LEARNING AND REPETITIVE CONTROL
FOR COMPLEX SYSTEMS
WITH APPLICATION TO LARGE-FORMAT PRINTERS
LENNART BLANKEN

F (θ)
C

P

θj

+1

=

Qθ

j

w −1

+L

ej

Learning and Repetitive Control
for Complex Systems
With Application to Large-Format Printers

Lennart Blanken

This work has been performed within the Impuls II research program of the Eindhoven
University of Technology, and is financially supported by Océ Technologies B.V., Venlo,
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Summary
Learning and Repetitive Control for Complex Systems:
With Application to Large-Format Printers
The productivity and product quality of many manufacturing systems hinge
on the performance of mechatronic positioning systems. For example in industrial large-format printing systems, the printheads have to be positioned with
micrometer accuracy relative to the medium, while printing in excess of 60 square
meters per hour, on a versatile range of media, e.g., paper, which can be up to 5
meters wide. To meet future requirements on accuracy, speed, and product dimensions, it is envisaged that a significant increase is required in the complexity
of positioning systems. This leads to the manifestation of complex dynamical behavior and pronounced disturbances, which potentially jeopardize performance.
Hence, these complex dynamics and disturbances need to be compensated for.
The aim of this thesis is to enable radical performance improvements in future
positioning systems by improving control systems through learning from data.
By exploiting the abundance of data in mechatronic systems, in potential performance can be achieved up to the limit of reproducibility, beyond what can be
achieved with traditional model-based control approaches. However, at present
learning control approaches are not yet applicable to complex systems, including
the envisaged future positioning systems. The following challenges are identified.
First, as printer dimensions increase to accommodate larger media, the structural stiffness of the motion system is expected to decrease, leading to dominant
flexible and high-order dynamical behavior. Second, since the flexible behavior is
generally not aligned with the motion degrees of freedom, it is foreseen that the
dynamics become inherently multivariable, with pronounced interaction between
inputs and outputs. Third, increasing demands on medium dimensions and productivity lead to a plethora of disturbances that potentially deteriorate printing
quality, e.g., due to internal medium deformations and the varying nature of the
motion tasks that are required to optimize throughput. These challenges need to
be addressed to enable successful industrial implementation of learning control.

ii

Summary

In this thesis, a unified 2D learning control framework is developed that enables extreme performance for complex positioning systems that are subject to
predominantly reproducing disturbances, comprising iterative learning control
(ILC) and repetitive control (RC). The thesis includes the following main contributions towards achieving the posed challenges. First, low-complexity ILC
and RC design procedures are developed for complex systems that have highorder multivariable dynamics and are subject to multiple disturbances. A range
of techniques is presented that explicitly addresses trade-offs between modeling
and performance requirements, and guarantee learning improvements through
robustly stable designs. Second, algorithms are developed to learn accurate feedforward controllers from data, enabling superior performance for highly complex
systems that perform varying motion tasks. The approaches address, among
other aspects, non-causal control actions, automated tuning of controller complexity, and utilization of prior knowledge to improve learning behavior and
performance.
The developed learning approaches are successfully implemented on a range
of complex positioning systems, including large-format printing systems such
as flatbed and roll-to-roll printers, and a wafer stage setup, and demonstrate a
large potential for improving positioning accuracy and speed. In addition, it is
demonstrated that the application of learning control to large-format printers
opens new opportunities for improved printing accuracy and productivity. This
includes so-called continuous media flow printing to mitigate internal medium
deformations, and the learning of printhead trajectories to correct for medium
positioning errors.
The overall result of this thesis is a comprehensive framework for learning
control, ranging from theory and design to implementation aspects, that enables
enhanced productivity and product quality in future positioning systems.
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Part I

Introduction

Chapter 1

Learning Control for Complex
Mechatronic Systems
1.1

Developments in manufacturing and
printing

The manufacturing industry has a major impact on modern society, ranging
from the quality of life to the global economy. In advanced economies, manufacturing is a key contributor to productivity, innovation and trade (Manyika
et al., 2012). In developing economies, manufacturing drives economic growth
and provides a path towards welfare (Mokyr, 2002). A central factor in sustaining and accelerating these economic developments is attributed to technological
advances and breakthroughs in manufacturing processes (Ruttan, 2000).
The printing industry is a prime example of a manufacturing sector where
technological progress enables revolutionary new products and production processes. The basic concept of modern printing processes involves the deposition
of material onto a medium. At present, a wide spectrum of deposition methods
is available (Gonzalez-Macia et al., 2010; Singh et al., 2010), such as jetting of
materials, electron beam printing, and photolithography (Wagner and Harned,
2010). The printable materials are highly diverse, and include inks, polymers,
ceramics, metals, and biological tissues (Mironov et al., 2008; Thompson, 2004).
Recent technological developments have enabled substantial increases in the
productivity of industrial printing systems, and the use of printing in new application domains (Singh et al., 2010). State-of-the-art industrial printing systems
are now capable of printing over 300 A4 document sheets per minute, and handling flexible media that are several meters wide, see Figure 1.1. Novel application domains include two-dimensional (2D) products, such as light-emitting
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Figure 1.1. Examples of advanced printing applications: (top left) printing on
large-format flexible media; (top right) microscopic image of printed transistor,
adapted from Grubb et al. (2017); (bottom left) 2.5D elevated printing to create
texture, adapted from www.3dtrophyfactory.com; (bottom right) 3D printed
flexible stent for vascular repair, adapted from Guerra and Ciurana (2018).

devices (Holder et al., 2005; Yoshioka and Jabbour, 2006), solar cells (Marin
et al., 2005), and ink-jet printed transistors (Grubb et al., 2017; Service, 2004),
see Figure 1.1. Another recent development is 2.5D elevated printing (Weijkamp
and Valade, 2017), where multiple layers of ink are deposited to create texture.
In 3D printing, often synonymously used with additive manufacturing, complete
objects are produced with extremely complex geometries. As products are built
up layer-by-layer, geometric complexity essentially is free. A large potential is
reported for, e.g., medical applications (Ventola, 2014). Examples include living
tissue and organ fabrication (Derby, 2012; Mironov et al., 2008), customized
prosthetics and implants, dentistry (Liu et al., 2006), and stents for vascular
repair (Guerra and Ciurana, 2018), see Figure 1.1.
The presented examples illustrate ever-increasing demands on print quality,
production speed, geometric complexity, and product dimensionality in the manufacturing industry. The market position of manufacturing systems is largely
determined by these factors. Improvements in the market position hinge on the
performance of positioning systems. For example in printing systems, the positioning accuracy of the print heads with respect to the medium determines the
print quality, and fast movements are required to achieve high product throughput. Also, in the lithographic production of integrated circuits, the positioning
performance of wafer stages determines the feature sizes of chips and throughput.

1.2 Challenges for high-tech mechatronic systems design

(a) Océ large-format flatbed printer.

5

(b) ASML wafer scanner.

Figure 1.2. High-tech positioning systems in the manufacturing industry.

To meet future requirements on accuracy, speed and functionality in manufacturing systems, a substantial increase in the complexity of such positioning systems
in expected. This envisaged development is investigated in the next section,
including its implications on system design and performance.

1.2

Challenges for high-tech mechatronic
systems design

Mechatronic positioning systems are key components of manufacturing equipment. Current state-of-the-art examples include industrial printing systems and
wafer scanners, see Figure 1.2. In industrial large-format printing systems, the
print heads are positioned with micrometer accuracy, while printing over 150 m2
per hour on a versatile range of media, including paper, plastics, acrylic glass
and metals, which can be several meters wide. In the lithographic production
of integrated circuits, wafer stages are positioned with nanometer accuracy with
accelerations up to 50 m/s2 .
The economic viability of these manufacturing machines is mainly determined
by the achieved positioning accuracy, production speed and versatility, and cost.
To meet future requirements on these aspects, a significant increase in the complexity of positioning systems is envisaged. For instance in printing systems,
increased dimensions are required to accommodate larger media; a large amount
of motion degrees of freedom is necessitated to manufacture products beyond the
two-dimensional plane, see Figure 1.1 for examples; and a high number of mechanical components is required to increase positioning accuracy of the medium
and print heads, including gears, transport rolls, and belts. This leads to the
manifestation of complex dynamical behavior and pronounced disturbances in
the system. These effects potentially restrict performance, and hence need to be
compensated for.

6
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Performance limitations in mechatronic systems

The required increase of complexity in positioning systems may result in severe performance limitations, if not appropriately addressed during mechatronic
system design. To achieve high performance in complex mechatronic systems
requires a synergistic combination of multiple engineering disciplines (Bolton,
2015; Munnig Schmidt et al., 2011), involving mechanics, electronics, computer
science, and control systems. Current state-of-the-art positioning systems in
general heavily rely on excellent electromechanical designs, which subsequently
simplify control designs. It is envisaged that for future positioning systems, this
design paradigm no longer results in the desired performance. Limitations in
the electromechanical design and control design are investigated next.
First, the goal for electromechanical design is typically to achieve dynamical behavior that is strongly deterministic, i.e., reproducible, and that is sufficiently insensitive to remaining disturbances (Munnig Schmidt et al., 2011).
These aims are often pursued by stiff mechanical designs, such that the system can sufficiently well be described by rigid-body models, and isolating the
system from its environment, e.g., through vibration isolation and thermal isolation (Butler, 2011; Okwudire and Lee, 2013). However, it is envisaged that
for future positioning systems, achieving stiff behavior and low sensitivity to
disturbances is no longer feasible, e.g., due to excessive cost of materials with
favorable (thermo)mechanical properties, and the increasing number of system
components. Instead, to attain desired performance with acceptable cost, flexible dynamical behavior and increased susceptibility to disturbances have to be
addressed as an integral part of the system design.
Second, the control system is designed with the aim to accurately execute
the desired motion tasks, and to suppress remaining disturbances that act on
the system (Franklin et al., 2015; Steinbuch and Norg, 1998). A typical motion
control configuration is depicted in Figure 1.3. Here, plant P represents the dynamical behavior of the system that is to be controlled, u denotes the actuation
that is exerted on the system, e.g., an actuator force, and y is the measured
output, e.g., position. To track reference r and suppress disturbance v, typically a combination of a feedback controller C and a feedforward controller F is
employed. The resulting servo error e is given by1
e = S(I − P F )r − Sv,

(1.1)

with sensitivity function S = (I + P C)−1 . High performance is obtained if e
is minimized, i.e., if output y equals reference r. It directly follows that e = 0
if C is designed such that S = 0, and F = P −1 (assuming that the inverse
1 Note that the mathematical relations in this chapter tacitly involve linear operators, and
may represent, unless specified explicitly, multiplications or convolutions in time-, frequencyLaplace- or Z-domain; accordingly, signals may be defined in time-, frequency- or lifted domains. In this chapter, this ambiguity is intentionally sustained to facilitate and simplify
presentation. In forthcoming chapters, the used mathematical notations are defined in detail.
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F
r

e
−

C

f

v
u

P

y

Figure 1.3. Traditional motion control setup with plant P , fixed feedback
controller C and feedforward controller F , reference r, plant input u, measured
output y, unknown disturbance v, servo error e, and feedforward signal f .

exists) eliminates the reference-induced contribution er = S(I − P F )r. Next,
performance limitations regarding C and F are investigated. First, note that
feedback controller C is restricted to be causal, since the feedback control action
C(r − y) is based on measured signal y. Then, the Bode sensitivity integral
applies (Seron et al., 1997), which implies that S = 0 is not possible in general.
Essentially, the role of C is to attenuate unknown disturbances v through the
term Sv in (1.1) as good as possible. Second, the design of ideal feedforward
controller F = P −1 requires a mathematical model of the system. Indeed,
if a model of P is exactly known and the inverse exists, then F = P −1 yields
S(I −P F )r = 0 in (1.1). Note that F can be non-causal if r is known in advance.
However, the achievable performance strongly depends on the accuracy of the
used model. In practice, modeling errors F 6= P −1 are inevitable, and the inverse
may not exist. This is especially crucial for positioning systems with complex
dynamics. As a direct consequence, the error induced by r is in general nonzero.
In summary, the current state-of-the-art design paradigm is subject to performance limitations. At present, detailed system knowledge is required to compensate for complex dynamics, and the ability to reject unknown disturbances
is fundamentally limited by causality. To increase the attainable performance in
future positioning systems, a radically different design framework is required.

1.2.2

Improving performance through advanced control

Novel control techniques are required to manage system complexity and enable
performance improvements in future positioning systems. It is envisaged that
this is enabled by recent and future advances in computing power and control
theory. Indeed, control systems in manufacturing equipment are in general implemented digitally on a computer. This enables to process measured data from
sensors at high sampling rates, e.g., several tens of kHz. Over the operational
lifetime of machines, a huge amount of data becomes available. In current control implementations, this data is often not exploited. Indeed, fixed feedback
and feedforward controllers are implemented, of which performance may even
deteriorate during operation due to, e.g., mechanical wear and changing environmental circumstances. In sharp contrast, in this thesis it is aimed to exploit the
abundance of data through automated learning of control systems from data.
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Learning for complex systems

The central hypothesis in this thesis is that all reproducible behavior in control
applications can be compensated for. To enable this, a framework is developed
to learn control actions from operational data, which can compensate for complex system dynamics and predominantly repeating disturbances to the limit of
their reproducibility. A key difference with traditional feedback and feedforward
control as in Section 1.2 is that operational data is used to improve controllers.
In this section, the role of learning in mechatronic systems is investigated.
First, it is explored what level of performance can potentially be achieved in
the presence of predominantly repeating disturbances. Second, requirements are
formulated for learning behavior in the considered class of mechatronic systems.
Third, it is investigated what types of learning algorithms meet these requirements, and hence are suited for industrial implementation.

1.3.1

The potential of learning for control

To investigate what can be achieved by learning in systems that perform repeating tasks, consider the following experimental procedure (Oomen, 2018a).
A sequence of 10 experiments with identical motion tasks r is performed on
the industrial flatbed printer in Figure 1.2(a). The servo error ej (t) from each
experiment is measured, where j = 1, . . . , 10, and is shown in Figure 1.4. It
can be observed that the signals reproduce,
P10 i.e., repeat, to a large extent. Sub1
tracting the sample mean me (t) = 10
j=1 ej (t) from the measured errors, i.e.,
ej (t)−me (t), yields estimates of the performance that can potentially be achieved
through learning. For this example, a factor 50 improvement can be expected.
This simple procedure illustrates an extreme potential for improving control
performance by learning from measured data. Next, requirements are formulated
on the learning behavior that is desired in achieving such performance.

1.3.2

Learning requirements for mechatronic systems

The successful application of learning algorithms in actual mechatronic systems
imposes several requirements on learning behavior, see also Oomen (2018a):
R1. The learning should be fast, and use operational data;
R2. The learning behavior should be safe.
Fast learning is required to avoid production rejects, i.e., products of insufficient
quality. No dedicated experiments for learning are permitted, since this directly
leads to machine downtime and production losses. Instead, data from normal
operating conditions should be used. In view of safety requirements, learning
improvements must be guaranteed since damage to the machine is inadmissible,
particularly in view of maintenance cost and downtime.
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Figure 1.4. Potential of learning control for the industrial printer in Figure 1.2(a): given measured errors ej from 10 experiments (top), their deviation
from the corresponding sample mean me (bottom) provides an estimate of the
performance that can potentially be achieved through learning control.

1.3.3

Recent developments for fast and safe learning

In recent years, the field of machine learning has experienced dramatic developments, mostly spurred by increases in computational power and the availability
of huge amounts of data. In this section, the suitability of learning algorithms
for mechatronic applications is investigated in view of requirements R1 and R2.
Developments in machine learning algorithms have enabled impressive performance improvements in various application domains. Successful applications
include, amongst many others, games such as Atari (Mnih et al., 2015) and Go
(Silver et al., 2017), image and speech recognition (Hinton et al., 2012; Zhu et
al., 2018), prediction of aftershocks of earthquakes (DeVries et al., 2018), data
analysis in particle physics (Radovic et al., 2018), and healthcare (Esteva et al.,
2019), including diagnosis of neurological illnesses (Titano et al., 2018), and
robot-assisted surgery (Kassahun et al., 2016). Despite the impressive results
that are reported, these types of algorithms are in general not suited to requirements R1 and R2, i.e., fast and safe convergence. Indeed, the success of machine
learning algorithms hinges on the use of extremely generic and unstructured
models, in conjunction with huge amounts of data obtained in a large range of
operating conditions to train them. Essentially, such algorithms are agnostic
with regard to prior knowledge, e.g., behavior of the underlying process that is
known to hold. This often results in slow and unpredictable learning.
It is envisaged that the utilization of prior knowledge is crucial to achieve fast
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learning and guarantee learning improvements for mechatronic systems, i.e., to
meet requirements R1 and R2. First, prior knowledge on operating conditions,
including reproducible behavior of disturbances as in Figure 1.4, can be used
to facilitate learning and forecast learning behavior. Second, prior knowledge
on system dynamics ought to be used to accelerate learning. This is a central
aspect in, e.g., Bayesian approaches to learning (Rasmussen and Williams, 2006;
Schölkopf and Smola, 2002), and is confirmed in a range of applications, including computer vision (Souza Alves et al., 2018), prediction of patient responses
to medicines using biological knowledge (Ferranti et al., 2017), and modeling of
complex natural phenomena using physical knowledge (De Bezenac et al., 2018).
In this thesis, a learning control framework is developed that addresses requirements R1 and R2 for successful implementations in mechatronic systems.
The key point is that prior knowledge is utilized to accelerate and guarantee
learning improvements. Relevant prior knowledge includes approximate system
models, and the repetitive nature of disturbances. These models may be already be available, e.g., from feedforward control design. In the next section,
the fundamental concepts of the employed learning algorithms are introduced.

1.4

Introduction to learning control: iterative
learning control and repetitive control

Iterative learning control (ILC) and repetitive control (RC) are learning approaches that enable fast and safe learning, i.e., requirements R1 and R2 in
Subsection 1.3.2, in the presence of reproducing disturbances. The key aspect in
both approaches is that control actions are updated and improved based on measured data from past disturbance realizations in conjunction with approximate
models. The model knowledge is utilized to achieve and guarantee fast convergence. By ongoing learning, the consequences of inevitable modeling errors can
be mitigated: performance can be increased as more data becomes available.
In the next subsections, the fundamental concepts of ILC and RC are introduced. The key difference is that in ILC the system is reset in between tasks, i.e.,
returns to the same initial condition, whereas in RC the system operates continuously in time, without reset. This is illustrated in Figure 1.5. This has drastic
consequences for theoretical frameworks and developing proofs on guaranteed
learning improvements, e.g., convergence of the closed-loop system.

1.4.1

Iterative learning control

Iterative learning control (Arimoto et al., 1984; Bristow et al., 2006; Moore,
1993) enables extremely high performance for systems in repeating operation,
that are subject to recurring disturbances such as motion tasks r(t). This is
achieved by iteratively learning a feedforward signal f (t) from measured data.
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Figure 1.5. Examples of reproducing disturbances. Iterative learning control enables compensation of disturbances that recur each trial (a). Repetitive
control enables compensation of periodic disturbances that repeat over time (b).

The operation of ILC is illustrated in Figure 1.6, where for simplicity it
is assumed v = 0. Consider a repeating operation of the system, where each
repetition, called a trial, is denoted j = 0, 1, 2, . . .. In the first trial j = 0, a
feedforward signal f0 is applied, resulting in error signal e0 = Sr − SP f0 . For
the second trial j = 1, the feedforward signal is updated by learning from the
measured error in trial j = 0 through f1 = f0 + Le0 , where L is a so-called
learning filter. Continuation of this update leads to the learning algorithm
fj+1 = fj + Lej ,

(1.2)

and associated propagation of the error
ej+1 = Sr − SP fj+1

= ej − SP (fj+1 − fj )
= (I − SP L)ej .

(1.3a)
(1.3b)
(1.3c)

First, observe that ej+1 = 0 if L = (SP )−1 , irrespective of r and ej . Clearly,
this requires perfect system knowledge, which is unavailable in practice. Second,
and this is the main benefit of ILC, notice that if kI − SP Lk < 1, then e∞ =
limj→∞ ej = 0. Indeed, approximate model knowledge suffices to achieve perfect
performance. Third, the learning speed is determined by the model mismatch
L 6= (SP )−1 . The closer kI − SP Lk is to zero, the faster (1.3) converges to zero.
To understand the performance potential of ILC, note that ILC essentially
is feedback control in the trial domain with integral action. To see this, define
a trial-shift operator w such that wfj = fj+1 . Then, (1.2) can be rewritten as
fj+1 = fj + Lej
=w

−1

fj+1 + Lej
1
=
Lej .
1 − w−1

(1.4a)
(1.4b)
(1.4c)
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Figure 1.6. Example of iterative learning control: using measured error e0 in
trial 0, the control signal f1 is updated through (1.2) to reduce e1 in trial 1.

In view of the internal model principle (Francis and Wonham, 1976), note that
trial-invariant disturbances such as repeating setpoints r are steady-state disturbances in the trial domain. Hence, the integral action of ILC compensates them.
Trial-varying disturbances such as measurement noise are typically amplified by
the integral action (Gunnarsson and Norrlöf, 2006; Oomen and Rojas, 2017).
Essentially, ILC is a two-dimensional control system (Rogers et al., 2007): the
closed-loop system operates along both the time- and trial-axis, see Figure 1.5(a).

1.4.2

Repetitive control

Repetitive control (Hara et al., 1988; Inoue et al., 1980; Longman, 2010) enables
extremely high performance for systems that are subject to periodically repeating disturbances. A fundamental difference with ILC is that in RC the system
operates continuously in time, without system reset. Indeed, in RC the learning
is performed on-line, whereas in ILC the learning update is performed off-line.
The operation of RC is shown in Figure 1.7, where r(t) is an arbitrary periodic
disturbance of period N , i.e., r(t + N ) = r(t) for all t. A repetitive controller is
implemented at t = 0, consisting of delay z −N in a positive feedback loop, called
a memory loop, and learning filter L. Control signal f is described by
f (t + N ) = f (t) + Le(t).

(1.5)

In the first period, from time 0 to N − 1, the error is given by e = Sr. Due
to the delay z −N in the forward path of the memory loop, the control signal f
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Figure 1.7. Example of repetitive control: as a function of periods, the memory
loop generates a control signal (1.5) that rejects periodic disturbance r.

is zero. The measured error signal is buffered in the delay. During the second
period, the output x of the memory loop is this measured error from the first
period. This is then used to update the control signal f by filtering it with L.
Hence, in the second period, from t = N to t = 2N − 1, the error is given by
e(t) = Sr(t) − SP f (t)

= Sr(t) − SP Le(t − N )
= (I − SP L)Sr(t).

(1.6a)
(1.6b)
(1.6c)

Similar to ILC, observe that e(t) = 0 for all t ≥ N if L = (SP )−1 , irrespective
of r. Also in case of imperfect model knowledge, zero asymptotic error can be
achieved by learning from previous disturbance repetitions. Indeed, the memory
loop accumulates the error measurements, which is used to improve the signal f ,
until zero error is achieved. In view of the internal model principle (Francis and
Wonham, 1976), note that the repetitive controller (1.5) contains N integrators:
f (t + N ) = z N f (t) = f (t) + Le(t),
1
f (t) = N
Le(t).
z −1

(1.7a)
(1.7b)

These integrators enable the rejection of periodic disturbances with period N
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samples. Essentially, RC is a type of feedback control with integral action. Note
that, as in ILC, the integral action may amplify non-repetitive disturbances.

1.4.3

Towards learning in mechatronic systems

To summarize, ILC and RC potentially enable fast and substantial performance
improvements for systems that are subject to repeating disturbances through
model-based learning from data. Despite their large potential, at present ILC
and RC are not yet applicable to complex systems, including the envisaged future
mechatronic systems. This is due to several limitations, which are mainly caused
by the increasing complexity and desired functionality of mechatronic systems.
This is investigated next.

1.5

Challenges in learning control for complex
mechatronic systems

In this section, challenges in learning control for complex mechatronic systems
are identified. First, requirements are presented for the considered class of systems. Second, research challenges are formulated in view of these requirements.

1.5.1

Requirements for learning control

The imposed performance demands for the considered class of complex mechatronic systems, see Section 1.2, have important consequences for learning control
design. Their impact on the control system to be designed is at least twofold.
Description 1.5.1. Properties of the considered class of control systems include:
P1. The system dynamics are highly complex, possibly with
a) large number of dynamic modes;
b) inherently multivariable behavior; and
c) position-dependent behavior.
P2. The system is required to reject exogenous disturbances that are dominantly
reproducible by nature, which
a) may be repeating or varying within a certain class; and
b) may consist of multiple periodic contributions.
Regarding property P1, the increasing complexity of systems manifests itself
through several dynamical phenomena, see also Section 1.2. This is illustrated
by examples in Figure 1.8. First, mechatronic systems in general contain many
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(a) Top-view of flatbed printing system.
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Figure 1.8. Examples of mechatronic systems with inherently multivariable
dynamics and position-dependent behavior, induced by flexible connections,
internal deformations, and changing spatial configurations of moving bodies.
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Figure 1.9. Example of two varying tasks in printing systems.

dynamic modes (Hughes, 1987) due to non-rigid behavior of bodies and flexible connections between them, constituting property P1(a). Second, since the
flexible dynamical behavior is in general not aligned with the motion degrees of
freedom, the dynamics become inherently multivariable with significant interaction (Oomen et al., 2014), which leads to property P1(b). Third, changing spatial
configurations of various system components, such as the carriage position along
the gantry beam in Figure 1.8(a), may lead to position-dependent dynamics,
see, e.g., Gebraad et al. (2013); Silva et al. (2008), comprising property P1(c).
In addition to the listed phenomena, also thermal system behavior is envisaged
to become substantially more important for future positioning systems, since
this may induce mechanical deformations through coupled thermo-mechanical
behavior (Evers et al., 2018).
Regarding property P2, many mechatronic systems are subject to predominantly reproducible disturbances. In printing systems, the print heads typically
perform a forward and backward motion over the paper, as illustrated in Figure 1.9. To optimize throughput for varying documents, the motion trajectory
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carriage
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printing surface

paper

supply roll
take-up roll
Figure 1.10. Example of roll-to-roll printing process: the paper is transported
over the printing surface by several rollers, which introduce multiple periodic
disturbances related to, e.g., non-uniform radii and different rotation speeds.

of the print heads may vary from task to task, leading to property P2(a). In
addition, systems may be subject to multiple periodic disturbances. Consider
a roll-to-roll printing system in Figure 1.10, in which the paper is transported
through the system by various rolls. Each roll may induce periodic disturbances,
e.g., due to a non-uniform radius. In addition, different rolls typically operate
at different rotation speeds due to various radii and gear ratios. This leads to
the presence of multiple periodic disturbances, illustrating property P2(b).
Learning control is conceptually promising for complex mechatronic systems
in view of properties P1, and P2. This is mainly by virtue of its capability
to compensate for reproducible disturbances using only approximate models, as
is illustrated in Section 1.4. However, at present several limitations obstruct
the industrial implementation of learning controllers. In the next section, these
limitations are investigated, and research challenges are formulated in view of
properties P1(a), P1(b) and P2. It is noted that the important topic of positiondependent dynamics, i.e., property P1(c), is not addressed in this thesis; recent
and promising developments in iterative learning control for position-dependent
systems are reported in, e.g., Altın et al. (2017); De Rozario et al. (2017); De
Rozario et al. (2018); Van Zundert et al. (2016).

1.5.2

Research challenges

Next, limitations of present approaches to ILC and RC are investigated in view of
properties P1(a), P1(b) and P2 in Description 1.5.1, and the research challenges
that are addressed are formulated. In subsequent sections, these challenges are
analyzed in-depth, and an overview is provided of the contributions in this thesis.

1.5 Challenges in learning control for complex mechatronic systems
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Multivariable learning control: The observation that many mechatronic applications have complex and multivariable dynamics (property P1), and may be
subject to multiple disturbances (property P2(b)), has led to the development
of theory for multivariable learning controllers. Examples include ILC for multivariable systems (Owens et al., 2013; De Roover et al., 2000; Son et al., 2016),
RC for multivariable systems (Hara et al., 1988; Li and Tsao, 2001; Weiss and
Häfele, 1999), and RC for multiple disturbances (Lu et al., 2013; Owens et al.,
2006; Yamada et al., 2000). However, these approaches are often not employed
in industrial environments due to associated high modeling requirements, particularly in view of complex dynamics. Instead, approaches are desired that
facilitate the use of limited and approximate model knowledge while guaranteeing fast convergence and high tracking performance, see requirements R1 and
R2 in Subsection 1.3.2. This leads to the first research challenge of this thesis.
Research Challenge I: Develop a design framework for multivariable iterative
learning control and repetitive control that efficiently uses limited model knowledge to achieve high performance with fast convergence in complex mechatronic
systems with large numbers of dynamical modes, multiple inputs and outputs,
and multiple disturbances.
Learning for feedforward control: Learning control enables extremely high
performance for disturbances that are exactly repeating, see also Section 1.4.
However, in view of property P2(a), the presence of non-repeating disturbances
can result in severe performance deteriorations, and even the amplification of
disturbances. For instance in ILC, the feedforward signal f is learned based on
previously measured data from a specific task, and is optimal for this task only.
Application of this feedforward signal to different tasks may lead to deteriorated performance (Bolder et al., 2014; Hoelzle et al., 2011; Mishra et al., 2007).
In contrast, traditional model-based approaches such as feedforward control, see
Subsection 1.3.1, in general deliver moderate performance for a large class of motion tasks. The flexibility to varying tasks is achieved by the use of a feedforward
controller F , which is based on a model of the inverse system P −1 (Butterworth
et al., 2012; Van Zundert and Oomen, 2018). Yet, the achievable performance
is highly dependent on the accuracy of this model (Devasia, 2002), which is inevitably limited, especially in view of complex system dynamics, see property
P1. In this thesis, it is aimed to combine the merits of both approaches, i.e., high
control performance for varying motion tasks through learning from measured
data. To guarantee fast convergence, the efficient use of approximate system
knowledge plays a central role. This leads to the second research challenge.
Research Challenge II: Develop a framework for iterative learning control
that enables high performance and fast convergence for varying motion tasks in
complex mechatronic systems, by utilizing available prior system knowledge in
conjunction with measured data.
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In the next sections, the research challenges are investigated in detail, and
the contributions in this thesis are presented.

1.6

Contribution I: Multivariable learning
control

Learning control for complex mechatronic systems is presently subject to a tradeoff. On the one hand, model knowledge is essential to enable fast convergence
of the learning algorithm. On the other hand, requirements on modeling effort
should be limited in practice. The latter aspect is becoming increasingly important in view of property P1 in Description 1.5.1. The first part of this thesis
aims to address challenges in the design of multivariable learning controllers,
particularly in view of the seemingly required models of complex multivariable
systems, and the effective compensation of multiple disturbances.

1.6.1

Learning control design for multivariable systems

The observation that many mechatronic systems are inherently multivariable
has led to developments of learning control theory for multivariable systems. In
view of achieving fast convergence, most design algorithms for multivariable ILC
and RC involve model-based optimization algorithms, see for example Amann
et al. (1996); Moon et al. (1998); Owens et al. (2013); Son et al. (2016) and
Houtzager et al. (2013); Li and Tsao (2001); De Roover et al. (2000); Weiss and
Häfele (1999). The efficacy of these approaches heavily relies on the used models,
especially in view of the consequences of inevitable and often deliberate modeling errors, such as possible instability of the control system. This is especially
crucial since the control action is potentially effective over the entire frequency
range up to the Nyquist frequency (Paszke et al., 2013), and high-frequency
dynamics can hence not be ignored a priori. Indeed, robust model-based optimization approaches require detailed specifications of the nominal model and
its uncertainty in a certain prescribed form. Despite being very systematic, this
imposes a large burden on the modeling requirements, since constructing accurate nominal models can be difficult and expensive to obtain, especially for
lightly damped mechatronic systems due to complex dynamics (Gevers, 2005;
Hjalmarsson, 2009) and numerical issues (Van Herpen et al., 2016), and modeling of uncertainty often requires substantial effort of the user (Hjalmarsson,
2005; Smith and Dahleh, 1994).
The first set of contributions of this thesis is a systematic design framework
for multivariable learning controllers, including ILC and RC, that explicitly addresses the trade-offs between modeling and performance requirements. This
is done by judiciously combining limited parametric model knowledge with the
use of non-parametric models, such as frequency response function (FRF) mea-
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surements (Pintelon and Schoukens, 2012; Voorhoeve et al., 2018), and the development of various user-friendly design techniques, ranging from decentralized
approaches to centralized designs. This leads to the following contributions.
Contribution 1. A systematic design framework for multivariable iterative
learning control, ranging from decentralized to centralized approaches, that balances modeling and performance requirements to facilitate successful industrial
implementations.
Contribution 2. A unified decentralized design approach for multivariable
repetitive control, including independent and sequential designs, that balances
modeling and performance requirements.
The trade-off between modeling and performance requirements in the developed framework for ILC and RC is illustrated through case studies on an
industrial flatbed printer with pronounced multivariable dynamics.

1.6.2

Repetitive control design for multiple disturbances

Many disturbances in mechatronic applications involve the sum of multiple periodic signals, see also property P2(b) in Description 1.5.1. A relevant example
includes printing systems with various rotating components and gear ratios,
see Figure 1.10. The summation of all periodic disturbances is not necessarily
periodic, or may have a large common period. An example is provided in Figure 1.11. For such cases, application of a single repetitive controller can lead to
slow learning behavior, or even severe performance deteriorations. Simultaneous
implementation of multiple repetitive controllers, each with the aim to reject a
single periodic disturbance component, can lead to unstable situations due to
interactions between the control channels. Essentially, a multivariable control
situation is created, where multiple parallel controllers with integral action all
aim to suppress the same, possibly non-periodic, error signal.
Motivated by developments in view of contribution 2, the joint implementation of multiple repetitive controllers is addressed from the perspective of a
multivariable control problem. In particular, prior system knowledge is utilized
to decouple the controllers, and a systematic design procedure is developed based
on loop-shaping in the frequency domain to guarantee stability of the multivariable control system. This leads to the third contribution of this work.
Contribution 3. A sequential design procedure for joint implementation of
multiple repetitive controllers to reject multi-periodic disturbances.
The performance improvement obtained by the developed design procedure
is illustrated through an experimental study on an industrial large-format rollto-roll printer with multiple periodic disturbances.
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Figure 1.11. Example of non-periodic summation v1 (t) + v2 (t) of two periodic
signals, where v1 (t) = sin(2πt) has period 1 and v2 (t) = sin(4t) has period π/2.

1.7

Contribution II: Learning for feedforward
control

Iterative learning control is subject to a trade-off: disturbances that repeat
each iteration can be effectively compensated for, whereas non-repeating disturbances, as in property P2(a) in Description 1.5.1, are typically amplified (Gunnarsson and Norrlöf, 2006; Mishra et al., 2007; Saab, 2001) The effectiveness
for repeating disturbances can to a large extent be attributed to non-causality
in the time domain, which allows to exploit future information on disturbances
that are known to affect the system (Goldsmith, 2002). However, non-repeating
disturbances often lead to significant performance deteriorations. An important
class of non-repeating disturbances are varying motion tasks, see Section 1.5.
For example in printing systems, the print heads perform varying motion trajectories to optimize throughput and product versatility, see Figure 1.9, and the
paper transport distance may vary for multi-pass printing (Torpey, 1997). The
learning approaches presented in the second part of this thesis aim to enhance
the flexibility of ILC to varying tasks, while
• retaining its potential for high performance, including non-causal control;
• and guaranteeing fast convergence through the use of prior knowledge.
In view of these requirements, present limitations in learning for feedforward
control are investigated next.
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Figure 1.12. Approaches for enhanced flexibility to varying tasks in ILC.

1.7.1

Limitations in learning for feedforward control

The observation that many mechatronic systems perform varying tasks has led
to a significant research effort to enhance the flexibility of ILC to task variations.
Duan et al. (2018); Phan and Frueh (1996); Ramani et al. (2017) propose to
parametrize the feedforward signal using a linear combination of time-domain basis functions, e.g., polynomials, splines, and sinusoids. Although the use of such
low-dimensional signal parametrizations provides robustness to non-repeating
disturbances in ILC, it does not enable to utilize knowledge on task variations.
Freeman et al. (2011); Hoelzle et al. (2011); Mishra et al. (2007); Wang et al.
(2013) propose to construct feedforward signals from a combination of previously learned inputs, see Figure 1.12(a). The flexibility is inherently limited by
the finite set of learned inputs, and the ability to generalize these inputs to new
tasks. This has led to the development of approaches that aim to iteratively
learn a fixed structure feedforward controller F from measured data (Gao and
Mishra, 2014; Van der Meulen et al., 2008; Van de Wijdeven and Bosgra, 2010),
see Figure 1.12(b). In sharp contrast to learning a feedforward signal, here the
parameters θ of a feedforward controller F (θ) are iteratively updated based on
measured data. The feedforward configuration enables to utilize known variations of motion tasks, since fj = F (θ)rj explicitly depends on motion task rj . In
addition, non-causal control is enabled under the assumption that rj is known
in advance. The key difficulty is selecting a suitable model structure and order
of F (θ). For high performance, the parametrization should be sufficiently rich
to encompass P −1 , yet the detrimental effects of variance errors due to noisy
measurements must be avoided. Several model structures have been proposed,
In Boeren et al. (2015); Bolder et al. (2014); Gao and Mishra (2014); Van
de Wijdeven and Bosgra (2010), the feedforward controller F (θ) is parametrized
using a linear combination of polynomial basis functions in the complex indeterminate z, e.g., widely-used finite impulse response (FIR) functions:
F (θ) =

n
X
i=1

θi z −i .

(1.8)
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Importantly, the linear model structure leads to convex optimization problems. Experimental results using low-order polynomial feedforward controllers in
Boeren et al. (2017); Van der Meulen et al. (2008); Stearns et al. (2008) confirm
the potential of the method. However, the tracking performance is limited due
to the polynomial nature of (1.8). Especially for complex systems with lightly
damped dynamics, high order polynomials are required to accurately describe
the inverse system, which are susceptible to noise acting on the system.
A rational combination of polynomial basis functions is proposed in Boeren
et al. (2018); Bolder et al. (2015); Van Zundert et al. (2016), i.e., of the form
Pna
θi z −i
F (θ) =
,
(1.9)
Pi=1
na +nb
1 + i=n
θi z −i
a +1

which has shown to significantly improve control performance using a small
number of parameters. For instance, the poles of the rational controllers can
be used to generate non-causal control actions, which directly benefits control
performance (Van Zundert and Oomen, 2018). However, the optimization problem is non-convex due to the rational, i.e., nonlinear, model structure. As a
consequence, nonlinear optimization algorithms are required, for which (global)
convergence can not be guaranteed in general. This is potentially hazardous in
industrial environments, and often undesired in view of computational demands.
Although important progress has been made in enhancing the flexibility of
ILC to non-repeating tasks, at present the achievable control performance is
restricted by variance errors, and the consequences of nonlinear parametrizations. The employed parametric structure and order of F are often chosen in
an ad hoc manner, leading to mixed results. This is particular important for
systems with complex dynamics, e.g., a large number of dynamic modes. In this
thesis, systematic approaches to learning for feedforward control are developed,
which explicitly address the apparent trade-offs between performance and modeling complexity. A crucial aspect is the use of system knowledge, i.e., prior
information, while retaining sufficient freedom to effectively learn from data.

