual time-variations of the plant are not taken into account. To get these controllers
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deployable, the operating conditions are assumed to vary sufficiently slowly such that

the time-varying nature of the system is negligible (Desoer 1969; Shamma and Athans

1991), but what ”sufficiently” implies has never been successfully quantified.

Several attempts have been made in order to improve local LPV control design in

order to provide global stability and performance guarantees based on local information.

Initial ideas were to interpret the LPV system as a switched hybrid system. This led

to stability conditions based on dwell-time and the switching being slowly varying on

average (Krause and Kumar 1986). Later, more general ideas on arbitrary switching

led to the use of common quadratic Lyapunov functions (Dayawansa and Martin

1999) and trajectory dependent Lyapunov functions. The main drawbacks were the

conservatism in using common quadratic Lyapunov functions, the problems were difficult

to solve, and dependency on the past trajectory imposed limitations on tractability.

Finally, conservatism was reduced by adopting the idea of parameter-dependent convex

Lyapunov functions (Pyatnitskiy and Rapoport 1996).

However, stability of the nonlinear control system could not be guaranteed because of

so-called hidden coupling terms resulting from the nature of local controller realizations

(Rugh and Shamma 2000). In a worst case scenario, the coupling terms can destabilize

the closed-loop system. This led to stronger stability conditions based on a velocity

interpretation of the nonlinear system that aims at eliminating the coupling terms

in the controller realization and show that around each equilibrium point, the local

linearized aspects of the gain-scheduled controller ensure stability of the local behavior

at the linearization points of the original nonlinear system (Kaminer et al. 1995; Leith

and Leithead 1996; Leith and Leithead 1998). However, with this concept of advanced

gain-scheduling, stability has been still only guaranteed in the neighborhood of the

operating points and the modeling and control design has been still locally accomplished

without putting the global nonlinear stability and performance into focus (Rugh and

Shamma 2000; Tóth 2010).

The global approach

The lack of strong stability and performance guarantees led to the introduction of global

LPV embedding approaches. In this way, the nonlinear system is embedded in an LPV

representation such that it is able to exactly capture the behavior of the nonlinear

system (Rugh and Shamma 2000; Tóth 2010), see also Figure 1.8. This led to the

introduction of systematic LPV control synthesis approaches around the 1990s, based

on extensions of H2, H∞, and µ optimal control, originating from the LTI framework

(Apkarian, Gahinet, et al. 1995; Apkarian and Adams 1998; Packard 1994; Scorletti and

Ghaoui 1998; Scherer 2001). Contrary to gain-scheduling and local control design, these

approaches do guarantee global stability and performance over the entire operating

regime, with a plethora of successful applications and simulations in many areas, e.g.,

space applications (Ohara et al. 2001; Kron et al. 2006; Menon et al. 2009; Marcos et al.

2010; Hamada et al. 2010), gyroscopes (Abbas et al. 2013; Theis et al. 2014; Koelewijn,
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Figure 1.8: LPV embedding of a nonlinear system G and the resulting behaviors, with B the behavior

of G; and B
′ the behavior of the LPV model for the global approach (c) and local linearizations (d).

Cisneros, et al. 2018), aerospace (Balas et al. 1997; Barker and Balas 1999; Alvarez

and Lu 2011), vibration isolation (Shu et al. 2011; Duarte et al. 2013; Kinney and

De Callafon 2006; Kinney and De Callafon 2011; Köroğlu and Scherer 2008; Köroğlu

and Scherer 2011), and semiconductor manufacturing (Wassink et al. 2005; Tóth, Wal,

et al. 2011; Voorhoeve et al. 2020; Proimadis 2020). However, by applying global

approaches, the flexibility of using frequency-domain tools and data-driven control

design approaches has been lost, leaving powerful design tools of the LTI framework

unextendable to the LPV case. Despite a few works (Formentin et al. 2016; Verhoek,

Abbas, et al. 2021), data-driven LPV control has remained at its infancy.

Although the global approach to LPV modeling and control does provide stability and

performance guarantees, recent results indicate that the LTI approaches, which the LPV

results are based on when applied to a nonlinear system represented in an LPV form,

ensure stability and performance for the origin only. While this implies global stability

and performance with respect to the origin in the considered scheduling space, such

guarantees may not hold when considering control towards multiple operating points

or trajectories. However, these techniques are often applied on nonlinear systems in

the face of regulation and servo problems where stability and performance with respect

to multiple equilibrium points or trajectories is desired, which can result in undesired

behavior (Koelewijn, Mazzoccante, et al. 2020).

1.3.3 Promising concepts of nonlinear system theory

The notion of universal shifted dissipativity, allows for the analysis of stability and

performance of a nonlinear system with respect to arbitrary (forced) equilibrium points

(Koelewijn 2023). This is to be distinguished from classical dissipativity analysis, which

concerns only a single equilibrium point, and hence universal shifted stability is also

referred to as equilibrium independent dissipativity (Simpson-Porco 2018). The velocity

form, the time-differentiation of a nonlinear system, is invaluable in the analysis of

universal shifted stability and performance. The implications between the velocity form

and the nonlinear system are visualized in Figure 1.9. In fact, it turns out that if the

velocity form of the nonlinear system is dissipative, then we can infer that the nonlinear

system is universal shifted dissipative.
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Figure 1.9: Velocity form dissipativity implications between the nonlinear system G and its velocity

form δG. If the δG is dissipative, i.e., is stable and achieves performance w.r.t. some measure, then G

is universal shifted dissipative.

1.4 Challenges

In Section 1.2, we have presented an overview of the industrial state-of-the-art tech-

niques that are used to analyze and design controllers. However, due to the push for

more performance, next-generation systems are becoming more complex and obtaining

accurate models for these systems using first principles modeling or system identification

is becoming more difficult, while each step in Figure 1.5 is prone to uncertainties. At the

same time, systems are subject to complex dynamics that may vary depending on the

operating conditions of the plant as highlighted by the example systems in Section 1.1.

Within the LTI framework, frequency-domain data-driven control methods have proven

to be a well-established alternative to the traditional control design approaches. These

methods aim to tune controllers directly from measured data of the system, in this

way avoiding the challenging modeling procedures. However, position and operating

condition-dependent dynamics and complex nonlinearities prevent achieving high per-

formance when considering a large operating regime of the system. To maintain the

envisaged performance increase for next-generation systems, there is a need for a way to

design controllers, directly from data, while taking into account the changes in operating

conditions of the system.

As we have seen in Section 1.3, a popular engineering approach to tackle control

design for these types of complex systems is the gain-scheduling concept. Although

gain-scheduling maintains the simplicity, ease of use, and systematic design approaches

that the LTI toolchain offers and has been proven to provide a significant performance

increase on a variety of applications over a wide operating range, there is no systematic

control design approach guaranteeing stability and performance of the resulting closed-

loop system. This led to the introduction of the LPV framework with the intention of

providing systematic modeling, analysis, and control design tools for gain-scheduling.

However, in the process of developing the framework and being able to provide global

stability and performance guarantees throughout the considered operating regime of

the complex system, the flexibility of using powerful tools of the LTI framework such

as frequency-domain tools and data-driven control design approaches has been lost.

Ideally, the local approach to LPV control design can be used such that global stability

and performance of the resulting closed-loop system can be achieved.
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1.5 Problem statement

1.5.1 Research objective

In the previous section, we have presented an overview of the current industrial state-

of-the-art control design practice and its limitations when applied to next-generation

complex systems, as considered in Section 1.1. But, as illustrated by the examples

in Section 1.1, complex behavior of next-generation systems leads to systems whose

dynamics vary with operating conditions. We have seen that the advantageous frequency-

domain data-driven tools of the LTI framework can be used to control complex systems

by means of gain-scheduling, but in doing so, all theoretical guarantees are lost in the

process. On the one hand, the local LPV approaches, built on the well-established

notions from the LTI framework, provide a more systematic way to tackle the control

design, but still lack in providing global stability and performance guarantees. On the

other hand, the global approach to LPV design is capable of providing global stability

and performance guarantees, but in the process the flexibility of using the powerful

tools of the LTI framework, such as frequency-domain analysis and design, has been

lost. This motivates the necessity to develop systematic operating-condition-aware

data-driven control design approaches that maintain the flexibility of the LTI framework.

This is necessary to keep up with the ever-increasing need to improve performance,

accuracy, and efficiency of next-generation complex systems. This section formulates a

list of research questions that together constitute the overall research objective of this

thesis.

Research objective. Develop a framework that enables systematic analysis and design

of LPV controllers on the basis of local frequency-domain measurement data of the

underlying system, while ensuring global stability and performance of the nonlinear

system in closed-loop.

The main objective of this thesis is the development of a framework that enables

the closed-loop stability and performance analysis and systematic synthesis of LPV

controllers under such objectives, based on local information of the nonlinear system at

a family of operating points. Here, the concept of the generalized plant, which is the

interconnection of the system and weighting filters, is used to enable systematic design

for stability and performance. Furthermore, with global stability and performance, we

want to ensure universal shifted stability and performance, i.e., stability and performance

throughout the considered operating space, independent of the operating conditions.

Next, we will formulate a list of research questions that are to be addressed to achieve

the research objective of this thesis. These research questions relate to the analysis and

controller design directly from frequency-domain measurement data, and how to ensure

global stability and performance from local measurement data only.
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1.5.2 Data-driven control with local guarantees

Applying traditional (robust) LTI control design approaches to the considered class of

operating condition-dependent nonlinear systems, like those illustrated in Section 1.1,

results in unsatisfactory performance throughout the considered operating range, as

the design only focusses on one operating point. Therefore, operating condition-aware

control algorithms are deemed essential to keep up with the increasing need to improve

the performance of next-generation systems, while keeping the modeling uncertainties

minimal. Developing these controllers directly from measured data circumvents the

involved modeling steps, shifting the focus directly on the control objective. This

leads us to the first research question, which investigates how to design controllers for

SISO systems that can schedule its variations to the changes in operating conditions of

the underlying system, directly from local frequency-domain measurement data, with

guarantees on local stability and performance.

Research question 1. Given a SISO nonlinear system, how to perform local closed-

loop stability and H∞ performance analysis and systematic synthesis of LPV controllers

with such guarantees directly from local frequency-domain measurement data?

The first research question aims at the design of LPV controllers for SISO systems,

thereby focusing on extending the tools from the LTI domain, including the H∞

performance criterion, which is an effective tool to describe disturbance insensitivity

and performance of the control system. Different engineering fields or applications often

require different notions of performance, for example, passivity is often considered in

electrical networks. Therefore, general performance metrics are also of interest, such

as passivity. In general, different performance measures can be classified under the

quadratic performance notion. This leads us to the following research question.

Research question 2. Given a MIMO nonlinear system, how to perform local closed-

loop stability and performance analysis and systematic synthesis of LPV controllers with

such guarantees directly from local frequency-domain measurement data?

1.5.3 Data-driven control with global guarantees

The previous research questions are concerned with the analysis and design of LPV

controllers from local frequency domain data, such that for every operating point,

local stability and performance guarantees are ensured. To achieve the main research

objective, it is key to understand how controllers can be designed, from local data,

in a way to ensure global stability and performance of the closed-loop system. This

naturally brings us to the following research question.

Research question 3. Given a nonlinear system, how to design LPV controllers

ensuring global stability and performance of the closed-loop directly from frequency-

domain data?
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1.5.4 Active vibration isolation of satellites

Finally, to formalize the results into a coherent framework and to present the overall

toolchain, it is key to understand the design process behind the proposed methodologies.

In this way, it is important to develop an end-to-end framework that discusses how to

design, analyze, and validate controllers, in the proposed framework, in a systematic

way. We will showcase the toolchain on a micro-vibration isolation setup, where the

focus lies on rejection of frequency-varying harmonic disturbances. This brings us to

the following research question.

Research question 4. How to design, analyze, and validate LPV controllers for

rejection of frequency-varying harmonic disturbances on a state-of-the-art micro-vibration

isolation test platform for application in satellites?

1.6 Contributions of this thesis

In the previous section, we have formulated our research objective to develop a framework

that enables the systematic analysis and design of data-driven frequency-domain LPV

controllers, ensuring global stability and performance of the closed-loop system, along

with the key research questions that need to be answered to achieve this objective.

Next, we present the outline of this thesis, describing our proposed methods and our

contributions, which provide the answers to the research questions and the overall

research objective.

In Chapter 2, we first present tools based on local FRF measurements that allow

data-driven analysis of local stability and performance of SISO nonlinear systems.

We furthermore show how the analysis tools can be used to develop a systematic

LPV controller synthesis method, ensuring local stability and H∞ performance of the

resulting closed-loop system. The key step is a single global controller parameterization

that ensures stability and performance for all operating points. Moreover, application

of the developed method to a CMG empirically demonstrates the advantages of using

the approach and shows that control of nonlinear systems with operating condition-

dependent dynamics can be effectively handled by the proposed data-driven LPV

methods. The chapter forms the following contribution, which answers Research

Question 1.

Contribution 1. A procedure to synthesize LPV controllers for (possibly) unstable

single-input single-output (SISO) plants from local frequency-domain measurement data,

with local internal stability and H∞-performance guarantees for the realized closed-loop

behavior.

Next, Chapter 3 aims to generalize the control design procedure to MIMO systems.

For this purpose, a general class of performance metrics are treated. This is relevant

for different applications or other engineering disciplines where different performance

metrics are relevant, e.g., passivity in electrical networks. This is achieved through an
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application of Integral Quadratic Constraints (IQCs). This chapter answers Research

Question 2 by forming the second contribution.

Contribution 2. A procedure to analyze and synthesize LPV controllers for (possibly)

unstable MIMO plants from local frequency-domain measurement data, with local stability

and performance guarantees on the realized closed-loop behavior.

In Chapter 4, we show that using local frequency-domain data about local aspects

of the nonlinear system are sufficient to conclude global properties on stability and

performance of the nonlinear system. We show that by use of local LTI or Linear Time-

Varying (LTV) identification, if one obtains information about all possible variations

of the local FRFs of the system, then this can be successfully used for data-driven

design of LPV controllers with global guarantees. In this way, information on the

velocity form of a nonlinear system is obtained from identification experiments and

the control design methods from Contributions C1 and C2 can be extended, by means

of an additional controller realization step, ensuring universal shifted stability and

performance of the closed-loop system. This chapter forms the following contribution,

which answers Research Question 3.

Contribution 3. A data-driven control design method for nonlinear systems based on

local frequency-domain data ensuring global universal shifted stability and dissipativity

guarantees on the closed-loop system.

In Chapter 5, we aim at providing a systematic framework to enable analysis, design,

and validation of LPV controllers with application to micro-vibration disturbance

isolation. We demonstrate, by application to an experimental micro-vibration isolation

prototype developed for satellites, the steps required to obtain parametric models from

measurement data and how to design an LPV controller. Implementation and validation

of the controller on the setup demonstrates the achievable performance. This chapter

answers Research Question 4 by forming the following contribution.

Contribution 4. A complete design and validation framework for rejection of parameter-

varying harmonic micro-vibration disturbances with application to a realistic state-of-

the-art micro-vibration isolation test platform.

Next, in Chapter 6, the design framework is further explored by an application of

data-driven LPV control design to an experimental micro-vibration isolation test bench

intended for use in satellites. We furthermore provide a comparison between the

model-based and data-driven control designs, which brings us to the final contribution.

Contribution 5. A comparison between model-based and data-driven control applied to

rejection of parameter-varying harmonic micro-vibration disturbances with application

to a realistic state-of-the-art micro-vibration isolation platform.
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1.7 Thesis outline

Each of the contributions formulated in Section 1.6 are represented by one chapter,

which is self-contained and can be read independently. Each of these chapters correspond

to peer-reviewed publications, corresponding to the list below. Finally, conclusions and

recommendations of this thesis are presented.

Chapter 2 corresponds to Contribution 1 and the publications:

• Bloemers, T., Tóth, R., and Oomen, T. (2022). Frequency Response Data

Based LPV Controller Synthesis Applied to a Control Moment Gyroscope. IEEE

Transactions on Control Systems Technology, 30(6):2734–2742

• Bloemers, T., Tóth, R., and Oomen, T. (2021). Frequency-Domain Data-Driven

Controller Synthesis for Unstable LPV Systems. In Proceedings of the 4th IFAC

Workshop on Linear Parameter-Varying Systems, pages 109–115

Chapter 3 corresponds to Contribution 2 and the publication:

• Bloemers, T., Oomen, T., and Tóth, R. (2022). Frequency Response Data-driven

LPV Controller Synthesis for MIMO Systems. IEEE Control Systems Letters,

6:2264–2269

Chapter 4 corresponds to Contribution 3 and the publication:

• Bloemers, T., Koelewijn, P. J. W., Oomen, T., and Tóth, R. (2023). Data-Driven

LPV Control of Nonlinear Systems a Frequency-Domain Approach with Global

Guarantees. To be submitted for journal publication

Chapter 5 corresponds to Contribution 4 and the publication:

• Bloemers, T., Leemrijse, S., Preda, V., Boquet, F., Oomen, T., and Tóth, R.

(2023). Vibration Control under Frequency-Varying Disturbances with Application

to Satellites. To be submitted for journal publication

Chapter 6 corresponds to Contribution 5.





Chapter 2

Data-driven control of SISO systems with

local guarantees

Abstract: Control of systems with operating condition-dependent dynamics, including

control moment gyroscopes, often requires operating condition-dependent controllers to

achieve high control performance. The aim of this chapter is to develop a frequency

response data-driven linear parameter-varying control design approach for single-input

single-output systems, which allows improved performance for a control moment gyro-

scope. A stability theory using closed-loop frequency response function data is developed,

which is subsequently used in a synthesis procedure that guarantees local stability and

performance. Experimental results on a control moment gyroscope demonstrate the

performance improvements.

The contents in this chapter are published in Bloemers, T., Tóth, R., and Oomen, T. (2022).

Frequency Response Data Based LPV Controller Synthesis Applied to a Control Moment Gyroscope.

IEEE Transactions on Control Systems Technology, 30(6):2734–2742; and Bloemers, T., Tóth, R., and

Oomen, T. (2021). Frequency-Domain Data-Driven Controller Synthesis for Unstable LPV Systems.

In Proceedings of the 4th IFAC Workshop on Linear Parameter-Varying Systems, pages 109–115.
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2.1 Introduction

Control of systems with operating condition-dependent dynamics, including CMGs, often

requires operating condition-dependent controllers to achieve high control performance.

CMGs are attitude control devices used, e.g., to control the attitude of spacecraft

(Kristiansen et al. 2005). A CMG, see Figure 2.1a, consists of a rotating disk, which,

when spinning, generates an angular momentum. The disk is mounted in a gimbal

assembly which can rotate around multiple axes. Changing the direction of the angular

momentum vector, through actuation of the gimbals, generates a gyroscopic torque

(Wie 2008). This torque can be used to, e.g., change the attitude of a spacecraft.

The associated dynamics are nonlinear and characterized by coupled behavior and

challenging rotational dynamics that change based on the operating conditions of the

system. Locally, these behaviors manifest in terms of operating condition-dependent

resonant dynamics, also commonly encountered in mechatronic systems (Tóth, Wal,

et al. 2011). Flexible phenomena introduce severe practical limitations on the achievable

performance, which become even more severe in case of operating condition-dependent

dynamics. Achieving stability and high performance for these systems requires operating-

condition dependent controllers (Abbas et al. 2014; Preda 2017).

The paradigm of LPV systems has been established to provide a systematic framework

to efficiently handle operating condition-dependent nonlinear dynamics. LPV systems

are characterized by a linear IO map, whose dynamics depend on an exogenous time-

varying signal. This scheduling variable p can be used to capture the nonlinear or

operating condition-dependent dynamics of a system. Typically, a priori information

on the scheduling variable is known, such as the range of variation. LPV systems are

supported by a well-developed model-based control and identification framework, with

many successful applications, see (Hoffmann and Werner 2015; Tóth, Wal, et al. 2011).

Model-based control techniques require an accurate parameter-dependent parametric

model of the system suitable for LPV control design. In fact, obtaining such a high

accuracy model is a challenging task, even for LTI systems (Oomen 2018).

FRF measurements enable systematic design of controllers directly from measurement

data and are commonly employed in the industry (Oomen 2018). A frequency response

function estimate provides an accurate nonparametric description of the system that

is relatively fast and inexpensive to obtain (Pintelon and Schoukens 2012). Also the

nonparametric identification of local FRF measurements for LPV systems has been

investigated in (Maas et al. 2016b), assuming that the underlying behavior is a smooth

function of the scheduling variable. For the CMG, FRFs of the local dynamics can

be accurately captured at a set of operating points. FRFs enable the use of classical

techniques such as loop-shaping, alongside graphical tools including the Bode diagram

or Nyquist plot, to design controllers (Maciejowski 1989). These controllers often have

a PID structure in addition to higher-order filters to compensate parasitic dynamics.

These methods have in common that the design procedure can be difficult as they are
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based on design rules, insight and experience.

Data-driven control design based on FRF measurements provides systematic approaches

to design and synthesize LTI controllers. From a modeling perspective, data-driven

control synthesis provides an alternative to control-oriented identification (Hjalmarsson

2005). At first, the development of these methods have been along the lines of the

classical control theory to tune PID controllers (Grassi et al. 2001). Later, these

methods have been tailored towards more general control structures that focus on

H∞-performance (Khadraoui et al. 2014). The incorporation of model uncertainties into

the control design enables the synthesis of stabilizing controllers that achieve sufficient

robustness to account for the variations in the plant (Karimi, Kunze, et al. 2007; Karimi,

Nicoletti, et al. 2018). Robust control methods are attractive to accommodate the

operating condition-dependent resonant behaviors encountered in CMGs. A major

drawback is a tradeoff between robustness and performance.

Including operating condition-dependent behavior in the data-driven control design

framework is promising to overcome the tradeoff between robustness and performance.

In (Formentin et al. 2016), a time-domain approach is employed to identify an LPV

controller such that the closed-loop mimics an ideal behavior. In (Kunze et al. 2007;

Karimi and Emedi 2013; Bloemers, Tóth, et al. 2019), frequency-domain control

synthesis approaches are investigated. Common drawbacks are their limitations to

stable systems only, conservative stability and performance constraints and the controller

parameterization only allows for shaping of the zeros and not the poles.

Although frequency-domain data-driven controller synthesis enables powerful and sys-

tematic design approaches in the LTI framework, methods within the LPV framework

are limited and conservative. The aim in this chapter is to develop a data-driven LPV

control design method that allows both for stable and unstable systems, applicable to an

experimental CMG setup. Key steps are (i) a global LPV controller parameterization,

which allows tuning of both the zeros and poles based on local information, and (ii)

developing necessary and sufficient stability and performance analysis conditions.

The main contributions of this chapter are

C1 A procedure to synthesize LPV controllers for (possibly) unstable SISO plants

from frequency-domain measurement data, with local internal stability and H∞-

performance guarantees.

C2 Highlighting the advantages of using an LPV controller through application to an

experimental CMG setup.

This is achieved by the following sub-contributions.

C3 Developing a local LPV frequency-domain stability condition.

C4 Developing a local LPV frequency-domain H∞-performance condition, generalizing

the results in (Karimi, Nicoletti, et al. 2018) and providing new proofs that clarify
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Figure 2.1: Laboratory scale control moment gyroscope by Quanser (a); and schematic overview of the

3 DOF gyroscope (b).

the connection to robust control theory and the Bézout identity.

Contributions C3 and C4 are generalizations to the results presented in (Karimi,

Nicoletti, et al. 2018; Rantzer and Megretski 1994). Specifically, when both the plant

and controller are LTI the results in (Karimi, Nicoletti, et al. 2018) are recovered.

Additionally, the results in (Rantzer and Megretski 1994) are recovered for stable

systems. A global LPV controller parameterization in combination with C3 and C4

constitutes to C1. Application of the developed procedures on an experimental CMG

constitutes to C2.

Notation: Let R denote the set of real numbers and C the set of complex numbers.

Let C0 denote the imaginary axis and C+ the open right half-plane. The real part of a

complex number z ∈ C is denoted by ℜ{z}. The set of proper, stable and real-rational

transfer functions is denoted by RH∞.

Remark 2.1.1. Although the theory in this chapter is presented in Continuous-Time

(CT), a Discrete-Time (DT) equivalent is conceptually straightforward. Simply replace

the variables s with z, iω with eiω and evaluate the frequencies along the unit circle

instead of the imaginary axis, i.e., for the set Ω := {ω | 0 ≤ ω < 2π}.

2.2 Problem formulation

2.2.1 Control Moment Gyroscope

Figure 2.1a depicts the considered 3 DOF CMG. It is comprised of a disk, D, which is

mounted in a gimbal assembly consisting of three gimbals C,B and A, corresponding to

the schematic overview in Figure 2.1b. The disk D rotates with velocity q̇1, generating

an angular momentum proportional to q̇1. Angle q2 of gimbal C is controlled through

input torque τ2. Gimbal B is assumed to be fixed in place such that q3 ≡ 0, as depicted

in Figure 2.1b. Angle q4 of gimbal A is controlled through a gyroscopic torque, generated

by changing angle q2. As the disk tilts, a change in angular momentum causes gyroscopic

torque, which is used to position gimbal A.
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The equations of motions are of the form

M(q(t))q̈(t) + C(q(t), q̇(t))q̇(t) = τ2(t), (2.1)

where q⊤ =
[
q1 q2 q4

]
are the angular positions, τ2 is the input torque, M and C are

the inertia and Coriolis matrices.

In the used configuration of the CMG, the goal is to control the position of gimbal A

by actuating gimbal C through input torque τ2. The driving factor in this setting is

the velocity of the disk D, which directly relates to the amount of gyroscopic torque

that can be exerted on gimbal A. In (Abbas et al. 2014), it is shown that local linear

approximations describe the nonlinear dynamics accurately. The aggregated collection

of these local approximations is described by the following representation

ẋ(t) = A(q̇1(t))x(t) + Bu(t), (2.2a)

y(t) = q4(t), (2.2b)

where x⊤ =
[
q4 q̇2 q̇4

]
is the state, u = τ2 the input and y = q4 the output. The A

matrix depends on the velocity of the disk, which can range anywhere in q̇1 ∈ [30, 50]

rad/s.

The local description of the behavior is in line with the availability of measurement

data and the considered control synthesis techniques in the sequel. Furthermore, the

dependence of the system on the disk velocity makes the LPV framework a suitable

choice for modeling and control.

2.2.2 LPV systems

Consider a SISO, CT LPV system. The LPV state-space representation

Gp :

{

ẋ(t) = A(p(t))x(t) + B(p(t))u(t),

y(t) = C(p(t))x(t) +D(p(t))u(t),
(2.3)

is adopted to represent the system, see also (Tóth 2010). Here, x : R → X ⊆ R
nx

denotes the state variable, u : R → U ⊆ R is the input signal, y : R → Y ⊆ R is the

output signal and p : R → P ⊆ R
np the scheduling variable.

With a slight abuse of notation introduce

Gp =

(

A(p) B(p)

C(p) D(p)

)

(2.4)

representing the LPV system with state-space form (2.3). If D−1(p) is well-defined for

all p ∈ P, then the LPV system Gp has an inverse operator

G−1
p =

(

A(p)− B(p)D−1(p)C(p) B(p)D−1(p)

−D−1(p)C(p) D−1(p)

)

, (2.5)
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Figure 2.2: Typical 1 DOF feedback interconnection, including 4-block shaping problems, depending

on the scheduling signal.

such that GpG
−1
p = G−1

p Gp = 1 for all p ∈ P.

If the scheduling signal p(t) ≡ p is constant, the scheduling-dependent matrices in (2.4)

become time-invariant, i.e.,

Gp =

(

A(p) B(p)

C(p) D(p)

)

(2.6)

represents an LTI system for constant scheduling. For a given p ∈ P, (2.6) describes

the local behavior of (2.3). Hence, (2.6) is referred to as the frozen behavior of (2.3).

Taking the Laplace transform of (2.6) with zero initial conditions results in

ŷ(s) =
(
C(p)(sI − A(p))−1B(p) +D(p)

)
û(s), (2.7)

where Gp(s) = C(p)(sI−A(p))−1B(p)+D(p) and s is the Laplace variable. The frozen

behavior (2.6) also has a corresponding Fourier transform

Y (iω) = Gp(iω)U(iω), (2.8)

where i =
√
−1, ω ∈ R is the frequency and Gp(iω) represents the frozen Frequency

Response Function (fFRF) of (2.3) for every constant p(t) ≡ p ∈ P (Schoukens and

Tóth 2019).

2.2.3 Problem statement

The problem addressed in this chapter is to design an LPV controller directly from

fFRF measurement data obtained from the considered CMG. We denote the data

DN,pτ = {Gp(iωk), pτ}Nk=1, obtained at the set of operating points P = {pτ}Nloc

τ=1 ⊂ P.

We assume the frequencies are sufficiently dense such that it suffices to check a finite

number of discrete points to draw conclusions on the underlying continuous curve.

Consider the feedback interconnection in Figure 2.2. The objective is to design a

controller Kp such that the following requirements are satisfied.

R1 The closed-loop system in Figure 2.2 is internally stable in the local sense for all

p(t) ≡ p ∈ P .

R2 The performance channels of the closed-loop system are bounded in the local

H∞-norm sense for all p ∈ P .
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In the next section, a rational controller parameterization is introduced that allows for

a specific formulation of internal stability. This forms the basis to develop analysis

conditions for internal stability and H∞-performance. The theory is first formulated

for p ∈ P for the sake of generality. This also ensures R1 and R2 for p ∈ P .

2.3 Stability and performance analysis

In this section, we develop local LPV stability and performance conditions that form

the basis for a data-driven synthesis procedure. First, a continuous frequency spectrum

Ω = {R∪{∞}} is considered, which will be restricted later to a finite grid ΩN = {ωk}Nk=1

corresponding to DN,pτ .

2.3.1 Stability

The selection of IO pairs in Figure 2.2 corresponds to the problem of internal stability

(Doyle, Francis, et al. 1992, Chapter 3). For a fixed p ∈ P, we define the IO map

T (Gp, Kp) : (r,−d) 7→ (e, u) in Figure 2.2 by

T (Gp, Kp) =

[
Sp SpGp

KpSp Tp

]

, (2.9)

with Sp = (1+GpKp)
−1 and Tp = 1−Sp. If Gp, Kp ∈ RH∞, then T (Gp, Kp) is internally

stable if all elements in the IO map T (Gp, Kp), defined by (2.9), are stable. This is

implied by Sp ∈ RH∞ (Doyle, Francis, et al. 1992, Chapter 3). If T (Gp, Kp) ∈ RH∞

holds for all p ∈ P, then the closed-loop LPV system is called locally internally stable.

Internal stability is important to prevent hidden pole-zero cancellations. To assess

internal stability for unstable Gp or Kp, introduce the factorization

Gp = NGp
D−1

Gp
, {NGp

, DGp
} ∈ RH∞. (2.10)

The two transfer functions {NGp
, DGp

} are a coprime factorization over RH∞ if there

exist two other transfer functions {Xp, Yp} ∈ RH∞ such that they satisfy the Bézout

identity

NGp
Xp +DGp

Yp = 1. (2.11)

Consequently, {XpQ, YpQ} are coprime iff Q,Q−1 ∈ RH∞. Correspondingly, Kp admits

the coprime factorization

Kp = NKp
D−1

Kp
, {NKp

, DKp
} ∈ RH∞. (2.12)

Using these representations, (2.9) can be written as

T (Gp, Kp) = D−1
p

[
DGp

DKp
NGp

DKp

DGp
NKp

NGp
NKp

]

, (2.13)

with

Dp = DGp
DKp

+NGp
NKp

. (2.14)
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The feedback system is internally stable if and only if D−1
p ∈ RH∞. If we set NKp

= Xp

and DKp
= Yp, then (2.14) equals the Bézout identity (2.11), thus the feedback system

is internally stable as D−1
p = 1 and the rest of the terms are stable by design in

(2.13). Similarly, the closed-loop LPV system is called locally internally stable if these

conditions hold for all p ∈ P.

For the transfer w 7→ z, with w ∈ {r, d} and z ∈ {e, u}, let

Tz,w(Gp, Kp) = NpD
−1
p , (2.15)

with {Np, Dp} ∈ RH∞ and Tz,w(Gp, Kp) ∈ RH∞, defines the corresponding SISO

element of (2.13). For example, Te,r(Gp, Kp) = NpD
−1
p with Np = DGp

DKp
defines the

sensitivity Sp in (2.9) and (2.13).

The next theorem presents analysis conditions to verify internal stability of the closed-

loop system locally. As a special case, (Rantzer and Megretski 1994, Theorem 1) is

recovered. Here, coprime factorization over RH∞ is used to allow for unstable plants

or controllers, while also extending the result to the class of LPV systems.

Theorem 2.3.1. Let Gp and Kp be as defined in (2.10) and (2.12), respectively, and

let Dp ∈ RH∞ be as defined in (2.14). Then the following conditions are equivalent.

For all p ∈ P

2.3.1a) D−1
p ∈ RH∞.

2.3.1b) Dp(s) 6= 0, ∀s ∈ C+ ∪ C0 ∪ {∞}.
2.3.1c) There exists a multiplier αp ∈ RH∞ such that

ℜ{Dp(iω)αp(iω)} > 0, ∀ω ∈ Ω.

Proof. For a proof of equivalence between 2.3.1a) and 2.3.1b), see (Doyle, Francis, et al.

1992, Chapter 3). Regarding the equivalence between 2.3.1a) and 2.3.1c) for all p ∈ P,

note the following reasoning:

(⇒) Assume 2.3.1a) and let Q = D−1
p . This implies that the Bézout identity (2.11) is

satisfied for Xp = NKp
Q and Yp = DKp

Q. Hence, 2.3.1c) is satisfied by setting αp = Q

because ℜ{NGp
Xp +DGp

Yp} = 1 for all ω ∈ Ω.

(⇐) Assume 2.3.1c) and let V = Dpαp. Note that V, V
−1 ∈ RH∞ because 2.3.1c) implies

that Dpαp is bi-proper and has no right half-plane (RHP) zeros. Then Dp = V α−1
p

satisfies the Bézout identity (2.11), therefore D−1
p ∈ RH∞. Thus 2.3.1c) implies 2.3.1a)

and consequently 2.3.1b). This completes the proof.

Remark 2.3.2. A direct result of Theorem 2.3.1 is that α−1
p ∈ RH∞. This is easy to

prove because

i) There does not exist a strictly proper αp ∈ RH∞ such that 2.3.1c) holds. Indeed

2.3.1c) is violated at ω = ∞.
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ii) There does not exist an αp ∈ RH∞ with α−1
p /∈ RH∞ such that 2.3.1c) holds.

This can be seen as α−1
p /∈ RH∞ implies that there exists some RHP zero s0

such that αp(s0) = 0. Consequently, there exists some frequency ω0 such that

ℜ{Dp(iω0)αp(iω0)} < 0 and 2.3.1c) is violated.

Theorem 2.3.1 gives an analysis condition that provides a local stability result for the

closed-loop system if instead of a parametric model, NGp
and DGp

are only given in

terms of local frequency-domain data. The next subsection presents the extension

towards a performance analysis condition.

2.3.2 Performance

In this subsection, analysis conditions to assess locally the H∞-performance of an LPV

system, given the plant and controller only, are presented. This constitutes contribution

C4. To derive performance analysis conditions, the main loop theorem is of importance

and is presented first.

Consider the transfer function Tz,w(Gp, Kp) ∈ RH∞ of interest in Figure 2.3a, such

that w 7→ z : Tz,w(Gp, Kp), and let ∆̂ ∈ B∆̂, with

B∆̂ :=
{

∆̂ ∈ RH∞

∣
∣
∣ |∆̂(iω)| < 1, ∀ω ∈ Ω

}

(2.16)

a fictitious uncertainty, represent the H∞-performance criterion. Then, the H∞-

performance of the system in Figure 2.3a is equivalent to Figure 2.3b (Skogestad

and Postlethwaite 2001, Theorem 8.7). This is stated in terms of the following theorem,

where the weighting filter WT is introduced to specify the frequency-dependent design

requirements on the map w 7→ z.

Theorem 2.3.3 (Main loop theorem). Let WT ∈ RH∞ and Tz,w(Gp, Kp) be defined as

in (2.15). The following statements are equivalent. For all p ∈ P

2.3.3a) sup
ω∈Ω

|WT (iω)Tz,w(Gp, Kp)(iω)| ≤ γ.

2.3.3b) 1− γ−1WT (iω)Tz,w(Gp, Kp)(iω)∆̂(iω) 6= 0,

∀ω ∈ Ω, ∀∆̂ ∈ B∆̂.

Theorem 2.3.3 is a special case of (Zhou et al. 1996, Theorem 11.7).

Remark 2.3.4. By Theorem 2.3.3, nominal performance can be seen as a special case

of robust stability, where a fictitious uncertainty is connected to the performance channel,

see Figure 2.3b.

In the data-driven setting, the absence of a parametric model of Tz,w(Gp, Kp) makes it

difficult to turn 2.3.3b) into a convex constraint as it is generally done in LPV synthesis

approaches for gain-scheduling (Hoffmann and Werner 2015). Hence, in that case 2.3.3b)

is needed to be evaluated for an infinite set of realizations of the fictitious uncertainty ∆̂,

for example, as in (Solingen et al. 2018). The contribution in this chapter is to utilize
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<latexit sha1_base64="B6rm03WgGS9b9eKt8YKgyCs7+/s=">AAAB8nicbVBNSwMxEM36WetX1aOXYBXqpexKUY8FPQheKtgP2C4lm2bb0GyyJLNCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjsrq2vrG5uFreL2zu7efungsGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo5up335i2nAlH2GcsCAmA8kjTglYye/eMgGkd19Jznulslt1Z8DLxMtJGeVo9Epf3b6iacwkUEGM8T03gSAjGjgVbFLspoYlhI7IgPmWShIzE2Szkyf4zCp9HCltSwKeqb8nMhIbM45D2xkTGJpFbyr+5/kpRNdBxmWSApN0vihKBQaFp//jPteMghhbQqjm9lZMh0QTCjalog3BW3x5mbQuqt5ltfZQK9dP8zgK6BidoAry0BWqozvUQE1EkULP6BW9OeC8OO/Ox7x1xclnjtAfOJ8/SAKQhA==</latexit>

∆K(p)

<latexit sha1_base64="L83jexnT/ixc5FiLR8nVHlGLAC8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqp619Vas1apkzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A4HGM5A==</latexit>

y
<latexit sha1_base64="F6A3yYDb0xDbaiiG6pgw+CcrOtg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2mGM4A==</latexit>

u

<latexit sha1_base64="0EyrffIVpedpz2uODsV8NmdoM5U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi+Clov2ANpTNdtMu3WzC7kQpoT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqtx65NiJWDzhOuB/RgRKhYBStdP/Uu+2VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1Xvonp+d16pkTyOIhzBMZyCB5dQgxuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AKkaNoA==</latexit>

wK

<latexit sha1_base64="j6MQXI/ZLiqXBYBYx8yRFoyQ4VA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi+Clov2ANpTNdtMu3WzC7kSooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqtx65NiJWDzhOuB/RgRKhYBStdP/Uu+2VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1Xvonp+d16pkTyOIhzBMZyCB5dQgxuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4ALtiNow==</latexit>

zK

<latexit sha1_base64="i6WFWMBLpmpqg8HS0OHluuWoKSk=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNBDx4r2A9oQ9lsJ+3SzSbuToQa+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0Ertp173BiSyXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhlZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVu6ie351XajSPo0iOyDE5JR65JDVyS+qkQTiR5Jm8kjfnwXlx3p2PeWvByWcOyR84nz/xoY/Q</latexit>

z∆

<latexit sha1_base64="LL/2kXG7YjzVvTPpN/HBKTyQU50=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNBDx4r2A9oQ9lsJ+3SzSbuTpQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0Ertp173BiSyXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhlZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVu6ie351XajSPo0iOyDE5JR65JDVyS+qkQTiR5Jm8kjfnwXlx3p2PeWvByWcOyR84nz/tAI/N</latexit>

w∆

<latexit sha1_base64="jPzGPECmmtIBmh7j5DbBnmL9dKo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbpQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKneRxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH3WmM4g==</latexit>

w
<latexit sha1_base64="HHKzoPynZDf/YKykvnTGOZg4YFc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKneRxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH4fWM5Q==</latexit>

z

(a)

<latexit sha1_base64="WOAi26JEZnBcjQrziRg0k/veUgo=">AAAB83icbVBNS8NAEN3Ur1q/qh69LFbBU0mkqMeCHjxWsB/QlDLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1JwDDpVC8iQIl7ySaQxRI3g7GtzO//cS1EbF6xEnCexEMlQgFA7SS748AM/+OS4Rpv1xxq+4cdJV4OamQHI1++csfxCyNuEImwZiu5ybYy0CjYJJPS35qeAJsDEPetVRBxE0vm988pedWGdAw1rYU0rn6eyKDyJhJFNjOCHBklr2Z+J/XTTG86WVCJSlyxRaLwlRSjOksADoQmjOUE0uAaWFvpWwEGhjamEo2BG/55VXSuqx6V9XaQ61SP8vjKJITckouiEeuSZ3ckwZpEkYS8kxeyZuTOi/Ou/OxaC04+cwx+QPn8wcw5ZG0</latexit>

∆̂ <latexit sha1_base64="9R1Os4lgGs7UDGRy0eqlVJTCtkg=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBTiJexKUI8BPXiMYB6SLGF2MpsMmZ1dZnqFEPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn6zSeujYjVA44S7ke0r0QoGEUrPXZuuURaSs67haJbdmcgy8TLSBEy1LqFr04vZmnEFTJJjWl7boL+mGoUTPJJvpManlA2pH3etlTRiBt/PDt4Qs6s0iNhrG0pJDP198SYRsaMosB2RhQHZtGbiv957RTDa38sVJIiV2y+KEwlwZhMvyc9oTlDObKEMi3srYQNqKYMbUZ5G4K3+PIyaVyUvcty5b5SrJ5mceTgGE6gBB5cQRXuoAZ1YBDBM7zCm6OdF+fd+Zi3rjjZzBH8gfP5A/Vpj8Y=</latexit>

∆(p)

<latexit sha1_base64="B6rm03WgGS9b9eKt8YKgyCs7+/s=">AAAB8nicbVBNSwMxEM36WetX1aOXYBXqpexKUY8FPQheKtgP2C4lm2bb0GyyJLNCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjsrq2vrG5uFreL2zu7efungsGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo5up335i2nAlH2GcsCAmA8kjTglYye/eMgGkd19Jznulslt1Z8DLxMtJGeVo9Epf3b6iacwkUEGM8T03gSAjGjgVbFLspoYlhI7IgPmWShIzE2Szkyf4zCp9HCltSwKeqb8nMhIbM45D2xkTGJpFbyr+5/kpRNdBxmWSApN0vihKBQaFp//jPteMghhbQqjm9lZMh0QTCjalog3BW3x5mbQuqt5ltfZQK9dP8zgK6BidoAry0BWqozvUQE1EkULP6BW9OeC8OO/Ox7x1xclnjtAfOJ8/SAKQhA==</latexit>

∆K(p)

<latexit sha1_base64="nt6y9V0nRC1AwR1X0lM38HfAByw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBqPgKexKUI8BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JedW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZl2bsqV+qVUvUsiyMPJ3AKF+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5vtjLo=</latexit>

K

<latexit sha1_base64="drcrn7MmFZckqxrbwhSk53mmvEo=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBKvgqsxIUZcFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsm5VQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814Y2fcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+rHpX1VqzVqmf5XUU4QRO4QI8uIY63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOjgYy/</latexit>

P

<latexit sha1_base64="U0i1oiEN2dHOl/RPt0mKjqnqoAc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A0s2M2w==</latexit>

p

<latexit sha1_base64="U0i1oiEN2dHOl/RPt0mKjqnqoAc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A0s2M2w==</latexit>

p

<latexit sha1_base64="0EyrffIVpedpz2uODsV8NmdoM5U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi+Clov2ANpTNdtMu3WzC7kQpoT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqtx65NiJWDzhOuB/RgRKhYBStdP/Uu+2VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1Xvonp+d16pkTyOIhzBMZyCB5dQgxuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AKkaNoA==</latexit>

wK

<latexit sha1_base64="j6MQXI/ZLiqXBYBYx8yRFoyQ4VA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi+Clov2ANpTNdtMu3WzC7kSooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqtx65NiJWDzhOuB/RgRKhYBStdP/Uu+2VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1Xvonp+d16pkTyOIhzBMZyCB5dQgxuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4ALtiNow==</latexit>

zK

<latexit sha1_base64="F6A3yYDb0xDbaiiG6pgw+CcrOtg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2mGM4A==</latexit>

u

<latexit sha1_base64="L83jexnT/ixc5FiLR8nVHlGLAC8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqp619Vas1apkzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A4HGM5A==</latexit>

y

<latexit sha1_base64="HHKzoPynZDf/YKykvnTGOZg4YFc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKneRxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH4fWM5Q==</latexit>

z
<latexit sha1_base64="jPzGPECmmtIBmh7j5DbBnmL9dKo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbpQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKneRxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH3WmM4g==</latexit>
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Figure 2.3: Generalized LPV plant (a); and performance of the SISO closed-loop map w 7→ z (b). Here

P denotes the generalized plant interconnection, which contains G.

Theorem 2.3.1 together with Theorem 2.3.3 to derive a single condition to analyze both

stability and performance without the need to sample ∆̂.

Theorem 2.3.5. Let WT ∈ RH∞ and Tz,w(Gp, Kp) be defined as in (2.15). Require-

ments R1 and R2 are satisfied if and only if there exists a multiplier αp ∈ RH∞ such

that

ℜ{(Dp(iω)αp(iω)− γ−1|WT (iω)Np(iω)αp(iω)|)} > 0,

∀ω ∈ Ω, ∀p ∈ P. (2.17)

Proof. Requirement R2 can be equivalently stated using Theorem 2.3.3, Condition

2.3.3b), i.e.,

1− γ−1WT (iω)Tz,w(Gp, Kp)(iω)∆̂(iω) 6= 0,

∀ω ∈ Ω, ∀p ∈ P, ∀∆̂ ∈ B∆̂.
(2.18)

As Dp ∈ RH∞, Dp(iω) 6= 0, ∀ω ∈ Ω and by multiplying (2.18) with it, the resulting

non-singularity condition is:

Dp(iω)− γ−1WT (iω)Np(iω)∆̂(iω) 6= 0,

∀ω ∈ Ω, ∀p ∈ P, ∀∆̂ ∈ B∆̂.
(2.19)

Based on a homotopy argument, (2.19) corresponds to Condition 1b) in Theorem 2.3.1,

which through 1c) is equivalent with

ℜ{(Dp(iω)− γ−1WT (iω)Np(iω)∆̂(iω))αp(iω)}>0,

∀ω ∈ Ω, ∀p ∈ P, ∆̂ ∈ B∆̂.
(2.20)

Rearranging the terms in (2.20) yields

ℜ{(Dp(iω)αp(iω)− γ−1WT (iω)Np(iω)αp(iω)∆̂(iω))}>0,

∀ω ∈ Ω, ∀p ∈ P, ∆̂ ∈ B∆̂. (2.21)
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Dp

Figure 2.4: Illustration of stability and H∞-performance. The transfer function αp represents, for

each frequency, a line passing through the origin. If this line does not intersect with the disks

Dp − γ−1|WTNp|, then the disks exclude the origin and (2.18) must hold.

When ∆̂ = 0 ∈ B∆̂, (2.21) reduces to ℜ{Dp(iω)αp(iω)} > 0, which is the same as

Condition 2.3.1c) in Theorem 2.3.1, hence (2.21) implies requirement R1.

Let 1 ≥ ǫ > 0 and consider (2.21) on

Bǫ∆̂ :=
{

∆̂ ∈ RH∞

∣
∣
∣ |∆̂(iω)| ≤ 1− ǫ, ∀ω ∈ Ω

}

, (2.22)

which is the scaled closed uncertainty ball contained in B∆̂. Since any ∆̂ ∈ Bǫ∆̂

represents a rotation and contraction in the complex plane, it is necessary and sufficient

to check (2.21) on the boundary only, i.e., for ∆̂ ∈ ∂Bǫ∆̂, with |∆̂(iω)| = 1− ǫ, ∀ω ∈ Ω.

Note that, in (2.21), WT (iω)Np(iω)αp(iω) only represents complex scaling of this ball

which is centered at Dp(iω). Hence, (2.21) restricted on Bǫ∆̂ is equivalent with

ℜ{Dp(iω)αp(iω)− γ−1(1− ǫ)|WT (iω)Np(iω)αp(iω)|} > 0, ∀ω ∈ Ω, ∀p ∈ P. (2.23)

This means that if (2.23) holds, then violation of (2.21) can only happen in B∆̂ \Bǫ∆̂.

As (2.23) is continuous in ǫ, by taking the limit ǫ→ 0, B∆̂ \Bǫ∆̂ → ∅ and we obtain

that (2.17) is equivalent with (2.21).

Theorem 2.3.5 states that the performance condition 2.3.3a) is satisfied if and only if

for each frequency ω ∈ Ω and scheduling value p ∈ P the disks with radius γ−1|WTNp|,
centered at Dp, do not include the origin. This holds if there exists αp ∈ RH∞,

representing for each frequency a line passing through the origin, that does not intersect

with the disks, see Figure 2.4. The analysis condition is especially useful as it provides

a local stability and performance result given a controller and the data DN,pτ .

If the fFRFs are subject to model uncertainty, robust stability and performance have

to be taken into account (Karimi, Nicoletti, et al. 2018).

2.3.3 Synthesis

It turns out that it is possible to give an equivalent formulation of Theorem 2.3.5 which

enables controller synthesis.

Theorem 2.3.6. Given Gp = NGp
D−1

Gp
, with {NGp

, DGp
} ∈ RH∞ coprime, as defined

in (2.10), and a weighting filter WT ∈ RH∞, the following statements are equivalent.
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2.3.6a) There exists a proper rational controller Kp that achieves internal stability and

performance as defined in requirements R1 and R2, respectively.

2.3.6b) There exists a controller Kp = NKp
D−1

Kp
, with {NKp

, DKp
} ∈ RH∞, as defined

in (2.12), such that

ℜ{Dp(iω)} > γ−1|WT (iω)Np(iω)|, ∀ω ∈ Ω, ∀p ∈ P. (2.24)

Proof. (⇒) Assume Kp = ÑKp
D̃−1

Kp
satisfies 2.3.6a). Then, by Theorem 2.3.5, there

exists an αp ∈ RH∞ such that (2.17) holds. Choosing NKp
= ÑKp

αp, DKp
= D̃Kp

αp

results in Kp = NKp
D−1

Kp
= ÑKp

D̃−1
Kp

and consequently 2.3.6b) holds.

(⇐) Assume 2.3.6b) holds. Because Dp ∈ RH∞ and Dp(iω) is positive for all ω ∈ Ω,

{NKp
, DKp

} form Bézout factors for {NGp
, DGp

}. Thus by Theorem 2.3.1, D−1
p ∈ RH∞

and Kp internally stabilizes Gp and R1 holds. By Theorem 2.3.5, requirement R2 holds.

This completes the proof.

Theorem 2.3.6 presents a local H∞-optimal controller synthesis condition given only

data DN,pτ . This is further developed in Section 2.4, where an optimization problem is

formulated and the controller parameterization is discussed.

Remark 2.3.7. Theorem 2.3.6 shows that the multiplier αp can be absorbed into the

controller as γ−1|WT (iω)Np(iω)αp(iω)| ⇒ ℜ{γ−1|WT (iω)Np(iω)|αp(iω)}. Note that

the absorbed multiplier changes the considered Np and Dp, but αp cancels out when

Kp = NKp
D−1

Kp
is computed. The price to be paid for this absorption is the increased

order of NKp
and DKp

.

Remark 2.3.8. (Karimi, Nicoletti, et al. 2018, Theorem 1) is recovered in the special

case when the plant and the controller are LTI .

2.4 Controller synthesis

In this section, we build upon the stability and performance analysis and synthesis

conditions derived in Section 2.3 by developing a procedure to synthesize LPV controllers.

This forms Contribution C1). First, an optimization problem is set up in Section 2.4.1

that characterizes the synthesis problem based on Theorem 2.3.6. This is followed by

a discussion on the controller parameterization in Section 2.4.2 and implementation

aspects in Section 2.4.3.

2.4.1 Controller synthesis

Given the data DN,pτ and a controller parameterization Kp = NKp
D−1

Kp
, given in the

Section 2.4.2, an optimization problem is formulated satisfying requirements R1 and
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R2.

min
θ,γ

γ

s.t. γℜ{Dp(iω, θ)} > |WT (iω)Np(iω, θ)|
∀ω ∈ Ω, p ∈ P

(2.25)

where θ are the controller parameters.

The optimization problem (2.25) is in general non-convex. However, through a linear

parameterization of the controller, (2.25) becomes a quasi-convex optimization problem

in the controller parameters θ and the performance indicator γ. To solve the quasi-

convex program, a bisection algorithm over γ is utilized. This results in an iterative

approach, where for every fixed value of γ, a Second-Order Cone Program (SOCP) is

solved.

To provide stability and performance guarantees, the constraints in (2.25) need to be

satisfied for all ω ∈ Ω, which is an infinite set, leading to a semi-infinite program.

One solution is to solve (2.25) for a finite set of frequencies ΩN = {ωk}Nk=1 ⊂ Ω. The

frequency set can be chosen randomly, according to the scenario approach (Calafiore and

Campi 2006). This allows for the computation of confidence bounds on the constraints.

In the data-driven setting this choice is spared from the user as the data is only

available at a pre-specified set of frequency points. Either of these methods result in a

quasi-convex SOCP and can be solved as described above.

2.4.2 Controller parameterization

An Orthonormal Basis Function (OBF)-based representation (Tóth 2010) is a natural

choice to parameterize the controller factors

NKp
(s) =

∑nN

i=0wi(p)φi(s), (2.26a)

DKp
(s) =

∑nD

i=0 vi(p)ϕi(s), (2.26b)

Here, {φi}nN

i=0 and {ϕi}nD

i=0 with φ0 = ϕ0 = 1 and nD ≥ nN are the sequence of basis

functions, with coefficient functions

wi(p) =
∑m

ℓ=1 w̆
ℓ
iψℓ(p), vi(p) =

∑m

ℓ=1 v̆
ℓ
iψℓ(p). (2.27)

Here, the coefficient functions are formed through a chosen functional dependence, e.g.,

affine, polynomial or rational, characterized by the basis functions {ψℓ}mℓ=1. See (Tóth

2010, Chapter 9.2) for an overview of OBF based LPV model structures. The OBF

controller parameterization enables tuning of both the poles and zeros of the controller,

in contrast to previous data-driven frequency-domain LPV tuning methods (Kunze

et al. 2007; Karimi and Emedi 2013; Bloemers, Tóth, et al. 2019). Additional controller

requirements are discussed in (Bloemers, Tóth, et al. 2021).
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<latexit sha1_base64="U0i1oiEN2dHOl/RPt0mKjqnqoAc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A0s2M2w==</latexit>

p

<latexit sha1_base64="WAlwhgHq+FsOzxpmGzObqCjH7/c=">AAAB63icbVBNSwMxEJ2tX7V+VT16CVahXspuKeqx4MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpG41vhqWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVplhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSqde861rjoVFpXuRxFOEMzqEKHtxAE+6hBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDQzaNpQ==</latexit>

W (p)
<latexit sha1_base64="rsq6aM7mcV7Wo6mI0R5UOaQ1SqY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWw2m3btJht2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJXCoOt+O4WNza3tneJuaW//4PCofHzSMirTjDeZkkp3Amq4FAlvokDJO6nmNA4kbweju7nfHnNthEoecZJyP6aDRESCUbRSqzcOFZp+ueJW3QXIOvFyUoEcjX75qxcqlsU8QSapMV3PTdGfUo2CST4r9TLDU8pGdMC7liY05safLq6dkQurhCRS2laCZKH+npjS2JhJHNjOmOLQrHpz8T+vm2F0609FkmbIE7ZcFGWSoCLz10koNGcoJ5ZQpoW9lbAh1ZShDahkQ/BWX14nrauqd12tPdQqdZLHUYQzOIdL8OAG6nAPDWgCgyd4hld4c5Tz4rw7H8vWgpPPnMIfOJ8/xCOPKQ==</latexit>

.

.

.

Figure 2.5: Input-output graph of the Wiener LPV OBF structure.

Local aspects of (2.26a)-(2.26b) can be preserved by considering a time-domain Wiener

LPV OBF realization

yNKp
(t) =

∑nN

i=0wi(p(t))yφ(t), (2.28a)

yDKp
(t) =

∑nD

i=0 vi(p(t))yφ(t), (2.28b)

with yφ = Φu. The parameterization of NKp
and DKp

can be viewed as a bank of OBFs,

whose output is weighted with parameter-dependent coefficient functions, see Figure

2.5.

Equations (2.28a)-(2.28b) reveal that requirements (i)-(iv) are satisfied. Requirement

(v) is satisfied, w.l.o.g. by {v̆ℓi}ℓi=0 = {1, 0, . . . , 0}. Because the set of bases is complete

w.r.t. H2, hence any solution including the optimal solution of (2.25) can be found via

parameterizations (2.26a)–(2.26b) (Karimi, Nicoletti, et al. 2018).

Remark 2.4.1. Note that (2.28a) and (2.28b) depend on time-varying p and charac-

terize the global behavior of the factors NKp
and DKp

. The concept in this chapter is to

tune the parameter-dependent coefficient functions based on their local behavior, i.e.,

(2.26a)-(2.26b) for constant p, in-line with the data DN,pτ .

Algorithm 1 presents the selection of optimal OBFs, based on the Kolmogorov n-Width

theory. Given a desired number of poles, an optimal set of OBFs is selected based on

Fuzzy Kolmogorov c-Max (FKcM) clustering of the poles, such that the decay rate of

the OBFs is minimized (Tóth 2010, Chapter 8).

2.4.3 Controller implementation

The OBF parameterizations admit a Linear Fractional Representation (LFR). In this

representation, the dependency on the scheduling variable p is extracted by formulating

(2.28a) and (2.28b) in terms of LTI systems, denoted N and D, such that NKp
=

Fu(N ,∆N (p)) and D−1
Kp

= Fu(D−1,∆D(p)), respectively, where Fu is the upper Linear

Fractional Transformation (LFT) (Zhou et al. 1996), see Figure 2.6a. The inverse D−1

is obtained through partial inversion of the IO map, see, e.g., (Zhou et al. 1996, Chapter

10). The controller is formed through the series connection of the LFRs N and D−1,

resulting in the LFR K such that Kp = Fu(K, diag(∆N ,∆D)), see Figure 2.6b.
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Algorithm 1: Basis function selection

1 Choose arbitrary bases {φi}nN

i=0 and {ϕi}nD

i=0, solve (2.25) for θ = {{w̆ℓ
i}mℓ=1 ∪ {v̆ℓi}mℓ=1} and

compute N̂Kp and D̂Kp .

2 Given N̂Kp and D̂Kp , compute the corresponding local pole and zero variations of the

controller. Choose new bases {φi} and {ϕi} based on FKcM clustering of the poles and

zeros.

3 Solve (2.25) and compute NKp and DKp .

4 Stop if a desired performance and order of the bases has been achieved, otherwise go to

step 2.

<latexit sha1_base64="lLt8CGBEbRc6hSIDt332Zrvpmp0=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBXcWBIp6rKgC5cV7APaWCbTSTt0Mgkzk0IJ+RM3LhRx65+482+ctFlo64GBwzn3cs8cP+ZMacf5tlZW19Y3Nktb5e2d3b19++CwpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJv77QmVikXiUU9j6oV4KFjACNZG6tt2L8R6RDBP77Kn9MLN+nbFqTozoGXiFqQCBRp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTrNxLFI0xGeMh7RoqcEiVl86SZ+jMKAMURNI8odFM/b2R4lCpaeibyTynWvRy8T+vm+jgxkuZiBNNBZkfChKOdITyGtCASUo0nxqCiWQmKyIjLDHRpqyyKcFd/PIyaV1W3atq7aFWqZ8WdZTgGE7gHFy4hjrcQwOaQGACz/AKb1ZqvVjv1sd8dMUqdo7gD6zPH04/k1w=</latexit>

D
−1

<latexit sha1_base64="somXF1ithC+6bsfDPJQLvrZgyuU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSq4KjNS1GXBjSupYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hUU9amSijdC4lhgkvWBg6C9RLNSBwK1g0nt7nffWLacCUfYZqwICYjySNOCVjJ78cExpSI7H42qNbcujsHXiVeQWqoQGtQ/eoPFU1jJoEKYozvuQkEGdHAqWCzSj81LCF0QkbMt1SSmJkgm0ee4XOrDHGktH0S8Fz9vZGR2JhpHNrJPKJZ9nLxP89PIboJMi6TFJiki4+iVGBQOL8fD7lmFMTUEkI1t1kxHRNNKNiWKrYEb/nkVdK5rHtX9cZDo9Y8K+oooxN0ii6Qh65RE92hFmojihR6Rq/ozQHnxXl3PhajJafYOUZ/4Hz+AH33kU8=</latexit>

N

<latexit sha1_base64="Ru7/m/zSH/51225OQUvAonhuXZA=">AAAB/nicbVDLSsNAFL3xWesrKq7cDFahbkoiRV0WdOFKKtgHNCFMppN26OTBzEQooeCvuHGhiFu/w51/46TNQlsPDBzOuZd75vgJZ1JZ1rextLyyurZe2ihvbm3v7Jp7+20Zp4LQFol5LLo+lpSziLYUU5x2E0Fx6HPa8UfXud95pEKyOHpQ44S6IR5ELGAEKy155qFzQ7nCnhNiNSSYZ3eTanLmmRWrZk2BFoldkAoUaHrml9OPSRrSSBGOpezZVqLcDAvFCKeTspNKmmAywgPa0zTCIZVuNo0/Qada6aMgFvpFCk3V3xsZDqUch76ezFPKeS8X//N6qQqu3IxFSapoRGaHgpQjFaO8C9RnghLFx5pgIpjOisgQC0yUbqysS7Dnv7xI2uc1+6JWv69XGidFHSU4gmOogg2X0IBbaEILCGTwDK/wZjwZL8a78TEbXTKKnQP4A+PzB8pIlUo=</latexit>

∆N (p)
<latexit sha1_base64="arcLhAgBLyo3QoTQD/hWmrPSUKQ=">AAAB/nicbVDLSsNAFL3xWesrKq7cBKtQNyWRoi4LduGygn1AE8JkOmmHTiZhZiKUUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c4KEUals+9tYWV1b39gsbZW3d3b39s2Dw46MU4FJG8csFr0AScIoJ21FFSO9RBAUBYx0g/Ft7ncfiZA05g9qkhAvQkNOQ4qR0pJvHrtNwhTy3QipEUYsa06ryYVvVuyaPYO1TJyCVKBAyze/3EGM04hwhRmSsu/YifIyJBTFjEzLbipJgvAYDUlfU44iIr1sFn9qnWtlYIWx0I8ra6b+3shQJOUkCvRknlIuern4n9dPVXjjZZQnqSIczw+FKbNUbOVdWAMqCFZsognCguqsFh4hgbDSjZV1Cc7il5dJ57LmXNXq9/VK46yoowQncApVcOAaGnAHLWgDhgye4RXejCfjxXg3PuajK0axcwR/YHz+ALr4lUA=</latexit>

∆D(p)
<latexit sha1_base64="KYf9nVnAzkUmddonq5TkAN86d78=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFXbisYB/QDiWTZtrQJDMmmUoZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsn89oQqzSL5YKYx9QUeShYygo2V/Kd+T2AzIpint7N+ueJW3TnQKvFyUoEcjX75qzeISCKoNIRjrbueGxs/xcowwums1Es0jTEZ4yHtWiqxoNpP56Fn6MwqAxRGyj5p0Fz9vZFiofVUBHYyi6iXvUz8z+smJrz2UybjxFBJFofChCMToawBNGCKEsOnlmCimM2KyAgrTIztqWRL8Ja/vEpaF1Xvslq7r1XqKK+jCCdwCufgwRXU4Q4a0AQCj/AMr/DmTJwX5935WIwWnHznGP7A+fwBBaKSKw==</latexit>

wD

<latexit sha1_base64="5m8m5BcwDD6H3azmwMtJ2g1bRew=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCLlxWsA9oh5JJM21oJjMmmUId+h1uXCji1o9x59+YaWehrQcCh3Pu5Z4cPxZcG8f5RoW19Y3NreJ2aWd3b/+gfHjU0lGiKGvSSESq4xPNBJesabgRrBMrRkJfsLY/vsn89oQpzSP5YKYx80IylDzglBgreU/9XkjMiBKR3s765YpTdebAq8TNSQVyNPrlr94goknIpKGCaN11ndh4KVGGU8FmpV6iWUzomAxZ11JJQqa9dB56hs+sMsBBpOyTBs/V3xspCbWehr6dzCLqZS8T//O6iQmuvZTLODFM0sWhIBHYRDhrAA+4YtSIqSWEKm6zYjoiilBjeyrZEtzlL6+S1kXVvazW7muVOs7rKMIJnMI5uHAFdbiDBjSBwiM8wyu8oQl6Qe/oYzFaQPnOMfwB+vwBClKSLg==</latexit>

zD

<latexit sha1_base64="ia9WzO7alQdpr18denH3TyBa8KY=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG1dSwT6gHUomzbShmcyYZAp16He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Cbz2xOmNI/kg5nGzAvJUPKAU2Ks5D31eyExI0pEejfrlytO1ZkDrxI3JxXI0eiXv3qDiCYhk4YKonXXdWLjpUQZTgWblXqJZjGhYzJkXUslCZn20nnoGT6zygAHkbJPGjxXf2+kJNR6Gvp2Mouol71M/M/rJia49lIu48QwSReHgkRgE+GsATzgilEjppYQqrjNiumIKEKN7alkS3CXv7xKWhdV97Jau69V6jivowgncArn4MIV1OEWGtAECo/wDK/whiboBb2jj8VoAeU7x/AH6PMHGYSSOA==</latexit>

zN
<latexit sha1_base64="YSgb/MXfBUu1FcnB0W+KVFTEBPc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN66kgn1AO5RMmmlDk8yYZCpl6He4caGIWz/GnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Cbz2xOqNIvkg5nG1Bd4KFnICDZW8p/6PYHNiGCe3s365YpbdedAq8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKezUi/RNMZkjIe0a6nEgmo/nYeeoTOrDFAYKfukQXP190aKhdZTEdjJLKJe9jLxP6+bmPDaT5mME0MlWRwKE45MhLIG0IApSgyfWoKJYjYrIiOsMDG2p5ItwVv+8ippXVS9y2rtvlapo7yOIpzAKZyDB1dQh1toQBMIPMIzvMKbM3FenHfnYzFacPKdY/gD5/MHFNSSNQ==</latexit>

wN

<latexit sha1_base64="L83jexnT/ixc5FiLR8nVHlGLAC8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqp619Vas1apkzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A4HGM5A==</latexit>

y
<latexit sha1_base64="F6A3yYDb0xDbaiiG6pgw+CcrOtg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2mGM4A==</latexit>

u

<latexit sha1_base64="U0i1oiEN2dHOl/RPt0mKjqnqoAc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A0s2M2w==</latexit>

p
<latexit sha1_base64="U0i1oiEN2dHOl/RPt0mKjqnqoAc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A0s2M2w==</latexit>

p

(a)

<latexit sha1_base64="L83jexnT/ixc5FiLR8nVHlGLAC8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqp619Vas1apkzyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A4HGM5A==</latexit>

y
<latexit sha1_base64="F6A3yYDb0xDbaiiG6pgw+CcrOtg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2mGM4A==</latexit>

u

<latexit sha1_base64="LIziTVpHdpiI4QzKrPmzrmNj5Dk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN4KbCvYB7VAyaaYNTTJjkqmUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7JCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45vMb0+o0iySD2YaU1/goWQhI9hYyX/q9wQ2I4J5ejfrlytu1Z0DrRIvJxXI0eiXv3qDiCSCSkM41rrrubHxU6wMI5zOSr1E0xiTMR7SrqUSC6r9dB56hs6sMkBhpOyTBs3V3xspFlpPRWAns4h62cvE/7xuYsJrP2UyTgyVZHEoTDgyEcoaQAOmKDF8agkmitmsiIywwsTYnkq2BG/5y6ukdVH1Lqu1+1qljvI6inACp3AOHlxBHW6hAU0g8AjP8ApvzsR5cd6dj8Vowcl3juEPnM8fEEWSMg==</latexit>

wK

<latexit sha1_base64="jLkqBPGqY6VnY0QmAzRqoaoAkdM=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG8FNBfuAdiiZNNOGZjJjkinUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7J8WPBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv745vMb0+Y0jySD2YaMy8kQ8kDTomxkvfU74XEjCgR6d2sX644VWcOvErcnFQgR6Nf/uoNIpqETBoqiNZd14mNlxJlOBVsVuolmsWEjsmQdS2VJGTaS+ehZ/jMKgMcRMo+afBc/b2RklDraejbySyiXvYy8T+vm5jg2ku5jBPDJF0cChKBTYSzBvCAK0aNmFpCqOI2K6Yjogg1tqeSLcFd/vIqaV1U3ctq7b5WqeO8jiKcwCmcgwtXUIdbaEATKDzCM7zCG5qgF/SOPhajBZTvHMMfoM8fFPWSNQ==</latexit>

zK

<latexit sha1_base64="U0i1oiEN2dHOl/RPt0mKjqnqoAc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUSR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A0s2M2w==</latexit>

p

<latexit sha1_base64="w38DvUH8Q3ivZamczfv65IdnSbM=">AAAB8nicbVDLSgMxFM3UV62vqks3wSq4KjNS1GXBjeCmgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+tMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/hegmyLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnsu5d1RsPjVrzrKijjE7QKbpAHrpGTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A3lokUw=</latexit>

K

<latexit sha1_base64="iNweXkKJbzOi9G96okT1tDQSb9A=">AAAB/nicbVDLSsNAFL3xWesrKq7cDFahbkoiRV0WdCG4qWAf0IQwmU7aoZMHMxOhhIK/4saFIm79Dnf+jZM2C209MHA4517umeMnnEllWd/G0vLK6tp6aaO8ubW9s2vu7bdlnApCWyTmsej6WFLOItpSTHHaTQTFoc9pxx9d537nkQrJ4uhBjRPqhngQsYARrLTkmYfODeUKe06I1ZBgnt1NqsmZZ1asmjUFWiR2QSpQoOmZX04/JmlII0U4lrJnW4lyMywUI5xOyk4qaYLJCA9oT9MIh1S62TT+BJ1qpY+CWOgXKTRVf29kOJRyHPp6Mk8p571c/M/rpSq4cjMWJamiEZkdClKOVIzyLlCfCUoUH2uCiWA6KyJDLDBRurGyLsGe//IiaZ/X7Ita/b5eaZwUdZTgCI6hCjZcQgNuoQktIJDBM7zCm/FkvBjvxsdsdMkodg7gD4zPH8WwlUc=</latexit>

∆K(p)

(b)

Figure 2.6: Controller realization through (a) the series connection of the LFRs NKp
= Fu(N ,∆N (p))

and DKp
= Fu(D−1,∆D(p)) and (b) Kp = Fu(K,∆K), with ∆K = diag(∆N ,∆D).

2.5 Control design for the CMG

In this section, a controller is designed and implemented on the CMG. Although the

theory in this chapter is presented in continuous-time, with this example we show that

a discrete-time application is possible. The system identification and controller design

are performed at a sampling rate of 200 Hz.

2.5.1 Frequency-domain measurements

As described in Section 2.2, the dynamics of the CMG are dependent on the velocity

of the disk. It is therefore natural to consider the velocity q̇1(t) = p(t) as a scheduling

variable. The disk velocity operates in the range P = [30, 50] rad/s. To identify the

local behavior at different disk velocities, an equidistant grid P = {30, 40, 50} is chosen.

As the gyroscope is inherently an unstable system, the measurements are performed in

closed-loop using a stabilizing LTI controller.

The coprime factors NGp
(iω) and DGp

(iω) can be calculated from the estimates of

the process sensitivity SpGp and sensitivity Sp, respectively (Karimi, Nicoletti, et al.

2018). This is achieved by estimating the fFRFs of the mappings d 7→ y and d 7→ uG,

respectively, in Figure 2.2. During a closed-loop experiment, the system is excited by a

white-noise disturbance signal d. The position of gimbal A is measured with an optical

encoder. Data records with a length of 240000 samples are collected for each operating

point p ∈ P .

The obtained fFRFs are estimated using the empirical transfer function estimate, using
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Figure 2.7: Bode plot of the estimated fFRFs of Gp for the three grid points p ∈ P = {30, 40, 50}
in blue, orange and yellow, respectively. The shaded regions show the 99% confidence bounds. A

parameter-varying shift in resonance frequencies and low-frequency gain is observed. High-frequency

noise is dominant above 10 Hz.

a Hanning window, and contain 1000 frequency points per operating point. Figure 2.7

shows the estimated fFRFs Gp. The figure highlights that the system is subject to

a relatively high noise level, which has a significant effect at higher frequencies. The

scheduling dependency is also clear to see, which manifests in terms of a shift in the

resonance frequencies and the low-frequency gain.

2.5.2 Data-driven controller synthesis

The goal is to control the position q4 of gimbal A by actuating gimbal C through torque

τ2. To highlight the parameter dependence, the objective is to track a reference signal

subject to variations in the disk velocity. To specify this objective in terms of control

design, consider the full 4-block shaping problem in Figure 2.2. Based on the fFRFs in

Figure 2.7, the first resonance occurs at 1.7 Hz. The shaping filters are designed such

that a bandwidth of 0.75 Hz is achieved. The sensitivity is shaped to provide a lower

bound on the bandwidth and to limit the overshoot by providing an upper bound of

6 dB for higher frequencies. Integral action is desired to achieve 0 steady-state error.

To suppress the effects of measurement noise while also limiting high-frequent control

actions, a high-frequent roll-off is enforced into the controller by shaping the control

and complementary sensitivities. Shaping the complementary sensitivity also provides

an upper bound on the achieved bandwidth. The process sensitivity is restricted to lie

below 0 dB to limit the amplification of disturbances.

Using the approach presented in this chapter, an LPV and LTI controller are synthesized,

for which the results are given in Figures 2.8 and 2.9. Both controllers are parameterized

by discrete-time Laguerre bases of orders nK = nD = 5 with pole z = 0.7. The

LPV controller has affine scheduling-dependance, and the LTI controller is scheduling-

independent. The achieved performance levels are γLPV = 1.2097 and γLTI = 3.1792.

The LTI controller does not meet the performance criteria for all operating points

and, therefore has to sacrifice performance in order to achieve robust performance.
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Figure 2.8: Magnitude plots of the fFRFs of the 4-block (2.9). The LPV and LTI designs are shown

in blue and orange, respectively. The inverse of the weighting filters are shown in black. The LTI

controller design does not meet the performance specifications.

Figure 2.9: Magnitude and phase plots of the LPV controller for frozen scheduling-values P =

{30, 40, 50} in blue orange and yellow, respectively. The LPV controller compensates the parameter-

varying low-frequency gain and resonance behavior observed in Figure 2.7.

The LPV controller achieves good performance for the considered operating space by

compensating for the parameter-dependent low-frequency gain and resonance behavior.