1.7.2

Utilizing prior knowledge in learning for
feedforward control

To enable high performance in combination with low-complexity models, it is
proposed to utilize prior system knowledge in the selected parametrization of F .
In particular, a linear combination of rational basis functions with prespecified
poles is employed, e.g., of the form
F (θ) =

n
X
i=1

θi

1
.
z − pi

(1.10)

This structure combines parsimonious modeling of complex rational systems with
attractive algorithmic properties through convex optimization. As a extension
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to (1.10), rational orthonormal basis functions are employed to enable further
control performance enhancements. In addition, poles outside the usual stability
region are used to generate non-causal control actions. This leads to the fourth
contribution of this work.
Contribution 4. A rational feedforward parametrization that enables convex
optimization and enhanced performance in learning control through the utilization of prior knowledge.
The benefits of the developed approach are confirmed by an experimental
study on an industrial flatbed printer, including non-causal control actions and
the performance benefits of orthonormal basis functions.
Also, prior knowledge can be exploited in conjunction with measured data
to address the important issue of model order selection in a systematic manner.
In sharp contrast to pre-existing methods, which typically restrict the model
order to avoid variance errors, an approach is proposed that enables the use of
extremely high-order models. Prior knowledge is utilized to enforce desired highlevel properties on the feedforward controller to be learned, thereby constraining
the solution space, including modeling complexity, stability aspects and the degree of preview in non-causality. The proposed approach builds upon results on
kernel-based regularization (Pillonetto et al., 2014; Schölkopf and Smola, 2002),
extends these towards non-causal models, and exploits their potential benefits
for control. This leads to the fifth contribution of this work.
Contribution 5. A kernel-based regularization framework that enables identification of accurate non-causal models for feedforward control by utilizing prior
and approximate system knowledge.
The benefits for feedforward control of the developed identification framework
are demonstrated through simulations of a flatbed printing system, including
automated model order selection and the use of non-causality.

1.7.3

Unifying framework for learning of rational
feedforward controllers

As a final contribution, a unifying framework is presented for learning of rational
feedforward controllers from the perspective of system identification procedures.
The framework connects various solution algorithms, including the approaches
in Boeren et al. (2018); Bolder et al. (2015); Van Zundert et al. (2016), and
provides transparent connections and clear differences between the alternatives.
This leads to the sixth contribution of this work.
Contribution 6. A unified framework for learning of rational feedforward controllers from the perspective of batch-to-batch identification methods.
Experimental results on a wafer stage confirm the theoretical findings and
illustrate potential benefits of rational feedforward, including non-causal control.
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1.8

Organization of the thesis

The organization of the thesis is presented in Figure 1.13. The contributions are
divided into two parts according to Research Challenges I and II. Each contribution is treated in a separate chapter. The main application of each chapter is
indicated. All chapters are self-contained, and can be read independently. Research overviews are presented in Blanken et al. (2016a); Blanken et al. (2019b).
Chapter 1
Introduction

Multivariable learning control
Chapter 2
Contribution 1

Chapter 3
Contribution 2

Chapter 4
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design framework

Decentralized
RC design

Sequential multi-period
RC design

ϕ2 x2
y2
x1
ϕ1
FL

FR

Learning for feedforward control
Chapter 5
Contribution 4

Chapter 6
Contribution 5

Chapter 7
Contribution 6

Convex learning for
rational feedforward

Kernel-based regularization for feedforward

Batch-to-batch rational
feedforward learning

Chapter 8
Conclusions and recommendations
Figure 1.13. Organization of the thesis.

Part II

Multivariable Learning
Control

Chapter 2

Multivariable Iterative Learning
Control Design Procedures: From
Decentralized to Centralized,
Illustrated on an Industrial
Printer1

Abstract – Iterative Learning Control (ILC) enables high control performance
through learning from measured data, using only limited model knowledge in the
form of a nominal parametric model to guarantee convergence. The aim of this
chapter is to develop a range of approaches for multivariable ILC, where specific
attention is given to addressing interaction. The proposed methods either address the interaction in the nominal model, or as uncertainty, i.e., through robust
stability. The result is a range of techniques, including the use of the structured
singular value (SSV) and Gershgorin bounds, that provide a different trade-off
between modeling requirements, i.e., modeling effort and cost, and achievable
performance. This allows an appropriate choice in view of modeling budget and
performance requirements. The trade-off is demonstrated in a case study on an
industrial printer.

1 The results in this chapter constitute Contribution 1 of this thesis. The chapter is based
on Blanken and Oomen (2019b), related preliminary results are reported in Blanken et al.
(2016b); Blanken et al. (2016c).
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2.1

Introduction

Iterative Learning Control (ILC) (Bristow et al., 2006) can significantly improve
the control performance of systems that perform repeating tasks. After each repetition, or trial, the control action is improved by learning from past trials using
an approximate model of the system. Many successful applications have been
reported, including additive manufacturing (Barton et al., 2011), microscopic
imaging (Clayton et al., 2009), printing systems (Van Zundert et al., 2016), and
wafer stages (De Roover et al., 2000).
The observation that many ILC applications are inherently multivariable
has lead to developments of ILC theory for multivariable systems. Most design
algorithms for multivariable ILC have been developed in the so-called lifted or
supervector framework (Moore, 1993), where the ILC controller follows from a
norm-optimization problem over a finite-time horizon, see, e.g., Owens et al.
(2013).
Robust convergence properties of ILC algorithms, i.e., robust stability in
trial-domain, are crucial to deal with modeling errors. Optimization-based algorithms have been further extended to address robust stability in, e.g., Janssens
et al. (2013); Li et al. (2016); Owens (2016); De Roover et al. (2000); Son et al.
(2016); Van de Wijdeven et al. (2009). These approaches rely on a detailed
specification of the nominal model and its uncertainty in a certain prespecified
form. Despite being very systematic, this imposes a large burden on the model
requirements, since modeling of uncertainty often requires substantial effort of
the user (Hjalmarsson, 2005; Smith and Dahleh, 1994). Alternatively, fully datadriven ILC algorithms have been developed in, e.g., Bolder et al. (2018); Ye and
Wang (2005), but these come at the requirement of a high experimental cost.
Although robust multivariable ILC has been significantly developed, especially from a theoretical perspective, these approaches are often not employed
due to high requirements on uncertainty modeling. The aim of the present chapter is to develop a range of user-friendly multivariable ILC design approaches.
Indeed, in many applications, ILC controllers are designed in the frequencydomain (Boeren et al., 2016; Bristow et al., 2006; De Luca et al., 1992; Kavli,
1992; Moore, 1993; Steinbuch and Molengraft, 2000). Compared to the normoptimal framework, this enables a systematic and inexpensive robust design in
the sense of modeling requirements, especially regarding the uncertainty. Accurate and inexpensive frequency response function (FRF) measurements (Pintelon and Schoukens, 2012; Voorhoeve et al., 2018) can be employed to model
the uncertainty, see De Roover et al. (2000); Strijbosch et al. (2018). In addition,
frequency-domain design allows for manual loop-shaping, which is often preferred
by control engineers. However, since such design approaches are mainly singleinput single-output (SISO), design for multiple-input multiple-output (MIMO)
systems typically involves their application to multiple SISO loops, see, e.g.,
Moore (1993); Wallén et al. (2008). Interaction is typically ignored, which can

2.1 Introduction

29

lead to stability issues, i.e., non-converging algorithms. This is especially crucial
for ILC, since its control action is effective in the entire frequency range up to
the Nyquist frequency (Paszke et al., 2013).
The seemingly drastical increase in required modeling effort to enforce robust convergence of multivariable ILC algorithms must be justified by the imposed performance requirements. Interestingly, interaction is typically addressed
through full MIMO, or centralized, ILC design. Successful MIMO design approaches include standard H∞ synthesis without preview (Amann et al., 1996;
De Roover et al., 2000; Wang et al., 2016), the more restricted class of P-type
ILC (Fang and Chow, 1998; Olivares et al., 2002; Tayebi, 2007). Centralized
techniques enable robust convergence and superior performance, yet require a
MIMO parametric model of the system, including interaction. These models
can be difficult and expensive to obtain, especially for lightly damped mechatronic systems due to complex dynamics (Gevers, 2005; Hjalmarsson, 2009) and
numerical issues (Van Herpen et al., 2016). In this paper, it is shown that full
MIMO design is not necessarily justified by performance requirements: through
systematic decentralized design using only SISO design tools and SISO parametric models, robust convergence and high performance can be achieved. Hence,
the present chapter bridges the gap between SISO and full MIMO design.
The main contribution of this chapter is a systematic design framework for
analysis and synthesis of multivariable ILC, that explicitly addresses the design
trade-offs between modeling and performance requirements. The proposed solutions, which form subcontributions, range from decentralized to centralized
designs, with various levels of modeling requirements. The decentralized designs
build on results in, e.g., Grosdidier and Morari (1986) to guarantee robust convergence, including the use of the structured singular value (Zhou et al., 1996,
Chapter 11), and require limited user effort using only SISO parametric models.
In addition, several centralized designs are presented, including extensions of the
essential ILC filter synthesis algorithms towards multivariable zero-phase error
tracking control (ZPETC), H∞ synthesis including finite preview, and stable
inversion techniques, see, e.g., Blanken et al. (2017b); Tomizuka (1987); Torfs
et al. (1992); Van Zundert et al. (2016) for SISO developments. The framework
provides a coherent overview of available approaches, such that a well-motivated
choice can be made for the problem at hand. The effectiveness of the framework
is demonstrated in a case study on an industrial flatbed printer.
Notation. All systems are linear time-invariant and discrete-time. The
continuous-time case follows analogously. The following notation is used, see,
e.g., Skogestad and Postlethwaite (2007). The set of real-rational functions
bounded on the unit circle is denoted RL∞ , and RH∞ is the subset of RL∞
n
analytic for |z| > 1. The space
pP `2 consists of all n-dimensional sequences on Z
∗
with finite norm kxk`2 =
t∈Z x (t)x(t). The dimension n is often omitted
when it is clear from the context. Ad denotes the diagonal matrix containing
the diagonal elements of A, and For matrix A, the ij-th element is denoted

30 Chapter 2. MIMO ILC design procedures: from decentralized to centralized

ej

r
−

C

fj

uj

G

yj

Figure 2.1. ILC control configuration.

Aij , its conjugate transpose is denoted AH , and the spectral radius is defined
kAxk
ρ(A) = maxi |λi (A)|. The induced p-norm is defined kAkip = maxx6=0 kxkpp . In
the frequency-domain, the response of system H(z) to input u(t) is described
by y(ω) = H(eιω )u(ω), where u(ω) and y(ω) are discrete-time Fourier transforms of u(t), y(t), respectively, and ι denotes the imaginary unit, i.e., ι2 = −1.
Arguments t, z, ω, eιω are often omitted when they are clear from the context.
Consider the time-domain response y(t) = H(q)u(t), where
∞
X

y(t) =

k=−∞

Hk u(t − k),

H(q) =

∞
X

Hk q −k ,

(2.1)

k=−∞

with Hk the infinite-time Markov parameters, and q denotes the forward time
shift operator, i.e., qu(t) = u(t + 1). In the frequency domain, this response is
described by Y (ω)eιωt = H(eιω )U (ω)eιωt , or Y (ω) = H(eιω )U (ω), where
Y (ω) =

∞
X

y(k)e−ιωk ,

H(eιω ) =

k=−∞

∞
X

Hk e−ιωk ,

(2.2)

k=−∞

and ι denotes the imaginary unit, i.e., ι2 = −1. That is, the notation Y (ω)
should be interpreted as a sinusoidal vector-valued signal Y (ω)eιωk ; the frequency response of system H is denoted as complex matrix H(eιω ). Arguments
t, q, z, ω and eιω are often omitted when they are clear from the context.

2.2

Problem formulation

In this section, the multivariable ILC design problem is formulated in view of
control performance and modeling requirements. These considerations motivate
the development of the presented design framework for multivariable ILC.

2.2.1

ILC setup

Consider the control configuration in Figure 2.1, consisting of possibly nonsquare plant G ∈ Rny ×nu (z) and internally stabilizing feedback controller C ∈
Rnu ×ny (z). The disturbance r ∈ `2 is trial-invariant, where each repetition, or
trial, is denoted by index j ∈ N≥0 . The aim is to minimize the tracking error
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e in the presence of r. Note that trial-varying disturbances are tacitly omitted,
see, e.g., Gunnarsson and Norrlöf (2006); Oomen and Rojas (2017) for details.
The output in trial j is denoted yj , the feedforward by fj , and
ej = Sr − Jfj ,

(2.3)

ny ×ny
, and process sensitivity
with sensitivity function S = (I + GC)−1 ∈ RH∞
ny ×nu
, i.e., the transfer function matrix mapping fj to
function J = SG ∈ RH∞
ej . Zero initial conditions are assumed without loss of generality (Moore, 1993).
If G is stable, then C = 0 is admissible such that S = I and J = G. In the
design, it is assumed that the trial length is arbitrary, such that the ILC can
be implemented for any trial length. For further theoretical justification, see
Ardakani et al. (2017).
The objective of ILC is to improve control performance in the next trial j + 1
by selecting the command input fj+1 . Typically, an algorithm of the following
form is invoked:
fj+1 = Q(fj + Lej ),
(2.4)

where the learning filter L ∈ RLn∞u ×ny and robustness filter Q ∈ RLn∞u ×nu are
to be designed. Note that L and Q can be non-causal, since the signals fj , ej in
(2.4) are available off-line.

2.2.2

ILC design for SISO systems

For the SISO case nu = ny = 1, frequency-domain design procedures are well developed. Typically the following two-step approach is followed, see, e.g., Bristow
et al. (2006); De Luca et al. (1992); Kavli (1992); Strijbosch et al. (2018). The
steps in Procedure 2.2.1, i.e., design of L and Q, are investigated in forthcoming
sections, including non-causal implementations.
Procedure 2.2.1. Frequency-domain SISO ILC design
1. Choose L(z) such that L(eιω )J(eιω ) ≈ 1, ω ∈ [0, ωc ], see Section 2.D. This
step requires a parametric model of J(z).
2. For robust stability, Q(z) is selected as a low-pass filter with cut-off frequency near ωc , such that Q(eιω ) ≈ 0, ∀ω > ωc . This can be performed
using nonparametric models of J(eιω ).
Procedure 2.2.1 requires limited model knowledge in step 1), since robustness
to modeling errors can be dealt with in step 2) through the use of nonparametric FRFs, see, e.g., Pintelon and Schoukens (2012), which are for mechatronic
systems often accurate and fast to obtain.
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A naive extension of Procedure 2.2.1 to the multivariable case could be to implement multiple SISO ILC to a MIMO system, either simultaneously or sequentially. In this chapter, it is demonstrated that this can lead to non-convergent
algorithms. This underlines the importance of ILC algorithms for MIMO systems. However, practical MIMO design procedures are largely undeveloped,
particularly in view of modeling requirements.

2.2.3

Problem formulation and contributions

The problem considered in this chapter is the design of multivariable filters
L(z) and Q(z) in (2.4) in the frequency domain with respect to the following
requirements:
R1) Robust convergence of (2.4), i.e., stability in trial domain;
R2) High control performance, i.e., a small error ej ;
R3) Limited required user effort.
The term user effort is related to design tools and modeling requirements, i.e.,
parametric vs. nonparametric models, and SISO vs. MIMO models.
The main contribution is the development of a step-by-step design procedure
for multivariable iterative learning control that addresses modeling and robustness aspects. The proposed design techniques vary in sophistication, and range
from
• decentralized designs, using SISO parametric models, to
• centralized designs, requiring MIMO parametric models,
where in all cases, robustness to modeling errors is addressed using nonparametric FRF measurements. The procedure generalizes Procedure 2.2.1 to the
MIMO case, and provides a coherent overview of available approaches, such that
a well-motivated choice can be made for the problem at hand in view of R1-R3.

2.2.4

Overview of design framework and outline of
chapter

The present chapter addresses theoretical, design, and algorithmic aspects to obtain a practically implementable design framework for MIMO ILC. The framework connects all presented design approaches, and allows the user to systematically balance requirements R1-R3, which is illustrated in Figure 2.2. The
framework is summarized in the following procedure.

2.2 Problem formulation
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Procedure 2.2.2. Frequency-domain MIMO ILC design
1 Non-parametric modeling.
• Identify MIMO FRF model JˆFRF (eιω ) of J, see, e.g., Pintelon and
Schoukens (2012).
2 Interaction analysis. Fully decoupled?
• If yes: independent SISO design (Procedure 2.2.1).
3 Decoupling transformations. Fully decoupled?
• If yes: independent SISO design (Procedure 2.2.1).
4 Robust multi-loop SISO design (Section 2.4).
i) Obtain SISO parametric models Jc
ii (z);

ii) Robust multi-loop SISO design of L(z) = diag{Lii (z)} and Q(z) using
ιω
ˆ
Jc
ii (z) and FRF model JFRF (e ) (Algorithm 2.4.4).

Performance not satisfactory? Proceed to next step.
5 Decentralized robust MIMO design (Section 2.5).

i) Decentralized design of L(z) and Q(z) for robustness to deliberately
ignored interaction and modeling errors, using Jc
ii (z) and FRF model
JˆFRF (eιω ) (Algorithm 2.5.7).

Performance not satisfactory? Proceed to next step.
6 Centralized MIMO design (Section 2.6).

ˆ
i) Obtain MIMO parametric model J(z),
including interaction;
ii) MIMO design of L(z) and Q(z) for robustness to modeling errors,
ˆ
using J(z)
and FRF model JˆFRF (eιω ) (Algorithm 2.6.1).
The key motivation for the procedure is that user effort in terms of design
complexity and modeling requirements should only be increased if justified by
performance requirements. Indeed, 2 to 5 require only SISO parametric models
and an FRF measurement, and may yield satisfactory performance, while 6
requires a costly MIMO parametric model. In all cases, robustness to modeling
errors, e.g., deliberately ignored interaction in the SISO models, is dealt with
through MIMO FRF models. Essentially, Procedure 2.2.2 is the ILC-equivalent
of the successful MIMO feedback control design procedure, see Oomen (2018b);
Steinbuch et al. (2010).

performance (R1&R2)
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4 Robust multiloop SISO design

low

5 Decentralized
robust MIMO design
6 Centralized
MIMO design

high

high

low
user effort (R3)

Figure 2.2. Schematic overview of approaches in the design framework, illustrating the trade-offs between performance (R1 and R2), and user effort (R3).

Remark 2.2.3. In view of robustness with respect to plant uncertainty, the
use of FRF estimates directly allows to include confidence intervals in Procedure 2.2.2, which are typically available for FRF estimates from experimental
data (Pintelon and Schoukens, 2012).
The techniques constituting steps 5 and 6 are applicable to non-square
systems, unless stated otherwise, while steps 2 to 4 tacitly assume that G is
square, i.e., n ≡ nu = ny , possibly after a squaring-down process, see, e.g., Sain
and Schrader (1990); Van Zundert et al. (2018).
The outline of the chapter is as follows. First, the design problem is analyzed.
Then, in Sections 2.4 to 2.6, the design techniques are developed that constitute
steps 4 to 6 . In Section 2.7, Procedure 2.2.2 is applied to a multivariable
case study. A preview on the results is presented in Figure 2.3, illustrating the
trade-offs between approaches in Procedure 2.2.2.

2.3

Analysis of ILC design problem

In this section, the general ILC algorithm (2.4) is analyzed, and robust convergence and control performance are defined.

2.3.1

Convergence and performance

Combining (2.3) and (2.4) yields the linear iterative systems that describe the
propagation of ej and fj in the trial domain:
fj+1 = Q(I − LJ)fj + QLSr,
ej+1 = JQ(I −

LJ)Jl−1 ej

+ (I −

(2.5)
JQJl−1 )Sr.

(2.6)

where (2.6) holds if a left inverse Jl−1 exists such that Jl−1 J = I, i.e., at least
ny ≥ nu . Convergence, i.e., stability along the iterations, is formalized next.
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Figure 2.3. Simulation results: often-used multi-loop SISO ILC design ( ) can
lead to non-convergent algorithms. Through the developed design approaches
in steps 4 ( ), 5 ( ), and 6 ( ), a well-motivated balance can be made
between achievable performance, i.e., norm of the asymptotic error ke∞ kF , and
the associated user effort in terms of modeling cost and design complexity.

Definition 2.3.1. System (2.5) is convergent iff for all r, f0 ∈ `2 , there exists
an asymptotic signal f∞ ∈ `2 such that
lim sup kf∞ − fj k = 0.

(2.7)

j→∞

Then, the asymptotic signals f∞ and e∞ are obtained as
−1

f∞ = lim fj = (I − Q(I − LJ)) QLSr,
j→∞


−1
e∞ = lim ej = I − J (I − Q(I − LJ)) QL Sr.
j→∞

(2.8)
(2.9)

A condition for convergence of (2.5) and (2.6) is given next.
Theorem 2.3.2. Iterations (2.5), (2.6) converge to f∞ and e∞ iff
ρ (Q(eιω )(I − L(eιω )J(eιω )) < 1

∀ω ∈ [0, π],

(2.10)

where ρ(·) denotes spectral radius, i.e., ρ(·) = maxi |λi (·)|.
See Section 2.A for a proof of Theorem 2.3.2. Although (2.10) guarantees
convergence, it does not guarantee good learning transients. Monotonic convergence is considered next.
Definition 2.3.3. Iteration (2.5) converges monotonically w.r.t. the `2 norm
of fj to f∞ with convergence rate γ, 0 ≤ γ < 1, iff
kf∞ − fj+1 k`2 ≤ γkf∞ − fj k`2

∀j.

(2.11)
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Theorem 2.3.4. Iteration (2.5) converges monotonically w.r.t. the `2 norm of
fj to fixed point f∞ , with convergence rate γ, iff
γ := kQ(I − LJ)k∞ < 1,

(2.12)

where kH(z)k∞ = supω∈[0,π] σ̄(H(eιω )) is the L∞ -norm, and σ̄ denotes the maximum singular value.
See Oomen and Rojas (2017, Theorem 2) for a proof. Note (2.12) is equivalent
to
σ̄ (Q(eιω )(I − L(eιω )J(eιω ))) < 1

∀ω ∈ [0, π].

(2.13)

Several observations are made based on Theorems 2.3.2 and 2.3.4:
• Although convergence of (2.5) and (2.6) is equivalent, monotonic convergence in fj in the MIMO setting, unlike in the SISO case, does not necessarily imply monotonic convergence in ej , and vice versa. A condition for
monotonic convergence w.r.t. the `2 norm of ej is
JQ(I − LJ)Jl−1

∞

< 1.

(2.14)

The focus of the present chapter is on monotonic convergence in fj , since
this is often preferred in practice to avoid actuator limitations. The present
work can be appropriately adjusted for monotonic convergence of ej .
• In view of asymptotic performance of ILC, note that convergence does not
necessarily imply that e∞ is smaller than ej , j = 0, 1, . . .. Hence, the error
e∞ achieved with ILC may be worse than that without ILC, i.e., e0 .
In view of (2.9), the following result is crucial for performance.
Theorem 2.3.5. Assume L(eιω ), J(eιω ) 6= 0, ∀ω, in iteration (2.5). Given that
(2.10) holds, then for all r ∈ `2 , e∞ = 0 iff Q = I.
Proof. Since (2.10) holds, the fixed points e∞ and f∞ exist.
(⇐) If Q = I, then f∞ = f∞ + Le∞ , which implies e∞ = 0.
(⇒) If e∞ = 0, then f∞ = Qf∞ , which implies Q = I.

2.3.2

Design and modeling considerations

The presented theoretical results have direct consequences for the design of L and
Q. Theorems 2.3.2, 2.3.4 and 2.3.5 reveal key design aims: to achieve e∞ = 0,
L should be designed such that ρ(I − LJ) < 1 or kI − LJk∞ < 1, and Q must
equal I. For fast convergence, kQ(I − LJ)k∞ should be small.
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2.4

Multi-loop SISO ILC design

For systems where interaction is absent or sufficiently small, possibly after a
decoupling process, multiple SISO ILC can be designed, see 2 and 3 . In this
section, it is shown that in the presence of interaction, multi-loop SISO designs
may lead to non-convergent schemes, i.e., R1 is not guaranteed. To account for
ignored interaction, the ILC can be robustified a posteriori, which is shown to
lead to conservatism, hence compromising R2. It is assumed that J is square,
i.e., n ≡ nu = ny , possibly after a squaring-down process, see, e.g., Sain and
Schrader (1990); Van Zundert et al. (2018).

2.4.1

Independent SISO ILC design for MIMO systems

If no coupling is present, i.e., J(z) = diag{Jii (z)}, then multi-loop SISO filters L
and Q can be designed by application of Procedure 2.2.1 to each loop i = 1, . . . , n.
That is, design
L = diag{l1 , l2 , . . . , ln },

Q = diag{q1 , q2 , . . . , qn },

(2.15)

according to the set of SISO criteria
|qi (eιω )(1 − li (eιω )Jii (eιω ))| < 1

∀i, ω ∈ [0, π].

(2.16)

Typically, each li (z) is based on inversion of Jc
ii (z), see, e.g., Bristow et al. (2006);
Moore (1993); Wallén et al. (2008), and Butterworth et al. (2012); Van Zundert
and Oomen (2018) for algorithms. Often, qi (z) are zero-phase filters, and are
implemented non-causally, i.e., an operation with qi and its adjoint qi∗ , see, e.g.,
Bolder et al. (2018); Strijbosch et al. (2018); Ye and Wang (2005).
However, when considerable interaction is present, independent SISO designs
may lead to non-convergent systems, see also Figure 2.3. Considering (2.16) and
Theorem 2.3.2, note that
|qi (eιω )(1 − li (eιω )Jii (eιω ))| < 1

∀i, ω ∈ [0, π],

(2.17a)

∀ω ∈ [0, π],

(2.17b)

;
ιω

ιω

ρ (Q(e )(I − L(e )J(eιω )) < 1

hence convergence of the MIMO system is not guaranteed.
Remark 2.4.1. Importantly, in contrast to what one may intuitively think, alternately learning each SISO loop while fixing all other does not work. For n = 2,
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the alternating update

fj+1

"
#
#
"
l
0
q
0

1
1


f +
ej

 0 1 j
0 0
= "
"
#
#


0
0
1
0


fj +
ej

0 l2
0 q2

for j even,
(2.18)
for j odd,

combined with dynamics (2.3) results in the closed-loop iteration



1
0
q1 (1 − l1 J11 ) −q1 l1 J12
fj+2 =
fj + w for j even,
−q2 l2 J21 q2 (1 − l2 J22 )
0
1
(2.19)

q1 l1
0
Sr, with a similar expression for j odd. Further
−q2 l2 J21 q1 l1 q2 l2
manipulations show that the frequency-wise spectral radius of the mapping fj 7→
fj+2 may exceed 1, see Theorem 2.3.2, even though filters qi , li are designed such
that (2.16) is satisfied. Hence, robust convergence is not guaranteed.
where w =



Remark 2.4.2. One-sided interaction in J, i.e., J triangular, does not jeopardize convergence of multi-loop SISO ILC: then (2.16) implies (2.17b). This does
not hold for monotonic convergence.

2.4.2

Accounting for ignored interaction through
robustness

Several approaches can be taken based on Theorems 2.3.2 and 2.3.4 to enable
SISO design of Q for robust MIMO convergence. Their restrictiveness is subject
to a trade-off with the assumptions made on the structure of Q. Selecting
Q(z) = qd (z)I with SISO filter qd (z) ∈ RL∞ leads to the next result.
n×n
Corollary 2.4.3. Assume Q(z) = qd (z)I ∈ RL∞
with SISO filter qd (z) ∈
RL∞ . The iteration (2.5) converges iff

|qd (eιω )|ρ (I − L(eιω )J(eιω )) < 1

∀ω ∈ [0, π],

(2.20)

and converges monotonically w.r.t. the `2 norm of fj iff
|qd (eιω )|σ̄ (I − L(eιω )J(eιω )) < 1

∀ω ∈ [0, π].

(2.21)

Corollary 2.4.3 enables SISO design of qd (z) that guarantees robust convergence of the MIMO system using JˆFRF (eιω ). This leads to the following design
algorithm, constituting step 4 .

2.5 Decentralized ILC: independent Q-filter designs
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Algorithm 2.4.4. Step 4 : robust multi-loop SISO design
a) Obtain SISO parametric models Jc
ii (z) of Jii (z), i = 1, . . . , n.

b) Design multi-loop SISO learning filter L(z) = diag{li (z)} such that 1 −
ιω
li (eιω )Jc
ii (e ) ≈ 0, ∀i, ω ∈ [0, π].

c) Based on MIMO non-parametric model JˆFRF (eιω ) from step 1 of Procedure 2.2.2, design Q(z) = qd (z)I according to Corollary 2.4.3 to guarantee
robust stability of the MIMO algorithm.

To conclude, convergence can be guaranteed in multi-loop SISO design (R1).
However, the achievable performance may be limited (R2): the bounds on qd (z)
in Corollary 2.4.3 are very restrictive on the structure of Q. Indeed, qd accounts
for the worst-case modeling errors over all loops. This motivates the development
of systematic procedures for independent Q-filter design, where each loop is
robustified individually.

2.5

Decentralized ILC: robustness to
interaction through independent Q-filter
designs

For systems where interaction cannot be ignored in view of convergence, yet high
performance is desired using only SISO parametric models, decentralized ILCs
can be designed, see 5 . In this section, a systematic procedure is developed
for independent design of each SISO loop, that guarantees robust convergence
of the MIMO system. The approach requires the same models as the robust
approach in Subsection 2.4.2: user effort (R3) is only increased by more involved
computations.
The role of interaction in multivariable ILC is analyzed in Subsection 2.5.1.
Motivated by related results for feedback control, see, e.g., Grosdidier and Morari
(1986); Skogestad and Postlethwaite (2007), convergence conditions are developed for decentralized ILC in Subsection 2.5.2. These enable systematic robust
decentralized design in Subsection 2.5.3.
In this section, the focus is on decentralized design of Q(z) ∈ RLn∞u ×nu for
given L(z) ∈ RLn∞u ×ny , which can be diagonal or full MIMO, see steps 5 and
6 . Yet, the results are foreseen to be most often applied to square systems,
since this also enables decentralized design of L = diag{l1 , l2 , . . . , ln }.
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2.5.1

Factorization of iteration dynamics

To analyze the role of interaction, (2.5) is factored as
fj+1 = QM fj + w̃ = QMd (I + E)fj + w̃,

(2.22)

where M = I − LJ, Md = diag{Mii } consists of the diagonal elements of M ,
E = Md−1 (M − Md ) contains the normalized interaction in M , and w̃ = QLSr,
see Figure 2.4. Note that Md and E are functions of J and L, and E = 0 if
J is diagonal, i.e., there is no interaction. The interaction term I + E can be
used to analyze robust stability. The following result is the basis for forthcoming
decentralized designs.
Lemma 2.5.1. Iteration (2.5) converges iff
ρ (QMd (I + E)) < 1

∀ω ∈ [0, π].

and converges monotonically w.r.t. the `2 norm of fj iff

ρ MdH QH QMd (I + E)(I + E)H < 1 ∀ω ∈ [0, π],

(2.23)

(2.24)

where the superscript H denotes conjugate transpose.

Proof. (2.23) follows directly from substituting (2.22) into (2.10), and (2.24)
follows from substituting (2.22) into (2.13), and rewriting:
q
q
(2.25a)
σ̄(Q(I − LJ)) = ρ(QM (QM )H ) = ρ(QM M H QH )
q
= ρ(QMd (I + E)(I + E)H MdH QH )
(2.25b)
q
= ρ(MdH QH QMd (I + E)(I + E)H ),
(2.25c)
where it is used that the products of two square matrices A, B have identical
spectra: {λi (AB)} = {λi (BA)}. Substituting (2.25c) in (2.13) and squaring
completes the proof.
Two observations are made for forthcoming developments:
• The matrix QMd in (2.23), respectively MdH QH QMd in (2.24), has diagonal structure and is right multiplied with interaction term (I + E),
respectively (I + E)(I + E)H .
• Comparing with (2.13), condition (2.24) is based on a spectral radius ρ(·)
instead of a maximum singular value σ̄(·).
Together, the structured form and the use of ρ(·) allow for the development of
robust decentralized design techniques.
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w̃

fj+1

memory
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E

fj

QMd
Figure 2.4. Schematical representation of the factored iteration (2.22). Since
the interaction term I + E (grey area) is invariant to Q, measures on I + E can
be developed to design decentralized filters Q for robust convergence.

Remark 2.5.2. The factorization (2.22) resembles decentralized feedback control, see, e.g., Grosdidier and Morari (1986) and Skogestad and Postlethwaite
(2007, Section 10.6), yet fundamentally differs regarding the use of E.
In decentralized feedback design, i.e., K = diag{ki } with open-loop transfer
GK, the return difference is factored as
I + GK = (I + E T̃ )(I + Gd K),

(2.26)

−1
where E = (G − Gd )G−1
Gd K. Asd , Gd = diag{Gii }, and T̃ = (I + Gd K)
suming that G and Gd have the same number of unstable poles, and T̃ is stable,
the closed-loop T = I − S is stable if ρ(E T̃ ) < 1, ∀ω ∈ [0, π], see Grosdidier and
Morari (1986, Theorem 2). Since E appears linearly in E T̃ , the magnitude of E
w.r.t. T̃ is often used to analyze stability,, e.g., Grosdidier and Morari (1986).
This is in sharp contrast with decentralized ILC, where E appears affinely in
(2.22), and bounds on the magnitude of I + E w.r.t. the diagonal ILCs QMd are
developed to analyze convergence, see forthcoming subsections. The fundamental
difference is that (2.22) is factored, which essentially constitutes the open-loop
in iteration domain, whereas in feedback the return difference (2.26) is factored.

2.5.2

Decentralized conditions for robust convergence

Next, several decentralized design conditions are developed. The conditions are
less conservative than Corollary 2.4.3 since the decentralized structure of Q is
explicitly taken into account. The bounds complement each other in the sense
that the ordering of their tightness varies over different frequency ranges, which
is utilized in Subsection 2.5.3 to exploit the tightest bound per frequency.
2.5.2.1 Independent Q-filter design based on induced norms: In this
subsection, upper bounds on the spectral radii in (2.23) and (2.24) based on
induced norms are used for decentralized design of Q. In particular, for any
matrix A, it holds
ρ(A) ≤ kAkip .
(2.27)
This relation is crucial for the presented designs.
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Theorem 2.5.3. Iteration (2.5) with decentralized filter Q(z) = diag{qi (z)}, as
in (2.15), converges if either:
1
|I
+
E(eιω )|ij
j
1
|qi (eιω )Mii (eιω )| < P
|I
+
E(eιω )|ji
j
|qi (eιω )Mii (eιω )| < P

∀i, ω ∈ [0, π],

(2.28)

∀i, ω ∈ [0, π],

(2.29)

and converges monotonically w.r.t. the `2 norm of fj if
|qi (eιω )Mii (eιω )| < qP

j

1
|(I +

E(eιω ))(I

∀i, ω ∈ [0, π], (2.30)

+ E(eιω ))H |ij

where | · | denotes element-wise absolute value.

See Section 2.B for a proof of Theorem 2.5.3.

Remark 2.5.4. Theorem 2.5.3 presents the ILC-analog of Gershgorin bounds
in feedback control, see, e.g., Grosdidier and Morari (1986), Skogestad and
Postlethwaite (2007, Section 10.6).
2.5.2.2 Independent Q-filter design based on the SSV: Alternatively,
conditions are developed using the structured singular value (SSV), see, e.g.,
Grosdidier and Morari (1986); Zhou et al. (1996). The idea is to exploit the
diagonal structure of QMd in Lemma 2.5.1. Particularly, for a matrix A and
diagonal matrix ∆, see Skogestad and Postlethwaite (2007, eq. (8.95)), it holds
ρ(∆A) ≤ σ̄(∆)µ∆ (A),

(2.31)

where µ∆ (A) is taken with respect to the structure of ∆.
Definition 2.5.5. For A ∈ Cn×n , the SSV µ∆ (A) is defined
µ∆ (A) =

1
,
min{σ̄(∆) : ∆ ∈ ∆, det(I − A∆) = 0}

(2.32)

where ∆ is a prescribed set of block diagonal matrices, unless no ∆ ∈ ∆ makes
I − A∆ singular, in which case µ∆ (A) = 0.
Theorem 2.5.6. Iteration (2.5) with decentralized filter Q(z) = diag{qi (z)}, as
in (2.15), converges if
|qi (eιω )Mii (eιω )| <

1
µd (I + E(eιω ))

∀i, ω ∈ [0, π],

(2.33)

and converges monotonically w.r.t. the `2 norm of fj if
|qi (eιω )Mii (eιω )| < p

1
µd ((I + E(eιω ))(I + E(eιω ))H )

∀i, ω ∈ [0, π],

where µd (·) is the SSV with respect to a diagonal structure.

(2.34)
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Proof. Using (2.31) in (2.23), where ∆ = QMd , A = I + E and ∆ = {δI : δ ∈
Cn }, gives
1
∀ω ∈ [0, π].
(2.35)
ρ(Q(eιω )Md (eιω )) <
µd (I + E(eιω ))
Omitting arguments, ρ(QMd ) = maxi |qi Mii | implies (2.33). Applying (2.31) to
(2.24), observing that σ̄(MdH QH QMd ) = maxi |qi Mii |2 , and taking square roots
proves (2.34).
The SSV is employed in a fundamentally different way than in stability analyses of feedback systems. In robust control, e.g., Zhou et al. (1996, Chapters 9,
11), typically µ∆ (M ) is taken with respect to structured uncertainty ∆, and M
denotes a nominal model. In contrast, here I + E has the role of nominal model,
and QMd is the structured uncertainty yet to be designed.
Crucially, Theorems 2.5.3 and 2.5.6 reformulate the MIMO design problem
for (monotonic) convergence as sets of independent SISO problems. This is
exploited next for design.