2.5.3 Results

First, the tracking performance is evaluated locally, when the scheduling variable

operates at constant velocities P = {30, 40, 50} rad/s. Figure 2.10 shows the measured

step responses using the designed LPV and LTI controllers. The main differences are

observed for p = 30 and p = 50 rad/s. At p = 30 rad/s, the step response shows a

significant oscillation when using the LTI controller. This oscillation corresponds to the

resonance frequency at 1.7 Hz in Figure 2.8 and it is significantly larger compared to

the LPV case. For p = 50 rad/s, a slightly higher bandwidth is achieved when using

the LPV controller, which corresponds to a faster rise and settling time. Finally, the
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Figure 2.10: Measured local step responses of the CMG for constant scheduling variables P =

{30, 40, 50} rad/s, from top to bottom, respectively. The angle of gimbal A is shown in blue and

orange when using the LPV and LTI controller, respectively. The LTI design loses performance for

p ∈ {30, 50} rad/s, whereas the LPV design displays consistent results for the considered operating

points.

responses when using the LPV controller are very consistent, with only a small variation

in settling time.

Next, the performance is evaluated for a time-varying scheduling variable. A Square

wave reference signals, filtered with a 3rd order low-pass filter with a cut-off frequency

of 0.7 Hz, are used to challenge the system. The amplitude of the reference is 15◦.

The scheduling variable, i.e. the disk velocity, tracks a similar, but faster square wave

trajectory in the range P = [30, 50] rad/s. Implementation of the controller is done

according to the LFR representation described in Section 2.4.3, where the controller is

scheduled at each sampling interval.

Figure 2.11 shows the reference signal, tracking performance, scheduling variation and

control effort for the designed LPV and LTI controllers. The results indicate that the

LPV controller performs significantly better than the LTI controller. A reduction in

overshoot and settling time are observed. More specifically, we obtain a 39% and 33%

decrease between the ℓ2 and ℓ∞ norms of the error signals, respectively. These results

experimentally validate the capabilities of the proposed control methodology, including

the benefit of using an LPV controller over an LTI controller for the CMG. However, it

is imperative to note that stability and performance guarantees are provided only locally.

Hence, stability and performance of the nonlinear system can only be guaranteed for

sufficiently slow variations of the scheduling variable.

2.6 Conclusions

The LPV controller synthesis approach in this chapter enables the design of operating

condition-dependent controllers directly from frequency-domain data. Experimental

demonstrations on a control moment gyroscope show that significant increase in perfor-
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Figure 2.11: Experimental results of the CMG. The top figure shows the reference (black) and the

angle of gimbal A when using the LPV and LTI controllers in blue and orange, respectively. The

other figures shows the error, scheduling and input signals. The LPV design significantly improves the

performance by decreasing the overshoot.

mance can be achieved via the proposed approach for operating condition-dependent

systems. Compared to existing methods in the literature, this approach enables the

design of rational LPV controllers, for which local stability and performance analysis

certificates are provided. Future research aims at global stability and performance

guarantees.





Chapter 3

Data-driven control of MIMO systems with

local guarantees

Abstract: The linear parameter-varying framework enables systematic control design

approaches to meet increasing performance requirements and complexity of systems.

The aim of this chapter is to develop local frequency response data-based analysis

and synthesis conditions for multiple-input multiple-output linear parameter-varying

systems to facilitate fast tuning. Key advantages are local stability and performance

guarantees and a global controller parameterization. The effectiveness of the proposed

methods are evaluated based on a simulation example.

The contents in this chapter are published in Bloemers, T., Oomen, T., and Tóth, R. (2022).

Frequency Response Data-driven LPV Controller Synthesis for MIMO Systems. IEEE Control Systems

Letters, 6:2264–2269.
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3.1 Introduction

Using FRFs to manually design controllers directly from measurement data is often

used in the industry (Oomen 2018). FRF estimates provide accurate nonparametric

system descriptions, which are relatively fast and inexpensive to obtain (Pintelon and

Schoukens 2012). This has motivated the development of classical frequency-domain

control design techniques, based on graphical tools including Bode plots and Nyquist

diagrams with efficient guiding rules and insight.

Data-driven control design techniques based on FRF estimates provide systematic tools

to synthesize LTI controllers. Beyond classical techniques, (Grassi et al. 2001), extensions

include more general control structures with a focus on H∞-performance (Khadraoui

et al. 2014). The H∞ framework enables the incorporation of model uncertainties in

the control design, which has led to the synthesis of stabilizing controllers that achieve

robust stability and performance with respect to plant variations (Karimi and Kammer

2017; Karimi, Nicoletti, et al. 2018). However, this comes at the cost of performance.

While these results are confined to the LTI case, the recent push for performance

necessitates the direct addressing of nonlinearities, e.g. position dependency.

The concept of LPV systems provides a systematic framework for synthesis and analysis

of gain-scheduled controllers for nonlinear systems (Shamma and Athans 1992), over-

coming limitations of robust LTI controllers. LPV systems are characterized by a linear

relation between the IO signals. Unlike LTI systems, this map can change over time

based on a measurable time-varying signal. This so-called scheduling signal can be used

to describe operating condition-dependent dynamics or effectively embedding nonlinear

dynamics in the solution set of an LPV system (Tóth 2010). The LPV framework is

supported with well-developed model-based control and identification approaches (Tóth

2010; Hoffmann and Werner 2015).

Designing LPV controllers directly from measurement data is receiving increased

interest. While time-domain approaches have been developed, e.g. (Formentin et al.

2016), frequency domain methods (Karimi and Emedi 2013; Bloemers, Tóth, et al. 2019)

mainly focus on SISO LPV systems. Common drawbacks of these methods include

conservative stability and performance constraints, and limited freedom in the controller

parameterization. A practically well-applicable method has been developed in (Bloemers,

Tóth, et al. 2021; Bloemers, Tóth, et al. 2022) overcoming these limitations. However,

the extension to MIMO systems remains difficult because of the non-commutative

nature of multivariable systems (Rantzer and Megretski 1994).

Based on recent IQC results (Megretski and Rantzer 1997; Veenman 2015), in this

chapter we present a novel method to design MIMO LPV controllers directly from

frequency-domain measurement data. Key advantages are the local stability and

performance guarantees and a global LPV controller parameterization that allows

shaping of the poles and zeros based on local frequency-domain information.
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The main contribution of this chapter is

C1 LPV controller synthesis method for unstable MIMO plants, using only frequency-

domain measurement data, with local stability and performance guarantees.

This is achieved by the following sub-contributions.

C2 Development of local LPV frequency-domain IQC stability and performance analysis

conditions.

C3 Development of a locally stable LPV frequency-domain controller initialization

algorithm.

Additional to the preliminary results in (Bloemers, Tóth, et al. 2022), a connection to

dissipativity theory is established through the IQC theory presented in (Veenman 2015).

This allows for the more general notion of quadratic performance such as passivity,

H2, H∞, etc. The results are evaluated based on a simulation example. Although the

theory presented in this chapter is in continuous-time, DT results follow analogously,

see (Veenman et al. 2016).

Notation: C
+ denotes the open right-half complex plane and C

0 := iR∪{∞} denotes the

extended imaginary axis. L2 denotes the space of square integrable functions. RL∞ and

RH∞⊂RL∞ are sets of real-rational and proper transfer functions analytic on C
0 and

C
0 ∪C

+, respectively. The pair {N,D} is a Right Coprime Factorization (RCF) of P if

D is invertible, N,D ∈ RH·×·
∞ , P = ND−1 and ∃Xr, Yr ∈ RH·×·

∞ such that the Bézout

identity XrD + YrN = I holds. Similiarly, {Ñ , D̃} is a Left Coprime Factorization

(LCF) P = D̃−1Ñ if D̃ is invertible, Ñ , D̃ ∈ RH·×·
∞ and ∃Xl, Yl ∈ RH·×·

∞ such that

D̃Xl + Ỹ Nl = I. If G = G∗ ∈ RL·×·
∞ , then G ≻ 0 on C

0 implies that G satisfies the

frequency domain inequality (FDI) G(iω) ≻ 0 for all ω ∈ R ∪ {∞}.

3.2 Problem formulation

3.2.1 Linear parameter-varying systems

Consider the MIMO CT LPV system

G :

{

ẋ(t) = A(p(t))x(t) + B(p(t))u(t),

y(t) = C(p(t))x(t) +D(p(t))u(t).
(3.1)

Here, x : R → R
nx is the state variable, u : R → R

nu is the input signal, y : R → R
ny is

the output signal and p : R → P ⊆ R
np the scheduling variable. If the scheduling signal

p(t) ≡ p is constant (3.1) becomes LTI, i.e.,

Gp :

{

ẋ(t) = A(p)x(t) + B(p)u(t),

y(t) = C(p)x(t) +D(p)u(t).
(3.2)
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Gp

Figure 3.1: Feedback interconnection of the plant Gp and controller Kp, dependent on the scheduling

signal.

For a given p ∈ P, (3.2) describes the local behavior of (3.1). We define the Fourier

transform of (3.2) by

Y (iω) = Gp(iω)U(iω), (3.3)

where Gp(iω) represents the fFRF of (3.1) for constant p(t) ≡ p ∈ P. Similarly, K
denotes an LPV controller with local behavior Kp.

3.2.2 Problem formulation

Consider the four-block closed-loop map T (Gp, Kp) : col(r, d) 7→ col(y, u) defined by

T (Gp, Kp) =

(
Kp

I

)

(I +GpKp)
−1
(
Gp I

)
(3.4)

corresponding to the feedback interconnection in Figure 3.1, where Gp ∈ RLny×nu

∞ de-

notes the local plant for p(t) ≡ p and Kp ∈ RLnu×ny

∞ the controller. The interconnection

in Figure 3.1 is internally stable if and only if (3.4) is stable.

The problem addressed in this chapter is to synthesize an LPV controller K directly

from fFRF data such that for any p ∈ P, the local aspect of the plant Gp and of the

controller Kp satisfy the following requirements:

R1 The map T (Gp, Kp) is internally stable.

R2 The map T (Gp, Kp) achieves quadratic performance.

Here, quadratic performance refers to performance with respect to a pre-defined

quadratic measure, for example a bound on the L2-gain. This is clarified further

in Section 3.3.1. Consider the fFRF data DN,pℓ = {Gp(iωk), pℓ}Nk=1, obtained at the

constant scheduling points P = {pℓ}Nloc

ℓ=1 ⊂ P. The frequencies are assumed to be suffi-

ciently dense such that is suffices to check a finite number of discrete points only to

draw conclusions on the underlying continuous curve. As IQCs form the basis of our

results, we give a short introduction to them based on (Veenman et al. 2016) in the

next section.
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Figure 3.2: Feedback interconnection for robust stability (a) and performance (b) analysis.

3.3 Integral quadratic constraints

3.3.1 Considered problem setting

Consider an uncertain dynamic system corresponding to the interconnection in Figure

3.2a, where

q = Gρ+ µ, (3.5a)

ρ = ∆(q) + η. (3.5b)

Here, G ∈ RHnq×nρ

∞ is the nominal LTI plant, ∆ : Lnq

2 → Lnρ

2 is a causal and bounded

operator, and µ ∈ Lnq

2 and η ∈ Lnρ

2 are exogenous input disturbances. Typically, ∆

describes the trouble-making component, e.g., uncertain, time-varying, or nonlinear

dynamics, which takes values in a pre-defined class ∆. The interconnection in Figure

3.2a separates the uncertain component from a nominal LTI system. Analysis of (3.5)

follows a similar separation by considering G and ∆ separately through an IQC and an

FDI, respectively. We introduce the following definitions (Veenman 2015):

Definition 3.3.1 (Well-posedness). The feedback interconnection (3.5) is well-posed if

for each col(µ, η) ∈ Lnq+nρ

2 there exists a unique response col(q, ρ) ∈ Lnq+nρ

2 such that

col(q, ρ) depends causally on col(µ, η).

Definition 3.3.2 (Stability). The feedback interconnection (3.5) is stable if it is well-

posed and the L2-gain of the map col(µ, η) 7→ col(q, ρ) is bounded.

Definition 3.3.3 (Robust stability). The feedback interconnection (3.5) is robustly

stable if it is stable for all ∆ ∈ ∆.

3.3.2 Integral Quadratic Constraints

Two signals ρ∈Lnρ

2 and q∈Lnq

2 are said to satisfy the IQC defined by the multiplier

Π: iR→C
(nq+nρ)×(nq+nρ) if

∫ ∞

−∞

(
q̂(iω)

ρ̂(iω)

)∗

Π(iω)

(
q̂(iω)

ρ̂(iω)

)

dω ≥ 0. (3.6)

Here (3.6) describes the energy distribution along the spectrums of (q, ρ). In general, Π

can be any measurable bounded Hermitian-valued function. By Parseval’s theorem, the
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frequency-domain IQC is equivalent to the time-domain

I(Π, q, ρ) :=
〈(

q

ρ

)

,Π

(
q

ρ

)〉

≥ 0, (3.7)

where Π is also used to denote the time-domain operator equivalent to multiplication with

Π in the frequency domain. When ρ=∆(q) and there is a Π such that I(Π, q,∆(q)) ≥
0, ∀q∈Lnq

2 , it is possible to describe energy relations between the inputs and outputs

of ∆. For stability, consider the IQC theorem of (Megretski and Rantzer 1997):

Theorem 3.3.4. Let G ∈ RHnq×nρ

∞ and ∆ ∈ ∆. Assume that

1. for all τ ∈ [0, 1] the feedback interconnection (3.5) is well-posed for ∆ replaced by

τ∆; and

2. for all τ ∈ [0, 1] and some Π ∈ RL(nq+nρ)×(nq+nρ)
∞ the IQC (3.6) is satisfied for ∆

replaced by τ∆.

Then, the feedback interconnection (3.5) is robustly stable if there exists some Π ∈
RL(nq+nρ)×(nq+nρ)

∞ for which the following FDI is satisfied:

(
G(iω)

I

)∗

Π(iω)

(
G(iω)

I

)

≺ 0, ∀ω ∈ R ∪ {∞}. (3.8)

In the sequel, we will express the FDI X(iω) ≺ 0, ∀ω ∈ R ∪ {∞} as X ≺ 0 on C
0.

3.3.3 Robust stability analysis

To handle large uncertainty classes, we construct the family of IQC-multipliers Π⊂
RL(nq+nρ)×(nq+nρ)

∞ such that the IQC (3.6) holds for all Π ∈ Π and for all ∆ ∈ ∆. For

technical reasons, ∆ is assumed to be star-shaped, i.e.,

Assumption 3.3.5. ∆∈∆ implies that τ∆∈∆ for all τ ∈ [0, 1].

Later, we will drop this assumption. As stated in (Veenman 2015), Theorem 3.3.4 can

be used for robust stability analysis:

Corollary 3.3.6. Assume that, for all ∆ ∈ ∆,

1. the feedback interconnection (3.5) is well-posed; and

2. for all Π ∈ Π, the IQC (3.6) is satisfied.

Then, the interconnection (3.5) is robustly stable if there exists a Π ∈ Π for which the

following FDI is satisfied on C
0:

(
G

I

)∗

Π

(
G

I

)

≺ 0. (3.9)
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3.3.4 Robust performance analysis

For the analysis of robust performance, we augment the feedback interconnection in

Figure 3.2a with a performance channel as depicted in Figure 3.2b. The feedback

interconnection is is now defined through the LFR such that w 7→ z : Fu(∆(q),M).
(
q

z

)

=

(
Mqρ Mqw

Mzρ Mzw

)(
ρ

w

)

, ρ = ∆(q). (3.10)

whereM ∈ RH(nq+nz)×(nρ+nw)
∞ is the nominal plant. We assume that (3.10) is well-posed

for all ∆ ∈ ∆. We intend to impose performance criteria on w 7→ z through the IQC

Id(Πd, z, w) :=

〈(
z

w

)

,Πd

(
z

w

)〉

≤ ǫ‖w‖2, (3.11)

where ǫ > 0 and Πd is a frequency dependent performance index confined to the set

Πd⊂
{

Πd∈RL(nz+nw)×(nz+nw)
∞

∣
∣
∣Πd11<0 onC0

}

. (3.12)

The family Πd represents a measure of quadratic performance such as passivity, L2 or

H2 performance. Next, we extend Corollary 3.3.6 for robust performance (Veenman

et al. 2016).

Definition 3.3.7 (Robust performance). The feedback interconnection (3.10) achieves

robust performance w.r.t. (3.12) if it is robustly stable and if there exists some Πd ∈ Πd

such that (3.11) holds for all trajectories of (3.10) generated by w ∈ Lnw

2 .

Corollary 3.3.8. Assume that, for all ∆ ∈ ∆,

1. the LFR (3.10) is well-posed; and

2. for all Π ∈ Π the IQC (3.6) is satisfied.

Then, the interconnection (3.10) is robustly stable and achieves robust performance if

there exist Π ∈ Π and Πd ∈ Πd which satisfy the following FDI on C
0:








Mqρ Mqw

I 0

Mzρ Mzw

0 I








∗

(

Π 0

0 Πd

)








Mqρ Mqw

I 0

Mzρ Mzw

0 I







≺ 0. (3.13)

If ρ = ∆(q) = ∆q, then the IQC (3.6) reads as

∫ ∞

−∞

q̂∗(iω)

(

I

∆̂(iω)

)∗

Π(iω)

(

I

∆̂(iω)

)

q̂(iω)dω ≥ 0,

which in turn is satisfied if the following FDI holds:
(

I

∆̂(iω)

)∗

Π(iω)

(

I

∆̂(iω)

)

< 0 on C
0. (3.14)
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Remark 3.3.9. Since Πd11 < 0, (3.13) implies (3.9) for G replaced by Mqρ. Hence, by

Corollary 3.3.6, (3.10) is robustly stable.

3.4 Four-block IQC analysis

In this section, stability and performance conditions are presented for the considered

four-block problem, satisfying Requirements R1 and R2. This forms Contribution C2.

Assume that for all frozen p ∈ P, the plant admits the LCF Gp = D−1
Gp
NGp

and the

controller admits the RCF Kp = NKp
D−1

Kp
. Then for all p ∈ P, the map w 7→ z :

T (Gp, Kp) in Figure 3.1 can be equivalently expressed by

T (Gp, Kp) = NzD
−1Nw, (3.15)

with

Nz =

(
NKp

DKp

)

, Nw =
(
NGp

DGp

)
, D = NwNz. (3.16)

Note that in (3.16) the dependency on p is dropped for brevity. This parameterization

allows for unstable subsystems within the IQC framework as is further exploited in the

next section.

3.4.1 Reformulated representation

With controller synthesis in mind, the main difficulty in (3.15) is the nonlinear appear-

ance of the controller factors NKp
and DKp

. For that reason, we represent (3.15) by

the following LFR such that w 7→z :T (Gp, Kp) = Fu(∆,M), with

M =

(
(Iny

−D) (Iny
−D)Nw

Nz NzNw

)

, ∆ = Iny
. (3.17)

Here, ∆ does not represent a usual uncertainty, but a known quantity that results in an

LFR of (3.15). Next, we exploit this specific LFR to obtain IQC analysis and synthesis

conditions.

Remark 3.4.1. Even though the uncertainty singleton (3.17) violates Assumption

3.3.5, the IQC theory presented can be applied without modifications as mentioned in

(Veenman 2015, Chapter 2.10.1).

3.4.2 Four-block IQC multipliers

Consider the set of all LTI real full-block operators p = ∆q defined by p(t) = ∆̃(δ)q(t).

Here, δ takes values in the polytope consisting of the single generator Λ := co{δ1} =

co{1}. This corresponds to (3.17) and confines ∆ to the singleton

∆lti,re,fb :=
{

∆̃(δ)
∣
∣
∣ δ ∈ Λ

}

. (3.18)
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We can now state that the IQC (3.6) is satisfied for all ∆ ∈ ∆lti,re,fb with Π = Π∗ ∈
RL(nq+nρ)×(nq+nρ)

∞ , if

(
Inq

∆̃(δ1)

)⊤

Π(iω)

(
Inq

∆̃(δ1)

)

< 0 on C
0, (3.19a)

(
0nq

Inρ

)⊤

Π(iω)

(
0nq

Inρ

)

4 0 on C
0, (3.19b)

and hence, the family of IQC multipliers reads as

Πlti,re,fb :=
{

Π ∈ RL(nq+nρ)×(nq+nρ)
∞

∣
∣
∣ (3.19)

}

. (3.20)

A proof follows by combining (3.6) with (3.19).

3.4.3 Four-block analysis problem

In this subsection, we present analysis conditions to assess locally the quadratic perfor-

mance of T (Gp, Kp) w.r.t. Πd, constituting to Contribution C2. Applying Corollary

3.3.8 to the LFR (3.17) results in the performance analysis conditions








Mqρ Mqw

I 0

Mzρ Mzw

0 I








∗

(

Π 0

0 Πd

)








Mqρ Mqw

I 0

Mzρ Mzw

0 I








≺ 0, (3.21)

Π ∈ Πlti,re,fb, Πd ∈ Πd, ∀p ∈ P, on C
0. (3.22)

When considering the data DN,pℓ , with LCF Gp = D−1
Gp
NGp

and RCF Kp = NKp
D−1

Kp
,

the FDIs (3.21) result in a convex optimization problem in the variables Π and Πd.

Taking for example the performance index

Πd :=
{
diag(γ−1I,−γI) ∈ S

nz+nw
∣
∣ 0 < γ ≤ γb

}
, (3.23)

with γb > 0 implies a bound on the induced L2-gain, i.e., ‖Fu(∆,M)‖∞ < γb. The

choice of (3.23) allows to minimize over γ subject to (3.21) to obtain an upper bound

on the worst-case L2-gain from w to z. Although (3.21) is convex for analysis, it is

non-convex for synthesis due to the nonlinear relation between the IQC multiplier and

the controller.

3.5 Four-block IQC controller synthesis

For synthesis, the relation between Π and {NKp
, DKp

} is nonlinear and (3.21) is non-

convex. Hence, forming the main contribution of this chapter, we propose an algorithm

that iterates between finding a suitable IQC multiplier and a controller, similar to the

DK-iterations in µ-synthesis.
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Algorithm 2: IQC synthesis iterations

1 Set κ = 0. Initialize the controller {N (κ)
Kp
, D

(κ)
Kp

}.
2 while Πd converges and κ ≤ κmax do

3 Set κ = κ+ 1.

4 Multiplier optimization: Given {N (κ)
Kp
, D

(κ)
Kp

}, solve (3.21) and obtain

{Π(κ),Π
(κ)
d }.

5 Controller synthesis: Given {Π(κ)}, solve (3.25) and obtain {N (κ)
Kp
, D

(κ)
Kp
,Π

(κ)
d }.

3.5.1 IQC-multiplier iteration

GivenNKp
, DKp

and henceM , the multiplier iteration boils down to an IQC performance

analysis problem and (3.21) can be rendered affine in Π, Πd for a given performance

multiplier family Πd. See Section 3.4.3.

3.5.2 Controller iteration

Given Π and let Πd ∈ Πd. Rearrange (3.13) to obtain
(

I

M

)∗(

Π̃22 Π̃⊤
12

Π̃12 Π̃11

)(

I

M

)

≺ 0 on C
0, ∀p ∈ P and a Πd ∈ Πd, (3.24)

where Π̃22 = diag(Π22, Πd22), Π̃11 = diag(Π11, Πd11) and Π̃12 = diag(Π⊤
12, Π

⊤
d12). As-

suming Π̃11 ≻ 0, (3.24) can be rendered affine in M , with M defined in (3.17), as

follows
(

Π̃22 +He
(

Π̃12M
)

M∗

M −Π̃−1
11

)

≺ 0 on C
0, ∀p ∈ P and a Πd ∈ Πd. (3.25)

Considering the data DN,pℓ , (3.25) is convex which, given a Π ∈ Π, results in an optimal

controller Kp.

3.5.3 IQC synthesis algorithm

To summarize the main contribution of the chapter, Algorithm 2 presents the controller

synthesis procedure. Convergence of Πd depends on the chosen family of performance

multipliers Πd. For example, if Πd defines the passivity multipliers (see (Veenman et al.

2016)) then one iteration suffices.

The described algorithm constructs, at each iteration, pairs of multipliers and stabilizing

controllers from fFRF data DN,pℓ . Although global convergence of Algorithm 2 is not

guaranteed, separately, the multiplier and controller iterations are convex Semidefinite

Programs (SDPs) when considering the data DN,pℓ . Therefore, we can guarantee

monotonic convergence because for {N (κ)
Kp
, N

(κ)
Kp

} given, there always exists a {Π(κ),Π
(κ)
d }

with performance better than or equal to iteration κ−1. Conversely, the same argument

applies.
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3.5.4 Controller initialization

This section describes the initialization of the controller {NKp
, DKp

} in Algorithm 2,

forming Contribution C3. The following theorem is based on our preliminary work

(Bloemers, Tóth, et al. 2022, Theorem 1) for stability analysis of SISO systems.

Theorem 3.5.1. Let {NGp
, DGp

} and {NKp
, DKp

} denote an LCF and RCF of Gp and

Kp, respectively, and D is as in (3.16). The following conditions are equivalent: For

all p ∈ P,

3.5.1a) D−1 ∈ RHny×ny

∞ .

3.5.1b) There exists a multiplier Γp ∈ RHny×ny

∞ such that

He (D(iω)Γp(iω)) ≻ 0, on C
0.

Proof. (⇒) Assume 3.5.1a) and let Q = D−1. This implies that the Bézout identity is

satisfied for X = NKp
Q and Y = DKp

Q. Hence, 3.5.1b) is satisfied by setting Γp = Q

because He(ÑGp
X + D̃Gp

Y ) = I for all ω ∈ R ∪ {∞}.

(⇐) Assume 3.5.1b) and let U = DΓp. Note that U,U−1∈RHny×ny

∞ , because 3.5.1b)

implies that DΓp is bi-proper and has no right half-plane (RHP) zeros. Then D=UΓ−1
p

satisfies the Bézout identity, therefore D−1∈RHny×ny

∞ . Thus, 3.5.1b) implies 3.5.1a).

This completes the proof.

Given the data DN,pℓ , Theorem 3.3.4 provides FDIs for the analysis of internal stability

of (3.15). We can exploit this theorem to synthesize a stabilizing controller by absorbing

Γp in the controller such that N̄Kp
= NKp

Γp and D̄Kp
= DKp

Γp such that Kp =

N̄Kp
Γp(D̄Kp

Γp)
−1 = NKp

D−1
Kp

.

3.5.5 Controller parameterization

Similar to our preliminary work (Bloemers, Tóth, et al. 2022), the controller is parame-

terized by orthonormal basis functions. Let

NKp
(s) =

∑nN

i=0Wi(p)φi(s), (3.26a)

DKp
(s) =

∑nD

i=0 Vi(p)ϕi(s), (3.26b)

where {φi}nN

i=0 and {ϕi}nD

i=0 are sequences of basis functions with φ0 = ϕ0 = 1, nD ≥ nN ,

and coefficient functions

Wi(p) =
∑m

ℓ=1 W̆
ℓ
i ψℓ(p), Vi(p) =

∑m

ℓ=1 V̆
ℓ
i ψℓ(p). (3.27)

Here, the coefficient functions Wi ∈ R
nu×ny and Vi ∈ R

ny×ny are formed by a chosen

functional dependence on the frozen scheduling variable p, e.g., affine, polynomial, or

rational, characterized by the basis functions {ψℓ}mℓ=1.
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Figure 3.3: Magnitude plots of the fFRFs of Gp for p ∈ P = {−1, 0, 1} (blue) and the interpolated

LPV model (dashed orange).

The concept in this chapter is that the global behavior of the controller K is tuned based

on the local information DN,pℓ and parameterization (3.26). For more information on

the basis functions and the selection hereof, see (Bloemers, Tóth, et al. 2022).

3.6 Results

Consider the two-mass-spring-damper system connected by a parameter-varying (e.g. po-

sition dependent) spring

G :Mq̈(t) +Dq̇(t) +K(p(t))q(t) = u(t), (3.28)

where q ∈ R
2 denotes the position of the two masses, u ∈ R

2 is the input signal, y = q

is the output signal and p ∈ P the scheduling variable, with P = [−1, 1]. Here,

M =

(
m1 0

0 m2

)

, D =

(
d+ dl −d
−d d+ dr

)

,

K(p(t)) =

(
k0 −k0
−k0 k0 + kr

)

+

(
k1 −k1
−k1 k1

)

p(t).

Figure 3.3 shows the local behavior obtained at an equidistant grid p(t) ≡ p ∈ P =

{−1, 0, 1}. We observe that the parameter-varying dynamics manifest itself in terms of

a shift in the low-frequency gain and resonance frequencies.

The objective is to control the position of both masses simultaneously subject to

variations in the spring stiffness. In terms of control design, the control objectives are

specified in terms of weighting filters on the four-block map (3.4), shown in Figure 3.4,

where the goal is to minimize the L2-gain.

We synthesize (i) a data-driven LPV controller according to Algorithm 2, where NKp
and

DKp
are parameterized by 4th order Laguerre basis functions with affine dependence

on p. For comparison, we also design (ii) a data-driven LTI controller and (iii) a

model-based LPV controller. The LTI controller is designed at the nominal operating
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Figure 3.4: Maximum singular values of the fFRFs of (3.4) with data-driven LPV (blue), LTI (orange)

and model-based LPV (yellow) controllers, and weighting filters (black).

point p = 0, with NKp
and DKp

parameterized as in the data-driven LPV control design.

To synthesize the model-based LPV controller, first local LTI models are estimated

based on the fFRF data in Figure 3.3 using frequency-domain subspace identification

(McKelvey and Gibanica 2021). Next, an LPV model is interpolated through matching

the input-output behavior of the local models and the considered LPV model (Vizer

et al. 2013), see Figure 3.3. Finally, a polytopic LPV controller is designed (Hoffmann

and Werner 2015). The controllers achieve L2-gains of 1.78, 2.41 and 1.78, respectively.

First, the tracking performance is evaluated locally for p ∈ P in Figure 3.5. The data-

driven LPV controller has better performance for mass m1, but has a slightly slower

response for mass m2 compared to the LTI and model-based designs. In Figure 3.6,

tracking results are shown for a time-varying scheduling trajectory. Similar conclusions

can be drawn.

A possible explanation for the discrepancies is the available freedom in the controller

parameterization that the data-driven LPV and LTI methods exploit to minimize the

L2-gain. The performance of the model-based LPV controller depends on the quality of

the LPV model. Hence accurate identification and interpolation is required to achieve

good controllers. The results show the benefit of the data-driven LPV controller, which

is able to increase the performance compared to the LTI controller, while avoiding

a difficult LPV modeling and identification procedure. Note that we only guarantee

stability and performance locally. Stability and performance of the nonlinear system

are only guaranteed for sufficiently slow variations of the scheduling variable.

3.7 Conclusions

This chapter presents an approach to directly synthesize MIMO LPV controllers from

frequency-domain data. The approach exploits a specific linear fractional representation

of the four-block closed-loop interconnection such that it fits within the IQC framework.

Coprime factorizations of the plant and controller are utilized to allow for a rational
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Figure 3.5: Unit step responses of mass m1 and m2 for frozen p ∈ P, for the data-driven LPV (blue),

LTI (orange) and model-based LPV (yellow) controllers, respectively.

Figure 3.6: Simulation results. The top and middle figures show the reference (black) and position

of mass m1 and m2 for the LPV (blue), LTI (orange) and model-based LPV (yellow) controllers,

respectively. The bottom plot shows the scheduling trajectory.

controller parameterization. The results are demonstrated by means of a simulation

example.



Chapter 4

Data-driven control with global guarantees

Abstract: Originally, the linear parameter-varying (LPV) framework has been

introduced with the intention to systematically design gain-scheduled controllers for

nonlinear systems based on local data. However, local representations of the nonlinear

system were not sufficient to guarantee stability and performance for arbitrary scheduling,

which has led to the introduction of more complicated global LPV embedding based

control design. In this paper, we show that the underlying difficulties can be overcome

and we present a data-based control design method for nonlinear systems, based on

local frequency-domain data, with equilibrium independent stability and performance

guarantees. To this end, we show how frequency response functions (FRF) of the so-

called velocity form of the nonlinear system can be identified using local or time-varying

observations. Using these FRFs a data-driven controller synthesis concept is presented

to design an LPV controller in the velocity domain. By accomplishing a realization

step, a nonlinear controller is computed from the LPV design that ensures equilibrium

independent stability and performance of the closed-loop system. The effectiveness of

the proposed method is demonstrated on a simulation example.

The contents in this chapter are published in Bloemers, T., Koelewijn, P. J. W., Oomen, T., and

Tóth, R. (2023). Data-Driven LPV Control of Nonlinear Systems a Frequency-Domain Approach with

Global Guarantees. To be submitted for journal publication.
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4.1 Introduction

Nowadays, many applications encountered in the industry exhibit increasingly dominant

nonlinear behavior. While current state-of-the-art systems have grown significantly in

complexity, the currently industrially widely used control design tools are still based on

the LTI framework. These tools are popular for their intuitive design philosophy and

capabilities to achieve high-performance controllers in a systematic and computationally

efficient way. More importantly, controllers can be designed directly from frequency-

domain measurement data of the system, using popular techniques in the industry,

for example, loop-shaping (Doyle, Francis, et al. 1992; Skogestad and Postlethwaite

2001), or using direct data-driven synthesis methods (Karimi and Galdos 2010; Karimi,

Nicoletti, et al. 2018). However, control of nonlinear systems with LTI tools is reaching

its limitations and to maintain performance improvements, the nonlinearities need to

be addressed explicitly during the control design (Wassink et al. 2005).

A successful way to extend the LTI design philosophy and techniques to nonlinear

systems has been through the linear parameter-varying (LPV) concept. In the LPV

framework, a nonlinear system is embedded into an LPV representation, by capturing

the nonlinearities or operating condition-dependent dynamics in a so-called scheduling

variable. In this way, the dynamic relation between the input-output (IO) signals

remains linear, but depend on the scheduling variable. Initially, embedding of nonlinear

systems was centered around local approximations of the system. This originated from

the heuristic design of gain-scheduled controllers based on local linearizations at an

envelope of operating points, followed by the interpolation of these controllers to arrive

at a global control solution, covering the entire operating region of interest. This led to

the systematic design of gain-scheduled controllers using local LPV control approaches

(Shamma and Athans 1992). More recently, new advances have also made possible to

synthesize local LPV controllers directly from measurement data (Karimi and Emedi

2013; Bloemers, Oomen, et al. 2022; Bloemers, Tóth, et al. 2022). However, local

approaches are missing a systematic way to guarantee global stability and performance,

i.e., classical Lyapunov stability and performance with respect to the origin, while

also considering the time-varying nature of the underlying system. Hence, using local

approaches stability is ensured only around the local linearization points.

While local control design approaches are straightforward to implement, requiring only

information of the system around operating conditions, there is a lack of global stability

and performance guarantees as the time-varying nature of the scheduling variables is

not taken into account. To get these controllers deployable, the operating conditions

are assumed to vary sufficiently slowly, such that the time-varying nature of the system

is negligible (Desoer 1969; Shamma and Athans 1991). However, what “sufficiently”

implies has never been successfully quantified. Several attempts have been made in

order to improve global stability and performance guarantees from local information.

First ideas were to interpret the LPV system as switching hybrid systems and provide
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stability guarantees by imposing dwell-time conditions such that the system is slowly

varying on average (Krause and Kumar 1986). Arbitrary switching led to use of common

quadratic Lyapunov functions (Dayawansa and Martin 1999) and trajectory-dependent

Lyapunov functions, but were conservative, difficult to solve, and dependency on the

past trajectory imposed limitations. Conservatism was reduced by parameter-dependent

(non-quadratic) convex Lyapunov functions (Pyatnitskiy and Rapoport 1996). However,

stability of the nonlinear system could not be guaranteed because of the so-called

hidden coupling terms resulting from the nature of local controller realization (Rugh

and Shamma 2000). Stronger stability conditions based on a velocity interpretation

showed that around each equilibrium point, the local linearized aspects of the gain-

scheduled controller ensured stability of the linearization of the original nonlinear system

(Kaminer et al. 1995; Leith and Leithead 1996; Leith and Leithead 1998). However,

with this concept of advanced gain-scheduling stability has been still only guaranteed in

the neighborhood of the operating points and the modeling and control design has been

still locally accomplished without putting the global nonlinear stability and performance

guarantees into focus (Rugh and Shamma 2000; Tóth 2010).

This led to the introduction of global LPV approaches, which resulted in a theory where

the nonlinear model is embedded in an LPV representation such that it is able to exactly

capture the behavior of the nonlinear system (Rugh and Shamma 2000; Tóth 2010).

Designing LPV controllers for this underlying representation has resulted in global

stability guarantees of the closed-loop system. However, in doing so, the flexibility

of using frequency-domain tools and data-driven control design approaches has been

lost, leaving powerful design tools of the LTI framework unextendable to the LPV case.

Also, in the process, simplicity of the LPV framework disappeared and despite a few

works (Formentin et al. 2016; Verhoek, Abbas, et al. 2021), data-driven LPV control

has remained at its infancy.

In this paper, we show the surprising fact that local measurements or data about local

aspects of the nonlinear system are sufficient to conclude global properties on stability

and performance of the nonlinear system. Hence, by the use of local or linear time-

varying (LTV) identification, if one obtains information about local frequency response

functions (FRFs) of the system, then this can be successfully used for data-driven

design of LPV controllers with global guarantees. This is made possible by application

of recent results on universal shifted dissipativity of nonlinear systems (Simpson-Porco

2018).

The notion of universal shifted dissipativity, also referred to as equilibrium independent

dissipativity, analyzes stability and performance with respect to arbitrary (forced)

equilibrium points of the system. It turns out that the velocity form of a nonlinear

system, i.e., the time differential of the nonlinear system, is invaluable in the analysis

of universal shifted stability and performance, i.e., equilibrium/storage point free

asymptotic stability and dissipativity. In this work, we show how the information on

the velocity form can be obtained from identification experiments, and subsequently
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used for a data-driven control design.

The main contributions of this paper is:

C1 A data-driven control design method for nonlinear systems based on local frequency-

domain data with universal shifted stability and dissipativity guarantees.

This is achieved by the following sub-contributions.

C2 We show how the FRF of the velocity form can be identified using local or time-

varying observations of the nonlinear system.

C3 A controller realization scheme of the data-driven LPV control design that ensures

universal shifted stability and dissipativity of the resulting closed-loop nonlinear

system.

In Section 4.2, the considered problem setting is formulated. Section 4.3 discusses the

identification of the velocity form, constituting to Contribution C2. In Section 4.4, the

controller design method is presented, which constitutes to Contribution C1, together

with the controller realization scheme and Contribution C3. The advantages of the pre-

sented methodology are demonstrated by means of a simulation example in Section 4.5.

Finally, conclusions are drawn in Section 4.6.

Notation: We denote by R the set of real numbers and by R+ the set of non-negative reals.

For given operators G, K and ∆, the lower and upper linear fractional transformations

are respectively defined as Fℓ(G,K) = G11 +G12K(I −G22K)−1G21 and Fu(K,∆) =

K22 +K21∆(I −K11∆)−1K12, assuming the inverses (I −G22K)−1 and (I −K11∆)−1

exist. The space of n-times continuously differentiable functions is denoted by Cn.
A function α is called a class K function, i.e., α ∈ K, if it is strictly increasing and

α(0) = 0.

4.2 Problem formulation

Consider a nonlinear dynamic system Σ defined by the state-space representation,

referred to as the primal form, as

ẋ(t) = f(x(t), u(t)), (4.1a)

y(t) = h(x(t), u(t)), (4.1b)

where x(t) ∈ X ⊆ R
nx is the state with x ∈ Cnx

1 and x(0) ∈ X, u(t) ∈ U ⊆ R
nu is the

input and y(t) ∈ Y ⊆ R
ny is the output. We assume the functions f : X × U → R

nx

and h : X× U → Y satisfy f, h ∈ C1 and that, for all initial conditions x(0) ∈ X, there

exists a unique solution (x, u, y) ∈ (X×U×Y)R+ . We define the corresponding solution

set by

B := {(x, u, y) ∈ (X× U× Y)R+ | x ∈ Cnx

1 and (x, u, y) satisfy (4.1)}, (4.2)
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We introduce Bx,u = πx,uB, where πx,u denotes the projection (x, u) = πx,u(x, u, y). An

equilibrium point of (4.1) is a triple (x∗, u∗, y∗) ∈ X× U× Y satisfying

0 = f(x∗, u∗), (4.3a)

y∗ = h(x∗, u∗). (4.3b)

We define the set of equilibrium points of (4.1) by

E := {(x∗, u∗, y∗) ∈ X×U×Y | (x∗, u∗, y∗) satisfy (4.3)}. (4.4)

Let us also define X := πx∗E , U := πu∗E , and Y := πy∗E . We assume for each u∗ ∈ U

there is a unique x∗ ∈ X and that (0, 0, 0) ∈ E . The latter can always be achieved by

an appropriate coordinate transformation of the system.

Our goal is to design a feedback controller for the nonlinear system (4.1) with closed-loop

stability and performance guarantees for disturbance rejection and reference tracking,

i.e., concerning stability and performance with respect to multiple operating points or

trajectories. Furthermore, we would like to achieve this based on data recorded from

(4.1) without knowing the true underlying functions f and h in (4.1).

In the linear case, we know that via state-transformations, showing stability of an

equilibrium point, e.g., the origin, is equivalent with showing stability of all equilibria.

However, for the considered class of nonlinear systems, tools such as classical Lyapunov

theory or dissipativity, can only guarantee stability of one equilibrium point. In terms

of the considered disturbance rejection and reference tracking goals, concerning multiple

equilibrium points or trajectories, this poses severe limitations (Koelewijn, Mazzoccante,

et al. 2020). Hence, improved notions of stability and performance, independent of the

equilibrium points, are important. In this work, we consider the notion of universal

shifted dissipativity that guarantees stability and performance with respect to every

equilibrium point of the system. We provide a mathematical definition of these notions

later in Section 4.4. In order to design controllers ensuring these properties, a key

enabling description is the velocity form, i.e., the time-derivative of (4.1), which we

denote by δΣ.

Definition 4.2.1 (Velocity form (Koelewijn 2023)). For a nonlinear system given by

(4.1), the velocity form of (4.1) is represented as

ẍ(t) = A(x(t), u(t))ẋ(t) + B(x(t), u(t))u̇(t), (4.5a)

ẏ(t) = C(x(t), u(t))ẋ(t) +D(x(t), u(t))u̇(t), (4.5b)

with A = ∂f

∂x
, B = ∂f

∂u
, C = ∂h

∂x
, D = ∂h

∂u
, and (x, u, y) ∈ B with x ∈ Cnx

2 , u ∈ Cnu

1 ,

y ∈ Cny

1 .

Later, we clarify how exactly this form helps to achieve universal shifted dissipativity

guarantees. Therefore, to achieve our goal of designing a feedback controller directly

from data recorded from (4.1), we need to characterize (4.5) from such a data set.
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4.3 Characterizing the velocity form using frequency-domain

identification

4.3.1 Using local frequency domain identification

In this section, we present a methodology to identify FRFs describing local aspects

characterizing the velocity form, which constitutes to Contribution C2.

We define for all constant (x0, u0) ∈ X×U the set of local systems constituting (4.5) in

terms of matrix variations

Mx0,u0
=

(

A(x0, u0) B(x0, u0)
C(x0, u0) D(x0, u0)

)

. (4.6)

In fact, identifying local FRFs of the velocity form, representing all variations of Mx0,u0

for (x0, u0) ∈ X× U is enough to represent (4.5).

To explain how the local aspects of the velocity form can be identified, we first introduce

the linearized form of the nonlinear system (4.1) for constant operating points (x0, u0) ∈
X× U.

Definition 4.3.1 (Linearized form). For a nonlinear system given by (4.1), linearization

of (4.1) at a (x0, u0) ∈ X× U is given by

˙̃x = f(x0, u0) +A(x0, u0)x̃+ B(x0, u0)(u− u0), (4.7a)

y = h(x0, u0) + C(x0, u0)x̃+D(x0, u0)(u− u0), (4.7b)

with x̃ the deviation state representing the deviation from x0, A = ∂f

∂x
, B = ∂f

∂u
, C = ∂h

∂x
,

and D = ∂h
∂u
.

Note that, in the above definition, time-dependence has been omitted for brevity of

notation. Next, we define the deviation variables ũ = u−u0−v0 and ỹ = y−h(x0, u0)−
D(x0, u0)v0, where v0 compensates f(x0, u0) such that B(x0, u0)v0 = −f(x0, u0). Here,
we assume that B(x0, u0) is such that the combinations of the column span is such that

this holds, i.e., the pseudo inverse of exists. Expressing (4.7) in the deviation variables

gives

˙̃x(t) = A(x0, u0)x̃(t) + B(x0, u0)ũ(t), (4.8a)

ỹ(t) = C(x0, u0)x̃(t) +D(x0, u0)ũ(t). (4.8b)

Remark 4.3.2. We are not interested in the compensation term v0, but are only

interested in obtaining the system’s information matrices A(x0, u0), . . . ,D(x0, u0) from

local excitations. From a control perspective, these compensation terms can be seen

as a disturbance. If this disturbance can not be rejected, then this operating point is

uncontrollable.
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A key observation is that if the entire space X × U is sampled, the matrices in (4.8)

sample the set of local systems Mx0,u0
constituting the velocity form (4.5). This is

formalized in the following theorem.

Theorem 4.3.3. For every (x0, u0) ∈ X×U, the linearized form (4.7) of the nonlinear

system (4.1) describes the set of local systems Mx0,u0
constituting the velocity form

(4.5) at the local operating points (x(t), u(t)) ≡ (x0, u0).

Proof. Substitution of the deviation variables ũ and ỹ in (4.7) results in (4.8), see

Definition 4.3.1. Note that the set of matrices in both Mx0,u0
and (4.8) are equivalent.

Hence, the linearized form (4.7) of the nonlinear system (4.1) provides local information

Mx0,u0
of the velocity form (4.5) such that for all values (x(t), u(t)) ∈ Bx,u, (x0, u0) ∈

X× U covers that.

For a general nonlinear system (4.1), we can not visit and maintain all operating points

(x0, u0) ∈ X× U with local system identification. Therefore, identification of the local

operating points only gives a sampling of the space and in general, we can not provide

guarantees on the coverage of X×U. Therefore, we pose the following assumption that

allows local identification of the entire space X× U.

Assumption 4.3.4. The nonlinear system (4.1) satisfies that for all x0 ∈ X there exists

a u0 ∈ U such that (x0, u0) ∈ πx,uE .
Assumption 4.3.4 implies that every constant operating point (x0, u0) ∈ X × U can

be reached and maintained during operation. This is necessary for LTI identification

techniques, e.g., the methods described in (Pintelon and Schoukens 2012) such that

the nonlinear system can be approximated locally at (x0, u0) by an FRF. Moreover,

under Assumption 4.3.4, Theorem 4.3.3 is especially powerful as with local system

identification we can identify the local FRFs of the nonlinear system, hence we can

identify the local FRFs of the velocity form of the nonlinear system for operating points

(x0, u0) ∈ X × U. In the case that an infinite number of identification experiments

are performed, the entire space can be sampled. However, in practice, identification

can be performed using a finite set of measurement data only. We define the set of

measurement data

DN,τ = {Ũτ (iωk), Ỹτ (iωk), pτ}Nk=1, (4.9)

with Ũ(iω), Ỹ (iω) the Fourier transforms of the measured signals ũ(t), ỹ(t), ωk the kthx

frequency, i =
√
−1, and p = vec(x0, u0) for τ operating points and N frequency points.

For a constant operating point (x0, u0)

Ỹ (iω) = Gp(iω)Ũ(iω), (4.10)

where Gp(iω) represents the local FRF of (4.1) for (x0, u0) ∈ X×U along the continuous

frequency axis ω. Then, the set of local FRFs is given by

G = {Gp(iωk) | ωk ∈ Ω, p ∈ P}, (4.11)



64 Chapter 4. Data-driven control with global guarantees

with Ω = {ωk}Nk=1 the frequency grid and P = {pτ}Nτ

τ=1 being the set of operating points

defined by (x0, u0). Identification of the FRFs can be performed using frequency-domain

tools available from the LTI framework, for example using spectral methods or the local

polynomial method (Pintelon and Schoukens 2012). The identification experiments can

be conducted in open-loop or, when the system is unstable, in closed-loop to stabilize

the system around an operating point. The operating points have to be selected such

that a good coverage of X× U is achieved, i.e., which points (x0, u0) are required such

that Mx0,u0
can be accurately described by the data DN,τ . The space X × U can be

economically explored using the methods (Khalate et al. 2009; V́ızer and Mercère 2014),

but is considered outside the scope of this work.

While characterizing the local aspects of the velocity form through local identification

is valuable, this only holds under Assumption 4.3.4. In the next section we investigate

how to identify the local aspects of the velocity form in the general case.

4.3.2 Using time-varing frequency-domain identification

For many nonlinear systems, e.g., a variety of mechanical applications, Assumption

4.3.4 does not hold. This implies that not all local operating points can be reached and

the identification method presented in the previous subsection can only partly explore

the operating space. To be able to cover the entire operating space X×U, time-varying

trajectories (xL(t), uL(t)) are required.

In this section, we consider the identification of local aspects of the velocity form (4.5),

by identification of (4.1) around a time-varying trajectory using frequency-domain

identification of linear time-varying (LTV) systems, presented in (Lataire, Pintelon,

and Oomen 2021). This approach describes the nonlinear system, subject to slowly

varying trajectories, as an LTV system, requiring the following assumption.

Assumption 4.3.5. The nonlinear system (4.1) and the experimental conditions are

such that the input and output signals can be decomposed into a small and large signal

contribution

u(t) = uL(t) + ŭ(t), (4.12a)

y(t) = yL(t) + y̆(t). (4.12b)

Assumption 4.3.5 means that the linearization of the NL system (4.1) can be achieved

around a smooth and slowly varying trajectory given by (uL(t), yL(t)), and a fast-but-

small contribution (ŭ(t), y̆(t)), which allows for the estimation of the dynamics. We

define the set of measurement data

DN = {U(iωk), Y (iωk), p(t)}Nk=1, (4.13)

with U(iω), Y (iω) the Fourier transforms of the measured signals u(t), y(t) of (4.1) and

p(t) = vec(xL(t), uL(t)). Consequently, in a similar fashion as the linearized form, we

define a time-varying linearized form
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Definition 4.3.6 (Time-varying linearized form). For a nonlinear system given by

(4.1), the linearization around a trajectory (xL(t), uL(t)) ∈ X× U is given by

˙̆x(t) = A(xL(t), uL(t))x̆(t) + B(xL(t), uL(t))ŭ(t), (4.14a)

y̆(t) = C(xL(t), uL(t))x̆(t) +D(xL(t), uL(t))ŭ(t), (4.14b)

with x̆ the deviation state representing the deviation from xL, ŭ = u − uL − v, and

y̆ = y − yL − D(xL, uL)v, where v compensates for f(xL, uL) such that D(xL, uL)v =

−f(xL, uL). Furthermore, A = ∂f

∂x
, B = ∂f

∂u
, C = ∂h

∂x
and D = ∂h

∂u
.

Remark 4.3.7. We are not interested in control of this form, but the velocity form.

Therefore, it is important to identify the systems’s information matrices A(xL, uL), . . . ,

D(xL, uL) and are not interested in the compensation term v0.

The IO relationship of (4.14) admits the instantaneous frequency response function

(iFRF) Gp,t(iω)(Lataire, Pintelon, and Louarroudi 2012; Schoukens and Tóth 2019)

y(t) =
1

2π

∫ ∞

−∞

Gp,t(iω)U(iω)e
iωt dω, (4.15)

where Gp,t(iω) varies with time and depends on the whole past of the trajectory

p(t) = vec(xL(t), uL(t)).

A key observation is that, similar to the local identification method, if the entire space

X×U is covered by the trajectory (xL(t), uL(t)), the matrices in (4.14) describe the set

of local systems Mx0,u0
constituting of the velocity form (4.5) for samples (xL(t), uL(t)).

Theorem 4.3.8. For trajectories (xL(t), uL(T )) ∈ X× U, the time-varying linearized

form (4.14) of the nonlinear system (4.1) describes the matrices A, B, C, and D of the

velocity form (4.5) for trajectories (x(t), u(t)) = (xL(t), uL(t)).

The proof is similar to that of Theorem 4.3.3. Hence, with LTV system identification,

the time-varying iFRF of the velocity form, can be identified. Identification of the iFRF

can be conducted from measurement data DN by first obtaining ŭ and y̆ by detrending

the time-varying trajectories (xL(t), uL(t)). Then the iFRF is identified using, e.g.,

a frequency-domain kernel-based estimator algorithm (Lataire, Pintelon, Piga, et al.

2017). Consecutively, snapshots of the iFRF are taken at (xL(t), uL(t)) = (x0, u0) to

compute the local FRFs

G = {Gp(iωk) | ωk ∈ Ω, p ∈ P}, (4.16)

with Ω = {ωk}Nk=1 the frequency grid and P = {pτ}Nτ

τ=1 the set of operating points

defined by (x0, u0).

The advantage of using the time-varying identification approach is that the space X×U

can be covered entirely, even when Assumption (4.3.4) is not satisfied, for example

when (x0, u0) is not an equilibrium point of the system. This suggests that only one

experiment with a trajectory representative of the intended use may be required, e.g., a
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to-be-followed reference trajectory. In conclusion, we can reliably identify the FRFs

of the velocity form for an arbitrary fine coverage of operating points in X× U, from

measurements at either forced equilibrium points or time-varying trajectories.

4.4 Controller synthesis

4.4.1 Controller synthesis for the velocity form

In this subsection, we briefly describe how to synthesize a data-driven controller from

the local FRFs G. It is important to note that the controller synthesized in this step is

designed for the velocity form of the system. First we define the control problem. To

shape the performance of the controller we consider the four-block interconnection in

Figure 4.1, where the closed-loop system is represented by

T (δGp, δKp) =

(
δKp

I

)

(I + δGpδKp)
−1
(
δGp I

)
. (4.17)

General control problem can be expressed through the generalized plant concept,

in this case the closed-loop system is represented by Fℓ(δP, δK), where δP is the

generalized plant interconnection such that Fℓ(δP, δK) = T (δGp, δKp). The objective

is to synthesize an LPV controller δK, scheduled by the operating conditions of the

system, directly from local FRF data G such that for all operating points p ∈ P the

closed-loop map Fℓ(δP, δK) is stable and (Q,S,R) dissipative in the classical sense

(see, e.g.,(Brogliato et al. 2020)). In the sequel, we consider the L2 gain dissipativity

objective corresponding to (Q,S,R) = (γ2I, 0,−I). As information is available only

at the set of frequencies and operating points in P, this results in the performance

objective

min
Kp

sup
ω∈Ω,p∈P

σ̄(WzT (δGp(iω), δKp(iω))Ww), (4.18)

where σ̄(·) denotes the maximum singular value, Ω = {ωk}NΩ

k=1 is the set of frequencies,

and Wz,Ww are weighting filters used to shape the control performance to achieve the

desired performance specifications.

The LPV controller synthesis is accomplished using a frequency-domain data-driven

synthesis procedure presented in (Bloemers, Oomen, et al. 2022). The core of this

procedure is a global LPV controller parameterization that facilitates tuning based

on the local FRF data G. The controller is parameterized in terms of a right coprime

factorization δKp = δNKp
δD−1

Kp
. These factors are both parameterized by orthonormal

basis functions

δNKp
(s) =

∑nN

i=0Wi(p)φi(s), (4.19a)

δDKp
(s) =

∑nD

i=0 Vi(p)ϕi(s), (4.19b)

where {φi}nN

i=0 and {ϕi}nD

i=0 are sequences of orthonormal basis functions and with
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δP

Figure 4.1: Feedback interconnection of the velocity forms of the plant δGp and controller δKp,

dependent on the scheduling signal p.

parameter-dependent output weights

Wi(p) =
∑m

ℓ=1 W̆
ℓ
i ψℓ(p), Vi(p) =

∑m

ℓ=1 V̆
ℓ
i ψℓ(p). (4.20)

The output weights Wi ∈ R
nu×ny and Vi ∈ R

ny×ny have a functional dependence on the

frozen scheduling variable p, e.g., affine, polynomial, or rational, characterized by the

basis functions {ψℓ}mℓ=1 and admits the linear fractional representation (LFR)
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 , (4.21)

with δwk(t) = ∆(p(t))δzk(t) and

∆(p(t)) = diag(p1(t)I, . . . , pnp
(t)I). (4.22)

Controller synthesis is performed by minimization of (4.18), which is reformulating in

terms of frequency-domain integral quadratic constraints (IQCs), which can subsequently

be minimized by solving a set of linear matrix inequalities. See (Bloemers, Oomen, et al.

2022) for the implementation details. In this way, the Note that the controller synthesized

in this step is designed for the velocity form of the nonlinear system. Therefore, for

all local aspects, stability and performance of the velocity form is guaranteed by the

same LPV controller. In the next section, we present a subsequent realization step that

transforms the controller from the velocity domain to the primal domain. Based on

these properties, we will show that equilibrium free stability and global performance of

the closed-loop is guaranteed.

4.4.2 Realization of the controller

In this section we describe the controller realization scheme. As aforementioned, the

classical notions of stability and dissipativity are not sufficient to guarantee asymptotic

reference tracking and disturbance rejection for nonlinear systems using LPV control

design methods. In this subsection we describe how to realize the primal form K of the

controller δK, to be used with the original nonlinear system to ensure stronger notions

of stability and dissipativity of the closed-loop system. This constitutes to Contribution

C3.
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To alleviate these limitations, we consider the notions of universal shifted stability and

dissipativity. For nonlinear systems, the classical (Lyapunov) notion of stability is

always considered w.r.t. a single equilibrium point. As an extension to this, universal

shifted stability considers stability w.r.t. every equilibrium point of the system, i.e., a

system is universally shifted stable if it is stable w.r.t. each of its equilibrium points

(Koelewijn 2023). This allows for the following Lyapunov based condition for universal

shifted stability, adopted from (Koelewijn 2023). Before giving this results, we first give

the following definition, also adopted from (Koelewijn 2023):

Definition 4.4.1 (Class Q functions). A function U : X → R+ belongs to the set Qx∗,

where x∗ ∈ X ⊆ R
nx, if there exists functions α1, α2 ∈ K, such that

α1(‖x− x∗‖) ≤ U(x) ≤ α2(‖x− x∗‖), (4.23)

for all x ∈ X.

Theorem 4.4.2. (Universal shifted stability) The nonlinear system given by (4.1)

is universally shifted stable, if there exists a function Us : X×U → R+ with Us(·, u∗) ∈ C1
and Us(·, u∗) ∈ Qx∗ for every (x∗, u∗) ∈ πx∗,u∗E, such that for every (x∗, u∗) ∈ πx∗,u∗E,
it holds that

d

dt
Us(x(t), u

∗) ≤ 0, (4.24)

for all trajectories of the system with constant input u(t) = u∗. If (4.24) holds, but

with a strict inequality except when x(t) = x∗, then, the system is universally shifted

asymptotically stable.

Note, that this condition for universal shifted stability is a generalization of the classical

Lyapunov condition for a single equilibrium point, see (Khalil 2015). Moreover, note

that universal shifted asymptotic stability implies that if u(t) converges to u∗, that

is u(t) → u∗, then x(t) converges to x∗, that is x(t) → x∗, i.e., trajectories of (4.1)

converge towards an appropriate forced e equilibrium.

Similar to how the notion of stability can be extended to multiple equilibrium points

through universal shifted stability, we can also extend the notion of dissipativity to

hold w.r.t. multiple equilibrium points. This results in so-called universal shifted

dissipativity, defined as follows, adopted from (Simpson-Porco 2018; Koelewijn 2023):

Definition 4.4.3 (Universal shifted dissipativity). The nonlinear system given by (4.1)

is universally shifted (Q,S,R) dissipative w.r.t. the supply function ss : U× U × Y×
Y → R if there exists a storage function Vs : X × U → R+ with Vs(·, u∗) ∈ C1 and

Vs(·, u∗) ∈ Qx∗ for every (x∗, u∗) ∈ πx∗,u∗E , such that

Vs(x(t1), u
∗)− Vs(x(t0), u

∗) ≤
∫ t1

t0

ss(u(t), u
∗, y(t), y∗) dt, (4.25)

for all t0, t1 ∈ R+ with t1 ≥ t0 (x, u, y) ∈ B, where

ss(u, u
∗, y, y∗) =

(
u− u∗

y − y∗

)⊤(
Q S

S⊤ R

)(
u− u∗

y − y∗

)

, (4.26)
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where Q, S, and R, are real matrices and Q and R are also symmetric.

Using universal shifted dissipativity we can analyze stability and performance of the

nonlinear system with respect to arbitrary (forced) equilibrium points. This is in

contrast to classical dissipativity, which guarantees dissipativity with respect to only

one point of storage (Koelewijn, Mazzoccante, et al. 2020).

To simplify the analysis of universal shifted stability and dissipativity of a nonlinear

system, the velocity form, see Definition 4.2.1, is of significant importance. Based on the

Lyapunov stability and classical dissipativity of the velocity form, we can infer universal

shifted stability and dissipativity of the primal form, i.e., the original nonlinear system.

The following results are adopted from (Koelewijn 2023).

Lemma 4.4.4 (Induced universal shifted stability). The nonlinear system given by

(4.1), with x ∈ Cnx

2 , u ∈ Cnu

1 , y ∈ Cny

1 , is universal shifted (asymptotically) stable, if

there exists a function Uv : R
nx → R+ with Uv ∈ C1 and Uv ∈ Q0, such that

d

dt
Uv(ẋ(t)) ≤ 0, (4.27)

for all trajectories of the velocity form (4.5), with constant input u(t) = u∗, i.e., u̇(t) = 0.

If (4.24) holds, but with a strict inequality except when ẋ(t) = 0, then the system is

universally shifted asymptotically stable.

The condition in (4.27) can be interpreted as the velocity form given by (4.5) being

(Lyapunov) stable at ẋ = 0. The result of Lemma 4.4.4 is based on using the function

Uv to construct the Lyapunov function to show universal shifted stability, namely by

taking Us(x, u
∗) = Uv(f(x, u∗)) = Uv(ẋ). Combined with (4.27), this then implies the

condition in Theorem 4.4.2, see (Koelewijn 2023) for more details. Similarly, to infer

universal shifted dissipativity we can pose the following conjecture.

Conjecture 4.4.5. (Induced universal shifted dissipativity) The nonlinear system

given by (4.1) with x ∈ Cnx

2 , u ∈ Cnu

1 , y ∈ Cny

1 , is universal shifted dissipative according

to Definition 4.4.3, if there exists a storage function Vv : R
nx → R+ with Vv ∈ C1 and

Vv ∈ Q0, such that

Vv(ẋ(t1))− Vv(ẋ(t0)) ≤
∫ t1

t0

sv(u̇(t), ẏ(t)) dt, (4.28)

for all t0, t1 ∈ R+ with t1 ≥ t0 and all trajectories of the velocity form (4.5), where

sv(u̇, ẏ) =

(
u̇

ẏ

)⊤(
Q S

S⊤ R

)(
u̇

ẏ

)

. (4.29)

Note that condition (4.28) can be interpreted as the condition for classical dissipativity

of the velocity form. Moreover, note that in case R is negative semi-definite, i.e.,

R 4 0, in (4.29), then, condition (4.28) implies condition (4.27), meaning the system is

universally shifted stable.
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While to the authors’ knowledge there does not exist a complete result proving Conjec-

ture 4.4.5, in (Koelewijn 2023) it is shown how for (Q,S,R) = (γ2I, 0,−I), corresponding
to L2 gain like supply, in (4.29), the dissipativity of the velocity form implies, under

some assumptions, a universal shifted L2-gain performance bound on the original non-

linear system. Furthermore, the connection between properties of the velocity form and

universal shifted properties of the original nonlinear system has also been explored in

(Kawano et al. 2020) specifically for supply functions characterizing passivity. However,

these results assume significant restrictions to the considered output equation of the

nonlinear system.

By Lemma 4.4.4 and Conjecture 4.4.5 we can analyze global stability and performance

properties of a nonlinear system, in terms of universal shifted dissipativity, by analyzing

dissipativity of the velocity form. To tie this result to the control design procedure

from the previous section, we require the following theorem

Theorem 4.4.6 (Closed-loop velocity form (Koelewijn 2023)). The velocity form of

the closed-loop system Fℓ(P,K) is equal to the closed-loop interconnection of δP and

δK, i.e., Fℓ(δP, δK).

The proof can be found in (Koelewijn 2023, Chapter 4), where it is shown that the

velocity form of a closed-loop system Fℓ(P,K), where P denotes the generalized plant

and K denotes the controller, is equivalent with the closed-loop interconnection of

Fℓ(δP, δK), where δP and δK denote the velocity forms of P and K. Hence, we can

treat the velocity forms of P and K separately and interconnect them, see Figure 4.2

Step 1. This motivates the use of the controller design procedure in the previous

subsection. To formulate the realization step, we first introduce the following theorem

that relates the velocity form to the primal form by integration and differentiation of

the IO channels, adapted from (Koelewijn 2023).

Theorem 4.4.7 (From primal to velocity form). If the input trajectories u of a nonlinear

system (4.1) are such that u ∈ Cnu

1 . Then, the dynamics of the nonlinear system (4.1)

with the input signals to it integrated and its outputs differentiated is equal to its velocity

form (4.5).

The proof can be found in (Koelewijn 2023, Chapter 4). The realization steps of

the primal form K are depicted in Figure 4.2, where δw, δz, etc. denote the (time)

differentiated variables, i.e. ẇ, ż, etc., and where δK is the controller synthesized for the

velocity form of the plant δP , and P and K represent the primal forms. We can realize

δP by integrating the inputs into P and differentiating the outputs of P , based on

Theorem 4.4.7, see also Figure 4.2 Step 2. Based on LPV realization theory we embed

the differentiator and integrator in δK, by integrating the outputs and differentiating

the inputs, to realize the primal form K of the controller, which is interconnected with

P , see Figure 4.2 Step 3. Assuming δK is of the form (4.21), the LFR of the primal

form K is given by Theorem 4.4.8, see also Figure 4.3 Step 4. This constitutes to

Contribution C3.
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<latexit sha1_base64="CD6YD2WGyaE+qsC3M9M+hRXHqYM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWw2k3bpZhN3J0op/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzPz2I2gjEnWP4xT8mA2UiARnaKVOLwSJjD71yxW36s5BV4mXkwrJ0eiXv3phwrMYFHLJjOl6bor+hGkUXMK01MsMpIyP2AC6lioWg/En83un9MwqIY0SbUshnau/JyYsNmYcB7YzZjg0y95M/M/rZhhd+xOh0gxB8cWiKJMUEzp7noZCA0c5toRxLeytlA+ZZhxtRCUbgrf88ippXVS9y2rtrlap0zyOIjkhp+SceOSK1MktaZAm4USSZ/JK3pwH58V5dz4WrQUnnzkmf+B8/gC99Y+u</latexit>

δw

<latexit sha1_base64="Jj/lEOcouLKg/HcL01T3AO4fZug=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXBjcsK9gFNCJPJpB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Ycqo0o7zbdU2Nre2d+q7jb39g8Mj+/hkoJJMYtLHCUvkKESKMCpIX1PNyCiVBPGQkWE4uy394SORiibiQecp8TmaCBpTjLSRArvpRYRpBLPA40hPJS/SeWC3nLazAFwnbkVaoEIvsL+8KMEZJ0JjhpQau06q/QJJTTEj84aXKZIiPEMTMjZUIE6UXyzCz+G5USIYJ9I8oeFC/b1RIK5UzkMzWSZUq14p/ueNMx3f+AUVaaaJwMtDccagTmDZBIyoJFiz3BCEJTVZIZ4iibA2fTVMCe7ql9fJ4LLtXrU7951WF1Z11MEpOAMXwAXXoAvuQA/0AQY5eAav4M16sl6sd+tjOVqzqp0m+APr8wcWN5T3</latexit>

δup

<latexit sha1_base64="7sWQDlKWD9OeuXL+bC/XnGe1QlQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXBjcsK9gFNCJPJpB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Ycqo0o7zbdU2Nre2d+q7jb39g8Mj+/hkoJJMYtLHCUvkKESKMCpIX1PNyCiVBPGQkWE4uy394SORiibiQecp8TmaCBpTjLSRArvpRYRpBPPA40hPJS/SeWC3nLazAFwnbkVaoEIvsL+8KMEZJ0JjhpQau06q/QJJTTEj84aXKZIiPEMTMjZUIE6UXyzCz+G5USIYJ9I8oeFC/b1RIK5UzkMzWSZUq14p/ueNMx3f+AUVaaaJwMtDccagTmDZBIyoJFiz3BCEJTVZIZ4iibA2fTVMCe7ql9fJ4LLtXrU7951WF1Z11MEpOAMXwAXXoAvuQA/0AQY5eAav4M16sl6sd+tjOVqzqp0m+APr8wccc5T7</latexit>

δyp

<latexit sha1_base64="Hdbrf24V5GolLMrUNp/b1yNlX8c=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXBjcsK9gFNCJPJpB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Ycqo0o7zbdU2Nre2d+q7jb39g8Mj+/hkoJJMYtLHCUvkKESKMCpIX1PNyCiVBPGQkWE4uy394SORiibiQecp8TmaCBpTjLSRArvpRYRpBPPA40hPJS9m88BuOW1nAbhO3Iq0QIVeYH95UYIzToTGDCk1dp1U+wWSmmJG5g0vUyRFeIYmZGyoQJwov1iEn8Nzo0QwTqR5QsOF+nujQFypnIdmskyoVr1S/M8bZzq+8Qsq0kwTgZeH4oxBncCyCRhRSbBmuSEIS2qyQjxFEmFt+mqYEtzVL6+TwWXbvWp37jutLqzqqINTcAYugAuuQRfcgR7oAwxy8AxewZv1ZL1Y79bHcrRmVTtN8AfW5w8U2pT2</latexit>

δyk

<latexit sha1_base64="5k1FsmQ2iCcKT75CVTMQGPqRPWQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXBjcsK9gFNCJPJpB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Ycqo0o7zbdU2Nre2d+q7jb39g8Mj+/hkoJJMYtLHCUvkKESKMCpIX1PNyCiVBPGQkWE4uy394SORiibiQecp8TmaCBpTjLSRArvpRYRpBLPA40hPJS9m88BuOW1nAbhO3Iq0QIVeYH95UYIzToTGDCk1dp1U+wWSmmJG5g0vUyRFeIYmZGyoQJwov1iEn8Nzo0QwTqR5QsOF+nujQFypnIdmskyoVr1S/M8bZzq+8Qsq0kwTgZeH4oxBncCyCRhRSbBmuSEIS2qyQjxFEmFt+mqYEtzVL6+TwWXbvWp37jutLqzqqINTcAYugAuuQRfcgR7oAwxy8AxewZv1ZL1Y79bHcrRmVTtN8AfW5w8OnpTy</latexit>

δuk

<latexit sha1_base64="qtldJe4/rYHR0i+PUXpSWUsrqgA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHNpIDQOqzW37i5A1olXkBoUaA2rX4NRxBLFNTJJre17box+Sg0KJvm8Mkgsjymb0jHvZ1RTxa2fLm6dk4tMGZEwMllpJAv190RKlbUzFWSdiuLErnq5+J/XTzC89VOh4wS5ZstFYSIJRiR/nIyE4QzlLCOUGZHdStiEGsowi6eSheCtvrxOOld177reeGjUmqSIowxncA6X4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/G1yOMA==</latexit>Z
<latexit sha1_base64="dS+cgf+NObgcrr1eCjfq69N8isw=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCqJFHVZcOOygr1AE8pkMmmHzkzCzEQoITs3voobF4q49RXc+TZO2ixq6w8DH/85hznnDxJGlXacH6uytr6xuVXdru3s7u0f2IdHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyW1R7z0SqWgsHvQ0IT5HI0EjipE21tA+9SKJcOZxpMeSZ2GeL7DOh3bdaTgzwVVwS6iDUu2h/e2FMU45ERozpNTAdRLtZ0hqihnJa16qSILwBI3IwKBAnCg/m92Rw3PjhDCKpXlCw5m7OJEhrtSUB6az2FEt1wrzv9og1dGNn1GRpJoIPP8oShnUMSxCgSGVBGs2NYCwpGZXiMfIBKNNdDUTgrt88ip0LxvuVaN536y3YBlHFZyAM3ABXHANWuAOtEEHYPAEXsAbeLeerVfrw/qct1ascuYY/JH19QsLspqc</latexit>

d

dt

<latexit sha1_base64="jPzGPECmmtIBmh7j5DbBnmL9dKo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbpQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKneRxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH3WmM4g==</latexit>

w
<latexit sha1_base64="HHKzoPynZDf/YKykvnTGOZg4YFc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKneRxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH4fWM5Q==</latexit>

z

<latexit sha1_base64="qdzqXk8w1uVH19faaYa5jTlkGeM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21okhmSjDAM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O5WNza3tnepubW//4PCofnzS03GqCO2SmMdqEGJNOZO0a5jhdJAoikXIaT+c3RV+/4kqzWL5aLKEBgJPJIsYwcZKfjbyBTZTJfJkPqo33Ka7AFonXkkaUKIzqn/545ikgkpDONZ66LmJCXKsDCOczmt+qmmCyQxP6NBSiQXVQb7IPEcXVhmjKFb2SYMW6u+NHAutMxHaySKhXvUK8T9vmJroNsiZTFJDJVkeilKOTIyKAtCYKUoMzyzBRDGbFZEpVpgYW1PNluCtfnmd9K6a3nWz9dBqtFFZRxXO4BwuwYMbaMM9dKALBBJ4hld4c1LnxXl3PpajFafcOYU/cD5/AKdLkf4=</latexit>

yp
<latexit sha1_base64="zmnutqyDFo12Csk12pINIqBR1tg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJ0zY0mQl5CGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JiyZk2vv/tlTY2t7Z3yruVvf2Dw6Pq8UlHp1YR2iYpT1UvxppyltC2YYbTnlQUi5jTbjy9y/3uE1WapcmjmUkaCTxO2IgRbJwU2kEosJkokcn5oFrz6/4CaJ0EBalBgdag+hUOU2IFTQzhWOt+4EsTZVgZRjidV0KrqcRkise072iCBdVRtsg8RxdOGaJRqtxLDFqovzcyLLSeidhN5gn1qpeL/3l9a0a3UcYSaQ1NyPLQyHJkUpQXgIZMUWL4zBFMFHNZEZlghYlxNVVcCcHql9dJ56oeXNcbD41aExV1lOEMzuESAriBJtxDC9pAQMIzvMKbZ70X7937WI6WvGLnFP7A+/wBoQ+R+g==</latexit>

up

<latexit sha1_base64="drcrn7MmFZckqxrbwhSk53mmvEo=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBKvgqsxIUZcFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsm5VQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814Y2fcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+rHpX1VqzVqmf5XUU4QRO4QI8uIY63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOjgYy/</latexit>