2.5.3

Decentralized Q-filter design for robustness to
interaction

Theorems 2.5.3 and 2.5.6 enable systematic and robust (R1) decentralized design, using only SISO parametric models (R3). This is summarized as follows,
constituting step 5 of Procedure 2.2.2.
Algorithm 2.5.7. Step 5 : robust decentralized MIMO design
a) Obtain SISO parametric models Jc
ii (z) of Jii (z), i = 1, . . . , n.

b) Design L(z) = diag{li (z)} such that 1 − li Jc
ii ≈ 0, ∀i.

c) Construct Md (eιω ) and E(eιω ), see (2.22), based on L from b) and MIMO
FRF model JˆFRF (eιω ) from step 1 of Procedure 2.2.2.

d) For robust stability, design Q(z) = diag{qi } according to joint evaluation
of Theorems 2.5.3, 2.5.6, i.e., for each frequency ω ∈ [0, π],
• at least one of (2.28), (2.29), (2.33) is satisfied (convergence);

• at least one of (2.30), (2.34) is satisfied (monotonic convergence).
The key advantage of Algorithm 2.5.7, compared to Algorithm 2.4.4, is that
performance (R2) can potentially be increased, while the modeling requirements
(R3) remain equal. Indeed, (2.28)-(2.30) and (2.33)-(2.34) can be computed
prior to design of Q using JˆFRF (eιω ), such that interaction does not have to be
included in models Jc
ii (z).
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Remark 2.5.8. In Algorithm 2.5.7, the developed bounds (2.28), (2.29), (2.33),
respectively (2.30), (2.34), are jointly considered. This is since the ordering of
their tightness may vary as a function of frequency, and hence they all contribute to the design, see Section 2.C. Note however that, for a specific frequency
ω ∈ [0, π], they can in general not be combined over the different SISO loops i.
That is, convergence is guaranteed only if, per evaluated frequency, at least one
condition is satisfied for all loops i simultaneously.
Remark 2.5.9. In the SISO case, the results in Theorems 2.5.3 and 2.5.6 recover the SISO condition (2.16), since in this case E = 0.
The achievable performance of decentralized ILC, i.e., the magnitude of e∞ ,
is limited by interaction that is ignored in the design of L. If increased modeling
effort is justified (R3) in relation to performance requirements (R2), MIMO
parametric models of J can be used to design centralized ILC algorithms.

2.6

Centralized ILC: accounting for interaction
through multivariable L-filter designs

For systems where decentralized ILC yields unsatisfactory performance due to
required robustness to ignored interaction, and increased modeling effort (R3)
is justified in view of performance requirements (R2), centralized ILC schemes
can be designed using a full MIMO model, i.e., step 6 . By explicitly accounting
for interaction in L, the requirement for robustness through Q is alleviated,
which potentially increases performance. The aim is to construct a MIMO filter
L such that I − LJ is small. This requires a MIMO parametric model of J,
which can be difficult and expensive to obtain. Algorithms for the indispensable
inversion of MIMO parametric models are provided in Section 2.D. Given L,
Corollary 2.4.3 and Theorems 2.5.3 and 2.5.6 can directly be used to design Q
for robust stability. This leads to the following algorithm, constituting step 6 .
Algorithm 2.6.1. Step 6 : centralized MIMO design
ˆ
a) Obtain MIMO parametric model J(z),
including interaction;
b) Design L(z) such that I − LJˆ ≈ 0, see Section 2.D.
c) For robust stability, design Q(z) according to Corollary 2.4.3, Theorem
2.5.3 or 2.5.6 based on FRF model JˆFRF (eιω ) from step 1 .
In preceding sections, the techniques underlying steps 4 to 6 are developed.
Next, these are applied to the case study.
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x
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FR

Figure 2.5. Océ Arizona 550GT flatbed printer. The carriage moves along the
gantry, which provides the motion freedom to cover the printing surface. The
actuator forces are indicated by red arrows. The inputs considered for control
are FL , FR , and the outputs are xL , ϕ2 , indicated by blue arrows.

2.7

Application of design framework to
multivariable case study

In this section, Procedure 2.2.2 is applied to a case study in a step-by-step
manner. Simulations are performed to clearly show the differences between the
developed approaches.

2.7.1

Case Study: Océ Arizona 550GT Flatbed Printer

An Océ Arizona 550GT printer is considered, see Figure 2.5. In contrast to
standard consumer printers, the printer can print on both flexible and rigid
media, e.g., paper, plastics, wood and metals. The medium is fixed on the
printing surface, and the carriage, which contains the printheads, moves in the
horizontal plane. This yields inherently multivariable dynamics, with significant
interaction and complex dynamics.
The simulations are performed using a low-order model, shown in Figures 2.6
and 2.7 with parameters in Table 2.1. The inputs are forces FL [N] and FR [N]
acting on the gantry; the outputs arethegantry position
 at the left side xL [m],
xL
FL
and carriage rotation ϕ2 [rad], i.e.,
= Go
, where Go is the system
ϕ2
FR
before decoupling in step 3 . Since all displacements are small, the dynamics
are linearized around ϕ1 = ϕ2 = 0, and y2 = h is assumed constant.
The system is discretized using zero-order-hold on the input with sampling
interval 10−3 s. A stabilizing feedback controller C(z) = diag{c1 (z), c2 (z)} is
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l2

l3

x2
y2

ϕ2

m2 , J2
k

xL

d

k

ϕ1

FL

d

x1
m1 , J1
h
l1

FR

l1

Figure 2.6. Model of the Arizona flatbed printer used for simulations, consisting of two masses with dynamic coupling, input forces FL and FR and output
positions xL and ϕ2 . The carriage is fixed in y-direction: y2 = h. The model
parameters are presented in Table 2.1.
Table 2.1. Parameter values for the Arizona printer model.

parameter
mass m1
inertia J1
mass m2
inertia J2
spring stiffness k
damping constant d
length h
length l1
length l2
length l3

value
400
36.3
40
1.47
5 × 105
100
0.75
1
0.3
0.1

unit
kg
kgm2
kg
kgm2
N/m
Ns/m
m
m
m
m

designed by manual loop-shaping, see, e.g. Skogestad and Postlethwaite (2007,
Section 2.6), where
c1 (z) =

5 × 104 (z − 0.988)
1.3 × 104 (z − 0.991)
, c2 (z) =
,
z − 0.939
z − 0.969

(2.36)

yielding a bandwidth of 3 Hz in xL direction and 1.5 Hz in ϕ2 direction. The
system J(z) = (I + GC)−1 G has non-minimum phase (NMP) transmission zeros
at z = 1.09 and z = −6.69 due to the non-collocated input-output pairing and
fast sampling. The NMP dynamics are intentionally created to demonstrate the
ˆ = (I + ĜC)−1 Ĝ is provided for ILC
benefits of non-causal control. A model J(z)
design, see Figure 2.7. A modeling error is present at the first resonance in the
(2, 2)-element, which plays a crucial role in the designs. In addition, Jˆ contains
NMP transmission zeros at z = 1 ± 0.15ι, which are not present in J.
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Figure 2.7. Bode diagram of non-decoupled true plant Go (z) ( ), true plant
G ( ) after decoupling transformations in step 3 of Procedure 2.2.2, and model
b
of decoupled plant G(z)
( ) used for ILC design. The closed-loop systems of
ˆ
interest for ILC design are J = (I + GC)−1 G and J(z)
= (I + ĜC)−1 Ĝ.
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Table 2.2. Overview of approaches in design framework: modeling requirements, design parameters, and asymptotic performance.

n× SISO
SISO
no
−
+
100
n× SISO Robust SISO yes
−
+
13
n× SISO Decentralized yes +/− +/− 19
MIMO Robust SISO yes
+
−
28

15
13
9
28

N/A
0.45
0.30
0.14

Results: Application of Procedure 2.2.2 to Case
Study

Next, Procedure 2.2.2 is step-by-step applied to the case study, and the results
are presented. The control aim is to minimize tracking error e in the presence of
disturbance r = [rx , rϕ ]> of length N = 3001, see Figure 2.8. An overview of the
designs is provided in Table 2.2,
and the resulting performance kej kF is shown
qP
>
N ×2
2
in Figure 2.3, where kej kF =
.
i,k |ej (i, k)| with ej = [ej,x , ej,ϕ ] ∈ R

Note that ex [m] and eϕ [rad] are weighed equally since they have comparable
magnitude. The designs of Q from steps 4 to 6 are presented in Figure 2.12,
and time-domain results are shown in Figures 2.10 and 2.11. The following
observations are made.
1 Non-parametric modeling: it is assumed that the MIMO non-parametric
FRF model is exact, i.e., JˆFRF (eιω ) = J(eιω ).
2 Interaction analysis. The goal is to identify interaction in J. The
frequency-dependent relative gain array (RGA) (Bristol, 1966; Skogestad and
Postlethwaite, 2007) is a useful interaction measure, defined as
Λ(J(eιω )) = J(eιω ) ◦ J −> (eιω ),

(2.37)

where ◦ denotes element-wise multiplication. Two important observations are
made: i) if Λ(J(eιω )) = I, then no two-sided interaction is present at frequency
ω, whereas ii) significant non-zero off-diagonal elements indicate interaction.
The frequency-dependent RGA of the non-decoupled system Jo = (1 +
Go C)−1 Go , shown in Figure 2.9, indicates strong interaction over the entire
frequency range. Hence, to enable successful decentralized design, decoupling
transformations are needed.
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Figure 2.9. Interaction analysis: relative gain array (RGA) of non-decoupled
system Jo (z) = (I + Go C)−1 Go ( ), and system J(z) = (I + GC)−1 G ( )
after decoupling transformations in step 2 of Procedure 2.2.2.

3 Decoupling transformations. To reduce interaction, the input and output
may be redefined using static or dynamic transformations. Essentially, steps
2 and 3 can be performed using well-known tools from the field of MIMO
feedback control, see, e.g., Oomen (2018b). Here, a static input transformation
matrix Tu is used, such that effective plant G = Go Tu is diagonally dominant at
low frequencies, see Figure 2.7, and the RGA of J = (I + GC)−1 G in Figure 2.9.
4 Robust multi-loop SISO design. The filters li = 1/Jˆii are implemented
using stable inversion, see, e.g., Section 2.D. Filters qi are first-order zero-phase
low-pass Butterworth filters.
• Independent SISO schemes ( , ) are designed according to (2.16) and
Procedure 2.2.1, see Figure 2.12(a). Since interaction is ignored, convergence is not guaranteed (R1), see Figure 2.12(b). This is corroborated by
Figure 2.3. In loop 2, a significantly lower cut-off frequency is required than
in loop 1: this is caused by the modeling error in loop 2, see Figure 2.7.
• Through robust SISO design ( , ) according to Algorithm 2.4.4, convergence is guaranteed using FRF model JˆFRF (eιω ), see Figure 2.12(b). Note
that qd is cut off at a low frequency due to required robustness in loop 2.
This comes at the cost of performance (R2), also in loop 1, see Figure 2.10.
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Figure 2.10. Error signals in trial j = 10 of robust SISO design in step 4
( , top row), decentralized design in step 5 ( , middle row) and centralized
design in step 6 ( , bottom row).

5 Decentralized robust MIMO design ( , ) using Algorithm 2.5.7 further
improves performance, see Figure 2.3. The same models are used: only decentralized filter Q(z) = diag{qi (z)} is designed in a more sophisticated manner,
see Figure 2.12(c).
• Compared to robust SISO design in 4 , the cut-off frequency of q1 is significantly higher, see Table 2.2. In loop 2, the modeling error is dominant
beyond 10 Hz, whereas in loop 1 robustness is required to interaction above
20 Hz.
• The main improvement is achieved in loop 1, see Figure 2.10, whereas the
error in loop 2 is slightly increased.
• In view of d) of Algorithm 2.5.7, note that each condition (2.28), (2.29),
(2.33), is violated at least once over the frequency range, see Figure 2.12(c).
Hence, they all contribute to the design.
6 Centralized MIMO design ( , ) using Algorithm 2.6.1 yields the highest
ˆ the MIMO filter L = Jˆ−1 is implemented
performance. Given MIMO model J,
using stable inversion, see Section 2.D.
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Figure 2.11. Feedforward signals in trial j = 10 of the robust SISO design
in step 4 ( , top row), decentralized design in step 5 ( , middle row) and
centralized design in step 6 ( , bottom row). The start of the motion tasks
are indicated by dotted lines.

• By designing for interaction in L, less robustness is required compared to 4
and 5 : the cut-off frequency of Q = qd I, see Corollary 2.4.3, is significantly
higher, see Figure 2.12(d). This improves performance considerably, see
Figure 2.3.
• The required MIMO model Jˆ can be expensive to obtain in practice: user
effort (R3) is sacrificed for performance (R2).
• All approaches generate pre-actuation to compensate the non-minimum
phase transmission zeros of J, see Figure 2.11. Since MIMO model Jˆ
additionally contains non-minimum phase transmission zeros at z = 1 ±
0.15ι, the centralized ILC generates oscillatory pre-actuation. This results
in an error during pre-actuation, see Figure 2.10.
The following key conclusions are made: i) interaction must be taken into
account in the design, ii) performance can be improved with limited user effort
through decentralized designs, and iii) if justified by performance requirements,
performance can be further improved through centralized MIMO design.
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(b) Step 4 : robust SISO design of Q = qd I
( ) according to Algorithm 2.4.4 guarantees
convergence, i.e., ρ(Q(I − LJˆFRF )) < 1, ∀ω
( ), in contrast to interaction-ignoring SISO
designs ( ), see Figure 2.12(a).
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(c) Step 5 : robust decentralized design according to Algorithm 2.5.7: the filters qi ( )
(top: i = 1; bottom: i = 2) are chosen such
that, for each frequency, |qi (1 − li JˆFRF,ii )| =
|qi Mii | ( ) are upper bounded by at least
one of the right-hand sides of (2.28), (2.29)
and (2.33) ( ,
,
, respectively).
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(a) Interaction-ignoring SISO design using
(2.16): the filters qi ( ) (top: i = 1; bottom: i = 2) are designed such that |qi (1 −
li JˆFRF,ii )| < 1, ∀ω ( ).
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(d) Step 6 : centralized ILC design according to Algorithm 2.6.1 and (2.20): the filter Q = qd I ( ) is designed such that
|qd |ρ(1 − LJˆFRF ) < 1, ∀ω ( ).

Figure 2.12. Application of Procedure 2.2.2: designs of robustness filters Q(z).
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2.8

Conclusions

The design framework developed in this chapter enables systematic design of
ILC controllers for multivariable systems, and balances performance requirements with modeling and design effort through a range of design solutions. This
is done by judiciously combining non-parametric FRF measurements and parametric models. The developed decentralized designs require only SISO parametric models, and include the use of the structured singular value to appropriately
provide robustness to interaction. If increased modeling effort is justified by
performance requirements, centralized algorithms can be designed exploiting a
MIMO parametric model, which potentially increase performance. The proposed
solutions allow control practitioners to explicitly balance performance and modeling effort, and are hence all suitable alternatives. Depending on the specific
application at hand, an appropriate choice can be made. The results are demonstrated on a flatbed printing system, including trade-offs between approaches.

2.A

Proof of Theorem 2.3.2

A proof is presented for convergence of the multivariable iteration (2.5) along
similar lines as Norrlöf and Gunnarsson, 2002, Theorem 6. The proof is applicable to non-causal operators L, Q ∈ L∞ , due to the bilateral nature of the Fourier
transform, see, e.g., De Rozario and Oomen (2018); Tien et al. (2005).
Proof of Theorem 2.3.2. For brevity of notation, rewrite (2.5) as
Fj+1 (ω) = H(eιω )Fj (ω) + R̄(ω).

(2.38)

where H(eιω ) = Q(eιω ) (I − L(eιω )J(eιω )), R̄(ω) = Q(eιω )L(eιω )S(eιω )R(ω),
and denote
ρ̄ = sup ρ(H(eιω )).
(2.39)
ω∈[0,π]

To prove sufficiency, let F̃j (ω) = Fj (ω) − (I − H(eιω ))−1 R̄(ω), which exists
since ρ(H(eιω )) < 1, ∀ω. From (2.38), it then follows F̃j+1 (ω) = H(eιω )F̃j (ω).
Using Parseval’s identity, and since ρ̄ < 1 implies lim F̃j (ω) = 0, it follows
j→∞

lim supkf∞ − fj k
j→∞

= lim sup
j→∞

1
2π

Z

π

−π

h
i
(F̃∞ (ω) − F̃j (ω))∗ (F̃∞ (ω) − F̃j (ω)) dω = 0. (2.40)
∗

To prove necessity, suppose there exist ω ∗ ∈ [0, π] for which ρ(H(eιω )) ≥ 1,
∗
i.e., there exist |λ∗ | ≥ 1 such that H(eιω )v ∗ = λ∗ v ∗ . Then, for F0 (ω ∗ ) = v ∗ , it
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follows
∗

Fj+1 (ω ∗ ) = H(eιω )Fj (ω ∗ ) + R̄(ω ∗ )
= (λ∗ )j+1 v ∗ +

j
X

∗

H i (eιω )R̄(ω ∗ ),

(2.41a)
(2.41b)

i=0

which does not converge for all R̄(ω ∗ ), hence lim supj→∞ kf∞ − fj k does not
exist. A similar result follows for R̄(ω ∗ ) = v ∗ and general F0 (ω ∗ ).
Finally, convergence of fj in (2.5) and ej in (2.6) is equivalent: since
λi (AB) = λi (BA) for λi (·) 6= 0, it follows ρ(JQ(I − LJ)J −1 ) = ρ(Q(I −
LJ)J −1 J) = ρ(Q(I − LJ)).

2.B

Proof of Theorem 2.5.3

Proof. Using ρ(A) ≤ kAki∞ in (2.23), and rewriting, gives
X
|qi Mii (I + E)ij |
ρ (QMd (I + E)) ≤ max
i

j

= max |qi Mii |
i

X
j

|I + E|ij .

(2.42a)
(2.42b)

Hence, (2.28) implies ρ (QMd (I + E)) < 1, ∀ω ∈ [0, π]. Similarly, using ρ(A) ≤
kAki1 in (2.23), and rewriting gives
X
ρ (QMd (I + E)) ≤ max
|qi Mii (I + E)ji |
(2.43a)
i

j

= max |qi Mii |
i

X
j

|I + E|ji .

(2.43b)

Hence, (2.29) implies ρ (QMd (I + E)) < 1, ∀ω ∈ [0, π]. For a proof of (2.30),
observe from (2.25c) that

σ̄ 2 (Q(I − LJ)) = ρ MdH QH QMd (I + E)(I + E)H
(2.44a)
X
2
H
≤ max
|qi Mii | (I + E)(I + E ) ij .
(2.44b)
i

2.C

j

Comparison of Theorems 2.5.3 and 2.5.6

The ordering of tightness of (2.28), (2.29), (2.33), respectively (2.30), (2.34)
may
P
vary per frequency. Note that for an arbitrary matrix A it holds maxi j |aij | =
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kAk
P i∞ ≥ µd (A), whereas for other values of i ∈ {1, . . . , n}, it may hold
j aij ≤ µd (A). In view of this, two observations are made:

• Per frequency ω, there is always a loop i ∈ {1, . . . , n} for which (2.34) is
1
1
less restrictive than (2.30), i.e., kA(eιω
)ki∞ ≤ µd (A(eιω )) , with A = (I +
E(eιω ))(I + E(eιω )H ).

• There may be loops i ∈ {1, . . . , n} for which (2.34) is more restrictive than
(2.30).
• The ordering of tightness may vary per frequency.
Identical relations hold for the conditions for convergence, i.e., (2.28), (2.29),
and (2.33), mutatis mutandis.

2.D

Inversion techniques for multivariable
models

ny ×nu
(z) such that
The aim is to compute L ∈ RLn∞u ×ny (z) for given Jˆ ∈ RH∞
ˆ
ˆ
I − LJ is small. Note this in general requires a MIMO parametric model J,
ˆ
and J must be left invertible, i.e., at least ny ≥ nu . For completeness, the
forthcoming results are developed for the general non-square case; note however
that non-square systems in general do not have non-minimum phase zeros (Van
Zundert et al., 2018), and the developed results are hence most often applied to
square systems. If nu = ny = 1, the presented results reduce to techniques for
SISO design of L, see Section 2.4.
In case Jˆ is minimum phase, L can readily be obtained as L(z) = Jˆ−1 (z) ∈
RH∞ , see, e.g., Van Zundert and Oomen (2018). If Jˆ is non-minimum phase, i.e.,
has unstable transmission zeros, direct inversion would lead to an unbounded solution, and hence cannot be used. Instead, three alternative approaches are presented that aim to compute bounded solutions, see also Van Zundert and Oomen
(2018) for an overview paper on inversion techniques. In Subsection 2.D.1, a
generalization towards MIMO systems is proposed of the widely-used ZPETC
(Tomizuka, 1987) and related approaches, see, e.g., Butterworth et al. (2012);
Gross et al. (1994). In Subsection 2.D.2, an H∞ -optimal approach is presented
that enables the use of finite preview, and the approach proposed in Subsection 2.D.3 allows for direct inversion of non-minimum phase models Jˆ through
infinite preview. The use of preview is essential for the performance of ILC,
since this directly enables non-causal feedforward signals in the physical time
domain, see Bristow et al. (2006) for the relevant definition.
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2.D.1

Centralized L-filter design through ZPETC

In this section, an extension towards multivariable systems is presented of the
well-known SISO ZPETC algorithm (Tomizuka, 1987) and related approaches,
e.g., Butterworth et al. (2012); Gross et al. (1994), see also Teng (2014). ZPETC
yields an approximate stable inverse, and includes a finite and fixed amount of
preview. Additional details on the developed extension are presented in Blanken
et al. (2016b); Blanken et al. (2016c), including implementation and numerical
aspects.
The following notation is used. R[z] denotes the polynomial ring in indeterminate z with coefficients in R. Given f (z), g(z) ∈ R[z], g(z) divides f (z)
if there exists a h(z) ∈ R[z] such that f (z) = g(z)h(z). A polynomial matrix
U (z) ∈ Rn×n [z] is called unimodular iff U −1 (z) ∈ Rn×n [z].
The developed approach exploits the Smith-McMillan form of rational matrices, see, e.g., Zhou et al., 1996, Lemma 3.26.
ˆ
Lemma 2.D.1. (Smith-McMillan form). Let J(z)
∈ Rny ×nu (z) be of normal rank r. Then, there exist unimodular matrices U (z) ∈ Rny ×ny [z], V (z) ∈
Rnu ×nu [z] such that


ε1 (z)
εr (z)
ˆ
U (z)J(z)V (z) = M(z) = diag
,...,
,0 ,
(2.45)
ψ1 (z)
ψr (z)
where each pair εi (z) and ψi (z) is coprime, εi (z) divides εi+1 (z), and ψi (z)
divides ψi+1 (z).
Crucially, the polynomials εi and ψi contain the transmission zeros and poles
ˆ and U and V decouple the model into r independent SISO subsystems,
of J,
which can be inverted using well-known SISO techniques. For example, for each
SISO subsystem Mii , the ZPETC L̃ii is given by
L̃ii (z) = z pi +di

ψi (z)ε∗i,u (z)
,
βi εi,s (z)

i = 1, . . . , r,

(2.46)

where di represents the delay of Mii , pi the number of unstable zeros of Mii , εi,u
contains the zeros of εi outside the unit circle, and εi,s contains the remaining
zeros of εi inside the unit circle. Importantly, the variables pi and di determine
the amount of used preview. This yields
L̃ii (z)Mii (z) =

εi,u (z)εi,u (z −1 )
,
βi

i = 1, . . . , r,

(2.47)

which has zero phase. The scalar parameter βi can be chosen such that
|L̃ii (z)Mii (z)| = 1 at some frequency, e.g., ω = 0. Given L̃, the MIMO ZPETC
is constructed as
L(z) = V (z)L̃(z)U (z),
(2.48)
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such that LJˆ = L U −1 MV −1 = V L̃MV −1 . Three observations are made.
First, L is stable since L̃ is stable and U, V are unimodular. Second, in case J
has no unstable zeros, LJˆ = I. Third, if J has unstable zeros, L̃M =
6 I for some
frequencies. Although L̃M has zero phase, there is no guarantee that LJˆ has
zero phase due to operations with V .
Remark 2.D.2. In the present chapter the focus is on MIMO ZPETC. Along
similar lines, the proposed approach enables multivariable extensions of related
approaches including ZMETC, EBZPETC and NPZ-ignore, see, e.g., Gross et
al. (1994); Torfs et al. (1992).

2.D.2

Centralized L-filter design through H∞ synthesis
with finite preview

In this section, a synthesis approach is presented in the H∞ mathematical framework, see Zhou et al. (1996), with a pre-defined and finite amount of preview.
Whereas the approach in Section 2.D.1 is based on heuristic design, the solution presented here is optimal with respect to an H∞ norm. The proposed
approach is closely related to optimal preview control and fixed-lag smoothing,
see, e.g., Hazell and Limebeer (2008); Mirkin (2003); Tsao (1994); Van Zundert
and Oomen (2018).
The considered feedforward propagation of Theorem 2.3.4 is schematically
depicted in Figure 2.13. In view of Theorem 2.3.4, the aim is to compute L(z) =
ˆ
Q(I − LJ)
. To enable the use of H∞ -synthesis techniques,
arg minL(z)∈RL
∞

∞

the pursued approach is to remove all terms which are not part of H∞ from the
optimization problem.
Particularly, select L as L = z pl Lc , where the causal filter Lc ∈ RHn∞u ×ny
is to be optimized, and Q = z pq Qc with causal Qc ∈ RHn∞u ×nu , yielding the
H∞ -synthesis problem:
L(z) = z pl arg
= z pl arg

min

ˆ
Q(I − z pl Lc J)

min

ˆ
Qc (z −pl I − Lc J)

Lc (z)∈RH∞

Lc (z)∈RH∞

(2.49a)

L∞
H∞

,

(2.49b)

where it is emphasized that an H∞ norm is considered. Note that the filter Q is
included a priori, forms an output weighting function in the optimization, and
is restricted to have finite preview, e.g., a zero-phase FIR filter.
Remark 2.D.3. In case no preview is imposed, i.e., pl = pq = 0, the design
problem reduces to a standard H∞ optimization problem, and the results presented in Amann et al. (1996); De Roover et al. (2000) are recovered.
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fj

Q
Jb

ej

fj+1

−

L

(a) Iteration dynamics.

fj

P
pl

z I

z −p I

+

Qc

z pq I

fj+1

−

Jˆ
Lc
(b) Iteration dynamics including a priori selected preview terms z pl and z pq .

Figure 2.13. Schematical representation of trial dynamics with a pre-defined
and finite amount of preview for H∞ -optimal synthesis of L = z pl Lc , where
Q = z pq Qc .

2.D.3

Centralized L-filter design through stable inversion

In this section, a technique is presented for centralized L-filter design based on
stable inversion, see, e.g., Sogo (2010); Van Zundert et al. (2016). Contrary to
the approaches in the previous subsections, stable inversion aims to compute an
exact solution by interpreting the inverse as a non-causal operator on L2 rather
than an unstable one operating on H2 , see, e.g., Vinnicombe, 2001, Section
1.5. This interpretation directly fits into the considered frequency-domain ILC
framework, since indeed an L∞ norm is used in Theorem 2.3.4, rather than an
H∞ norm.
Next, the required steps for computing fe,j = Lej are presented, see (2.4)
with fj+1 = Q(fj + fe,j ). It is assumed that Jˆ ∈ RLn×n
∞ , i.e., is square, and
L(z) = Jˆ−1 (z) is a proper transfer matrix, which is a nonrestrictive assumption
as the computation of fe,j is performed off-line and preview-based techniques can
be used, see, e.g., Zou and Devasia (1999). Consider a state-space realization
(A, B, C, D) of L(z), and transform this system under similarity to

 

  
xs (t + 1)
As 0
xs (t)
Bs
=
+
e (t),
(2.50a)
xu (t + 1)
0 Au xu (t)
Bu j



 xs (t)
fe,j (t) = Cs Cu
+ Dej (t),
(2.50b)
xu (t)
with |λ(As )| < 1 and |λ(Au )| > 1, i.e., As contains all stable poles, and the
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unstable poles are in Au . Then, the states are obtained by solving xs forward in
time with initial condition xs (−∞) = 0, and solving xu backward in time with
final condition xu (∞) = 0. The bounded and non-causal output fe,j is then
computed through (2.50b).
In practice, the boundary conditions are imposed on finite time instants
which introduces boundary errors. If the system is at rest before and after the
motion task, setting xs (0) = 0 and xu (N ) = 0 typically leads to sufficiently
small errors.

Chapter 3

Multivariable Repetitive Control:
Decentralized Designs with
Application to Continuous Media
Flow Printing1
Abstract – The production speed and medium size in traditional wide-format
printers are limited by positioning errors caused by step-wise medium transportation. The aim of this chapter is to develop a multivariable repetitive control (RC) framework that enables continuous media flow printing with enhanced
positioning accuracy and increased productivity. The developed framework explicitly addresses the trade-off between performance and modeling requirements.
In particular, systematic design approaches for RC are developed, where unmodeled interaction is explicitly addressed as uncertainty, i.e., through robustness.
The result is a range of solutions, including i) independent single-input singleoutput (SISO) designs, and ii) sequential SISO design. Experimental results
confirm that continuous media flow printing in conjunction with the developed
RC framework outperform existing approaches.

3.1

Introduction

Production speed, print quality, medium size, and medium versatility in largeformat roll-to-roll inkjet printing systems are limited by medium positioning
errors. Positioning errors are induced during step-wise medium transportation
1 The results in this chapter constitute Contribution 2 of this thesis. The chapter is based
on Blanken et al. (2019c), related preliminary results are reported in Blanken et al. (2017c).
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gantry beam
carriage

x
ϕ

roll-to-roll
print surface

flatbed print
surface

medium

y

supply and take-up
medium rolls

Figure 3.1. Multivariable Océ Arizona 550 GT flatbed printing system with
roll-based media supply, facilitating continuous media flow printing.

in between print-passes, and are dominantly caused by internal medium deformations due to, e.g., friction and hysteresis (Haslach, 2000), and medium-dependent
dynamics, which may be nonlinear and uncertain. Positioning errors deteriorate
the alignment of print-passes, and distort the printed product. To conceal these
adverse effects, typically multiple overlapping print-passes are performed at the
cost of production speed (Torpey, 1997).
The reproducibility of positioning errors in step-wise transportation is exploited in Bolder et al. (2014) through the use of iterative learning control (ILC).
Batches of medium position measurements are collected using a scanner, which
are used to iteratively improve medium positioning in subsequent print passes.
However, the achievable accuracy is limited by the uncertain and nonlinear nature of the medium dynamics.
Although substantial improvements have been made to compensate positioning errors due to step-wise transportation, these approaches are inherently limited by the ability to model and compensate the medium-dependent dynamics
and deformations. The aim of the present chapter is to investigate a fundamentally different approach, which is to transport the medium with constant
longitudinal velocity throughout the printing process, such that the uncertain
and nonlinear dynamics essentially can be represented as a constant disturbance.
The proposed process, called continuous media flow printing, requires that
the carriage, which contains the printheads, accurately tracks a repetitive multidimensional trajectory over the print surface, see Figures 3.1 and 3.2. This requires simultaneous actuation of multiple axes, which is enabled by flatbed printing systems. The gantry beam offers the required motion freedom in medium
transport direction, which is usually not present in traditional large-format printers, see Bolder et al. (2014).
To achieve the tracking accuracy required for printing, a repetitive control
(RC) (Hara et al., 1988; Longman, 2010) framework for multi-input multi-output
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3.1 Introduction
take-up roll

medium transport
direction (step-wise)

medium

trajectory

carriage

supply roll

medium transport direction
(continuous)

(a) Traditional printing operation.

trajectory
(b) Printing operation for continuous media flow.

Figure 3.2. In traditional operation (a), the carriage makes lateral passes over
the stationary medium, which is translated step-wise in between passes. For
continuous media flow (b), the carriage performs a multivariable motion while
printing on the medium, which moves with constant longitudinal velocity.

(MIMO) systems is required, which enables to learn from reproducible errors as
in Bolder et al. (2014), yet in continuous instead of batchwise operation. RC
enables to track or reject disturbances that repeat continuously in time. In
contrast, the ILC in Bolder et al. (2014) aims to track repeating finite-length
trajectories that are unrelated in time.
Robust stability of RC algorithms is crucial to deal with modeling errors.
Most robust RC design approaches for MIMO systems are based on H∞ /µsynthesis, see, e.g., Li and Tsao (2001); De Roover et al. (2000); Weiss and
Häfele (1999). These approaches require a MIMO parametric nominal model
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and its uncertainty in a certain prespecified form. Despite being very systematic, this imposes a large burden on the modeling requirements (Smith and
Dahleh, 1994), which may hamper industrial implementation. Especially for
lightly damped motion systems such as flatbed printers, see Figure 3.1, these
models can be difficult and expensive to obtain due to complex dynamics (Gevers, 2005; Hjalmarsson, 2009), and numerical issues (Van Herpen et al., 2016).
In view of multivariable continuous media flow printing, as is developed in the
present chapter, a fundamentally different RC framework is essential to meet the
performance and modeling cost requirements. In many applications, see, e.g.,
Longman (2010); Steinbuch et al. (2007); Strijbosch et al. (2018), repetitive
controllers are designed using manual loop-shaping in the frequency domain,
which is often preferred by control engineers. Robust stability can be verified by
using inexpensive frequency response function (FRF) measurements to model the
uncertainty (Pintelon and Schoukens, 2012; Voorhoeve et al., 2018). However,
such manual design approaches are typically limited to single-input single-output
(SISO) systems, and their application to MIMO systems is largely undeveloped.
In particular, interaction is typically ignored, which can lead to robust stability
issues.
The contributions of this chapter are twofold.
C1) A systematic framework is developed for robust decentralized RC design,
that explicitly addresses the trade-offs between modeling requirements and
performance.
C2) The potential of the proposed RC framework for continuous media flow
printing is experimentally demonstrated, enabling increased production
speeds and medium sizes.
The proposed design techniques, constituting the framework in C1, rely on manual SISO loop-shaping design tools and SISO parametric models, hence considerably simplify the design, yet guarantee robust stability of the MIMO system
through non-parametric FRF measurements. In particular, interaction is addressed as structured uncertainty, i.e., through robust stability. The design
approaches include i) independent robust SISO designs, and ii) sequential SISO
design, building upon results in Grosdidier and Morari (1986); Hovd and Skogestad (1994); Maciejowski (1989), including the use of the structured singular
value (SSV) (Zhou et al., 1996, Section 11.2). Essentially, the design framework
developed in this chapter constitutes an RC-equivalent of step 5 of MIMO ILC
design Procedure 2.D in Chapter 2. In addition, the presented framework for
decentralized RC design allows sequential design, whereas this is not directly
relevant for ILC.
Notation. Let R(z) denote the set of rational discrete-time transfer matrices.
The space of real rational functions bounded on the unit circle is denoted RL∞ .
RH∞ is the subspace of RL∞ analytic in |z| > 1. The imaginary unit is denoted
ι, i.e., ι2 = −1. The ij-th element of a matrix A is denoted aij .
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Figure 3.3. Control configuration with add-on repetitive controller R.

3.2

Problem description

The printing operation for continuous media flow is introduced, and the repetitive control design problem is formulated.

3.2.1

Printing operation with continuous media flow

Figure 3.1 depicts an industrial flatbed printer with roll-based media supply,
which enables to print on flexible media. The printheads, which contains many
closely spaced nozzles that deposit ink onto the medium, are located underneath
the carriage. In traditional operation, the carriage performs lateral passes over
the stationary medium, see Figure 3.2(a). In between passes, the medium is
transported over the print surface, which causes positioning errors. The key
idea in continuous media flow printing is to transport the medium with constant
velocity over the print surface. This requires the carriage to perform a multivariable trajectory, see Figure 3.2(b). During a print pass, the carriage should
maintain its position relative to the medium in transport direction. Varying
carriage step-sizes in between print passes can be used for multi-pass printing
(Torpey, 1997), resulting in asymmetrical trajectories. To achieve the required
accuracy while tracking the repeating task, a MIMO RC framework is developed.

3.2.2

Repetitive control setup

Consider the control scheme shown in Figure 3.3, consisting of plant G ∈
Rny ×nu (z), stabilizing feedback controller C ∈ Rnu ×ny (z), and a repetitive controller R ∈ Rny ×ny (z), connected as an add-on controller, see, e.g., Hara et al.
(1988). The control objective is to reject a periodic exogenous disturbance with
period N ∈ N, e.g., r(k) ∈ Rny with r(k + N ) = r(k). That is, minimize the
tracking error e = r − y given by
e = (I + GC(I + R))

−1

(r − d)

−1

= I + GC + (I + GC)(I + GC)
= ((I + GC)(I + T R))

−1

GCR

−1

(3.1a)
(r − d)

(r − d) = SR S(r − d),

(3.1b)
(3.1c)

with sensitivity S = (I + GC)−1 ∈ RHn∞y ×ny the transfer function matrix from
r to e with R = 0, complementary sensitivity T = (I + GC)−1 GC = I − S, and
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Figure 3.4. Repetitive controller R.

modifying sensitivity SR = (I + T R)−1 .
According to the internal model principle (Francis and Wonham, 1976), perfect asymptotic rejection of an exogenous disturbance is achieved if a model of
the disturbance generating system is included in a stable feedback loop. For
general N -periodic disturbances, this corresponds to a memory loop with N
samples delay. Typically, the repetitive controller is designed as
−1
R = Lz −N Q I − z −N Q
,

(3.2)

ny ×ny
, see Figwith learning filter L ∈ RLn∞y ×ny and robustness filter Q ∈ RL∞
ure 3.4. Note that L and Q can have finite preview, i.e., be non-causal, since
their preview can be embedded in the memory loop. Note that R is restricted
to be causal. Although in this work a single memory loop is used, the controller
structure can be directly extended using multiple memory loops for uncertain
N , see, e.g., Pipeleers et al. (2008); Steinbuch (2002); Steinbuch et al. (2007).

3.2.3

Background: RC design for SISO systems

For the SISO case, i.e., nu = ny = 1, design techniques for L and Q are well
developed. Fundamental to these techniques is the following well-known result
for stability, see, e.g., Longman (2010), which is recovered as a special case of the
multivariable case in Section 3.3. Assuming stable S, T , L, Q, the closed-loop
system (3.1) is stable for all N ∈ N if
|(1 − T (eιω )L(eιω ))Q(eιω )| < 1

∀ω ∈ [0, π]

(3.3)

Based on this result, typically the following two-step design procedure is considered (Hara et al., 1988; Steinbuch, 2002; Tomizuka et al., 1989).
Procedure 3.2.1. Frequency-domain SISO RC design
1. Given a parametric model of T (z), construct L(z) as an approximate stable
inverse, i.e., L(z) ≈ T α(z) , with learning gain α ∈ (0, 1].
2. Using a non-parametric FRF model of T (eιω ), design Q(z) such that (3.3)
is satisfied.

3.3 Analysis of multivariable RC design
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Procedure 3.2.1 enables a systematic and inexpensive robust design, particularly since no accurate parametric model of the system is required. In step 1, the
inverse approximation can be based on an, often deliberately, coarse parametric
model. In case T is non-minimum phase, algorithms for inversion include ZPETC
(Tomizuka et al., 1989), FIR models (Teo et al., 2016), and H∞ -synthesis with
(Subsection 2.D.2) and without finite preview (De Roover et al., 2000). Then,
in step 2, robustness to modeling errors and uncertainty, originating from step
1, can effectively be dealt with through the use of non-parametric FRF models, which are for mechatronic systems often inexpensive, accurate and fast to
obtain (Pintelon and Schoukens, 2012). In addition, in view of robust stability
with respect to plant uncertainty, the use of FRF models straightforwardly allows to include confidence intervals, which are typically readily available for FRF
estimates that result from experimental data (Pintelon and Schoukens, 2012).
For the MIMO case however, practical robust designs such as in Procedure 3.2.1 do not straightforwardly apply. Crucial yet largely unexplored aspects
herein are modeling requirements, and dealing with (deliberate) modeling errors
and uncertainty.

3.2.4

Problem formulation and contributions

Despite the availability of Procedure 3.2.1 for SISO RC design, a systematic RC
design for MIMO systems, which addresses model quality and model requirements, is not yet available. The aim of the present chapter is to bridge this gap
by extending and generalizing Procedure 3.2.1 to the multivariable case.
The first contribution (C1) is the development of a range of robust decentralized design techniques. The designs require only SISO parametric models, since
robustness to modeling errors and uncertainty, including multivariable interaction, can be dealt with through the use of FRF models. The second contribution
(C2) is an experimental demonstration of the proposed RC framework for continuous media flow printing.
In the next section, the multivariable design problem is analyzed, forming
the basis for the decentralized designs in Sections 3.4 and 3.5. The experimental validation on a flatbed printer with continuous media flow is presented in
Section 3.6.

3.3

Analysis of multivariable RC design

Next, the multivariable RC problem is analyzed. A stability theory is developed that is fundamental to forthcoming developments, and the implications of
decentralized design on modeling requirements are investigated.
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Im(z)

Re(z)

Figure 3.5. Nyquist contour Γ with inner radius 1, outer radius infinity, and
the parallel lines infinitely close to the real axis.

3.3.1

Stability analysis

Stability is investigated of the system (3.1). Observe that

−1 −1
SR = (I + T R)−1 = I + T Lz −N Q I − z −N Q


−1 −1
= I − z −N Q + T Lz −N Q I − z −N Q
−1
= (I − z −N Q) I − (I − T L)z −N Q
.

(3.4a)
(3.4b)
(3.4c)

The following results, see, e.g., Longman (2010), enable subsequent derivations,
including decentralized RC designs.
Theorem 3.3.1 (A Nyquist stability theorem for MIMO RC). Consider the
control configuration of Figure 3.3 with R as in (3.2). Suppose all poles of
S, T , L and Q are in the open unit disk, and there are no unstable pole-zero
cancellations between S, (I − z −N Q), and (I − (I − T L)z −N Q)−1 . Then, the
closed-loop multivariable system (3.1) is stable if and only if the image of det(I −
(I − T L)z −N Q)
• does not encircle the origin,
• and does not pass through the origin,
as z traverses the Nyquist contour Γ, depicted in Figure 3.5.
Theorem 3.3.2 (Stability independent of N ). Let the assumptions of Theorem 3.3.1 hold. If (I − T L)z −N Q is strictly proper, then the closed-loop system
(3.1) with R as in (3.2) is stable for all N ∈ N if
ρ ((I − T (eιω )L(eιω )) Q(eιω )) < 1

∀ω ∈ [0, π].

(3.5)
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3.3 Analysis of multivariable RC design

Proofs of Theorem 3.3.1 and Theorem 3.3.2 are provided in Section 3.A. The
results are crucial for forthcoming developments. It is emphasized at this point
that Theorem 3.3.1 gives a necessary condition for stability for a fixed value of
N , and Theorem 3.3.2 guarantees stability for all N ∈ N.
Remark 3.3.3. Theorem 3.3.1 reveals the importance of factorization (3.4) for
RC design. Note that in Theorem 3.3.1, no encirclements of the origin are
required for stability. In sharp contrast, directly applying Nyquist’s theorem to
SR = (I+T R)−1 may severely complicate RC design, since the loop-gain T R may
contain unstable poles. For example, selecting Q = I in (3.2) yields N open-loop
unstable poles on the unit circle. In the multivariable case, the Nyquist contour
in Figure 3.5 should be adapted to include indentations into the unit disk, around
the poles on the unit circle (Desoer and Wang, 1980). Hence, for stability, the
image of det(I + T R) should encircle the origin N times in a counterclockwise
direction.
Remark 3.3.4. From a practical perspective, Theorem 3.3.2 is crucial, since
it enables design of stabilizing RC controllers independent of N . To see this,
suppose that ρ((I − T L)e−ιωN Q) < 1 is violated for some frequency ω 6= 0 and
fixed N . Since the phase of e−ιωN decreases very fast, up to N π radians at the
Nyquist frequency, the image of det(I −(I −T L)e−ιωN Q) may encircle the origin
when varying N .
Motivated by Theorem 3.3.2 and the internal model principle (Francis and
Wonham, 1976), typical design aims for multivariable RC are T L ≈ αI, α ∈
(0, 1], and Q as close to I as possible, while satisfying (3.5). This requires a
multivariable parametric model of T . To avoid this requirement, a decentralized
approach can be taken.

3.3.2

Decentralized RC design: stability considerations

The aim is to design the decentralized controllers
L(z) = diag{l1 (z), l2 (z), . . . , lny (z)},

(3.6)

Q(z) = diag{q1 (z), q2 (z), . . . , qny (z)}

(3.7)

such that the multivariable closed-loop system is stable. A crucial aspect in
decentralized designs is dealing with unmodeled interaction, i.e., the off-diagonal
terms of T (z), which can potentially destabilize the system. Several approaches
can be taken to derive explicit bounds on Q from (3.5) that guarantee robust
stability. The restrictiveness of these bounds depends on the assumptions made
on the structure of Q. For instance, Q(z) = qd (z)I with SISO filter qd (z) leads
to the next result.
Corollary 3.3.5. Let the assumptions of Theorem 3.3.2 hold. Then, the closedloop multivariable system (3.1) with R as in (3.2), L in (3.6) and Q(z) = qd (z)I

70

Chapter 3. MIMO RC: decentralized designs and continuous printing

is stable for all N ∈ N if
|qd (eιω )|ρ (I − T (eιω )L(eιω )) < 1

∀ω ∈ [0, π].

(3.8)

The bound on qd (z) in (3.8) is nonconservative for the case Q(z) = qd (z)I.
However, qd accounts for the worst-case modeling errors and interaction over all
loops. Consequently, e.g., large modeling errors in a single loop affect the Q-filter
applied to all other loops, which may deteriorate performance. This motivates
the development of systematic procedures for independent Q-filter design, where
each loop i is robustified through the corresponding qi separately.

3.4

Decentralized RC: independent designs
with robustness to interaction

In this section, the MIMO design problem of Theorem 3.3.2 is reformulated as
sets of independent SISO design problems, that account for interaction through
robustness in Q. The developed techniques are closely related to results for decentralized feedback interconnections, see, e.g., Grosdidier and Morari (1986);
Skogestad and Postlethwaite (2007), yet differ fundamentally regarding multivariable interaction. This is analyzed in Subsection 3.4.1. Based on this, sets of
independent robust SISO design conditions are developed in Subsections 3.4.2
and 3.4.3. These result in a design procedure for independent decentralized RC
design in Subsection 3.4.4.

3.4.1

Factorization of interaction

A factorization is performed to analyze the role of interaction and enable robust
designs. Let M = I − T L. Then,
M Q = (I + E)Md z −N Q,

(3.9)

where E = (M − Md )Md−1 represents normalized interaction in M , and Md =
diag{M11 , M22 , . . .}. Hence, reformulating Theorem 3.3.2, stability is achieved
for all N ∈ N if
ρ ((I + E)Md Q) < 1 ∀ω ∈ [0, π].
(3.10)
The diagonal term Md Q is to be designed, and the interaction term I + E can
be used to analyze robust stability.
Remark 3.4.1. The pursued factorization-based approach for decentralized RC
is closely related to decentralized feedback control, see, e.g., Grosdidier and
Morari (1986) and Skogestad and Postlethwaite (2007, Section 10.6), yet fundamentally differs regarding the employed factorization.

3.4 Decentralized RC: independent designs with robustness to interaction

71

In decentralized feedback design, i.e., K = diag{ki } with loop gain GK, typically the return difference is factored as
I + GK = (I + E T̃d )(I + Gd K),

(3.11)

gii ki
−1
with E = (G − Gd )G−1
d and T̃d = diag{ 1+gii ki }. Assuming stable (I + Gd K)

and T̃d , the closed-loop system is stable if ρ(E T̃d ) < 1, ∀ω ∈ [0, π], see Grosdidier
and Morari (1986, Thm. 2), Skogestad and Postlethwaite (2007, Sec. 10.6).
This is in sharp contrast with decentralized RC. The difference can be observed from (3.4). Essentially, the term (I − (I − T L)z −N Q)−1 constitutes a
positive feedback interconnection with loop gain (I − T L)z −N Q. In (3.9), this
loop gain is factored. As a result, E appears affinely in (3.10).
Alternative to this approach, also in RC the return difference can be factored
(i.e., dual to decentralized feedback design):
I − (I − T L)z −N Q = I − (I + E)Md z −N Q
= (I − E Md z
|

−N

Q(I − Md z
{z
T̃RC

−N

Q)

(3.12a)
−1

}

)(I − Md z

−N

Q)

(3.12b)

Similar to feedback design on the basis of (3.11), conditions on ρ(E T̃RC ) can be
developed for stability. It is emphasized that since T̃RC is a rational function of
z −N , such conditions in general guarantee stability only for a specific value N .
Factorizations (3.9) and (3.12) are both suitable alternatives. In the present
chapter, the former is pursued, i.e., factoring the loop gain, since it enables
design independent of N . The presented results can be appropriately modified
for decentralized design based on (3.12), i.e., by factoring the return difference.
Next, sufficient conditions for robust stability are developed based on the use
of 1) Gershgorin’s theorem, and 2) the SSV.

3.4.2

Independent design based on Gershgorin bounds

Application of Gershgorin’s theorem, see, e.g., Rosenbrock and Storey (1970,
Theorem 8.2), to the factorization (3.9) leads to the following result.
Theorem 3.4.2 (Independent RC design based on Gershgorin’s theorem). Let
the assumptions of Theorem 3.3.2 hold. Then, the closed-loop system (3.1) with
R in (3.2), L in (3.6), and Q in (3.7) is stable for all N ∈ N if either
1
|(I
+
E(eιω ))ij |
j6=i
1
|(1 − tii (eιω )li (eιω ))qi (eιω )| < P
|(I
+
E(eιω ))ji |
j6=i

|(1 − tii (eιω )li (eιω ))qi (eιω )| < P

∀i, ω ∈ [0, π]

(3.13)

∀i, ω ∈ [0, π]

(3.14)
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A proof is provided in Section 3.A. Theorem 3.4.2 provides individual bounds
for each loop. Yet, these bounds impose no restriction on the structure of Q,
which is potentially conservative for decentralized design. Next, alternative conditions are investigated that exploit the diagonal structure of Q.

3.4.3

Independent design based on the structured
singular value

Robust stability conditions are developed using the structured singular value
(SSV), see, e.g., Grosdidier and Morari (1986); Zhou et al. (1996). The key idea
is to exploit the structured form (3.9) in Theorem 3.3.2.
Definition 3.4.3. For A ∈ Cn×n , the SSV µ∆ (A) is defined
µ∆ (A) =

1
,
min{σ̄(∆) : ∆ ∈ ∆, det(I − A∆) = 0}

(3.15)


Pm
with ∆ = diag{∆1 , . . . , ∆m } : ∆j ∈ Cmj ×mj , j=1 mj = n a prescribed set
of block diagonal matrices, unless no ∆ ∈ ∆ makes I − A∆ singular, in which
case µ∆ (A) = 0.
Theorem 3.4.4 (Independent RC design based on SSV). Let the assumptions
of Theorem 3.3.2 hold. Then, the closed-loop system (3.1) with R in (3.2), L in
(3.6), and Q in (3.7) is stable for all N ∈ N if
|(1 − tii (eιω )li (eιω ))qi (eιω )| <

1
µd (I + E)

∀i, ω ∈ [0, π]

(3.16)

where µd (·) is taken with respect to a diagonal structure.
A proof is provided in Section 3.A. In Theorem 3.4.4, the SSV is employed in
a fundamentally different way than in traditional stability analyses of feedback
interconnections. In robust control approaches, see, e.g., Zhou et al. (1996, Chapters 9, 11), Skogestad and Postlethwaite (2007, Chapter 8), typically µ∆ (M ) is
taken with respect to a structured uncertainty ∆, and M denotes a nominal
model. In sharp contrast, here I + E has the role of nominal model, and Md Q
is the structured uncertainty, i.e., is yet to be designed.

3.4.4

Design considerations and procedure

Theorems 3.4.2 and 3.4.4 enable systematic robust decentralized design using
only SISO parametric models. Interaction does not have to be included in parametric models, since the right-hand-sides of (3.13), (3.14), (3.16) can be computed based on FRF models. This gives rise to the following design procedure.
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Procedure 3.4.5. Independent decentralized RC design
1. Given SISO parametric models of tii (z), i = 1, . . . , ny , construct li (z) as
approximate stable inverses, i.e., li (z) ≈ tiiα(z) .
2. Given a MIMO non-parametric FRF model of T (eιω ), design qi (z) according to joint evaluation of Theorems 3.4.2 and 3.4.4, such that for each
separate frequency ω ∈ [0, π], at least one of (3.13), (3.14), (3.16) is satisfied.
Remark 3.4.6. In the SISO case, Theorems 3.4.2 and 3.4.4 recover the SISO
condition for stability (3.3), since in this case E = 0.
Remark 3.4.7. The sufficient conditions for stability (3.13), (3.14), (3.16) complement each other in the sense that the ordering of their tightness may vary as a
function of frequency, see Section 2.C. Hence, they should be considered jointly
during design, see Procedure 3.4.5. Note that they can not be combined over
loops i: stability is guaranteed only if, for each ω ∈ [0, π], at least one condition
is satisfied for all loops i simultaneously.
In Procedure 3.4.5, interaction is dealt with through independent robust
design of each SISO filter qi . Alternatively, an approach for sequential SISO
design is presented next, at the expense of a more involved design procedure.
Only interaction from previously designed loops need to be taken into account.

3.5

Decentralized RC: sequential design for
interaction

The MIMO design problem of Theorem 3.3.1 is reformulated as a set of sequential
SISO design problems, each of which explicitly accounts for interaction in previously designed loops. Compared to the independent designs in Subsection 3.4.1,
this approach potentially reduces conservatism and improves performance. The
presented approach for RC is related to sequential design of feedback controllers,
see, e.g., Hovd and Skogestad (1994); Mayne (1979), yet has different implications on modeling requirements.

3.5.1

Sequential design for interaction

Considering Theorem 3.3.1 and for decentralized L, Q, it holds
det(I − (I − T L)z −N Q) =

ny
Y

(1 − (1 − t̃ii li )z −N qi )

i=1

(3.17)
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where t̃ii denotes the SISO transfer function from wi to ei , see Figure 3.4, with
all preceding loops 1, . . . , i − 1 closed:
t̃ii = Fu (X[i] , z −N Q[i−1] ),



Ii−1 0
−L[i−1]
X[i] =
+ T[i]
0
0
0



0
1

(3.18)
(3.19)

where A[i] denotes the submatrix formed from the first i rows and columns of
A, and the upper linear fractional transformation of A with respect to B is
denoted Fu (A, B) = A22 + A21 B(I − A11 B)−1 A12 , giventhat the inverse exists,
11 A12
B such that A11 B is square, and A partitioned as A = A
A21 A22 . Using (3.17)
in Theorem 3.3.1 yields the following result.
Theorem 3.5.1 (Sequential decentralized RC design). Let the assumptions of
Theorem 3.3.1 hold. If t̃ii is stable and strictly proper, ∀i, then the closed-loop
system (3.1) with R in (3.2), L in (3.6), and Q in (3.7) is stable if

(3.20)
1 − t̃ii (eιω )li (eιω ) qi (eιω ) < 1 ∀i, ω ∈ [0, π]

A proof is provided in Section 3.A. The MIMO RC design problem is reformulated as a set of sequential SISO designs. Crucially, interaction is explicitly accounted for, since t̃ii contains all interactions from all preceding loops
1, . . . , i − 1. This is illustrated by the following example.
Example 3.5.2. For i = 2, t̃22 is given by

 

1 0
t
t
−l1
t̃22 = Fu
+ 11 12
0 0
t21 t22
0



0
, z −N q1
1

= t22 + t21 l1 z −N q1 (1 − (1 − t11 l1 )z −N q1 )−1 t12 .

(3.21)
(3.22)

Remark 3.5.3. Note that since t̃ii contains all repetitive controllers from preceding loops, it is a function of z −N . Hence, Theorem 3.5.1 guarantees stability
for a specific value of N only.

3.5.2

Design considerations and procedure

It is emphasized that Theorem 3.5.1 offers clear advantages for designing Q, while
sequential design of L is substantially more involved. It seems attractive to design li based on t̃ii , e.g., through approximate inversion. However, constructing
parametric models of t̃ii may be a cumbersome task, since i) the delays z −N from
preceding loops may lead to very a high order of t̃ii , and ii) iterative redesign of
l{1,...,i−1} and remodeling of t̃ii may be required, as is motivated next.
The loop-closing order in Theorem 3.5.1 must be selected with care, since
the resulting closed-loop system may depend on the loop-closing order. Important considerations include, see, e.g., Hovd and Skogestad (1994), i) performance
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deterioration of previously designed loops due to successive designs, and ii) influences of previously designed loops of subsequent designs. This implies that iterative redesign may be needed. Without loss of generality, the loop-closing order
can be altered using a permutation matrix P , and replacing T with T̄ = P T P .
This leads to the following design procedure.
Procedure 3.5.4. Sequential decentralized RC design
Given a nonparametric MIMO model of T (ejω ) and decentralized filter L(z),
perform the following sequence of steps.
1. Choose the order in which the loops are designed.
2. Set the index i = 1, and perform the following steps.
(a) Construct t̃ii (eιω ) according to (3.18)
(b) Design qi according to (3.20) in Theorem 3.5.1, based on the nonparametric model of T .
(c) Until i = ny , set i → i + 1 and return to step 2a.

(d) If the resulting closed-loop system is unsatisfactory, reset i = 1, return
to 2a, and redesign qi .
3. If the resulting closed-loop system after iterations is unsatisfactory, return
to step 1 and change the loop closing order.
Remark 3.5.5. Essentially, Procedures 3.4.5 and 3.5.4 together constitute an
RC-equivalent of step 5 in Procedure 2.2.2 for MIMO ILC design. Note that
sequential design as in Procedure 3.5.4 is not directly relevant for ILC.
In the previous sections, decentralized design procedures are presented for
robust multivariable RC. The benefits and differences of these approaches are
demonstrated next.

3.6

Experimental validation: continuous media
flow on a flatbed printer

In this section, the decentralized RC design techniques are experimentally validated and compared on a flatbed printer. It is demonstrated that the proposed
RC framework enables continuous media flow operation with the accuracy required for printing, constituting contribution C2 of the present chapter. The
experimental system is introduced next. In Subsection 3.6.2, the developed RC
design techniques are applied to this system, and the corresponding results are
provided in Subsection 3.6.3. Motivated by these results, guidelines for decentralized RC design are provided in Subsection 3.6.4.

76

Chapter 3. MIMO RC: decentralized designs and continuous printing
gantry

carriage

printing surface

ϕ

Ul

x

Uy

y

Ur

2
1.5
1
0.5
0

0

0

0.2 0.4 0.6 0.8

1

1 1.2 1.4 1.6 1.8
ry [m]

2

3

4

2
2
1
0
−1
−2
NTs

[cm]

2
1
0
−1
−2

rx

ry

[m]

rx [cm]

Figure 3.6. Experimental setup: Océ Arizona 550 GT flatbed printer.

Time [s]
Figure 3.7. Reference trajectories for continuous media flow printing, see also
Figure 3.2. Note that rϕ = 0. The start/end position of the periodic signal is
indicated by , and the grey areas indicate the time windows for printing.

3.6.1

Experimental setup

An Océ Arizona 550GT flatbed printer is considered, see Figures 3.1 and 3.6.
The system is controlled in the horizontal plane: the carriage translates along the
gantry in y-direction, and the gantry translates in x-direction and rotates in ϕ.
The inputs are the currents to the brushless electrical motors, located on the left
and right side of the gantry, denoted Ul [A] and Ur [A], and along the carriage,
Uy [A]. Static input transformations into the gantry translation and rotation
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Figure 3.8. Bode magnitude diagram of identified FRF of T (
parametric models tbii ( ) used for decentralized RC design.

), and SISO

yield a system G(z) with inputs Uy , Ux , Uϕ [A] and outputs y [m], x [m], ϕ [rad].
The encoder resolution is 10−6 m. The system is controller in discrete time with
sampling time 1 ms. A stabilizing feedback controller is implemented, yielding
closed-loop bandwidths of 6, 3, 4 Hz in y, x, ϕ-directions, respectively (lowest
frequencies where |gii (ejω )cii (ejω )| = 1). An FRF measurement of T is depicted
in Figure 3.8, together with parametric models tbii for RC design. Trajectory r =
[ry , rx , rϕ ]> for continuous media flow printing is shown in Figure 3.7, where rϕ =
0 and N = 4734. Note that the system exhibits position-dependent dynamics
due to the carriage motion, which needs to be compensated for.

3.6.2

Decentralized RC designs

Four repetitive controllers are designed, according to Theorem 3.3.2, and Procedures 3.2.1, 3.4.5 and 3.5.4. Each li (z) is obtained through inversion of the
minimum phase SISO models tbii , see Figure 3.8. The robustness filters qi (z) are
designed as 50th order zero-phase low-pass FIR filters, with associated cut-off
frequencies fc,i specified in Table 3.1. The loop-closing order of the sequential
approach is 2, 1, 3, i.e., in decreasing order of required robustness. The resulting
closed-loop SR S, see (3.1), using the sequential design is depicted in Figure 3.9.
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Table 3.1. Overview of decentralized RC designs.

Q-filter design

fc,1 [Hz]

fc,2 [Hz]

fc,3 [Hz]

ke10 kF
√
ny N

Multi-loop SISO (Proc. 3.2.1)
Robust SISO (Thm. 3.3.2)
Independent (Proc. 3.4.5)
Sequential (Proc. 3.5.4)

40
25
32
37

30
25
25
30

60
25
35
42

N/A
3.64e−6
2.71e−6
2.24e−6
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Figure 3.9. Bode magnitude diagram of modified sensitivity function SR S
using the sequential design ( ), and sensitivity function S ( ), see (3.1).

3.6.3

Experimental results

The results are presented
in Figures 3.10, 3.11, and 3.12. In Figure 3.10, the
qP
2
matrix norm kej kF =
i,k |ej (i, k)| is depicted as a function of periods,

where ej = [ej,y , ej,x , ej,ϕ ]> ∈ R3×N and ej (k) = e(k + jN ). The following
observations are made:

• Application of multi-loop SISO RC designs, i.e., ignoring interaction, leads
to an unstable system. This emphasizes the importance of accounting for
interaction in multivariable RC design, including decentralized designs.
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Figure 3.10. Multi-loop SISO RC design ( , Procedure 3.2.1), i.e., ignoring
interaction, leads to unstable behavior. By systematically addressing interaction, the sequential design approach ( , Procedure 3.5.4) outperforms the
independent design approach ( , Procedure 3.4.5) and the robust SISO design
( , Theorem 3.3.2). The error obtained without RC is shown as ( ).

• Using robustly stable repetitive control, the tracking error is reduced by
99% in terms of kekF , compared to the case without repetitive control,
10 kF
i.e., ke
ke0 kF ≈ 0.01.
• The sequential and independent design approaches outperform the robust
SISO design by 38% and 25%, respectively, in terms of ke10 kF . Note that
each approach uses exactly the same (non)parametric models; performance
is increased only through more sophisticated design of Q.
• This performance improvement is achieved by systematically designing for
interaction. Through independent and sequential decentralized designs,
see Table 3.1, robustness is addressed separately per loop. Particularly in
loops 1 and 3, less robustness is required, whereas the conservative robust
SISO design applies the same filter q to each loop.
• Using sequential design, the peak error during printing is improved by a
factor 7 in y-direction, 30 in x-direction, and 90 in ϕ-direction, compared
to the case without RC.
For the considered printing application, especially the error reduction in xdirection is important. Errors in y-direction, i.e., approximately parallel to the
print-pass direction, can be compensated by adjusting the inkjet timing.
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Figure 3.11. Tracking errors with sequentially designed RC ( ) and without
RC ( ) during the 10th period of r. During printing (grey areas), the errors
ey and ex are inside ±5µm, approaching the encoder resolution of 1µm.

3.6.4

Design guidelines

The insights obtained from the experimental results lead to guidelines on designing decentralized repetitive controllers:
• If the period length N is a priori fixed, employ sequential designs (Procedure 3.5.4), as this in general yields the best performance.
• If RC is to be implemented with various N , use independent designs (Procedure 3.4.5) to guarantee stability ∀N ∈ N.
• Only if the user effort in terms of algorithmic complexity is severely limited,
use robust SISO design (Procedure 3.2.1).
• Only if the achieved performance using decentralized RC is not sufficient,
and this justifies an increase in modeling cost, design a full centralized RC,
as in Procedure 2.2.2 for MIMO ILC. A range of the required multivariable
inversion algorithms is provided in Section 2.D, see also Li and Tsao (2001);
De Roover et al. (2000); Weiss and Häfele (1999). This step requires a
MIMO parametric model of the closed-loop system T .
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Figure 3.12. Power spectral density (PSD) of errors signals after convergence.
The main performance improvement of the sequentially designed RC ( ) compared to no RC ( ) is achieved at the harmonics of the periodic disturbance
r, up to the cut-off frequencies of Q(z) = diag{qi (z)}.

3.7

Conclusions

A design framework is developed for multivariable repetitive control that enables continuous media flow printing with enhanced positioning accuracy. The
developed framework explicitly addresses the trade-offs between model knowledge, design complexity, and control performance. The presented decentralized
designs require only SISO parametric models, and provide robustness to interaction through i) independent designs, including the use of the structured singular
value, and ii) sequential design. The developed framework is experimentally validated on an industrial flatbed printing system, operating with continuous media
flow. The results illustrate a large potential for high accuracy, high production
speeds, and medium versatility in industrial printing.

3.A

Proofs of theorems

Proof of Theorem 3.3.1. With S and (I −z −N Q) are stable, the closed-loop SR S
−1
is stable iff (I − H) is stable with H = (I − T L)z −N Q, see (3.4), assuming
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−1

no unstable pole-zero cancellations. (I − H) essentially constitutes a positive
feedback loop with loop gain H. The determinant of return difference I − H can
be expressed as Skogestad and Postlethwaite (2007, Section 4.9):
det(I − H(z)) = c

φcl (z)
,
φol (z)

(3.23)

where φol (z) is the characteristic polynomial of H(z), φcl (z) is the characteristic
polynomial of (I − H)−1 , and c is a non-zero constant if (I − H)−1 is well-posed.
The Cauchy argument principle states, assuming that
1. det(I − H(z)) is analytic along Γ, i.e., φol has no roots on Γ,
2. det(I − H(z)) has P poles inside Γ, i.e., φol has P roots inside Γ,
3. and det(I − H(z)) has Z zeros inside Γ, i.e., φcl has Z roots inside Γ,
then the image of det(I − H(z)) as z traverses Γ encircles the origin Z − P times
in a clockwise direction, see, e.g., Skogestad and Postlethwaite (2007, Lemma
4.10). Hence, (I − H)−1 is stable, i.e., has Z = 0 poles inside Γ, iff the image
of det(I − H(z)) encircles the origin P times in a counterclockwise direction
as z traverses Γ. Since all poles of H are inside the unit disk, i.e., P = 0,
zero encirclements of the origin are needed. Note that as H has no poles on Γ,
assumption 1 is automatically satisfied.
Proof of Theorem 3.3.2. Let H = (I − T L)z −N Q, and consider Theorem 3.3.1
with Nyquist contour Γ in Figure 3.5. Note that if H is strictly proper, which
is the case for sufficiently large N , only the part of Γ around the unit circle
needs to be evaluated. This follows since lim|z|→∞ det(I − H(z)) = 1, i.e.,
the part of Γ at infinity maps to +1, and the parallel branches along the real
axis of Γ do not influence the stability test (Åström
Q and Wittenmark, 1997, p.
86). Next, consider det(I − (I − T L)e−ιωN Q) = i (1 − λi ((I − T L)e−ιωN Q)).
Hence, if all λi ((I − T L)e−ιωN Q) are smaller than 1 for all frequencies, then
det(I − (I − T L)e−ιωN Q) does not encircle the origin. Finally, since |z −N | = 1
for z on the unit circle, (3.5) implies stability for all N ∈ N.
Proof of Theorem 3.4.2. First, since the products of two square matrices have
identical spectra, note that ρ((I + E)Md Q) = ρ(Md Q(I + E)). Second, Gershgorin’s theorem states that the eigenvaluesP
of a n × n matrix A lie in the union
of the set of disks defined by |z − aii | ≤
P j6=i |Aij |, and alsoPin the union of
theP
set of disks defined by |z − aii | ≤ j6=i |aji |. Hence, if j |aij | < 1, ∀i,
or j |aji | < 1, ∀i, then ρ(A(eιω )) < 1. Combining these results with Theo-
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rem 3.3.2, closed-loop stability hence follows if either
X
X
|((I + E)Md Q)ji | =
|(I + E)ji ||Mii Qii | < 1 ∀i, ω ∈ [0, π]
j

X
j

(3.24)

j

|(Md Q(I + E))ij | =

X
j

|Mii Qii ||(I + E)ij | < 1 ∀i, ω ∈ [0, π]

(3.25)

Proof of Theorem 3.4.4. For a matrix A and a matrix ∆ ∈ ∆, see Skogestad
and Morari (1988, Theorem 2), it holds
ρ(A∆) ≤ σ̄(∆)µ∆ (A),

(3.26)

where µ∆ (A) is taken with respect to the structure of ∆. Taking ∆ = QMd ,
A = I + E and ∆ = {δI : δ ∈ C}, closed-loop stability then follows from
Theorem 3.3.2 and (3.9), if
ρ((I + E)Md Q) ≤ σ̄(Md Q)µd (I + E) < 1

∀ω ∈ [0, π]

(3.27)

where µd (I + E) is the structured singular value with respect to the diagonal
structure of Md Q. Finally, note that σ̄(Md Q) = maxi |Mii Qii | due to its diagonal structure.
Proof of Theorem 3.5.1. By substitution of factorization (3.17) into Theorem 3.3.1, it is observed that stability is achieved if and only if the images
of (1 − (1 − t̃ii li )z −N qi ) make no net encirclements of the origin, as z traverses
the Nyquist contour Γ in Figure 3.5. Clearly, this is guaranteed if (1− t̃ii li )z −N qi
does not exceed unit magnitude, ∀i. This is satisfied if |(1 − t̃ii li )qi | < 1 for all
|z| = 1, see also the proof of Theorem 3.3.2.

Chapter 4

Sequential Design of Multiple
Repetitive Controllers with
Application to a Roll-to-Roll
Printer1
Abstract – Repetitive control (RC) enables high control performance for systems subject to periodic disturbances. Many disturbances in mechatronic applications involve the sum of multiple periodic signals, which is not necessarily
periodic over a small time interval. The aim of this chapter is to develop a
sequential design procedure for multiple repetitive controllers, that enables high
performance in the presence of multiple periodic disturbances. The developed
approach involves sequential design of the controllers, and addresses modeling
errors and coupling between the multiple controllers in a systematic manner.
An experimental case study on an industrial roll-to-roll printer confirms the
benefits of the proposed approach, including superior performance compared to
pre-existing RC designs.

4.1

Introduction

Many disturbances in mechatronic applications involve the sum of multiple periodic signals. Their summation is not necessarily periodic, e.g., consider a signal
with a rational period and one with an irrational period. A relevant example in1 The results in this chapter constitute Contribution 3 of this thesis. The chapter is based
on Blanken et al. (2019d).
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cludes printing systems with various rotating components and gear ratios, which
is the case study in the present chapter.
Repetitive control (RC) can significantly improve the control performance
of systems that are subject to dominantly periodic disturbances, see, e.g., Hara
et al. (1988); Longman (2010). By application of the internal model principle
(Francis and Wonham, 1976), RC enables perfect asymptotic rejection of periodic
signals. However, a disadvantage of RC is increased sensitivity to non-periodic
disturbances (Steinbuch, 2002), which directly deteriorates control performance.
This adverse effect can be reduced through high-order repetitive control, see,
e.g., Chang et al. (1995); Pipeleers et al. (2008); Steinbuch et al. (2007), yet
the achievable performance is fundamentally limited for the considered class of
multi-periodic disturbances, i.e., possibly non-periodic summations of periodic
signals.
Developments in repetitive control for multi-periodic disturbances aim to include multiple internal models, see, e.g., Chang et al. (1998); Yamada et al.
(2000). By joint implementation of multiple repetitive controllers, each with
the task to reject a single periodic component, perfect asymptotic rejection of
multi-periodic disturbances is potentially enabled. Most design approaches connect repetitive controllers in parallel, see, e.g., Chang et al. (1998); Owens et
al. (2006); Weiss (1997); Zhou et al. (2007). This potentially enables perfect
asymptotic performance, yet often leads to slow convergence due to interaction
between controllers. To improve convergence behavior, in Winarto et al. (2015);
Yamada et al. (2000) multiple repetitive controllers are connected in a cascaded
manner. Despite that promising results are reported, these approaches involve
independent designs of each controller, and address interaction as uncertainty,
i.e., through robustness. This leads to unnecessarily conservative designs, which
can lead to severe performance limitations.
Although substantial improvements have been made to compensate multiperiodic disturbances through repetitive control, at present its performance potential has not yet been fully explored due to the seemingly required robustness
to interaction. The aim of the present chapter is to address interaction between multiple repetitive controllers in a systematic manner, hence enabling
non-conservative design techniques.
The contributions of this chapter are twofold.
C1) A sequential design technique is developed for multiple repetitive controllers, based on non-conservative conditions for stability in the presence
of interaction between controllers.
C2) The potential of the developed design technique for rejection of multiperiodic disturbances is validated on an industrial roll-to-roll printer in
reproducible experiments.
The proposed sequential design reformulates the monolithic design problem of
the combined repetitive controllers to a sequential set of controller designs. Each

4.2 Problem formulation
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design explicitly accounts for interaction from previously designed controllers,
and can be performed using loop-shaping techniques in the frequency-domain.
The experimental results confirm that the proposed approach enables fast rejection of multiple periodic disturbances, and outperforms pre-existing approaches.
The outline of the chapter is as follows. In Section 4.2, the design problem
is formulated, and illustrated by a case study of a roll-to-roll printer. In Section 4.3, the employed multiple repetitive controller structure is introduced. The
sequential design framework is developed in Section 4.4, constituting contribution C1. The experimental validation on the considered case study is presented
in Section 4.5, forming contribution C2.
Notation. All systems are discrete-time, single-input single-output, and linear time-invariant. The set of real-rational functions bounded on the unit circle
is denoted RL∞ , and RH∞ is the subset of RL∞ analytic for |z| > 1. The
imaginary unit is denoted ι, i.e., ι2 = −1. The least common multiple of two
integers a, b is denoted lcm(a, b). The complex indeterminate z is often omitted
when it is clear from the context.

4.2

Problem formulation

In this section, the addressed problem is formulated. In Subsection 4.2.1, the
considered case study is introduced. The repetitive control setup is presented in
Subsection 4.2.2, and the control problem is defined in Subsection 4.2.3.

4.2.1

Case study: positioning errors in a roll-to-roll
printer

Figure 4.1 depicts an Océ Colorado 1640 printer, which can print on roll-based
media, including paper and vinyl, that are up to 1.6 meters wide. A printing
operation is illustrated in Figure 4.2. The printheads, which contain many closely
spaced nozzles that deposit ink onto the medium, are located in the carriage.
The carriage performs lateral passes over the stationary medium. After printing,
the ink is cured by UV light. In between passes, the paper is transported over the
printing surface in y-direction by the medium positioning roll. For high-quality
printing, accurate alignment of consecutive print-passes is required.
The alignment of print-passes is deteriorated by medium positioning errors
(MPEs), which are induced during step-wise medium transportation. These
MPEs originate from multiple rotating components in the system, e.g., due to
eccentricities in rolls that transport the paper. A measured MPE is depicted in
Figure 4.3. Its power spectrum reveals multiple periodic contributions, which
are related to several rotating components in the system. For instance, the
dominant contribution with period 31.4 print-passes corresponds to one rotation
of the medium positioning roll.
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LED-based UV curing system
printing surface
carriage

medium rolls

Figure 4.1. Océ Colorado 1640 large-format roll-to-roll printing system.

gantry beam

carriage
scanner

deformed
passes
y
x

paper transport direction

paper

medium positioning roll

Figure 4.2. Top view of printing operation in a prototype roll-to-roll printer.
The carriage performs lateral passes over the paper. In between passes, the
paper is step-wise transported in y-direction using the medium positioning roll.
This paper transport induces medium positioning errors (MPEs), resulting in
misalignment of consecutively printed passes. The aim is to measure the MPEs
using a scanner mounted on the carriage, and compensate them by controlling
the gantry position in y-direction during printing using multi-period RC.

For high-quality printing, the compensation of the multi-periodic MPEs is
required. This is enabled by a scanner in the carriage, see Figure 4.2. The MPEs
result from an image processing algorithm that analyzes each scan a posteriori.
The main idea is to use the MPE measurement as a reference for the gantry beam,
and actively control the gantry beam position during passes of the carriage. To
achieve the required printing accuracy, the development of a repetitive control
framework is required.
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(a) Measured medium positioning errors.
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Figure 4.3. Measured medium positioning errors, consisting of multiple periodic components. The periodic components correlate with various rolls in the
system, e.g., the dominant period of 31.4 passes (frequency 0.032 print-pass−1 )
corresponds to one rotation of the medium positioning roll.