P

Step 2

<latexit sha1_base64="GQ2l7aum25bMo2ZBC3eHfrT+t6M=">AAAB73icbVBNS8NAEJ34WetX1aOXxSp4KokU9VjwInipYD+gDWWzmbRLN5u4uxFK6Z/w4kERr/4db/4bt20O2vpg4PHeDDPzglRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMb6Z+6wmV5ol8MKMU/Zj2JY84o8ZK7W6IwlBy1yuV3Yo7A1kmXk7KkKPeK311w4RlMUrDBNW647mp8cdUGc4ETordTGNK2ZD2sWOppDFqfzy7d0LOrBKSKFG2pCEz9ffEmMZaj+LAdsbUDPSiNxX/8zqZia79MZdpZlCy+aIoE8QkZPo8CblCZsTIEsoUt7cSNqCKMmMjKtoQvMWXl0nzouJdVqr31XLtNI+jAMdwAufgwRXU4Bbq0AAGAp7hFd6cR+fFeXc+5q0rTj5zBH/gfP4AfHmPhg==</latexit>

δK

<latexit sha1_base64="Hdbrf24V5GolLMrUNp/b1yNlX8c=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXBjcsK9gFNCJPJpB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Ycqo0o7zbdU2Nre2d+q7jb39g8Mj+/hkoJJMYtLHCUvkKESKMCpIX1PNyCiVBPGQkWE4uy394SORiibiQecp8TmaCBpTjLSRArvpRYRpBPPA40hPJS9m88BuOW1nAbhO3Iq0QIVeYH95UYIzToTGDCk1dp1U+wWSmmJG5g0vUyRFeIYmZGyoQJwov1iEn8Nzo0QwTqR5QsOF+nujQFypnIdmskyoVr1S/M8bZzq+8Qsq0kwTgZeH4oxBncCyCRhRSbBmuSEIS2qyQjxFEmFt+mqYEtzVL6+TwWXbvWp37jutLqzqqINTcAYugAuuQRfcgR7oAwxy8AxewZv1ZL1Y79bHcrRmVTtN8AfW5w8U2pT2</latexit>

δyk

<latexit sha1_base64="5k1FsmQ2iCcKT75CVTMQGPqRPWQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXBjcsK9gFNCJPJpB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Ycqo0o7zbdU2Nre2d+q7jb39g8Mj+/hkoJJMYtLHCUvkKESKMCpIX1PNyCiVBPGQkWE4uy394SORiibiQecp8TmaCBpTjLSRArvpRYRpBLPA40hPJS9m88BuOW1nAbhO3Iq0QIVeYH95UYIzToTGDCk1dp1U+wWSmmJG5g0vUyRFeIYmZGyoQJwov1iEn8Nzo0QwTqR5QsOF+nujQFypnIdmskyoVr1S/M8bZzq+8Qsq0kwTgZeH4oxBncCyCRhRSbBmuSEIS2qyQjxFEmFt+mqYEtzVL6+TwWXbvWp37jutLqzqqINTcAYugAuuQRfcgR7oAwxy8AxewZv1ZL1Y79bHcrRmVTtN8AfW5w8OnpTy</latexit>

δuk

<latexit sha1_base64="qtldJe4/rYHR0i+PUXpSWUsrqgA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHNpIDQOqzW37i5A1olXkBoUaA2rX4NRxBLFNTJJre17box+Sg0KJvm8Mkgsjymb0jHvZ1RTxa2fLm6dk4tMGZEwMllpJAv190RKlbUzFWSdiuLErnq5+J/XTzC89VOh4wS5ZstFYSIJRiR/nIyE4QzlLCOUGZHdStiEGsowi6eSheCtvrxOOld177reeGjUmqSIowxncA6X4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/G1yOMA==</latexit>Z
<latexit sha1_base64="dS+cgf+NObgcrr1eCjfq69N8isw=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCqJFHVZcOOygr1AE8pkMmmHzkzCzEQoITs3voobF4q49RXc+TZO2ixq6w8DH/85hznnDxJGlXacH6uytr6xuVXdru3s7u0f2IdHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyW1R7z0SqWgsHvQ0IT5HI0EjipE21tA+9SKJcOZxpMeSZ2GeL7DOh3bdaTgzwVVwS6iDUu2h/e2FMU45ERozpNTAdRLtZ0hqihnJa16qSILwBI3IwKBAnCg/m92Rw3PjhDCKpXlCw5m7OJEhrtSUB6az2FEt1wrzv9og1dGNn1GRpJoIPP8oShnUMSxCgSGVBGs2NYCwpGZXiMfIBKNNdDUTgrt88ip0LxvuVaN536y3YBlHFZyAM3ABXHANWuAOtEEHYPAEXsAbeLeerVfrw/qct1ascuYY/JH19QsLspqc</latexit>

d

dt

<latexit sha1_base64="jPzGPECmmtIBmh7j5DbBnmL9dKo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbpQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKneRxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH3WmM4g==</latexit>

w
<latexit sha1_base64="HHKzoPynZDf/YKykvnTGOZg4YFc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKneRxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH4fWM5Q==</latexit>

z

<latexit sha1_base64="qdzqXk8w1uVH19faaYa5jTlkGeM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21okhmSjDAM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O5WNza3tnepubW//4PCofnzS03GqCO2SmMdqEGJNOZO0a5jhdJAoikXIaT+c3RV+/4kqzWL5aLKEBgJPJIsYwcZKfjbyBTZTJfJkPqo33Ka7AFonXkkaUKIzqn/545ikgkpDONZ66LmJCXKsDCOczmt+qmmCyQxP6NBSiQXVQb7IPEcXVhmjKFb2SYMW6u+NHAutMxHaySKhXvUK8T9vmJroNsiZTFJDJVkeilKOTIyKAtCYKUoMzyzBRDGbFZEpVpgYW1PNluCtfnmd9K6a3nWz9dBqtFFZRxXO4BwuwYMbaMM9dKALBBJ4hld4c1LnxXl3PpajFafcOYU/cD5/AKdLkf4=</latexit>

yp
<latexit sha1_base64="zmnutqyDFo12Csk12pINIqBR1tg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJ0zY0mQl5CGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JiyZk2vv/tlTY2t7Z3yruVvf2Dw6Pq8UlHp1YR2iYpT1UvxppyltC2YYbTnlQUi5jTbjy9y/3uE1WapcmjmUkaCTxO2IgRbJwU2kEosJkokcn5oFrz6/4CaJ0EBalBgdag+hUOU2IFTQzhWOt+4EsTZVgZRjidV0KrqcRkise072iCBdVRtsg8RxdOGaJRqtxLDFqovzcyLLSeidhN5gn1qpeL/3l9a0a3UcYSaQ1NyPLQyHJkUpQXgIZMUWL4zBFMFHNZEZlghYlxNVVcCcHql9dJ56oeXNcbD41aExV1lOEMzuESAriBJtxDC9pAQMIzvMKbZ70X7937WI6WvGLnFP7A+/wBoQ+R+g==</latexit>

up

<latexit sha1_base64="4NTsghWVWMBuEvk6KXmgu5gDsUw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJ0zY0yQx5CGXob7hxoYhbf8adf2OmnYW2HggczrmXe3LilDNtfP/bK21sbm3vlHcre/sHh0fV45OOTqwitE0SnqhejDXlTNK2YYbTXqooFjGn3Xh6l/vdJ6o0S+SjmaU0Engs2YgRbJwU2kEosJkokU3ng2rNr/sLoHUSFKQGBVqD6lc4TIgVVBrCsdb9wE9NlGFlGOF0XgmtpikmUzymfUclFlRH2SLzHF04ZYhGiXJPGrRQf29kWGg9E7GbzBPqVS8X//P61oxuo4zJ1BoqyfLQyHJkEpQXgIZMUWL4zBFMFHNZEZlghYlxNVVcCcHql9dJ56oeXNcbD41aExV1lOEMzuESAriBJtxDC9pAIIVneIU3z3ov3rv3sRwtecXOKfyB9/kDmXaR9Q==</latexit>

uk

<latexit sha1_base64="UOeKfDQcUK1o8zIvKycV0fKUb9E=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21okhmSjDAM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O5WNza3tnepubW//4PCofnzS03GqCO2SmMdqEGJNOZO0a5jhdJAoikXIaT+c3RV+/4kqzWL5aLKEBgJPJIsYwcZKfjbyBTZTJfLZfFRvuE13AbROvJI0oERnVP/yxzFJBZWGcKz10HMTE+RYGUY4ndf8VNMEkxme0KGlEguqg3yReY4urDJGUazskwYt1N8bORZaZyK0k0VCveoV4n/eMDXRbZAzmaSGSrI8FKUcmRgVBaAxU5QYnlmCiWI2KyJTrDAxtqaaLcFb/fI66V01vetm66HVaKOyjiqcwTlcggc30IZ76EAXCCTwDK/w5qTOi/PufCxHK065cwp/4Hz+AJ+ykfk=</latexit>

yk

<latexit sha1_base64="nt6y9V0nRC1AwR1X0lM38HfAByw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBqPgKexKUI8BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JedW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZl2bsqV+qVUvUsiyMPJ3AKF+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5vtjLo=</latexit>

K

<latexit sha1_base64="drcrn7MmFZckqxrbwhSk53mmvEo=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBKvgqsxIUZcFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsm5VQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814Y2fcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+rHpX1VqzVqmf5XUU4QRO4QI8uIY63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOjgYy/</latexit>

P

Step 3

Figure 4.2: Velocity-based controller realization. Here, a primal form of the controller K is realized

through the proposed velocity-based realization scheme of the controller δK.

Theorem 4.4.8. Consider δK given by (4.21) and (4.22). Then the controller K is

defined in terms of





ẋk(t)

zk(t)

yk(t)




 =






Ak Bk,w Bk,u

Ck,z Dk,zw Dk,zu

Ck,y Dk,yw Dk,yu






︸ ︷︷ ︸

K





xk(t)

wk(t)

uk(t)



 , (4.30)

with wk(t) = diag (∆(p(t)),∆(ṗ(t))) zk(t), ∆(p(t)) as defined in (4.22), and

∆(ṗ(t)) = diag(ṗ1(t)I, . . . , ṗnp
(t)I). (4.31)

Hence, K is the primal realization of δK.

Proof. To realize the controller we differentiate the input δuk, and integrate the output

δyk of (4.21), following Figure 4.2 Step 3. Therefore, the following relations hold

ξyk = δyk, ξuk = δuk, ξzk = δzk, ξwk = δwk, (4.32)

where again ξ = d
dt

and ξ−1u(t) =
∫ t

0
u(τ) dτ . Next, we show how the primal controller

is realized in an LFR form, following Figure 4.3. Note that under integration and

differentiation, the LTI part of the LFR δK in (4.21) remains invariant. Hence, only

the scheduling block ∆(p) changes in Figure 4.3 Step 2. Therefore, we rewrite (4.22) as

ξwk = ∆(p)ξzk, (4.33a)

ξwk = ξ (∆(p)z)− ξ∆(p)zk, (4.33b)

ξ (wk −∆(p)z) = −ξ∆(p)zk, (4.33c)
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and define a new state variable ŵk = wk −∆(p)zk, s.t. Λp:
(
ξŵk(t)

wk(t)

)

=

(
0 −ξ∆(p(t))

I ∆(p(t))

)(
ŵk(t)

zk(t)

)

, (4.34)

defines the scheduling dependance. Note that now the primal form K depends on ξp(t)

and hence we require p(t) ∈ Cnp

1 . Extracting ∆(p(t)) and ξ∆(p(t)) from Λp results in

the LFR Σp, see Step 3 in Figure 4.3:







ξŵk

z∆1

z∆2

wk








=








0 0 −I 0

0 0 0 I

0 0 0 I

I I 0 0








︸ ︷︷ ︸

Σp








ŵk

w∆1

w∆2

zk







. (4.35)

Combining the interconnection as depicted in Figure 4.3, Step 4, results in the LFR

(4.30) partitioned as

K =










Ak Bk,w Bk,w 0 Bk,u

0 0 0 −I 0

Ck,z Dk,zw Dk,zw 0 Dk,zu

Ck,z Dk,zw Dk,zw 0 Dk,zu

Ck,y Dk,yw Dk,yw 0 Dk,yu










, (4.36)

with scheduling dependence ∆(p, ṗ) as in (4.31).

By Theorem 4.4.7, the velocity form of the controller, given by (4.30) and (4.31), is

realized by connecting an integrator and a differentiator to the inputs and outputs.

Hence, trivially, due to the cancellation of the differentiators and integrators, the velocity

form of K, given by (4.30) and (4.31), is given by (4.21) and (4.22). Note that u̇k = δuk
and ẏk = δyk.

Theorem 4.4.8 reveals that the scheduling signal extends to include also the derivative

of p(t), i.e., ṗ(t). This is the price to be paid and it is required that p(t) ∈ Cnp

1 and

measurable.

Finally, we can arrive at the main theoretical conclusion.

Theorem 4.4.9. If the controller δK is such that the closed-loop Fℓ(δP, δK) is (Q,S,R)

dissipative with R 4 0, meaning (4.28) is satisfied, then, the closed-loop interconnection

of P and K, i.e. Fℓ(P,K), with K obtained as in Theorem 4.4.8, is universal shifted

stable and universal shifted (Q,S,R) dissipative.

Proof. By Theorem 4.4.8, δK, is the velocity form of K. By design of δK, Fℓ(δP, δK)

is (Q,S,R) dissipative. As, the velocity form of Fℓ(P,K), which corresponds to

Fℓ(δP, δK), is (Q,S,R) dissipative with R 4 0, therefore by Lemma 4.4.4, Fℓ(P,K)

is universally shifted stable. Similarly, by Conjecture 4.4.5, velocity dissipativity of

Fℓ(δP, δK) implies universal shifted dissipativity of Fℓ(P,K).
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<latexit sha1_base64="GQ2l7aum25bMo2ZBC3eHfrT+t6M=">AAAB73icbVBNS8NAEJ34WetX1aOXxSp4KokU9VjwInipYD+gDWWzmbRLN5u4uxFK6Z/w4kERr/4db/4bt20O2vpg4PHeDDPzglRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMb6Z+6wmV5ol8MKMU/Zj2JY84o8ZK7W6IwlBy1yuV3Yo7A1kmXk7KkKPeK311w4RlMUrDBNW647mp8cdUGc4ETordTGNK2ZD2sWOppDFqfzy7d0LOrBKSKFG2pCEz9ffEmMZaj+LAdsbUDPSiNxX/8zqZia79MZdpZlCy+aIoE8QkZPo8CblCZsTIEsoUt7cSNqCKMmMjKtoQvMWXl0nzouJdVqr31XLtNI+jAMdwAufgwRXU4Bbq0AAGAp7hFd6cR+fFeXc+5q0rTj5zBH/gfP4AfHmPhg==</latexit>

δK

<latexit sha1_base64="Hdbrf24V5GolLMrUNp/b1yNlX8c=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXBjcsK9gFNCJPJpB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Ycqo0o7zbdU2Nre2d+q7jb39g8Mj+/hkoJJMYtLHCUvkKESKMCpIX1PNyCiVBPGQkWE4uy394SORiibiQecp8TmaCBpTjLSRArvpRYRpBPPA40hPJS9m88BuOW1nAbhO3Iq0QIVeYH95UYIzToTGDCk1dp1U+wWSmmJG5g0vUyRFeIYmZGyoQJwov1iEn8Nzo0QwTqR5QsOF+nujQFypnIdmskyoVr1S/M8bZzq+8Qsq0kwTgZeH4oxBncCyCRhRSbBmuSEIS2qyQjxFEmFt+mqYEtzVL6+TwWXbvWp37jutLqzqqINTcAYugAuuQRfcgR7oAwxy8AxewZv1ZL1Y79bHcrRmVTtN8AfW5w8U2pT2</latexit>

δyk

<latexit sha1_base64="5k1FsmQ2iCcKT75CVTMQGPqRPWQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXBjcsK9gFNCJPJpB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Ycqo0o7zbdU2Nre2d+q7jb39g8Mj+/hkoJJMYtLHCUvkKESKMCpIX1PNyCiVBPGQkWE4uy394SORiibiQecp8TmaCBpTjLSRArvpRYRpBLPA40hPJS9m88BuOW1nAbhO3Iq0QIVeYH95UYIzToTGDCk1dp1U+wWSmmJG5g0vUyRFeIYmZGyoQJwov1iEn8Nzo0QwTqR5QsOF+nujQFypnIdmskyoVr1S/M8bZzq+8Qsq0kwTgZeH4oxBncCyCRhRSbBmuSEIS2qyQjxFEmFt+mqYEtzVL6+TwWXbvWp37jutLqzqqINTcAYugAuuQRfcgR7oAwxy8AxewZv1ZL1Y79bHcrRmVTtN8AfW5w8OnpTy</latexit>

δuk

<latexit sha1_base64="qtldJe4/rYHR0i+PUXpSWUsrqgA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHNpIDQOqzW37i5A1olXkBoUaA2rX4NRxBLFNTJJre17box+Sg0KJvm8Mkgsjymb0jHvZ1RTxa2fLm6dk4tMGZEwMllpJAv190RKlbUzFWSdiuLErnq5+J/XTzC89VOh4wS5ZstFYSIJRiR/nIyE4QzlLCOUGZHdStiEGsowi6eSheCtvrxOOld177reeGjUmqSIowxncA6X4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/G1yOMA==</latexit>Z
<latexit sha1_base64="dS+cgf+NObgcrr1eCjfq69N8isw=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCqJFHVZcOOygr1AE8pkMmmHzkzCzEQoITs3voobF4q49RXc+TZO2ixq6w8DH/85hznnDxJGlXacH6uytr6xuVXdru3s7u0f2IdHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyW1R7z0SqWgsHvQ0IT5HI0EjipE21tA+9SKJcOZxpMeSZ2GeL7DOh3bdaTgzwVVwS6iDUu2h/e2FMU45ERozpNTAdRLtZ0hqihnJa16qSILwBI3IwKBAnCg/m92Rw3PjhDCKpXlCw5m7OJEhrtSUB6az2FEt1wrzv9og1dGNn1GRpJoIPP8oShnUMSxCgSGVBGs2NYCwpGZXiMfIBKNNdDUTgrt88ip0LxvuVaN536y3YBlHFZyAM3ABXHANWuAOtEEHYPAEXsAbeLeerVfrw/qct1ascuYY/JH19QsLspqc</latexit>

d

dt

<latexit sha1_base64="4NTsghWVWMBuEvk6KXmgu5gDsUw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJ0zY0yQx5CGXob7hxoYhbf8adf2OmnYW2HggczrmXe3LilDNtfP/bK21sbm3vlHcre/sHh0fV45OOTqwitE0SnqhejDXlTNK2YYbTXqooFjGn3Xh6l/vdJ6o0S+SjmaU0Engs2YgRbJwU2kEosJkokU3ng2rNr/sLoHUSFKQGBVqD6lc4TIgVVBrCsdb9wE9NlGFlGOF0XgmtpikmUzymfUclFlRH2SLzHF04ZYhGiXJPGrRQf29kWGg9E7GbzBPqVS8X//P61oxuo4zJ1BoqyfLQyHJkEpQXgIZMUWL4zBFMFHNZEZlghYlxNVVcCcHql9dJ56oeXNcbD41aExV1lOEMzuESAriBJtxDC9pAIIVneIU3z3ov3rv3sRwtecXOKfyB9/kDmXaR9Q==</latexit>

uk

<latexit sha1_base64="UOeKfDQcUK1o8zIvKycV0fKUb9E=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21okhmSjDAM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O5WNza3tnepubW//4PCofnzS03GqCO2SmMdqEGJNOZO0a5jhdJAoikXIaT+c3RV+/4kqzWL5aLKEBgJPJIsYwcZKfjbyBTZTJfLZfFRvuE13AbROvJI0oERnVP/yxzFJBZWGcKz10HMTE+RYGUY4ndf8VNMEkxme0KGlEguqg3yReY4urDJGUazskwYt1N8bORZaZyK0k0VCveoV4n/eMDXRbZAzmaSGSrI8FKUcmRgVBaAxU5QYnlmCiWI2KyJTrDAxtqaaLcFb/fI66V01vetm66HVaKOyjiqcwTlcggc30IZ76EAXCCTwDK/w5qTOi/PufCxHK065cwp/4Hz+AJ+ykfk=</latexit>

yk

<latexit sha1_base64="nt6y9V0nRC1AwR1X0lM38HfAByw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBqPgKexKUI8BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JedW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZl2bsqV+qVUvUsiyMPJ3AKF+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5vtjLo=</latexit>

K

Step 1

<latexit sha1_base64="4NTsghWVWMBuEvk6KXmgu5gDsUw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJ0zY0yQx5CGXob7hxoYhbf8adf2OmnYW2HggczrmXe3LilDNtfP/bK21sbm3vlHcre/sHh0fV45OOTqwitE0SnqhejDXlTNK2YYbTXqooFjGn3Xh6l/vdJ6o0S+SjmaU0Engs2YgRbJwU2kEosJkokU3ng2rNr/sLoHUSFKQGBVqD6lc4TIgVVBrCsdb9wE9NlGFlGOF0XgmtpikmUzymfUclFlRH2SLzHF04ZYhGiXJPGrRQf29kWGg9E7GbzBPqVS8X//P61oxuo4zJ1BoqyfLQyHJkEpQXgIZMUWL4zBFMFHNZEZlghYlxNVVcCcHql9dJ56oeXNcbD41aExV1lOEMzuESAriBJtxDC9pAIIVneIU3z3ov3rv3sRwtecXOKfyB9/kDmXaR9Q==</latexit>

uk

<latexit sha1_base64="UOeKfDQcUK1o8zIvKycV0fKUb9E=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21okhmSjDAM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O5WNza3tnepubW//4PCofnzS03GqCO2SmMdqEGJNOZO0a5jhdJAoikXIaT+c3RV+/4kqzWL5aLKEBgJPJIsYwcZKfjbyBTZTJfLZfFRvuE13AbROvJI0oERnVP/yxzFJBZWGcKz10HMTE+RYGUY4ndf8VNMEkxme0KGlEguqg3yReY4urDJGUazskwYt1N8bORZaZyK0k0VCveoV4n/eMDXRbZAzmaSGSrI8FKUcmRgVBaAxU5QYnlmCiWI2KyJTrDAxtqaaLcFb/fI66V01vetm66HVaKOyjiqcwTlcggc30IZ76EAXCCTwDK/w5qTOi/PufCxHK065cwp/4Hz+AJ+ykfk=</latexit>

yk

<latexit sha1_base64="x1tRgxgIPiubu94UUwxXifGbI4w=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS4LblxWsA/oDCWTZtrQJDMkGaEO/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3uZ+75EqzWL5YGYJDQQeSxYxgo2V/KehL7CZKJFN58Nqza27C6B14hWkBgXaw+qXP4pJKqg0hGOtB56bmCDDyjDC6bzip5ommEzxmA4slVhQHWSLzHN0YZURimJlnzRoof7eyLDQeiZCO5kn1KteLv7nDVIT3QQZk0lqqCTLQ1HKkYlRXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ92rutesN+4btRYq6ijDGZzDJXhwDS24gzZ0gEACz/AKb07qvDjvzsdytOQUO6fwB87nD6FBkfo=</latexit>

zk

<latexit sha1_base64="e/cqB8OSBdK6ds5JwvA3TM9+PZ0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS4LblxWsA/oDCWTZtrQJDMkGaUM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3uZ+75EqzWL5YGYJDQQeSxYxgo2V/KehL7CZKJFN58Nqza27C6B14hWkBgXaw+qXP4pJKqg0hGOtB56bmCDDyjDC6bzip5ommEzxmA4slVhQHWSLzHN0YZURimJlnzRoof7eyLDQeiZCO5kn1KteLv7nDVIT3QQZk0lqqCTLQ1HKkYlRXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ92rutesN+4btRYq6ijDGZzDJXhwDS24gzZ0gEACz/AKb07qvDjvzsdytOQUO6fwB87nD5yUkfc=</latexit>

wk

<latexit sha1_base64="oekmIinnUMQy9FdFSOUSqtyTfVc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBQ8hV0J6jHgxWNE84BkCbOT2WTIPNaZWSEs+QkvHhTx6u9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knt7j0bCNxLeqWyX/FnQMskyEkZctR7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nFUYkFNmM3unaAzp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HnUZ5oSy8eOYKKZuxWRIdaYWBdR0YUQLL68TJoXleCyUr2rlmuneRwFOIYTOIcArqAGt1CHBhDg8Ayv8OY9ei/eu/cxb13x8pkj+APv8wft6Y/R</latexit>

Σp

<latexit sha1_base64="DQKrxHFPXiF3oDRkpiIUdwPiM0s=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqtQQUoiRV0WdOGygn1AG8pkOmmHTpJh5kYsIb/ixoUibv0Rd/6N0zYLrR4YOJxzD/fO8aXgGhznyyqsrK6tbxQ3S1vbO7t79n65reNEUdaisYhV1yeaCR6xFnAQrCsVI6EvWMefXM/8zgNTmsfRPUwl80IyinjAKQEjDexy/4YJIFV5hvvDGFKZnQ7silNz5sB/iZuTCsrRHNifJkqTkEVABdG65zoSvJQo4FSwrNRPNJOETsiI9QyNSMi0l85vz/CJUYY4iJV5EeC5+jORklDraeibyZDAWC97M/E/r5dAcOWlPJIJsIguFgWJwBDjWRF4yBWjIKaGEKq4uRXTMVGEgqmrZEpwl7/8l7TPa+5FrX5XrzSO8zqK6BAdoSpy0SVqoFvURC1E0SN6Qi/o1cqsZ+vNel+MFqw8c4B+wfr4BvKbk6g=</latexit>

∆(p, ṗ)

<latexit sha1_base64="UN6v7JyQHey+YRIHpnwj6+C1kbU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHVZcOOygn1gO5RMmmlDM5khuSOUoX/hxoUibv0bd/6NaTsLbT0QOJxzD7n3BIkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWekwuSG8QY5ZM++WKW3XnIKvEy0kFcjT65S+bZGnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzTeekjOrDEgYa/sUkrn6O5HRyJhJFNjJiOLILHsz8T+vm2J442dCJSlyxRYfhakkGJPZ+WQgNGcoJ5ZQpoXdlbAR1ZShLalkS/CWT14lrcuqd1Wt3dcqdZLXUYQTOIVz8OAa6nAHDWgCAwXP8ApvjnFenHfnYzFacPLMMfyB8/kDPiiQjA==</latexit>

p, ṗ

<latexit sha1_base64="i6WFWMBLpmpqg8HS0OHluuWoKSk=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNBDx4r2A9oQ9lsJ+3SzSbuToQa+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0Ertp173BiSyXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhlZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVu6ie351XajSPo0iOyDE5JR65JDVyS+qkQTiR5Jm8kjfnwXlx3p2PeWvByWcOyR84nz/xoY/Q</latexit>

z∆

<latexit sha1_base64="LL/2kXG7YjzVvTPpN/HBKTyQU50=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNBDx4r2A9oQ9lsJ+3SzSbuTpQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0Ertp173BiSyXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhlZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVu6ie351XajSPo0iOyDE5JR65JDVyS+qkQTiR5Jm8kjfnwXlx3p2PeWvByWcOyR84nz/tAI/N</latexit>

w∆

<latexit sha1_base64="Uwyb0/AYEJWhqqtKL8Ps9fntYAQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBqvgqiRS1GXBjeCmgn1AE8pkMmmHTh7M3AglxF9x40IRt36IO//GSZuFth4YOJxzL/fM8RLBFVjWt1FZW9/Y3Kpu13Z29/YPzMOjnopTSVmXxiKWA48oJnjEusBBsEEiGQk9wfre9Kbw+49MKh5HDzBLmBuSccQDTgloaWTWHeDCZ5kTEphQIrK7PB+ZDatpzYFXiV2SBirRGZlfjh/TNGQRUEGUGtpWAm5GJHAqWF5zUsUSQqdkzIaaRiRkys3m4XN8phUfB7HULwI8V39vZCRUahZ6erLIqJa9QvzPG6YQXLsZj5IUWEQXh4JUYIhx0QT2uWQUxEwTQiXXWTGdEEko6L5qugR7+curpHfRtC+brftWo31a1lFFx+gEnSMbXaE2ukUd1EUUzdAzekVvxpPxYrwbH4vRilHu1NEfGJ8/cHiVMw==</latexit>

K̃

Step 3

<latexit sha1_base64="GQ2l7aum25bMo2ZBC3eHfrT+t6M=">AAAB73icbVBNS8NAEJ34WetX1aOXxSp4KokU9VjwInipYD+gDWWzmbRLN5u4uxFK6Z/w4kERr/4db/4bt20O2vpg4PHeDDPzglRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMb6Z+6wmV5ol8MKMU/Zj2JY84o8ZK7W6IwlBy1yuV3Yo7A1kmXk7KkKPeK311w4RlMUrDBNW647mp8cdUGc4ETordTGNK2ZD2sWOppDFqfzy7d0LOrBKSKFG2pCEz9ffEmMZaj+LAdsbUDPSiNxX/8zqZia79MZdpZlCy+aIoE8QkZPo8CblCZsTIEsoUt7cSNqCKMmMjKtoQvMWXl0nzouJdVqr31XLtNI+jAMdwAufgwRXU4Bbq0AAGAp7hFd6cR+fFeXc+5q0rTj5zBH/gfP4AfHmPhg==</latexit>

δK
<latexit sha1_base64="Hdbrf24V5GolLMrUNp/b1yNlX8c=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXBjcsK9gFNCJPJpB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Ycqo0o7zbdU2Nre2d+q7jb39g8Mj+/hkoJJMYtLHCUvkKESKMCpIX1PNyCiVBPGQkWE4uy394SORiibiQecp8TmaCBpTjLSRArvpRYRpBPPA40hPJS9m88BuOW1nAbhO3Iq0QIVeYH95UYIzToTGDCk1dp1U+wWSmmJG5g0vUyRFeIYmZGyoQJwov1iEn8Nzo0QwTqR5QsOF+nujQFypnIdmskyoVr1S/M8bZzq+8Qsq0kwTgZeH4oxBncCyCRhRSbBmuSEIS2qyQjxFEmFt+mqYEtzVL6+TwWXbvWp37jutLqzqqINTcAYugAuuQRfcgR7oAwxy8AxewZv1ZL1Y79bHcrRmVTtN8AfW5w8U2pT2</latexit>

δyk

<latexit sha1_base64="5k1FsmQ2iCcKT75CVTMQGPqRPWQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXBjcsK9gFNCJPJpB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Ycqo0o7zbdU2Nre2d+q7jb39g8Mj+/hkoJJMYtLHCUvkKESKMCpIX1PNyCiVBPGQkWE4uy394SORiibiQecp8TmaCBpTjLSRArvpRYRpBLPA40hPJS9m88BuOW1nAbhO3Iq0QIVeYH95UYIzToTGDCk1dp1U+wWSmmJG5g0vUyRFeIYmZGyoQJwov1iEn8Nzo0QwTqR5QsOF+nujQFypnIdmskyoVr1S/M8bZzq+8Qsq0kwTgZeH4oxBncCyCRhRSbBmuSEIS2qyQjxFEmFt+mqYEtzVL6+TwWXbvWp37jutLqzqqINTcAYugAuuQRfcgR7oAwxy8AxewZv1ZL1Y79bHcrRmVTtN8AfW5w8OnpTy</latexit>

δuk

<latexit sha1_base64="qtldJe4/rYHR0i+PUXpSWUsrqgA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHNpIDQOqzW37i5A1olXkBoUaA2rX4NRxBLFNTJJre17box+Sg0KJvm8Mkgsjymb0jHvZ1RTxa2fLm6dk4tMGZEwMllpJAv190RKlbUzFWSdiuLErnq5+J/XTzC89VOh4wS5ZstFYSIJRiR/nIyE4QzlLCOUGZHdStiEGsowi6eSheCtvrxOOld177reeGjUmqSIowxncA6X4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/G1yOMA==</latexit>Z<latexit sha1_base64="dS+cgf+NObgcrr1eCjfq69N8isw=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCqJFHVZcOOygr1AE8pkMmmHzkzCzEQoITs3voobF4q49RXc+TZO2ixq6w8DH/85hznnDxJGlXacH6uytr6xuVXdru3s7u0f2IdHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyW1R7z0SqWgsHvQ0IT5HI0EjipE21tA+9SKJcOZxpMeSZ2GeL7DOh3bdaTgzwVVwS6iDUu2h/e2FMU45ERozpNTAdRLtZ0hqihnJa16qSILwBI3IwKBAnCg/m92Rw3PjhDCKpXlCw5m7OJEhrtSUB6az2FEt1wrzv9og1dGNn1GRpJoIPP8oShnUMSxCgSGVBGs2NYCwpGZXiMfIBKNNdDUTgrt88ip0LxvuVaN536y3YBlHFZyAM3ABXHANWuAOtEEHYPAEXsAbeLeerVfrw/qct1ascuYY/JH19QsLspqc</latexit>

d

dt

<latexit sha1_base64="4NTsghWVWMBuEvk6KXmgu5gDsUw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJ0zY0yQx5CGXob7hxoYhbf8adf2OmnYW2HggczrmXe3LilDNtfP/bK21sbm3vlHcre/sHh0fV45OOTqwitE0SnqhejDXlTNK2YYbTXqooFjGn3Xh6l/vdJ6o0S+SjmaU0Engs2YgRbJwU2kEosJkokU3ng2rNr/sLoHUSFKQGBVqD6lc4TIgVVBrCsdb9wE9NlGFlGOF0XgmtpikmUzymfUclFlRH2SLzHF04ZYhGiXJPGrRQf29kWGg9E7GbzBPqVS8X//P61oxuo4zJ1BoqyfLQyHJkEpQXgIZMUWL4zBFMFHNZEZlghYlxNVVcCcHql9dJ56oeXNcbD41aExV1lOEMzuESAriBJtxDC9pAIIVneIU3z3ov3rv3sRwtecXOKfyB9/kDmXaR9Q==</latexit>

uk

<latexit sha1_base64="UOeKfDQcUK1o8zIvKycV0fKUb9E=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21okhmSjDAM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O5WNza3tnepubW//4PCofnzS03GqCO2SmMdqEGJNOZO0a5jhdJAoikXIaT+c3RV+/4kqzWL5aLKEBgJPJIsYwcZKfjbyBTZTJfLZfFRvuE13AbROvJI0oERnVP/yxzFJBZWGcKz10HMTE+RYGUY4ndf8VNMEkxme0KGlEguqg3yReY4urDJGUazskwYt1N8bORZaZyK0k0VCveoV4n/eMDXRbZAzmaSGSrI8FKUcmRgVBaAxU5QYnlmCiWI2KyJTrDAxtqaaLcFb/fI66V01vetm66HVaKOyjiqcwTlcggc30IZ76EAXCCTwDK/w5qTOi/PufCxHK065cwp/4Hz+AJ+ykfk=</latexit>

yk

<latexit sha1_base64="dS+cgf+NObgcrr1eCjfq69N8isw=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCqJFHVZcOOygr1AE8pkMmmHzkzCzEQoITs3voobF4q49RXc+TZO2ixq6w8DH/85hznnDxJGlXacH6uytr6xuVXdru3s7u0f2IdHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyW1R7z0SqWgsHvQ0IT5HI0EjipE21tA+9SKJcOZxpMeSZ2GeL7DOh3bdaTgzwVVwS6iDUu2h/e2FMU45ERozpNTAdRLtZ0hqihnJa16qSILwBI3IwKBAnCg/m92Rw3PjhDCKpXlCw5m7OJEhrtSUB6az2FEt1wrzv9og1dGNn1GRpJoIPP8oShnUMSxCgSGVBGs2NYCwpGZXiMfIBKNNdDUTgrt88ip0LxvuVaN536y3YBlHFZyAM3ABXHANWuAOtEEHYPAEXsAbeLeerVfrw/qct1ascuYY/JH19QsLspqc</latexit>

d

dt

<latexit sha1_base64="qtldJe4/rYHR0i+PUXpSWUsrqgA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHNpIDQOqzW37i5A1olXkBoUaA2rX4NRxBLFNTJJre17box+Sg0KJvm8Mkgsjymb0jHvZ1RTxa2fLm6dk4tMGZEwMllpJAv190RKlbUzFWSdiuLErnq5+J/XTzC89VOh4wS5ZstFYSIJRiR/nIyE4QzlLCOUGZHdStiEGsowi6eSheCtvrxOOld177reeGjUmqSIowxncA6X4MENNOEeWtAGBhN4hld4c5Tz4rw7H8vWklPMnMIfOJ8/G1yOMA==</latexit>Z
<latexit sha1_base64="x1tRgxgIPiubu94UUwxXifGbI4w=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS4LblxWsA/oDCWTZtrQJDMkGaEO/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3uZ+75EqzWL5YGYJDQQeSxYxgo2V/KehL7CZKJFN58Nqza27C6B14hWkBgXaw+qXP4pJKqg0hGOtB56bmCDDyjDC6bzip5ommEzxmA4slVhQHWSLzHN0YZURimJlnzRoof7eyLDQeiZCO5kn1KteLv7nDVIT3QQZk0lqqCTLQ1HKkYlRXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ92rutesN+4btRYq6ijDGZzDJXhwDS24gzZ0gEACz/AKb07qvDjvzsdytOQUO6fwB87nD6FBkfo=</latexit>

zk

<latexit sha1_base64="e/cqB8OSBdK6ds5JwvA3TM9+PZ0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS4LblxWsA/oDCWTZtrQJDMkGaUM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3uZ+75EqzWL5YGYJDQQeSxYxgo2V/KehL7CZKJFN58Nqza27C6B14hWkBgXaw+qXP4pJKqg0hGOtB56bmCDDyjDC6bzip5ommEzxmA4slVhQHWSLzHN0YZURimJlnzRoof7eyLDQeiZCO5kn1KteLv7nDVIT3QQZk0lqqCTLQ1HKkYlRXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ92rutesN+4btRYq6ijDGZzDJXhwDS24gzZ0gEACz/AKb07qvDjvzsdytOQUO6fwB87nD5yUkfc=</latexit>

wk
<latexit sha1_base64="xMOC79c2p/PI+XgCc/ZSTxF8nus=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rLgxmUF+4AmhMlk0g6dmYSZiRJC/RU3LhRx64e482+ctFlo64GBwzn3cs+cMGVUacf5tmpr6xubW/Xtxs7u3v6BfXjUV0kmMenhhCVyGCJFGBWkp6lmZJhKgnjIyCCc3pT+4IFIRRNxr/OU+ByNBY0pRtpIgd30IsI0go+Bx5GeSF5MZ4HdctrOHHCVuBVpgQrdwP7yogRnnAiNGVJq5Dqp9gskNcWMzBpepkiK8BSNychQgThRfjEPP4OnRolgnEjzhIZz9fdGgbhSOQ/NZJlQLXul+J83ynR87RdUpJkmAi8OxRmDOoFlEzCikmDNckMQltRkhXiCJMLa9NUwJbjLX14l/fO2e9m+uLtodWBVRx0cgxNwBlxwBTrgFnRBD2CQg2fwCt6sJ+vFerc+FqM1q9ppgj+wPn8AEbyU9A==</latexit>