4.2.2

Repetitive control setup

Consider the control scheme in Figure 4.4, consisting of plant G(z), stabilizing
feedback controller C(z), and repetitive controller R(z) to be designed, connected in a cascaded configuration. In view of the case study, r(k) represents
a medium position measurement that is to be tracked by gantry position y(k),
and G(z) is the gantry dynamics. Signal d denotes disturbances unrelated to r.
TheP
control objective is to reject a multi-periodic exogenous disturbance
n
r(k) = i=1 ri (k), where ri (k + Ni ) = ri (k) and Ni ∈ N are the periods. That
is, minimize the tracking error e = r − y, given by
e = r − (1 + GC)
= (1 + T R)

−1

−1

−1

GCRe − (1 + GC)

(r − Sd) = SR (r − Sd),

d

(4.1a)
(4.1b)
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Figure 4.4. Control configuration with repetitive controller R.

with sensitivity function S = (1 + GC)−1 ∈ RH∞ , complementary sensitivity
function T = (1 + GC)−1 GC ∈ RH∞ , and modifying sensitivity function SR =
(1 + T R)−1 .
Remark 4.2.1. The employed cascaded controller configuration, see Figure 4.4,
is in contrast with the add-on configuration utilized in Chapter 3, see Figure 3.3.
The former is preferred in view of the considered case study here: the reference r,
which is the medium position measurement to be tracked, becomes available after
a time delay due to the required image processing. It can hence not be fed into
C, as in Figure 3.3, in real-time. In the cascaded structure, the image processing
delay can be incorporated into the delay of repetitive controller R. Note that the
design problem of R is equivalent: in both cases, the problem is the design of
SR = (I + T R)−1 , respectively in equations (4.1) and (3.1).
Based on the internal model principle (Francis and Wonham, 1976), repetitive control enables asymptotic rejection of periodic disturbances by including
a memory loop in the feedback loop, see, e.g., Hara et al. (1988). For multiperiodic disturbances, a single-period RC may be designed based on the least
common multiple of all periods, that is if one exists. This can lead to slow
transients, especially if the least common multiple is unacceptably large, e.g.,
consider Figure 4.3(b). Alternatively, multiple repetitive controllers are implemented in, e.g., Chang et al. (1998); Yamada et al. (2000), yet these approaches
often result in limited performance due to conservative designs.

4.2.3

Problem formulation

The problem addressed in this chapter is the design of a repetitive controller R
with respect to the following requirements.
R1) Fast convergence of the error (4.1) in the presence of multi-periodic disturbances;
R2) High asymptotic performance, i.e., small error (4.1) after convergence.
Pre-existing approaches fail to satisfy both requirements, as is demonstrated
in this chapter, due to seemingly required robustness to modeling errors and
interaction between controllers.
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In this chapter, a sequential design approach is developed for multiple repetitive controllers that meets R1 and R2. Interaction between controllers and modeling errors are addressed in a non-conservative manner through the sequential
design.
In the next section, the multi-period RC structure is introduced. In Section 4.4, the sequential design technique is developed. The experimental validation is presented in Section 4.5.

4.3

Multi-period repetitive control structure

In this section, the employed multi-period repetitive control structure is introduced. Multiple repetitive controllers are implemented in a cascaded structure,
see also Winarto et al. (2015); Yamada et al. (2000), which potentially improves
convergence speed (R1) of the closed-loop system compared to parallel implementations, e.g., Chang et al. (1998); Owens et al. (2006). Crucially, the cascaded structure facilitates non-conservative sequential design (R2) in Section 4.4,
i.e., contribution C1.
The multi-period controller R, see Figure 4.5, is described by
R=

n
X
i=1

Ri

i−1
Y

(1 + T̂ Rj ),

(4.2)

j=1

with T̂ a parametric model of T , and each single-period controller Ri is given by
Ri = αi Li z −Ni Qi (1 − z −Ni Qi )−1 ,

(4.3)

with filters Li (z), Qi (z) ∈ RL∞ , periods Ni ∈ N, and learning gains αi ∈ R,
i ∈ [1, . . . , n]. Note that Li and Qi can have finite preview, i.e., be non-causal,
since their preview can be embedded in the memory loops.
Model T̂ hides the control action from preceding controllers, which reduces
interaction and improves convergence speed. This is illustrated by two examples.
Example 4.3.1. Let n = 2, and assume T̂ = T , i.e., perfect model knowledge.
Then, the error signal entering R2 is given by
e2 = e1 + T̂ u1 = e + T̂ u1
= r − Sd − T (u1 + u2 ) + T̂ u1

= r − Sd − T u2 .

(4.4a)
(4.4b)
(4.4c)

Hence, the control action u1 is hidden from R2 . Note that the input to R1 is the
original error, i.e., e1 = e.
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(a) Cascaded structure of R.
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Figure 4.5. Structure of multi-period repetitive controller R.

Example
P2 4.3.2. Consider a static system T ∈ R, T 6= 0, subject to disturbance
r(k) = i=1 ri (k), with r1 (k + 2) = r1 (k) and r2 (k + 3) = r2 (k), i.e., N1 = 2,
N2 = 3, and d = 0.
A two-period repetitive controller (4.2) is implemented with N1 = 2, N2 = 3,
static Li , Qi ∈ R and αi = 1, see Figure 4.5. Using state-space representations,
system (4.1) is described by


0
0
Q1
0 0
0
 1
0
0 0
0
0 


 0 (T̂ − T )L1 Q1 0 0 (1 − T L2 )Q2 1 
 r(k).
(4.5)
e(k) = 
 0
0
1 0
0
0 


 0
0 
0
0 1
0
0
T L1 Q1
0 0
T L2 Q2
0
{z
}
|
SR

Let Li = 1/T , i.e., perfect model knowledge, and Qi 6= 0 such that SR is stable.
Comparing a cascaded structure with T̂ = T to a parallel structure, i.e., T̂ = 0
in Figure 4.5, the following observations are made:
• In a cascaded structure, the 5 poles of the resulting system SR are all located
in the origin, irrespective of Qi . Hence, convergence of e(k) is achieved
after k = 5 samples for disturbance r(k) with period lcm(N1 , N2 ), i.e.,
e(k + lcm(2, 3)) = e(k) for k ≥ 5. Note that if Qi = 1, then zero error is
obtained, i.e., e(k) = 0 for k ≥ 5.
• In a parallel structure, i.e., T̂p= 0 in (4.5), the poles of SR are evenly
spaced on a circle with radius 5 |Q1 Q2 |. Hence, slow convergence may be
obtained, despite the use of perfect model knowledge, i.e., Li = 1/T , ∀i.

4.4 Sequential design approach for multi-period repetitive control
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The example illustrates that parallel RC structures can lead to slow convergence, whereas fast convergence can be achieved through a cascaded structure.
In the next section, a systematic design approach is developed for cascaded
multi-period RC, that explicitly accounts for modeling errors T̂ 6= T and the
resulting remaining interaction between controllers.

4.4

Sequential design approach for multi-period
repetitive control

In this section, a sequential design procedure is developed for cascaded multiperiod repetitive control, constituting contribution C1 of this chapter. The required non-conservative stability conditions are developed in Subsection 4.4.1,
which form the basis for the developed design procedure in Subsection 4.4.2.
Stability is guaranteed in the presence of modeling errors T̂ 6= T through the
use of FRF measurements, see, e.g., Pintelon and Schoukens (2012), which enables performance improvements compared to Winarto et al. (2015); Yamada et
al. (2000). The developed results are related to sequential design techniques for
multivariable feedback controllers, see, e.g., Hovd and Skogestad (1994); Mayne
(1979), yet have different implications for controller design.

4.4.1

Stability analysis

In this subsection, non-conservative stability conditions are developed for the
closed-loop system (4.1) with multi-period RC in (4.2). The following result is
fundamental to all derivations.
Lemma 4.4.1. Consider closed-loop system (4.1) with R as in (4.2). Then, the
modifying sensitivity can be factored as
SR = (1 + T R)−1 =

n
Y

(1 + Tieq Ri )−1 ,

(4.6)

i=1

where Tieq denotes the equivalent plant in loop i, given by
Tieq

=

(

T
eq
eq
(1 + Ti−1
Ri−1 )−1 Ti−1
(1 + T̂ Ri−1 )

if i = 1,
if i > 1.

(4.7)

A derivation of (4.6) is provided in Section 4.A. In Lemma 4.4.1, SR is
reformulated as a product of recursively dependent factors, through equivalent
plant Tieq in (4.7). Indeed, Tieq is the transfer function that maps ui to ei with
all preceding loops 1, . . . , i − 1 closed, and includes all controllers R1 , . . . , Ri−1 .
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Im(z)

Re(z)

Figure 4.6. Nyquist contour Γ with inner radius 1, outer radius infinity, and
the parallel lines infinitely close to the real axis.

Remark 4.4.2. If T̂ = T , i.e.,Q
perfect model knowledge, then Tieq = T , ∀i. As
n
a result, (4.6) reduces to SR = i=1 (1 + T Ri )−1 , and the design of R in (4.2)
simplifies to independent designs of each Ri based on T . In this case, standard
single-period RC design techniques can be used, see, e.g., Hara et al. (1988);
Longman (2010).
Next, the factorization in Lemma 4.4.1 is exploited for stability analysis. The
key point is that SR is stable if each factor in (4.6) is stable. Substitution of
(4.3) for Ri and rewriting yields
(1 + Tieq Ri )−1 = 1 + αi Tieq Li z −Ni Qi (1 − z −Ni Qi )−1
= (1 − z

−Ni

Qi +

αi Tieq Li z −Ni Qi )(1

−1

−z

−Ni

(4.8a)

−1 −1

Qi )

−1
= (1 − z −Ni Qi ) · 1 − (1 − αi Tieq Li )z −Ni Qi
.

(4.8b)
(4.8c)

The main results of this section are presented next.

Theorem 4.4.3 (Nyquist stability theorem for multi-period RC based on sequential conditions). Consider closed-loop system (4.1) with R as in (4.2). Suppose all poles of S, T , T̂ , Li and Qi are in the open unit disk, and there are no
unstable pole-zero cancellations between S and the factors in (4.8), ∀i. Then,
closed-loop system (4.1) is stable if and only if, for all i = 1, . . . , n, the image of
(1 − αi Tieq Li )z −Ni Qi
• does not encircle the point 1 + 0ι,
• and does not pass through the point 1 + 0ι,
as z traverses the Nyquist contour Γ depicted in Figure 4.6.

4.4 Sequential design approach for multi-period repetitive control
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Corollary 4.4.4 (Small-gain stability for multi-period RC based on sequential
conditions). Let the assumptions of Theorem 4.4.3 hold. If (1−αi Tieq Li )z −Ni Qi
is strictly proper for all i, then the closed-loop system (4.1) with R as in (4.2)
is stable if, for all i = 1, . . . , n, it holds
|(1 − αi Tieq (eιω )Li (eιω )) Qi (eιω )| < 1

∀ω ∈ [0, π].

(4.9)

Proofs of Theorem 4.4.3 and Corollary 4.4.4 are provided in Section 4.A. Crucially, Theorem 4.4.3 reformulates stability of SR = (1 + T R)−1 into a sequential
set of non-conservative conditions on Ri .
Remark 4.4.5. In the single-period case, i.e., n = 1, Theorem 4.4.3 and Corollary 4.4.4 recover well-known conditions for stability of standard RC systems,
see, e.g., Longman (2010, Theorems 1 and 2).
Remark 4.4.6. A parallelP
RC structure is recovered as a special case by setting
n
T̂ = 0 in (4.2), i.e., R = i=1 Ri . Hence, Theorem 4.4.3 and Corollary 4.4.4
also provide stability conditions for parallel multi-period RC with Tieq = (1 +
eq
eq
Ti−1
Ri−1 )−1 Ti−1
. Note however that, in this case, Tieq may significantly deviate
from T , which may severely complicate design.

4.4.2

Design considerations and procedure

Theorem 4.4.3 and Corollary 4.4.4 enable sequential design of multiple repetitive controllers Ri in the presence of modeling errors. The following important
observations are made.
• Stability in the presence of modeling errors T̂ 6= T can be directly verified
using FRF measurements, see, e.g., Pintelon and Schoukens (2012). In
particular, Tieq (eιω ) can be constructed based on FRF measurements of
T (eιω ), enabling a direct evaluation of robust stability in Theorem 4.4.3
and Corollary 4.4.4.
• The equivalent plant Tieq may closely approximate T , also if T̂ 6= T . By
substitution of (4.8) into (4.7), it follows:
eq
eq
Tieq = (1 + Ti−1
Ri−1 )−1 Ti−1
(1 + T̂ Ri−1 )


1 − z −Ni−1 Qi−1
eq
Ti−1
=
eq
1 − (1 − αi Ti−1
Li−1 )z −Ni−1 Qi−1
!
1 − (1 − αi T̂ Li−1 )z −Ni−1 Qi−1
·
1 − z −Ni−1 Qi−1
eq
= Ti−1

1 − (1 − αi T̂ Li−1 )z −Ni−1 Qi−1
,
eq
1 − (1 − αi Ti−1
Li−1 )z −Ni−1 Qi−1

(4.10a)
(4.10b)
(4.10c)
(4.10d)
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for i > 1 and T1eq = T . Hence, at frequencies where (4.9) is small, it holds
eq
T2eq ≈ T1eq = T , and consequently also Tieq ≈ Ti−1
≈ T . This is confirmed
by Figure 4.7.
• The loop-closing order must be selected with care, since the resulting
closed-loop system may depend on the loop-closing order. Important considerations include, see, e.g., Hovd and Skogestad (1994), i) performance
deterioration of previously designed loops due to successive designs, and
ii) influences of previously designed loops of subsequent designs. This implies that iterative redesign may be needed. The loop-closing order can be
altered as T̄ = P T P , where P is a permutation matrix.

These considerations lead to the following design procedure.
Procedure 4.4.7. Sequential multi-period RC design
1. Design L ≡ Li by inversion of parametric model T̂ .
2. Choose the order in which the controllers are implemented.
3. Set the index i = 1, and perform the following steps.
(a) Construct Tieq (eιω ) according to (4.7), e.g., based on a FRF measurement of T (eιω ).
(b) Design filter Qi (z) and gain αi according to Theorem 4.4.3 or Corollary 4.4.4, based on the equivalent plant Tieq .
(c) Until i = n, set i → i + 1 and return to step 3a.

(d) If the resulting closed-loop system is unsatisfactory, reset i = 1, return
to 3a, and redesign each Ri .
4. If the resulting closed-loop system after iterations is unsatisfactory, return
to step 2 and change the loop closing order.
In the next section, Procedure 4.4.7 is experimentally validated.

4.5

Experimental validation

In this section, the sequential design technique for multi-period RC is validated
on a roll-to-roll printer in a reproducible experiment, constituting contribution
C2 of the present chapter. It is demonstrated that multi-period RC enables accurate compensation of medium positioning errors with fast convergence. First,
the experimental system is introduced. In Subsection 4.5.2, the developed RC
design technique is applied to the system. The results are presented in Subsection 4.5.3.
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Figure 4.7. Bode diagram of identified FRF of T ( ), parametric model T̂
( ), and equivalent plant T2eq ( ) used in sequential multi-period RC design.

4.5.1

Experimental setup

The gantry beam of a prototype roll-to-roll printer is considered, see Figure 4.2.
The system is actuated by a voltage-driven motor, and the output position y
[m] is measured using an optical encoder with resolution 0.25µm. The system
is operated in discrete time with sampling time 1 ms. A stabilizing feedback
controller is implemented, yielding a closed-loop bandwidth of 14 Hz. An FRF
measurement of resulting system T (z) is depicted in Figure 4.7, together with
low-order parametric model T̂ (z) used for design. The anti-resonance/resonance
pairs between 20 and 80 Hz are deliberately not modeled, to include the effect
of significant modeling errors.
To validate the proposed multi-period
P2RC design in a reproducible experiment, a two-periodic disturbance r =
i=1 ri is constructed that represents
medium positioning errors, see Figure 4.8. Signals r1 and r2 represent a disturbance due to step-wise paper transportation, and an eccentricity of the medium
positioning roll. The corresponding periods are N1 = 4500 and N2 = 12000
samples, and lcm(N1 , N2 ) = 8N1 = 3N2 .

4.5.2

Compared RC approaches

Three repetitive controllers are designed. The multi-period designs are implemented with memory lengths N1 and N2 , i.e., n = 2. All filters Li are constructed through inversion of T̂ , i.e., Li (z) = 1/T̂ (z), and filters Qi are designed
as 50th order zero-phase low-pass FIR filters with cut-off frequencies 35 Hz.
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Figure 4.8. Disturbance signal r = r1 + r2 ( ), consisting of periodic signals
r1 , r2 ( , , respectively) with periods N1 = 4500 and N2 = 12000.

• A cascaded multi-period RC (4.2), see Figure 4.5, is designed according
to Procedure 4.4.7 and Corollary 4.4.4. Due to the cascaded structure,
the equivalent plant T2eq in loop 2 closely matches the true system T , see
Figure 4.7. As a result, gains αi = 1 are permitted by Corollary 4.4.4.
• A parallel multi-period RC, i.e., without T̂ in Figure 4.5, is designed according to Zhou et al. (2007, Theorem 1) and Chang et al. (1998, Theorem
1). Due to the absence of T̂ in Figure 4.5, the learning gains have to be
set to αi = 0.5 to guarantee stability.
• A single-period RC is designed according to Corollary 4.4.4 with n = 1,
i.e., |(1 − αT (eιω )L(eιω )) Q(eιω )| < 1, ∀ω. The memory length of the RC
is N = lcm(N1 , N2 ).

4.5.3

Experimental results

The results
are presented in Figures 4.9 and 4.10. In Figure 4.9, the norm
qP
N1
2
kep k2 =
k=1 |ep (k)| is depicted as a function of repetitions of r1 , where
ep (k) = e(k + pN1 ). The following observations are made:
• The cascaded multi-period RC ( ) achieves fast convergence. After N1
samples, a large part of sinusoidal disturbance r1 is compensated by R1 (z),
see Figure 4.10. Since the control action of R1 is approximately hidden
from R2 in the cascaded structure, R2 is able to reject disturbance r2
within 2 periods N2 .
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Figure 4.9. Results: error norm as function of periods N1 . The proposed
cascaded multi-period RC ( ) results in fast convergence, whereas parallel multiperiod RC ( ) leads to very slow convergence, and single-period RC ( ) updates
every lcm(N1 , N2 ) = 8N1 samples, indicated by the dotted line. The error
obtained without RC is shown as ( ).

• Placing multiple RC in a parallel structure ( ) leads to very slow convergence. This is due to the absence of T̂ in Figure 4.5, resulting in interaction
between R1 and R2 .
• Single-period RC ( ) yields zero control action until lcm(N1 , N2 ) = 8N1
samples, i.e., the control action is updated every 8N1 samples. Note that
the least common multiple of general multi-periodic disturbances may be
much higher, e.g., consider Figure 4.3(b), which can lead to unacceptably
long delays before learning.
• For all RC designs, the remaining error after convergence has peak magnitude 2µm, i.e., disturbance r in Figure 4.8 is accurately compensated.
Hence, it is expected that the control designs are suitable for the actual
compensation of medium positioning errors, such as depicted in Figure 4.3.
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Figure 4.10. Results: errors with proposed cascaded multi-period RC ( ),
parallel multi-period RC ( ), and single-period RC ( ). After convergence, all
designs achieve peak error 2µm, approaching the encoder resolution of 0.25µm.

4.6

Conclusions

In this chapter, a repetitive control design approach is developed that enables
compensation of multi-periodic medium positioning errors in large-format rollto-roll printers. The developed approach involves sequential design of multiple repetitive controllers that are interconnected in a cascaded structure. The
cascaded structure reduces interaction between repetitive controllers, and the
sequential approach explicitly addresses robustness to modeling errors in a nonconservative manner. The approach is validated in reproducible experiments on
a roll-to-roll printer, demonstrating superior convergence speed with respect to
pre-existing approaches.
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4.A

Proofs of results

Proof of Lemma 4.4.1. By substitution of (4.2) into (4.6), the modifying sensitivity can be rewritten as
n
i−1

−1
X
Y
SR = (1 + T R)−1 = 1 + |{z}
T
Ri
(1 + T̂ Rj )
T1eq i=1


= 1 + T1eq R1 + T1eq
= (1 +

= (1 +

T1eq R1 )−1
T1eq R1 )−1





n
X

Ri

i=2

1 + (1 +

i−1
Y

j=1

j=1

−1
(1 + T̂ Rj )

T1eq R1 )−1 T1eq

n
X
i=2

1 + (1 +
|

T1eq R1 )−1 T1eq (1
{z

T2eq

Ri

i−1
Y

−1
(1 + T̂ Rj )

j=1

−1
Ri
(1 + T̂ Rj )
+ T̂ R1 )
} i=2
j=2
n
X

i−1
Y

n
i−1

−1
X
Y
= (1 + T1eq R1 )−1 1 + T2eq R2 + T2eq (1 + T̂ R2 )
Ri
(1 + T̂ Rj )
i=3

j=3

n
i−1
−1

X
Y
Ri
(1 + T̂ Rj )
=
(1 + Tieq Ri )−1 1 + (1 + T2eq R2 )−1 T2eq (1 + T̂ R2 )
{z
} i=3 j=3
|
i=1
2
Y

=

n
Y

T3eq

(1 + Tieq Ri )−1 ,

i=1

with Tieq given by (4.7).
Proof of Theorem 4.4.3. Assuming that S and (I − z −Ni Qi ) are stable, and no
unstable pole-zero cancellations present, the closed-loop SR is stable if and only
if each (1 − Hi )−1 is stable, i ∈ [1, . . . , n], with Hi = (1 − αi Tieq Li )z −Ni Qi , see
(4.6) and (4.8). Essentially, each (1 − Hi )−1 constitutes a positive feedback loop
with loop gain Hi . The Nyquist theorem, see, e.g., Skogestad and Postlethwaite
(2007, Theorem 4.9), states that (1 − Hi )−1 is stable if and only if the image of
1 − Hi (z) encircles the origin P times in a anti-clockwise direction as z traverses
Γ, and does not pass through the origin. Here, P is number of poles of 1 − Hi (z)
inside Γ, i.e., unstable poles of Hi (z).
It remains to determine P , i.e., the number of unstable poles of Hi = (1 −
αi Tieq Li )z −Ni Qi . Since all poles of Li and Qi are in the open unit disk, this
reduces to the number of unstable poles of Tieq . Next, it is shown that Tieq is
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guaranteed to be stable, i.e., P = 0. From (4.10), we have
eq
Tieq = Ti−1

1 − (1 − αi T̂ Li−1 )z −Ni−1 Qi−1
,
eq
Li−1 )z −Ni−1 Qi−1
1 − (1 − αi Ti−1

(4.12)

eq
and T1eq = T . Observe that Tieq is stable if Ti−1
is stable, since the numerator
of (4.12) is stable by the assumptions made in Theorem 4.4.3, and the roots of
the denominator are inside the unit circle by design of preceding R1 , . . . , Ri−1
according to Theorem 4.4.3. Hence, stability of T1eq = T implies stability of
Tieq , ∀i. As a result, the closed-loop is stable iff the image of Hi makes no
encirclements of the point 1 + 0ι.

Proof of Corollary 4.4.4. Let Hi = (1 − αi Tieq Li )z −Ni Qi , and consider Theorem 4.4.3 with Nyquist contour Γ in Figure 4.6. If Hi is strictly proper, which is
the case for sufficiently large Ni , only the part of Γ around the unit circle needs
to be evaluated. This is proven next. First, note that lim|z|→∞ Hi (z) = 0, i.e.,
the part of Γ at infinity maps to 0. Second, by satisfaction of (4.9), it follows
that |Hi (−1)| = |Hi (eιπ )| < 1, and hence the parallel branches along the real
axis of Γ do not influence the stability test, see, e.g., Åström and Wittenmark
(1997, p. 86). Finally, since |z −Ni | = 1 for z on the unit circle, term z −Ni can
be removed in (4.9).

Part III

Learning for Feedforward
Control

Chapter 5

Flexible Iterative Learning
Control using Non-Causal
Rational Basis Functions: with
Application to an Industrial
Flatbed Printer1

Abstract – Iterative learning control (ILC) is subject to a trade-off between
effective compensation of repeating disturbances, and amplification of nonrepeating disturbances. Although important progress has been made in enhancing the flexibility of ILC to non-repeating tasks by means of basis functions,
at present high performance comes at the cost of non-convex optimization and
consequences thereof. The aim of this chapter is to develop a convex approach
to ILC with rational basis functions. A key aspect of the proposed approach is
the use of non-causal orthonormal basis functions in L2 , such that non-causal
control actions can be utilized. The benefits of using non-causal rational basis functions in ILC are experimentally demonstrated on an industrial flatbed
printer, including pre-actuation and cyclic pole repetition.

1 The results in this chapter constitute Contribution 4 of this thesis. The chapter is based
on Blanken et al. (2019a), related preliminary results are reported in Blanken et al. (2017b);
Blanken et al. (2018a).

106

5.1

Chapter 5. Flexible ILC using non-causal rational basis functions

Introduction

Iterative learning control (ILC) (Bristow et al., 2006) is subject to a trade-off:
disturbances that repeat each iteration can be effectively compensated, while
non-repeating disturbances are typically amplified (Bolder et al., 2015; Gao and
Mishra, 2014; Mishra and Tomizuka, 2009). The key idea behind ILC is to
iteratively improve the control action by learning from previous iterations, or
executions, of the same task. The effectiveness for repeating disturbances can
to a large extent be attributed to non-causality in the time domain, see, e.g,
Goldsmith (2002), which allows to anticipate future repeating disturbances. This
is a crucial difference with feedback control, which is inherently causal. Yet,
ILC is strictly causal in the iteration domain, which is the key reason that ILC
typically amplifies non-repeating disturbances.
This potentially harmful effect of learning control has led to a significant
research effort to enhance the flexibility of ILC to non-repeating tasks. In Hoelzle et al. (2014), it is proposed to construct tasks from a set of standardized
subtasks, providing flexibility for a restricted set of tasks. Instead of learning
subtasks, other approaches parametrize the feedforward in terms of basis functions. In Boeren et al. (2015); Bolder et al. (2014); Phan and Frueh (1996); Van
de Wijdeven and Bosgra (2010), a linear combination of polynomial basis functions is used, i.e., FIR functions. Importantly, this yields a convex optimization
problem. However, the tracking performance is limited due to the polynomial
nature of the feedforward controller. For high performance, the controller should
approximate the inverse system (Devasia, 2002). Especially for lightly damped
systems, high order polynomials are required to accurately describe the inverse
system, which are susceptible to noise acting on the system.
A rational combination of basis functions is used in Boeren et al. (2018);
Bolder et al. (2015); Van Zundert et al. (2016) and Chapter 7, which has shown to
significantly improve performance using a small number of parameters. However,
the optimization problem is non-convex, since also the poles are optimized. As a
consequence, nonlinear optimization algorithms are required, for which (global)
convergence cannot be guaranteed in general.
Although important progress has been made in enhancing the flexibility of
ILC to non-repeating tasks, at present improved performance comes at the expense of non-convex optimization and consequences thereof. The aim of this
chapter is to develop a new approach that bridges the gap between earlier approaches, and combines their merits: i) convex optimization, and ii) a rational
feedforward controller. The approach employs a linear combination of rational
basis functions. Indeed, the analytic solution of Phan and Frueh (1996); Van
de Wijdeven and Bosgra (2010) is preserved, while fixing the poles of the basis
functions enables enhanced performance for general rational systems.
The proposed methodology builds on the use of classical orthonormal rational
basis functions (Bultheel et al., 1999; Malmquist, 1925; Takenaka, 1925). These
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have received significant attention in system identification, see, e.g., Heuberger
et al. (2005); Ninness and Gustafsson (1997); Wahlberg and Mäkilä (1996).
Interestingly, the bases are typically used to parametrize causal models, hence
spanning H2 . In sharp contrast, in the present chapter, basis functions that span
L2 are developed and their use in ILC is advocated. In particular, through stable
inversion techniques (Sogo, 2010; Zou and Devasia, 1999), the basis functions
enable infinite pre-actuation for high control performance. The contributions of
this chapter are twofold:
C1) Development of an optimization-based framework for ILC with non-causal
rational basis functions, that has an analytic solution and enables noncausal control actions;
C2) Experimental validation of the developed approach on an industrial flatbed
printer, demonstrating the benefits of using non-causal rational basis functions, including pre-actuation.
Notation: All systems are discrete-time, single-input single-output (SISO),
and linear time-invariant. The complex indeterminate z ∈ C is omitted when
this does not lead to any confusion. The following standard notation is used,
see, e.g., Heuberger et al. (2005). Let D denote the open unit disk: {z, |z| < 1},
E the complement of the closed unit disk: {z, |z| > 1}, and T the unit circle:
{z, |z| = 1}. L2 denotes the set of complex functions that are square integrable
on T, and the real-rational subspace of L2 is denoted RL2 . H2 denotes the set
of complex functions that are square integrable on T and analytic in E. The
space H2− denotes all functions in H2 that are zero at infinity, such as strictly
⊥
= L2 \ H2− . R[z −1 ] denotes the polynomial ring
proper systems, and H2−
−1
in indeterminate z with coefficients in R, and R[z, z −1 ] denotes the Laurent
polynomial ring in indeterminate z with coefficients in R. Contrary to regular
polynomials, Laurent polynomials include both positive and negative exponents
of the indeterminate. Signals are often assumed to be of length N . A real
symmetric matrix W is positive definite if x> W x > 0, ∀x 6= 0. For a vector
x ∈ RN , the weighted two-norm is given by kxk2W = x> W x with W ∈ RN ×N .

5.2
5.2.1

Problem formulation
System description

Consider the control configuration in Figure 5.1. The plant P (z) is described by
the rational representation
B0 (z)
,
(5.1)
P (z) =
A0 (z)
with A0 (z), B0 (z) ∈ R[z −1 ]. The control configuration consists of a stabilizing
feedback controller C(z), and a feedforward controller F (z). A sequence of
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fj
rj

ej
−

C

P

yj

Figure 5.1. Closed-loop control configuration.

finite time tasks is performed, denoted by index j = 0, 1, 2, . . .. Furthermore, rj
denotes the reference, yj the output signal, and fj the feedforward signal. The
tracking error signals ej and ej+1 in iterations j and j + 1 are given by
ej = Srj − SP fj ,

ej+1 = Srj+1 − SP fj+1 ,

(5.2)
(5.3)

with sensitivity function S = (I + P C)−1 .

5.2.2

Norm-optimal ILC

Iterative learning control can significantly improve the performance of systems
that perform repeating tasks, i.e., rj+1 = rj , ∀j. The goal is to minimize the
error signal by updating the feedforward using measured data from previous
tasks. Eliminating Srj+1 = Srj in (5.3) using (5.2) yields the error propagation
from iteration j to j + 1:
ej+1 = ej + SP (fj − fj+1 ).

(5.4)

In norm-optimal ILC, see, e.g., Bristow et al. (2006); Gunnarsson and Norrlöf
(2001), the feedforward signal fj+1 for iteration j + 1 is determined as
fj+1 = arg min V (fj+1 ),
fj+1

(5.5)

where the data-based performance criterion V (fj+1 ) is typically of the following
general form.
Definition 5.2.1 (Performance criterion norm-optimal ILC). The performance
criterion for norm-optimal ILC is given by
V (fj+1 ) = kej+1 (fj+1 )kWe + kfj+1 kWf + kfj+1 − fj kW∆f ,

(5.6)

where We  0, Wf , W∆f  0 are user-defined positive-(semi)definite weighting
matrices, and ej+1 is given by (5.4).
The weighting matrices can be used to balance robustness and convergence
properties of the learning algorithm (Pipeleers and Moore, 2012).
In view of (5.4), norm-optimal ILC computes a signal fj+1 that is optimal for
(5.6) for a specific task rj+1 = rj . However, when the key assumption underlying
ILC is violated, i.e., rj+1 6= rj , the performance may severely deteriorate, see,
e.g., Hoelzle et al. (2014); Mishra and Tomizuka (2009) and Chapter 7. This is
the key motivation to introduce basis functions in ILC.
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F (θj )
rj

ej
−

C

fj

P

yj

Figure 5.2.
Control configuration for non-repeating tasks:
parametrized feedforward filter F (θj ).
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ILC with

Problem description and outline

The flexibility of ILC to non-repeating tasks is enhanced by parametrizing fj+1
in terms of a filter F (θ) and rj+1 as
fj+1 = F (θj+1 )rj+1 ,

(5.7)

with parameters θj+1 ∈ Rnθ , see Figure 5.2. In sharp contrast with standard
norm-optimal ILC, fj+1 is an explicit function of rj+1 . Substitution of (5.7)
into (5.3) yields
ej+1 = S(I − P F (θj+1 ))rj+1 ,

(5.8)

which shows that perfect tracking, i.e., ej+1 = 0, is achieved if F (θj+1 ) = P −1 ,
irrespective of rj+1 . This requires an appropriate selection of parametrization
F (θj+1 ).
In this chapter, a suitable parametrization of F (θ) is presented with respect
to the following requirements:
R1) a convex optimization problem;
R2) inversion of general systems P with good convergence rate, i.e., a small
number of parameters required;
R3) and infinite pre-actuation and post-actuation.
In the next section, the proposed approach to ILC is presented that attains
R1-R3 through the use non-causal rational basis functions, constituting contribution C1. The benefits of the approach are demonstrated through simulations
and an experimental case study in Sections 5.4 and 5.5, respectively, constituting
contribution C2. Conclusions are given in Section 5.6.

5.3

Flexible ILC using non-causal rational basis
functions

In this section, a convex approach to ILC is proposed that uses rational basis
functions, i.e., with prespecified poles. The proposed approach combines the

110

Chapter 5. Flexible ILC using non-causal rational basis functions

advantages of pre-existing approaches: i) a convex optimization problem, ii)
inversion of general rational systems, iii) and infinite pre-actuation and postactuation, i.e., achieves R1-R3. The constructed basis functions are orthonormal,
which is exploited in this chapter for enhancing control performance.
In particular, the basis functions are designed as non-causal rational orthonormal basis functions (ROBF) ψi ∈ RL2 . The orthonormality is with
respect to the standard inner product on L2 :
(
Z
1 if k = l,
1
ψk (z)ψl (z)dz =
(5.9)
2π T
0 if k 6= l.

5.3.1

Motivation

If P (z) has non-minimum phase (NMP) zeros in E, P −1 (z) has poles in E.
Typically in system identification and control, systems with poles in E are interpreted as unbounded and causal operators on L2 , see e.g., Heuberger et al.
(2005); Vinnicombe (2001). For ILC however, this need not be the case, since
filtering operations are performed off-line. This allows to interpret systems with
poles in E as non-causal and bounded operators on L2 . In particular, using the
bilateral Z-transform, any system P −1 ∈ RL2 can be expressed as
P −1 (z) =

∞
X

pk z −k ,

(5.10)

k=−∞

where the sum converges in an annulus that includes T, and {pk } ∈ `2 (−∞, ∞)
is the sequence of Markov parameters. The impulse response {pk } arises from
solving the underlying difference equation also for negative time. Crucially, this
response is non-causal and infinitely long.
Hence, to accurately approximate (5.10) using a small number of parameters,
it naturally makes sense to choose basis functions ψk (z) ∈ RL2 , i.e., non-causal
rational basis functions. That is, F (z, θ) is designed as the following finite expansion, with infinite impulse response:
F (z, θ) =

nθ
X

k=1

θk ψk (z) =

∞
X

fk z −k .

(5.11)

k=−∞

Before a construction procedure for non-causal ROBF is given in Subsection 5.3.3, a general solution is presented for ILC with basis functions, possibly
rational and orthonormal.

5.3.2

ILC with rational basis functions

In this subsection, a solution is presented for ILC with general rational basis
functions. The design of these functions is addressed in Subsection 5.3.3. The
approach employs the following parametrization of F (θ).
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Definition 5.3.1 (Linear feedforward parametrization). The feedforward controller F (θ) parameterized in terms of a linear basis Flin is given by

Flin = A(θ) θ ∈ Rnθ
(5.12)
with

A(z, θ) = θ> Ψ(z) =

nθ
X

θ[i]ψi (z),

(5.13)

i=1

where ψi (z), i = 1, . . . , nθ are basis functions, and Ψ(z) = [ψ1 (z), . . . , ψnθ (z)]> .
Given Definition 5.3.1 and criterion V (θj+1 ) as in (5.6), the optimal parameter update is given by
θj+1 = arg min V (θj+1 ).
(5.14)
θj+1

Since (5.6) is quadratic in θj+1 , an analytic solution exists to (5.14). Given SP
and basis functions Ψ, the solution is given by the general form
θj+1 = Qθj + Lej ,

(5.15)

where
h
i−1



>
>
Q = Ψ>
Ψ>
rj (SP ) We SP + Wf + W∆f Ψrj
rj (SP ) We SP + W∆f Ψrj
h

>
L = Ψ>
rj (SP ) We SP + Wf + W∆f



i−1 h
i
>
Ψrj
Ψ>
rj (SP ) We

(5.16)
(5.17)

with Ψrj = Ψrj . This solution follows from evaluating the necessary condition
= 0. Next, a construction approach for non-causal ROBF
for optimality ∂θ∂V
j+1
is presented.

5.3.3

A construction approach for non-causal ROBF

The key aspect in constructing non-causal rational basis functions is specifying
the fixed poles. Indeed, the used Laurent polynomials ψk (z) ∈ R[z, z −1 ] in,
e.g., Boeren et al. (2015); Bolder et al. (2014); Van de Wijdeven and Bosgra
(2010), have poles at z = 0, which explains why many parameters are required
to accurately approximate rational systems with lightly damped poles. Also in
identification, the prespecified poles are often located in D, see, e.g., Boche and
Pohl (2007); Heuberger et al. (2005); Ninness and Gustafsson (1997). Crucially,
here it is proposed to extend this framework with prespecified poles in D ∪ E.
For ILC, this enables the use of infinite pre-actuation, i.e., non-causal control
actions, which is key to the effectiveness of ILC.
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The considered ROBFs are defined by sequences ξs = {ξs,k }k=1,2,... ⊂ D and
1
}k=1,2,... ⊂ E:
ξu = { ξu,k
p
1 − |ξs,k |2
ψs,k (z) =
φk (z, ξs ),
(5.18)
z − ξs,k
p
1 − |ξu,k |2 0
φk (z, ξu ),
(5.19)
ψu,k (z) =
1 − ξu,k z
where the all-pass transfer functions φk , φ0k are defined by
(
1
if k = 1,
φk (z, ξ) = Qk−1 1−ξm z
if k > 1.
m=1 z−ξm
(
1
if k = 1,
φ0k (z, ξ) = Qk−1 z−ξm
if
k > 1.
m=1 1−ξ z

(5.20)
(5.21)

m

The sequence {ψs,k }k>0 ∈ H2− forms the well-known Takenaka-Malmquist func⊥
tions, and consists of strictly causal functions. The set {ψu,k }k>0 ∈ H2−
contains anti-causal functions and direct feedthrough terms, e.g., select ξu,1 = 0.
When complex conjugated pole pairs are used, (5.18) and (5.19) must be adapted
through a unitary transformation to obtain real-valued basis functions, see, e.g.,
Akçay (2000); Ninness and Gustafsson (1997). Together, (5.18) and (5.19) form
the basis functions to be used:
Ψ(z) = [ψs,1 (z), ψs,2 (z), . . . , ψu,1 (z), ψu,2 (z), . . .]> .