δwk

<latexit sha1_base64="6Gjh7U43iz1YeR7YRcQakUv5hWo=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rLgxmUF+4AmhMlk0g6dmYSZiRBD/RU3LhRx64e482+ctFlo64GBwzn3cs+cMGVUacf5tmpr6xubW/Xtxs7u3v6BfXjUV0kmMenhhCVyGCJFGBWkp6lmZJhKgnjIyCCc3pT+4IFIRRNxr/OU+ByNBY0pRtpIgd30IsI0go+Bx5GeSF5MZ4HdctrOHHCVuBVpgQrdwP7yogRnnAiNGVJq5Dqp9gskNcWMzBpepkiK8BSNychQgThRfjEPP4OnRolgnEjzhIZz9fdGgbhSOQ/NZJlQLXul+J83ynR87RdUpJkmAi8OxRmDOoFlEzCikmDNckMQltRkhXiCJMLa9NUwJbjLX14l/fO2e9m+uLtodWBVRx0cgxNwBlxwBTrgFnRBD2CQg2fwCt6sJ+vFerc+FqM1q9ppgj+wPn8AFmmU9w==</latexit>

δzk

<latexit sha1_base64="X1Jiv7CQ1pio3kHczs+NfRMdwQw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBTiJexKUI8BPXiMYB6YLGF2MpsMmZ1dZnqFEPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn6zSeujYjVA44S7ke0r0QoGEUrPXZuuURKSsl5t1B0y+4MZJl4GSlChlq38NXpxSyNuEImqTFtz03QH1ONgkk+yXdSwxPKhrTP25YqGnHjj2cXT8iZVXokjLUthWSm/p4Y08iYURTYzojiwCx6U/E/r51ieO2PhUpS5IrNF4WpJBiT6fukJzRnKEeWUKaFvZWwAdWUoQ0pb0PwFl9eJo2LsndZrtxXitXTLI4cHMMJlMCDK6jCHdSgDgwUPMMrvDnGeXHenY9564qTzRzBHzifP02Sj/A=</latexit>

∆(p)
<latexit sha1_base64="6Gjh7U43iz1YeR7YRcQakUv5hWo=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rLgxmUF+4AmhMlk0g6dmYSZiRBD/RU3LhRx64e482+ctFlo64GBwzn3cs+cMGVUacf5tmpr6xubW/Xtxs7u3v6BfXjUV0kmMenhhCVyGCJFGBWkp6lmZJhKgnjIyCCc3pT+4IFIRRNxr/OU+ByNBY0pRtpIgd30IsI0go+Bx5GeSF5MZ4HdctrOHHCVuBVpgQrdwP7yogRnnAiNGVJq5Dqp9gskNcWMzBpepkiK8BSNychQgThRfjEPP4OnRolgnEjzhIZz9fdGgbhSOQ/NZJlQLXul+J83ynR87RdUpJkmAi8OxRmDOoFlEzCikmDNckMQltRkhXiCJMLa9NUwJbjLX14l/fO2e9m+uLtodWBVRx0cgxNwBlxwBTrgFnRBD2CQg2fwCt6sJ+vFerc+FqM1q9ppgj+wPn8AFmmU9w==</latexit>

δzk

<latexit sha1_base64="xMOC79c2p/PI+XgCc/ZSTxF8nus=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rLgxmUF+4AmhMlk0g6dmYSZiRJC/RU3LhRx64e482+ctFlo64GBwzn3cs+cMGVUacf5tmpr6xubW/Xtxs7u3v6BfXjUV0kmMenhhCVyGCJFGBWkp6lmZJhKgnjIyCCc3pT+4IFIRRNxr/OU+ByNBY0pRtpIgd30IsI0go+Bx5GeSF5MZ4HdctrOHHCVuBVpgQrdwP7yogRnnAiNGVJq5Dqp9gskNcWMzBpepkiK8BSNychQgThRfjEPP4OnRolgnEjzhIZz9fdGgbhSOQ/NZJlQLXul+J83ynR87RdUpJkmAi8OxRmDOoFlEzCikmDNckMQltRkhXiCJMLa9NUwJbjLX14l/fO2e9m+uLtodWBVRx0cgxNwBlxwBTrgFnRBD2CQg2fwCt6sJ+vFerc+FqM1q9ppgj+wPn8AEbyU9A==</latexit>

δwk

<latexit sha1_base64="nt6y9V0nRC1AwR1X0lM38HfAByw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBqPgKexKUI8BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JedW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZl2bsqV+qVUvUsiyMPJ3AKF+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5vtjLo=</latexit>

K
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Step 4

Figure 4.3: Linear fractional representation of the primal form of the controller K based on the

velocity-based realization of the controller δK such that K = Fu(K,∆(p, ṗ)).

To summarize, we have designed the velocity form of the controller δK for the velocity

form of the plant δP , directly from frequency-domain data G. Next, a velocity based

realization step is performed to realize the primal form of the controller, which guarantees

stability and dissipativity of the closed-loop velocity form, Fℓ(δP, δK), and therefore,

implies universal shifted stability and dissipativity of the closed-loop nonlinear system,

Fℓ(P,K). Thus, providing global stability and performance for the closed-loop nonlinear

system entirely from local data.

4.4.3 Control design concept

In this section we summarize the controller design concept, which is the main contribu-

tion of the paper. We assume that the local FRFs G have been obtained, forming a

sufficiently dense representation of the local aspects of the system.

1. Synthesize a data-driven controller, ensuring closed-loop (Q,S,R) dissipativity.

The controller synthesis is accomplished using frequency-domain data-driven

synthesis procedures that are available for the LPV framework, see, e.g., (Bloemers,

Oomen, et al. 2022; Bloemers, Tóth, et al. 2022). In this work, we use the method

presented in (Bloemers, Oomen, et al. 2022).

The controller designed in this step is based on the local FRFs of the velocity

form of the nonlinear system, obtained either from local or time-varying FRF

measurements. Therefore, this controller is not directly applicable to the nonlinear

system. A subsequent realization step is required to transform the controller back

from the velocity domain to the primal domain.

2. Realize the primal form of the designed controller such that shifted stability and



74 Chapter 4. Data-driven control with global guarantees

dissipativity of the closed-loop system are ensured.

Note that every LPV controller that ensures dissipativity of the velocity form ensures

universal shifted dissipativity of the primal closed-loop system, when the primal form is

realized through Theorem 4.4.8.

4.5 Example

In this section, the proposed data-driven controller design method is demonstrated on

the servo control problem of a Duffing oscillator. The method follows the proposed

controller design steps in Section 4.4.3

4.5.1 Duffing oscillator

A Duffing oscillator is a mass-spring-damper system with a spring whose stiffness is a

cubic function of the displacement, described by the following nonlinear state-space

representation

ẋ1(t) = x2(t), (4.37a)

ẋ2(t) =
1

m
u(t)− k1

m
x1(t)−

k2
m
x31(t)−

d

m
x2(t), (4.37b)

y(t) = x1(t), (4.37c)

where y(t) ∈ Y = [−1, 1] [m] denotes the position of the mass, x2(t) ∈ R the velocity of

the mass, and u(t) ∈ U = [−10, 10] [N] is the input force. In terms of coefficients, the

mass m = 1 [kg], linear spring constant k1 = 0.5 [Nm−1], qubic spring constant k2 = 5

[Nm−1], and damping coefficient d = 0.3 [Nsm−1] are considered.

4.5.2 Identification

As the intended use is a servo control problem, i.e., a reference tracking problem subject

to disturbances, we aim to estimate local aspects to characterize the velocity form of the

Duffing oscillator around a time-varying trajectory using the identification methodology

presented in Section 4.3.2

The input signal for system identification is composed from a small and large contribution

according to (4.12), where

uL(t) =

√
2

4
sin(t) + 0.2, (4.38a)

ŭ(t) =
∑

f∈Ω

Ak sin(2πfkt+ φk) (4.38b)

a slowly varying sine-wave to which a broad-band multisine is added, with frequencies

f ∈ Ω = {0.01k}104k=1, random phases φk, and amplitudes Ak such that the RMS value is

0.13. Data records are measured for 200 seconds, with sampling frequency fs = 400
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Figure 4.4: Measured input and output trajectories used for the identification of the velocity form.

The top plot shows the large output response yL (orange) to a large input signal uL (blue). The frozen

output measurements, i.e., P are denoted by green circles. The bottom plot shows the output response

y = yL + y̆ (orange) to the combined input signal u = uL + ŭ (blue).

Figure 4.5: Bode plot of the estimated local FRFs, visualized at p ∈ P. The local FRFs indicate a

shift in the resonance frequency of the system.

[Hz]. Taking Fourier transforms of the resulting signals results in the data set DN . The

IO data is shown in Figure 4.4. For this particular system, the variation of the local

aspects are well explored by yL.

The iFRF is identified from the data DN . The local FRFs are sampled by freezing the

time at 7 equidistantly spaced time instances t ∈ [33, 39] = T [s], shown in Figure 4.4,

resulting in the local FRFs at yL(T). The corresponding local FRFs are shown in

Figure 4.5, from which we observe a shift in resonance frequencies and low-frequency

gain.

4.5.3 Controller synthesis

The objective is to achieve reference tracking subject to a input disturbance. For

control design, we specify the objectives in terms of weighting filters on the four-block

control configuration in Figure 4.1. Here, the generalized inputs δw = col(δr, δd) and

outputs δz = col(δy, δu) map to the four sensitivities, see (Bloemers, Tóth, et al.
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Figure 4.6: Magnitude plots of the local FRFs of the four-block Fℓ(δP, δK) are shown in blue. The

inverse of the weighting filters are shown in black.

2022). The sensitivity and process sensitivity, δr 7→ δy and δd 7→ δy, are weighted

such that sufficient tracking performance and disturbance rejection is achieved at low

frequencies for all local aspects, while limiting the overshoot. The control sensitivity

and complementary sensitivity, δr 7→ δu and δd 7→ δu, are designed in order to limit

the control action and have roll-off for high frequencies. The controller (4.21) is

parameterized by Laguerre basis functions of order 6, with a poles at −2π [rad/s], and

affine output-dependency on the scheduling variable p. The scheduling variable is the

output response to the large input signal, i.e., p(t) = yL(t). Furthermore, integral

action is enforced in the controller design to achieve zero steady-state error. The

weighting filters and closed-loop sensitivities Fℓ(δP, δK) are shown in Figure 4.6. The

achieved performance bound is supω∈Ω,p∈P σ̄(WzFℓ(δP, δK)Ww) ≤ 1.4229. The local

design based LPV controller, designed at the same operating points, achieves the same

performance bound.

Next, the primal form K of the designed controller is realized by applying Theorem 4.4.8.

By Lemma 4.4.4, with the realized K, the closed-loop nonlinear system is guaranteed to

be universal shifted stable and dissipative. For comparison, we also design a data-driven

LPV controller based on the local linearizations of the system. This controller is

designed at the same local operating points p ∈ P , using the same control configuration,

weighting filters, and controller parameterization. Note that this is the traditional way

of designing gain-scheduled controllers for nonlinear systems and we emphasize that

this local design does not use the realization step.

4.5.4 Simulation results

First, the tracking performance is evaluated without input disturbance, i.e., d(t) ≡ 0

[N]. The results are shown in Figure 4.7. We observe that the data-driven nonlinear

controller achieves a lower overshoot, but a slightly larger settling time, compared to

the local design based LPV controller. However, there are no significant differences.
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Figure 4.7: Position of the Duffing oscillator (top) in closed loop with the data-driven nonlinear

controller (blue) and the local design based LPV controller (orange), with no input disturbance, and

reference (dashed black). The corresponding inputs are shown in the bottom plot.

Figure 4.8: Position of the Duffing oscillator (top) in closed loop with the data-driven nonlinear

controller (blue) and local design based LPV controller (orange), with input disturbance d(t) ≡ 8 [N],

and reference (dashed black). The corresponding inputs are shown in the bottom plot. We observe

that the nonlinear controller is stable for the different (forced) equilibrium points. The closed-loop

with the linearization based controller runs into limit cycles around each set-point.

Next, we evaluate the tracking performance with input disturbance, i.e., d(t) ≡ −8 V.

The results are shown in Figure 4.8. We observe that the nonlinear controller achieves

satisfactory performance due to its global guarantees in terms of convergence and

stability of arbitrary forced equilibrium points. This indicates that the closed-loop is

universal shifted stable and dissipative. On the other hand, the local design based LPV

controller displays oscillatory behavior and runs into a limit cycle due to the lack of

global guarantees.
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4.6 Conclusions

In this paper we have presented a novel method to design nonlinear controllers based

on local frequency-domain data with global universal shifted stability and dissipativity

guarantees on the resulting closed-loop system. To achieve this, we presented a method-

ology to identify the local aspects of the velocity form of a nonlinear system in terms of

FRFs, which can be seen as a multitude of local linearizations at all points of the state

and input space. A data-driven frequency-domain LPV controller synthesis concept is

presented, including a novel controller realization method, ensuring universal shifted

stability and dissipativity of the resulting closed-loop system. Future research aims at

further developing the data-driven control design methodology to ensure stability and

performance for tracking arbitrary reference signals.



Chapter 5

Model-based active vibration isolation of

satellites

Abstract: An increasing demand on the pointing error of high-precision payload

satellites, such as imaging satellites, together with an increased structural flexibility

of their hulls, calls for active vibration isolation techniques to mitigate the impact of

micro-vibrations on pointing performance. The aim of this chapter is to develop an LPV

disturbance modeling and control design methodology for attenuation of frequency-

varying disturbances. Application of the developed approach to a realistic space-capable

multivariable vibration isolation test-bench setup shows a significant attenuation of

micro-vibration disturbances, well-demonstrating the capabilities and deployability of

the proposed method.

The contents in this chapter are published in Bloemers, T., Leemrijse, S., Preda, V., Boquet, F.,

Oomen, T., and Tóth, R. (2023). Vibration Control under Frequency-Varying Disturbances with

Application to Satellites. To be submitted for journal publication.
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5.1 Introduction

Modern space observation missions require extremely challenging pointing accuracy

requirements. All around the globe in outer space, satellites orbit the earth to facilitate

a variety of services to mankind, e.g., navigation, communication, meteorology, obser-

vation, and more. Examples include cosmic vision missions such as the James Webb

Telescope as well as low-Earth orbit missions such as the Sentinel satellites (Preda

2017). A large portion of these satellites carry optical instruments to make images

of the earth’s surface or other astronomic objects. Over the years, there has been

an increasing demand on the resolution of these images (Lillie et al. 2010). While

performance requirements increase, mechanical vibrations become a key factor in image

degradation.

Micro-vibrations severely degrade image quality by introducing image distortions and

blurring effects (Liu et al. 2015). Besides, vibrations induced by on-board equipment

such as sensors, solar array panels, thrusters or cryocoolers, the predominant source of

micro-vibrations is the attitude control system (ACS). The ACS consists of reaction

wheel assemblies and control moment gyroscopes, which are used to point the satellite

in the desired direction. These components are manufactured with extremely high

precision, yet micro-vibrations originating from these components are due to unavoidable

static and dynamic unbalance in the flywheels and imperfections in the bearings (Le

2017). These disturbances depend on the rotational frequency of the flywheels and

therefore span a broad frequency range. At the same time, for economic and logistic

reasons satellites are becoming more and more lightweight, causing the hull of the

spacecraft to become a flexible body. As a result, micro-vibrations are significantly

amplified by the lightweight and flexible hull and become a key performance limiting

factor for pointing accuracy.

In the past, state-of-the-art micro-vibration isolation solutions based on passive isolators

have been able to provide sufficient suppression, however with the next-gen satellite

designs, these technologies are reaching their physical limitations. Passive approaches

involve placing isolators between the disturbance source and the optical equipment and

are typically constructed from viscoelastic materials, springs, or hydraulic dampers

(Rivin 2004) and use stiffness and damping elements to dissipate the vibrational energy

as heat. These isolators act as a low-pass filter, suppressing disturbances in the higher

frequency ranges only. In some cases, a posteriori image processing algorithms can

correct for some of the remaining image distortions. Nonetheless, artifacts such as

blurring and disturbances in the low-frequency ranges are not corrigible. Additionally,

passive isolators introduce underdamped modes in the frequency ranges where micro-

vibration disturbances are expected. Therefore, current state-of-the-art vibration

isolation techniques are insufficient to meet the ever-increasing pointing accuracy

requirements.

To overcome the limitations of passive isolation techniques and to achieve vibration
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isolation in a broad frequency spectrum, future satellites will be needed to be equipped

with a hybrid vibration isolation platform (Davis et al. 1995; Luo et al. 2014). Hybrid

vibration isolation platforms combine passive isolators with an active vibration isolation

platform, which consist of sensors and actuators, typically arranged in a hexapod

configuration similar to a Stewart platform (Stewart 1965). These actuators are used

to generate forces that can counteract the vibration disturbances. Simulation studies

on satellites equipped with flexible appendages and ACSs show the effectiveness of the

proposed solution and the promising performance improvements on pointing accuracy

that can be achieved (Preda 2017; Preda et al. 2018).

The varying-frequency nature of micro-vibration disturbances allows to interpret them

as signals generated by linear parameter-varying (LPV) filters. In that sense, the

disturbances are modeled with a linear input-output (IO) map, whose dynamics depend

on the exogenous frequency variations of the modeled micro-vibrations. The LPV

framework was developed to provide a systematic design tools for the analysis and

synthesis of gain-scheduled controllers for nonlinear systems (Shamma and Athans 1990;

Rugh and Shamma 2000). Hence, within the scope of disturbance rejection, the LPV

framework enables the design of LPV controllers scheduled by the frequency variations

of the disturbances to achieve broadband micro-vibration isolation.

Conceptually, varying-frequency disturbances fit into the standard plant framework,

yet the specific design aspects are highly challenging. The framework of LPV systems

provides powerful approaches to design feedback controllers (Hoffmann and Werner

2014; Mohammadpour and Scherer 2012), also capable for the rejection of varying

disturbances. For example, in (Köroğlu and Scherer 2008; Köroğlu and Scherer 2011)

a theoretical framework for scheduled controller synthesis for generalized asymptotic

regulation against non-stationary sinusoidal disturbances have been worked out. In

(Kinney and De Callafon 2006; Kinney and De Callafon 2011; Du et al. 2003), the

internal model principle is utilized to design gain-scheduled controllers to reject varying

harmonic disturbances. Their effectiveness have been demonstrated through various

simulation studies, but a realistic experimental example is lacking. A signal-based LPV

control design approach, including first principles modeling of a micro-vibration isolation

platform for satellites, is presented in (Preda 2017; Preda et al. 2018). These methods

commonly design continuous-time (CT) controllers, which poses strict limitations on

their implementability on digital hardware since the controller has to be discretized.

Such a discretization often results in frequency distortions that are intolerable for precise

rejection of varying harmonic disturbances in space.

Although the LPV framework provides a systematic toolchain to design controllers for

rejection of varying harmonic disturbances, a full design framework from experimental

modeling towards full-scale implementation is presently lacking. In this respect, the

main contribution of this chapter is:

C1 A complete design and validation framework for rejection of parameter-varying
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harmonic micro-vibration disturbances with application to a realistic state-of-the-art

micro-vibration isolation test platform.

This is achieved through the following sub-contributions:

C2 An LPV disturbance modeling and control design methodology for attenuation of

slowly-varying micro-vibrations.

C3 A parameter-varying discretization method that preserves local resonance/suppression

modes of the CT controllers in discrete-time (DT).

C4 Implementation and thorough validation of the methodology on a 6 degree of freedom

(DoF) multiple input multiple output (MIMO) vibration isolation test bench setup,

including full scale system identification of the input-output (IO) dynamics.

The benefits of this approach include an easy to automate data-driven modeling step to

capture the isolator dynamics and avoid complicated first-principles modeling of the

system. This is combined with a relatively simple micro-vibration disturbance model.

The control design is achieved through a well-known mixed-sensitivity shaping problem,

see, e.g., (Zhou et al. 1996; Van de Wal et al. 2002), in which the parameter-varying

harmonic disturbances are translated to constraints on the sensitivity functions.

The chapter is organized as follows. In Section 5.2, the vibration isolation problem is

formulated together with the characterization of the micro-vibration disturbances and

the concept of disturbance modeling. Furthermore, the experimental prototype setup

for experimental validation is introduced. In Section 5.3, an identification procedure

to experimentally model the actuator to point-of-interest for vibration mitigation is

proposed. This is followed by proposing an LPV controller design procedure to achieve

active vibration isolation in Section 5.4. Together, these sections form Contribution C2.

Furthermore, in Section 5.4, a novel discretization method is presented that preserves

the local resonance modes of the CT controller and hence ensures implementability

of the resulting design (Contribution C3). Section 5.5 presents the implementation

and validation of the presented methodology on a prototype vibration isolation setup

(Contribution C4). Finally, the overall procedure (Contribution C1) is reviewed and

conclusions on the achieved results are drawn in Section 5.6.

Notation

Let R and R+ denote the set of real and nonnegative real numbers while C stands for

the set of complex numbers. Rn (Cn) denotes the set of n-dimensional real (complex)

vectors while R
n×m (Cn×m) stands for the set of real (complex) n ×m matrices. Ln

2

is used for R+ → R
n square integrable signals, i.e., with finite ‖f‖2 =

√
∫∞

0
‖f(t)‖2dt

norm where ‖�‖ is the Euclidean norm. Ln
2e denotes the extended Ln

2 space of functions

with a finite
√
∫ T

0
‖f(t)‖2dt for any T > 0. We make use of the star product notation.
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For appropriately dimensioned matrices V ,

N =

[
N11 N12

N21 N22

]

, M =

[
M11 M12

M21 M22

]

,

the Redheffer star product N ⋆M is defined as N ⋆M =

[ Fl(N,M11) N12(I −M11N22)
−1M12

M21(I −N22M11)
−1N21 Fu(M,N22)

]

,

where Fl(N, V ) = N11 +N12V (I −N22V )−1N21, is the so-called lower linear fractional

transformation (LFT), while Fu(M,V ) =M22 +M21V (I −M11V )−1M12, stands for the

upper LFT, assuming that the corresponding matrix inverses exist.

5.2 System description and problem formulation

5.2.1 Vibration isolation problem description

In this section, we introduce the general hybrid vibration isolation problem and proposed

control architecture. A hybrid isolation setup consists of a platform, mounted with

sensitive measurement equipment, passive isolators, and actuators. The platform and

the equipment are subject to exogenous vibrations, generating undesired disturbance

forces that impact the performance of the measurement equipment.

To that end, consider the platform Gap :
[
F⊤ d⊤

]⊤ 7→ y with F (t) ∈ R
nu the input

forces, d(t) ∈ R
nu the vibrational disturbance forces, and y ∈ R

ny the measured output,

e.g., the acceleration. The idea behind active vibration isolation is to generate forces F ,

typically generated by electro-mechanical actuators, e.g., proof mass actuators (PMAs)

Gpma : u 7→ F , to counteract the disturbance forces d, such that the effect of the

vibrations on the platform is minimized.

As aforementioned, and further specified in the next subsection, micro-vibration dis-

turbances can be modeled in the LPV framework. Therefore, we propose the control

architecture depicted in Figure 5.1a, where the objective is to design a gain-scheduled

LPV controller that counteracts the vibration disturbances. The characteristics of these

disturbances are described in the next subsection.

5.2.2 Disturbance model

Reaction wheels, used, e.g., as apart of the ACS in satellites, generate micro-vibration

disturbance forces. These micro-vibrations are mainly characterized by harmonic

components. The rotational speed of the reaction wheel directly influences the frequency

of these vibrations, where the main harmonic has the same frequency as the rotational

speed of the reaction wheel (Le 2017). Furthermore, the harmonic content can appear

at integer and non-integer multiples of the main harmonic.



84 Chapter 5. Model-based active vibration isolation of satellites
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−

<latexit sha1_base64="dSzPJh12K+c6/J3uZfWdPwbr7+0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CVahXsquFPVY8CJ4qWA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKb+Z0nqjSL5KOZxtQXeCRZyAg2mXRfjS8G5Ypbc+dAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x446dMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6SDcFbfnmVtC9r3lWt/lCvNM7yOIpwAqdQBQ+uoQF30IQWEBjDM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ATDijZk=</latexit>

K(p)

<latexit sha1_base64="R0xlHv5EThohKY4n+PBH2swLXmc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokU9Vjw4rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fkwiohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejWn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0riredaXaqJZr53kcBTiFM7gED26gBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDwdGM0w==</latexit>

d
<latexit sha1_base64="kI6N8xQzQ1lAUMylAPFW+KMfeis=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokU9Vjw4rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fkwioDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDWn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0riredaXaqJZr53kcBTiFM7gED26gBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD4aWM6A==</latexit>

y<latexit sha1_base64="VTaP5rOQqG3n7mqTAvI9vFDqGTI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokU9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqpP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNyYZUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpaVxXvulJtVMu18zyOApzCGVyCBzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB25WM5A==</latexit>

u

<latexit sha1_base64="4V7CysJcH+3AQgsDEX+4dHaT+sE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBqPgKexKUI8BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcm6VPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVc+yOPJwAqdwAR5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5XdjLY=</latexit>

G

<latexit sha1_base64="DtXjtq1+M6J+4PjlH+yPPPNIs/k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBKvgqsxIUZcFF7qsYB/QjiWTZtrQJDMkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsYX2d++5EqzSJ5byYx9QUeShYygo2VHm76PYHNSIk0FnjaL1fcqjsDWiZeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUslFlT76Sz1FJ1aZYDCSNknDZqpvzdSLLSeiMBOZhn1opeJ/3ndxIRXfspknBgqyfxQmHBkIpRVgAZMUWL4xBJMFLNZERlhhYmxRZVsCd7il5dJ67zqXVRrd7VK/SSvowhHcAxn4MEl1OEWGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/AOb1krI=</latexit>

Gpma

<latexit sha1_base64="RIgNbxKYqPRvSXiF2yRUWVxAa74=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBKvgqsxIUZcFF7qsYB/QDiWTZtrQJDMmmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvs389oQqzSL5aKYx9QUeShYygo2V/Lt+T2AzUiLF8axfrrhVdw60SrycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDor9RJNY0zGeEi7lkosqPbTeegZOrfKAIWRsk8aNFd/b6RYaD0VgZ3MIuplLxP/87qJCW/8lMk4MVSSxaEw4chEKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5LWZdW7qtYeapX6WV5HEU7gFC7Ag2uowz00oAkEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDF2aSOw==</latexit>
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<latexit sha1_base64="ZF6rRMJOD5AgdHKfYNAmvEPZUuI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCIB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1mtNWuVOsnjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkyWMsQ==</latexit>

F

<latexit sha1_base64="FLnhPhbejYmbYTzU90C5OP8NI2c=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokU9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNyYZUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpaVxXvulJtVMu18zyOApzCGVyCBzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB1AGM3w==</latexit>

p

(a)

<latexit sha1_base64="qCl7edROCow8GWS/mqGSQHiMS4U=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBqPgxbArQT0GvHhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+mWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcm6VPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw1p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6VvetypV4pVc+yOPJwAqdwAR7cQBXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A251jJw=</latexit>

−

<latexit sha1_base64="dSzPJh12K+c6/J3uZfWdPwbr7+0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CVahXsquFPVY8CJ4qWA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKb+Z0nqjSL5KOZxtQXeCRZyAg2mXRfjS8G5Ypbc+dAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x446dMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6SDcFbfnmVtC9r3lWt/lCvNM7yOIpwAqdQBQ+uoQF30IQWEBjDM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ATDijZk=</latexit>

K(p)

<latexit sha1_base64="kI6N8xQzQ1lAUMylAPFW+KMfeis=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokU9Vjw4rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fkwioDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDWn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0riredaXaqJZr53kcBTiFM7gED26gBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD4aWM6A==</latexit>

y<latexit sha1_base64="VTaP5rOQqG3n7mqTAvI9vFDqGTI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokU9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqpP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNyYZUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpaVxXvulJtVMu18zyOApzCGVyCBzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB25WM5A==</latexit>

u

<latexit sha1_base64="4V7CysJcH+3AQgsDEX+4dHaT+sE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBqPgKexKUI8BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcm6VPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVc+yOPJwAqdwAR5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5XdjLY=</latexit>

G
<latexit sha1_base64="X3YDV/XivTliiXrjpzXeKD+IdDY=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBVclRkp6rLgxmUF+4DOUDKZTBuaZIYkI5Shv+HGhSJu/Rl3/o2ZdhbaeiBwOOde7skJU860cd1vZ219Y3Nru7JT3d3bPzisHR13dZIpQjsk4Ynqh1hTziTtGGY47aeKYhFy2gsnd4Xfe6JKs0Q+mmlKA4FHksWMYGMlPxr6ApuxEjmbDWt1t+HOgVaJV5I6lGgPa19+lJBMUGkIx1oPPDc1QY6VYYTTWdXPNE0xmeARHVgqsaA6yOeZZ+jCKhGKE2WfNGiu/t7IsdB6KkI7WSTUy14h/ucNMhPfBjmTaWaoJItDccaRSVBRAIqYosTwqSWYKGazIjLGChNja6raErzlL6+S7lXDu240H5r11nlZRwVO4QwuwYMbaME9tKEDBFJ4hld4czLnxXl3Phaja065cwJ/4Hz+AH0hkeY=</latexit>

di

<latexit sha1_base64="DtXjtq1+M6J+4PjlH+yPPPNIs/k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBKvgqsxIUZcFF7qsYB/QjiWTZtrQJDMkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsYX2d++5EqzSJ5byYx9QUeShYygo2VHm76PYHNSIk0FnjaL1fcqjsDWiZeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUslFlT76Sz1FJ1aZYDCSNknDZqpvzdSLLSeiMBOZhn1opeJ/3ndxIRXfspknBgqyfxQmHBkIpRVgAZMUWL4xBJMFLNZERlhhYmxRZVsCd7il5dJ67zqXVRrd7VK/SSvowhHcAxn4MEl1OEWGtAEAgqe4RXenCfnxXl3PuajBSffOYQ/cD5/AOb1krI=</latexit>

Gpma

<latexit sha1_base64="RIgNbxKYqPRvSXiF2yRUWVxAa74=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBKvgqsxIUZcFF7qsYB/QDiWTZtrQJDMmmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvs389oQqzSL5aKYx9QUeShYygo2V/Lt+T2AzUiLF8axfrrhVdw60SrycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDor9RJNY0zGeEi7lkosqPbTeegZOrfKAIWRsk8aNFd/b6RYaD0VgZ3MIuplLxP/87qJCW/8lMk4MVSSxaEw4chEKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5LWZdW7qtYeapX6WV5HEU7gFC7Ag2uowz00oAkEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDF2aSOw==</latexit>

Gap

<latexit sha1_base64="ZF6rRMJOD5AgdHKfYNAmvEPZUuI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCIB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1mtNWuVOsnjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkyWMsQ==</latexit>

F
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Figure 5.1: Control architecture for the vibration isolation setup. Here, Gap and Gpma represent the

active plate and the PMA dynamics, while K is the to-be-designed LPV controller. The system is

subject to (a) micro-vibration disturbance forces d, which are replicated by (b) PMA disturbance

voltages di.

With the prior considerations, we consider the force and torque disturbance vector

d(t) ∈ R
nu , with

d(t) = dbn(t) +

Nd∑

i=1

dh,i(t), (5.1)

where dbn(t) ∈ R
nu represents stochastic broadband noise and dh,i(t) ∈ R

nu represents

the ith harmonic disturbance with

dh,i(t) = Ai sin(2πΩ(t)hi + φi), i ∈ {1, . . . , Nd}, (5.2)

where Ω(t) ∈ Ω ⊂ R is the frequency of the main harmonic component, hi ∈ R is the

harmonic number, φi ∈ R
nu the phase angle, and Ai ∈ R

nu the amplitude. For the first

harmonic disturbance, h1 = 1. We assume Ω(t) is measurable.

The varying-frequency nature of the micro-vibration disturbances allows them to be

interpreted as a parameter-varying disturbance generator. In that sense, the ith harmonic

disturbance is modeled by

dh,i(t) = Ai sin(2πp(t)hi + φi), (5.3)

with p(t) ∈ P ⊂ R
np the scheduling variable, which represents the rotational velocity

of of the reaction wheel, i.e., p = Ω. Throughout this chapter, we assume that the

rotational velocity of the reaction wheel, i.e., ṗ = Ω̇, is sufficiently slow. This is in-line

with applications in space, where the ACS dynamics are typically much slower than the

considered frequency range in which the disturbance acts.

5.2.3 Vibration isolation test platform

As a proof of concept for the proposed design methodology, we consider vibration

isolation setup depicted in Figure 5.2. The setup is a prototype platform of the
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isolation architecture described in (Preda et al. 2018). The setup consists of three

distinctive parts, namely (i) the optical table, (ii) the active plate, and (iii) a dummy

mass. This is schematically depicted in Figure 5.3. The optical table is the non-rigid

connection between the fixed world and the active plate. This connection is formed

through the passive isolators and is representative of the connection between a satellite

body and the vibration isolation table with optical instruments. Together, the passive

isolator joints create a virtual six DoF joint around which the active plate translates

and rotates. Translational and rotational accelerations are measured by an inertial

measurement unit and relate to the pointing error of a satellite. A dummy mass is

rigidly mounted on the active plate and represents a typical space payload, e.g., sensitive

optical instruments or micro-vibration inducing equipment. Six PMAs are mounted

on the active plate in a hexapod configuration and exert forces and torques in all 6

DoF of the active plate to enable active vibration isolation. The PMAs are controlled

via a Raspberry PI computing unit. The Raspberry PI serves as a limited computing

resource, being representative of the computing resources found in space equipment and

has a sampling/control frequency of 250 Hz.

The dynamics of the vibration isolation test platform are described by the interconnection

of the active plate with passive isolators and electro-mechanical PMAs. The dynamics

of the active plate are described by

Gap :

{

Mapq̈(t)+Capq̇(t)+Kapq(t) = F(F (t)+d(t)),

y(t) = q̈(t),
(5.4)

where q̈(t) =
[
ẍ(t) ÿ(t) z̈(t) θ̈x(t) θ̈y(t) θ̈z(t)

]⊤ ∈ R
ny represents the

translational and rotational accelerations of the active plate, F (t) =
[
Fx(t) Fy(t) Fz(t) τx(t) τy(t) τz(t)

]⊤ ∈ R
nu represents the PMA forces and

torques, and d(t) ∈ R
nu are the micro-vibration disturbance forces and torques acting

on the plate. Here, Map, Cap, Kap, and F are the active plate mass and inertia,

damping, stiffness, and input matrices, respectively. The dynamics of the PMAs are

described by

Gpma :







Mpmaẍ(t) + Cpmaẋ(t) +Kpmax(t) = T i(t),

Kmẋ(t) + Li̇(t) +Ri(t)− di(t) = u(t),

−Mpmaẍ(t) = F (t),

(5.5)

where x(t) ∈ R
nu is the translation of the proof-masses, i(t) ∈ R

nu is the current flowing

through the PMAs, u(t) =
[
u1(t) . . . u6(t)

]⊤ ∈ R
nu is the voltage applied to the

PMAs, and similarly di(t) ∈ R
nu are the disturbance voltages of the PMAs. Here,

Mpma, Cpma, and Kpma are the PMA mass, damping, and stiffness matrices, respectively;

Km, L, and R are the motor constant, inductance and resistance matrices, respectively.
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Figure 5.2: Vibration isolation test bench.
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PMA

Figure 5.3: Schematic diagram of the vibration isolation setup with its components.

The passive isolators are used to attenuate the effect of high-frequency disturbances on

the active plate. Therefore, active rejection of low-frequency micro-vibration distur-

bances is employed by actuating the six PMAs. In a real-world system the component

that carries sensitive measurement equipment in the real satellite is attached to the top

of the active plate. Therefore, the active plate is the component that should be isolated

from disturbances. As introduced before, these micro-vibrations dominantly originate

from ACSs that are used to orientate the satellite body. To emulate micro-vibrations

originating from reaction wheel forces d on the prototype, input disturbance voltages

di with similar characteristics as in 5.2.2 are introduced with rotational velocities

Ω(t) ∈ Ω = [10, 30] Hz and |Ω̇(t)| ≤ 0.01 Hz/s. Due to the undesired nonlinear behavior

that the PMAs display when significantly large voltages are applied, the amplitudes are

kept bounded to operate the PMAs in their linear range.
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5.2.4 Problem formulation

In the context of this application, we consider control of the rotational accelerations

only, i.e., G :
[
u1 . . . u6

]⊤ 7→
[
θ̈x θ̈y θ̈z

]⊤
. Control of the translational accelerations

(ẍ, ÿ, z̈) is not considered because these axes are not as compliant to disturbances as the

rotational axes, which makes them inherently hard to control, but also less important

for the problem of micro-vibration suppression. Moreover, geometrically, rotations are

more critical than translations in terms of pointing error in space. From a large pointing

distance, a small rotation results in a large pointing error, while a small translation

results in a pointing error as small as the translation itself. Furthermore, input PMA 2

is also used to inject the micro-vibration disturbances, for which we consider only a

single harmonic component, i.e., Nd = 1.