(5.22)

1
In view of the user-defined sets of poles {ξs,k }k=1,2,... and { ξu,k
}k=1,2,... , the
following observations are made, which can be interpreted as guidelines for pole
selection:

• The linear span
of the basis functions Ψ(z)
P∞
P∞is complete in Lp , 1 < p < ∞,
if and only if k=1 1 − |ξs,k | = ∞ and k=1 1 − |ξu,k | = ∞. These mild
conditions on the pole locations imply that any such orthonormal basis
can arbitrarily well model any system in Lp (Akçay, 2000; Ninness and
Gustafsson, 1997).
• Using a finite number of basis functions, the undermodeling error
|P −1 (eiω ) − F (eiω , θ∗ )| can be upper bounded, see, e.g., Ninness et al.
(1999, Theorem VI.1), which can be appropriately extended for systems
in L2 . F (z, θ∗ ) denotes the best approximation of P −1 (z) in L2 sense.
Importantly, the bound decreases with the Euclidean distance between ξ
and the true poles of P −1 .
Remark 5.3.2. Depending on the order in which the poles are included in
(5.18), (5.19), different bases are obtained. Methods for optimal ordering of
the poles are presented in Bodin et al. (2000).
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Remark 5.3.3. The orthonormality of the rational basis functions potentially
improves numerical properties of (5.15) compared to general rational functions
(Ninness et al., 1999). Interestingly, the orthonormality does not directly influence the performance of ILC: any orthonormal basis is equivalent under a linear
transformation to any non-orthonormal basis with the same prespecified poles.
Summarizing, in practice the pole sets {ξs,k }k=1,2,... and {1/ξu,k }k=1,2,...
should be chosen as close as possible to the true poles of P −1 . To further
reduce the approximation error and improve control performance of ILC, the
orthonormality can be exploited by cyclically repeating these poles.

5.3.4

Cyclic repetition of poles

Given a finite and approximate set of poles, the span of the basis functions can be
increased by cyclically repeating the poles, i.e., ξs,k+n = ξs,k and ξu,k+n = ξu,k .
This potentially improves tracking performance. The repeated basis is generated
from the original basis by multiplications with all-pass functions φk , φ0k , see
(5.18), (5.19), and hence differs only in phase. The benefits are illustrated next.
Example 5.3.4 (Benefits of non-causal ROBFs and cyclic repetition). Consider
the continuous-time system
G(s) =

2
Y

ωi2
,
s2 + 2ζi ωi s + ωi2
i=1

(5.23)

where the mode with natural frequency ω1 = 1 [Hz] and damping ratio ζ1 = 0.1
yields a complex pair of poles in D, and the mode with negative natural frequency
ω2 = −0.5 [Hz] and ζ2 = 0.2 gives a complex pair of poles in E. A discrete-time
system G(z) ∈ RL2 is obtained using zero-order-hold with sampling time 0.02 s.
Three models of G(z) are estimated: a 100th order FIR model with 50 anticausal and 50 causal terms, and 4th and 12th order rational models with basis
functions according to (5.18), (5.19). The poles {ξs } and {ξu } are chosen corresponding to the true poles of G(z), except the damping ratios are chosen 2
times higher. For the 12th order model, these
R π poles are repeated three times. The
parameters are obtained by minimizing −π |G(eiω ) − θΨ(eiω )|2 dω. The results
are shown in Figure 5.3, and the following observations are made.
• For the 100th order FIR model, a substantial error remains. In timedomain, this can be seen from the truncated response.

• By choosing four poles in D ∪ E, infinitely long impulse responses are obtained. A significant error remains due to the mismatch between the chosen
poles and true poles.
• By cyclically repeating the poles three times, the modeling error is significantly reduced using only 12 parameters, and the model closely approximates the true system.
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Figure 5.3. Example: Bode diagram (top) and non-causal impulse responses
(bottom) of true system G(z) ( ), 100th order FIR model ( , ), and 4th
( , ) and 12th ( , ) order models using rational basis functions.

5.3.5

Design procedure

To summarize this section, a convex approach to ILC is developed using rational
orthonormal basis functions in L2 , which enables parsimonious models and noncausal control actions. This leads to the following design procedure.

5.4 Simulation example
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Procedure 5.3.5. Flexible ILC using non-causal ROBFs
1. Choose a finite set of poles in D ∪ E approximating those of P −1 (z), e.g.,
based on FRF measurements or prior knowledge.
2. Construct a set of non-causal basis functions ψk (z) ∈ L2 using (5.18),
(5.19) for the feedforward parametrization (5.12).
3. Set the task index j = 0 and perform the following steps.
(a) Implement F (θj ), execute task j, and measure ej .
(b) Update θj+1 according to (5.15).
(c) Set j → j + 1, and return to step 3a).
4. If the achieved performance is unsatisfactory, return to
• step 1 and add or update fixed pole locations,

• or, step 2 and add set of basis functions through cyclic repetition of
same poles, see Subsection 5.3.4.
In the next sections, the proposed framework for flexible ILC is validated. In
Section 5.4, the benefits of choosing basis functions poles in D ∪ E are confirmed
through simulations. In Section 5.5, the flexibility to non-repeating tasks and
the benefits of cyclically repeating the poles are demonstrated in an experimental
case study on an industrial flatbed printer.

5.4

Simulation example

In this section, the proposed methodology using rational basis functions is validated, and compared to pre-existing approaches. Specifically, the benefits of
choosing poles in D ∪ E are demonstrated, including infinite pre- and postactuation.
Consider the mechanical system shown in Figure 5.4, see also Van Zundert
et al. (2016), with parameters in Table 5.1. The system is linearized around
ϕ = 0, and discretized using zero-order-hold on the input with sampling time 1
ms. The resulting plant and feedback controller are
−2.407 × 10−7 (z + 0.9707)(z − 0.8051)(z − 1.319)
,
(z − 1)2 (z 2 − 1.941z + 0.9704)
426.0(z − 0.9854)(z + 1)
C(z) =
.
(z − 0.8762)(z − 0.8273)
P (z) =

(5.24)
(5.25)
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Figure 5.4. The flexible cart system, with input force F and output position
y, has translation and rotation freedom in x and ϕ, respectively.
Table 5.1. Parameters of the flexible cart system.

parameter
symbol true value value for ILC unit
mass
m
1
0.9
kg
inertia
I
1.667 × 10−3
1.5 × 10−3
kgm2
spring constant
k
1 × 104
1.1 × 104
N/m
damping constant
d
10
5
Ns/m
l
0.1
0.1
m
length

Here, it is crucial to note that P (z) has one zero in E due to the non-collocated
input-output pairing. The system repeatedly performs the reference signal r of
N = 601 samples, shown in Figure 5.5. The following approaches to ILC with
basis functions are compared:
• The proposed approach using both non-causal and causal rational basis
functions, i.e., poles in D ∪ E.
• The special case of only the subset of causal rational basis functions in H2 ,
i.e., poles in D.
• The special case of ILC with Laurent polynomials, i.e., all poles at z = 0,
see Boeren et al. (2015); Bolder et al. (2014); Van de Wijdeven and Bosgra
(2010).
All ILC approaches use the same model for SP , see (5.4), which is constructed
using the parameters for ILC in Table 5.1. The rational basis functions (5.18)
and (5.19) are generated based on the zeros of the model of P , with {ξs,k } =
{−0.9837, 0.7752} and {ξu,k } = {1/1.3337}. Here, it is important to notice that
these zeros do not coincide with the true zeros of the plant P (z). The used
Laurent polynomials are ψk = z −k , with k = [−5, −4, . . . , 9, 10]. To show the
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Figure 5.5. The reference signal r for simulations.

benefit of appropriately selecting the poles, the amount of Laurent polynomials is
chosen significantly higher than the number of used rational basis functions. The
weighting matrices in (5.6) are selected as We = I, Wf = 10−9 I and W∆f = 0.
The results are presented in Figure 5.6. The following observations are made:
• The proposed approach using non-causal rational basis functions outperforms the approach using only the subset of causal basis functions. This
demonstrates the importance of explicitly compensating the non-minimum
phase zero of P through pre-actuation.
• The rational basis functions enable infinite pre- and post-actuation. In
sharp contrast, the amount of pre- and post-actuation with Laurent polynomials is inherently finite, which restricts performance.
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Figure 5.6. Simulation results: the proposed approach with non-causal rational basis functions ( ,
) outperforms the pre-existing approaches which
employ the subset of causal rational basis functions ( ,
) and Laurent polynomials ( ,
). In particular, infinite pre-actuation and post-actuation is
generated, while causal functions only enable post-actuation, and Laurent polynomials generate only finite pre-actuation and post-actuation.
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Experimental validation on industrial
flatbed printer

In this section, the proposed use of non-causal rational basis functions in ILC is
experimentally validated on the industrial flatbed printer, shown in Figure 5.7.
The experimental contributions are:
• The flexibility to non-repeating tasks of the proposed method is compared
to standard norm-optimal ILC, see, e.g., Bristow et al. (2006); Gunnarsson
and Norrlöf (2001) and Subsection 5.2.2.
• The tracking performance using ROBFs is compared to pre-existing Laurent polynomials, including non-causal control actions.
• The performance benefits of cyclically repeating the poles of the basis
functions are demonstrated.

5.5.1

Experimental setup

The considered motion system is an Océ Arizona 550 GT, see Figure 5.7. In
contrast to standard consumer printers, the medium is fixed on the printing
surface. The carriage, which contains the printheads, translates in y-direction
along the gantry, which translates in x and rotates in Rz . The system is actuated
by three current-driven brushless electrical motors. The measurement system
consists of three optical encoders, collocated with the actuators, yielding position
measurements xL , xR and y. A stabilizing multivariable feedback controller is
implemented. The system is operated with sampling time 1 ms.
The input and output considered for control are the current uL [A] to the
actuator on the left side of the gantry, and the position xR [m] on the right
side of the gantry, respectively. By closing all feedback loops, a SISO equivalent
system P is obtained, i.e. P : uL → xR . Since all performed translations
and rotations are small, the system is assumed linear. An identified frequency
response function of P is shown in Figure 5.8. Interestingly, the system exhibits
non-minimum phase dynamics. This can be observed from Figure 5.8 by the
Bode gain-phase relationship: around the anti-resonance at 7 Hz, the phase
lag increases by 180 degrees. The NMP zeros are intentionally induced by the
chosen non-collocated input-output pairing, in order to demonstrate the benefits
of non-causal control in case of NMP dynamics. Note that in industrial practice,
it is typically aimed to avoid NMP dynamics through mechanical design, e.g.,
by collocated actuator placement or additional actuators (Van Zundert et al.,
2018). An approximate 10th order parametric model P̂ is identified, containing
three NMP zeros in E, two of which can clearly be observed in Figure 5.8 at 7
Hz. Its impulse response in Figure 5.9 initially moves in the opposite direction,
confirming the non-minimum phase dynamics.
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Figure 5.7. Experimental setup: Océ Arizona 550 GT flatbed printing system,
with inputs indicated in red and outputs in blue. For experiments, the system P
between non-collocated input uL and output xR is considered, which has NMP
dynamics.
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Figure 5.8. Bode diagram of FRF measurement of P ( ), and approximate
model P̂ ( ). The non-minimum phase dynamics can be observed around the
anti-resonance around 7 Hz: the phase lag increases by 180 degrees.
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Figure 5.9. Impulse response of model P̂ : due to its non-minimum phase
dynamics, the system initially moves in negative direction.

5.5.2

Selection of basis function poles

The poles of the rational basis functions are chosen equal to the zeros of model
P̂ , see Figure 5.8, hence approximating true poles of P −1 , and are given by
{ξs,k } = {0.9039, 0.9853, 0.9854 ± 0.0457i, 0.9988},


1
1
{ξu,k } = 0,
,
.
1.008 ± 0.0477i 1.078

(5.26)
(5.27)

Here, ψu,1 = 0 generates a feedthrough term, i.e., ψu,1 = 1. To compare the
results based on different pole locations, the same number of causal and anticausal Laurent polynomials is generated, i.e., ψk = z −k , with k ∈ [−3, 6]. All
parameters are initialized as θ = 0, i.e., only feedback is active in iteration j = 0.

5.5.3

Results: flexibility to non-repeating tasks

The flexibility to non-repeating tasks is demonstrated, and compared to standard norm-optimal ILC, see, e.g., Bristow et al. (2006); Gunnarsson and Norrlöf
(2001). In particular, reference r1 is performed in iterations j = 0, 1, . . . , 9,
which is changed to r2 at j = 10, see Figure 5.10. Both signals have length
N = 2501 samples, where r2 requires less aggressive motion than r1 . The ILC
weights are We = 50I, Wf = 10−7 I, and W∆f = 0. The results are presented in
Figure 5.11, and the following observations are made.
• Standard norm-optimal ILC achieves the best tracking performance in iterations 1 to 9, due to its larger design space. However, performance is
severely deteriorated upon the task change at j = 10.
• Through the proposed framework for ILC with basis functions, the flexibility to non-repeating tasks is significantly improved.
• The tracking performance using the proposed rational basis functions
slightly deteriorates upon the reference change, i.e., from ke9 k2 to ke10 k2 .
This effect is attributed to the different frequency contents of r1 and r2 ,
and hence depends on the particular set of executed motion tasks.
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Figure 5.10. Reference signals r1 and r2 for experiments.

5.5.4

Results: influence of selected pole locations

The benefits on tracking performance of choosing the basis function poles in
D ∪ E, see (5.26) and (5.27), are compared to the poles z = 0 of the Laurent
basis functions. The results are presented in Figure 5.11, and the following
observations are made.
• Using the proposed non-causal rational basis functions, the tracking performance is improved significantly compared to the Laurent polynomials,
e.g., ke9 k2 is reduced by 45%
• The three anti-causal basis functions (5.19) with poles in E generate infinitely long pre-actuation to effectively compensate the non-minimum
phase dynamics of P . The anti-causal Laurent polynomials generate only
a finite amount of preview, i.e., 3 discrete time steps.

5.5.5

Results: cyclic repetition of fixed poles

Next, the benefits on tracking performance of cyclically repeating the basis poles
are demonstrated. The sequences (5.26) and (5.27) are repeated once, hence 10
strictly causal and 8 non-causal basis functions are generated. We is increased
to We = 105 I. The experimental results are presented in Figure 5.12, and the
following observations are made.
• By repeating the poles once, the tracking performance ke9 k2 is decreased
by 23%: the residual cumulative power at the Nyquist frequency (this is
the RMS value ke9 k22 ) is (1 − 0.23)2 × 100% = 60%. The main performance
improvement is achieved below 20 Hz.
• At low frequencies, the inverse feedforward controllers F (θ)−1 reasonably
approximate P . Since the excitation signal r has dominant power at low
frequencies, F is not required to accurately approximate P −1 at higher
frequencies, see also the power spectrum of e9 .
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(a) Sample-normalized two-norm of error signals. In iteration j = 10, the
reference is changed from r1 to r2 , see Figure 5.10.
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(b) Feedforward and error signals after reference change in iteration j = 10.

Figure 5.11. Experimental results: flexibility to non-repeating tasks and influence of pole locations. By including basis functions in ILC, enhanced flexibility to task variations is obtained compared to standard norm-optimal ILC
(
,
). Through the use of non-causal rational basis functions ( ,
),
increased tracking performance is achieved compared to pre-existing Laurent
basis functions ( ,
), including infinite pre- and post-actuation.
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Figure 5.12. Experimental results: benefits of cyclically repeating the poles.
Top: bode magnitude diagram of FRF measurement of P ( ) and F −1 (θ9 );
bottom: sample normalized cumulative power spectrum of e9 . By repeating the
poles once ( ) compared to the initial pole sets (5.26) and (5.27) ( ), the
power of e9 is reduced at frequencies where r has dominant power.

In conclusion, the developed parametrization of F (θ) using non-causal rational orthonormal basis functions meets the requirements posed in Section 5.2.3.
The rational basis functions enable a convex optimization problem, parsimonious modeling of inverse systems P −1 ∈ RL2 , and their orthonormality can be
exploited for enhanced performance through cyclic pole repetition.

5.6

Conclusions

In this chapter, an approach for ILC with basis functions is developed that significantly enhances pre-existing approaches. At present, high performance for
non-repeating tasks comes at the cost of non-convex optimization. The main
contribution of this chapter is an approach to ILC using rational orthonormal
basis functions in L2 , which i) leads to a convex optimization problem, ii) enables
parsimonious modeling of general rational systems, and iii) utilizes infinite preactuation and post-actuation. The approach is in sharp contrast with the use of
rational orthonormal basis functions in system identification, which is typically
focused on parametrizing models in H2 . The benefits of the proposed approach
are experimentally demonstrated on an industrial flatbed printer, including flexibility to varying tasks, non-causal control, and cyclic pole repetition.

Chapter 6

Kernel-Based Identification of
Non-Causal Systems with
Application to Inverse Model
Control1
Abstract – Models of inverse systems are commonly encountered in control,
e.g., feedforward. The aim of this paper is to address several aspects in identification of inverse models, including model order selection and dealing with
unstable inverse systems. The main contribution is a kernel-based regularization framework for identification of inverse models, where non-causality is appropriately introduced in inverting non-minimum phase systems. Suitable kernels
for non-causal systems are developed, including non-causal stable spline kernels. Benefits of the developed method for feedforward control are confirmed in
examples.

6.1

Introduction

Identification of inverse models has recently attracted interest from the perspective of identification for feedforward control. Identification of models for feedback
control has developed into a mature framework, see, e.g., Gevers (2006); Hjalmarsson (2005). The dual question of identification for feedforward control has
recently led to the observation that it may pose advantages to directly identify
1 The results in this chapter constitute Contribution 5 of this thesis. The chapter is based
on Blanken and Oomen (2019a), related preliminary results are reported in Blanken et al.
(2018b); Blanken et al. (2018c).
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the inverse model from data, see, e.g., Boeren et al. (2015); Jung and Enqvist
(2013).
Developments in identification for feedforward control are mainly directed
towards the use of low-order parametric inverse models, with key focus on estimation procedures that lead to small variance of the estimated parameters. The
use of low-order finite impulse response filters is investigated in Van der Meulen
et al. (2008), which is further extended in Boeren et al. (2015) towards an instrumental variable (IV) algorithm to deliver unbiased estimates with minimal
variance. These techniques have been extended towards rational model structures, see, e.g., (Chapter 7) and Song et al. (2019). Yet, the model structure
and order are often selected based on physical insight, i.e., grey-box, possibly in
combination with regularization techniques to promote low-order models, see,
e.g., Oomen and Rojas (2017).
Although identification of inverse models has been substantially developed
from several perspectives, the essential issue of model order selection is not yet
fully addressed. Indeed, the selection of model structure has mainly been done
using prior knowledge in an ad hoc manner, and a systematic procedure could
lead to improved results. The aim of this chapter is to revisit the identification
of inverse models in light of recent developments in system identification, in
particular kernel-based regularization. A central aspect is that instability of
inverse models is a direct result of non-minimum phase (NMP) dynamics of the
system. The key step in this chapter is that unstable models are viewed as
non-causal and bounded operators, which is in sharp contrast to the common
perspective of causal but unbounded operators. Indeed, the use of non-causality
is crucial to compensate NMP dynamics in feedforward control (Van Zundert
and Oomen, 2018).
Kernel-based regularization techniques, see, e.g., Lataire and Chen (2016);
Pillonetto et al. (2014); Rasmussen and Williams (2006); Schölkopf and Smola
(2002), address model order selection by tuning the model complexity in a continuous manner. In particular, a possibly infinite-dimensional model is identified
that is restricted to a reproducing kernel Hilbert space (RKHS). The RKHS regulates the structure of the identified model by enforcing smoothness, stability, etc.
(Chen et al., 2012; Pillonetto and Nicolao, 2010). Note that these developments
have strongly focused on causal and stable systems, since these are desirable
properties for, e.g., simulation and prediction. However, enforcing causality and
stability directly limits their potential benefits for feedforward control.
The main contribution of this chapter is a kernel-based regularization framework for identification of non-causal models. Constraints on inverse models
can be directly enforced, including model complexity, stability aspects, and the
amount of preview in non-causality, enabling the desired performance benefits
for feedforward control. This may be a direct advantage compared to the indirect approach of identification of the forward model, followed by an inversion
step (Butterworth et al., 2012; Van Zundert and Oomen, 2018). Furthermore,
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Figure 6.1. Control configuration for inverse-model based feedforward: high
tracking performance e(t) = Sv(t), i.e., elimination of the reference-induced
contribution, is achieved by F = P −1 .

the mean square error (MSE) of the inverse system estimate is directly minimized (Chen et al., 2012), (Jung, 2019, Ch. 4). Suitable non-causal kernels are
developed, including non-causal stable spline (SS) kernels and kernels based on
orthonormal basis functions (OBFs) in L2 . Existing causal kernels are recovered
as special cases, including causal SS kernels (Chen et al., 2012; Pillonetto and
Nicolao, 2010), and kernels based on OBFs in H2 (Chen and Ljung, 2015; Darwish et al., 2018). Examples confirm the performance potential of the proposed
identification method for feedforward control.
Notation. All systems are discrete-time, single-input, single-output and linear time-invariant. Let D denote the open unit disc, i.e., {z ∈ C : |z| < 1},
T the unit circle, i.e., {z ∈ C : |z| = 1}, and E = C \ (D ∪ T) the exterior
of the unit circle. The space `p (Z),
P 1 ≤ p ≤ ∞, consists of all sequences on
t ∈ Z with finite norm kxkp = ( t∈Z |x(t)|p )1/p . The set of functions square
integrable on T is denoted L2 (T). H2 (D) denotes the set of functions square
integrable on T and analytic in E, and H2⊥ (D) = L2 (T) \ H2 (D). The space
H2− (D) denotes all functions in H2 (D) that are zero at infinity, such as strictly
causal systems. Let P (z) denote a transfer function, q is the forward timeshift operator, i.e., qx(t) = x(t + 1), and P (q) denotes the time-domain transfer
operator associated
with P (z). A convolution evaluated at time t is denoted
P∞
(x ∗ u)(t) = τ =−∞ x(τ )u(t − τ ). Signals are often tacitly assumed of length N .

6.2

Problem formulation

In this section, the identification problem is defined. First, the role of inverse
models for feedforward is clarified. Second, identification approaches for inverse
models are investigated.

6.2.1

Feedforward control and the role of inverse models

The goal in feedforward control is to minimize tracking error e = r − y by the
design of feedforward controller F , see Figure 6.1. Here, P denotes an unknown
plant, C is a stabilizing feedback controller, r denotes a known reference signal,
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u and y are the input and output of P , respectively, ũ is the feedforward signal,
and v is a disturbance. Given r, the tracking error is described by
e(t) = S(q) (1 − P (q)F (q)) r(t) − S(q)v(t),

(6.1)

1
with S(q) = 1+P (q)C(q)
. Optimal tracking performance in the sense of e(t) =
Sv(t), i.e., elimination of the reference-induced contribution, is achieved by
F (q) = P −1 (q). Hence, feedforward control requires models of the inverse system. Partially motivated by this feedforward example, the aim of this chapter
−1 from data.
is to estimate inverse models Pd

6.2.2

Identification of inverse models and regularization

The problem considered in this chapter is the identification of P −1 from data
{u(t), y(t)}N
t=1 . Two approaches can be distinguished. Essentially, these follow
from a different choice of input and output, see also Costalunga and Piazzi
(2018); Willems and Polderman (2013) for a fundamental motivation from a
modeling perspective.
• A forward model P̂ is estimated from input u(t) and output y(t), which is
inverted to obtain (P̂ )−1 .
−1 is estimated directly from input y(t) and
• A backward, inverse, model Pd
output u(t), see, e.g., Boeren et al. (2015); Ho and Enqvist (2018); Jung
and Enqvist (2013).

Both approaches are equivalent if the number of data samples N tends to
infinity. Asymptotically optimal estimates of P −1 are obtained by the maximum
likelihood (ML) estimator, see, e.g., Ho and Enqvist (2018); Ljung (1999); Söderström and Stoica (1989). Under the assumption of additive i.i.d. noise on the
output, both estimators of P −1 are consistent and achieve the Cramér-Rao lower
bound. However, for small sample sizes, ML estimators may suffer from high
variance, see, e.g., Pillonetto et al. (2014). This directly relates to restricting the
model order, e.g., using Akaike’s information criterion, cross-validation, sparsity
measures (Ljung, 1999; Rojas et al., 2014; Söderström and Stoica, 1989), which
essentially poses a trade-off between undermodeling bias and variance.
Alternatively, kernel-based regularization methods aim to optimize the
bias/variance trade-off through regularization, see, e.g., Chen et al. (2012); Pillonetto and Nicolao (2010). Particularly, the underlying model structure is determined by a kernel, which can be exploited to impose prior knowledge as well as
−1 in the backward setconstraints. In view of this, it is preferred to estimate Pd
ting, i.e., the latter approach. The kernel enables to enforce desired properties of
−1 in a direct manner, such as stability, smoothness, and finite preview/delay.
Pd
In contrast, enforcing such desired properties through forward estimation of P̂
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vu
u

P −1

y

Figure 6.2. Backward system with noise-corrupted output. The idea is to
estimate P −1 directly, and impose constraints on P −1 through regularization.

and subsequent inversion may lead to substantial difficulties, since the inversion
is often posed as an optimization problem, whose outcome depends on the model
quality of P̂ in a complex manner. The pursued approach is reminiscent to optimal input design, see, e.g., Jansson and Hjalmarsson (2005), where constraints
on the inverse of the information matrix are enforced in a direct manner.

6.2.3

Problem formulation and contributions

In view of the previous subsections, a kernel-based regularized identification of
P −1 is considered in the backward setting, see Figure 6.2. It is assumed that the
measurement of u is contaminated with an i.i.d. zero-mean normally distributed
sequence vu (t) with variance σ 2 , uncorrelated with y. Methods that address
stochastic inputs, i.e., y in the considered setting, include Bijl et al. (2017).
Example 6.2.1. Examples of systems with noise-corrupted measurements of u
include vibration isolation systems, e.g., Preumont (2011). Here, measurements
of input force excitations are typically noisy, whereas output position measurements are often reliable, e.g., using laser interferometers or optical encoders.
Note that if P (z) has zeros in E, i.e., NMP dynamics, then P −1 (z) has poles
outside the usual stability region D. At present, the presence of poles in E
obstructs the successful use of kernel-based regularization techniques in inverse
model identification, since existing results explicitly build upon stability, e.g.,
through stable spline kernels (Pillonetto and Nicolao, 2010).
The main contribution of the chapter is a kernel-based regularized identification approach for non-causal models of inverse systems, with particular attention
to stability and non-causality. The following subcontributions are distinguished:
• Non-causality is exploited to deal with unstable inverse systems (Subsection 6.3.1);
• Kernel-based regularization methods are generalized towards non-causal
inverse systems (Subsection 6.3.2);
• A range of non-causal kernels is provided (Section 6.4);
• The benefits for feedforward control are demonstrated through simulations
(Section 6.6).
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A kernel-based regularization approach for
non-causal systems

In this section, a kernel-based regularized approach is developed to estimate
inverse models with poles in D and E. The approach generalizes kernel-based
identification towards the non-causal case, and recovers results for causal systems
as a special case, see e.g., Chen et al. (2012); Pillonetto and Nicolao (2010).

6.3.1

A non-causal view on poles in E

If P (z) has zeros in E, i.e., NMP dynamics, then P −1 (z) has poles in E. In system
identification, systems with poles in E are often interpreted as unstable, i.e., with
causal and unbounded impulse response, see, e.g., Ljung (1999). This viewpoint
is restrictive in certain situations, including the example in Section 6.2.1. Indeed,
in feedforward control non-causal filtering operations are commonly performed
since preview information of r(t) may be available.
In particular, P −1 (z) is viewed as a non-causal and bounded operator on `2 ,
see, e.g., Zhou et al. (1996, Definition 4.3). This has the following important
implication for system inversion.
Theorem 6.3.1 (Non-causal exact inversion for NMP systems). Let a finitedimensional P (z) be given such that P −1 (z) ∈ RL2 (T). Then, there exists a
non-causal sequence θo ∈ `1 (Z) such that, for any reference signal r(t) ∈ `2 (Z),
the signal
∞
X
u(t) =
θτo r(t − τ ) ∈ `2 (Z)
(6.2)
τ =−∞

leads to y(t) = P (q)u(t) = r(t), i.e., exact inversion.
Proof. Any function P −1 (z) ∈ RL2 (T) admits a bilateral Z-transform, defined
by the two-sided formal Laurent series
P −1 (z) =

∞
X

θτo z −τ ,

(6.3)

τ =−∞

which converges in an annulus that includes T. Since RL2 (T) = RL∞ (T),
the associated impulse response θo = {θτo }∞
τ =−∞ is an element of `1 (Z) (Chen
and Gu, 2000, Theorem 2.1.10). For finite-dimensional systems, this implies
that P −1 (z) is a non-causal and bounded operator on `p (Z), 1 ≤ p ≤ ∞, such
that u(t) in (6.2) is an element of `2 (Z) for any r(t) ∈ `2 (Z). Hence, y(t) =
Z −1 {P (z)P −1 (z)R(z)} = Z −1 {R(z)} = r(t), where R(z) is the Z-transform of
r(t).

6.3 A kernel-based regularization approach for non-causal systems
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In view of Subsection 6.2.1, Theorem 6.3.1 states that optimal feedforward
can be achieved for systems P (z) with zeros in E through bounded inputs ũ(t).
The corresponding inverse F (z) = P −1 (z) is non-causal.
Next, a kernel-based regularization approach for estimating non-causal systems with poles in E is presented, and it is shown that causal systems are
recovered as a special case.

6.3.2

Kernel-based regularization for non-causal systems

In view of Theorem 6.3.1, the aim in kernel-based regularization for non-causal
systems is to constrain the estimate of θo to a (possibly infinite-dimensional)
reproducing kernel Hilbert space (RKHS) H that is a subset of `1 (Z). In contrast, Chen et al. (2012); Pillonetto et al. (2014); Pillonetto and Nicolao (2010)
consider causal systems, with associated impulse responses θ0 ∈ `1 (N), where it
is emphasized `1 (N) ⊂ `1 (Z).
The key point is that desired properties, including non-causality and boundedness, can be directly enforced on the estimate θ̂ through
!2
∞
N
X
X
θτ y(t − τ ) + γkθk2H ,
(6.4)
u(t) −
θ̂ = arg min
θ∈H

τ =−∞

t=1

where regularizer kθk2H is the squared induced norm on H, and parameter γ ≥ 0
weighs kθk2H with respect to the data fit. The RKHS H is uniquely defined
by a positive semidefinite kernel k, see (Aronszajn, 1950). This kernel is to be
designed, and should hence appropriately encode the desired properties, as is
done in Section 6.4. Consider the following definition (Rasmussen and Williams,
2006; Schölkopf and Smola, 2002).
Definition 6.3.2. (Positive semidefinite kernel) A symmetric function k : Z ×
Z 7→ R is called a positive semidefinite kernel if, for any m ∈ N it holds that
m X
m
X
i=1 j=1

ai k(ti , tj )aj ≥ 0

∀(ai , ti ) ∈ (R, Z).

(6.5)

The considered kernels in Definition 6.3.2 allow for non-causality, in the sense
that they take inputs in Z. In the remainder, the RKHS corresponding to k is
denoted Hk . Given k, the solution (6.4) is described as follows Pillonetto et al.
(2014, Theorem 3).
Theorem 6.3.3.
P∞ (Representer theorem for system identification) Let k be given,
and assume τ =−∞ k(t, τ )y(t − τ ) ∈ Hk , ∀t ∈ Z. Then, solution (6.4) can be
represented in the form
θ̂ =

N
X
t=1

ĉi

∞
X

τ =−∞

k(t, τ )y(t − τ )

(6.6)
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−1

where ĉi ∈ R are the components
of ĉ =P
(O + γI) uN , and O ∈ RN ×N with
P∞
∞
0
0
0
0
Ott0 = ((k(t, ·) ∗ y)(t ) ∗ y)(t) = τ =−∞
τ 0 =−∞ k(τ, τ )y(t − τ ) y(t − τ ).

Theorem 6.3.3 reveals that a minimizer θ̂ of infinite-dimensional problem
(6.4) admits a finite-dimensional
representation, and is an element of Hk under
P∞
the assumption τ =−∞ k(t, τ )y(t−τ ) ∈ Hk , ∀t ∈ Z. For the special case of noncausal finite impulse response (FIR) models, this assumption is directly satisfied,
and hence solution (6.6) is constrained to Hk . This is demonstrated next.
Example 6.3.4 (Regularized identification of non-causal FIR model). Consider
a non-causal FIR truncation of (6.3), θ = [θ−nac , . . . , θnc ] ∈ Rnθ , with nθ =
nac + 1 + nc . In this case, problem (6.4) is equivalent to the regularized leastsquares problem, see, e.g., Pillonetto et al. (2014, Section 11.3), given by:
θ̂ = arg min kuN − ΦN θk22 + γkθk2HK
θ
−1
>
= KΦN ΦN KΦ>
uN ,
N + γIN

(6.7a)
(6.7b)

P∞
with data uN ∈ RN , regression matrix ΦN formed as
τ =−∞ θτ y(ti − τ ) =
ΦN (ti , ·)θ with ΦN (ti , ·) the ith row of ΦN , and K ∈ Rnθ ×nθ is a so-called
kernel matrix, defined as Kij = k(ti , t0j ). The following remarks are made:
• Given K  0, the RKHS HK is the column space of K.
• If K  0, then the regularizer kθk2HK = θ> K −1 θ in (6.7a).
P∞
The assumption τ =−∞ k(t, τ )y(t−τ
P∞ ) ∈ Hk , made in Theorem 6.3.3, is directly
satisfied. In particular, since
τ =−∞ k(ti , τ )y(ti − τ ) corresponds to the ith
column of KΦ>
,
and
H
is
the
column space of K, it directly follows that
K
N
θ̂ ∈ HK . Hence, K can directly enforce properties on the inverse model, including
non-causality and boundedness.
In this section, it is shown that non-causality and boundedness of the inverse
model, represented by θ̂ ∈ `1 (Z), can be directly enforced through kernel-based
regularization. Next, suitable kernels are developed that enable this.

6.4

Kernel design for non-causal systems

The aim of this section is to provide a range of suitable kernel structures for
identification of inverse models with poles in D and E. In view of Theorem 6.3.1,
the following aspects are embedded in the developed kernels:
• non-causality: kernels are functions k(t, t0 ) : Z × Z 7→ R.
• boundedness: the RKHS is such that Hk ⊂ `1 (Z).

133

6.4 Kernel design for non-causal systems

In particular, the above properties are implied by k ∈ `1 (Z2 ), see Chen and
Pillonetto (2018), Dinuzzo (2015, Lemma 3) for the causal case, which can be
appropriately extended to the non-causal case.
In the next subsections, parametric kernel structures are developed based
on splines and orthonormal basis functions in L2 (T). Tuning of the kernel parameters, called hyper-parameters, can be performed using, e.g., marginal likelihood optimization with respect to data (Pillonetto et al., 2014, Section 4.4),
or Bayesian model-mixing (González and Rojas, 2018). Finally, priors and constraints that can be additionally included in non-causal kernels are investigated,
including finite preview.

6.4.1

Non-causal stable spline kernels

Next, non-causal generalizations of stable spline kernels are developed, see, e.g.,
Pillonetto and Nicolao (2010) for the causal case. The kernels enforce smoothness of θ̂ in (6.4), and exponential decay towards t = ±∞ in agreement with
Theorem 6.3.1. Let
(
if t < 0
λ−t
nc
(6.8)
b(t) =
t
λc
if t ≥ 0
with 0 ≤ λc , λnc < 1. The non-causal first-order stable spline kernel, also known
as tuned/correlated (TC), and the non-causal second-order stable spline (SS)
kernel are given by:
kT C (t, t0 ) = α min(b(t), b(t0 )),
kSS (t, t0 ) = α

0

(6.9)

2

min(b(t), b(t ))
6
· (3 max(b(t), b(t0 )) − min(b(t), b(t0 ))) .

(6.10)

where α ≥ 0 is a scaling factor. Hyper-parameters λc and λnc express decay
rates for t ≥ 0 and t < 0, respectively, and the correlation between neighboring
impulse response coefficients.
Remark 6.4.1. The smoothness property of the developed non-causal kernels is
closely related to Wiener processes, see, e.g., Söderström (2002, Chapter 4). In
particular, it can be shown that kernels (6.9), (6.10) describe the autocovariance
of particular Wiener processes through the non-causal time transformation b(t) :
Z 7→ [0, 1] in (6.8), see, e.g., Chen et al. (2016); Pillonetto and Nicolao (2010)
for the causal case.
Remark 6.4.2. The causal TC and SS kernels, see Chen et al. (2012); Pillonetto and Nicolao (2010), are recovered by setting b(t) = 0 for t < 0 in

134

Chapter 6. Kernel-based identification of non-causal systems

(6.8). Rewriting and using the equalities 2 max(t, t0 ) = t + t0 + |t − t0 | and
2 min(t, t0 ) = t + t0 − |t − t0 | yields
0

0

0

kT C (t, t0 ) = αλcmax(t,t ) = αλct+t λc|t−t |
1

0
0
0
1
|
kSS (t, t0 ) = αλc3(t+t ) λc|t−t | − λ3|t−t
c
2
6

if t, t0 ∈ N,

(6.11)

if t, t0 ∈ N,

(6.12)

and zero otherwise, e.g., kT C (t, t0 ) = 0 if t < 0 or t0 < 0.

6.4.2

Non-causal kernels from OBFs in RL2

If prior knowledge is available on the poles of P −1 (z) ∈ RL2 (T), e.g., complex conjugated poles of resonant dynamics, this can be appropriately expressed through kernel structures based on non-causal orthonormal basis functions (OBFs) in RL2 (T), see, e.g., Chapter 5. This is presented next. The
non-causal aspect is in contrast with causal kernels based on OBFs (Chen and
Ljung, 2015; Darwish et al., 2018), which are based on OBFs in RH2− (D), see,
e.g., Heuberger et al. (2005); Ninness and Gustafsson (1997).
The kernels from OBFs in RL2 (T) are constructed as
0

kOBF (t, t ) =

nc
X

k=1

0
ϕc,k (t)ϕ>
c,k (t )

+

nac
X

0
ϕac,k (t)ϕ>
ac,k (t ),

(6.13)

k=1

where ϕc,k (t) ∈ `2 (N) and ϕac,k (t) ∈ `2 (Z− ) are the inverse Z-transforms, see
Subsection 6.3.1 with Z− the set of negative integers, of the rational orthonormal
functions
p
k−1
1 − |ξc,k |2 Y 1 − ξc,i z
ψc,k (z) =
,
(6.14)
z − ξc,k i=1 z − ξc,i
p
k−1
1 − |ξac,k |2 Y z − ξac,i
ψac,k (z) =
.
(6.15)
1 − ξac,k z i=1 1 − ξac,i z
The functions (6.14), (6.15) are defined by sets of poles ξc = {ξc,k }k=1,2,...,nc ⊂ D
1
}k=1,2,...,nac ⊂ E, respectively, which are the hyper-parameters of
and ξac = { ξac,k
kernel (6.13). TheHorthonormality is with respect to the standard inner product
1
on L2 (T), i.e., 2π
ψ (z)ψj∗ (z)dz = δk,j . The set {ψc,k } ⊂ H2− (D) forms the
T k
so-called Takenaka-Malmquist functions, and consists of strictly causal functions.
⊥
The set {ψac,k } ⊂ H2−
(D) contains anti-causal functions and direct feedthrough
terms, e.g., select ξac,0 = 0 such that ψac,0 = 1. To ensure real-valued responses,
the poles ξc , ξac should occur in complex conjugated pairs, see, e.g., Ninness and
Gustafsson (1997).
The RKHS corresponding to (6.13) is HkOBF = span(ϕc , ϕac ) ⊂ `2 (Z), see,
e.g., Chen and Ljung (2015); Darwish et al. (2018). Exponentially decaying
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weights can be included in (6.13) to enforce HkOBF ⊂ `1 (Z), see Darwish et
al. (2018). Note that truncated kernels, e.g., as in Example 6.3.4, inherently
correspond to an Hk ⊂ `1 (Z).

6.4.3

Additional priors and constraints on non-causality

The generalization of kernels to the non-causal case in Subsections 6.4.1 and
6.4.2 allows to embed additional prior knowledge and constraints on non-causal
models. In particular:
• Finite preview and delay of inverse models can be directly enforced through
truncations of non-causal kernels. This is often desired in, e.g., feedforward
control (Van Zundert and Oomen, 2018). For instance, setting k(t, t0 ) = 0
for all t < −p and t0 < −p, results in θ̂τ = 0 for τ < −p in (6.4). Hence,
P∞
−τ
−1 (z) =
the obtained inverse model is described by Pd
.
τ =−p θ̂τ z
• Zero correlation between causal (t > 0) and anti-causal (t < 0) elements
can be expressed by setting k(t, t0 ) = 0 for t ≥ 0, t0 < 0 and t < 0, t0 ≥ 0.

In view of the latter aspect, note that kernels (6.9) and (6.10) express positive correlation between causal and anti-causal elements. This is not necessarily justified in view of the system P −1 (z) to be identified, see (6.3), and is
hence considered as a design choice. To see this, consider the split P −1 (z) =
−1
[P −1 ]− (z) + [P −1 ]+ (z), with [P −1 ]− (z) ∈ RH⊥
]+ (z) ∈ RH2 (T),
2 (T) and [P
given by
−1
∞
X
X
[P −1 ]− (z) =
θτo z −τ , [P −1 ]+ (z) =
θτo z −τ .
(6.16)
τ =−∞

τ =0

{θτ }−1
τ =−∞

Whether the sequences
and {θτ }∞
τ =0 are correlated depends on the
considered system. For example, mechanical structures may have pairs of zeros
in D and E that are mirrored on the unit circle, see, e.g., Preumont (2011,
Chapter 6). In contrast, for general P −1 (z), the systems [P −1 ]− and [P −1 ]+
may be defined by independent sets of poles in D and E.
Example 6.4.3. Examples of second-order stable spline kernels (6.10) are depicted in Figure 6.3, including a truncated kernel for finite preview/delay, and a
kernel that expresses zero correlation between causal and anti-causal elements.
Remark 6.4.4. The presented modifications to non-causal kernels preserve positive semidefiniteness (p.s.d.) of the kernel. To see this, note that a kernel is
p.s.d. if and only if all principal minors of the associated kernel matrices are
nonnegative. That is, given a p.s.d. kernel, all square blocks centered on its main
diagonal t = t0 are p.s.d. The considered modifications preserve such blocks, see
Figure 6.3 for examples.
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Figure 6.3. Examples of modified non-causal stable spline kernels (6.10): full
non-causal (left); truncated for finite preview and delay (middle); zero correlation between causal (t, t0 ≥ 0) and anti-causal (t, t0 < 0) elements (right).

6.5

Identification procedure

In previous Sections 6.3 and 6.4, a kernel-based identification approach for noncausal inverse models is presented, and a range of the required non-causal kernels
is provided. The presented framework is summarized in the following procedure.
Procedure 6.5.1. Kernel-based identification of inverse models
Given data {y(t), u(t)}N
t=1 , perform the following sequence of steps.
1. Select a suitable kernel structure, e.g., TC (6.9), SS (6.10), or OBF (6.13),
and decide on the following options:
• a causal kernel, i.e., k(t, t0 ) = 0 for t, t0 < 0, anti-causal kernel, i.e.,
k(t, t0 ) = 0 for t, t0 > 0, or full non-causal;
• if desired, set zero correlation between causal and anti-causal elements
in the kernel, see Subsection 6.4.3.
• if desired, truncate the kernel for finite preview or delay, see Subsection 6.4.3.
2. Select the hyper-parameters, e.g. by marginal likelihood optimization, see
Pillonetto et al. (2014, Section 4.4), or based on prior knowledge.
3. Kernel-based regularization: given kernel k, compute minimizer θ̂ as in
−1 (z, θ̂).
(6.4) and construct the inverse model Pd

4. (optional) Implement the identified inverse model as feedforward controller
−1 (z, θ̂).
F (z) = Pd

The provided procedure is validated next through two simulation case studies.

6.6 Simulation study I: numerical example

6.6
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The developed framework for inverse model identification is validated on a numerical example, and the performance with various kernel designs is investigated.
The considered data-generating system is described by u(t) = P −1 (q)y(t) +
vu (t), see Figure 6.2, with true system
P (z) =

1.550(z 2 − 2.035z + 1.052)(z 2 − 1.844z + 0.9391)
,
z 2 (z − 0.9514)(z − 0.9511)

(6.17)

and y(t) and vu (t) are uncorrelated i.i.d zero-mean normally distributed noise
sequences of length N = 1000 with variances σy2 = 1, σv2u = 4. The resulting
signal-to-noise ratio on u is 11 dB. The inverse system P −1 (z) has two unstable
poles at 1.018 ± 0.126i ∈ E, and two stable poles at 0.922 ± 0.298i ∈ D.
Next, 1000 data sets {y(t), u(t)}N
t=1 are generated. For each data set, the
following two steps are performed:
−1 according to Procedure 6.5.1;
1. Identification of Pd

−1 is imple2. Application to feedforward: feedforward controller F = Pd
mented in the control configuration of Figure 6.1 with feedback controller
C(z) = 0.4102(z+1)
z−0.7265 . To compare results based on step 1 only, in each data
realization the reference signal r(t) is the same i.i.d zero mean normally
distributed noise sequence of length N = 1000 with variance σr2 = 1, and
v(t) = 0. The norm kek2 of the resulting tracking error e = r − y is used
as a measure of feedforward control performance.

6.6.1

Compared identification approaches

Non-causal FIR models are estimated with nac = 300 anti-causal terms and
P300
−τ
−1 (z) =
. The use of the following
nc = 300 causal terms, i.e., Pd
τ =−300 θτ z
kernels in step 1) of Procedure 6.5.1 is compared:
• L2 -OBF kernel (6.13) with 2 poles in D and 2 poles in E.
• H2 -OBF kernel (6.13) with 4 poles in D.
• Non-causal SS kernel (6.10) with and without correlation between positive
and negative τ , see Subsection 6.4.3.
• Causal SS kernel (6.10), i.e., b(t) = 0 for t < 0.
• No regularization, i.e., γ = 0 in (6.4).
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Figure 6.4. Results of simulations: probability histogram of tracking error
kek2 , obtained with identified inverse models implemented as feedforward con−1 , see Figure 6.1. Not using regularization leads to poor
troller, i.e., F = Pd
performance ( ). The smallest error is obtained using the developed non-causal
L2 -OBF kernel ( ), whereas the use of a pre-existing causal H2 -OBF kernel ( )
restricts performance. Similar results hold for the developed non-causal stable
spline kernel ( ) with respect to the causal stable spline kernel ( ). Removing
the correlation between causal and anti-causal elements ( ) slightly increases
performance.

Results for the non-causal TC kernel (6.9) are omitted for brevity: it performs
slightly worse than the non-causal SS kernel. The selection of hyper-parameters
in step 2) of Procedure 6.5.1, e.g., poles of OBF kernels and decay rates of SS
kernels, is performed by marginal likelihood optimization with respect to the
data, see Pillonetto et al. (2014, Section 4.4).

6.6.2

Results: identified models and feedforward
performance

The distribution of the feedforward performance kek2 over the 1000 data sets is
depicted in Figure 6.4, and in Figure 6.5 the estimates θ̂ from a single realization
are shown for each kernel design. The following observations are made:
• The non-causal L2 -OBF kernel (green) outperforms all other approaches in
terms of tracking error, conforming its potential benefits for systems with
dominant resonant dynamics. The estimate θ̂ closely approximates θo , see
Figure 6.5. It is noted that the number of basis functions nc + nac in (6.13)
equals the true system order: accurate system knowledge is employed.
• The non-causal SS kernel (magenta) leads to good performance, while requiring less detailed prior knowledge, e.g., the system order. The estimate
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Figure 6.5. Estimates θ̂ from single realization and true impulse response θo
( ). The estimates using L2 -OBF kernel (top,
), H2 -OBF kernel (top,
),
non-causal SS kernel (middle,
), causal SS kernel (middle,
), and estimate
) confirm that i) kernel-based regularizawithout regularization (bottom,
tion enforces smoothness, ii) non-causal kernels are crucial to enable non-causal
estimates, and iii) not using regularization leads to high variance.

θ̂ is smooth, see the inset in Figure 6.5, yet fails to accurately model the
resonant dynamics. Including correlation between causal and anti-causal
elements (yellow) does not lead to significant differences for this particular
example system.
• All causal kernels, e.g., H2 -OBF kernel (blue) and causal SS kernel (cyan),
perform poorly. Indeed, causal kernels correspond to a causal RKHS, and
hence enforce θ̂τ = 0 for τ < 0. This can be observed in Figure 6.5, and
leads to deteriorated performance in Figure 6.4.
• Not using regularization (red) leads to high variance of θ̂, resulting in poor
performance, see Figure 6.4.
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Figure 6.6. Photograph of Océ Arizona 550 GT flatbed printing system, with
actuator forces in red and sensor locations in blue. For simulations, the nonminimum phase system P from input uL to output xR is considered.

6.7

Simulation study II: application to flatbed
printer

Next, the benefits for feedforward control of the developed regularized identification approach are demonstrated on an industrial flatbed printer. The system is
introduced first. Thereafter, the compared approaches and results are presented.

6.7.1

System description

The simulations are performed using a model of the Océ Arizona 550 GT flatbed
printer that is considered in Section 5.5, see Subsection 5.5.1 for further details.
The input and output considered for control are the current uL [A] to the actuator in the left side of the gantry, and the position xR on the right side on the
gantry, respectively, see Figure 6.6. Importantly, the dynamics P : uL → xR contain three non-minimum phase zeros. The NMP zeros are intentionally induced
by the chosen non-collocated input-output pairing, in order to demonstrate the
potential benefits of non-causal control. The system is operated in closed-loop
with a feedback controller C.
In this section, the inverse-model feedforward controllers that are identified
PC
and implemented are placed in series with the closed-loop system T = 1+P
C,
see Figure 6.7. Essentially, T can be interpreted in the setting of Figure 6.2, i.e.,
consider r̃ = T −1 y. An identified frequency response function of T is shown in
Figure 6.8(a), together with an approximate 10th-order model of T that is used
for the simulations. The non-minimum phase dynamics can be observed from
its impulse response, which initially moves in negative direction.

141

6.7 Simulation study II: application to flatbed printer

r

F

r̃

T

e

−

C

u

y

P

Phase [◦ ]

Magnitude [dB]

Figure 6.7. Control configuration with feedforward controller F placed in
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Figure 6.8. FRF and model of closed-loop T = 1+P
. The non-minimum
C
phase dynamics of T lead to an initial undershoot in its impulse response.
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Next, two steps are performed:

−1 according to Procedure 6.5.1: estimation data is gen1. Identification of Td
erated as y(t) = T (q)r(t), where r(t) is i.i.d. zero-mean normally distributed noise with variance σr2 = 0.1 and length N = 4000 samples.
The measurement of r(t) is contaminated with i.i.d. zero-mean normally
distributed noise sequence vr with variance σv2 = 0.2. Based on data
d
−1 are identified.
{y(t), r(t) + vr (t)}N
t=1 , inverse models T
−1 are implemented as
2. Application to feedforward: the identified models Td
d
−1
feedforward controllers, i.e., F = T , in the configuration of Figure 6.7,
with the motion reference signal r(t) depicted in Figure 6.9.

6.7.2

Compared approaches

In step 1, P
non-causal FIR models are estimated with nac = nc = 1000, i.e.,
1000
T̂ −1 (z) = τ =−1000 θτ z −τ . The estimates θ̂ are determined according to (6.4),
where the following choices of kernels are compared:
• L2 -OBF kernel (6.13) with 7 poles in D and 3 poles in E, which is in
agreement with the true number of poles of T −1 .
• Non-causal stable spline kernel (6.10) without correlation between positive
and negative τ , see Subsection 6.4.3.
• No regularization, i.e., γ = 0 in (6.4).
The hyper-parameters are tuned by marginal likelihood optimization with respect to the data, see Pillonetto et al. (2014, Section 4.4).

6.7.3

Results

In step 2, the estimated inverse models from step 1 are implemented as feedforward controllers. The time-domain results are shown in Figure 6.9, and the
−1 are defrequency responses of the identified feedforward controllers F = Td
picted in Figure 6.10. The following observations are made:
• The model estimated without regularization shows high variance. This
leads to an erratic feedforward signal r̃, and poor tracking performance.
• Use of the L2 -OBF kernel and the SS kernel considerably improves the
estimated inverse models. Both in frequency- and time-domain, smooth
estimates are obtained.
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Figure 6.9. Tracking performance (top) and feedforward signals r̃ (bottom),
−1
see Figure 6.7, with estimated inverse-model feedforward controllers F = Td
implemented, which are obtained using L2 -OBF kernel ( ), non-causal SS
kernel ( ), and without regularization ( ). The reference signal r (top) and
optimal feedforward signal r̃opt = T −1 r (bottom) are shown as ( ).

• For this particular example, the L2 -OBF kernel yields the best results in
terms of tracking performance. Compared to the stable spline kernel, the
main improvements is obtained in the frequency range between 2 and 20
Hz, i.e., where the resonant dynamics of the system are located.

6.8

Conclusions

The presented kernel-based regularization framework enables accurate identification of non-causal models of inverse systems. The approach allows to enforce
desired properties on the inverse models in a direct manner, including model
complexity, and non-causality to deal with unstable systems. A range of the required non-causal kernels is developed, including generalizations of causal stable
spline kernels and kernels based on orthonormal basis functions. The benefits of
the developed framework for feedforward control performance are demonstrated
through numerical simulations and application to a large-format flatbed printer,
including improvements compared to pre-existing causal kernels.
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Chapter 7

Batch-to-Batch Rational
Feedforward Control: From
Iterative Learning to
Identification Approaches, with
Application to a Wafer Stage1
Abstract – Feedforward control enables high performance for industrial motion systems that perform non-repeating motion tasks. Recently, learning techniques have been proposed that improve both performance and flexibility to
non-repeating tasks in a batch-to-batch fashion by using a rational parametrization in feedforward control. This chapter aims to unify these approaches through
a single framework that provides transparent connections and clear differences
between the alternatives. Experimental results on an industrial motion system
confirm the theoretical findings and illustrate benefits of rational feedforward
tuning in motion systems, including pre-actuation and post-actuation.

7.1

Introduction

Feedforward control is an essential component in industrial motion systems, since
it can compensate for known disturbances before these affect the system. The
main performance improvement is typically achieved by using feedforward to
1 The results in this chapter constitute Contribution 6 of this thesis. The chapter is based
on Blanken et al. (2017a), related preliminary results are reported in Blanken et al. (2016d).
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compensate for the reference, see, e.g., Bristow et al. (2006); Butterworth et al.
(2012); Saiki et al. (2010).
Improvements in feedforward control are an important step towards meeting
tightening requirements on throughput and accuracy in next-generation industrial motion systems. The following requirements are imposed on feedforward
control for next-generation motion systems:
R1) small servo error;
R2) high flexibility to non-repeating tasks.
Requirement R1 is a common requirement for industrial motion systems. Requirement R2 is crucial since industrial motion systems often perform nonrepeating tasks. For example, wafer scanners perform varying motion tasks to
control the wafer height during exposure (Butler, 2011; Oomen et al., 2014). In
semiconductor bonding equipment, systems perform varying tasks due to small
corrections required in the pick and/or place location, see, e.g., Boeren et al.
(2016); Harman (2010). Performance deterioration due to non-repeating tasks
restricts the achievable throughput, and is therefore typically not acceptable in
industrial applications.
A common approach to feedforward control is model-based feedforward. Typically, a parametric model of the plant is identified and inverted for use in feedforward as in Butterworth et al. (2012). In Jung and Enqvist (2013), the inverse
system is identified directly. However, the achievable performance strongly depends on the model quality and the accuracy of the model inversion (Devasia,
2002). Hence, R1 is often not sufficiently satisfied. Note that model-based feedforward approaches typically achieve R2. This is illustrated in Figure 7.1.
Iterative Learning Control (ILC) (Bristow et al., 2006) can significantly improve the performance of systems subject to repeating tasks. As a result, R1
is typically achieved. In ILC, the feedforward signal is determined in a batchto-batch fashion, see, e.g., Gorinevsky (2002). After each task, the feedforward
signal for the next task is determined based on measured data and an approximate model of the system. However, extrapolation of the learned signal to other
tasks often results in a significant performance deterioration, see, e.g., Hoelzle
et al. (2014); Mishra and Tomizuka (2009). Hence, R2 is not achieved by ILC,
see Figure 7.1.
To meet R2, a segmented approach to ILC is presented in Mishra et al. (2007).
This approach is extended in Hoelzle et al. (2011), where the task is divided into
subtasks that are learned separately. The use of such a signal library can be
restrictive since tasks are required to consist of previously learned subtasks.
Instead of learning subtasks, ILC has been extended with basis functions in,
e.g., Phan and Frueh (1996); Van de Wijdeven and Bosgra (2010). The basis
functions are used to parametrize the feedforward signal in terms of the motion
task. This approach is further extended in Bolder et al. (2015); Van Zundert
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Figure 7.1. Batch-to-batch feedforward control with parameterized feedforward combines the advantages of ILC and model-based feedforward, aiming to
simultaneously satisfy R1 and R2.

et al. (2016), where a rational parametrization of the feedforward controller is
introduced, which enables R1 and R2 for the generic class of linear rational
systems. These recent developments in ILC are promising for motion control
with non-repeating tasks, yet require an approximate model of the system.
Recently, an alternative approach is developed to batch-to-batch feedforward
control that enables estimation of feedforward controllers based on measured
data only, denoted iterative feedforward tuning. An approach for a rational parameterization is proposed Boeren et al. (2018), and results for a polynomial
parametrization are presented in Boeren et al. (2015); Boeren et al. (2017). For
the specific class of point-to-point motion tasks, an extension towards input
shaping is presented in Boeren et al. (2014). Interestingly, rational feedforward
controllers can also be used to generate pre-actuation by means of stable inversion procedures, as will be experimentally demonstrated in the present chapter.
Although important theoretical steps have been made towards achieving R1
and R2 in batch-to-batch feedforward control, see Figure 7.1, at present the
connections and practical differences between various approaches are not yet
fully established. The contribution of this chapter is threefold. First, a unifying framework is proposed for batch-to-batch feedforward control. Second, it is
shown that iterative feedforward tuning can be interpreted in the framework of
norm-optimal ILC with basis functions, yet without the need for a model. Third,
an experimental comparison is performed on an industrial motion system, illustrating differences in the achievable performance, and validating the proposed
approach for pre-actuation. In fact, benefits of stable inversion are clearly observed in the experimental results. Related approaches include the use of such
methods for decoupling, see, e.g., Heertjes et al. (2010); Jiang et al. (2015). In
contrast, the aim of this chapter is on requirements R1 and R2 for feedforward
control.
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This chapter is organized as follows. In Section 7.2, the notation is introduced. In Section 7.3, a motivation is presented for the use of batch-to-batch
parametrized feedforward control in view of requirements R1 and R2. In Section 7.4, a unifying framework is introduced for batch-to-batch feedforward control from a system identification perspective. Procedures for norm-optimal ILC
and iterative feedforward tuning with rational parametrizations are proposed in
Sections 7.5 and 7.6, respectively. In Section 7.7, an approach is investigated
enabling pre-actuation and post-actuation. In Section 7.8, an experimental comparison is provided of the presented approaches to batch-to-batch parametrized
feedforward control. Finally, conclusions are provided in Section 7.9.

7.2

Preliminaries

Let H(z) denote a discrete-time, linear time-invariant (LTI), single-input, singleoutput system. A positive definite matrix A is denoted A  0. For a vector x,
the weighted two-norm is given by kxk2W = x> W x. The ith element of x is
expressed as x[i]. The identity matrix of size n is denoted In .
Signals are often assumed to be of length N . Given input and output vectors
u, y ∈ RN ×1 . Let h(t) be the impulse response vector of H(z). Then, the finitetime response of theP
possibly noncausal H(z) to input u is given by the truncated
t
convolution y[t] = l=1−N h(l)u[t − l], where 0 ≤ t < N and zero initial and
final conditions are assumed, i.e., u(t) = 0, y(t) = 0, for all t < 0 and t ≥ N .
The finite-time convolution is denoted as


 

h(0)
h(−1)
. . . h(1 − N )
y[0]
u[0]


 y[1]   h(1)
h(0)
. . . h(2 − N )
  u[1] 

 
(7.1)
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with H the convolution matrix corresponding to H(z).

7.3

Motivation

In this section, theoretical and experimental results are presented to show that
standard ILC approaches can typically not achieve R2. Moreover, it is shown
that by extending ILC with basis functions, R1 and R2 can be achieved simultaneously. This is the key motivation for this approach. As shown in the remainder of this chapter, ILC with basis functions is a particular implementation of
a batch-to-batch parametrized feedforward approach. Hence, the results in this
section aim to motivate the use of a batch-to-batch parametrized feedforward
approach.
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Figure 7.2. In conventional ILC, the signal fj is updated based on measured
data after each task j. In contrast, in batch-to-batch parametrized feedforward
control, parameters θj of fj = F (θj )rj are updated after each task j.

The considered control setup is shown in Figure 7.2, and consists of a stabilizing feedback controller C, an unknown system P , and optionally a feedforward
controller F . A sequence of finite time tasks is performed, denoted by index
j = 0, 1, 2, . . .. Furthermore, rj denotes the reference, fj the feedforward signal,
yj the measured output, vj an unknown disturbance, and ej the measured error
in task j (resp. ej+1 in task j + 1) given by
ej = Srj − SP fj − Svj ,

ej+1 = Srj+1 − SP fj+1 − Svj+1 ,

(7.2)
(7.3)

−1

with S = (I + P C) . In Subsections 7.3.1 and 7.3.2, the inflexibility of ILC to
non-repeating tasks is demonstrated. This is the key motivation to adopt the
use of parametrized feedforward approaches in Subsection 7.3.3.

7.3.1

Inflexibility of ILC to non-repeating tasks

In a typical ILC approach, fj+1 is determined by using a frequency-domain
or a time-domain ILC approach, see Section 7.A and Bristow et al. (2006);
Gunnarsson and Norrlöf (2001). Their solutions can typically be expressed in
an ILC update law, see e.g., Bristow et al. (2006), of the form
fj+1 = Qf fj + Lf ej ,

(7.4)

with robustness filter Qf and learning filter Lf . Detailed expressions for Lf and
Qf are presented in, e.g., Bristow et al. (2006). A key assumption underlying
(7.4) is that the system performs repeating tasks, i.e., rj+1 = rj , ∀j. Violating
this assumption can significantly affect performance, as is shown next.
Example 7.3.1. Inflexibility of ILC
Suppose that fj = P −1 rj , Q = I, vj+1 = vj = 0, and rj+1 6= rj . Substituting
fj = P −1 rj in (7.2) gives ej = 0. By using ej = 0 and Q = I in (7.4), it follows
that fj+1 = fj , i.e., the ILC update law in (7.4) is converged. Then, substitution
of fj+1 = fj = P −1 rj in (7.3), and using vj+1 = 0, yields
ej+1 = S(rj+1 − rj ).

(7.5)
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This shows that the performance in task j + 1 can significantly deteriorate if
rj+1 6= rj , which compromises R2. Note that the achieved performance can
become worse than by using feedback only, for example if rj+1 = −rj .

7.3.2

Experimental demonstration of inflexibility of ILC

The assumption that rj+1 = rj for all j is often violated in motion systems.
For example, non-repeating tasks are often encountered in wafer stages (Mishra
et al., 2007). Next, the importance of a feedforward approach that incorporates
flexibility with respect to non-repeating tasks is experimentally illustrated on a
wafer stage as used in Section 7.8, shown in Figure 7.5.
Example 7.3.2. Inflexibility of ILC (Experimental - Preview on Section 7.8)
The two reference trajectories considered in this experimental example are depicted in Figure 7.3(a). The number of tasks is 14. Reference trajectory r1 is
used in tasks j = 0, 1, . . . , 6, while r2 is used in tasks j = 7, 8, . . . , 13. The ILC
approach in Section 7.A is used, where the design guidelines follow Bristow et al.
(2006). The learned feedforward signal is not reinitialized when changing the reference. The results in Figure 7.3(b) experimentally confirm that the performance
with standard ILC significantly deteriorates when confronted with non-repeating
tasks due to considerable learning transients. Hence, R2 is not met.
These experimental observations match with earlier observations, see, e.g.,
Bolder et al. (2015); Hoelzle et al. (2014); Mishra and Tomizuka (2009). That
is, direct application of standard ILC algorithms can lead to a significant performance deterioration when confronted with non-repeating tasks.

7.3.3

Flexibility through parametrized feedforward

Flexibility with respect to non-repeating tasks is a key reason to introduce a
parametrization for fj+1 in ILC, see, e.g., Boeren et al. (2016); Mishra and
Tomizuka (2009); Phan and Frueh (1996); Van de Wijdeven and Bosgra (2010).
In such an approach, fj+1 is parameterized in terms of parameters θj+1 , and the
reference trajectory rj+1 . Here, the following parametrization is used
fj+1 = F (θj+1 )rj+1 .

(7.6)

Expressions for the feedforward controller F (θj+1 ) are given in Subsection 7.4.2.
Essentially, update law (7.6) aims to determine parameters θj+1 , instead of signal
fj+1 as in (7.4). Similar to (7.4), the following update law is derived
θj+1 = Qθj + Lej ,

(7.7)

where Q and L are robustness and learning filters, respectively. The next example shows that flexibility against non-repeating tasks can be obtained by using
the update law (7.7).
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Figure 7.3. Demonstration of inflexibility of standard ILC. During the first 7
trials r1 ( ) is performed, while r2 ( ) is performed in the last 7 trials. The
) significantly deteriorates after the referperformance with standard ILC (
ence change at j = 7. In contrast, the batch-to-batch parametrized feedforward
approach (
) is insensitive to the reference change at j = 7.

Example 7.3.3. Flexibility through Parametrized Feedforward
Suppose that F (θj ) = P −1 , Q = I, vj = 0 ∀j, and rj+1 6= rj . Then, fj
parametrized as in (7.6) is equal to fj = P −1 rj . Furthermore, substituting
fj = P −1 rj in (7.2) and using vj = 0 gives ej = 0. Then from (7.7), it follows
that θj+1 = θj , i.e., (7.7) is converged. As a result F (θj+1 ) = F (θj ), which
implies fj+1 = P −1 rj+1 , and hence (7.3) gives
ej+1 = Srj+1 − SP fj+1 = S(rj+1 − rj+1 ) = 0,

(7.8)

for any rj+1 . Comparing the result (7.8) with (7.5) shows that a parametrized
ILC update law as in (7.7) can significantly enhance flexibility to non-repeating
tasks, hence enabling R2.
Next, the flexibility to non-repeating tasks of a batch-to-batch parametrized
feedforward approach is experimentally illustrated on the wafer stage that is
used in Section 7.8.
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Example 7.3.4. Flexibility through Parametrized Feedforward (Experimental - Continued)
In this experimental example, a specific implementation of (7.7) is applied to the
motion system of Figure 7.5. Similar to Example 7.3.2, implementation details
are omitted for simplicity. The results in Figure 7.3 illustrate that:
• The parametrized feedforward approach can effectively handle the change
in of rj in task j = 7. These results indicate that a batch-to-batch
parametrized feedforward approach can meet R2, as shown in Figure 7.1.
• The parametrized feedforward approach significantly improves performance
compared to feedback only, confirming that batch-to-batch feedforward control sufficiently achieves R1, as in Figure 7.1. Note that for a single specific
reference, standard ILC outperforms the parametrized approach.
The presented theoretical and experimental examples indicate that a batchto-batch parametrized feedforward approach as in (7.7) can achieve both R1
and R2, in contrast to standard ILC methods as in (7.4). It is emphasized that
Q and L in (7.7) depend on i) the used batches of measured signals, ii) the
parametrization for F (θj+1 ) in (7.6), and iii) the criterion used in the corresponding optimization problem. In the next section, a unifying framework is
proposed to determine Q and L based on these three important aspects. The
framework facilitates a coherent overview of the available approaches, such that
a well-motivated choice can be made for the particular problem at hand.

7.4

Batch-to-batch feedforward from a system
identification perspective

The goal in batch-to-batch feedforward control is to iteratively improve control
performance by learning a feedforward controller F from measured data in a
batch-to-batch fashion. Essential for the achievable performance are i) the used
batches of measured data, ii) the feedforward controller parameterization, and
iii) the optimization criterion, which are the focus of Subsections 7.4.1, 7.4.2,
and 7.4.3, respectively. This typical system identification perspective on batchto-batch feedforward control is illustrated in Figure 7.4. On the basis of these
aspects, an overview of approaches to batch-to-batch feedforward is provided in
Subsection 7.4.4.

7.4.1

Measurement data

To achieve high performance F is optimized based on measured data. A sequence
of finite time tasks is performed under normal operating conditions. After each
task, F is updated based on batches of data before starting the next task. Here,
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Figure 7.4. Batch-to-batch feedforward from a system identification perspective. Based on a batch of data, parameterization F and criterion V , θj+1 is
determined and implemented to obtain a new batch of data.

data from a single task is used to update F to facilitate presentation. Note
that data from multiple tasks can be used, as in Gunnarsson and Norrlöf (2006),
based on similar algorithms as proposed in Kushner and Yin (2003).

7.4.2

Feedforward parameterization

To meet R2 in batch-to-batch feedforward control, fj+1 is parameterized in terms
of parameters θj+1 and rj+1 . As a result, non-repeating tasks are explicitly taken
into account in fj+1 . Many batch-to-batch feedforward approaches fit into this
framework, including: basis tasks (Hoelzle et al., 2011; Mishra et al., 2007),
polynomial basis functions (Boeren et al., 2015; Boeren et al., 2017; Van der
Meulen et al., 2008; Phan and Frueh, 1996; Van de Wijdeven and Bosgra, 2010),
joint input shaping and feedforward (Boeren et al., 2014), and rational basis
functions (Boeren et al., 2018; Bolder et al., 2015; Van Zundert et al., 2016).
In this chapter, the following rational parameterization is adopted, which
encompasses rational and polynomial basis functions. The feedforward, see Figure 7.2, is given by fj+1 = F (θj+1 )rj+1 as in (7.6), where F (θj+1 ) is defined
next.
Definition 7.4.1. The feedforward controller F (θ) parameterized in terms of a
rational basis Frat is given by
n
o
Frat = F (θ) F (θ) = B(θ)−1 A(θ), θ ∈ Rna +nb
(7.9)

where

A(θ) =

na
X
i=1

ψi θ[i],

B(θ) = I +

nX
a +nb

ψi θ[i].

(7.10)

i=na +1

Here, ψi is the convolution matrix corresponding to the polynomial basis function ψ i (z). The underlying transfer function F (z, θ) ofPF (θ) can be
na
constructed as F (z, θ) = B −1 (z, θ)A(z, θ) where A(z, θ) =
ψ (z)θ[i]
 i=1 i
Pna +nb
and B(z, θ) = 1 + i=na +1 ψ i (z)θ[i]. Furthermore, let Ψ = ΨA , ΨB with




ΨA = ψ1 , . . . , ψna and ΨB = ψna +1 , . . . , ψna +nb .
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Remark 7.4.2. Note that a polynomial parametrization Fpol is recovered by
setting B(θ) = I in Definition 7.4.1. Furthermore, parameterization Frat is a
direct extension of joint input shaping and feedforward, explained in detail in
Boeren et al. (2014).

7.4.3

Criterion

Based on measured data from previous tasks and a feedforward parametrization,
the aim after task j of each approach to batch-to-batch feedforward control is
to determine
θj+1 = arg min V (θj+1 ),
(7.11)
θj+1

where the criterion V (θj+1 ) depends on the selected approach. Criterion V (θj+1 )
is typically selected as some norm of the predicted error êj+1 in task j + 1, see,
e.g., Gunnarsson and Norrlöf (2001); Van de Wijdeven and Bosgra (2010). Given
SP , the error propagation from task j to j + 1 is written as
êj+1 (θj+1 ) = ej + SP (F (θj )rj − F (θj+1 )rj+1 ) .

7.4.4

(7.12)

Overview of approaches

In Subsections 7.4.1 to 7.4.3, the ingredients are provided for batch-to-batch
feedforward in a system identification perspective, see Figure 7.4. This section
provides an overview of the considered approaches to determine θj+1 . This
chapter focuses on measured data from a single task and parameterization Frat .
In Sections 7.5 and 7.6, norm-optimal ILC and iterative feedforward tuning
approaches are presented for Frat , respectively. In each section, the corresponding criterion V (θj+1 ) is defined and a solution algorithm for (7.11) is provided.
The solutions for θj+1 are interpreted in terms of the ILC update law as in (7.7):
θj+1 = Qθj + Lej ,

(7.13)

with robustness matrix Q ∈ R(na +nb )×(na +nb ) and learning matrix L ∈
R(na +nb )×N .

7.5

Norm-optimal ILC with a rational basis

In Section 7.4, three ingredients to batch-to-batch feedforward control are defined. In this section, a norm-optimal ILC approach is pursued for rational
parametrization Frat , as in Bolder et al. (2015); Van Zundert et al. (2016). This
is a specific algorithm for the computation of θj+1 , see Figure 7.4. The corresponding criterion is defined next.

155

7.5 Norm-optimal ILC with a rational basis

Definition 7.5.1. The criterion for norm-optimal ILC with basis functions is
given by
V (θj+1 ) = kêj+1 (θj+1 )k2W ,
(7.14)
where W  0 is a user-defined weighting matrix and êj+1 (θj+1 ) is the predicted
error in task j + 1.
This criterion can be directly extended by including weights on the feedforward signal as in, e.g., Gunnarsson and Norrlöf (2001); Van de Wijdeven and
Bosgra (2010). To facilitate presentation, the basic form (7.14) is used.
The solution to (7.11) for this approach with criterion (7.14), formulated as
an ILC update law, is given by
hk+1i

θj+1

hki

hki

= QILC θj + LILC ej ,

(7.15)

where index k denotes the k th computational iteration within the calculation of
hki
hki
θj+1 . Next, expressions are provided for QILC and LILC , and attention is given
to important aspects in the computation of θj+1 . The learning matrices are
hki



∂êj+1 (θj+1 )
∂θj+1

!>

·

hki
∂êj+1 (θj+1 )
hki
∂θj+1

!>

LILC = 

hki

hki

hki

hki

−1

W ΦILC (θj+1 )

(7.16)

hki

W B −1 (θj+1 )B −1 (θj ),

hki

QILC = LILC B(θj )ΦILC (θj )


I na
0


0
,
−Inb

(7.17)

where 0 denotes a zero matrix. A proof of (7.15) is provided in Section 7.B. In
view of (7.12), êj+1 (θj+1 ) is given by
êj+1 (θj+1 ) = B −1 (θj+1 )ẽj − ΦILC (θj+1 )θj+1 ,
dfj and regression matrix
with ẽj = ej + SP

h
i
dΨA rj , −ΨB ẽj .
ΦILC (θj+1 ) = B −1 (θj+1 ) SP
hki

hki

(7.18)

(7.19)

Three key observations are made. First, both QILC and LILC use the approxid of SP . Second, if B(θ) = I, i.e., Fpol is used, then (7.15) forms
mate model SP
an analytic solution. Third, if Frat is used, (7.14) is in general nonlinear in θj+1 ,
requiring an iterative solution in (7.15). The following algorithm is typically
invoked (Van Zundert et al., 2016), based on (7.15)-(7.19).
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Procedure 7.5.2. Iterative scheme for rational ILC optimization
d of SP and initial estimate θ0 , set the task index j = 0 and
Given a model SP
perform the following sequence of steps.
1. Construct F (θj ), perform task j, and measure ej .

2. Determine θj+1 with the following iterative scheme:
h0i

(a) Set k = 0 and initialize θj+1 = θj .
hki

hki

hki

(b) Construct LILC and QILC with θj+1 .
hk+1i

(c) Determine θj+1

hki

hki

= QILC θj + LILC ej .

(d) Until a stopping condition is met, set k → k + 1 and return to 2b).
hk+1i
Else, set θj+1 = θj+1 .
3. Set task index j → j + 1 and return to 1).
Summarizing, a solution algorithm is provided for norm-optimal ILC with
d is
a rational parametrization, achieving R1 and R2. Note that a model SP
required to apply Procedure 7.5.2.