The challenge is to design an active vibration isolation strategy that guarantees stability

and performance for the considered variable rotational velocities p(t) ∈ P. For this

purpose, we consider an LPV controller K(p(t)) scheduled by the rotational velocities.

The considered LPV controller admits the state-space representation

ẋk(t) = Ak(p(t))xk(t) + Bk(p(t))uk(t),

yk(t) = Ck(p(t))xk(t) +Dk(p(t))uk(t),

where x(t) ∈ R
nx denotes the state, y(t) ∈ R

ny are the measured output, u(t) ∈ R
nu

are the input voltages to the PMAs, and the scheduling trajectory is given by p(t) ∈ P,

with P ⊂ R
np the space of admissible scheduling trajectories. The operator K(p(t))

such that yk(t) = K(p(t))uk(t) is expressed with the notation

K(p(t)) =

[

Ak(p(t)) Bk(p(t))

Ck(p(t)) Dk(p(t))

]

.

For a frozen (constant) scheduling value p(t) ≡ p ∈ P ⊂ P, K(p) defines a linear

time-invariant (LTI) system. The closed-loop map T (G,K(p(t))) : di 7→ y given by

T (G,K(p(t))) = (I +GK(p(t)))−1G, (5.6)

is an LPV system comprised of the LTI plant subject to an LPV controller and

disturbance.

The control problem is schematically drawn in Figure 5.1b, where G is the LTI system,

K(p(t)) is the LPV controller, and di represents the micro-vibration disturbances. In

terms of control objectives, the following typical requirements have to be satisfied for

all spin rates p(t) ∈ P.

R1 The closed-loop system in Figure 5.1b is internally stable.

R2 To avoid excessive actuator degradation, the amplitude of the control signals must

be kept below the physical limit of umax = 10 V. Additionally, the disturbance
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attenuation factor of the closed-loop system is pushed below a target value ǫmax =

−20 dB, i.e., micro-vibration disturbances are reduced by a factor 10 by the

active vibration isolation platform. The factor ǫmax is chosen to safely attenuate

disturbances without saturating the PMAs.

R3 The controller must be of low-complexity such that implementation is feasible on

limited computational resources in the form of the Raspberry PI computing unit.

Here, low-complexity refers to the complexity of the controller in terms of the state

dimension and scheduling dependency structure. This is further elaborated upon in

Section 5.4.3. To verify the performance of the controller, the following metrics are

analyzed a posteriori. We define the reduction ratio as

ρ = 1− ‖yCL‖RMS

‖yOL‖RMS

, (5.7)

where ‖·‖RMS denotes the RMS norm, yOL is the measured response without compen-

sation and yCL is the measured system response with compensation. The reduction

ratio indicates the percentage of how much the disturbance is suppressed in the plant

response. Furthermore, we define the disturbance rejection factor for a fixed disturbance

frequency p ∈ P by

rp = |YOL(p)| − |YCL(p)|. (5.8)

the disturbance rejection factor indicates the reduction magnitude of the frequency

spectrum Y (p) as a result of closing the loop, i.e., how much disturbance rejection is

obtained.

In the next section, the proposed identification methodology is presented, after which

the control design procedure is discussed in Section 5.4.

5.3 System identification of the vibration isolation platform

5.3.1 Identification setup

In this section, we propose an identification methodology for systems subject to

frequency-varying disturbances. This constitutes to Contribution C4. The goal is

to obtain a model of the system, i.e., from the actuator to the point-of-interest, describ-

ing G : u 7→ y. In this framework, we consider the frequency-varying micro-vibrations

disturbances to be generated by an LPV filter, while the underlying model of the plant

remains LTI. This significantly simplifies the identification procedure as well-understood

tools from the LTI framework can be utilized.

Although in space applications, the micro-vibration disturbances are forces and torques

generated by, e.g., ACSs, in our study these are mimicked by input disturbances

generated on the PMAs. Hence, the identification objective simplifies to identifying the

lumped system G = GapGpma in Figure 5.1b. Furthermore, as the system G is assumed
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Figure 5.4: Schematic of the data generating system used for FRF estimation.

to be stable, we propose open-loop identification experiments. Hence, consider the data

generating system depicted in Figure 5.4, where G is the multivariable LTI system, u

is the excitation signal applied to the PMAs, which will be specifically designed for

identification in Section 5.3.2. The signal y is the observation of the plant output,

polluted by measurement noise v. We propose to first, estimate a frequency response

function (FRF), which is a MIMO nonparametric model of the underlying electro-

mechanical transfer to the point of interest. This is followed by fitting a parametric

model on the nonparametric FRF estimate.

5.3.2 Nonparametric FRF estimation

FRFs allow for intuitive visual insight in system characteristics including compliance,

parasitic dynamics, and information on locations and properties of flexible mode shapes

(Schoukens, Godfrey, et al. 2018; Ljung and Glover 1981). There are a variety of

algorithms available to obtain an FRF. Commonly used algorithms apply the spectral

analysis method, see, e.g., (Ljung 1999). Considering the data generating system in

Figure 5.4, the measured system response to an excitation signal u is related in the

frequency-domain by

Y (k) = G0(iωk)U(k) + V (k) +R(k), (5.9)

where G(iωk) ∈ C
ny×nu is the transfer function matrix of the data generating system,

Y (k) ∈ C
ny is the noisy output spectrum, U(k) ∈ C

nu is the input spectrum, V (k) ∈ C
ny

is the spectrum of the noise signal, and R(k) ∈ C
ny is the lumped transient and leakage

term, with k and ωk ∈ F the frequency index. The transient and leakage term R(k)

together with the noise V (k) pollutes the frequency content of Y (k). Consequently, the

empirical transfer function estimate of G

Ĝ(iωk) = Y (k)U−1(k) (5.10)

is corrupted by transient terms R(k)U−1(k) in addition to the effect of the noise V (k).

How to compute (5.10) is described in Section 5.3.2. For periodic signals U(k), the

bias due to leakage errors is zero at the harmonics of the input signal. Moreover,

multiple periods can be measured and subsequently averaged to reduce the effects of

noise. For non-periodic signals, the leakage errors can be suppressed by applying a

smoothing operation, however these smoothing operations can easily introduce bias in

the estimates, (Pintelon and Schoukens 2012). Therefore, we propose to use the local

polynomial method (LPM), see (Pintelon and Schoukens 2012), which is a nonparametric

identification algorithm that suppresses leakage errors.
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FRF estimation by LPM

The main advantage of the LPM is in suppression of the leakage errors R(k)U−1(k) in

(5.10). The idea behind the LPM is to exploit the smoothness of the FRF and transient

terms and to locally approximate them, at the DFT bins ωk by a polynomial. These

estimates are subsequently removed from the output spectrum in (5.9) to obtain the

sample mean Ŷ (k). Thereby, effectively eliminating the transient effects. The FRF

estimate Ĝ(iωk) is then be obtained from the sample mean of the IO DFT spectra as

Ĝ(iωk) = Ŷ (k)U−1(k). (5.11)

The design of the excitation signal U(k) is discussed next.

Experiment design

A white noise excitation signal is often used for identification because of its ease of

use, but consequently introduces leakage errors that degrade the FRF quality (Pintelon

and Schoukens 2012). This motivates the use of periodic excitation signals. Periodic

signals are known exactly at the frequencies k, while they also provide a flexible way

to define the power spectrum in a user-specified frequency grid F . From (5.10), we

require that U(k) nonsingular, i.e., is full rank, for all k, otherwise Ĝ(iωk) is not

identifiable. To satisfy this condition, we require multiple experiments. Therefore,

U(k) =
[
U1(k) . . . Unu(k)

]
∈ C

nu×nu is decomposed into nu experiments with varying

inputs Ui(k), such that U(k) is orthogonal for all k.

An orthogonal input matrix U(k) is achieved by designing one scalar multisine uSISO(t)

that excites all frequencies of interest. Next, the nu independent excitation signals are

obtained by multiplying the spectrum USISO(k) with an orthogonal matrix T̃ ∈ C
nu×nu ,

often taken as a Hadamard matrix, resulting in the excitation signal

U(k) = USISO(k)T̃ , (5.12)

where the ith column of U(k) refers to the DFT spectrum of an nu × 1 excitation signal

for the ith experiment. Due to the strong IO coupling and the nonlinear effects of the

PMAs for large voltages, an individual design of U(k) is pursued. This means that

every PMA is excited individually, i.e., T̃ = I.

For the considered setup, the multisine is defined by

uSISO(t) =
∑

k∈F

Ak cos(ωkt+ φk), (5.13)

on the frequency grid ωk ∈ F where F = {2π0.2k}Nf

k=1 Hz is chosen, with amplitude

Ak, and random phases φk. The amplitudes Ak are chosen such that (i) the excitation

signal remains within actuator saturation limits, and (ii) the excitation signal remains

within the linear range of the PMAs. We recommend to use multiple periods of the

excitation signal to reduce the effects of noise of the FRF estimate. Here, we use 20

multisine periods.
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Results

The results of the nonparametric FRF identification on the vibration isolation test

setup are depicted in Figure 5.5. The confidence bounds are calculated from the noise

co-variance matrix of the FRF, where the width of the p · 100%-confidence interval of

element (i, j) of the FRF matrix is calculated as

ci,j(k) =
√

− ln (1− p)
√

σ2
i,j(k), (5.14)

where σ2(k) is the plant co-variance (Pintelon and Schoukens 2012, Chapter 2.4.2).

It can be observed that at frequencies where the magnitude of the FRF is low, the

uncertainty interval in terms of the confidence bounds grows. This makes sense, as in

these regions the SNR is small. In the regions where the FRF magnitude is largest,

the confidence interval is narrow. In these regions, the PMAs have authority such

that disturbance suppression can take place. Since the regions of control authority are

estimated accurately, the non-parametric system identification is considered successful.

5.3.3 Parametric TF fitting

Although nonparametric LPV control design approaches exist, see, e.g., (Bloemers,

Oomen, et al. 2022; Bloemers, Tóth, et al. 2022), they are currently underdeveloped.

Therefore, we propose to exploit powerful model-based LPV control synthesis methods.

This necessitates the use of a parametric model.

The goal is to find a MIMO LTI model Ğ(s, θ) of fixed order, parameterized in the

real valued parameter vector θ, that approximates the FRF data Ĝ(iω). This model is

represented by a left polynomial matrix fraction description

Ğ(s, θ) = A−1(s, θ)B(s, θ), (5.15)

where A and B are monic polynomial and polynomial matrices in s, parameterized

linearly by θ. The approximation of the FRF data by the model is characterized by the

additive error

E(iωk, θ) := W (iωk)⊙
(

Ĝ(iωk)− Ğ(iωk, θ)
)

, (5.16)

with W (iω) a weighting filter used to specify a weighting on a user-relevant region of

interest and ⊙ denotes the element-wise product. The goal of the procedure is to find

an estimate of the parameter θ that minimizes

θ̂ = argmin
θ∈R

J(θ), (5.17)

where the cost function is defined as

J(θ) := ‖E(θ)‖2F =
∑

k∈F

tr (E(iωk, θ)E(iωk, θ)
∗) , (5.18)

here, tr(.) denotes the trace operator, ∗ denotes the complex conjugate transpose, and

the right-hand side of (5.18) corresponds to the Frobenius norm of E(iωk, θ). To solve

(5.18), the algorithm in (Callafon et al. 1996) is employed.
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Results

Based on the estimated FRFs, a left polynomial matrix fraction description of order

36 is estimated. Because of the one-to-one correspondence between matrix fraction

descriptions and state-space models, this leads to a state-space model with low McMillan

degree (Oomen and Steinbuch 2015). The Bode magnitude plots are shown in Figure 5.5.

Visually, satisfactory results are obtained without weighting filters. To quantify the

results, the following metric is defined

∆m = max
ω∈F

σ̄
(

Ğ(iωk)− Ĝ(iω)
)

, (5.19)

where σ̄ denotes the maximum singular value. The above metric connects the iden-

tification criterion (5.18) to a robust control-relevant identification metric, see, e.g.,

(Oomen and Steinbuch 2015). Here, a low value indicates a small uncertainty set, hence

accurate identification. The achieved value ∆m = 0.5438 indicates the fit accuracy is

good. This is confirmed by inspection of the maximum singular values of Ĝ and Ğ

over frequencies in Figure 5.6. It shows that the dominant behavior of the system is

captured accurately by the model, especially in the mid to high frequency ranges where

the disturbance is dominant. Hereby, the parametric system identification procedure is

considered successful.

Figure 5.6: Bode magnitude plot of the maximum singular value of the estimated MIMO FRF and

the identified parametric model in blue and orange, respectively. This confirms that the dominant

behavior of the system is captured accurately.

5.4 Control design

In this section, the proposed control design procedure is discussed. The challenge

is to design the LPV controller K(p(t)) such that Requirements R1-R3 are met for

all considered rotational velocities p(t) ∈ P. In order to design the control law, the

synthesis problem is cast into the H∞/µ framework (Zhou et al. 1996). This section

constitutes to C2 and C3.
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5.4.1 Control architecture

With the available IO pairs, a non-square model is used for synthesis, which results in

a non-square controller. Since the model can not be reduced to lower order without

introducing significant model error, standard synthesis techniques are not applicable

as they result in controllers with state-dimensions that are too large to comply with

requirement R3. Hence, to accommodate requirement R3, a structured control design

of limited complexity is proposed. The selected structure of the controller is further

discussed in Section 5.4.3.

The considered control architecture is given in Figure 5.1b, which is recasted into

the well-known generalized plant formualtion in Figure 5.7. By Requirement R2, we

aim at attenuating the micro-vibration disturbances by a factor ǫmax. Since micro-

vibration disturbances occur on the input of the PMAs, it is beneficial to achieve a

small input sensitivity function w1 7→ z̃1 : Si = (I + K(p)G)−1 at the disturbance

frequencies p ∈ P. A small input sensitivity at the disturbance frequencies implies

that the micro-vibrations are attenuated by the closed-loop, thus achieving disturbance

rejection. Next to disturbance rejection, it is important to limit the control signal and

sensor noise amplification by weighting the control sensitivity function w2 7→ z̃2 : SiK(p)

and complementary sensitivity w2 7→ z̃3 : T = GSiK(p), respectively. To shape the

sensitivity functions, weighting filters W• are introduced such that WSiSi : w1 7→ z1,

WSiKSiK(p) : w2 7→ z2, and WTT : w2 7→ z3 represent the weighted generalized

performance channels.

Remark 5.4.1. The control architecture used for synthesis is not standard. Here, a

diagonal weighting structure between the three considered sensitivities is sought. This is

further elaborated upon in Section 5.4.3.
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z̃3

Figure 5.7: Weighted synthesis model for MIMO controller design on the micro-vibration isolation

setup.

5.4.2 Weighting filter design

The goal of this section is to explain, how the weighting filters are selected in a

systematic way to capture the design requirements R1-R2. Because the micro-vibration

disturbances enter on the input side of the system, the disturbance model derived in

Section 5.2.2 directly relates to the design of the input sensitivity weighting filter WSi .
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The input sensitivity describes how the system reacts to disturbances on the system

input. An input sensitivity of one in a certain frequency band indicates that the system

does not actively suppress disturbances, i.e., the system relies on the passive isolators

to reject disturbances. Ideally, the input sensitivity is small in the frequency ranges

where the disturbances occur to provide additional suppression of the micro-vibrations.

To model the varying spectral components of a single harmonic of the disturbance (5.1)

in terms of a weighting filter, consider the following LPV filter

Ni(p(t)) =






0 2πhip(t) 0

−2πhip(t) −2βhip(t) 1

0 2βhip(t)(ς − 1) 1




 , (5.20)

here β = 0.005 defines damping around the parameter-varying central frequency

p(t) = Ω(t). A lower value indicates more damping. Alternatively, a larger value can

be used to compensate disturbances in a larger frequency band. The value ς indicates

the amount of disturbance attenuation. Here, we aim for ǫmax = 20 dB attenuation. If

multiple harmonics are considered, multiple filters Ni for different harmonic numbers

hi can be connected in series.

Since the disturbance is only introduced on PMA 2, only the (2, 2) element of the input

sensitivity weighting filter need to contain this notch structure. Hence,

WSi(p(t)) =MSidiag

(

1,

Nd∑

i=1

Ni(p(t)), 1, 1, 1, 1

)

, (5.21)

where MSi = 0.5 is used to set an upper bound to the input sensitivity function. The

broadband noise component in (5.1) is neglected as the noise level is much smaller than

the noise of the acceleration sensors (0.0854 rad2/s4 RMS). The (2, 2) element of WSi

is displayed in Figure 5.8.

The control sensitivity weight WSiK is designed to limit the control action to 10 V and

to introduce a second-order roll-off action with a cut-off frequency of 30 Hz, i.e.,

WSiK = u−1
max

(s+ 60π)2

( 1
α
s+ 60π)2

Inu
, (5.22)

where α = 20 is used to ensure that the weighting filter is bi-proper. Similarly, the

complementary sensitivity weight WT is designed to suppress noise above 30 Hz, i.e.,

WT =
1√
2

(s+ 60π)2

( 1
α
s+ 60π)2

Iny
. (5.23)

The weighting filters WSiK and WT can be seen in Figure 5.8.
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Figure 5.8: Weighting filters used for controller synthesis. The left figure depicts the (2, 2) element

of the LPV weight WSi
, for frozen values p(t) ≡ p ∈ {15, 22.5, 30} Hz. The middle figure depicts the

diagonal element(s) of weight WSiK and in the right figure depicts the diagonal elements(s) of weight

WT.

5.4.3 LPV controller synthesis

General concept

With the weighting filtersW•, the generalized plant in Figure 5.7 is constructed. Hereby,

the optimization criterion

min
K(p),p∈Ω

∥
∥
∥
∥
∥
∥





WSi
Si 0 0

0 WSiKSiK 0

0 0 WTT





∥
∥
∥
∥
∥
∥

∞

< γ, (5.24)

defines the synthesis of a stabilizing MIMO LPV controller K. As assumed earlier, we

consider that the scheduling |ṗ(t)| ≤ 0.01 Hz/s is significantly slower than the frequency

range in which the disturbances are active, i.e., p(t) ∈ P = [10, 30] Hz. This motivates

the use of local LPV approaches. In that sense, for fixed values of p(t) ≡ p ⊂ P, (5.24)

can be optimally solved using H∞ methods. Here, for clarity, the dependency on the

scheduling variable p is dropped. To overcome the disadvantages of high-order controllers

generated with typical model-based synthesis approaches when applied to high-order

systems and to comply with the constraints of Requirement R3, nonsmooth H∞ tools to

solve (5.24) and synthesize an internally stabilizing low-order structured LPV controller

are used (Apkarian 2011; Apkarian, Dao, et al. 2015). To this end, the scheduling set

P is represented by a parametric uncertainty set ∆p = {δIn∆
| δ ∈ [15, 30]}. As such,

stability and performance guarantees are only guaranteed locally, for frozen instances

of the scheduling variable, i.e., p(t) ≡ p ∈ ∆p. However, given the slow variations

ṗ(t), which are relatively small compared to the closed-loop dynamics, the time-varying

aspects are assumed to be minor and of no significant influence. This is further confirmed

by the experimental results in Section 5.5. The considered controller structure and

parameterization are discussed next.
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Figure 5.9: Closed-loop sensitivity functions for local controller realizations of K(p). In the left

subfigure, the second diagonal element of the input sensitivity function is depicted. The middle and

right subfigures show the dominant singular values over frequency of the control and complementary

sensitivity functions, respectively. In blue, orange, and yellow are the closed-loop local transfer

functions for p ∈ {15, 22.5, 30} Hz and in black the inverse weighting filters. We can conclude that our

performance objectives are satisfied and the controller contains sharp gains to combat the harmonic

disturbances.

Figure 5.10: Expected disturbance rejection level over the scheduling envelope p ∈ P. The expected

disturbance attenuation factor satisfies Requirement R2 for the considered scheduling envelope.

Controller structure

To limit the computational demand of the active vibration isolation solution, a structured

controller is proposed. To this end, consider the controller K(p(t)) = Fl(K̂,∆K(p(t))),

with

K̂ =






A Bw Bu

Cz Dzw Dzu

Cy Dyw Dyu




 , ∆K(p(t)) = p(t)I∆. (5.25)

To reduce computational complexity of the synthesis and implementation, A ∈ R
nx×nx

is restricted to be tridiagonal with state-order nx = 12, Dzw ∈ R
n∆×n∆ to be zero such

that affine scheduling dependency is enforced, Dzw and Dzu to be zero to enforce a

strictly proper controller, and the scheduling dimension is set to n∆ = 6. The affine

scheduling dependency allows the controller to reschedule for a measured spin rate p(t)

and complements the affine scheduling dependency structure of the weighting filter WSi .

The achieved results are shown in Figure 5.9 and are elaborated upon in Section 5.5.
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5.4.4 Discretization

In this section we propose a novel discretization method that matches the local resonance

modes of the CT LPV controller and the DT LPV controller, constituting to Contribution

C3. A common method to discretize controllers containing resonance modes close to

the Nyquist frequency is Tustin discretization (Franklin and Powell 1980). This is a

bilinear map that describes the discretization by the following star product

KDT =

[
Inx

TInx

Inx

T
2
Inx

]

⋆ Fl(K̂,∆K), (5.26)

where T = Ts is typically chosen to be equal to the sampling time (Apkarian 1997),

see also (Tóth, Lovera, et al. 2011) for criteria to choose appropriate sampling times

for discretization of LPV systems. Consequently, low-frequency dynamics are mapped

accurately in the frequency-domain, whereas for frequencies approaching the sampling

frequency the accuracy deteriorates. This is especially detrimental for the considered

controller with inverse notch structures that require to be accurately represented.

To improve the discretization accuracy at these frequencies, a frequency pre-warp

transformation

T =
2 tan(0.5ωpTs)

ωp

(5.27)

can be included, which ensures matching of the continuous and discrete frequency

response at the frequency ωp. Note that a frequency pre-warp can only improve the fit

at a single frequency point of interest, while outside of this point, the discretization

distortions remain.

However, in the LPV setting where the disturbance frequency varies over time, the

frequency pre-warp point of interest ωp should also change along with p(t). Therefore,

to increase the discretization fit and performance of the discrete-time controller, we

consider to schedule the frequency pre-warp parameter T in relation to the disturbance

scheduling parameter p, i.e.,

T (p(k)) =
2 tan(0.5p(k)Ts)

p(k)
. (5.28)

This implies that the original scheduling block ∆K extends to

∆K,e(p(k)) = diag(∆K(k), T (p(k))Inx
)). (5.29)

As such, the scheduling dependency of the discrete-time controller increases with the

state-dimension of the continuous-time controller. To the authors knowledge, this is a

novel discretization approach that has not been published before.

Remark 5.4.2. For implementation on hardware, (5.26) can be computed offline.

Afterwards, implementation of the discrete-time controller amounts to the evaluation

of the scheduling-dependent controller matrices at every sampling instant when the

scheduling variable changes, i.e., when p(k) 6= p(k − 1).
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Remark 5.4.3. When multiple harmonics are considered, each harmonic structure in

the controller can be discretized individually by the proposed discretization methodology.

This can be achieved by decomposing the controller structure into individual modes,

followed by individual discretization of the inverse notch components.

5.4.5 Stability analysis

To ensure safe operation, it is important to verify stability of the controller in closed-loop

with the setup before implementation on the hardware. Therefore, we propose an a

priori stability test based on the generalized MIMO Nyquist stability theorem, see,

e.g., (Skogestad and Postlethwaite 2001, Chapter 4.9). To evaluate closed-loop stability

along the scheduling trajectory p(t), we propose to assess Nyquist stability for a dense

grid of frozen operating points p(t) ≡ p ∈ P .

Theorem 5.4.4 (Generalized MIMO Nyquist theorem). Let Pol denote the number of

open-loop unstable Smith-McMillan poles in L(p) = GK(p). The closed-loop system

with loop transfer function L(p) and negative feedback is stable if and only if the Nyquist

plot of det(I + L(p))

i) makes Pol anti-clockwise encirclements of the origin, and

ii) does not pass through the origin.

We refer to (Skogestad and Postlethwaite 2001, Chapter 4.9) for more details. The

Nyquist test allows for the use of the FRF data of the identified plant. This avoids pos-

sible modeling errors that are build up throughout the parametric modeling procedure.

To assess the stability of the DT LPV controller on the test platform, which is imple-

mented on the hardware in discrete time, the effects of sampling and zero-order hold

(ZOH) of the hardware should be taken into account. A schematic overview is given in

Figure 5.11, which describes the open-loop path of the controller implementation such

that for a frozen p ∈ P the CT open-loop transfer function is given by

L(p, iω) = S(iω)G(iω)H(iω)K(p, iω). (5.30)

Here we consider an ideal sampler, i.e., S = I. The FRF of the ZOH is described by

H(iω) =
1− e−iωTs

iωTs
, (5.31)

and K(p, iω) is the Fourier transform of the DT controller, see, e.g., (Kamen and

Heck 2007, Chapter 10). To assess closed-loop stability, the Nyquist stability test is

performed for a dense scheduling grid p ∈ P . Therefore, conclusions can only be drawn

on local stability at the frozen operating points p ∈ P . However, since ṗ is assumed to

vary slowly, adhering to the Nyquist stability criterion on a dense grid may be a valid a

priori stability test for the interconnection between the plant and LPV controller.
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K(p)

Figure 5.11: Block diagram of the controller implementation on the hardware. Here, G is the system,

K is the controller, S represents the sampler, and H represents the ZOH.

5.5 Experimental results

5.5.1 Frequency-domain analysis

The achieved analytic closed-loop behavior together under the considered weighting

filters are shown in Figure 5.9. A performance criterion of γ = 0.9129 is achieved,

which indicates a successful design. The left subfigure shows that the disturbance

rejection goal of 20 dB is achieved for frozen rotational velocities p. The evaluation

of the expected disturbance rejection level over the considered frequency envelope is

depicted in Figure 5.10. We conclude that the expected 20 dB disturbance attenuation is

achieved. Furthermore, the middle subfigure of Figure 5.9 shows that the control signal

will remain within 10 V and rolls of by at least -40 dB/dec, with a cutoff frequency

of 30 Hz. In the right subfigure, the complementary sensitivity function shows that

measurement noise is not amplified above the control bandwidth of 30 Hz. Hereby, all

design goals are met. Next, the performance of the controller on the experimental setup

is evaluated.

5.5.2 Local experiments

To assess the performance of the controller, first local experiments with frozen wheel

spin rates p(t) ≡ p ∈ P = {15, 22.5, 30} Hz are conducted. Concurrently, the plant

response is measured both in open-loop and closed-loop to assess the performance. In

this format, the frozen experiment serves the purpose to: derive an exact measure of

disturbance suppression at p and to investigate whether the scheduling rate of p(t)

influences the performance as well. Because the setup is significantly less compliant in

the θx and θy directions, a relatively large input disturbance voltage of 4V is applied

over the PMAs in order to measure the disturbance effect on the output. Consequently,

this results in integer multiples of the main harmonics. However, for the purpose of

these experiments the nonlinear PMA dynamics are not relevant.

The results of these experiments are summarized in Figure 5.12. For brevity, we only

show the measurement results on the θz axes. The results for the other axes are similar.

In the time-domain plots we see a significant reduction in the output vibration, hence

the vibration disturbances are actively suppressed. The reduction ratios are given in

Table 5.1, which confirms this observation.

From the frequency spectra, the magnitudes of disturbance suppression for p ∈ P are

lower than expected. This is also confirmed by the disturbance rejection factors in

Table 5.1. This is partly due to the controller discretization, discrepancy between the
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Table 5.1: Reduction ratios and disturbance rejection factors for experiments with frozen disturbance

frequencies. ρp and rp indicate the reduction ratio and disturbance rejection factors for the sinusoidal

disturbance with constant frequency p. A significant reduction in micro-vibration disturbances is

observed.

ρ15 ρ22.5 ρ30 r15 r22.5 r30

θx 63.11 87.73 83.95 13.26 21.24 23.63

θy 65.69 71.74 84.68 20.58 19.05 19.55

θz 65.64 85.22 82.13 17.02 17.05 15.93

Figure 5.12: Experimental results of the MIMO LPV controller, for frozen disturbances evaluated

at the θz-axis. The left two subfigures denote, from top to bottom, the open- (blue) and closed-loop

(orange) plant response and frequency spectrum for disturbances p = 15 [Hz]. The middle and right

two subfigures contain the same measurements, for p = 22.5 and p = 30 [Hz] respectively. The time

domain plots indicate that the high disturbance rejection is indeed achieved by the designed controller.

The frequency spectra show rejection of the main harmonic and also display the PMA nonlinearities.

system and the model, noise and nonlinear effects. Furthermore, in Figure 5.12, we

can clearly see the nonlinear effects of the disturbance, where integer multiples of the

main harmonic component are observed. However, when the main harmonic is only

partly suppressed, the nonlinear (integer multiples of the main harmonic) effects are

also attenuated. This happens because the PMA control signals that attenuate the

disturbances are also subject to the same nonlinear PMA dynamics, hence rejecting

integer multiples of the main harmonic. This also confirms that the nonlinear dynamics

are not relevant in evaluating the performance of the controller.

5.5.3 Experiments with space-realistic scheduling trajectories

Next, the performance of the controller is evaluated for disturbance signals with

scheduling rates according to p(t) ∈ P. To reduce experiment time, the scheduling

bounds are limited to the frequency region p(t) ∈ [28, 30] Hz. This experiment allows

to determine whether the scheduling rate poses a limiting factor to performance. The
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Table 5.2: Reduction ratios and disturbance rejection factors for experiments with space-realistic

scheduling signals. ρ is the reduction ratio and rcps is the disturbance rejection factor between the

cumulative power spectra. A significant reduction in micro-vibration disturbances is observed.

ρ rcps ‖yOL‖RMS ‖yCL‖RMS

θx 69.21 22.43 6.347 · 10−1 1.954 · 10−1

θy 69.01 22.06 6.235 · 10−1 1.932 · 10−1

θz 59.79 17.40 1.121 · 100 4.508 · 10−1

results are shown in Figure 5.13. From the time-domain plot, we observe a significant

suppression of the disturbance. This is also confirmed by the reduction ratios ρ in

Table 5.2. From the spectrogram we observe that the disturbance frequencies are

not suppressed entirely, but result in near cancellation of the second PMA harmonic

nonlinearity. The cumulative power spectra confirms these observations, where we

observe a significant reductions in signal power, as also confirmed by the reduction

ratios in Table 5.2.

The implementation results and analysis presented in this section form Contribution

C4.

Figure 5.13: Experimental results of the MIMO LPV controller, for the θz-axis. The top figure depicts

the acceleration measurement θ̈z during the experiment. The middle figure shows the spectrogram

of the plant response, generated using a short-time Fourier transform with a measurement length of

two seconds. In the bottom figure, the cumulative power spectrum of the plant response is displayed.

We can observe significant micro-vibration attenuation, but slightly less than expected based on

Figure 5.10.



5.6. Conclusions 103

5.6 Conclusions

This work has outlined a unified design and validation framework for rejection of

frequency-varying harmonic micro-vibration disturbances with application to a realistic

state-of-the-art micro-vibration isolation prototype. To this end, an LPV disturbance

modeling and control design methodology is presented for attenuation of slowly-varying

micro-vibrations. This enables full scale system identification of the MIMO vibration

isolation platform by LTI tools. Furthermore, an LPV discretization method is proposed

that overcomes the limitations of current discretization methods for vibration isolation

and facilitates implementation on real hardware. Experiments demonstrate that the

designed vibration isolation controller achieves at least 59.79% reduction of the micro-

vibrations exerted on the system. This indicates that a significant increase in image

quality can be obtained for space applications using the proposed framework.





Chapter 6

Active vibration isolation via data-driven

control

Abstract: Increasing demands on the pointing accuracy of satellites carrying high-

precision measurement equipment, such as imaging and communication satellites, calls

for active vibration isolation techniques to reduce the deteriorating effect of micro-

vibrations on the pointing accuracy. We investigate model-based and data-driven Linear

Parameter-Varying (LPV) control strategies that aim at mitigation of frequency-varying

micro-vibration disturbances, which can be modeled in the LPV framework. The

aim of this chapter is to compare model-based and data-driven strategies for micro-

vibration disturbance mitigation. We show this by application of the approaches to a

realistic space-capable vibration isolation test-bench setup for application in satellites,

demonstrating the effectiveness and benefits of both solutions.
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6.1 Introduction

Nowadays, many satellites are orbiting the earth to facilitate a variety of services to

mankind, including navigation, communication, meteorology, observation, and many

more. A large portion of satellites cary sensitive measurement equipment, such as

optical equipment for observation, but also technology for communication, e.g., the

SpaceX Starlink network. Over the years, there has been an increasing demand on

the accuracy and resolution of these images (Lillie et al. 2010; Preda 2017). While

these performance requirements increase, mechanical micro-vibrations become a key

performance limiting factor in improving the quality and performance of the onboard

measurement equipment.

Micro-vibrations severely degrade the pointing accuracy of, among others, optical

equipment. In the case of earth observations, vibrations degrade image quality by

introducing blurring effects and image distortions (Preda et al. 2018). Also satellites

carrying communication equipment require high pointing accuracy as multiple satellites

communicate, over long distances, by lasers. The predominant source of micro-vibrations

is the Attitude Control System (ACS). The Attitude Control System (ACS) consists

of a Control Moment Gyroscope (CMG) and reaction wheel assemblies, which are

used to change the attitude of the satellite. The micro-vibration disturbances depend

on the rotational frequency of the flywheels, which are part of CMGs and reaction

wheel assemblies, and therefore, span a broad frequency spectrum. State-of-the-art

micro-vibration isolation solutions aim at the combined active and passive isolation of

disturbances (Luo et al. 2014; Preda et al. 2018). The actuators are used to generate

forces that counteract the forces induced by micro-vibrations, but require solutions to

challenging control problems.

The varying-frequency behavior of micro-vibration disturbances allows them to be

interpreted by Linear Parameter-Varying (LPV) filters (Preda et al. 2018; Bloemers,

Leemrijse, et al. 2023). Within the scope of disturbance rejection, the LPV framework

enables the design of controllers, which are scheduled by the varying-frequency char-

acteristics of the disturbance, to achieve vibration isolation over the entire frequency

range in which the micro-vibration disturbances are active. Powerful approaches within

the LPV framework show how to design feedback controllers aiming at the rejection

of frequency-varying harmonic disturbances (Köroğlu and Scherer 2011; Kinney and

De Callafon 2011). Model-based design for micro-vibration isolation in satellites are

discussed in (Preda et al. 2018), where an end-to-end framework is presented from

first-principles modeling to LPV control design and validation. In (Bloemers, Leemrijse,

et al. 2023), this is approached from a practical aspect, starting from system identi-

fication to control design and experimental validation. A data-driven gain-scheduled

control design for rejection of parameter-varying disturbances is presented in (Karimi

and Emedi 2013), indicating the benefits of a data-driven control design.

Although a variety of studies have shown how to design LPV controllers for rejection
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of micro-vibration disturbances directly from a model, the required modeling or iden-

tification steps are often cumbersome and prone to introduce modeling errors. This

is where data-driven control design methods excel as they circumvent the involved

modeling procedure, shifting the focus directly on the control design. However, it

remains to be investigated whether data-driven LPV control methods can really realize

these advantages in practice and can result in a simplified design approach achieving

highly performing controllers. In this respect, the main contribution of this chapter is:

C1 A comparison of model-based and data-driven LPV control on the rejection problem

of parameter-varying harmonic micro-vibration disturbances with application to a

realistic state-of-the-art micro-vibration isolation platform.

This is achieved through the following sub-contributions:

C2 Implementation and thorough validation of the two controllers on a simulation

of a vibration isolation test bench setup, including system identification of the

input-output (IO) dynamics of the experimental setup.

Notation

Let R and R+ denote the set of real and nonnegative real numbers while C stands for

the set of complex numbers. Rn (Cn) denotes the set of n-dimensional real (complex)

vectors while R
n×m (Cn×m) stands for the set of real (complex) n×m matrices. We

make use of the star product notation. For appropriately dimensioned matrices V ,

N =

[
N11 N12

N21 N22

]

, M =

[
M11 M12

M21 M22

]

,

the Redheffer star product N ⋆M is defined as N ⋆M =

[ Fl(N,M11) N12(I −M11N22)
−1M12

M21(I −N22M11)
−1N21 Fu(M,N22)

]

,

where Fl(N, V ) = N11 +N12V (I −N22V )−1N21, is the so-called lower linear fractional

transformation (LFT), while Fu(M,V ) =M22 +M21V (I −M11V )−1M12, stands for the

upper LFT, assuming that the corresponding matrix inverses exist.

6.2 Problem formulation

In this work, we consider the prototype micro-vibration isolation platform, introduced

in Chapter 5, for which we consider a SISO control problem. We aim at controlling

the rotational acceleration θ̈z only by means of a Proof Mass Actuator (PMA) u1, i.e.,

G : u1 7→ θ̈z. Here, G is an LTI system subject to frequency-varying micro-vibrations,

as modeled in Section 5.2.2, which are induced by PMA 2, i.e., u2 is used to inject

micro-vibration disturbances with only a single harmonic component.
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Figure 6.1: Control architecture for the vibration isolation setup. Here, Gap is the active plate on

which the micro-vibration disturbances di act. Gpma are the actuators used to actively suppress the

disturbances, while K is the to-be-designed LPV controller.