7.6

IV-based iterative feedforward tuning with
a rational basis

The developments in ILC regarding basis functions described in Section 7.5 are
promising for motion control, yet require an approximate model of SP . Recently,
an approach to batch-to-batch feedforward control is presented in Boeren et al.
(2015) based on instrumental variables (IV), see, e.g., Söderström and Stoica
(1983). In this approach, the feedforward update is based on measured data
only. This key difference potentially improves the convergence properties of
the algorithm compared to norm-optimal ILC with basis functions, see Subsection 7.8.3 for experimental results.
d is eliminated. However, the
In Subsection 7.6.1, the need for a model SP
immediate and naive implementation of this approach suffers from a closedloop identification problem. This is the main motivation to adopt IV-based
approaches in iterative feedforward tuning. In Subsection 7.6.2, an IV-based
approach is presented to iterative feedforward tuning for parametrization Frat
and interpreted in an ILC framework. Throughout, a standard assumption is
imposed on vj (Ljung, 1999): vj is given by vj = Hεj , where H is monic and
εj ∼ N (0, λ2ε ).
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7.6 IV-based iterative feedforward tuning with a rational basis

7.6.1

Eliminating the need for an approximate model

In this section, the need for an approximate model of the system is eliminated
by using measured data only. This relies on the observation, derived in Van der
Meulen et al. (2008), that
yj = (C + F (θj )) SP rj + Svj

(7.20)

is equivalent to
(C + F (θj ))

−1

yj = SP rj ,

(7.21)

when assuming vj = 0. Based on (7.21), measured data can be used to estimate
d. By replacing SP
dr with (7.21) in ΦILC ,
SP r, eliminating the need to use SP
(7.18) can be rewritten to
êj+1 (θj+1 ) = B −1 (θj+1 )ẽj − ΦIV (θj+1 )θj+1 ,

(7.22)

with ẽj = ej + F (θj )(C + F (θj ))−1 yj , and


ΦIV (θj+1 ) = B −1 (θj+1 ) ΨA (C + F (θj ))−1 yj , −ΨB ẽj .

(7.23)

Comparing (7.23) with (7.19) shows that ΦIV is fully based on measured data,
d. The gradient of (7.22) with
while ΦILC contains an approximate model SP
respect to θj+1 becomes


∂êj+1 (θj+1 )
= B −1 (θj+1 ) −ΨA , ΨB F (θj+1 ) (C + F (θj ))−1 yj .
∂θj+1

(7.24)

Using (7.23) and (7.24) enables the estimation of rational feedforward controllers,
as in (7.15), based on measured data only. However, a detailed analysis reveals
that the presence of noise, i.e., vj , in fact introduces a closed-loop identification
problem, see, e.g., Boeren et al. (2015); Van den Hof (1998). As a consequence,
biased estimates are obtained. To eliminate the closed-loop identification problem, a connection is proposed in Boeren et al. (2015) between IV identification
techniques, see, e.g., Söderström and Stoica (1983), and iterative feedforward
tuning.

7.6.2

IV-based rational iterative feedforward tuning

The goal in instrumental variable-based iterative feedforward tuning is to obtain
unbiased estimates θj+1 for F , using only measured data. To this purpose, a
modification is proposed to criterion (7.14). It turns out that the minimizing
argument to the modified criterion in fact minimizes (7.14). The criterion for
IV-based feedforward tuning is defined next.
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Definition 7.6.1. The criterion in instrumental variable-based iterative feedforward tuning is given by
2

V (θj+1 ) = kZ êj+1 (θj+1 )kW ,

(7.25)

with instrumental variables Z ∈ R(na +nb )×N , W  0 a user-defined weighting
matrix, and êj+1 (θj+1 ) as in (7.22).
The proposed solution, cast in the form of (7.13), is
hk+1i

θj+1

hki

hki

= QIV θj + LIV ej ,

(7.26)

where
h
i−1
hki
hki
hki
ZW B −1 (θj+1 )B −1 (θj ),
LIV = ZW ΦIV (θj+1 )


I na
0
hki
hki
QIV = LIV B(θj )ΦIV (θj )
,
0 −Inb

(7.27)
(7.28)

with ΦIV (θj+1 ) defined in (7.23). A proof of (7.26) is provided in Section 7.C.
hki
hki
Three key observations are made. First, both QILC and LILC do not require a
d. Second, if B(θ) = I, i.e., Fpol is used, then (7.26) is an analytic
model SP
solution. Third, if Frat is used, (7.25) is in general nonlinear in θj+1 , requiring
an iterative solution over index k in (7.26).
With solution (7.26), unbiased estimates are obtained when Z is chosen correlated with r and uncorrelated with vj . The remaining freedom in the design
of Z can be used to achieve optimal accuracy of the estimates, see Boeren et
al. (2018) for a detailed analysis. The following instruments are proposed, see
Section 7.D:


ΨA rj
hki
hki
Z > (θj+1 ) = (C + F (θj+1 ))−1
.
(7.29)
hki
−F (θj+1 )ΨB rj
hki

hki

Similar to ΦIV (θj+1 ), (7.29) depends on θj+1 . An iterative scheme is invoked to
refine (7.29), as in, e.g., Young (2015), which can be straightforwardly included
in the iterative scheme that is already required to determine θj+1 for Frat . Next,
the iterative procedure is proposed. For Fpol , i.e., B(θ) = I, the scheme provided
in Boeren et al. (2015) is recovered.
Procedure 7.6.2. Iterative scheme for rational IV-based feedforward optimization
Given an initial estimate θ0 , set the task index j = 0 and perform the following
sequence of steps.
1. Construct F (θj ), perform task j, and measure ej , yj .
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2. Determine θj+1 with the following iterative scheme:
h0i

(a) Set k = 0 and initialize θj+1 = θj .
hki

hki

hki

hki

(b) Construct Z(θj+1 ), LIV and QIV with θj+1 .
hk+1i

hki

hki

(c) Determine θj+1 = QIV θj + LIV ej .
(d) Until a stopping condition is met, set k → k + 1 and return to 2b).
hk+1i
Else, set θj+1 = θj+1 .
3. Set task index j → j + 1 and return to 1).
Interestingly, it is shown in Young (2015) that, when using instruments
(7.29), the minimizing argument to (7.25) approximately minimizes (7.14) upon
convergence of the iterative procedure. In other words, the obtained estimates
minimize the two-norm of the predicted error, which motivates the use of (7.25)
in combination with (7.29) in batch-to-batch feedforward control.
In Sections 7.5 and 7.6, approaches are presented to construct rational feedforward controllers. In the next section, a procedure is proposed that essentially
enables pre-actuation by means of rational feedforward controllers.

7.7

Stable inversion

A stable inversion approach is presented to determine fj+1 for a rational feedforward parametrization. This approach relies on the assumption that r is bounded
and known beforehand, which is a typical assumption in motion systems. Let
θj+1 be determined according to (7.15) or (7.26). Then, F (θj+1 ) follows from
Definition 7.4.1 together with underlying transfer function F (z, θj+1 ).
If F (z, θj+1 ) is unstable, a bounded fj+1 can not be constructed when filtering forward in time. Next, a stable inversion approach is investigated to deal
with unstable F (z, θj+1 ). Start by decomposing fj+1 into
fj+1 = F st (z, θj+1 )rj+1 + F un (z, θj+1 )rj+1 ,

(7.30)

where F st (z, θj+1 ) and F un (z, θj+1 ) contain the stable and unstable dynamics,
respectively. By means of stable inversion the unstable dynamics F un are filtered in backward time with suitable boundary conditions. Detailed state-space
expressions for F st and F un are given in Boeren et al. (2015, Appendix A), see
also Sogo (2010) for further details. As a result, a bounded fj+1 is computed.
The key benefit of stable inversion for feedforward is that pre-actuation is
possible through F un , i.e., the feedforward starts before the motion task. Simulation results have indicated that pre-actuation can potentially improve performance, see, e.g., Devasia (2012); Sogo (2010); Zou (2009). In this chapter, the
benefits of stable inversion are demonstrated on the motion system in Figure 7.5.
pre-actuation and post-actuation are clearly observed in Figure 7.8.
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Table 7.1. Overview of approaches compared in Section 7.8.

Basis Instruments Z
§7.8.2 §7.8.3 §7.8.4
Frat
optimal, (7.29)
X
X
IV-based FF, Sec. 7.6.2 Fpol
optimal, (7.29)
X
X
Fpol suboptimal, (7.35)
X
N-O ILC, Sec. 7.5
Frat
X
Approach

7.8

Experimental comparison

In this section, the batch-to-batch feedforward approaches of Sections 7.5 and
7.6 and the stable inversion procedure in Section 7.7 are demonstrated on the
industrial motion system, which is introduced in Section 7.8.1. Table 7.1 lists
the approaches that are experimentally compared. The following aspects are
experimentally investigated:
• The achievable performance with rational and polynomial feedforward is
compared, see Subsection 7.8.2.
• The benefit of pre-actuation and post-actuation for motion systems by
means of stable inversion is investigated, see Subsection 7.8.2.
• The achievable performance of norm-optimal ILC and IV-based iterative
feedforward tuning with rational bases is compared, see Subsection 7.8.3.
• The influence of the design of the instrumental variables on the achievable
performance is demonstrated for IV-based iterative feedforward tuning, see
Subsection 7.8.4.

7.8.1

Experimental setup

The considered next-generation wafer stage, see, e.g., Oomen et al. (2014), is
shown in Figure 7.5. The stage is controlled in all six motion degrees of freedom
(DOFs), i.e., three translations and three rotations. The system is equipped with
moving-coil permanent magnet planar motors that enable contactless operation,
see Compter (2004) for the underlying principle. Laser interferometers enable
subnanometer accuracy position measurements in all DOFs. All signals operate
in discrete time with a sample time Ts = 1/2500 s. A stabilizing multivariable
feedback controller is determined by means of sequential loop closing. The proposed feedforward approaches are applied to the main translational direction of
motion. An identified frequency response function (FRF) of the corresponding
system is shown in Figure 7.5(c).
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Figure 7.5. Experimental setup. 1 : light beam, 2 : reticle, 3 : reticle stage,
4 : lens, 5 : wafer, 6 : wafer stage, 7 : metrology frame, 8 : mover, 9 : airmount.

The control goal for the considered motion system is to minimize kej k2 ,
where yj is the measured position of the system, and r is a fourth order motion
task with N = 1001, similar to those shown in Figure 7.3(a) but with different
constraints on the time derivatives. Unless stated otherwise, the basis functions
used in polynomial parametrization Fpol are given by


2 
3 
4 
5 
z−1
z−1
z−1
z−1
z−1
ΨA (z) = zT , zT
,
(7.31)
, zT
, zT
, zT
s

s

s

s

s

corresponding with first to fifth order differentiators, as in, e.g., Boeren et al.
(2015); Lambrechts et al. (2005). The corresponding parameters are denoted
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 v
j
a
s
θ = θA
, θA
, θA
, θA
,
tion 7.4.1 is given by

c
θA

>

. The rational parameterization Frat in Defini-

2 
4 
5 
z−1
z−1
,
ΨA (z) =
, zTs , zTs



2 
3
z−1
z−1
ΨB (z) = z−1
,
,
,
zTs
zTs
zTs


z−1
zTs ,

 v
c
s
a
with θ = θA
, θA
, θA
, θA
a
to zero, except for θA = 25.

7.8.2



z−1
zTs

v
,
θB

a
,
θB

j
θB

>

(7.32)
(7.33)

. The initial parameters are set

Rational versus polynomial feedforward

In this section, the influence is investigated of the feedforward parameterization
on the performance. To this purpose, parametrizations Frat and Fpol are compared for the IV-based iterative feedforward tuning approach in Subsection 7.6.2.
Similar experimental results and conclusions for norm-optimal ILC with basis
functions are omitted for brevity. The results are shown in Figures 7.6 to 7.8,
where the following observations are made:
• The rational parametrization improves performance by 50% compared to
polynomial feedforward in terms of kej k2 , see Figure 7.6(a).
• Both procedures converge in a single task, see Figure 7.6(a). This validates
the use of (7.21) in update law (7.26).
The performance enhancement of rational feedforward is contributed to the
following effects.
• The dominant performance improvement of rational feedforward compared
to polynomial feedforward is achieved in the frequency range 180 − 220 Hz,
see Figure 7.6(c). The enhanced flexibility of the rational basis enables
compensation for the first flexible mode of the plant, whereas this is not
achieved by the polynomial basis. This high-frequency difference can also
be observed in the estimates corresponding to higher-order basis functions,
s
c
see θA
and θA
in Figure 7.7.
• Figure 7.8 demonstrates pre-actuation, used to prevent transient errors at
the start of the motion task, and post-actuation, used to reduce residual
vibrations in the system. This feature is key for the potential performance
improvement of rational feedforward compared to polynomial feedforward.
Resulting effects can be observed in Figure 7.6(b).
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Figure 7.6. The servo performance with iterative feedforward tuning improves
by 50% with Frat (
) compared to Fpol (
), see (a), (b). The dominant
performance improvement is obtained around the resonance frequency of the
plant at approximately 220 Hz, see (c). The convergence speed of ILC with
) is compromised compared to feedforward tuning due to the model
Frat (
c , see (a). After convergence, similar performance is obtained.
quality of SP
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Figure 7.7. Parameter estimates θvA , θsA , θcA and θvB as function of iterations
for rational feedforward (
) and polynomial feedforward (
).

To further improve performance, the following is proposed.
• Figure 7.6 indicates that a low-frequency contribution up to 60 Hz is not
compensated for by the feedforward. This is attributed to nonlinearities
in the system and the cable slab between the fixed world and the stage,
acting as a low-frequency disturbance. Note that these disturbances are
reproducible, as is shown in Section 7.3, and can thus be compensated for.
The difference in low-frequency contribution is related to the parameters
v
corresponding to low-order basis functions, see, e.g., θA
in Figure 7.7.

7.8.3

Rational feedforward: IV-based feedforward tuning
vs. norm-optimal ILC

In this section, norm-optimal ILC and IV-based tuning with rational bases are
compared, see Sections 7.5 and 7.6. Figure 7.5(c) depicts model Pb used by ILC.
The results are shown in Figure 7.6(a). The following observations are made:
• The ILC procedure requires multiple tasks to converge, whereas the IVbased procedure converges in a single task. This is due to the imperfect
d used in (7.15). Consequently, the performance after one task is
model SP
not yet optimal and needs to be further improved.

• After convergence, both approaches achieve similar performance. This
confirms the equivalence of criteria (7.14) and (7.25), as is argued below
Procedure 7.6.2.
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Figure 7.8. The rational parameterization ( ) enables pre-actuation (left
inset) and post-actuation (right inset) of the system, in contrast to the polynomial parametrization ( ). The start and end times of the motion task are
indicated by black dashed lines.

7.8.4

Design of instrumental variables

In Subsections 7.8.2 and 7.8.3, the optimal instrumental variables (7.29) are
used in the IV-based iterative feedforward tuning approaches. It is argued in
Subsection 7.6.2 that these instruments minimize kek2 . In this section, it is
demonstrated that the design of instrumental variables is indeed essential for
the achievable performance. For clarity of exposition, the IV-based iterative
feedforward tuning approach with parametrization Fpol is considered, see Subsection 7.6.2. A comparison is provided between optimal instruments Zo (7.29)
and suboptimal instruments Zs , that are used in Boeren et al. (2015):
hki

hki

Zo> (θj+1 ) = (C + F (θj+1 ))−1 ΨA r,
Zs>

= ΨA r.

(7.34)
(7.35)

A fourth order motion task r is performed with N = 1001, similar to those
shown in Figure 7.3(a) but with different constraints on the time derivatives. To
emphasize the influence of Z on the achievable performance, the motion profile
is less aggressive than r3 , as used in Subsection 7.8.2 and Subsection 7.8.3. This
motivates the selection of basis functions


2 
3 
4 
z−1
z−1
z−1
ΨA (z) = z−1
.
(7.36)
,
,
,
zT
zT
zT
zT
s

s

s

s
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Figure 7.9. The servo performance is significantly improved by the proposed
, ) compared to Zs (
, ). The dominant performance
instruments Zo (
improvement is achieved at frequencies where Zo is relatively large, i.e., where
hki
(C + F (θj+1 ))−1 ( , bottom plot) is large. For optimal performance, (C +
hki

F (θj+1 ))−1 should approximate SP (
error.

) at frequencies important for the servo

The following observations are made:
• The proposed instruments Zo improve performance by 50% compared to
Zs in terms of kej k2 , see Figures 7.9(a) and 7.9(b).
• The procedures require multiple tasks to converge, see Figure 7.9(a).

7.9 Conclusions
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The performance enhancement of Zo and the multi-step convergence are contributed to the following effects.
• Compared to Zs , the instruments Zo emphasize the servo error at frehki
quencies where (C + F (θj+1 ))−1 is relatively large, see (7.34) and (7.35).
In Figure 7.9(c), it is observed that the dominant performance improvement is indeed achieved in this frequency range. For optimal performance,
hki
(C + F (θj+1 ))−1 should approximate SP at frequencies important for the
servo error, see Boeren et al. (2017, Section 3).
• The procedures require multiple tasks to converge due to a lack of excitation by r. For the results in Subsection 7.8.2, a more aggressive motion
profile is performed leading to convergence in a single task.
Interestingly, the design of Z influences the resulting parameter estimates, which
can be observed in the error signals:
• The different frequency weighting by Zo and Zs , see Figure 7.9(c), result
in different estimates θ. In Figure 7.9(b), significant peaks are observed
in the error signal for Zs that correlate with the jerk, i.e., the third time
derivative, of r.

7.9

Conclusions

In this chapter, a framework is introduced for batch-to-batch feedforward control from a system identification perspective. Two approaches are investigated
and compared for batch-to-batch learning of rational feedforward controllers: i)
norm-optimal ILC using a model, and ii) IV-based iterative feedforward tuning using only measured data. Both approaches enable high performance and
extrapolation capabilities for non-repeating tasks. Experimental results on an
industrial motion system validate the approaches, and illustrate benefits of rational feedforward: i) improved performance with respect to polynomial feedforward, and ii) possible pre-actuation and post-actuation of the system by means
of stable inversion.

7.A

Relations with conventional frequencydomain and time-domain ILC designs

In this appendix, conventional ILC schemes are described, see, e.g., Bristow et
al. (2006); Gunnarsson and Norrlöf (2001), in both time and frequency domain,
see, e.g., Norrlöf and Gunnarsson (2002), and direct relations are provided with
the proposed framework to batch-to-batch feedforward.
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Conventional frequency- and time-domain ILC
schemes

In frequency-domain ILC schemes, see, e.g., Bristow et al. (2006); Norrlöf and
Gunnarsson (2002), the following general ILC algorithm is typically invoked:
fj+1 = Q(z)fj + L(z)ej ,

(7.37)

with robustness and learning filters Q(z), L(z). For the design of Q(z), L(z) and
convergence of (7.37), see, e.g., Bristow et al. (2006); Norrlöf and Gunnarsson
(2002).
A direct relation exists between conventional frequency- and time-domain
ILC schemes, see Norrlöf and Gunnarsson (2002). In addition, very similar
performance and robustness design issues are present, though handled through
different design parameters, see, e.g., Van de Wijdeven et al. (2009). Consider
the frequency-domain filters Q(z), L(z) in (7.37), which can be described in
matrix form as in Section 7.2 using the impulse responses. The update law
(7.37) can be written as
fj+1 = Qfj + Lej ,
(7.38)
with Q, L ∈ R convolution matrices of appropriate dimensions corresponding to
Q(z), L(z). Theoretically, the Fourier transform bijectively connects the timedomain and frequency-domain designs. In that sense, conventional time-domain
ILC schemes can be designed which are equivalent to conventional ILC schemes
based on frequency-domain designs, see Norrlöf and Gunnarsson (2002).

7.A.2

Relation of conventional ILC with proposed
framework

Next, the relation is pointed out of conventional time- and frequency-domain
ILC schemes with the proposed framework of Section 7.4, where solutions are
expressed in the update law
θj+1 = Qθj + Lej ,

(7.39)

with robustness matrix Q ∈ R(na +nb )×(na +nb ) and learning matrix L ∈
R(na +nb )×N . Conventional ILC schemes, see, e.g., Bristow et al. (2006); Gunnarsson and Norrlöf (2001) and (7.37), (7.38), consider the vector fj+1 as the optimization variable. This can directly be accommodated in the proposed framework by considering the elements of fj+1 ∈ RN ×1 as optimization variables.
This corresponds to
fj+1 = Ψθj+1 ,
(7.40)
where θj+1 ∈ RN ×1 and Ψ = IN . Note that here flexibility to non-repeating
tasks is in fact sacrificed for performance. That is, conventional frequencyand time-domain ILC schemes do not achieve R2, since fj+1 is not an explicit
function of rj+1 .
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Derivation of solution to ILC with rational
basis

By using Frat in Definition 7.4.1, and B(θj+1 ) = 1 + ΨB θB,j+1 , êj+1 in (7.14)
can be written as
êj+1 (θj+1 ) = B −1 (θj+1 )ẽj − ΦILC (θj+1 )θj+1 ,

(7.41)

dr, and
where ẽj = ej + F (θj )SP

h
i
dr, −ΨB ẽj .
ΦILC (θj+1 ) = B −1 (θj+1 ) ΨA SP

(7.42)

Expression (7.41) can be used to solve (7.11). Any solution θj+1 to optimization
∂V (θj+1 )
= 0. Evaluating this condition for
problem (7.11) necessarily satisfies θj+1
criterion (7.14) with (7.41) gives


∂êj+1 (θj+1 )
∂θj+1

>


W B −1 (θj+1 )ẽj − ΦILC (θj+1 )θj+1 = 0,

(7.43)

where the gradient of ẽj+1 (θj+1 ) is given by

∂êj+1 (θj+1 ) h ∂ êj+1 (θj+1 )
=
∂θA,j+1 ,
∂θj+1
with

∂ êj+1 (θj+1 )
∂θA,j+1

∂ êj+1 (θj+1 )
∂θB,j+1

i

,

(7.44)

dr, and
= −B −1 (θj+1 )ΨA SP

h
i
∂êj+1 (θj+1 )
dr
= B −2 (θj+1 ) ΨB (B(θj+1 ) − 1 − ΨB θB,j+1 ) ẽj + ΨB A(θj+1 )SP
∂θB,j+1
(7.45a)
dr.
= B −2 (θj+1 )ΨB A(θj+1 )SP

(7.45b)

From (7.43), it then follows
θj+1 =

"

∂êj+1 (θj+1 )
∂θj+1

>

#−1 

W ΦILC (θj+1 )

∂êj+1 (θj+1 )
∂θj+1

>

W B −1 (θj+1 )ẽj ,
(7.46)

where it is assumed that the inverse exists. It remains to write θj+1 as an explicit
function of ej and θj . Similar to (7.41), it can be derived that


I
0
ẽj = B −1 (θj )ej + ΦILC (θj ) na
θ ,
(7.47)
0 −Inb j
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where ΦILC (θ) is defined in (7.19) and 0 denotes the zero matrix of appropriate
dimensions. Combining (7.47) with (7.46) yields
θj+1 = QILC θj + LILC ej ,

(7.48)

with
LILC =

"

7.C

∂êj+1 (θj+1 )
∂θj+1

>

#−1

W ΦILC (θj+1 )

>

W B −1 (θj+1 )B −1 (θj ),


I
0
= LILC B(θj )ΦILC (θj ) na
.
0 −Inb
·

QILC



∂êj+1 (θj+1 )
∂θj+1

(7.49)

(7.50)

Derivation of solution to IV-based
feedforward tuning with rational basis

Any solution θj+1 to optimization problem (7.11) satisfies the necessary condi∂V (θj+1 )
= 0. Evaluating this expression for criterion (7.25)
tion for optimality θj+1
with predicted error (7.22) gives

>

∂êj+1 (θj+1 )
Z
W Z B −1 (θj+1 )ẽj − ΦIV (θj+1 )θj+1 = 0.
(7.51)
∂θj+1

Note that since Z ∈ Rnθ ×N , the matrix Z
parameters θj+1 are characterized by

∂ êj+1 (θj+1 )
∂θj+1

−1

θj+1 = [ZW ΦIV (θj+1 )]

is square. Therefore, the

ZW B −1 (θj+1 )ẽj ,

(7.52)

where it is assumed that the inverse exists. It remains to write θj+1 as an explicit
function of ej and θj . By using B(θj ) = 1 + ΨB θB,j , it holds


Ina
0
−1
ẽj = B (θj )ej + ΦIV (θj )
θ ,
(7.53)
0 −Inb j
where ΦIV (θ) is defined in (7.23) and 0 denotes the zero matrix of appropriate
dimensions. Combining (7.53) with (7.52) yields
θj+1 = QIV θj + LIV ej ,

(7.54)

with
−1

ZW B −1 (θj+1 )B −1 (θj ),


I na
0
= LIV B(θj )ΦIV (θj )
.
0 −Inb

LIV = [ZW ΦIV (θj+1 )]

(7.55)

QIV

(7.56)
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7.D

Optimal instrumental variables

The statistical properties of the minimizer θ̂j+1 in Definition 7.6.1 depend on the
instrumental variables Z. In this appendix, a concise derivation is presented of
the instruments in (7.29), which are constructed to minimize the covariance of
the estimate. Further detailed expressions can be found in Boeren et al. (2018).
Under mild technical conditions as in Söderström and Stoica (1989, Chapter
7), it is shown in Boeren et al. (2018) that the asymptotic distribution of θ̂j+1
is given by

√ 
dist
N θ̂j+1 − θ0 −−→ N (0, Σ(Z, W ))
(7.57)

where Σ(Z, W ) ∈ R(na +nb )×(na +nb ) is a covariance matrix that depends on Z
and W , and θ0 are the parameters such that F (θ0 ) = P −1 , i.e., corresponding
to optimal feedforward performance. The covariance matrix is lower bounded as
Σ(Z, W )  Σopt ,

(7.58)

which holds with equivalence if Zopt = B(θ0 )Φ>
r,IV (θ0 ) and Wopt = I. Here,
Φr,IV (θ0 ) is the noise-free part of ΦIV (θ0 ), i.e., set v(t) = 0 in (7.23), given by


ΨA (C + F (θ0 ))−1 yr,j ,
Zopt = B(θ0 )Φ>
(θ
)
=
,
(7.59)
0
r,IV
−ΨB ẽr,j
and yr,j and ẽr,j are the noise-free parts of yj and ẽj , respectively. Since these
noise-free signals and θ0 are unknown, the optimal instruments Zopt are unknown
and can not be constructed.
To approximate Zopt , note from Subsection 7.6.1 that ẽr,j = Srj , and
Srj = (C + F (θj ))

−1

ur,j ,

(7.60)

such that (7.59) can be rewritten to
Zopt = (C + F (θ0 ))−1




ΨA yr,j ,
.
−ΨB ur,j

(7.61)

Finally, under the assumption that er,j ≈ 0, the unknown and noise-free signals
yr,j and ur,j in (7.61) are approximated by
yr,j ≈ rj (t),

ur,j ≈ F (θj+1 )rj ,
which directly leads to the proposed instruments in (7.29).

(7.62)
(7.63)
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Part IV

Closing

Chapter 8

Conclusions and
Recommendations
8.1

Conclusions

The learning control algorithms that are developed in this thesis enable to improve the performance of high-tech mechatronic systems that are subject to
predominantly repeating disturbances to the limits of reproducibility. This is
achieved by exploiting the abundance of operational data that is often available
in mechatronic machines, in conjunction with the efficient use of available system
knowledge to accelerate learning and guarantee learning improvements. The developed techniques are validated on a range of industrial large-format printers,
and demonstrate a large potential for enhancing productivity and print quality.
The main challenge that high-tech mechatronic systems pose for learning
control design is their complexity. To assure the desired behavior, including fast
learning with guaranteed improvements, pre-existing approaches often impose
stringent requirements on system knowledge and the admissible class of disturbances that act on the system. This often obstructs the potential of learning
control in industrial environments. In this thesis, novel learning control approaches are developed that aim to mitigate these requirements. In the first
part, addressing Research Challenge I in Chapter 1, user-friendly design procedures are developed for systems that have high-order multivariable dynamics
and are subject to multiple periodic disturbances. In the second part, addressing Research Challenge II, algorithms are presented for high performance in the
presence of varying motion tasks. The main conclusions of these parts are presented next. Subsequently, new opportunities for the operation of large-format
printers are summarized, which are enabled by application of learning control.
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Learning for high-tech mechatronic machines

In the first part of this thesis, novel user-friendly multivariable design procedures are developed for learning control, enabling high control performance for
complex systems that have multivariable dynamics and are subject to multiple
disturbances. The key conclusion is that through judicious use of approximate
model knowledge, high performance can be achieved: hence, modeling requirements should only be increased if justified by performance requirements.
In Chapters 2 and 3, a systematic design framework is developed for analysis and synthesis of multivariable iterative learning control (ILC) and repetitive
control (RC). The framework explicitly addresses trade-offs between modeling
and performance requirements (Contributions 1 and 2). This is done by judiciously combining non-parametric FRF measurements and parametric models.
A range of design techniques is presented, ranging from decentralized to centralized designs, including the use of the structured singular value, Gershgorin
bounds, and sequential design techniques. The efficacy of the framework for
ILC and RC is demonstrated through an extensive case study and experimental
results on a industrial flatbed printer.
In Chapter 4, the joint implementation of multiple repetitive controllers is
investigated for compensation of multiple periodic disturbances. It is demonstrated that standard repetitive control implementations lead to conservative
results due to interaction between the control channels. The main result of
the chapter is a systematic framework, which employs a cascaded control interconnection in conjunction with sequential design procedure, that addresses
interaction between controllers in a non-conservative manner (Contribution 3).
An experimental case study on a large-format roll-to-roll printer confirms the
benefits of the approach, including effective rejection of multiple periodic disturbances with improved performance compared to pre-existing approaches.
In the second part of this thesis, algorithms are developed for learning of
feedforward controllers, that enable extreme performance for complex systems
that perform varying motion tasks. The key conclusion is that approximate prior
system knowledge can be successfully utilized to enhance performance.
In Chapter 5, a rational feedforward parametrization is developed that enhances control performance in conjunction with convex optimization (Contribution 4). The approach employs a linear combination of rational orthonormal
basis functions in L2 . The poles are used to embed prior knowledge and enable
non-causal control; the orthonormality is exploited to further improve control
performance through cyclic pole repetition. The results generalize and connect
earlier approaches, including Boeren et al. (2015); Boeren et al. (2018); Bolder
et al. (2015); Phan and Frueh (1996); Van de Wijdeven and Bosgra (2010);
Van Zundert et al. (2016). Experimental results on an industrial flatbed printer
demonstrate the benefits of the developed method, including performance enhancements compared to pre-existing approaches through non-causal control actions and cyclic pole repetitions.

8.1 Conclusions
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In Chapter 6, a kernel-based regularization framework is developed to directly estimate extremely high-order non-causal models with high accuracy, and
its benefits for feedforward control are advocated (Contribution 5). The approach tunes the underlying model complexity in a continuous manner by the
balanced joint use of approximate prior system knowledge and measured data.
In addition, high-level properties can be enforced on the model to be learned,
including stability aspects and the degree of preview in non-causality. Simulation results of a flatbed printer demonstrate a large potential for enhancing
feedforward control performance.
In Chapter 7, a unifying framework is developed for learning of rational
feedforward controllers (Contribution 6). Various recently developed techniques
are interpreted from a system identification perspective, including ILC-based
algorithms (Bolder et al., 2015; Van Zundert et al., 2016) and instrumental
variable-based iterative estimation methods (Boeren et al., 2015; Boeren et al.,
2018). The framework provides transparent connections and clear differences
between the alternatives, including modeling requirements, performance potential and limitations, and non-causal control capabilities. A comparative study
on an experimental wafer stage confirms and illustrates the developed insights.

8.1.2

Novel applications in large-format printing systems

In the thesis, it is demonstrated that the application of learning control enables
novel types of operation in large-format roll-to-roll printing systems. The results
show a large potential for improving productivity and print quality.
In Chapter 3, multivariable repetitive control is utilized to enable a novel
printing operation, called continuous media flow printing. In present roll-to-roll
printers, the printing accuracy is limited by positioning errors of the medium.
These are induced during stepwise transportation of the medium over the print
surface, and are caused by internal medium deformations and uncertain and nonlinear dynamics of the medium. In continuous media flow printing, the medium
is continuously transported with constant velocity over the print surface, and the
carriage performs a multivariable motion in the horizontal plane, in synchrony
with the medium flow. Experimental results on a large-format printer illustrate
the benefits for printing accuracy and productivity in future printing systems.
In Chapter 4, repetitive control is applied to compensate alignment errors
between print passes in roll-to-roll printers. These disturbances originate from
rotating components in the paper handling, e.g., from eccentric rolls, and result
in positioning errors of the medium. Using a scanner and an image processing algorithm, these errors can be measured during printing operation. Using
repetitive control, printhead trajectories can be learned to accurately follow the
medium position during print-passes. Crucially, this alleviates the requirement
for improved mechanical design of medium handling components, which enables
substantial cost reductions and improved accuracy in future printing systems.
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Recommendations for future research

Based on obtained insights and presented developments in this thesis, the following recommendations are made for future research directions. First, important
aspects concerning the theory and design of learning control are formulated.
Improving model knowledge: Throughout this thesis, it is demonstrated
that the utilization of prior system knowledge enables the acceleration of learning. Ongoing research focuses on achieving further performance improvements
by jointly improving this system knowledge and the control action from operational data (De Rozario and Oomen, 2018), see also Bolder et al. (2018) for fully
data-driven developments, i.e., without requiring prior knowledge.
Incorporating kernel-based regularization in iterative learning: The
developed kernel-based regularization approach in Chapter 6 is based on a single
identification step, and shows large potential for feedforward performance. In
Chapters 5 and 7, ILC algorithms are employed to iteratively tune feedforward
controllers. These approaches can be merged for iterative learning of regularized
feedforward controllers to combine their benefits, along the lines of Oomen and
Rojas (2017).
Position-dependent system dynamics: Motion systems such as flatbed
printers typically exhibit position-dependent behavior due to changing inertia
configurations. Present results directly enable to incorporate this behavior in
learning control (De Rozario et al., 2017; De Rozario et al., 2018), and illustrate
large potentials for improving performance.
Learning control to the limit of reproducibility: In general, learning control potentially enables compensation of all reproducing disturbances. In practice, this is limited by the finite resolution of encoders. Ongoing research aims
to explore what levels of performance can be expected and achieved based on
learning from sampled data of encoders (Strijbosch and Oomen, 2019).
Exploiting periodicity of disturbances in position-domain: Many disturbances in mechatronic systems schedule with position, e.g., consider an eccentric
rotating component in the paper handling of roll-to-roll printers. Ongoing research aims to include an internal model of such disturbances in learning control
(Strijbosch et al., 2019), i.e., to learn also in position domain.
Second, the following recommendations are made in view of future applications of learning control.

8.2 Recommendations for future research
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Modeling: Most learning control algorithms rely on model knowledge up to a
certain extent, e.g., to guarantee stability of the closed-loop controlled system. In
contrast to, e.g., feedback control, learning control is potentially effective over the
entire frequency range, up to the Nyquist frequency (Paszke et al., 2013). This
may pose stringent requirements on the required model accuracy (if necessitated
by performance demands, see Chapter 2), e.g., to prevent conservatism. In view
of the envisaged increased complexity of mechatronic systems, the availability
of tooling for accurate system identification is hence of vital importance.
Other application domains in printing: In this thesis, it is demonstrated
that learning control can substantially improve the performance of motion components in printing systems, e.g., for the relative positioning of printheads and
medium. This undoubtedly contributes to print quality, yet is certainly not the
only important factor. An interesting topic of ongoing research is hence to investigate what can be gained with learning control in other domains of printing
systems. For instance, heat and moisture is added to the medium during printing, e.g., by ink droplets. This can cause local deformation of the medium, which
can be hard to accurately describe using mathematical models (Zapata et al.,
2013), let alone to compensate with model-based control techniques. Yet, it is
expected that the thermal behavior is reproducible to a large extent, and can
be compensated using learning control. In addition, present inkjet printheads
are often actuated by piezo-actuators. Printheads typically contain thousands
of nozzles, each jetting ink at rates of several tens of kHz (Wijshoff, 2010). The
dynamics of each nozzle may differ, and are dependent on the operating frequency (Khalate et al., 2012). This illustrates a large potential for improving
print quality by learning optimal actuation waveforms. Finally, it is envisioned
that learning control offers a large potential for layer-to-layer closed-loop control
of 3D inkjet printing processes, by exploiting control-oriented descriptions that
model the layer height evolution in 3D inkjet printing processes (Guo et al.,
2018).
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Bultheel, A., González-Vera, P., Hendriksen, E., and Njastad, O. (1999). Orthogonal rational functions. Cambridge University Press, Cambridge, UK.
Butler, H. (2011). Position Control in Lithographic Equipment. IEEE Control
Systems Magazine, 31(5):28–47.
Butterworth, J., Pao, L., and Abramovitch, D. (2012). Analysis and comparison of three discrete-time feedforward model-inverse control techniques for
nonminimum-phase systems. Mechatronics, 22(5):577–587.
Chang, W. S., Suh, I. H., and Kim, T. W. (1995). Analysis and design of two
types of digital repetitive control systems. Automatica, 31(5):741–746.
Chang, W. S., Suh, I. H., and Oh, J.-H. (1998). Synthesis and analysis of digital
multiple repetitive control systems. In Proceedings of the 1998 American
Control Conference, pages 2687–2691. Philadelphia, PA, USA.
Chen, J. and Gu, G. (2000). Control-oriented system identification: an H∞ approach. John Wiley & Sons, New York, NY, USA.
Chen, T., Ohlsson, H., and Ljung, L. (2012). On the estimation of transfer functions, regularizations and Gaussian processes-Revisited. Automatica,
48(8):1525–1535.
Chen, T. and Ljung, L. (2015). Regularized system identification using orthonormal basis functions. In Proceedings of the 2015 European Control Conference
(ECC), pages 1291–1296. Linz, Austria.
Chen, T. and Pillonetto, G. (2018). On the stability of reproducing kernel Hilbert
spaces of discrete-time impulse responses. Automatica, 95:529–533.
Chen, T., Ardeshiri, T., Carli, F. P., Chiuso, A., Ljung, L., and Pillonetto, G.
(2016). Maximum entropy properties of discrete-time first-order stable spline
kernel. Automatica, 66:34–38.
Clayton, G. M., Tien, S., Leang, K., Zou, Q., and Devasia, S. (2009). A review
of feedforward control approaches in nanopositioning for high-speed SPM.

BIBLIOGRAPHY

185

Journal of Dynamic Systems, Measurements, and Control, 131(6):061101–1–
061101–19.
Compter, J. C. (2004). Electro-dynamic planar motor. Precision Engineering,
28(2):171–180.
Costalunga, A. and Piazzi, A. (2018). A behavioral approach to inversion-based
control. Automatica, 95:433–445.
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