We compare two control design approaches. The first controller is a model-based design,

based on a parametric model Ğ identified in Section 5.3.3. In the second approach,

the controller is designed directly from frequency-domain measurement data Ĝ of the

system, see Section 5.3.2. The goal of this chapter is to provide a comparison between

the two approaches. For both controllers, the objective is to attenuate the frequency-

varying micro-vibration disturbances with guaranteed stability and performance for

the considered rotational velocities p(t) ∈ P. For this purpose, we consider an LPV

controller K(p(t)) scheduled by the rotational velocities that characterize the harmonic

components of the micro-vibration disturbances.

The control problem is schematically depicted in Figure 6.1, where G is the LTI plant,

K(p(t)) is the LPV controller, and di represents the micro-vibration disturbances. We

pose the following requirements:

R1 The closed-loop system in terms of Figure 6.1 is stable.

R2 To avoid excessive actuator degradation, the amplitude of the control signals must

be kept below the physical limit of umax = 10 V. Additionally, the disturbance

attenuation factor of the closed-loop system is pushed below a target value ǫmax =

−20 dB, i.e., micro-vibration disturbances are reduced by a factor 10 by the

active vibration isolation platform. The factor ǫmax is chosen to safely attenuate

disturbances without saturating the PMAs.

R3 The controller must be of low-complexity such that implementation is feasible on

limited computational resources in the form of the Raspberry PI computing unit.

Here, low-complexity refers to the complexity of the controller in terms of the state

dimension and scheduling dependency structure. This is further elaborated on in

Section 6.3. To verify the performance of the controllers, the following metrics are

analyzed a posteriori. We define the reduction ratio as

ρ = 1− ‖yCL‖RMS

‖yOL‖RMS

, (6.1)

where ‖·‖RMS denotes the RMS norm, yOL is the measured response without compen-

sation and yCL is the measured system response with compensation. The reduction

ratio indicates the percentage of how much the disturbance is suppressed in the plant

response. Furthermore, we define the disturbance rejection factor for a fixed disturbance
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frequency p ∈ P by

rp = |YOL(p)| − |YCL(p)|. (6.2)

The disturbance rejection factor indicates the reduction magnitude of the frequency

spectrum Y (p) as a result of closing the loop, i.e., how much disturbance rejection is

obtained.

In the next section, the model-based and data-driven control design is discussed.

6.3 Control design

6.3.1 Control architecture and objective

In this section, we describe the design procedure for both the model-based and the

data-driven LPV controllers. The model-based controller is designed based on the

identified parametric model Ğ(s, θ̂), whereas the data-driven controller is designed

directly based on the FRF estimate Ĝ(iω), see Figure 5.5. We emphasize that, here,

the plant is LTI, while the disturbances are modeled as an LPV filter, thus resulting in

an LPV control design problem. From here on, we distinguish between these controllers

as Kmb and Kdd for the model-based and data-driven controllers, respectively. The

challenge is to design the LPV controllers such that Requirements R1-R3 are met for

all considered rotational velocities p(t) ∈ P.

We consider the reformulation of the control architecture in Figure 6.1 into the four-

block interconnection shown in Figure 6.2, which corresponds to the map T (G,K(p)) :

col(w1, w2) 7→ col(z1, z2), where

T (G,K(p)) =

(
K(p)

1

)

(1 +GK(p))−1
(
G 1

)
. (6.3)

The interconnection thus contains the four sensitivity functions. By Requirement 2,

we aim at attenuating the micro-vibration disturbances by a factor ǫmax. Hence, it is

beneficial to achieve a small sensitivity function S = (1 +GK(p))−1 and process sensi-

tivity SG at the disturbance frequencies p ∈ P. A small sensitivity at the disturbance

frequencies implies that the micro-vibrations are attenuated by the controller, thus

achieving disturbance rejection. Additionally, to limit the control signal and the effects

of measurement noise, the control sensitivity K(p)S and complementary sensitivity

K(p)SG are weighted. We define performance in terms of the H∞ norm on the weighted

closed-loop interconnection

min
Kp,p∈P

‖Wz(p)T (G,K(p))Ww‖∞, (6.4)

where the weighting filters Wz = diag(Wz1 ,Wz2) and Ww = diag(Ww1
,Ww2

) are used

to shape col(z1, z2) and col(w1, w2), respectively, according to the performance require-

ments.
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Figure 6.2: Four-block feedback interconnection.

6.3.2 Weighting filter design

In this section we explain the design of the weighting filters, for both the model-based

and data-driven control design, such that the requirements R1-R2 are satisfied. The

disturbance model presented in Section 5.2.2 relates to the design of the sensitivity

weighting filter Wz1 as this filter describes how the system reacts to disturbances. A

sensitivity with magnitude one implies that the controller does not actively suppress

disturbances, whereas a small magnitude indicates disturbance suppression. Hence,

we aim at a small sensitivity at the frequencies where the disturbance is active. The

time-varying harmonic components of the disturbance (5.1) are naturally modeled in

CT, hence consider the following CT LPV filter

N(p(t)) =






0 2πp(t) 0

−2πp(t) −2βp(t) 1

0 2βp(t)(ς − 1) 1




 , (6.5)

where β = 0.005 defines damping around the parameter-varying central frequency

p(t) = Ω(t). The value ς indicates the amount of disturbance attenuation. Here, we

aim for ǫmax = 20 dB attenuation. As mentioned before, in this work we consider the

case of only one harmonic disturbance component. This results in the weighting filter

Wz1 =MSN(p(t)), (6.6)

where MS = 0.5 defines an upper bound on the sensitivity function. The broadband

noise component in (5.1) is not taken into account as noise typical to these disturbances

is much smaller than the measurement noise (0.0854 rad2/s4 RMS).

The weighting filter on the control sensitivity and complementary sensitivity, Wz2 , is

designed to limit the control action to umax = 10 V, take into account the magnitude of

the disturbances, and to introduce a roll-off action with a cut-off frequency of 30 Hz to

reduce the effects of measurement noise. The weighting filters on the generalized inputs

are Ww1
= Ww2

= 1.

The weighting filters are displayed in Figures 6.3 and 6.4 for the model-based and

data-driven control designs, respectively.

6.3.3 Model-based control design

In this section we describe the model-based control design. For this design, we consider

the performance objective (6.4), with the model G = Ğ identified in Section 5.3.3. As
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aforementioned, the scheduling rate |ṗ(t)| ≤ 0.01 Hz/s is significantly slower than the

bandwidth region of the system, i.e., where the harmonic disturbances p(t) ∈ P = [10, 30]

Hz act. This motivates the use of local LPV approaches, where design is considered for

fixed values of p(t) ≡ p ⊂ P. In that sense, (6.4) can be solved using H∞ methods. To

overcome the disadvantages of high-order controllers that typically result from model-

based control design, and to comply with Requirement R3, we consider nonsmooth

H∞ tools to solve (6.4) and synthesize a low-order stabilizing LPV controller in CT

(Apkarian 2011; Apkarian, Dao, et al. 2015). To this end, the scheduling set P is

represented by a parametric uncertainty set ∆p = {δIn∆
| δ ∈ [15, 30]}. Hence, during

synthesis, stability and performance are guaranteed only locally, for fixed instances of

the scheduling variable. Guaranteed stability and performance bounds can be verified a

posteriori, e.g., using IQC analysis tools. This is considered outside the scope of this

chapter. However, given the aforementioned assumption on the slow variations of p(t),

the time-varying aspects are assumed to have no significant influence. This is further

confirmed by the results in Section 6.4. We discuss the considered controller structure

next.

Controller structure

To limit the computational demand and comply to Requirement R3, a structured

controller is pursued. Consider the controller Kmb(p(t)) = Fl(K̂mb,∆mb(p(t))), with

K̂mb =






Amb Bmb,w Bmb,u

Cmb,z Dmb,zw Dmb,zu

Cmb,y Dmb,yw Dmb,yu




 , (6.7)

∆mb(p(t)) = p(t)In∆
. (6.8)

To reduce computational complexity of the synthesis and implementation, the controller

order is taken to be nx = 6, Dzw ∈ R
n∆×n∆ is taken to be zero such that affine

scheduling dependency is enforced, Dyu and Dzu are taken to be zero to enforce a

strictly proper controller, and the scheduling dimension is set to n∆ = 2. The affine

scheduling dependency allows the controller to reschedule for a measured spin rate p(t)

and complements the affine scheduling dependency structure of the weighting filter Wz1 .

The achieved results are shown in Figure 6.3 and are elaborated upon in Section 6.4.

Controller discretization

To facilitate implementation of the CT model-based LPV controller, discretization is

required to implement it on the digital hardware. We consider the parameter-varying

Tustin discretization presented in Section 5.4.4. Consider the bilinear map that describes

the discretization by the following star product

KDT =

[
Inx

τInx

Inx

τ
2
Inx

]

⋆ Fl(K̂mb,∆K,mb). (6.9)
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Figure 6.3: Bode magnitude plot of the closed-loop four-block interconnection with weighting filters for

the model-based controller design. The weighting filters are shown in black and the resulting frozen

closed-loop FRFs are shown in color for three constant operating points p = {15, 22.5, 30} Hz.

Here, T defines the pre-warp frequency of interest, which in the LPV case, where the

disturbance frequencies vary p(t), the pre-warp frequency point of interest should also

vary with p(t). Therefore, to increase the discretization fit and performance of the

discrete-time controller, we consider to schedule the frequency pre-warp parameter τ in

relation to the disturbance scheduling parameter p, i.e.,

τ(p(k)) =
2 tan(0.5p(k)Ts)

p(k)
. (6.10)

The price to be paid for such a discretization is that the original scheduling block ∆mb

extends to

∆mb,e(p(k)) = diag(∆mb(p(k)), τ(p(k))Inx
)). (6.11)

As such, the scheduling dependency of the discrete-time controller increases with the

state-dimension of the continuous-time controller and hence significantly increases the

computational complexity of the controller.

6.3.4 Data-driven control design

In this section, we consider the design of an LPV controller directly from the FRF data

Ĝ(iω), see Section 5.3.2. To that end, we consider the data-driven frequency-domain

LPV controller design based on local FRF measurements presented in Chapter 3 and

(Bloemers, Oomen, et al. 2022). As aforementioned, the scheduling is assumed to vary

sufficiently slowly, which motivates the use of the local LPV approach.
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We reformulate the performance objective (6.4) in the frequency-domain as

min
Kp

max
ω∈F ,p∈P

σ̄(Wz,p(iω)T (G(iω), Kp(iω))Ww(iω)), (6.12)

where σ̄(·) denotes the maximum singular value. Here,Wz,p andKp denote the local FRF

of the weighting filter and controller, respectively, for constant p(t) ≡ p. Furthermore,

synthesis of the controller is considered only on the finite frequency grid F on which

the system is identified, and a finite scheduling grid p ∈ P ⊂ P, with P consisting of 6

equidistantly spaced operating points.

The core of this procedure is a global LPV controller parameterization that facilitates

tuning based on the local FRF data. The advantage is that we can design a DT

controller directly based on the FRF estimates of the plant and weighting filters.

Therefore no additional controller discretization step and also no parametric model

fitting are required, potentially reducing the amount of uncertainties introduced by

such discretization and identification methods, and simplifying the design procedure.

The data-driven LPV controller is parameterized by orthonormal basis functions with

parameter-varying output weights, with realization Kdd(p(k)) = Fl(K̂dd,∆dd(p(k))

K̂dd =






Add,k Bdd,w Bdd,u

Cdd,z Ddd,zw Ddd,zu

Cdd,y Ddd,yw Ddd,yu




 , (6.13)

∆(p(k)) = p(k)In∆
. (6.14)

Here, orthonormal basis functions of order 8 are chosen, with affine scheduling depen-

dency and n∆ = 2. Controller synthesis is performed by minimization of (6.12), see

Chapter 3 and (Bloemers, Oomen, et al. 2022) for the implementation details.

The achieved results are shown in Figure 6.4 and are elaborated upon in the next

section, which discusses the results of both the model-based and data-driven design and

gives a comparison between the two controllers.

6.4 Results and discussion

6.4.1 Frequency-domain analysis

In this section, the model-based and data-driven LPV controller designs are evaluated.

Furthermore a comparison between the two controllers is provided, constituting to

Contribution C2. The achieved analytic closed-loop behavior of the model-based

control design together with the considered weighting filters are shown in Figure 6.3.

The achieved closed-loop FRFs of the data-driven control design together with the

considered weighting filters are shown in Figure 6.4. The model-based control design

achieves a performance objective of γ = 0.7215 < 1, indicating that the performance

objectives are satisfied. The data-driven control design achieves a performance objective
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Figure 6.4: Bode magnitude plot of the closed-loop four-block interconnection with weighting filters

for the data-driven controller design, based on the measured FRFs of the plant. The weighting filters

are shown in black and the resulting frozen closed-loop FRFs are shown in color for three constant

operating points p = {15, 22.5, 30} Hz.

of γ = 1.2383 > 1, indicating that the performance objectives have not been completely

achieved. Further inspection of the figures indicates that the disturbance rejection goal

of 20 dB is achieved for frozen rotational velocities p, for both the model-based and

data-driven design. In the data-driven case, we see that there is a slight violation of the

weighting filter for higher frequencies, which indicates the larger performance objective

value γ, but this is not considered to have a significant impact on the performance.

Furthermore, the actuator limits are also satisfied and the controllers seems to have

the intended roll-off for higher frequencies. Next, we consider the performance of the

controller on the setup.

6.4.2 Local simulations

To assess the performance of the controller, first simulations with frozen wheel spin

rates p(t) ≡ p ∈ {15, 22.5, 30} Hz are accomplished. We note that although the data

used for the identification experiments is measured directly from the vibration isolation

setup, we consider simulations using the identified parametric model for the evaluation

of performance in the time-domain, where the output observations are subject to

measurement noise realistic to the experimental setup. In this format, the frozen

experiments give a measure of disturbance suppression at the disturbance frequencies p.

Furthermore, the experiments are used to investigate whether time-varying scheduling

trajectories p(t) influence the performance (discussed in the next section).
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Table 6.1: Reduction ratios and disturbance rejection factors for experiments with frozen disturbance

frequencies. ρp and rp indicate the reduction ratio and disturbance rejection factors for the sinusoidal

disturbance with constant frequency p. A significant reduction in micro-vibration disturbances is

observed.

ρ15 ρ22.5 ρ30 r15 r22.5 r30

θ̈z,mb 93.03 96.39 93.65 27.02 28.94 24.13

θ̈z,dd 92.34 90.78 96.19 25.70 20.72 28.96

The results of the simulations are shown in Figures 6.5 and 6.6 for the model-based

and data-driven control designs, respectively. The evaluated performance metrics are

shown in Table 6.1. We observe for both the model-based and data-driven designs

that a significant attenuation of the disturbance is achieved. As confirmed by the

frequency spectra, the magnitudes of disturbance rejection for constant p are better

than expected. This is also confirmed by the reduction ratios and rejection ratios in

Table 6.1. Compared to the experimental results in Chapter 5, both SISO controllers

perform slightly better in simulation. This is expected as the model used for simulation

(Ğ) is a limited representation of the actual system. Furthermore, in Chapter 5, a MIMO

control design problem is considered, hence the results can not be easily compared.

Nonetheless, the reduction ratios and disturbance rejection factors are comparable,

indicating good design.

6.4.3 Simulations with space-realistic scheduling trajectories

Next, the performance of the controllers are evaluated for disturbance signals with

scheduling rates according to |ṗ(t)| ≤ 0.01 Hz/s. We consider the scheduling bounds

to be limited to the frequency region p(t) ∈ [28, 30] Hz. The results are shown in

Figures 6.7 and 6.8 for both the model-based and data-driven controllers, respectively.

We observe for both controllers a significant attenuation of the disturbance signal.

This is also confirmed by the reduction ratios and the RMS values in Table 6.2.

From the spectrograms we observe that the disturbances are not rejected entirely, but

the performance objectives are met. The cumulative power spectra confirms these

observations, where we observe a significant reduction in signal power for both controller

designs. The time-varying disturbances result in a slightly smaller suppression of the

disturbances compared to the frozen simulations. However, the effects are minimal

and this motivates that using local data to design the controllers is applicable in this

situation.

6.4.4 Discussion

This section provides a comparison between the model-based and data-driven LPV

controllers. From the local simulation results, i.e., for disturbances with constant

harmonic components, the difference in achieved performance between the model-
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Figure 6.5: Results of the model-based LPV controller for frozen disturbances p = {15, 22.5, 30} Hz.

The open-loop results are shown in blue and the closed-loop results are shown in orange. Furthermore,

the top plots show the measured output response, while the bottom plot shows the corresponding

frequency spectra. The results show significant rejection of the micro-vibration disturbances.

Figure 6.6: Results of the data-driven LPV controller for frozen disturbances p = {15, 22.5, 30} Hz.

The open-loop results are shown in blue and the closed-loop results are shown in orange. Furthermore,

the top plots show the measured output response, while the bottom plot shows the corresponding

frequency spectra. The results show significant rejection of the micro-vibration disturbances.
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Table 6.2: Reduction ratios and disturbance rejection factors for experiments with space-realistic

scheduling signals. ρ is the reduction ratio and rcps is the disturbance rejection factor between the

cumulative power spectra. A significant reduction in micro-vibration disturbances is observed.

ρ rcps ‖yOL‖RMS ‖yCL‖RMS

θ̈z,mb 74.94 24.04 0.2547 0.0638

θ̈z,dd 79.32 27.38 0.2547 0.0527

Figure 6.7: Experimental results of the model-based LPV controller. The top figure depicts the

acceleration measurement during the simulation. The middle figure shows the spectrogram of the plant

response, generated using a short-time Fourier transform with a measurement length of two seconds.

In the bottom figure, the cumulative power spectrum of the plant response is displayed. We observe a

significant attenuation of micro-vibration disturbances.
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Figure 6.8: Experimental results of the data-driven LPV controller. The top figure depicts the

acceleration measurement during the simulation. The middle figure shows the spectrogram of the plant

response, generated using a short-time Fourier transform with a measurement length of two seconds.

In the bottom figure, the cumulative power spectrum of the plant response is displayed. We observe a

significant attenuation of micro-vibration disturbances.

based and data-driven are minimal. On average, the model-based controller performs

slightly better than the data-driven controller, but the differences are not considered

noteworthy. Conversely, the results for disturbances with space-realistic scheduling

trajectories indicate that the data-driven controller performs slightly better, but again

the differences are minimal. Thus, in terms of the achievable performance, both

controllers perform similarly.

Next, we compare the involved design aspects for both controllers. In the model-based

design approach, we first have to identify an accurate model of the system that can

subsequently be used for control design. During identification, it is crucial that the model

order is relatively low to facilitate the subsequent controller design step. Furthermore,

care should be taken in the identification criterion that determines the accuracy of the
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model, where emphasis should be put on the intended bandwidth region, such that

a model is identified that is relevant for control. Additionally, the experiment design

for identification should take these notions into account. This last remark holds for

both the model-based and data-driven control design. Finally, in this particular study,

the system is such that LTI identification techniques can be used. This significantly

simplifies the identification procedure compared to full LPV identification. In the latter

case, more care has to be taken during identification to arrive at a high-fidelity model

of the system that is suitable for control.

The design of controllers for both the model-based and data-driven control design are

similar in approach. Both approaches can deal with similar performance objectives

and shaping the controllers to achieve the desired performance objective is similar.

Model-based approaches have the advantage as they can treat the entire scheduling

set systematically, i.e., without approximation of P by a finite set. This is in contrast

to the data-driven approach, which can only deal with a finite scheduling set P ⊂
P. Similarly, arguments hold for the frequency axis F , and we advise post-design

analysis of the data-driven control design to confirm that the objectives are met, as

guarantees are only provided, locally, at the operating points p ∈ P . Furthermore, for

this particular design study, the model-based controller requires a discretization such

that it can be implemented on the hardware. This discretization step can introduce

additional uncertainties in the control design, and furthermore, significantly increases

the computational complexity. The data-driven approach allows for the design of a

DT controller directly based on the FRF estimates. In this case, the complexity is

significantly less.

Overall, if no model of the system is known a-priori, or the model is of high complexity

(state-order or scheduling dimension), then the data-driven LPV control design is

appealing for practical use. The data-driven approach shifts the focus directly on the

control objective.

6.5 Conclusions

This chapter has presented a comparison between model-based and data-driven design

of LPV controllers applied to rejection of parameter-varying harmonic micro-vibration

disturbances. This has been achieved through estimation of FRFs and identification of a

parametric model of a realistic state-of-the-art micro-vibration isolation platform, which

are subsequently used for the design of a data-driven and model-based controller. The

advantage of the data-driven control design is that the focus is shifted on the control

objective, whereas the model-based design requires careful design of the identification

procedure such that it connects to the intended control purpose, i.e., control-relevant

identification. When carefully approaching these designs, we show by means of a

simulation study of the setup that similar performance measures can be achieved. An

interesting research direction would be to compare a model-based versus data-driven
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control design when the system itself is nonlinear or depends on certain operating

conditions, as this can significantly complicate the identification of accurate models.



Chapter 7

Conclusions and Recommendations

7.1 Conclusions

Motion systems, including those in space applications, play a crucial role in advancing

technology for the benefit of human kind, by enabling, for example, advanced com-

munication, navigation, observation, and entertainment. To enable the advancement

of future technology, next-generation systems will have to meet extremely challenging

requirements on the achievable accuracy, performance, and efficiency, which unavoidably

results in a significant increase in system complexity, and operating condition-dependent

behavior. Although traditional control methods enable a systematic design approach,

they are deemed to fall short of the stringent expectations when faced with the envisaged

complex and operating-point varying behavior of next-generation systems. Moreover,

popular engineering approaches aiming to overcome some of these limitations lack in a

systematic control design methodology, and more importantly, fail to provide global

guarantees on stability and performance objectives, which are highly important in

engineering. In this thesis, the limitations of these tools are addressed by developing

data-based control solutions that can adapt to the varying operating conditions of

complex systems, circumventing complicated modeling steps and shifting the focus

directly on the control objective. In that sense, we set out to achieve the research

objective of developing a framework that enables the systematic analysis and design of

LPV controllers, directly from local measurement data, while ensuring the performance

objectives independent of the operating conditions of the system.

The first main contribution in Chapter 2 of this thesis addresses the limitations inherent

to the traditional LTI control design approaches for SISO systems, widely used in the

industry to tackle control design for a variety of applications, by developing a data-

driven LPV controller synthesis procedure and thereby answering Research question
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1. The presented approach employs nonparametric FRFs measurements to directly

design controllers from data obtained from the system. Compared to a model-based

design approach, the involved design effort in obtaining parametric models and the

unavoidably introduced uncertainties are circumvented. In this way, the required

expertise is lowered and the focus is shifted on the control objectives, promoting

the application of the method in the industry. In addition, the complex operating

condition-dependent behavior of the envisaged next-generation systems is taken into

account in the control design, allowing the controller to adapt to the changing operating

conditions of the system by means of a global controller parameterization throughout

the considered operating regime. In this way, controllers are designed systematically,

by taking into account all local operating points of the system and, thereby enabling

significant increase of the achievable performance. These achievements, are verified on

experimental application of the proposed methodology on a CMG, confirming that the

theoretically predicted performance improvements can be achieved via the proposed

control methodology in practice despite of significant changes in operating conditions

of the system.

In terms of our second contribution, in Chapter 3, we have aimed at generalizing the

considered family of performance metrics that can be considered with such a data-driven

design method. While in Contribution C1, the focus was on bounding the H∞-norm,

i.e., minimizing the worst-case energy amplification, here the extension is made towards

more general definitions of (quadratic) performance. This allows for performance metrics

often used in other engineering disciplines, e.g., passivity in electrical engineering or H2

for rejection of broadband disturbances, thereby extending applicability of the method.

Moreover, to overcome the initial limitations of our proposed methodology to achieve

wide applicability in the engineering context, we have also successfully generalized the

approach for MIMO control design problems, which are often encountered as a result of

the increased complexity of systems. In this way, Contribution 2 provides an answer

to Research question 2. Furthermore, the presented appraoch generalizes FRF based

control design also in the LTI case, opening up the door to wider applicability of these

methods in the industrial setting.

Prior to the work carried out in this thesis, control design for complex systems, based

on local information around operating points, failed to guarantee global stability and

performance of the resulting closed-loop system, with guarantees only provided around

the considered operating points. Moreover, implementation of the controllers have

required strong restrictions on the time-variation of the operating conditions. Our

third main achievement answers Research question 3 by enabling the design of LPV

controllers from local frequency-domain data, such that global stability and performance

is ensured. In this sense, the developed approach ensures universal shifted stability

and performance for all equilibrium/operating points in the considered operating space,

i.e., an equilibrium/operating point free notion of stability and performance. This is

achieved by presenting a methodology to identify FRFs of the local aspects of the
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so-called velocity form, i.e., the time-variations, of the complex nonlinear system. Using

only a simple realization scheme, this enables the design of controllers via methodologies

from Contributions 1 and 2 to obtain nonlinear controllers that ensure global universal

shifted stability and performance guarantees of the resulting closed-loop system. While,

before this thesis, it was not clear if global stability and performance could be achieved,

now we are capable of providing strong guarantees. This enables the use of more

traditional control design tools, bringing back the flexibility of using powerful tools

from the LTI framework, including frequency-domain tools, in LPV control.

To show the applicability of the proposed methodologies in practice, we consider the

disturbance rejection of frequency-varying harmonic disturbances on a state-of-the-art

micro-vibration isolation platform in satellites. This has resulted in a complete sys-

tematic design and validation framework for rejection of disturbances with parameter-

varying/operating condition-dependent characteristics, thereby answering Research

question 4 by forming Contribution 4. In this case complete refers to the whole control

approach, as visualized in Figure 1.5, i.e., starting from gathering data from an experi-

mental setup, to identification, modeling, control design, and finally implementation

and experimental validation. This complements the previous contributions of the thesis

by showing how these methodologies can be used in an end-to-end design problem.

Furthermore, we show the benefits of designing LPV controllers from data to control

systems with operating condition-dependent dynamics, thereby giving context to the

methodologies in an application driven setting. First, this is approached from a more

traditional model-based perspective in Chapter 5, followed by the proposed data-driven

solutions in Chapter 6. Additionally, we present a comparison between model-based

and data-driven LPV control design on the same micro-vibration isolation setup. In

this comparison, we indicate that the data-driven control design approach can obtain

similar, if not better, performance with a much simpler design procedure. This results

in Contribution 5.

In summary, the combination of all the contributions in this thesis forms a complete

framework that enables systematic analysis and design of LPV controllers for nonlinear

systems, ensuring global stability and performance of the resulting closed-loop system

by directly using local FRF measurements of the underlying system. Thereby, the

framework presented in this thesis forms the answer to the Research objective.

7.2 Recommendations for future research directions

Although the work in this thesis presents a complete framework that enables systematic

analysis and design of LPV controllers from local FRF measurements of a nonlinear

system, there still remain open problems and challenges to be solved that can improve

upon the presented results. Next, we will discuss some open problems and challenges.

Although the developed framework relies on measurement data that is typically corrupted

by noise, the effect hereof is not taken into account explicitly. When estimating the
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FRF of a system, the effects of noise, and potentially stochastic nonlinearities, can be

quantified by confidence bounds or a noise covariance matrix, which can be directly

computed based on the estimated FRF data. See, for example, (Pintelon and Schoukens

2012) for details. In parametric identification, the effects of noise can be taken into

account in the control design by computation of an uncertainty set that describes the

potential variations of the system in a certain frequency region (Oomen 2010; Oomen

and Bosgra 2012). Using this information, a controller can be designed such that

robust performance is achieved for all allowed variations of the plant, described by the

uncertainty set. In (Karimi, Nicoletti, et al. 2018), it is shown for SISO LTI systems

that a noise covariance matrix of an identified parametric model can be used to design

data-driven controllers that robustly stabilize the plant with respect to the uncertainty

set described by this covariance matrix. This can be straightforwardly extended to

the LPV case as presented in this thesis. Furthermore, a noise covariance matrix can

also be obtained directly from FRF measurements, thus a parametric identification is

not required, see e.g., (Pintelon and Schoukens 2012, Chapter 7). Similarly, for the

presented MIMO approach, a nonparametric uncertainty set can be formulated and

robust controllers can be designed using a suitable IQC multiplier.

The optimal selection of basis functions that guarantee fast convergence of an expansion

representation of a system has been a relevant research topic in the field of system

identification in the LTI as well as the LPV domains (Heuberger et al. 2005; Tóth

2010). The reason why this is relevant is that using an expansion with fast convergence,

i.e., with only a (small) finite number of OBFs, accurate model approximations of low

order can be obtained. In terms of control design considered in this thesis, optimal

selection of basis functions would result in a low-order controller achieving satisfactory

performance results. In general, the optimal selection of OBFs is a difficult problem

to solve and to select an optimal set of pole locations, the “true” poles of the optimal

controller have to be known. Here, optimality is usually considered in the Kolmogorov

n-width sense and results in a nonlinear optimization problem. Application of sparse

learning in system identification (Yin et al. 2022) to the optimal basis function selection

problem could be a promising alternative that results in direct pole location estimation.

Throughout this thesis it is important that we can accurately identify the FRF at the

local operating points. However, using traditional local identification tools, we can

only achieve this at a finite selection of operating points, which can severely limit the

applicability in data-driven control and analysis. Moreover, only the local aspects are

embedded into the FRFs. The harmonic FRF for LPV systems (Schoukens and Tóth

2019) is capable of describing the global dynamics of an LPV system in the frequency

domain, when the scheduling and input are considered to be periodic. In this way, the

time-varying nature of the system is also taken into account and it furthermore enables

characterization of the entire continuum of local FRFs. An identifiable parameterization

is presented in (Rozario and Oomen 2021), which could also unlock the potential of

data-driven frequency-domain LPV control from a global perspective.
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While the theory for analysis and synthesis provides strong results on stability and

performance, they rely on completely describing the system along the frequency axis,

i.e., an infinite amount of observations are required. Of course, for practical reasons we

can only observe or perform identification experiments for a finite amount of frequencies,

and stability and performance are guaranteed under the assumption that the frequency

points are chosen sufficiently dense and it suffices to check only a finite number of

frequency points to draw conclusions on the underlying continuous curve. Inspired

by the Local Polynomial Method (LPM) for identification of FRFs (Pintelon and

Schoukens 2012), where locally around each frequency point the dynamics of the system

is approximated by a smooth polynomial, control design can be considered in a similar

manner. In this way, stability and performance are guaranteed for the locally continuous

polynomial curves, and when combined together, result in stability and performance

over the entire frequency range. The synthesis of controllers along the local polynomials

can be considered in a similar manner as presented in (Tacx and Oomen 2021), by

extending the IQC method, presented in Chapter 3. Here, the generalized Kalman-

Yakubovich-Popov (gKYP) can be utilized to provide stability guarantees for the local

polynomial curves along finite frequency intervals. In fact, the same local estimates

resulting from the LPM could be used to form a unified identification and data-driven

control design approach, thereby providing stability and performance guarantees along

a continuous frequency axis.

In a similar way to the above discussion, the presented theory for analysis and synthesis

are based on a complete characterization of the system in the operating regime. Subse-

quent gridding in this space to be able to operate on a finite set of operating points

can also be overcome by applying a similar strategy to the LPM, but then along the

operating points. Similar identification techniques as the LPM have been presented

for identification of FRFs for LPV systems (Maas et al. 2016a; Maas et al. 2016b). In

this way, smoothness over the frequencies and operating points is assumed and local

approximations, by polynomials or rational functions, are taken to improve the quality

of the FRF. This would naturally extend to data-driven control synthesis in a similar

manner as described above.

In Chapter 4 the velocity form is utilized to arrive at global stability and performance

guarantees, in the sense of universal shifted dissipativity, i.e., an equilibrium independent

notion of stability. Recent work on incremental dissipativity shows how LPV controllers

can be designed and analyzed based on an embedding of the so-called differential form

of a nonlinear system, i.e., the dynamics of the variations along a trajectory (Verhoek,

Koelewijn, et al. 2020; Koelewijn, Tóth, et al. 2021). In this sense, convergence of

a nonlinear system along a trajectory is guaranteed, which is particularly interesting

for servo control problems, i.e., reference tracking. Moreover, velocity form and the

differential form have a remarkably similar structure, which might allow identification

of the local aspects of the differential form in a similar manner as presented in Chap-

ter 4. This can open up the road to designing LPV controllers from frequency-domain
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measurement data with incremental dissipativity guarantees.

Throughout the thesis we consider the scheduling variable, i.e., the operating points

or trajectories, to be known a priori. In most practical applications this is not a

restricting limitation as this information can often be derived from physical insight

or experience. Nonetheless, it is interesting to be able to identify both the FRFs

of a system along with the corresponding dependency on the operating trajectories.

Recently, such developments have been made for parametric identification of nonlinear

systems in the LPV framework, using deep-learning (Verhoek, Beintema, et al. 2022).

Although these results are far from being applicable to FRFs estimation, they provide

a promising outlook on LPV identification.

To enable wide-spread use of the developed framework for data-driven LPV analysis and

control in the frequency domain, it is important to provide access to the developed tools

in the form of a software package. Currently, the LPVcore toolbox (Boef et al. 2021)

for MATLAB is the only software package that provides tools for the identification,

analysis, and design of LPV systems and controllers. However, at the moment, these

tools focus on a model-based design approach and focus on time-domain solutions,

while frequency-domain and data-driven tools are not considered. Hence, inclusion of

the developed frequency-domain based data-driven methods in the toolbox would be a

welcome addition to enable wide-spread use and promote further development.
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Samenvatting

Gegevensgestuurde Lineaire Parameter-Variërende Regeling

Een Frequentie Domein Aanpak

Regelalgoritmen die rekening houden met de operationele omstandigheden zijn essen-

tieel om te kunnen voldoen aan de steeds toenemende behoefte aan betere prestaties,

nauwkeurigheid en efficiëntie van de volgende generatie mechatronische systemen,

variërend van trillingsisolatieapparatuur, pick-and-place-machines en lithografiescan-

ners tot toepassingen in de gezondheidszorg. Om aan deze uitdagende prestatie-eisen

te voldoen, wordt verwacht dat de machines van de volgende generatie in deze sec-

toren complex niet-lineair gedrag zullen vertonen, zoals positie-afhankelijke dynamiek

of dynamiek afhankelijk van de operationele omstandigheden. Het ontwikkelen van

wiskundige modellen die dergelijke complexe dynamica nauwkeurig beschrijven is moeil-

ijk op basis van eerste-principekennis of zelfs vanuit meetdata en is vaak onderhevig

aan grote modelonzekerheid. Het ontwerpen van regelalgoritmen rechtstreeks op basis

van gemeten systeemgegevens kan de gecompliceerde modelleringsstappen omzeilen en

de aandacht rechtstreeks op de regeldoelstelling richten.

Dit proefschrift beoogt de prestaties van toekomstige mechatronische systemen te

verbeteren door regelstrategieën voor complexe systemen te ontwikkelen, terwijl tegeli-

jkertijd de betrokken modelleringsstap met behulp van gemeten systeemgegevens wordt

vereenvoudigd. Huidige methodes zijn onbewust van de operationele omstandigheden

van mechatronische systemen. Hierdoor worden de prestaties ernstig beperkt in het licht

van complexe systeem dynamiek. Momenteel kunnen de prestaties van de beschikbare

methoden die gebruik maken van meetgegevens voor het ontwerpen van direct werkende,

conditiebewuste regelaars ernstig worden beperkt in het licht van complexe dynamiek.

Er zijn de volgende uitdagingen. Ten eerste, om zich te kunnen aanpassen aan wisselende

omstandigheden van het systeem, is een regelaar nodig die bewust is van de operationele

omstandigheden. Ten tweede, om de modelleringsstap te vermijden, moet de regelaar

zodanig worden gekozen dat de veiligheid en prestaties kunnen worden geanalyseerd
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en gegarandeerd tijdens het regelontwerp op basis van meetgegevens zonder dat een

wiskundig model van het systeem bekend is.

In dit proefschrift wordt een datagestuurd regelontwerpkader ontwikkeld dat prestatie-

verbeteringen biedt voor complexe mechatronische systemen door kennis over de opera-

tionele omstandigheden op te nemen. Dit proefschrift bevat de volgende hoofdbijdragen

om de gestelde uitdagingen te realiseren. Ten eerste wordt een lineaire parameter-

variërende parametrisatie van de regelaar gëıntroduceerd die zorgt voor aanpassingsver-

mogen en kennis van de regelaar over de bedrijfsomstandigheden van het systeem.

Ten tweede wordt de modellering omzeild door wiskundige modellen te vervangen

door lokale schattingen op basis van gemeten gegevens, waarvoor algoritmen worden

ontwikkeld om regelaars te analyseren en te ontwerpen, zelfs in het geval van systemen

met meerdere ingangen en meerdere uitgangen. Ten derde wordt aangetoond dat de

voorgestelde lineaire parameter-variërende regelaarparametrisatie samen met een speci-

aal realisatie-algoritme globale garanties biedt tijdens de werking (zelfs onder variërende

omstandigheden) in termen van globale veiligheid en prestaties. Deze resultaten maken

een betrouwbaar datagestuurd ontwerp van operationele omstandigheden-bewuste rege-

laars mogelijk, die prestatieverbeteringen en brede veiligheidsgaranties bieden voor

complexe mechatronische systemen in vergelijking met traditionele ontwerpen.

De prestaties van de ontwikkelde methoden worden gedemonstreerd op toepassingen

variërend van laboratoriumopstellingen tot industriële applicaties. Aangetoond wordt

dat het ontwerpen van regelaars rechtstreeks op basis van beschikbare gegevens, met

integratie van kennis over het positie-afhankelijke of operationele omstandigheden-

afhankelijke gedrag, de prestaties van de volgende generatie complexe mechatronische

systemen aanzienlijk verbetert.
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